
A quantum field-theoretical perspective on scale anomalies in 1D systems
with three-body interactions.

W. S. Daza,1 J. E. Drut,2 C. L. Lin,1 and C. R. Ordóñez1, 3
1Physics Department, University of Houston. Houston, Texas 77024-5005, USA

2Department of Physics and Astronomy, University of North Carolina, Chapel Hill, North Carolina 27599, USA
3ICAB, Universidad de Panamá, Panamá, República de Panamá.

(Dated: May 20, 2019)

We analyze, from a canonical quantum field theory perspective, the problem of one-dimensional
particles with three-body attractive interactions, which was recently shown to exhibit a scale
anomaly identical to that observed in two-dimensional systems with two-body interactions. We
study in detail the properties of the scattering amplitude including both bound and scattering states,
using cutoff and dimensional regularization, and clarify the connection between the scale anomaly
derived from thermodynamics to the non-vanishing nonrelativistic trace of the energy-momentum
tensor.

I. INTRODUCTION

The existence of scaling anomalies [1–4] in low-
dimensional nonrelativistic systems and its consequences
in the understanding of ultracold atoms [5–7] has recently
become the subject of intense activity, both theoreti-
cally (see e.g. [8–23]) and experimentally (see e.g. [24–
38]). An understanding of the virial expansion entirely
within the framework of scaling anomalies was devel-
oped for two-dimensional (2D) and one-dimensional (1D)
Fermi systems in Refs. [39, 40], respectively (in the 1D
case, three different “flavors” of fermions were consid-
ered). In 2D, the calculation was based on a quan-
tum field theory (QFT) path-integral representation of
the partition function with a two-body local interaction,
whereas for the 1D case, a judicious mapping between
the quantum-mechanical 2D two-body problem and the
quantum-mechanical 1D three-body problem allowed for
the treatment of certain aspects of the thermodynamics
and the virial expansion of the 1D case [in particular the
proportionality between the (interaction-induced) change
in the third virial coefficient ∆b3 in 1D and the change
in the second coefficient ∆b2 in 2D]. In spite of those
advances, a full-fledged QFT treatment of the partition
function for the 1D three-body local interaction case is
still lacking.

In this paper, we address the existence of the bound
state for the 1D system using canonical QFT methods at
zero temperature. Several other issues on anomalies that
were addressed for the 2D system in Ref. [41] are also dis-
cussed - we follow this reference closely. Section II briefly
reviews the quantum-mechanical mapping between the
2D and 1D systems (two-body and three-body respec-
tively), including the bound-state as well as the scatter-
ing sector. Section III states some well-known aspects
of nonrelativistic 1D QFT. In Sec. IV a calculation of
the exact 3 → 3 scattering amplitude is performed; the
pole of the amplitude allows one to display the trimer
bound-state energy, as well as the running of the dimen-
sionless coupling constant of the three-body local interac-
tion, and the necessary renormalization is made explicit

(dimensional transmutation) using a cutoff method. In
the following section the same calculation is performed
using dimensional regularization (DR). In Sec. VI, DR
is used to derive the nonrelativistic trace anomaly (dila-
tion anomaly) for the 1D (three-body) and the 2D (two-
body) cases. Conclusions and comments are presented
in Sec. VII. (The number of systems in which a closed-
form result of an infinite sum of graphs for the scattering
amplitude is known is rather small. Additionally, some
of the previous derivations of the nonrelativistic trace
anomaly in 2D using cutoff methods were not completely
satisfactory; the use of DR in this work made the deriva-
tion more rigurous – we do 1D here, but the extension to
2D is straightforward. Hence the pedagogical emphasis
of this paper).

II. FIRST QUANTIZATION

The 1D three-body Schrödinger equation for our sys-
tem takes the form[
−1

2m

(
∂2

∂x2
1

+
∂2

∂x2
2

+
∂2

∂x2
3

)
+ gδ(x2−x1)δ(x3−x2)

]
ψ = Eψ,

(1)
where ψ = ψ(x1, x2, x3) is the 3-body wavefunction. Per-
forming the change of variables Q = 1

3 (x1 + x2 + x3),
q1 = x2 − x1, and q2 = 1√

3
(x1 + x2 − 2x3), the center

of mass (COM) factors out and we obtain the relative
equation[

−1

2m̃

(
∂2

∂q2
1

+
∂2

∂q2
2

)
+ g̃ δ(q1)δ(q2)

]
]ψ = Er ψ, (2)

where now ψ = ψ(q1, q2), m̃ = m/2, and g̃ = (2/
√

3)g.
We can treat Eq. (2) as a 2D problem for a single particle
with mass m/2. That 2D problem is easily solved, with
the result that the system possesses a bound state with
energy [40, 42]

Eb = −Λ2
2D

2m̃
e

2π
m̃g̃ , (3)
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where Λ2D is a cutoff required to make the 2D problem
finite. After renormalization, the cutoff can be traded for
a scale µ such that

Eb = − µ
2

2m̃
e

2π
m̃g̃ , (4)

where the coupling g̃ = g̃(µ) runs with µ such that the
right hand side of Eq. (4) is an RG invariant. For the
rest of this work we will set m = 1 (as we have already
done with ~), such that Eq. (4) reads

Eb = −µ2e
2
√

3π
g . (5)

The T -matrix for the 3-body problem can also be
solved for using the scattering solution of the 2D problem.
The exact scattering solution to Eq. (2) for a particle with
incoming momentum ~k is [43]

φin
k (~p) = (2π)2δ(~p− ~k)+

1

Ek − Ep + iε

(
1

g̃
+
m̃

2π
ln

(
−Λ2

2D
k2

))−1

,

where upon substituting Eq. (3), one arrives at

φin
k (~p) = (2π)2δ(~p− ~k)+

1

Ek − Ep + iε

(
m̃

2π
ln

(
2m̃Eb
k2

))−1

.

