7%
university of 5%,
groningen YL

R

University Medical Center Groningen

University of Groningen

Data-driven control via Petersen’s lemma
Bisoffi, Andrea; De Persis, Claudio; Tesi, Pietro

Published in:
Automatica

DOI:
10.1016/j.automatica.2022.110537

IMPORTANT NOTE: You are advised to consult the publisher's version (publisher's PDF) if you wish to cite from
it. Please check the document version below.

Document Version
Publisher's PDF, also known as Version of record

Publication date:
2022

Link to publication in University of Groningen/lUMCG research database

Citation for published version (APA):
Bisoffi, A., De Persis, C., & Tesi, P. (2022). Data-driven control via Petersen’s lemma. Automatica, 145, |
110537]. https://doi.org/10.1016/j.automatica.2022.110537

Copyright
Other than for strictly personal use, it is not permitted to download or to forward/distribute the text or part of it without the consent of the
author(s) and/or copyright holder(s), unless the work is under an open content license (like Creative Commons).

The publication may also be distributed here under the terms of Article 25fa of the Dutch Copyright Act, indicated by the “Taverne” license.
More information can be found on the University of Groningen website: https://www.rug.nl/library/open-access/self-archiving-pure/taverne-
amendment.

Take-down policy
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately
and investigate your claim.

Downloaded from the University of Groningen/lUMCG research database (Pure): http.//www.rug.nl/research/portal. For technical reasons the
number of authors shown on this cover page is limited to 10 maximum.

Download date: 20-11-2022


https://doi.org/10.1016/j.automatica.2022.110537
https://research.rug.nl/en/publications/beda5ffa-e57f-4d1d-8fe6-276262afce9c
https://doi.org/10.1016/j.automatica.2022.110537

Automatica 145 (2022) 110537

journal homepage: www.elsevier.com/locate/automatica

Contents lists available at ScienceDirect
automatica

Automatica

Data-driven control via Petersen’s lemma”
Andrea Bisoffi ®* Claudio De Persis ?, Pietro Tesi

L))

Check for
Updates

2 ENTEG, University of Groningen, 9747 AG Groningen, The Netherlands

b DINFO, University of Florence, 50139 Florence, Italy

ARTICLE INFO

Article history:

Received 28 September 2021
Received in revised form 2 April 2022
Accepted 13 June 2022

Available online xxxx

Keywords:

Data-based control

Optimization-based controller synthesis
Analysis of systems with uncertainty
Robust control of nonlinear systems
Linear matrix inequalities
Sum-of-squares

ABSTRACT

We address the problem of designing a stabilizing closed-loop control law directly from input and state
measurements collected in an experiment. In the presence of a process disturbance in data, we have
that a set of dynamics could have generated the collected data and we need the designed controller to
stabilize such set of data-consistent dynamics robustly. For this problem of data-driven control with
noisy data, we advocate the use of a popular tool from robust control, Petersen’s lemma. In the cases of
data generated by linear and polynomial systems, we conveniently express the uncertainty captured in
the set of data-consistent dynamics through a matrix ellipsoid, and we show that a specific form of this
matrix ellipsoid makes it possible to apply Petersen’s lemma to all of the mentioned cases. In this way,
we obtain necessary and sufficient conditions for data-driven stabilization of linear systems through
a linear matrix inequality. The matrix ellipsoid representation enables insights and interpretations
of the designed control laws. In the same way, we also obtain sufficient conditions for data-driven
stabilization of polynomial systems through alternate (convex) sum-of-squares programs. The findings
are illustrated numerically.

© 2022 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND

license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction
1.1. Motivation and Petersen’s lemma

Data-driven control design is a relevant methodology to tune
controllers whenever modeling from first principles is challeng-
ing, the model parameters are possibly redundant and cannot
be unambiguously identified through suitable experiments, while
(possibly large) datasets can be obtained from the process to
be controlled. Thanks to the technological trend that measure-
ments are increasingly easier to access and retrieve, using data
to directly design controllers has witnessed a renewed surge in
interest in recent years (Baggio, Katewa, & Pasqualetti, 2019;
Berberich, Romer, Scherer, & Allgéwer, 2020; Coulson, Lygeros, &
Dorfler, 2019; Dai & Sznaier, 2018; De Persis & Tesi, 2020; Recht,
2019; van Waarde, Camlibel, & Mesbahi, 2021).

These recent developments have been drawing results from
classical areas of control theory such as behavioral theory (Coul-
son et al., 2019; De Persis & Tesi, 2020; Dorfler, Coulson, &

™ This research is partially supported by NWO, The Netherlands, project no.
15472 and by a Marie Sktodowska-Curie COFUND grant, no. 754315. The material
in this paper was not presented at any conference. This paper was recommended
for publication in revised form by Associate Editor Valery Ugrinovskii under the
direction of Editor Ian R. Petersen.

* Corresponding author.

E-mail addresses: a.bisoffi@rug.nl (A. Bisoffi), c.de.persis@rug.nl

(C. De Persis), pietro.tesi@unifi.it (P. Tesi).

https://doi.org/10.1016/j.automatica.2022.110537

Markovsky, 2022), set-membership system identification, and ro-
bust control (Berberich, Romer, Scherer, & Allgéwer, 2020; Dai
& Sznaier, 2018). A pivotal role in many of these developments
has been played by the so-called fundamental lemma by Willems,
Rapisarda, Markovsky, and De Moor (2005, Thm. 1); qualitatively
speaking, this result shows that for a linear system, controllabil-
ity and persistence of excitation ensure that its representation
through matrices (A, B) is equivalent to a representation through
a finite-length trajectory; however, such trajectory is assumed
not to be affected by noise. Then, the inevitable presence of noise
in data prevents from representing equivalently the actual system
and induces rather a set of systems that could have generated the
noisy data for a given bound on the noise, i.e., the set of systems
consistent with data. This set, which we call ¢, plays a central role
since control design must therefore target all systems in C, which
are indistinguishable from each other based on data. We consider
noise in data in the form of process disturbance, but the approach
could be extended to genuine measurement noise (cf. Remark 3).

A natural way to address this uncertainty induced by noisy
data is via robust control tools: e.g., system level synthesis (An-
derson, Doyle, Low, & Matni, 2019; Dean, Mania, Matni, Recht,
& Tu, 2020; Xue & Matni, 2021), Young’s inequality for ma-
trices (De Persis & Tesi, 2020), matrix generalizations of the
S-procedure (Ferizbegovic, Umenberger, Hjalmarsson, & Schon,
2019; van Waarde et al.,, 2021), Farkas’s lemma (Dai & Sznaier,
2018, 2021), linear fractional transformations (Berberich, Romer,
Scherer, & Allgéwer, 2020; Berberich, Scherer, & Allgéwer, 2020).

0005-1098/© 2022 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-

nc-nd/4.0/).
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We advocate here the use of another robust control tool for
data-driven control, Petersen’s lemma (Petersen, 1987; Petersen
& Hollot, 1986). This lemma, whose strict and nonstrict ver-
sions we report later in Facts 1 and 2, can be seen as a matrix
elimination method since, instead of verifying for all matrices
bounded in norm a certain inequality, one can equivalently verify
another inequality where such matrices do not appear. The utility
of Petersen’s lemma in the realm of robust control has been
featured in Ji and Su (2016), Khlebnikov and Shcherbakov (2008)
and Shcherbakov and Topunov (2008). Petersen’s lemma under-
pins the data-based results of this work and its main appealing
feature is its broad applicability to different classes of systems,
such as linear and polynomial ones; it also provides conceptual
insights on the rationale of the designed control law and its
relation with least-squares approaches and certainty equivalence
(cf. Section 4.2).

1.2. Contributions

Our main contributions are the following. (C1) We bring Pe-
tersen’s lemma to the attention as a powerful tool for data-driven
control. (C2) For linear systems, we provide by it necessary and
sufficient conditions for quadratic stabilization, which are alter-
native to those in van Waarde et al. (2021). These conditions
take the convenient form of linear matrix inequalities. (C3) We
give several insights on the design conditions and, in particu-
lar, establish connections with certainty equivalence and robust
indirect control, which have been extensively investigated for
stochastic noise models, e.g., Dean et al. (2020), Ferizbegovic
et al. (2019) and Treven, Curi, Mutny, and Krause (2021). (C4) For
polynomial systems, we obtain new sufficient conditions for data-
driven control with respect to Dai and Sznaier (2021) and Guo,
De Persis, and Tesi (2021). These conditions are tractably relaxed
into alternate (convex) sum-of-squares programs.

1.3. Relations with the literature

We assume an upper bound on the norm of the sequence
of process disturbances, which is the so-called unknown-but-
bounded disturbance paradigm (Hjalmarsson & Ljung, 1993). This
makes our approach different from those considering stochastic
noise descriptions (Dean et al., 2020; Ferizbegovic et al.,, 2019;
Recht, 2019; Treven et al., 2021) and similar in nature to set-
membership identification and control (Fogel, 1979; Milanese
& Novara, 2004; Tanaskovic, Fagiano, Novara, & Morari, 2017).
The use of robust control tools to counteract the uncertainty
induced by unknown-but-bounded noise is quite natural and has
been pursued in Berberich, Romer, Scherer, and Allgéwer (2020),
Berberich, Scherer, and Allgéwer (2020), Dai and Sznaier (2021),
De Persis and Tesi (2020), Guo et al. (2021) and van Waarde
et al. (2021). Next, we compare with these works referring to our
aforementioned contributions (C1)-(C4).

(C1) The use of Petersen’s lemma differentiates our approach
from those in Berberich, Romer, Scherer, and Allgower (2020),
Berberich, Scherer, and Allgéwer (2020), De Persis and Tesi (2020)
and van Waarde et al. (2021), which also address data-driven sta-
bilization of linear systems (besides H,, H or quadratic perfor-
mance). In Bisoffi, De Persis, and Tesi (2020), we used Petersen’s
lemma only as a sufficient condition (Bisoffi et al., 2020, Fact 1) to
obtain a data-driven controller for structurally different bilinear
systems.

(C2) For linear systems in discrete time, van Waarde et al.
(2021) provided necessary and sufficient conditions for data-
based stabilization as we do here. The differences are illustrated
in detail in Section 4.3. In a nutshell, here we operate under
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an easy-to-enforce condition stemming from persistence of ex-
citation instead of under a generalized Slater condition, and the
former (but not the latter) can be seamlessly satisfied also in the
relevant special case of ideal data (i.e., without noise).

