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FIXED POINT RESULT IN CONTROLLED FUZZY
METRIC SPACES WITH APPLICATION TO DYNAMIC
MARKET EQUILIBRIUM

RAKESH TTIWARI, VLADIMIR RAKOCEVIC AND SHRADDHA RAJPUT

In this paper, we introduce O ¢-type controlled fuzzy metric spaces and establish some fixed
point results in this spaces. We provide suitable examples to validate our result. We also employ
an application to substantiate the utility of our established result for finding the unique solution
of an integral equation emerging in the dynamic market equilibrium aspects to economics.

Keywords: fixed point, fuzzy metric spaces, controlled fuzzy metric spaces, fuzzy © s-
contractive mapping, dynamic market equilibrium

Classification: 54H25, 47TH10, A11

1. INTRODUCTION

In 1922, S. Banach [5] had given an important result of the fixed point theory. This
topic has been studied, presented and generalized by many researchers in many different
spaces. Firstly, the work of Bakhtin [6], Bourbaki [7] and Czerwik [§] expanded the
theory of fixed points for b-metric spaces. Also, many authors proved some important
fixed point theorems in b-metric spaces ([I, 2, B]). Afterwards the controlled metric
spaces introduced by Nabil Mlaiki et al. [2I] which generalizes the b-metric spaces and
proved some fixed point theorems.

Zadeh [28] had introduced important theoretical development in the fuzzy set the-
ory. Fuzzy set theory is the way of defining the concept of fuzzy metric spaces was
illustrated by Kramosil and Michdlek [I7], which can be regarded as a generalization of
the statistical metric spaces. Subsequently, M. Grabiec [14] defined G-complete fuzzy
metric spaces and extended the complete fuzzy metric spaces. Following Grabiec’s work,
George and Veeramani [I0] modified the notion of M-complete fuzzy metric spaces with
the help of continuous t-norms. Afterwards, this concept was extended by Nadaban [22]
the context of fuzzy b-metric spaces. In the direction, Many researchers studied and gen-
eralized various fixed point results in the framework of fuzzy b-metric spaces [16] [I§].
Miizeyyen Sangurlu Sezen [24] introduced controlled fuzzy metric spaces, which is a
generalization of extended fuzzy b-metric spaces [I8]. Furthermore, he also proved a
Banach-type fixed point theorem and a new fixed point theorem for some self-mappings
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satisfying fuzzy - contraction condition and also establish some examples. Many au-
thors introduced and generalized the numerous types of fuzzy contractive mappings
(4, 1T 121 13y @5, [19L 20] 25 27]) and investigated some fixed point theorems in fuzzy
metric spaces.

H. Saleh Nasr et al. [23] introduced Fuzzy © ;- contractive mapping and established
some fixed point theorems in M-complete fuzzy metric spaces and furnished an applica-
tion to functional equations under ©¢- contractive conditions.

The objective of this work is to prove a Banach type fixed point theorem in controlled
fuzzy metric spaces using fuzzy © - contractive mapping, which is an extension of [23].
Our result generalizes many recent fixed point theorems in the literature ([22] [16], 18] 24]).
We furnish an example to validate our result. Application is also provided to show the
utility of our result to find the unique solution of an integral equation appearing in the
dynamic market equilibrium aspects to economics.

2. PRELIMINARIES

Now, we begin with some basic concepts, notations and definitions. Let R represent
the set of real numbers, R} represent the set of all non-negative real numbers and N
represent the set of natural numbers.

We start with the following definitions of a fuzzy metric space. Schweizer and Sklar
introduced the continuous t- norm as follows:

Definition 2.1. (Schweizer and Sklar[26]). A binary operation x* : [0,1] x [0, 1] — [0, 1]
is called a continuous t- norm if for all ry,r9,75 € [0,1], the following conditions are
hold:

(T-1) rixro =7roxry and 11 * (rg xr3) = (r1 *12) * r3,
(T-2) 71 *xr9 <r3*ry whenever 1 < r3 and 79 < 1y,
(T-3) rix1=rq,

(T-4) * is a continuous.