The T -matrix T̂ can be extracted from the in-state
|~k〉in projected onto |~p〉, the scattering state at t → ∞,
via the Lippmann-Schwinger relation [44]

|~k〉in = |~k〉+
1

Ek − Ĥ0 + iε
T̂ |~k〉, (6)

from which comparison with Eq. (II) gives

〈~p|T̂ |~k〉 =

(
m̃

2π
ln

(
2m̃Eb
k2

))−1

. (7)

Translating from the 2D problem to the 1D problem by
using the mapping between 2D and 1D to take k2

1 +k2
2 =

1
2 (p2−p1)2+ 1

6 (p1+p2−2p3)2 along with p1+p2+p3 = 0 in

the COM frame, one obtains k2
1 +k2

2 =
p21+p22+p23

2 = ECOM
such that

〈~p|T̂ |~k〉 =

(
1

4π
ln

(
Eb

ECOM

))−1

. (8)

Finally,

〈~p|T̂ |~k〉√
〈~p|~p〉〈~k|~k〉

=

(
1

2
√

3π
ln

(
Eb

ECOM

))−1

, (9)

where box normalization is used with Vx =
√

3
2 Vq and Vx

set to 1 1.

1 Alternatively, using the definition ψ̃(~q) ≡

III. BRIEF REVIEW OF FEW-BODY FIELD
THEORY

(a) tadpole (b) t-channel

(c) s-channel

FIG. 1: A few 3 → 3, 2-loop diagrams.

The nonrelativistic Lagrangian density corresponding
to Eq. (1) is given by 2

L =

3∑
i=1

ψ†i
(
i∂t +∇2/2

)
ψi − g(ψ†1ψ1)(ψ†2ψ2)(ψ†3ψ3),

(10)
such that the free propagator can be read off as
Dij(x, t) = δijD(x, t) with

D(x, t) =

∫
dωdk

(2π)2

e−i(ωt−kx)

ω − k2/2 + iε
= −θ(t)e

i
(
x2

2t +π
4

)
√

2πt
,

(11)
which is nonzero only for t > 0, i.e. propagation forwards
in time.3 We take tadpole graphs D(0, 0) to be zero such
that the vacuum contains no particles [46, 47]

n(x) = − lim
η→0+

〈0|Tψ(0, x)ψ†(η, x)|0〉

= −i lim
η→0+

∫
dωdk

(2π)2

eiηω

ω − k2/2 + iε
= 0, (12)

where the contour is completed in the upper half of the
complex ω-plane, which misses the pole on the lower
half. Alternatively, one can regulate the tadpole with a
cutoff, and when quantizing Eq. (10), ambiguity in the

ψ(~x) implies the normalization 〈ψ̃|ψ̃〉 =∫
dq1dq2dQ ψ̃†(~q)ψ̃(~q) =

∫
dx1dx2dx3

∣∣∣ ∂(q1,q2,Q)
∂(x1,x2,x3)

∣∣∣ψ†(~x)ψ(~x) =∣∣∣ ∂(q1,q2,Q)
∂(x1,x2,x3)

∣∣∣ ∫ dx1dx2dx3 ψ†(~x)ψ(~x), with the Jacobian∣∣∣ ∂(q1,q2,Q)
∂(x1,x2,x3)

∣∣∣ = 2√
3
.

2 The label i refers to “flavor” quantum number (different spins).
3 This is a nonrelativistic few-body ground state, such that
holes/antiparticles propagating backwards in time do not exist
[45].
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(a) 2 loops (b) 4 loops

FIG. 2: Lowest order propagator corrections.

ordering of the fields of the interaction term produces
a chemical potential counter-term which can cancel the
tadpole [41]. Furthermore, if one uses DR, Eq. (12) is
automatically zero [48].

This feature of propagation only forwards in time
makes all diagrams with counterflowing arrows in a
loop zero, as θ(t2 − t1)θ(t1 − t2) = 0. The vanishing
of tadpole and counterflowing graphs implies that only
the s-channel graphs, e.g. Fig. 1c, are nonvanishing (see
Appendix A).

Moreover, the wavefunction renormalization Z = 1, as
the self energy vanishes such that propagator receives no
quantum corrections, as illustrated in Fig. 2.

IV. 3 → 3 SCATTERING AMPLITUDE

The two-loop contribution to the scattering amplitude
is given by Fig. 3b, corresponding to the expression

A(2) = (−ig)2

∫
dωkdωqdkdq

(2π)4

i(
ωk − k2

2 + iε
) i(
ωq − q2

2 + iε
) i(

p0 − ωk − ωq − (p−k−q)2
2 + iε

) . (13)

The integrals over ωk and ωq can be done by closing
the contour in the lower half complex plane and picking
out the poles at k2/2− iε and q2/2− iε, respectively:

A(2) =
−ig2

4π2

∫
dkdq

1

p0 − k2

2 −
q2

2 −
(p−k−q)2

2 + iε
.

(14)
The remaining momentum integrals can be done suc-
cessively after completing the square and shifting, using
standard integration tables, followed by choosing a cutoff
regulator, the result of which is

A(2) =
ig2

2
√

3π
ln

(
3Λ2

p2/6− p0

)
, (15)

where A(2) is only a function of p0 − p2/6, which is
Galilean invariant 4. Adding the tree level-term of Fig.