(C3) For the considered noise setting, the uncertainty set C
consists in a matrix ellipsoid, whose center is the (ordinary) least-
squares estimate of the system dynamics, and whose size de-
pends on the noise bound. This justifies why certainty-equivalence
control can be expected to work well in regimes of small un-
certainty (small noise), which agrees with recent works on per-
formance of certainty-equivalence control for linear quadratic
control (Dorfler, Tesi, & De Persis, 2021; Mania, Tu, & Recht,
2019). On the other hand, this also explains why robust design is
generally needed to have stability guarantees, which is also the
main idea behind the robust indirect control approaches (Dean
et al., 2020; Ferizbegovic et al., 2019; Treven et al., 2021) under a
stochastic noise description. On a related note, we introduced the
notion of matrix ellipsoid in Bisoffi, De Persis, and Tesi (2021c),
which had however a quite different focus and research question.

(C4) Data-driven control of polynomial systems was proposed
also in Dai and Sznaier (2021) and Guo et al. (2021). As in Guo
et al. (2021), we use Lyapunov methods to obtain sufficient condi-
tions for data-based global asymptotic stabilization. Whereas Guo
et al. (2021) parametrizes the Lyapunov function in a specific way
to obtain a convex sum-of-squares program, the present data-
based conditions parallel naturally the classical model-based ones
in KKhalil (2002) since they correspond to enforcing those model-
based conditions (through Petersen’s lemma) for all systems con-
sistent with data, which leads to succinct derivations. Due to this
natural parallel, the present approach appears to be extendible
with appropriate modifications to other cases where Lyapunov(-
like) conditions occur, as we do for local asymptotic stabilization
in Corollary 3. On the other hand, Dai and Sznaier (2021) follows
a radically different approach. Instead of Lyapunov functions, it
uses density functions by Rantzer (2001) to give a necessary and
sufficient condition for data-based stabilization, which however
needs to be relaxed into a quadratically-constrained quadratic
program through sum of squares and then into a semidefinite
program through moment-based techniques for tractability.

1.4. Structure

In Section 2, we recall Petersen’s lemma, formulate the prob-
lem and derive some properties of the set C. In Section 3 we
provide our main results for linear systems and we comment the
results in Section 4. In Section 5 we provide our main result for
polynomial systems. All results are exemplified numerically in
Section 6.

2. Preliminaries and problem setting
2.1. Notation and Petersen’s lemma

For a vector a, |a| denotes its 2-norm. For a matrix A, ||A||
denotes its induced 2-norm, which is equivalent to the largest
singular value of A; moreover, for a scalar a > 0, ||A|| < a if and
only if ATA < a@*I where I is the identity matrix. For matrices
A, B and C of compatible dimensions, we abbreviate ABC(AB)" to
AB-C[]", where the dot in the second expression clarifies unam-
biguously that AB are the terms to be transposed. For matrices
A = AT,B, C = CT, we also abbreviate the symmetric matrix
[f 2] as[4E] or [ /2] For a positive semidefinite matrix A,
A2 denotes the unique positive semidefinite root of A. For a
matrix A, AT denotes the Moore-Penrose generalized inverse of A,
which is uniquely determined by certain axioms (Horn & Johnson,
2013, p. 453, 7.3.P7). For positive integers n, r and the set P of
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polynomials p: R" — R (resp., the set P, of matrix polynomials
P:R" — R™), the set S C P (resp. Sm C Pn) denotes
the set of sum-of-squares polynomials (resp., the set of sum-of-
squares matrix polynomials) in the variable x € R"; see Chesi
(2010) and references therein for more details on these and other
sum-of-squares notions.

Petersen’s lemma is the essential tool we use to address data-
driven control design. First, we present in the next fact a version
where inequalities are strict.

Fact 1 (Strict Petersen’s Lemma). Consider matrices C eT R™M,
EcR™ FeRI¥ GeR*withC=C"andF=F > 0,
and let F be

F:={FeR™:F'F=<F. (1)
Then,
C+EFG+G'F'E" <0forallFe F (2a)

if and only if there exists A > 0 such that
C+ AEE" +17'GTFG < 0. (2b)

For F = I, one obtains the original version by L. R. Petersen
in Petersen (1987), Petersen and Hollot (1986), and the version in
Fact 1 proposes a slight extension where the bound F is any posi-
tive semidefinite matrix. For this version, then, we give the proof
in the Appendix for completeness. Although one could prove
Fact 1 with S-procedure arguments as some authors do for non-
strict versions (Khlebnikov & Shcherbakov, 2008; Shcherbakov &
Topunov, 2008), we follow the original proof strategy of Petersen
(1987) and Petersen and Hollot (1986).

Second, we present in the next fact a version of Petersen’s
lemma where inequalities are nonstrict.

Fact 2 (Nonstrict Petersen’s Lemma). Consider matrices C € R™",
EcRY FeRI¥,GeRP withC=C andF=F > 0, and
let F be defined as in (1). Suppose additionally E # 0, F = 0 and
G # 0. Then,

C+EFG+G'F'E" <0forallFe F (3a)
if and only if there exists . > 0 such that
C+AEE" +17'G'FG < 0. (3b)

Moreover, (3b) implies (3a) without the assumption E # 0, F > 0
and G # 0.

For F = I, one obtains precisely the nonstrict versions of
Petersen’s lemma in Khlebnikov and Shcherbakov (2008, §2)
and Shcherbakov and Topunov (2008, §2); for completeness we
then report the proof of Fact 2 in Bisoffi, De Persis, and Tesi
(2021a). The additional assumption with respect to Fact 1
(i.e, E#0,F > 0 and G # 0) is due to having nonstrict inequali-
ties and is needed to obtain the specific form (3b), see Bisoffi et al.
(2021a).

2.2. Problem formulation

Consider a discrete-time linear time-invariant system
xt =Ax+Bu+d (4)

where x € R" is the state, u € R™ is the input, d € R" is a
disturbance, and the matrices A, and B, are unknown to us. At
the same time and with the same meaning for the quantities x, u
and d, consider the continuous-time linear time-invariant system

x=AXx+Bu+d. (5)
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The modifications required for the continuous-time case are lim-
ited, and this allows us to treat it in parallel to the discrete-time
case. Instead of relying on model knowledge given by A, and B,,
we perform an experiment on the system by applying an input
sequence u(tp), u(ty), ..., u(tr—1) of T samples, so that by (4)/(5)

X(tiy1)/X(t;) = AX(t;) + Bou(t;) + d(t;)

fori =0, ..., T—1. We measure the state response x(to), x(t1), ...,
x(tr_1), and, in discrete time, the shifted state response x(t1), x(t3),
..., X(tr) or, in continuous time, the state-derivative response
X(to), X(t1), ..., X(tr_1). The disturbance sequence d(ty), d(t1), ...,
d(tr_1) affects the evolution of the system and is unknown, hence
data are noisy. We collect the noisy data in the matrices

Up = [u(to) u(ty) u(tr )] (6a)
Xo = [x(to) x(t1) X(tr—1)] (6b)
X1 = [x(t) x(t2) x(tr)] in discrete time, or (6¢c)
Xi = [X(to) X(t1) X(tr_1)] in continuous time. (6d)

We can also arrange the unknown disturbance sequence as Dy :=
[d(to) d(ty) d(tT_l)], so that Dy and data in (6) satisfy

X1 =AXo+B,Up+ Do (7)

since (4) (in discrete time) or (5) (in continuous time) is the
underlying data generation mechanism. In the former case, we
have t, tq, ..., tr equal to, respectively, 0, 1, ..., T; in the latter
case, to, t1, ..., tr_1 are sampled periodically at 0, T, ..., (T —1)- T
for some sampling time T, although this is not necessary.

We operate under a certain disturbance model. Specifically, we
assume that the disturbance sequence Dy has bounded energy,
i.e., Dg € D where, for some matrix A,

D:={DeR™ :DD" < AAT}. (8)

As we said, Dg is unknown to us and the only a-priori knowledge
on it is given by the set D, and in particular the knowledge of
the positive semidefinite bound AAT. This disturbance model en-
forces an energy bound on the disturbance since it constrains the
whole disturbance sequence, unlike an instantaneous disturbance
bound (Bisoffi et al., 2021c). Energy bounds are used in Berberich,
Romer, Scherer, and Allgower (2020), Berberich, Scherer, and
Allgower (2020), De Persis and Tesi (2020), van Waarde et al.
(2021) and many other works. In fact, model (8) is quite general
as it can capture signal-to-noise-ratio conditions (De Persis &
Tesi, 2020), over-approximate instantaneous bounds (Bisoffi et al.,
2021c), and can also be used to have probabilistic bounds for
Gaussian noise (De Persis & Tesi, 2021).

With data (6) and set D in (8), we introduce the set C of
matrices consistent with data

¢:={[A B]:Xi =AXo +BUy + D, D € D}, )

i.e., the set of all pairs [A B] of matrices that could generate data
X1, Xo and Uy based on (4) or (5) while keeping the disturbance
sequence in the set D. This is elucidated by comparing (9) with
the similar (7). We note that Dy € D is precisely equivalent to
[A. B.] ec.

Remark 1. In the language of set-membership identification (Mi-
lanese & Novara, 2004), we have two prior assumptions, the first
one on the class of dynamical systems (4) or (5) and the second
one on the noise (8). The set C in (9) corresponds to the feasible
systems set (Milanese & Novara, 2004, Def. 1). We noted that
[A* B*] € C. This corresponds to validation of prior assump-
tions (Milanese & Novara, 2004, Def. 2).
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Our objective is to design a state feedback controller
u=Kx

that makes the closed-loop matrix A, + B.K Schur stable (i.e., all
its eigenvalues have magnitude less than 1) in discrete time,
or Hurwitz stable (i.e., all its eigenvalues have real part less
than 0) in continuous time. However, we lack the knowledge
of [A* B*] and the disturbance d induces uncertainty in data,
which results into a set C of matrices consistent with data. Our
objective becomes then to stabilize robustly all matrices A + BK
for [A B] € ¢; in other words, in discrete time,

find K, P=P" >0 (10a)
s. t. (A+ BK)P(A + BK)T — P < 0 for all [A B]lec (10b)
or, in continuous time,

find K, P=P' >0 (11a)
s.t.  (A+BK)P+P(A+BK)" <0forall[A Bjec. (11b)

Both (10) and (11) are quadratic stabilization problems. Achieving
the objective of robust stabilization of all matrices A + BK for
[A B] € ¢ (hence, also of A, + B,K) guarantees bounded-input
bounded-state stability of x* = (A, + B,K)x +d or x = (A, +
B,K)x 4+ d by Antsaklis and Michel (2006, Thm. 9.5).