7172
max{ri,r2,A}
all A € (0,1), ry #3719 =717, 71 %479 = max{r; +re — 1,0}, the Lukasiewicz t-norms,
we will denote it by *p,. For all 71 % 75 % - - - % r,, will be denoted by []: 7.

The most commonly used t-norms are: ry %79 = min{ry,ro}, %379 = for

Kramosil and Michélek [I7] introduced the notion of fuzzy metric space as follows:

Definition 2.2. (Kramosil and Michdlek [I7]) An ordered triple (X, M, ) is called
fuzzy metric space such that X is a nonempty set, * defined a continuous t-norm and
M is a fuzzy set on X x X X [0,00), satisfying the following conditions, for all z,y, z €
X,s,t>0,

(KM-1) M(x,y,0) =0,

(KM-2) M(z,y,t) =1, forall t > 0iff x =y,
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(KM'S) M(IE, Y, t) = M(ya Z, t)a
(KM-4) (M(x,y,t)« M(y,z,s)) < M(z,2,t+s),
(KM-5) M(z,y,-):[0,00) — [0,1] is left continuous.

George and Veeramani [10] modified the definition of M-complete fuzzy metric spaces
due to Kramosil and Michéalek and the concept as follows:

Definition 2.3. (George and Veeramani [10]) An ordered triple (X, M, x) is called
fuzzy metric space such that X is a nonempty set, * defined a continuous t-norm and
M is a fuzzy set on X x X x (0,00), satisfying the following conditions:

(FM-1) M(z,y,t) >0,

(FM-2) M(z,y,t) =1 if and only if x =y,

(FM-3) M(z,y,t) = M(y,z,1),

(FM-4) (M(z,y,t)* M(y,z,5)) < M(x,2,t+ s),

(FM-5) M(z,y,-): (0,00) — [0,1] is left continuous, z,y,z € X and ¢,s > 0.

George and Veeramani proved in [I0] that every fuzzy metric M on X generates a
topology 73 on X which has as a base the family of open sets of the form

{Bu(z,rt):x € X,0<r<1,t>0},
where
By(zyrt) ={ye X : M(z,y,t) >1—r}forallz € X,r € (0,1) and ¢t > 0.

In 2017, Nadaban [22] introduced the idea of a fuzzy b-metric space to generalize the
notion of a fuzzy metric spaces introduced by Kramosil and Michélek [17].

Definition 2.4. (Nadiban [22]) Let X is a non-empty set and k£ > 1 be a given real
number and * be a continuous t-norm. A fuzzy set M in X2 x (0,00) is called fuzzy
b-metric on X if for all x,y, z € X, the following conditions hold.

(bM-1) M(z,y,0) =0,

(bM-2) [M(z,y,t) =1, (¥)t > 0] if and only if z =y,

(bM-3) M(x,y,t) = M(y,z,t),(V)t >0,

(bM-4) M(z,z,k(t+s)) > M(x,y,t) * M(y, z,s), (V)t,s >0,

(bM-5) M (x,y,-):[0,00) — [0,1] is left continuous and lim; oo M(x,y,t) = 1.

The quadruple (X, M, *, k) is said to be a fuzzy b-metric space.
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Definition 2.5. (Nadaban [22]) Let (X, M, x, k) be a fuzzy b-metric space. For x €
X, r€(0,1), t > 0 we define the open ball

B(x7’r7t) :{yeXM(x7yvt) > 1_T}'

Then
m={TCX:zeTiff (It>0,r€(0,1): B(z,r,t) CT}

is a topology on X.

Mehmood et al. [I§] introduced the notion of an extended fuzzy b-metric space
following the approach of Grabiec [I4].

Definition 2.6. (Mehmood et al. [18]) Let X be a non-empty set, o : X x X — [1, 00),
% is a continuous t-norm and M, is a fuzzy set on X2 x (0, 00), is called extended fuzzy
b-metric on X if for all z,y,2 € X and s,t > 0, satisfying the following conditions.