(a) tree

k

p-k-q

q

(b) s-channel

FIG. 3: Lowest order nonvanishing corrections to the
3→ 3 amplitude.

4 To see this one can go on-shell p21/2 + p22/2 + p23/2 − (p1 +

3a and stringing together a product of A(2)s (see Fig. 4),
one obtains the exact scattering amplitude

A =
−ig0

1 + g0
2
√

3π
ln
(

3Λ2

p2/6−p0

) , (16)

where the bare coupling g0 was inserted for g.

FIG. 4: Next term in the geometric series for 3→ 3
scattering.

For a given g0 and Λ, Eq. (16) can be replaced with
another g and µ such that A is unchanged for all kine-
matic values of p0 − p2/6. This is most easily seen by
considering the reciprocal of A:

1 + 1
2
√

3π
g0 ln

(
3Λ2

p2/6−p0

)
−ig0

=
1 + 1

2
√

3π
g ln

(
3µ2

p2/6−p0

)
−ig

,

(17)
which yields

g0 =
g

1 + g

2
√

3π
ln
(
µ2

Λ2

) , (18)

p2 + p3)2/6 =
(
(p1 − p2)2 + (p2 − p3)2 + (p3 − p1)2

)
/6, and

momentum differences are Galilean invariant.
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where the dependence on the kinematical parameter
p0−p2/6 has dropped out. Therefore in Eq. (16), one can
always replace bare couplings (g0,Λ) by renormalized
ones (g, µ), so long as they are related by Eq. (17).

Finally, searching for the pole in Eq. (16) after going
on-shell in the COM frame (p =

∑
i

pi = 0, p0 =
∑
i

p2i
2 ),

followed by continuing into imaginary momenta pi → ipi
gives the trimer bound-state energy

Eb = −3Λ2e
2
√

3π
g0 , (19)

which can be made to coincide with Eq. (5) by using
the middle line in Eq. (17) along with the identification√

3Λ = Λ2D (and similarly for µ)

Eb = −µ2e
2
√

3π
g . (20)

The scattering amplitude A in Eq. (16) can be written en-
tirely in terms of the bound state energy by using Eq. (19)
to get rid of the coupling (dimensional transmutation)

A =
−i

1
2
√

3π
ln
(

Eb
p0−p2/6

) =
−i

1
2
√

3π
ln
(
Eb
Q6

) . (21)

V. DIMENSIONAL REGULARIZATION

The result of the calculation of the exact scattering
amplitude in the previous section should be independent
of the regularization method used. The first calculations
in 2D were done using the same cutoff method used here
[41], but dimensional regularization (DR) was also intro-
duced later [48]. In both cases the system studied was
bosonic. We will now use DR to compute the amplitude,
Eq. (13), and then find the exact amplitude. We will ob-
tain the same result as with momentum cutoff, showing
the robustness of our results. The author of ref. [42] in-
troduced DR to obtain the QFT operator version of the
anomalous current and its non-conservation (Eqs. (42)-
(44)) for 2D fermions (anomaly equation). In ref. [41] an
expression for the QFT anomaly equation was obtained
using a momentum cutoff regularization in a rather indi-
rect fashion. A direct derivation using DR is particularly
suited for this purpose. We present this calculation be-
low for 1D (and as a bonus for 2D). For this purpose, we
denote the number of spatial dimensions as d and write
d = 1− ε, which defines ε, and ultimately take ε→ 0. In
DR, Eq. (14) holds, but requires two modifications: 1)
the bare coupling g (renormalized will be denoted gR) is
replaced by gµ2ε, where g is still bare, but dimensionless
for arbitrary ε, where µ is an arbitrary scale with units of
momentum that absorbs the dimensions of the coupling;
2) the integration measure is dkddqd.

To simplify the integral, we use the same trick that we
used with cutoff regularization: we note that the final
answer can only depend on p0 − p2/6 and therefore we

set p = 0 in the above equation; when we arrive at our
final expression, we simply make the replacement p0 →
Q6 ≡ p0 − p2/6 (see Eqs. (14) and (21)). In fact, we can
make the replacement right away:

A(2) =
−ig2µ4ε

(2π)2d

∫
dkddqd

1

Q6 − k2

2 −
q2

2 −
(k+q)2

2 + iε
.

(22)
Absorbing iε into Q6 the denominator can be simplified
by rewriting the k2 + q2 + kq as (k + q/2)2 + 3/4 q2 and
making the translational replacement k+ q/2→ k which
has a Jacobian of 1:

A(2) =
−ig2µ4ε

(2π)2d

∫
dkddqd

1

Q6 − k2 − 3q2/4
. (23)

Next, we replace q → 2/
√

3 q, which does have a Jaco-
bian:

A(2) =
ig2µ4ε

(2π)2d

(
2√
3

)1−ε ∫
dkddqd

1

k2 + q2 −Q6
. (24)

Denoting ` = (k1, k2, ..., kd, q1, q2, ..., qd) we obtain

A(2) =
ig2µ4ε

(2π)2d

(
2√
3

)1−ε ∫
d`2d

1

`2 −Q6
, (25)

which is a form appropriate for integration in DR. Note
the iε in Q6 so the integral does not hit a pole. Using
Eq. (8.4) in Ref. [49] with D → 2d and m2 → −Q6 we
obtain

A(2) = ig2µ4ε

(
2√
3

)1−ε
(−Q6)d−1

(4π)d
Γ(1− d)