2.3. Reformulations of set C and properties

We perform some rearrangements of C. We substitute in (9)
the definition of set D in (8) and obtain

¢={[A B]: X1 = AX+BU, + D, D e R™,

Lio1[ =427 0] [+ ] < 0.

In this expression we substitute D = X; — AXy — BUp in the matrix
inequality and collect [I A B] on the left and its transpose on the
right of the matrix inequality; then, C rewrites equivalently as

c={[aB:[I A B [%‘%} 4" =0} (12)

={[A B]=z":C+B'Z+2B+Z2'AZ <0} (13)
where we define
X Xo !
1 UO

- Tale [Tt

Remark 2. For given matrices R = R",Q = QT > 0, S, one
can consider a disturbance model D’ := {D € R™T: [1p] [S’”QT]

XX —AaAT

(14)

[ ;7] = 0} more general than D in (8), as in Berberich, Romer,
Scherer, and Allgéwer (2020), Berberich, Scherer, and Allgéwer
(2020) and van Waarde et al. (2021). With D', one can still carry
out the derivations for a set ¢’ similar to (12), with slightly differ-
ent expressions of A’, B/, C'. Nonetheless, (8) is general enough to
capture interesting classes of noise, see the discussion after (8).

We make the next assumption on matrix [ﬁg] in (14).

Assumption 1. Matrix [ﬁg] has full row rank.
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Assumption 1 is related to persistence of excitation as we illus-
trate in Section 4.1, and can be checked directly from data. If this
condition holds, it implies T > n + m; otherwise, it can typically
be enforced by collecting more data points (i.e.,, adding more
columns to ﬁg ). An immediate consequence of Assumption 1

for Ain (14)is A > 0.

Remark 3. We consider here the case of process disturbance,
see (4). If, in addition, measurement noise is present, (4) needs
to be combined with & = x + v, so that we no longer measure
x but &, which is corrupted by measurement noise v. By (4) and
& = x+v, the data generation mechanism in terms of & becomes
£t = A& +B,u+d+ vt — A,v and the data points satisfy
g1 = A.Ey + B,Uy + Dy + N; — ANy for Zy and & analogous
to Xo and X1, and the unknown Ny := [v(t;) -+ v(tr)] and No :=
[v(to) -+ v(tr—1)]. By following De Persis and Tesi (2020, §V-A),
one can reduce this case to the case of process disturbances. In
particular, based on the relation &1 = A, Z + B,Uy + Dg + Ny —
ANy, it is possible to construct a set C analogous to (9) and, under
an assumption slightly more conservative than Assumption 1 and
checkable from data, to pursue the same approach as in the
sequel.

The set C in (13) can be regarded as a matrix ellipsoid, i.e., a
natural extension of the standard (vector) ellipsoid
(Boyd, El Ghaoui, Feron, & Balakrishnan, 1994, p. 42) with pa-
rameters ¢ € R, b € RP, a € RP*P:;

{zeRP:c+b'z+2z"b+z"az <0}

In fact, if a scalar system with n = m = 1 is considered, C reduces
to a standard ellipsoid with ZT e R?. The interpretation of C as
a matrix ellipsoid (introduced in Bisoffi et al., 2021c to compute
a size for this set) proves useful here since it enables a simple
reformulation of C as

c={[AB]l=2":z-0)'AZ-¢) = Q} (15)
where, by A > 0 from Assumption 1, we define
t=—-A"B, Q:=B'A"'B—C, (16)

as can be verified by substituting (16) into (15) and expanding
all products to obtain (13). We will further discuss later in Sec-
tion 4.2 the interpretation of some of the parameters A, B, C, £, Q
of C. The matrix-ellipsoid parametrizations of C in (13), (15) and
(19) are analogous to the parametrizations of a standard ellipsoid
as, respectively, a quadratic form (Boyd et al.,, 1994, Eq. (3.8)), as
a center and shape matrix and as a linear transformation of a unit
ball (Boyd et al., 1994, Eq. (3.9)). We report the sign definiteness
of A and Q in the next lemma.

Lemma 1. Under Assumption 1, A > 0 and Q > 0.

Proof. A > 0 from Assumption 1 by Horn and Johnson (2013,
Thm. 7.2.7(c)). As for Q, A > 0 allows defining

o =[] (6] 2]

Q, is a projection matrix, i.e., Q = Q, as one verifies immedi-
ately. Then, (16) and (14) yield

Q=X1Q,X] —XiX{ +AA". (17)
Write (7) as X1 = [ A« B. | [ﬁg] + Dy; this expression and Q, being

.
a projection matrix shows that Q,X, —X, = Qp([ﬁg ] [AB ]+
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-
Dj)— ([ﬁgl [4 B ]" +DJ) = (Qy —I)Dy . Using this expression
in (17) yields

Q=Dy(Q, —I)Dg + AAT = —DoDj + AAT =0 (18)
since Q, > 0 and Dy € D (i.e, DoDj < AAT). O

From A > 0, we have the next desirable property of C.

Lemma 2. Under Assumption 1, C is bounded with respect to any
matrix norm.

Proof. Consider C in (15), which is nonempty as ¢' € ¢.Z" e Cif
and only if forallv € R*, v (Z—¢)TA(Z—¢)v < v Qu. Let Amin(A)
denote the minimum eigenvalue of (symmetric) A. By Lemma 1,
this implies

Vimin(A)(Z — gv| < 1Q?v| for all v:[v| =1
= v/ Amin(A) sup |(Z — &)v| < sup [Q/?v]
|

[v|=1 v|=1
= [1Z = ¢]| < Amin(A)"?1Q|
= 1ZIl < 1Z]l + Amin(A)"21Q]

where we used the definition of induced 2-norm and the reverse
triangle inequality in the second and third implication, respec-
tively. All quantities on the right hand side are finite, so each
Z"7 e ¢ has bounded 2-norm. Recall that any two matrix norms
are equivalent (Horn & Johnson, 2013, p. 352), so for any given
pair of matrix norms | - || and || - ||, there is a finite constant
Cap > 0 such that [M|lq < CalIM]|p for all matrices M. Hence,
boundedness of C with respect to the induced 2-norm implies
boundedness of C with respect to any other norm, as needed
proving. O

3. Data-driven control for linear systems

So far, we have rewritten the set C of matrices [A B] consistent
with data as (15). To derive the main result from Petersen’s
lemma, a final reformulation of C is needed. We define

e={¢+A"r@”) 7| < 1) (19)

and show that it coincides with C in the next proposition.
Proposition 1. For A > 0and Q > 0,C = ¢.

Proof. It is sufficient to prove £ C C and C C €.

(¢ € C)Suppose ZT € £, ie,Z = ¢+ AV2rQ/? for
some matrix T with ||Y|| < 1. Hence, (Z — &)TA(Z — ¢) =
(A71/2TQ_1/2)TA(A7]/2TQ]/2) — Q1/2TTTQ1/2 < Q, Thus ZT c
C.

(c<é&)Suppose ZT e, e,

Z-0'Az-5=Q (20)
We need to find a matrix 7 with || < 1 such that Z =
CH+AT2rQl 2 e,

rQ'? =A"(z - ¢). (21)

If Q'/2 = 0, we can take T = 0. Otherwise, Q'/?> has p €
{1, ..., n} positive eigenvalues that define the diagonal matrix
Ap = diag(Ay, ..., Ap) > 0. Since QY2 is symmetric, there exists
a real orthogonal matrix T (i.e., T'T =TT =) such that

12 T[40 T
QA =TAT =T[4 2]T", (22)
which is an eigendecomposition of Q'/? and admits A = A, if
p=n(ie, Q"% > 0). Writing T =: [T; T3] yields

T T/ T
)T T T

]:[5?] and T\ + T, =1 (23)
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fromT'T =1and TTT =I. Select
T =AYXZ - T AT (24)

(which reduces to AV2(Z — £)Q72 if p = n). We first show
7y <t

'Y =TA,'T(Z — &) AVPAYA(Z — O AT
(20)
<A T QT E AT [ [Aoﬁ g] 7

(23)
= 1A T A2 E T <L
Then, we show that (21) holds. (21) is equivalent to

TQl/Z (22) r(nmn] [/(x]p g] TT = A1/2(Z )
= [Tnap o] =A(Z - T =AYA(Z - )1 1]
= (Y114, =AY*(Z - )11, 0=AYXZ — O)T»).

If we show the last two equalities, we have shown (21) and
completed the proof. The first equality holds by the selection of
T since YTy A, = AVAZ — 9T AT Ti A, E AVAZ - )T,
The second equality holds since the columns of T, are in ker Q'/
and ker Q'/% C ker(A?(Z — ¢)). TPe columns of T, are in ker Q/?

1/2 (22) Ap O T (23) Ay 0 _ .
because Q2T, Z T[4 9] [T;T]rz 2 or[»0[e] = o
ker Q2 C ker(A/%(Z — ¢)) because, if v satisfies Q/?v = 0, then

0= v'Qu = vT(Z - &)TAZ — &) = |AV2(Z — )], hence

AV2(Z - =0. O

Considering Q > O rather than Q > 0 is motivated since
it allows us to include seamlessly the relevant special case of
ideal data, namely, when the disturbance is not present. This
corresponds indeed to A = 0 and D = {0} in (8) and Q = 0
in (18) by Dy € D. With the equivalent parametrization £ of set
C and Petersen’s lemma in Fact 1, we reach the next main result.

Theorem 1. For data given by Uy, Xy, X; in (6) satisfying Assump-
tion 1 and yielding A, B, C in (14), feasibility of (10) is equivalent to
feasibility of

find Y,P=P" >0 (25a)
-P—-C 0 BT
_ T
s. L. 0 P[P ¥T] < 0. (25b)
P
B [Y] A

If (25) is solvable, a controller gain is K = YP™!.

Proof. Thanks to Proposition 1, (10b) is equivalent to the fact that
forall[A Bl e¢

(A+BK)P(A+BK)' —P

=[A B] [H pp~'p [II(]T [A B]' —P<o.