(FbM,1) My(z,9,0) =0,
(FOM,2) My(z,y,t) =1iff x =y,

(FbMa3) Mo(z,y,t) = Ma(y, z, 1),

(FbMa4) My (z, z,a(z, 2)(t + 5)) > My (z,y,t) * My(y, 2, s),
(FbMy5) My (z,y,-) : (0,00) — [0,1] is continuous.

Then (X, My, *, a(z,y)) is an extended fuzzy b-metric space.

In [24], Sezen introduced the controlled fuzzy metric spaces, which is a generalization
of extended fuzzy b-metric spaces.

Definition 2.7. (Sezen [24]) Let X be a non-empty set, A : X x X — [1,00), * is
a continuous t-norm and M) is a fuzzy set on X2 x (0,00), satisfying the following
conditions, for all a,c,d € X,s,t >0 :

FM-1) My(a,c,0)=
FM-2) My(a,c,t)=1iff a=c,

FM-4) M, a,d,t+s)>M)\(ac *M,\(c,d

D)

( (

( (

(FM-3) My(a,c,t) = My(c,a,1),
( ( Sl
( (a,

FM-5) My(a,c,-):[0,00) — [0,1] is continuous,

Then, the triple (X, My, ) is called a controlled fuzzy metric space on X.

Definition 2.8. (Gopal and Vetro [I3]) Let (X, M, %) be a fuzzy metric space. We say
that T': X — X is a-admissible if there exists a function o : X x X x (0, +00) — [0, +00)
such that, for all ¢ > 0,

z,y € X,a(z,y,t) > 1= a(Tx,Ty,t) > 1.
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Definition 2.9. (Nasr [23]) ©; : (0,1) — (0, 1), such that © is non decreasing con-
tinuous and satisfying condition for each sequence {f,} C (0,1),

nhﬁngo O;Bn)=1% nlgrgoﬂn =1. (1)
Definition 2.10. (Gopal [11,[12]) Let (X, M, *) be a fuzzy metric space. Then

(i) A sequence {z,}nen converges to x € X, that is lim, 4 o0 2, = @, if

lim M(z,,x,t)=1forall t > 0.

n—-+o00

(i) A sequence {zy, }nen is called M-Cauchy, if for each € € (0,1) and ¢ > 0 there exists
ng € N such that

M(zp, Zm,t) > 1 —€ for all m,n > ny.

(iii) A sequence {z,}nen is called G-Cauchy if

lim M(z,, Tpim,t) =1 for each m € N and ¢ > 0.

n—-+o0o

Now, a fuzzy metric space (X, M, *) is called M-complete (G-complete) if every
M-Cauchy (G-Cauchy) sequence is convergent.

Definition 2.11. (Sezen [24]) Let (X, My, %) be a controlled fuzzy metric spaces. Then

1. A sequence {z,} in X is said to be G-convergent to x in X, if and only if

lim My (zp,x,t) =1, for any n > 0 and for all ¢ > 0.

n—oQ

2. A sequence {x,} in X is said to be G-Cauchy sequence if and only if

lim My (zpn, Tpim,t) =1 for any m > 0 and for all ¢t > 0.

n—oo

3. The controlled fuzzy metric space is called G-complete if every G-Cauchy sequence
is convergent.

3. MAIN RESULT

In this section, we introduce some new definitions and establish a fixed point theorem
in controlled fuzzy metric spaces.

Definition 3.1. Let Y be a non-empty set, A : Y XY — [1,00), * is a continuous ¢-norm
and M, is a fuzzy set on Y2 x (0,00), for all a,¢,d € Y, s,t > 0, Of : [0,1] — [0,1],
satisfying the following conditions,

(O7FMy-1)  ©5(Mx(a,¢,0)) =0,
(@fFM)\-2) @f(M,\(a,c,t))zliffa:c,
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(©fFMy-3)  O©f(Mx((a,c,t)) = Op(Mxr(c,a,t)),

(@fFM)\-4) @f(M)\(CLdﬂf + S)) > @f(M)\(a c, a, C)) * M)\(C, d, ﬁ)),
(©yFMx-5) ©f(Mxr(a,c,-)):[0,00) — [0,1] is continuous.