= ig2µ4ε

(
2√
3

)1−ε
(−Q6)−ε

(4π)1−ε Γ(ε)

= ig2

(
2√
3

)
1

(4π)
µ4ε

(
2√
3

)−ε(−Q6

4π

)−ε
Γ(ε)

(26)
We use the formula a+ ax+ ax2 + ... = a

1−x , where x
is the ratio of A(2) to A(0) = −igµ2ε, to obtain the full
amplitude:

A =
−iµ2ε

1/g +
(

2√
3

)
1

(4π)µ
2ε
(

2√
3

)−ε (−Q6

4π

)−ε
Γ(ε)

. (27)

In the denominator we write Γ(ε) = 1/ε − γE , where
γE = 0.577... is the Euler-Mascheroni constant, and note
that aε = 1 + ε ln a+O[ε2]. In addition, we write 1/g =

1/gMS
R − 1

2
√

3π
1
ε + 1

2
√

3π

(
γE + ln

(
2√
3

)
− ln(4π)

)
for MS

[50]. Then as ε→ 0,

A =
−i

1/gMS
R + 1

2π
√

3
ln
(
µ2

MS
−Q6

) . (28)
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Moreover, from

1

g
=

1

gMS
R

− 1

2
√

3π

1

ε
+

1

2
√

3π

(
γE + ln

(
2√
3

)
− ln(4π)

)
,

(29)
we see that to order 1/ε, we can make the replacement

1

g
→ − 1

2
√

3π

1

ε
=

1

2
√

3π

1

d− 1
, (30)

which amounts to 1−d
g → −

1
2
√

3π
.

Finally, we will implement dimensional transmutation
in Eq. (28): in the center-of-mass frame (p = 0), after

analytic continuation p0 =
3∑
i=1

p2i
2 → −

3∑
i=1

p2i
2 , we find

the bound state energy Eb = −
3∑
i=1

p2i
2 from the pole of

Eq. (28)

1

gMS
R

+
1

2π
√

3
ln

(
µ2

MS
−Eb

)
= 0. (31)

Therefore,

1/gMS
R +

1

2π
√

3
ln

(
µ2

MS
−Q6

)
= 1/gMS

R +
1

2π
√

3
ln

(
µ2

MS
−Q6

)
+

(
1

2π
√

3
ln

(
−Eb
µ2

MS

)
− 1

2π
√

3
ln

(
−Eb
µ2

MS

))

= 1/gMS
R +

1

2π
√

3
ln

(
µ2

MS
−Eb

)
+

1

2π
√

3
ln

(
Eb
Q6

)
=

1

2π
√

3
ln

(
Eb
Q6

)
,

(32)

and Eq. (28) becomes

A =
−i

1
2π
√

3
ln
(
Eb
Q6

) , (33)

which is the same as Eq. (21).

VI. TRACE ANOMALY

As is well known, Noether’s theorem gives a construc-
tive procedure to find conserved charges, the so-called
Noether charges [51], whenever the classical action for a
field theory is invariant under global symmetry transfor-
mations. In the particular case of the 1D nonrelativistic
Lagrangian, Eq. (10), the following classical conservation
equation is obtained:

∂µj
µ = 0, (34)

where jµ =
(

∂L
∂∂µφi

δφi + fµL
)
. Equation (34) is derived

in Appendix B. In the definition of jµ, φi = (ψa, ψ
∗
a, a =

1, 2, 3), δφi → δψa = −(fµ∂µ + d/2)ψa, fµ = (2τ, ~x),
and similarly for δψ∗a. The existence of an anomaly im-
plies that the right-hand side of the operator version of
this equation will not be zero. We will calculate it here
using our previous DR procedure and results. Following
Ref. [42], we will also show a derivation for the integral
version of the anomaly equation.

To use DR, we have to replace the coupling constant g
as in Sec. V by gµ2ε, with ε = 1− d. In this fashion, the

interaction term LI is no longer invariant, only the free
part L0 is5. Following the procedure of Appendix B, the
finite version of the variation of L0 is

δL0 =
∂L0

∂φi
δφi +

∂L0

∂∂µφi
∂µ(δφ)i = −∂µ(L0f

µ). (35)

Since ∂LI
∂(∂µφi)

= 0, we can use L0 = L − LI and the

equation of motion ∂L
∂φi

= ∂µ

(
∂L

∂(∂µφi)

)
to obtain

∂µ

(
∂L

∂(∂µφi)

)
δφi +

∂L
∂(∂µφi)

∂µ (δφi)

= −∂µ (Lfµ) + ∂µ (LIfµ) +
∂LI
∂φi

δφi.

(36)

Identifying jµ ≡
(

∂L
∂∂µφi

δφi + Lfµ
)
, we obtain

j0 =
x

2i
[ψ†σ∂xψσ − (∂xψ

†
σ)ψσ]− 2τH (37)

j1 = x[L+ ∂xψ
†
σ∂xψσ] + τ [∂xψ

†
σ∂tψσ + ∂tψ

†
σ∂xψσ]

+
1

4
∂x(ψ†σψσ), (38)

where

H = −
3∑
i=1

ψ†i
(
∇2/2

)
ψi + g(ψ†1ψ1)(ψ†2ψ2)(ψ†3ψ3). (39)

5 This means that we cannot apply the results of Appendix B to
L, Eq. (10), in a straight fashion and had to start with Eq. (35)
in order to arrive at Eq. (40).
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Equation (36) can then be written as6

∂µj
µ = ∂µ(LIfµ) +

∂LI
∂φi

δφi

= (2 + d)LI −
d

2

∂LI
∂φi

φi,

(40)

where we used ∂µf
µ = (d + 2) and δφi =

− (d/2 + fµ∂µ)φi (see Appendix B).