Finding P = PT > 0, K such that this matrix inequality holds for
all [A B] € £ is equivalent to finding P = P" > 0, Y such that

|: —TP —[aB] [5 ]
ST P

by P > 0 and Schur complement. Note that, as claimed in the
statement, Y and K are related by Y = KP, and Y is preferred
over K as decision variable since KP makes the matrix inequality
nonlinear. [A B] = Z" € ¢ if and only if Z = ¢ + A~'/271Q!/?
for some Y with TTTY =< I, by the parametrization in (19).
Hence, (26) is true if and only if (27), which is displayed in Box I,

} <0forall[A B ee, (26)
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* -P

O>[—P —(;+A1/2rQ1/2)T[5]]:[—P —;T[i]]Jr[_[ ]OA_1/2:|T[Q1/2 0]+[Q:)/2}TT[0 -A2[7]] @)

Box 1.

holds for all ¥ with Y77 =< 1. (27) is written in a way that
enables applying Petersen’s lemma in Fact 1 with respect to the
uncertainty 7. Indeed, simple computations yield that (27) holds
for all T with Y77 < I if and only if there exists A > 0 such

that
) +)‘171Q, _cT P
o , [TY ]71 =<0 (28)
_[Y] ¢ _P‘H‘[V] A [Y]
In summary, we have so far that (10) is the same as
findY,P =P'T > 0,1 > 0 subject to (28). (29)

Multiply both sides of (28) by A > 0 and “absorb” it in P and Y,
so that (29) is actually equivalent to

find Y,P=P" >0 (30a)
—-P+Q -¢"[7] ]
[—[crc —P+[chA1m <o

Substitute in (30b) ¢ and Q as in (16) to obtain

-P+B'AT'B-C B'A'[]]

T A T A
[f] a8 —P+[]] AT'[]]
—-P—C 0 B" 7
=[ 0 —P:|+[[P]T]A B [f]]=o.
Y

Take a Schur complement of this inequality and replace by it the
one in (30b) to make (30) equivalent to (25). O

Similarly, we use the set £ in (19) and Petersen’s lemma
reported in Fact 1 to resolve (11) in the next theorem.

Theorem 2. For data given by Uy, Xo, Xy in (6) satisfying Assump-
tion 1 and yielding A, B, C in (14), feasibility of (11) is equivalent to
feasibility of

find Y,P=P" >0

-
—C BT — [5]
s. t. < 0.

(31a)

(31b)

If (31) is solvable, a controller gain is K = YP™!,

Proof. The proof follows the same reasoning of the proof of
Theorem 1 and has somehow simplified steps since we do not
need to first apply a Schur complement. It is thus omitted, but
can be found in Bisoffi et al. (2021a). O

Suppose that the set C is given directly in the form (15) as
a matrix-ellipsoid over-approximation of a less tractable set that
is derived from data, which we discuss in Section 4.4. The next
corollary suits this case and can be used instead of Theorems 1-2.

Corollary 1. For the set ¢ = {[A B] =Z":(Z — {)TA(Z — ¢) < Q}
as in (15), assume A > 0 and Q > 0. Then, feasibility of (10) (resp.,
(11)) is equivalent to feasibility of (25) (resp., (31)). If (25) (resp.,
(31)) is solvable, a controller gain is K = YP™1.

Proof. By assuming A > 0 and Q > O, one can follow the
same steps used in the proofs of Theorems 1-2 to draw the same
conclusions. O

Remark 4. Instead of parameters A, B, C of C in (12), we can write
the conditions (25b) and (31b) in Theorems 1 and 2 in terms of
A ¢, Qofcin (15)as

—P+Q x  x
_[C]Tg P+ | <0and |:[€]TH§T[€]+Q " :| <0.
0 [1;] _A [5] -A

These conditions, which are obtained by Schur complement
(see (30b)), are equivalent to (25b) and (31b), respectively.

Finally, (25) or (31) are feasibility programs and, when im-
plemented, any feasible solution is returned. However, one can
consider a cost criterion for the closed loop, e.g., the #,-norm of
the transfer function from d to some performance signal. This can
be accommodated as in Dorfler et al. (2021, §IL.A) by turning the
feasibility program in (25) or (31) into an optimization program
with that cost criterion.

4. Discussion and interpretations

This section is devoted to giving an overall interpretation of
the previous developments.

4.1. Assumption 1 and persistence of excitation

Assumption 1 is intimately related to the notion of persistence
of excitation, as we now motivate. With full details in De Persis
and Tesi (2021, §4.2), the result (Willems et al., 2005, Cor. 2),
which was given in the ideal case without disturbance x* =
A.x + B,u, can show for the present case

x*=Ax+Bu+d=Ax+[B. I [Z]

that: an input sequence and a disturbance sequence both persis-
q:| has full row rank

X
tently exciting of order n+ 1! imply that [gg
0
and so has [ﬁg] as required in Assumption 1. In other words,
Assumption 1 holds if the augmented input [ ] is persistently

exciting.

4.2. Ellipsoidal uncertainty, least squares and certainty-equivalence
control

The discrete- and continuous-time stability conditions of The-
orems 1 and 2 are equivalent, see Remark 4, to

<L)

e el praer
([5]TC+ ¢’ [I;D - <Q+ [s]TAl [5]) <0, (33)

1 See De Persis and Tesi (2020, Def. 1) or Willems et al. (2005, p. 327) for a
definition.

} < 0 and (32)
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respectively, with A as in (14) and ¢, Q as in (16). The matrix ¢
appears only in the first term of the two matrix inequalities and
represents the center of the uncertainty set C, see (15). On the
other hand, the matrices A, Q appearing in the second term of
the two matrix inequalities determine the size of the uncertainty;
in particular, the size of C is given by (detQ)"+™/2(detA)~"/2,
see Bisoffi et al. (2021c, §2.2). By Lemma 1, the second terms
in (32) and (33) are positive semidefinite, and the design problem
can thus be interpreted as the problem of finding a controller
that robustly stabilizes the dynamics associated with the center
¢ of the uncertainty set C, where the uncertainty increases with
the noise bound AAT, see the expression of Q in (18). Recall
from Section 2.2 that our operative setting of Dy € D implies
[A. B.]ec.

Quite interestingly, the center ¢ of the uncertainty set C co-
incides with the (ordinary) least-squares estimate of the system
dynamics, i.e., with the solution [Aj; Bj] to

min ||X; — AXo — BUp||2
[A B]

where || - ||f is the Frobenius norm. Indeed, see Verhaegen and
Verdult (2007, §2.6),

[Ais Bis] = arg min [|X; — AXo — BUo [E

:xl[ﬁg]T:[A, B*]+Do[i§g]f
— (_Ale)T — CT

where we rely on Assumption 1. This justifies why certainty-
equivalence control works well in regimes of small uncertainty
(when A is small), in agreement with what has been recently
observed in Dorfler et al. (2021) and Mania et al. (2019). On the
other hand, this also explains why robust control is generally
needed with noisy data, which is also the main idea behind the
robust indirect control approaches (Dean et al., 2020; Ferizbe-
govic et al., 2019; Treven et al., 2021) under a stochastic noise
description. Besides the noise description, a difference between
our work and Dean et al. (2020), Ferizbegovic et al. (2019) and
Treven et al. (2021) is that solving (25) or (31) does not require to
explicitly construct any estimate of the system dynamics, which
is distinctive of indirect methods. Our approach is direct in the
sense that it represents an end-to-end method for controller
design (once data are collected, substituted in (25) or (31) and
these are solved, a controller is obtained). Note that there is a
difference from other papers, e.g., Tanaskovic et al. (2017), where
direct data-driven control methods tune controller parameters by
imposing on them constraints depending on measured data.

We conclude emphasizing that, due to the uncertainty induced
by noisy data and the impossibility of knowing the actual system,
the goal is to robustly stabilize the set C; for this goal, we provide
necessary and sufficient conditions in Theorems 1 and 2. Although
obtaining [AlS Bls] from data is straightforward, a robust con-
troller designed from [A; Bis] would not be able to “outperform”
(25) or (31) in addressing the uncertainty robustly, namely, if a
controller based on [Ajs By] stabilizes robustly the set ¢, (25) or
(31) would also be feasible and yield a controller. Moreover, to
tune the robust controller based on [AlS Bls], users would need
to determine from data some magnitude of the uncertainty with
respect to which the controller needs to be robust, possibly with
conservatism and resulting in sufficient (but not necessary) con-
ditions. On the other hand, our design takes care of embedding
the data-induced uncertainty directly in (25) or (31), which are
linear matrix inequalities and thus simple to implement given the
many available solvers.
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4.3. Comparison with alternative conditions in van Waarde et al.
(2021)

Section 4.1 leads us to a comparison with the approach based
on a matrix S-procedure in van Waarde et al. (2021). We recall its
main result for data-based stabilization, van Waarde et al. (2021,
Thm. 14), and rephrase it for the context of this paper in the next
fact.

Fact 3 (van Waarde et al., 2021, Thm. 14). Assume that the gener-
alized Slater condition

AR

holds for some Z € R"™*"_ Then, there exist a feedback gain K
and a matrix P = P" > 0 such that (A4 BK)P(A+BK)" —P < 0
for all [A B] € ¢ if and only if the next program is feasible

find P=P">0,Y,0a>0,8>0
—P + I 0 C BT
s [ 0 [¢]P—1[51T]‘“[B A]f"'

If P and Y are a solution to it, then K = YP™! is a stabilizing gain
forall [A B] ec.

Fact 3 and Theorem 1 are two alternative approaches since
both propose a necessary and sufficient condition for quadratic
stabilization; indeed, (25b) in Theorem 1 is equivalent, by Schur
complement and changing sign to off-diagonal terms, to

o )l R

There are some interesting differences, though. Fact 3 operates
under a Slater condition, whereas Theorem 1 under Assump-
tion 1. The Slater condition can capture the case of an unbounded
set C, which cannot occur with Assumption 1 (see Lemma 2); by
contrast, the Slater condition cannot capture the case of ideal data
(van Waarde & Camlibel, 2021, §I.C), which requires different
arguments (van Waarde & Camlibel, 2021).

In addition, while performance specification in the form of
Hy or Hoo control are addressed through the matrix S-procedure
in van Waarde et al. (2021), performance specifications in terms
of, e.g., convergence rate and overshoot can be handled by Pe-
tersen’s lemma as in Bisoffi, De Persis, and Tesi (2021b). Both
approaches seem then to enjoy a similar degree of flexibility.
Whereas Section 3 handles linear systems, the applicability of
the proposed method based on Petersen’s lemma extends to
polynomial systems as in Section 5.

4.4. C as an ellipsoidal over-approximation

As (9) shows, we have derived the set C based on the distur-
bance bound in D and the relation data need to satisfy. On the
other hand, the matrix-ellipsoid form (15) of set C can be fruit-
fully used as an over-approximation of sets of matrices consistent
with data that are not matrix ellipsoids, since ellipsoidal sets are
generally better tractable. In that case, as long as matrices A and Q
in (15) satisfy A > 0 and Q > 0, one can use directly Corollary 1.
We describe succinctly a relevant case when this could be done
based on Bisoffi et al. (2021c), to which we refer the reader for a
more elaborate discussion.