Then, the triple (Y, ©;Mj, *) is called a © y-type controlled fuzzy metric spaces on Y.

Now, we display an example to verify our definition.

Example 3.2. Let Y = AU C where A = (0,2) and C = [2,00). Define M, is a fuzzy
set on Y2 x (0,00), as

fa=c
ifae Aandce C
ifaeCandce A

otherwise.

M)\(CL,C, t) =

O © o =
sl gl gl

With the continuous product t-norm. Taking ©;(3) = e'"% and define A\ : Y x YV —

[1,00), as
1 if A
Ma.o) = Lt
max{a,c} otherwise.

Let us show that (Y,0¢M),*) is a ©f - type controlled fuzzy metric space on Y. It is
easy to prove conditions (O FMy-1), (©7FMy-2) and (O s FMy-3). We have to examine
the following cases to show that condition (© ;FMy-4) holds.

Case L. If d=a or d = ¢, (©5FM)-4) is satisfied.
Case II. If d # a and d # ¢, (©5F Mx-4) holds when a = c.

Suppose that a # c¢. Then, we get a # ¢ # d. Now, we can see that (©;FMy-4) is
satisfied in all the cases below:

1. Let a,¢,d € A and a,c,d € C, choose t =1,s =1 and a = 1,¢ = %,d = % and
Aa,c) =1, Aa,d) =1, then we get O(e -1 ) > O4(e7%).

2. Let a,d € A and ¢ € C, choose t = 1,s = 1 and a = %,c = 3,d = % and
Ma, ¢) = max{a,c} = 3, Aa,d) = 2, then we get Of(e %) > (e ).

3. Let a,d € C and ¢ € A, chooset—ls—landa—Sc:%,d=4and
Aa,¢) = max{a,c} = 3, A(a,d) =1, then we get O¢(e™"%) > Of(e™13).

4.Leta€Candc,dEA,chooset:1,s:1,anda:4,0—%d:%and
Aa, ¢) = max{a,c} =4, A(a,d) =1, then we get Of(e037) > Of(e~0-93).

5. Let a,c € A and d € C, choose t = 1,s = 1 and a = %,c = %,d = 4 and
AMa,c) =1, Aa,d) =1, then we get Of(e™15) > O (e ).

6. Let a,c € C and d € A, choose t = 1,5 = 1, and a = 3,¢c = 4,d = % and

Aa,¢) = max{a,c} = 4, Aa,d) =3, then we get O7(e ) > O4(e 7).
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7.Letc,d€0anda€Achooset—ls—landa_% = 3,d = 4 and
Aa, ¢) = max{a,c} = 3, A(a,d) = 4, then we get O (e 05) > O (e~0°).

Consequently, (Y,0¢M), ) is a O type controlled fuzzy metric space on X. Also, for
the same functions A using by (© ;FM)-4), we get

O (Mx(a,d,t +s)) > O (M, <a,d, A(Cfc)> * My (c, d, A(Ctd)> .

Remark 3.3. We show by the following example, that verifies definition of ©-type
controlled fuzzy metric spaces and doesn’t verify controlled fuzzy metric spaces.

Example 3.4. Let Y = [1,00). Define M), is a fuzzy set on Y2 x (0, 0), as

1 ifa=c
My(a,c,t) = te (-etDt if g < ¢
e~(matbt if ¢ < aq.
OB (B-1)m
2

With the continuous product t-norm. Taking O ;(8) = e(#~1) B”

t=1, s=2and define \: Y xY —[1,00), as

1 if Y
)\(a,c):{ i a,ce

+sin +cos

max{a,c} otherwise.

Let us show that (Y,©;M,, ) is a Oy - type controlled fuzzy metric space on Y. It is
easy to prove conditions (O s F'My-1), (©sFM,-2) and (©7FM-3). We have to examine
the following cases to show that condition (©F My-4) holds.

Case L. If d=a or d = ¢, (O5FMy-4) is satisfied.
Case II. If d # a and d # ¢, (©7F My-4) holds when a = c.