The derivation of Eq. (40) also applies for the case
of d = 2 with L = L0 − g (ψ∗ψ)

2 [41, 52] (and its
fermionic version [39]). In this case one can easily see
that ∂µjµ ∝ (d − 2), so classically ∂µjµ = 0. Likewise,
for the Lagrangian (10) we find

∂µj
µ = −2(1− d)gµ2ε(ψ∗1ψ1)(ψ∗2ψ2)(ψ∗3ψ3). (41)

Again, classically d → 1 (ε → 0; no running of g)
gives ∂µjµ = 0. However, quantum-mechanically, 1−d

g →
− 1

2π
√

3
as shown in Sec. V; therefore, for d→ 1, we obtain

the trace (dilation) anomaly equation

∂µj
µ =

1√
3π
g2(ψ†1ψ1)(ψ†2ψ2)(ψ†3ψ3). (42)

Using the results of [53] we obtain7

2ĥ− T̂xx = − 1√
3π
g2(ψ†1ψ1)(ψ†2ψ2)(ψ†3ψ3). (43)

where T̂ij = is the energy-momentum tensor and ĥ = en-
ergy density; see below. Equation (43) is the 1D analogue
of the 2D version

2ĥ−
2∑
i=1

T̂ii = − 1

2π
g2ψ†↑ψ

†
↓ψ↓ψ↑, (44)

which can be derived using this method; see also [42].
Notice we have now replaced the classical fields ψ∗a,
ψa by operators ψ†a, ψa. The RHS of Eq. (43) is the
three-body analog of the Tan contact density from
two-body physics [39, 42, 55–57]. This identification is
made more clear following Hofmann’s derivation for the
2D case, which we now describe.

In order to use DR we need the expression for the
d-dimensional energy-momentum tensor. The energy-
momentum tensor of the three-body zero range model
in d-dimensions is 8

T̂ij =
1

2

(
∂iψ
†
σ∂jψσ + ∂jψ

†
σ∂iψσ −

δij
2
∇2
(
ψ†σψσ

))
+ 2gδij

(
ψ†1ψ1

)(
ψ†2ψ2

)(
ψ†3ψ3

)
, (45)

where σ = 1, 2, 3. One can take the d−dimensional trace

T̂ii = 2

(
1

2
∂iψ
†
σ∂iψσ + g

(
ψ†1ψ1

)(
ψ†2ψ2

)(
ψ†3ψ3

))
+ 2

(d− 1)

g
g2
(
ψ†1ψ1

)(
ψ†2ψ2

)(
ψ†3ψ3

)
− d

4
∇2
(
ψ†σψσ

)
.

(46)

6 Here and elsewhere the summation over i means summation

over a and both ψa and ψ∗a; e.g., ∂LI
∂φi

δφi →
3∑
a=1

∂LI
∂ψa

δψa +

3∑
a=1

∂LI
∂ψ∗a

δψ∗a.
7 Notice g is running, g ∝ (d − 1) (Eq. (30)). As in the 2D case,
the matrix elements of the operator on the RHS of Eq. (42) are
expected to diverge as (d− 1)−1, rendering the matrix elements
of Eq. (43) finite [54].

8 In what follows we will omit the µ2ε since it will not contribute
in the ε→ 0 limit.

The first term on the RHS is twice the Hamiltonian
density, the second term naively vanishes when d = 1,
and the last term vanishes upon integration over space.
Performing such an integral,∫

ddx T̂ii = 2Ĥ + 2
(d− 1)

g
I (47)

where we define the 3-body contact,

I ≡ g2

∫
ddx

(
ψ†1ψ1

)(
ψ†2ψ2

)(
ψ†3ψ3

)
, (48)

and using Eq. (30) we obtain

2Ĥ −
∫
dx T̂xx = − 1√

3π
I. (49)

VII. CONCLUSIONS

In this paper we used perturbative methods of quan-
tum field theory to study the bound-state and scattering



7

problem of three different species of fermions interacting
via three-body local interactions in 1D. The quantum me-
chanical version (first quantization) and some aspects of
thermodynamics were studied in Ref. [40]. A necessary
summation to all orders in the 3 → 3 scattering matrix
was performed, using both cutoff and dimensional reg-
ularization. We confirmed the results of [40] that were
based on a judicious change of variables that related the
1D to the 2D similar problem. A derivation of the trace
(dilation) anomaly in 1D and 2D was given using the DR
results developed in this paper. An interesting question is
how far can one go with perturbative methods in under-
standing the many-body behavior of the system, where
there is both anomalous breaking of scale symmetry as
well as spontaneous symmetry breaking. In our previous
work we explored the many-body behavior of the system
using a lattice approach [40]. While the simplicity of
few-body allows us to get exact results with perturbative
methods, we anticipate that a perturbative calculation of
the many-body behavior will be limited to the first fewest
loops. We leave this for future work.
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Appendix A: Vanishing of non-S-channel Graphs

1

2

3

4

5

6

FIG. 5: 3-body vertex.