With the definitions fori =0,1,...,T — 1

x) = X(tiy1) or ) = X(t;), % = X(t), vi = u(t;)

that embed discrete or continuous time, consider the disturbance
model D; := {d € R":|d? < §)}. The corresponding set of



A. Bisoffi, C. De Persis and P. Tesi

matrices consistent with all data points i = 0,...,T — 1 is
G = ﬂiTZ_O]{[A B]:x = Ax; + Bu; + d,d € D;} and, due to the
intersection, its size remains equal or decreases with T. ¢; is not a
matrix ellipsoid and the results in Section 3 cannot be applied to
it. Still, a matrix ellipsoid C D ¢; as in (12) can be readily obtained;
its parameters A, B, C := BT A~'B—1 follow from the optimization
problem

min. — logdetA (over A, B, 19, ..., T7_1) (34a)
—I — ZiT:_Ol TiYi * *
s. t. B—Y ., uf A-Y  ue « |=0 (34b)
B 0 —A
A>0,5>0fori=0,1,...,T—1 (34c)

with data-related quantities

.
oo %% o i | [
yi= x| =8l By = — [Uz] 5" = [u:] [Uz] (35)

fori =0, ..., T—1.(This optimization problem is the natural ex-
tension to matrix ellipsoids of the one in Boyd et al., 1994, §3.7.2
for classical ellipsoids.) A feasible solution to (34) guarantees by
construction A > 0and Q = BTA~'B—C = I > 0 (by the selection
of C); hence, Corollary 1 can be applied to this C. A very desirable
feature of this C, inherited from Dj, is that its size generally
decreases with T, and this requires, in turn, a lesser degree of
robustness in the design of the controller if one collects more
data. In summary, when an instantaneous disturbance model
D; is given, the results of Section 3 cannot be applied to the
corresponding set C; but can be to the set C obtained by (34). The
tightness of the over-approximation is problem-dependent, and it
might be convenient to work directly with ¢; at the expense of an
increase in the computational complexity (Bisoffi et al., 2021c).

5. Data-driven control for polynomial systems

We illustrate in this section that Petersen’s lemma proves
useful also for polynomial systems, if applied pointwise. As an
important class of nonlinear input-affine systems, consider the
polynomial systems

x=f(x)+gxu+d=AZKX) +BWxu+d (36)

where x € R" is the state, u € R™ is the input, d € R" is the
disturbance; x — Z(x) € RV is a known regressor vector of
monomials of x and x — W(x) € RM*™ is a known regressor
matrix of monomials of x; the rectangular matrices A, € R™" and
B, € R™M with the coefficients of the regressors are unknown
to us. In (36), x = fi(x) + g.(x)u + d represents the actual
system, so we emphasize that, by virtue of how (36) is written,
we assume that if a monomial is present in the actual f, or
g,, then it is also listed in Z or W, respectively. We allow that
Z or W list more monomials than those in f, or g,. In fact,
the typical case is that, due to lack of knowledge, one includes
in Z or W more monomials than necessary. The selection of
the regressors Z and W is a key aspect for feasibility of the
optimization-based control law, and we comment this in detail
in Section 6.3. We will handle data-driven control conditions for
(36) through a sum-of-squares relaxation; since sum-of-squares
tools are most commonly used for continuous-time systems, we
consider directly the continuous-time case in (36).

As in Section 2.2, we perform an experiment on the system
by applying an input sequence u(ty), ..., u(tr_1) of T samples and
measure the state and state-derivative sequences x(to), ..., X(tr_1)
and x(tg), ..., X(tr—_1). The unknown disturbance sequence d(tp), ...,
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d(tr_1) affects the evolution of the system, leading to noisy data.
We collect the data points in the matrices

Vo = [W(x(to))u(to) W (x(tr—1))u(tr1)] (37a)
Zy = [Z(x(to)) Z(x(tr-1))] (37b)
Xi = [X(to) X(tr_1)]. (37¢)
With the unknown disturbance sequence in Dy =

[d(to)
Xl = AtZO + B*V() + DO-

d(tr— )], data satisfy

As in Section 2.2, the set of matrices consistent with data Xj,
Zy, Vo and disturbance model D in (8) is

¢ = {[A B]:X1 =AZ +BVo +D,D € D}

and we have Dy € D. As in the linear case, Dy € D is precisely
equivalent to [A, B.,] € C. We can then follow closely the
rationale of Section 2.3, and we briefly outline only the key steps.
The set C can be reformulated as

} 4" =0}

c={[a B[ A B]-[
XiX] — AAT —xl[ﬁg]T

el [[s](a)

The next assumption is analogous to Assumption 1.

Assumption 2. Matrix [62] has full row rank.

A > 0 by Assumption 2, and € can be rewritten as
c={[ABl=2":z-0"AZ-?)=Q} (38)
F— —AB.Q—BAB_C

The logical steps of Lemmas 1, 2 and Proposition 1 can be re-

peated in the same way after replacing [ﬁg] with [53 ] so their
results are summarized in the next lemma without proof.

Lemma 3. Under Assumption 2, we have: A> 0 Q = 0,Cis
bounded with respect to any matrix norm, and

C={@+A2rQ") 7| < 1}. (39)

As in Section 3, the matrix-ellipsoid parametrization in (39) is
key to apply Petersen’s lemma, which allows us to obtain the next
result for data-driven control of the polynomial system in (36).

Proposition 2. Let Assumption 2 hold and Z(0) = 0. Given positive
definite® polynomials ¢4, ¢, with £, radially unbounded,? suppose
there exist polynomials V, k, . with V(0) = 0 and k(0) = 0 such
that for each x

V(x)—£:1(x) >0 (40)
)+ 2WE [Wiy]  * *
AL e e |50
)L(X)Ql/Z ?T‘;(X)T 0 —4A(x)I
A(x) > 0. (42)

2 That is, zero at zero and positive elsewhere.
3 That is, £1(x) = +o00 as |x| = +oo.
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Then, the origin is globally asymptotically stable for
x = AZ(x) + BW(x)k(x) =: fap(x)

for all [A B] € C, and in particular for [A. B.] € C, ie, for the
closed loop x = fa, p,(X).

Let us comment the conditions and the conclusion of Propo-
sition 2. Condition (40) imposes positive definiteness and radial
unboundedness of the Lyapunov function V; condition (42) is
the positivity of the multiplier used in Petersen’s lemma; con-
dition (41) imposes decrease of the Lyapunov function for all
[A B] € C. In particular, suppose i o= [A. B.] in (41); then,
the block (1, 1) alone of the matrix in (41) would express a
model-based condition for global asymptotic stability for x =
A,Z(x)+ B,W(x)k(x). The conclusion is global asymptotic stability
for the closed loop ¥ = fyp(x) for all [A B] € C. Similarly
to the linear case (see comment below (11)), this is relevant
for the closed loop with disturbance x = f4, p,(x) + d obtained
from (36) because global asymptotic stability guarantees input-
to-state stability with “small disturbances” as shown in Sontag
(1990, Thm. 2), to which we refer for precise characterizations.

Proof of Proposition 2. Note first that since Z(0) = 0 and
k(0) = 0, the origin is an equilibrium of f, 5 for all [A B] € C. Then,
the proof consists in showing that V is a Lyapunov function for
all systems x = f, s(x), [A B] € C. Specifically, we show that (i) V
is positive definite and radially unbounded, and (ii) its derivative
along solutions satisfies

(VV(), fap(x)) = Se) 48] [ Wi ] < —€2(x) VX, V[A B] € C

(43)

If the previous properties (i)-(ii) hold, classical Lyapunov the-
ory (Khalil, 2002, Thm. 4.2) yields the conclusion of the propo-
sition. Positive definiteness of V follows from V(0) = 0, (40) and
£, positive definite; radial unboundedness of V follows from (40)
and ¢, radially unbounded. We then address the derivative of V
along solutions. Set [A B] = Z" e € in (43) and substitute the
parametrization of Z from (39); (43) holds if and only if, for each
X,

— 6(x) 2 (VY0 fap() = ZL0E [ w250 ]
+ [wiieo ] A1Q2 %Z< )’ (44)
+ 32 0Q Y TAT2 [ T VY with [T < 1.

We now show that this is true thanks to (41) and (42). By Schur

complement for nonstrict inequalities (Boyd et al., 1994, p. 28)
and (42), (41) is equivalent to
p ~T 7z
= 60 = F0E [wigin]
T -1 : 5
+ (Wi ] A"+ S0 290 . (45)

In other words, we have by (41) and (42) that for each x, there
exists 1/A(x) > 0 such that (45) holds. Apply Fact 2 pointwise
(i.e., for each x) to (45) with E and G corresponding respectively
to [W(X() i ] A~ and 12¥(x)Q'/2; the fact that for each x, there
exists 1/A(x) > 0 such that (45) holds implies that for each
X, (44) holds or, equivalently, that for each x, (43) holds. All
properties required of V have been shown, and the conclusion
of the proposition follows. O

When writing the Lyapunov derivative along solutions as
in (43) and substituting the expression of C as in (44), the utility
of Petersen’s lemma beyond the case of linear systems becomes
clear. We use the nonstrict version of it in Fact 2 (instead of
the strict version in Fact 1) in view of the next sum-of-squares
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relaxation and the subsequent numerical implementation, where
only nonstrict inequalities can effectively be implemented. Poly-
nomial positivity in the conditions of Proposition 2 is impractical
to verify, so we turn them into sum-of-squares conditions in the
next theorem.

Theorem 3. Let Assumption 2 hold and Z(0) = 0. Given positive
definite polynomials €4, £, with £1 radially unbounded and a positive
scalar €;, suppose there exist polynomials V, k, > with V(0) = 0 and
k(0) = 0 such that

V—ties (46a)
P N A
—| AV[E] A x| €Sn (46b)
aQ2av’ 0 —4ul
A—¢€ €S. (46¢)
Then, (40)-(42) and the conclusion of Proposition 2 hold.

Proof. (46a) and (46¢) imply (40) and (42), respectively. Call
X — Q(x) the matrix polynomial in (46b), so that (46b) rewrites
—Q € Sp. By definition of Sy, see Chesi (2010, Eq. (9)), we have
that for each x, Q(x) < 0, i.e, (41). O

Let us comment Theorem 3. Quantities Z and W are the known
regressors; Z‘ A, Q are obtained from data X, Zy, Vo; €1, €»
and ¢, are design parameters; finally, V, k and A are decision
variables. Then, the blocks (1, 1), (3, 1) and (1, 3) of the matrix
in (46b) entail products between decision variables, which make
condition (46b) bilinear and the feasibility program in (46) not
convex. A suboptimal strategy that is widely adopted in the sum-
of-squares literature, see Jarvis-Wloszek, Feeley, Tan, Sun, and
Packard (2005), is to alternately solve for V with k and A fixed,
and solve for k and A with V fixed. We illustrate this strategy in
Section 6.