Suppose that a # c. Then, we get a # ¢ # d. Now, we can see that (©;FM,-4) is
satisfied in all the cases below:

1. Let a < cand ¢ < d choose t = 1,s = 2, and a = 1,¢ = 2,d = 3 and A(a,c) =
1, A(c,d) =1, then we get ©£(0.4060) > ©£(0.620)

O (Mx(a,d,t + s)) = ©4(0.4060)
_ (04060 1)~ matm) o w +cos 0.4026()7r
(0.620 — 1)mr 0.6207

5 + cos 5

= 0,(0.620) = O (M (ac. ﬁ) « My (e.d, ﬁ)

_1)eU-vEm) |
26(0.620 1)e' ~ 0.620 + sin
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2. Let ¢ < aand a < d choose t = 1,s = 2, and ¢ = 2,a = 3,d = 4 and A(a,c) =
1, A(a,d) =1, then we get ©7(0.6693) > ©7(0.86)

O (Mx(a,d,t + s))
o, (06693~ Dm - 0.66937

= 0;(0.6693) = ¢(0-0693=1) 5 cos ——

> (0861 T 4 o w o 2867

— 0,(0.86) = O, (M, (a7c, A(i@) « My, (c, d, A(jd)> :

It shows that, (Y,©;My,x) is a ©Of-type controlled fuzzy metric spaces and condition
(FMy-4) is not satisfied of controlled fuzzy metric spaces, so not controlled fuzzy metric
spaces.

Definition 3.5. Let (Y,07M), *) is a O type controlled fuzzy metric space on X with
A:Y XY — [1,00), A mapping S : Y — Y is called a fuzzy ©f weak contractive with
respect to ©; € Q, and Y is a- admissible. There exist I € (0, 1) such that

M (Sa, Se,t) < 1= ala,c)®(Mx(Sa, Sc,t)) > [07(N(a,c,t1))]' (2)

for all a,c € Y and ¢ > 0, where

M t)M t
N(a,c,t):min{MA(a,c,t),MA(a,Sa,t),MA(c,Sc,t), A(a, 50, ) M(c, Se, )} (3)

My(a,c,t)
Theorem 3.6. Let (Y,0;M,,*) is a © type controlled fuzzy metric space on Y. A

mapping S : Y — Y is a fuzzy ©f weak contractive and Y is - admissible, then S
admits a unique fixed point.

Proof. Let ag is an arbitrary point in Y,
a(ag, Sag) > 1.
We define a sequence {a,} in Y by
Gpt1 = Sa, for all n € N.
Obviously if, there exists ng € N such that
Ony = Sny+1,

then Sa,, = a,, and the proof is finished. Suppose that a,, # a,41 for all n € N, that
is, a(Sn, Spt1) > 1.

My (Sap—1,Sa,,t) <1 foralln e N and s> 0.
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Using , since S is a (a, ©y) type contraction, so for all n € N, we can write

1> My(San—1,San,t) = alan, ant1)O5(Mr(San—1, San,t))
Z [Gf(N(an—haTHt))]l

343

2 [@f(mln {M)\(a'n—la Qn, t)7 M)\(an—laa’rht)a M}\(a/’ru Ap41, t)7

Mx(ap—1,an,t)My(an, ant1,1) })}l
My(an—1,an,t)

> [© ¢ (min{Mx(an—1, an,t), Mx(an, ani1, t)})}l

Thus

®f(MA(ana Ap41, t) > [Gf(min{MA(an—la Qp, t): MA(anv An+41, t)})}l

If there exists n € N such that
min{ My (an—1, an,t), Mx(an, ani1,t)} = My(an, anyi1,t),
SO
O r(Mx(an, ant1,t) > [@f(M,\(an,an+1,t))]l > My(an, ant1,t).
Which is contradiction. Therefore
min{ My (an—1,an,t), Mx(an,@ni1,t)} = Mx(an—1,an,t),
SO
Of(Mx(an, tny1,t) > [®f(M,\(an,17amt))]l > My(an-1,an,t),

for all n € N. Thus , we get

Or(Mx(an, ant1,t)) > {@f (M)\ (an_l,an, %))y

Y

(03 (M (a2, a1, 13))