We proceed to show using Fig. 5 that all internal lines
leaving or entering a vertex that participate in loops must
have arrows in the same direction, or else the diagram
vanishes. For the sake of argument, suppose 3, 5, and
6 participate in loops. Denoting p0 and p as the sum of
the frequencies and momenta of 1, 2, and 4, respectively,
then the loop integrals are proportional to

∫
dω5dω6

1

ω5 − k2
5/2 + iε

1

ω6 − k2
6/2 + iε

1

(ω5 + ω6 − p0)− (k5 + k6 − p0)2/2 + iε
, (A1)

which vanishes when completing the contour in the upper
half of the complex frequency plane as all poles are below
the real axis. Note that it is not critical that both 5 and 6
participate in loops: we only need one of the internal lines
to participate in a loop in order to force the remaining
internal lines to be in the same direction.

Appendix B: Symmetries of the Action and
Noether’s current Equation

Consider the action

S[φi, V, T ] =

∫
V T

dxL(φi(x), ∂µφi(x)),

where the only spacetime dependence will be through the
fields φi(x), dx represents the spacetime measure dx ≡
ddxdt (V T is the spacetime volume; V usually taken to
be very large). The action is to be symmetric under the
simultaneous transformation of the coordinates and the

fields (Rij will be taken to be spacetime independent)

x′µ = x′
µ
(xν)

φ′i(x
′) = Rijφj(x)

φ′(x) = Rijφj(x
−1),

(B1)

such that

S[φ′i, V
′, T ′] = S[φi, V, T ], (B2)∫

V ′T ′
dx′L(φ′i(x

′), ∂′µφ
′
i(x
′)) =

∫
V T

dxL(φi(x), ∂µφi(x)).

(B3)
Going from V ′T ′ to V T will produce a Jacobian∫

V T

dx

∣∣∣∣∂x′∂x

∣∣∣∣L(Rijφj(x),

(
∂xν

∂x′µ

)
∂νRijφj(x))

=

∫
V T

dxL(φi(x), ∂µφi(x)),

or simply∣∣∣∣∂x′∂x

∣∣∣∣L(Rijφj(x),

(
∂xν

∂x′µ

)
∂νRijφj(x)) = L(φi(x), ∂µφi(x)).

(B4)
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Let us consider an infinitesimal transformation, Rij =
δij + ηrij , such that

x′µ = xµ + ηfµ(xν), (B5)

where fµ = (2t, ~x), rij = −d2δij , and so

φ′i(x
′) = φi(x) + ηrijφj(x)

φ′(x) = φi(x) + ηrijφj(x)− ηfν∂νφi(x).
(B6)

Then,

∂x′µ

∂xν
= δµν + η (∂νf

µ) , (B7)

such that ∣∣∣∣∂x′∂x

∣∣∣∣ = 1 + η∂νf
ν +O(η2), (B8)

and

Rijφj(x) = (δij + ηrij)φj(x)

= φi(x) + η (δφi(x) + fν∂νφi(x)) , (B9)

where we have defined ηδφi(x) = φ′i(x)−φi(x) such that

δφi(x) = rijφj(x)− fν∂νφi(x), (B10)

and

δ∂µφi(x) = ∂µδφi(x) = rij∂µφj(x)− ∂µ (fν∂νφi(x)) .
(B11)

When the above is replaced into Eq. (B4) to order η
we obtain

∣∣∣∣∂x′∂x

∣∣∣∣L(φi(x) + ηδφi(x) + ηfν∂νφi(x), ∂µ (φi(x) + ηδφi(x) + ηfν∂νφi(x))− η (∂µf
ν) ∂νφi(x)) = L(φi(x), ∂µφi(x)).

(B12)
Performing a Taylor expansion and keeping only terms to order η gives

0 = η∂νf
νL+ η

∂L
∂φi(x)

[δφi(x) + fν∂νφi(x)] + η
∂L

∂∂µφi(x)
[∂µδφi(x) + fν∂ν∂µφi(x)] ,

(B13)

leading to the desired expression

δL ≡ ∂L
∂φi(x)

δφi(x) +
∂L

∂∂µφi(x)
∂µδφi(x) = −∂ν (fνL) .

(B14)

Using the equation of motion ∂L
∂φi(x) = ∂µ

∂L
∂∂µφi(x) , this

leads to Noether’s current equation

∂µj
µ = ∂µ

[
∂L

∂∂µφi(x)
+ fµL

]
= 0. (B15)

[1] R. Jackiw. Introducing scale symmetry. Physics Today,
25:23, January 1972.

[2] Charles Thorn. Quark confinement in the infinite-
momentum frame. Phys. Rev. D, 19:639–651, Jan 1979.

[3] K. S. Gupta and S. G. Rajeev. Renormalization in quan-
tum mechanics. Phys. Rev. D, 48:5940–5945, Dec 1993.

[4] B. Basu-Mallick, Pijush K. Ghosh, and Kumar S. Gupta.
Novel quantum states of the rational calogero models
without the confining interaction. Nuclear Physics B,
659(3):437 – 457, 2003.

[5] Immanuel Bloch, Jean Dalibard, and Wilhelm Zwerger.
Many-body physics with ultracold gases. Rev. Mod.
Phys., 80:885–964, Jul 2008.

[6] Stefano Giorgini, Lev P. Pitaevskii, and Sandro Stringari.
Theory of ultracold atomic fermi gases. Rev. Mod. Phys.,
80:1215–1274, Oct 2008.

[7] Cheng Chin, Rudolf Grimm, Paul Julienne, and Eite
Tiesinga. Feshbach resonances in ultracold gases. Rev.

Mod. Phys., 82:1225–1286, Apr 2010.
[8] Maxim Olshanii, Hélène Perrin, and Vincent Lorent. Ex-

ample of a quantum anomaly in the physics of ultracold
gases. Phys. Rev. Lett., 105:095302, Aug 2010.