As in Section 3, when the set C is given directly in the form (38)
as a matrix-ellipsoid over-approximation of a less tractable set
(see the discussion in Section 4.4), one can use the next corollary
instead of Theorem 3.

Corollary 2. Let A > 0 and Q > 0 hold for the set ¢ = {[A B] =
ZT:(Z - %) AZ - %) < Q} asin (38) and Z(0) = 0. Given positive
definite polynomials €4, ¢, with £, radially unbounded and a positive
scalar €,, suppose there exist polynomials V, k, A with V(0) = 0
and k(0) = 0 satisfying (46). Then, (40)-(42) and the conclusion of
Proposition 2 hold.

In the next section, we obtain ¢ as described in Section 4.4
and, in particular, through the optimization problem in (34). This
provides a set ¢ directly in the form (38), so we will apply
Corollary 2.

Finally, we follow up on the comparison with Guo et al.
(2021) discussed in Section 1. As the proof of Proposition 2
shows, the data-based conditions (40)-(42) correspond naturally
to enforcing model-based conditions (Khalil, 2002, Thm. 4.2) for
all systems consistent with data. This makes this approach ex-
tendible to other cases such as local asymptotic stability. Indeed, if
we consider (Khalil, 2002, Thm. 4.1), we obtain the next corollary.

Corollary 3. Let Assumption 2 hold and Z(0) = 0. Given positive
definite polynomials £y, £1, £; and a positive scalar c yielding D, :=
{x € R": £o(x) < c}, suppose there exist polynomials s1, S5, V, k, A
with V(0) = 0 and k(0) = O such that for each x

51(x) > 0, sy(x) > 0, (47)
V(x) — €1(x) + s1(x)(£o(x) —c) = 0 (48)
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{ZZ(X) + %(X)Z‘T [W(Z,f)?(x)] } % *
— 52(x)(£o(x) — ©) o
A2 [W(Z)f));c)(x)] —AX)I * -
A(x)Q2 2 (x)T 0 —aEx)I
(49)
A(x) > 0. (50)

Then, the origin is locally asymptotically stable for x = fap(x) for all
[A B] € C, and in particular for [A. B.].

The proof would follow the same rationale as the proof of Propo-
sition 2, so we sketch only the key steps to highlight that the
conditions (47)-(50) in Corollary 3 follow naturally from Khalil
(2002, Thm. 4.1). (47) and (48) imply that V(x) > ¢£4(x) for
all x € D, and give (Khalil, 2002, Eq. (4.2)). To have (Khalil,
2002, Eq. (4.4)), we would like to impose for all [A B] € €
that (VV(x), fap(x)) < —€y(x) for all x € D.. This is implied
by the fact that for all x, for all T with |7 < 1, £3(x) +
BLREHAT2TQ)T [ yedh 1 -52(0)(Lo(x)—¢) < 0. This condition
is indeed obtained from (47), (49)-(50) and Petersen’s lemma.
With Corollary 3, it is immediate to write its sum-of-squares
relaxation for decision variables sy, 53, V, k, A in the same way we
wrote Theorem 3 with Proposition 2. We note that local asymp-
totic stability can be verified from data for a polynomial system
by specializing (Martin & Allgéwer, 2021), whereas Corollary 3
addresses control design.

6. Numerical illustration

In this section we consider as a running example the system
in Khalil (2002, Example 14.9), i.e.,

| _[¥-x+x 0
<[4 #5] [

This continuous-time polynomial system can be cast in the form
in (36). We consider it as such in Section 6.3 to illustrate Theo-
rem 3; we consider its linearization

(51)

X = 01 X+ 0 u+d=A%+B'u+d (52)
00 1 * *

in Section 6.2 to illustrate Theorem 2; with an Euler discretization

and sampling time 75, we consider

xT =A%+ B+ d == (I + t,A%)x + (z,B)u + d (53)

in Section 6.1 to illustrate Theorem 1. We emphasize that these
systems are used only for data generation, but the vector fields
in (51)-(53) are not known to the data-based schemes. For § > 0,
the disturbance d in (51)-(53) is taken as (+/3 cos(270.4t), v/3
sin(270.4t)), where t corresponds to integer multiples of 7y in
discrete time. Hence, d satisfies |d|> < §. From this bound on
d, the disturbance sequence D in (8) satisfies then the bound
DDT < T&I. For the linear systems (52)-(53), we convert the
bound on d into A := /T3l in (8); for the polynomial system (51),
we retain the bound on d and consider € as an ellipsoidal over-
approximation of the type described in Section 4.4. We solve
all numericals programs using YALMIP (Lofberg, 2004) with its
sum-of—s@%uares functionality (Lofberg, 2009), MOSEK ApS and
MATLAB™ R2019b.

6.1. Linear system in discrete time

Consider (53) with t;, = 0.5, T = 100 and § = 0.1. The exper-
iment generating data Uy, Xp and X; in (6) is depicted in Fig. 1. A
uniform random variable in [—1, 1] is used as input u. Matrices
Xp and Uj satisfy Assumption 1. Using the semidefinite program

10
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0 20 40 60 80 100
100 T T T T ——
o 71 L
777,$2 o - -
8 50 e = e
0».:‘;,:—:‘::’:¥‘,~< ,,,,,, N =
0 20 40 60 80 100

Fig. 1. Experiment yielding data from (53):
of u indicate the discrete-time instants.

input and state. Dots on the curve

T

Fig. 2. Phase plot of (53) with d = 0 in closed loop with the data-based
controller K obtained in Section 6.1. Solutions are gray, where dots correspond
to the different discrete-time instants. The level sets of the Lyapunov function
are colored and their corresponding values are annotated. (For interpretation of
the references to color in this figure legend, the reader is referred to the web
version of this article.)

2
3 0t \/\/ il
9 | .
0 1 2 3 4 5
4L p—— i T :
—— e -7 —_— =
8 2 : 1
ot ///// \\\¥4,/’i\\7//*\\~”\\;,
0 1 2 3 4 5

Fig. 3. Experiment yielding data from (52): input and state.

in Theorem 1, a controller K = [—0.1521 - 1.3475] is de-
signed, whose stabilization properties are certified by a Lyapunov
function x"P~'x = x" [ $:9942 59445 ] . The resulting closed-loop
solutions for d = 0 and the level sets of this Lyapunov function
are depicted in Fig. 2.

6.2. Linear system in continuous time

Consider (52) with T = 100 and § = 0.1. The experiment
generating data Uy, Xp and X; in (6) is depicted in Fig. 3. A
sweeping sine with minimum & maximum frequencies 0 & 0.8
and amplitude 2 is used as input u. Matrices Xy and Uy satisfy
Assumption 1. The times ty, ty, ..., tr_1 when state and state
derivative are evaluated for X, and X; are uniformly spaced by
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67.1428

45.3881

23.6334

1.87866

Fig. 4. Phase plot of (52) with d = 0 in closed loop with the data-based
controller K obtained in Section 6.2. Solutions are gray. The arrows represent
the closed-loop vector field, and their color indicates their actual magnitude as
in the right color bar. The level sets of the Lyapunov function are colored and
their corresponding values are annotated. (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of this
article.)

4
. R I
8 P e B g AN zo| ]
0o -~ ST N s
2 . . . .
0 1 2 3 4 5

Fig. 5. Experiment yielding data from (51): state. The input is the same as in
Fig. 3.

5/T = 5/100. Using the semidefinite program in Theorem 2, a
controller K = [—21.4762 — 9.2835] is designed, whose stabi-
lization properties are certified by a Lyapunov function x' P~ x =
xT [ 3321403430 ] x. The resulting closed-loop solutions for d = 0
and the level sets of this Lyapunov function are depicted in Fig. 4.

6.3. Polynomial system

Consider (51) with T 1000 and § 0.01. Input and
disturbance of the experiment generating data Vp, Zy and X;
in (37) take the same form as in Section 6.2 with times tg, t1,
..., tr—1 uniformly spaced by 5/T = 5/1000. Since (51) is now
nonlinear unlike (52), these input and disturbance result in a
different state evolution x, which is reported in Fig. 5.

Whereas the setup of the semidefinite programs in Theo-
rems 1 and 2 is quite straightforward, the setup of the sum-of-
squares program from Theorem 3 is less so, and we illustrate its
most relevant aspects.

(1) The selection of the regressors Z and W in (36) is a key

step. On one hand, the system is unknown and some of the

monomials in the regressors may not appear in the “true” vec-
tor fields; on the other hand, the more the monomials and the
associated unknown coefficients are, the larger the uncertainty
typically is in such coefficients and a too large uncertainty
affects feasibility of the sum-of-squares program in a critical
way. Therefore, a parsimonious number of monomials is desir-
able; which monomials should be taken can be determined by
trial and error by solving the program with different selections
of regressors. We select here Z(x) (xz,x%,xg,x?,xg) and
W(x) := 1, which determine from (36) and (51)

[A1B.]=[ so0%'5 [ ¢ ]
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(2) The numerical experiment is likewise important. Intuitively,
the richer the data, the better; for this reason we selected as
input a sweeping sine. Moreover, when the set C is obtained as
an ellipsoidal over-approximation as described in Section 4.4,
the size of C, the associated uncertainty, and the degree of
robustness required in the design of the controller all decrease
with T, in general; hence, more data points T enlarge the feasi-
bility set of the sum-of-squares program in (46). We obtain the
ellipsoidal over-approximation ¢ by solving the optimization
problem (34) with (35) and, fori=0,...,T — 1,

1 = X(), %= Z(x(6)), vi == W(x(6))u(t:).

1

C is then defined by the matrices A, B, C := BTA~'B—I returned
by (34) or, alternatively, by Q = I and ¢ := —A~'B. Matrix ¢
is especially relevant as the center of the ellipsoid €. For the
experiment in Fig. 5, we obtain

T
¢ =
which should be compared against [A, | B,].