[9] L. P. Pitaevskii and A. Rosch. Breathing modes and
hidden symmetry of trapped atoms in two dimensions.
Phys. Rev. A, 55:R853–R856, Feb 1997.

[10] Wei Zhang, G.-D. Lin, and L.-M. Duan. Bcs-bec
crossover of a quasi-two-dimensional fermi gas: The sig-
nificance of dressed molecules. Phys. Rev. A, 77:063613,
Jun 2008.

[11] Clifford Chafin and Thomas Schäfer. Scale breaking and
fluid dynamics in a dilute two-dimensional fermi gas.
Phys. Rev. A, 88:043636, Oct 2013.

[12] G. Bertaina and S. Giorgini. Bcs-bec crossover in a two-
dimensional fermi gas. Phys. Rev. Lett., 106:110403, Mar
2011.

[13] Hao Shi, Simone Chiesa, and Shiwei Zhang. Ground-



9

state properties of strongly interacting fermi gases in two
dimensions. Phys. Rev. A, 92:033603, Sep 2015.

[14] E. R. Anderson and J. E. Drut. Pressure, compressibility,
and contact of the two-dimensional attractive fermi gas.
Phys. Rev. Lett., 115:115301, Sep 2015.

[15] Lukas Rammelmüller, William J. Porter, and Joaquín E.
Drut. Ground state of the two-dimensional attractive
fermi gas: Essential properties from few to many body.
Phys. Rev. A, 93:033639, Mar 2016.

[16] Edward Taylor and Mohit Randeria. Apparent low-
energy scale invariance in two-dimensional fermi gases.
Phys. Rev. Lett., 109:135301, Sep 2012.

[17] Edward Taylor and Mohit Randeria. Erratum: Appar-
ent low-energy scale invariance in two-dimensional fermi
gases [phys. rev. lett. 109, 135301 (2012)]. Phys. Rev.
Lett., 110:089904, Feb 2013.

[18] J. Levinsen and Parish M. M. Strongly interacting two-
dimensional fermi gases. Annual Review of Cold Atoms
and Molecules, pages 1–75, May 2015.

[19] Yuta Sekino and Yusuke Nishida. Quantum droplet of
one-dimensional bosons with a three-body attraction.
Phys. Rev. A, 97:011602, Jan 2018.

[20] Yusuke Nishida. Universal bound states of one-
dimensional bosons with two- and three-body attrac-
tions. Phys. Rev. A, 97:061603, Jun 2018.

[21] Ludovic Pricoupenko. Pure confinement-induced trimer
in one-dimensional atomic waveguides. Phys. Rev. A,
97:061604, Jun 2018.

[22] G. Guijarro, A. Pricoupenko, G. E. Astrakharchik,
J. Boronat, and D. S. Petrov. One-dimensional three-
boson problem with two- and three-body interactions.
Phys. Rev. A, 97:061605, Jun 2018.

[23] V. Pastukhov. Ground-state properties of dilute one-
dimensional bose gas with three-body repulsion, arxiv
1807.07106, 2018.

[24] Kirill Martiyanov, Vasiliy Makhalov, and Andrey
Turlapov. Observation of a two-dimensional fermi gas
of atoms. Phys. Rev. Lett., 105:030404, Jul 2010.

[25] Bernd Fröhlich, Michael Feld, Enrico Vogt, Marco
Koschorreck, Wilhelm Zwerger, and Michael Köhl.
Radio-frequency spectroscopy of a strongly interacting
two-dimensional fermi gas. Phys. Rev. Lett., 106:105301,
Mar 2011.

[26] Y. Zhang, W. Ong, I. Arakelyan, and J. E. Thomas.
Polaron-to-polaron transitions in the radio-frequency
spectrum of a quasi-two-dimensional fermi gas. Phys.
Rev. Lett., 108:235302, Jun 2012.

[27] Alexey A Orel, Paul Dyke, Marion Delehaye, Chris J
Vale, and Hui Hu. Density distribution of a trapped two-
dimensional strongly interacting fermi gas. New Journal
of Physics, 13(11):113032, 2011.

[28] Enrico Vogt, Michael Feld, Bernd Fröhlich, Daniel Per-
tot, Marco Koschorreck, and Michael Köhl. Scale invari-
ance and viscosity of a two-dimensional fermi gas. Phys.
Rev. Lett., 108:070404, Feb 2012.

[29] B. Fröhlich, M. Feld, E. Vogt, M. Koschorreck, M. Köhl,
C. Berthod, and T. Giamarchi. Two-dimensional fermi
liquid with attractive interactions. Phys. Rev. Lett.,
109:130403, Sep 2012.

[30] Vasiliy Makhalov, Kirill Martiyanov, and Andrey
Turlapov. Ground-state pressure of quasi-2d fermi and
bose gases. Phys. Rev. Lett., 112:045301, Jan 2014.

[31] W. Ong, Chingyun Cheng, I. Arakelyan, and J. E.
Thomas. Spin-imbalanced quasi-two-dimensional fermi

gases. Phys. Rev. Lett., 114:110403, Mar 2015.
[32] M. G. Ries, A. N. Wenz, G. Zürn, L. Bayha, I. Boettcher,

D. Kedar, P. A. Murthy, M. Neidig, T. Lompe, and
S. Jochim. Observation of pair condensation in the quasi-
2d bec-bcs crossover. Phys. Rev. Lett., 114:230401, Jun
2015.

[33] P. A. Murthy, I. Boettcher, L. Bayha, M. Holzmann,
D. Kedar, M. Neidig, M. G. Ries, A. N. Wenz, G. Zürn,
and S. Jochim. Observation of the berezinskii-kosterlitz-
thouless phase transition in an ultracold fermi gas. Phys.
Rev. Lett., 115:010401, Jun 2015.

[34] K. Fenech, P. Dyke, T. Peppler, M. G. Lingham,
S. Hoinka, H. Hu, and C. J. Vale. Thermodynamics of
an attractive 2d fermi gas. Phys. Rev. Lett., 116:045302,
Jan 2016.

[35] M. Holten, L. Bayha, A. C. Klein, P. A. Murthy, P. M.
Preiss, and S. Jochim. Anomalous breaking of scale in-
variance in a two-dimensional fermi gas. Phys. Rev. Lett.,
121:120401, Sep 2018.

[36] T. Peppler, P. Dyke, M. Zamorano, I. Herrera, S. Hoinka,
and C. J. Vale. Quantum anomaly and 2d-3d crossover
in strongly interacting fermi gases. Phys. Rev. Lett.,
121:120402, Sep 2018.

[37] P. Murthy, N. Defenu, L. Bayha, M. Holten, P. Preiss,
T. Enss, and S. Jochim. Quantum scale anomaly and spa-
tial coherence in a 2d fermi superfluid, arxiv 1805.04734,
2018.

[38] Sebastian Will, Thorsten Best, Ulrich Schneider, Lu-
cia Hackermüller, Dirk-Sören Lühmann, and Immanuel
Bloch. Time-resolved observation of coherent multi-body
interactions in quantum phase revivals. Nature, 465:197
EP –, 05 2010.

[39] W. Daza, J. E. Drut, C. Lin, and C. Ordóñez. Virial ex-
pansion for the tan contact and beth-uhlenbeck formula
from two-dimensional so(2,1) anomalies. Phys. Rev. A,
97:033630, Mar 2018.

[40] J. E. Drut, J. R. McKenney, W. S. Daza, C. L. Lin, and
C. R. Ordóñez. Quantum anomaly and thermodynam-
ics of one-dimensional fermions with three-body interac-
tions. Phys. Rev. Lett., 120:243002, Jun 2018.

[41] Oren Bergman. Nonrelativistic field-theoretic scale
anomaly. Phys. Rev. D, 46:5474–5478, Dec 1992.

[42] Johannes Hofmann. Quantum anomaly, universal rela-
tions, and breathing mode of a two-dimensional fermi
gas. Phys. Rev. Lett., 108:185303, May 2012.

[43] Roman Jackiw. Delta function potentials in two-
dimensional and three-dimensional quantum mechanics.
In A. Ali and P. Hoodbhoy, editors, M.A.B. Beg Memo-
rial Volume, pages 1–16. World Scientific, Singapore,
1991.

[44] Hagen Kleinert. Particles and Quantum Fields. World
Scientific, Singapore, 2016.

[45] Luca Guido Molinari. Notes on Wick’s theorem in many-
body theory, arXiv:1710.09248 [math-ph]. 2017.

[46] Tom Lancaster and Stephen J Blundell. Quantum field
theory for the gifted amateur. Oxford University Press,
Oxford, Apr 2014.

[47] Adriaan Schakel. Boulevard of Broken Symmetries: Ef-
fective Field Theories of Condensed Matter. World Sci-
entific, Singapore, 2008.

[48] M.O. de Kok and J.W. van Holten. The fate of conformal
symmetry in the non-linear schrodinger theory. Nuclear
Physics B, 803(3):363 – 380, 2008.

[49] H. Kleinert and V. Schulte-Frohlinde. Critical properties

http://arxiv.org/abs/1710.09248


10

of φ4-theories. World Scientific, River Edge, USA, 2001.
[50] Mark Srednicki. Quantum Field Theory. Cambridge

Univ. Press, Cambridge, 2007.
[51] Steven Weinberg. The Quantum theory of fields. Vol. 1:

Foundations. Cambridge University Press, 2005.
[52] T. Haugset and F. Ravndal. Scale anomalies in nonrela-

tivistic field theories in 2 + 1 dimensions. Phys. Rev. D,
49:4299–4301, Apr 1994.

[53] C. R. Hagen. Scale and conformal transformations in
galilean-covariant field theory. Phys. Rev. D, 5:377–388,
Jan 1972.

[54] Eric Braaten and Lucas Platter. Exact relations for a

strongly interacting fermi gas from the operator product
expansion. Phys. Rev. Lett., 100:205301, May 2008.

[55] Shina Tan. Energetics of a strongly correlated fermi gas.
Annals of Physics, 323(12):2952 – 2970, 2008.

[56] Shina Tan. Large momentum part of a strongly corre-
lated fermi gas. Annals of Physics, 323(12):2971 – 2986,
2008.

[57] Shina Tan. Generalized virial theorem and pressure re-
lation for a strongly correlated fermi gas. Annals of
Physics, 323(12):2987 – 2990, 2008.


	A quantum field-theoretical perspective on scale anomalies in 1D systems  with three-body interactions.
	Abstract
	I Introduction
	II First Quantization
	III Brief Review of Few-Body Field Theory
	IV 3  3 Scattering Amplitude
	V Dimensional Regularization
	VI Trace Anomaly
	VII Conclusions
	 Acknowledgements
	A Vanishing of non-S-channel Graphs
	B Symmetries of the Action and Noether's current Equation
	 References