(3) To solve the sum-of-squares program of Theorem 3, we
commented after it that we adopt the common practice of
solving alternately two sum-of-squares programs. Specifically, we
first solve (46b) and (46¢) with respect to the controller k
and multiplier A with fixed Lyapunov function V; with the
returned controller and multiplier, we solve (46a) and (46b)
with respect to V with fixed k and A. To start up this procedure,
we need an initial guess for V. In keeping with the data-based
approach, we use the quadratic Lyapunov function that Theo-
rem 2 returns for the linearized system with same disturbance
level, in this case xT [ 33278 00121 ] x. (This correspond to an
experiment with small signals in a neighborhood of the origin,
so that the linear approximation is trustworthy; the theoretical
legitimacy of such an initial guess is based on De Persis and
Tesi (2020, Thm. 6).) The initialization of V is all the more
important whenever the feasibility set is small. In the specific
example, we run 15 iterations of this procedure (solving a total
of 30 sum-of-squares programs).

(4) Finally, we mention two aspects regarding the solution of

the two alternate programs above. An important aspect for

feasibility of each of those is the selection of the minimum &
maximum degrees of polynomials, as lucidly explained in Tan

(2006, Appendix). In this example we select the minimum &

maximum degrees for V, k, A as respectively 2 & 4,1 & 3,0 &

4. A minor aspect is that we can take in (46) the parameter ¢, as

decision variable for greater flexibility since ¢, appears linearly

anyway; when we solve for k and A, we also solve for £, and

capture that it needs to be positive definite by imposing ¢, € S

(minimum & maximum degrees equal to 2 & 4).

With this procedure and design parameters £1(x) := 10‘3(x%+
x3) and €, := 1073, the obtained V, k, A are in the next table; the
corresponding closed-loop solutions for d = 0 and the level sets
of V are depicted in Fig. 6.

0.9569 1.0243 0.0000 —1.0084 —0.0627 0.0009 ]
—0.0160 0.0146 —0.0336 —0.0037 0.0334 1.0101

Qty

v 4.0698x3 +4.3023x1x; + 3.5364x5 + 0.003475x]
+0.02465x%x; — 0.01500%1X3 + 0.001575x3
+0.008769x] -+ 0.003686x3x, + 0.01263x%x3

+0.0006249x1 x5 + 0.02279x3
k — 1.0291x1 — 1.7292x; — 0.8793x3 + 0.2927x1x — 0.07565x3

— 0.5511x3 — 1.6307x3x; + 0.08336x1X3 — 2.5235x3
A 0.04905 — 0.006151x; + 0.002003x; + 0.1106x

+0.004398x1x; + 0.1123x3

Expression
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299.572

224.748

149.923

75.0992

0.274992

Fig. 6. Phase plot of (51) with d = 0 in closed loop with the data-based
controller k(-) obtained in Section 6.3. See the caption of Fig. 4 for the
interpretation of this figure.

6.4. Certainty equivalence and computation times

In Section 4.2 we discussed the interpretation of ¢' as the
least-squares model [AlS Bls] and the relation of our control
law with certainty-equivalence control. We follow on from that
section and analyze the performance of the two approaches for
the discrete-time system of Section 6.1. Based on [Aj; Bj], we
design a controller through the program

find
s. t.

K, P=P" >0

(Ais + BisK)P(Ais + BisK)" — P < 0,

which is the counterpart of (10) for a known model and is thus
a fair comparison due to the same underlying strategy to design

the controller. This program is equivalent, by a Schur complement
and a change of variables, to

find Y, P=PT >0 (54a)
_ P
S T ¥ e L PO

If (54) is feasible, we call the returned solution (Y, P), and
a controller gain is Kjs := YISPQ]. This least-squares controller
stabilizes all systems corresponding to matrices [A B] e ¢ ifand
only if (10) is feasible for K = K or, under Assumption 1, if and
only if (25) is feasible for K = K by Theorem 1, i.e., if and only
if
find P=PT >0

—P—C 0 BT
s. t. o -p [Py]]

[1.]

is feasible. To compare feasibility of (25) and feasibility of (55)
after a controller is designed from the least-squares estimate as
in (54), we consider a grid of points (8, T) where |d|*> < § as in
Section 6.1. For each value (8, T) in this grid, each element of the
input sequence is obtained from a uniform random variable in
[—1, 1] and each element of the unknown disturbance sequence
is obtained from a uniform random variable in {d € R": |d|* < &},
so that the disturbance sequence D in (8) satisfies DDT < TéI.
For xo = [ 2], the resulting state sequence determines Up, Xo,
X1 and A, B, C, and we test feasibility of (25). A, B determine
also ¢7 [Ais Bi] and we test feasibility of (55). For each
value (8, T), we consider a total of ny, = 25 different sequences
and count the times nheoremm 1 and 1y when, respectively, (25)
and (55) are feasible. The ratios Ntheorem 1/Mtot and nys/Ney; are
in Fig. 7. The figure confirms the discussion in Section 4.2 and
in particular that for small values of uncertainty (corresponding
here to small §), certainty-equivalence control is able to stabilize

(55a)

<0 (55b)
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Fig. 7. For different values of (8, T), the ratio nypeorem 1/Mtot Of feasible instances
of (25) (top) and the ratio nj/ny: of feasible instances of (55) (bottom) are
depicted.

— 0.096

—e— = 0.005
—e— 0§ =10.025
—o— 6 =0.075

§=0.125

\%%:.
| ]
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T
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0.092
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50

Fig. 8. For different values of §, the average elapsed time to certify (25)
as feasible or infeasible is depicted as a function of T. These times are
approximately constant across T.

all systems consistent with data but it fails to do so for larger
levels of uncertainty, which confirms the need to explicitly take
the uncertainty into account as (25) does.

For different values of § and T, we measure the elapsed time*
to certify (25) as feasible or infeasible and find the average over
the ny¢ sequences. The resulting times are reported as a function
of T in Fig. 8, which shows that the average elapsed time is
approximately constant across T. This follows from the fact that
the number of neither decision variables nor constraints in (25)
depends on T.

Appendix. Proof of Fact 1

To give the proof, we need some auxiliary results. The first one
is in the next fact.

Fact 4 (Petersen & Hollot, 1986, Lemma A.4). Consider matrices A,
CBinR> withA=AT >0,C=C" >0and B =B" <0
Suppose further that

(w Bw)? — 4w Aww "Cw > 0 for all w € R"\{0}.
Then A*A + AB + C < 0 for some A > 0.

(A1)

4 This elapsed time is obtained by the MATLAB® R2019b function tic toc
on a machine with processor intel® Core™ i7 with 4 cores and 1.80 GHz.



A. Bisoffi, C. De Persis and P. Tesi

By Horn and Johnson (2013, Thm. 7.2.7), F = F s positive
semidefinite if and only if there exists a s-by-q matrix & such
that F = @ T ®; hence, F in (1) rewrites as

F={FeR*9:FF< @ p) (A2)

The second auxiliary result is in  essence (Petersen, 1987,
Lemma 3.1), of which however we need a slight extension to
handle, in the set F in (A.2), the condition F'F < &7 (with
positive semidefinite bound) instead of F'F < I, which appears
in Petersen (1987, Lemma 3.1). This is done in the next lemma, for
which we present also a short proof to account for the required
modification.

Lemma 4. For vectors x in RP, y in RY and set F in (A.2),
maxge (X Fy)* = |x|* |@y[*.

Proof. By Cauchy-Schwarz’s inequality and (A.2),

Ix"Fy| < [XI|Fy| = x|y TFTFy < [x|\/yT®T @y,

that is, |[x"Fy| < |x||®@y|. From this relation we have that the
statement is true if x = 0 or @y = 0. The proof is complete if, for
x # 0 and @y # 0, we obtain F € F such that [x"Fy| = |x||®y],
as we do in the rest of the proof. Since x # 0 and @y # 0, take
the specific selection

F=xy @ &/(x||®y]).

First, we show F € F. Indeed,

ETF — T (Pyx"xy @ T)D _ T (dyy' @)D
x| @y |®y|*

ToT |®y|?l (for all v € RS,

|®y|?|v|?). Second,

and F € F because ®yy
vi(@yyTe v < v @ylly P T

=
<

+xy o TP

2
TR = (T ry) = Wiy

and we have also shown |x"Fy| = |x||®y|. O

With Fact 4 and Lemma 4, we can prove Fact 1. The direction
(2b) = (2a) is easy since for all F € F in (A.2),

0~C+AEE" + 27 'GTo TG
> C+AEE" +A7'GTFTFG (by A > 0)
=C+EFG+G'F'E’

+(VAET — V2 FG)T(WAET — Vi FG)
>C+EFG+G'F'E".

We turn then to the direction (2a) = (2b). (2a) is equivalent to
the fact that for all x # 0 and for all F € F, x' Cx + 2x "EFGx < 0
and to the fact that for all x # 0, 0 > x" Cx+2 maxgec #(x | EFGX) =
x"Cx+2 maxge = |x "EFGx| because, for each x, maxge =(x " EFGx) >
MaXpe 7 Tpre=0(X | EFGX) = MaXge r yTgrox<o(—X ' EFGX). Apply
Lemma 4 and obtain that for all x # 0, x' Cx + 2|E"x||®Gx| < 0.
For this to hold, we necessarily have x"Cx < 0 for all x # 0,
i.e, C< 0. Under C<0,x"Cx+2|ETx||®Gx| < 0 for all x # 0 is
equivalent to the fact that for all x # 0, (xTCx)? > 4|ETx|*|®Gx/>.
This relation corresponds to (A.1) and the hypothesis of Fact 4
is verified. Hence, we conclude from Fact 4 that A2EET + AC +
G'®dTdG < 0 for some A > 0, which is equivalent to AEET +
AC + G'FG < 0 and (2b).

13

Automatica 145 (2022) 110537
References

Anderson, ]., Doyle, ]. C.,, Low, S. H., & Matni, N. (2019). System level synthesis.
Annual Reviews in Control, 47, 364-393.

Antsaklis, P. J., & Michel, A. N. (2006). Linear systems. Birkhduser.

Baggio, G., Katewa, V., & Pasqualetti, F. (2019). Data-driven minimum-energy
controls for linear systems. IEEE Control Systems Letters, 3(3), 589-594.
Berberich, ]., Romer, A., Scherer, C. W., & Allgéwer, F. (2020). Robust data-driven

state-feedback design. In Proc. Amer. contr. conf.

Berberich, J., Scherer, C. W., & Allgéwer, F. (2020). Combining prior knowledge
and data for robust controller design. arXiv preprint arXiv:2009.05253.
Bisoffi, A., De Persis, C., & Tesi, P. (2020). Data-based stabilization of unknown
bilinear systems with guaranteed basin of attraction. Systems & Control

Letters, 145, Article 104788.

Bisoffi, A., De Persis, C., & Tesi, P. (2021a). Data-driven control via Petersen’s
lemma. arXiv preprint arXiv:2109.12175.

Bisoffi, A., De Persis, C., & Tesi, P. (2021b). Learning controllers for performance
through LMI regions. arXiv preprint arXiv:2110.10777.

Bisoffi, A., De Persis, C., & Tesi, P. (2021c). Trade-offs in learning controllers from
noisy data. Systems & Control Letters, 154, Article 104985.

Boyd, S., El Ghaoui, L., Feron, E., & Balakrishnan, V. (1994). Linear matrix
inequalities in system and control theory. SIAM.

Chesi, G. (2010). LMI techniques for optimization over polynomials in control:
A survey. IEEE Transactions on Automatic Control, 55(11), 2500-2510.

Coulson, ]., Lygeros, J., & Dorfler, F. (2019). Data-enabled predictive control: In
the shallows of the DeePC. In Proc. Eur. contr. conf.

Dai, T., & Sznaier, M. (2018). A moments based approach to designing MIMO
data driven controllers for switched systems. In Proc. IEEE conf. dec. contr.

Dai, T., & Sznaier, M. (2021). A semi-algebraic optimization approach to data-
driven control of continuous-time nonlinear systems. IEEE Control Systems
Letters, 5(2), 487-492.

De Persis, C., & Tesi, P. (2020). Formulas for data-driven control: Stabilization,
optimality and robustness. [EEE Transactions on Automatic Control, 65(3),
909-924.

De Persis, C., & Tesi, P. (2021). Low-complexity learning of linear quadratic
regulators from noisy data. Automatica, 128.

Dean, S., Mania, H., Matni, N., Recht, B., & Tu, S. (2020). On the sample complexity
of the linear quadratic regulator. Foundations of Computational Mathematics,
20, 633-679.

Dorfler, F., Coulson, ], & Markovsky, 1. (2022). Bridging direct & indirect
data-driven control formulations via regularizations and relaxations. IEEE
Transactions on Automatic Control, Early Access.

Dorfler, F., Tesi, P., & De Persis, C. (2021). On the certainty-equivalence approach
to direct data-driven LQR design. arXiv preprint arXiv:2109.06643.

Ferizbegovic, M., Umenberger, J., Hjalmarsson, H., & Schon, T. B. (2019). Learning
robust LQ-controllers using application oriented exploration. IEEE Control
Systems Letters, 4(1), 19-24.

Fogel, E. (1979). System identification via membership set constraints with
energy constrained noise. IEEE Transactions on Automatic Control, 24(5),
752-758.

Guo, M., De Persis, C., & Tesi, P. (2021). Data-driven stabilization of nonlinear
polynomial systems with noisy data. IEEE Transactions on Automatic Control,
Early Access.

Hjalmarsson, H. & Ljung, L. (1993). A discussion of “unknown-but-bounded”
disturbances in system identification. In Proc. IEEE conf. dec. contr. (pp.
535-536).

Horn, R. A, & Johnson, C. R. (2013). Matrix analysis (2nd ed.). Cambridge Univ.
Press.

Jarvis-Wloszek, Z., Feeley, R., Tan, W., Sun, K, & Packard, A. (2005). Control
applications of sum of squares programming. In Positive polynomials in
control. Springer.

Ji, X., & Su, H. (2016). An extension of Petersen’s lemma on matrix uncertainty.
IEEE Transactions on Automatic Control, 61(6), 1655-1657.

Khalil, H. K. (2002). Nonlinear systems (3rd ed.). Prentice Hall.

Khlebnikov, M. V., & Shcherbakov, P. S. (2008). Petersen’s lemma on matrix
uncertainty and its generalizations. Automation and Remote Control, 69(11),
1932-1945.

Lofberg, J. (2004). YALMIP: A toolbox for modeling and optimization in MATLAB.
In Proc. IEEE int. symp. comp. aid. contr. sys. des.

Lofberg, J. (2009). Pre- and post-processing sum-of-squares programs in practice.
IEEE Transactions on Automatic Control, 54(5), 1007-1011.

Mania, H., Ty, S., & Recht, B. (2019). Certainty equivalence is efficient for linear
quadratic control. In Proc. 33rd int. conf. neural inf. proc. sys.


http://refhub.elsevier.com/S0005-1098(22)00398-3/sb1
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb1
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb1
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb2
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb3
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb3
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb3
http://arxiv.org/abs/2009.05253
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb6
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb6
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb6
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb6
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb6
http://arxiv.org/abs/2109.12175
http://arxiv.org/abs/2110.10777
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb9
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb9
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb9
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb10
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb10
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb10
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb11
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb11
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb11
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb14
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb14
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb14
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb14
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb14
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb15
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb15
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb15
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb15
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb15
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb16
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb16
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb16
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb17
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb17
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb17
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb17
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb17
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb18
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb18
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb18
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb18
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb18
http://arxiv.org/abs/2109.06643
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb20
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb20
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb20
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb20
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb20
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb21
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb21
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb21
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb21
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb21
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb22
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb22
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb22
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb22
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb22
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb24
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb24
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb24
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb25
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb25
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb25
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb25
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb25
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb26
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb26
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb26
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb27
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb28
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb28
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb28
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb28
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb28
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb30
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb30
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb30

A. Bisoffi, C. De Persis and P. Tesi

Martin, T., & Allgower, F. (2021). Dissipativity verification with guarantees for
polynomial systems from noisy input-state data. I[EEE Control Systems Letters,
5(4), 1399-1404.

Milanese, M., & Novara, C. (2004). Set membership identification of nonlinear
systems. Automatica, 40(6), 957-975.

Petersen, I. R. (1987). A stabilization algorithm for a class of uncertain linear
systems. Systems & Control Letters, 8(4), 351-357.

Petersen, I. R, & Hollot, C. V. (1986). A Riccati equation approach to the
stabilization of uncertain linear systems. Automatica, 22(4), 397-411.

Rantzer, A. (2001). A dual to Lyapunov’s stability theorem. Systems & Control
Letters, 42(3), 161-168.

Recht, B. (2019). A tour of reinforcement learning: The view from continuous
control. Annual Review of Control, Robotics, and Autonomous Systems, 3,
253-279.

Shcherbakov, P. S., & Topunov, M. V. (2008). Extensions of Petersen’s lemma on
matrix uncertainty. IFAC Proceedings Volumes, 41(2), 11385-11390.

Sontag, E. D. (1990). Further facts about input to state stabilization. IEEE
Transactions on Automatic Control, 35(4), 473-476.

Tan, W. (2006). Nonlinear control analysis and synthesis using sum-of-squares
programming (Ph.D. thesis), Berkeley: Univ. of California.

Tanaskovic, M., Fagiano, L., Novara, C., & Morari, M. (2017). Data-driven control
of nonlinear systems: An on-line direct approach. Automatica, 75, 1-10.
Treven, L., Curi, S., Mutny, M., & Krause, A. (2021). Learning stabilizing controllers
for unstable linear quadratic regulators from a single trajectory. In Proc. 3rd

conf. learn. dynam. contr. (pp. 664-676).

Verhaegen, M., & Verdult, V. (2007). Filtering and system identification: A least
squares approach. Cambridge Univ. Press.

van Waarde, H. J., & Camlibel, M. K. (2021). A matrix Finsler’s lemma with
applications to data-driven control. In Proc. IEEE conf. dec. contr.

van Waarde, H. J., Camlibel, M. K., & Mesbahi, M. (2021). From noisy data to
feedback controllers: Nonconservative design via a matrix S-lemma. IEEE
Transactions on Automatic Control, 67(1), 162-175.

Willems, ]. C., Rapisarda, P., Markovsky, 1., & De Moor, B. (2005). A note on
persistency of excitation. Systems & Control Letters, 54(4), 325-329.

Xue, A., & Matni, N. (2021). Data-driven system level synthesis. In Proc. 3rd conf.
learn. dynam. contr.

14

Automatica 145 (2022) 110537

Andrea Bisoffi received the M.Sc. degree in Auto-
matic Control Engineering from Politecnico di Milano,
Italy, in 2013 and the Ph.D. degree in Mechatronics
from University of Trento, Italy, in 2017. He was a
post-doctoral researcher at KTH Royal Institute of Tech-
nology, Sweden, from 2017 to 2019, and is currently
one at University of Groningen, The Netherlands. His
research interests include hybrid and nonlinear control
systems, with applications to mechanical systems, and
data-driven control.

Claudio De Persis, is a Professor with the Engineering
and Technology Institute, Faculty of Science and Engi-
neering, University of Groningen, The Netherlands. He
received the Laurea and Ph.D. degrees in engineering
in 1996 and 2000 both from the University of Rome
“La Sapienza”, Italy. His main research interest includes
automatic control and its applications.

Pietro Tesi received the Ph.D. degree in computer and
control engineering from the University of Florence,
Italy, in 2010, where is currently an Associate Professor.
Prior to that, he has been an Assistant Professor at
the University of Florence, Italy, and the University
Groningen, the Netherlands. His main research inter-
ests include adaptive and learning systems, data-driven
control and network systems. Prof. Tesi serves in the
Editorial Board for the International Journal of Robust
and Nonlinear Control, and is an Associate Editor for
the IEEE Control Systems Letters. He is also a member
of the IFAC Technical Committee on Networked Systems. Dr. Tesi is a recipient
of the 2021 IEEE Control Systems Letters Outstanding Paper Award.


http://refhub.elsevier.com/S0005-1098(22)00398-3/sb32
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb32
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb32
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb32
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb32
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb33
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb33
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb33
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb34
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb34
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb34
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb35
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb35
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb35
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb36
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb36
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb36
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb37
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb37
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb37
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb37
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb37
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb38
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb38
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb38
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb39
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb39
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb39
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb40
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb40
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb40
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb41
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb41
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb41
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb43
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb43
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb43
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb45
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb45
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb45
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb45
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb45
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb46
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb46
http://refhub.elsevier.com/S0005-1098(22)00398-3/sb46

	Data-driven control via Petersen's lemma
	Introduction
	Motivation and Petersen's lemma
	Contributions
	Relations with the literature
	Structure

	Preliminaries and problem setting
	Notation and Petersen's lemma
	Problem formulation
	Reformulations of set C and properties

	Data-driven control for linear systems
	Discussion and interpretations
	Assumption 1 and persistence of excitation
	Ellipsoidal uncertainty, least squares and certainty-equivalence control
	Comparison with alternative conditions in vanwaarde2020noisy
	C as an ellipsoidal over-approximation

	Data-driven control for polynomial systems
	Numerical illustration
	Linear system in discrete time
	Linear system in continuous time
	Polynomial system
	Certainty equivalence and computation times

	Appendix. Proof of Fact 1
	References