t ¥
> [0 (M (@n-3,0n-2. 75)) |

V

> (07 (M (ag,01, 7)1

Thus by , we have

t " t
O (Mx(an, any1,t)) > [@f(M,\(ao7a177))} > My (a07a1,7)-

k k
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Consider the triangle inequality, using the condition (© ;FMy-4), we have
®f(M>\(ana An4m, t))

t t
= 0 (M 01115 (s )
= S A Ons Gn 2X(an, any1) A Ot G 2XM(ant1, Qntm)

o e
t
* M (an+17 n+2, (2)2X(an+1, Gntm) A (@ng1, a”+2)>
t
* M (a”+27 B (22N a1, )2, an+m))
O (M) ((an, Untm, t)) "
>0y (MA(anvanJrlv m))
* M (a"H’ nt2, (2)2X(@n+1, an;;))\(an“, a"+2))
« M, (an+2, e O an+m)>\(anj-2’ U)M@ to, an+3))

t
* My (a 3,0 , )
n+ n+m (2)3)\(an+1, an+m))\(an+2, an+m))\(an+3, a"+m)

5 (303 (0000 )

[ 1237 05 (M (o0, t )]
[

() ke ([T pr 40055 @) A (@i @1
t

(2)m=1kmtm=L([T™ 1 uai, ansm)) ))} '

% [@ntm—l (M)\ (ao, ai, (8)

Oy is non decreasing continuous and satisfying condition for each sequence {8, } C (0, 1)

lim O/(a,) =1« lim a, =1 (9)

n—oo n—oo

Therefore, by taking limit as n — oo in @), from @ together with we have

lim ©;(My(an, Gntm,t)) > (1xlx---x1) =1,

n—roo

for all ¢ > 0 and n,m € N. Thus, {a,} is a G-Cauchy sequence in X. From the
completeness of (X, My, x), there exists u € X such that

lim My (an,u,t) =1, (10)

n—oo
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for all ¢ > 0. Now we show that u is a fixed point of h. For any ¢ > 0 and from the
condition (FMy-4), we have

O (Mx(u, Su,t)) > Oy (MA (u,anﬂ, t ) * MA(anH,Sm ;>)

2\ (an, ant1) 2X(an+1, Su)
O (MA (u,anﬂ, ;)) « M, (San,Su, ;)

2M(u, Gpt1) 2X (a1, Su)
2 0 (M (wanet gy ) + €7 (3 (om x5y

(11)
Letting n — oo in and using , we get
li_>m O (M (u, Su,t)) =1,
by definition of ©, we have
nh_}n;o Of(My(u, Su,t)) =1& nh_}n;o My (u, Su,t) =1,

for all ¢ > 0, that is, u = Su.
Let w € X is an another fixed point of S and there exists ¢t > 0 such that u # w, then
it follows from that

O (M) (u,w,t)) = ©f(Mx(Su, Sw,t))
o1 )

6 (om0 )

t
>@f<M>\(u,w,k—n>), (12)
for all n € N. By taking limit as n — oo in (11]), M (u,w,t) =1 for all ¢ > 0, that is,
u = w. This completes the proof. |

Remark 3.7. Putting ©,(8) =8, a(a,c) =1 and

My (a, Sa,t)Mx(c, Se,t) }

N(a,c,t) = min {MA(G’C» t), Mx(a, Sa,t), Mx(c, Se, t), Mj(a,c,t)
A&, €,

= My (a,c,t)
in Theorem we obtain the following result.

Corollary 3.8. Let (Y,0©;M),*) is a ©¢-type controlled fuzzy metric space on Y. If
S :Y — Y is a mapping such that for all a,c € Y, and A : Y XY — [1,00), t > 0 for
some [ € (0,1)

My (Sa, Se,t) > [Mx(a,c, t)]l,

then S admits a unique fixed point.
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Remark 3.9. By taking | = 1, in corollary we infer the Theorem 2 in [24].

We furnish an example to validate our main result.

Example 3.10. Let Y = AUC where A = {22 : n € N} and C = {2}. Define
My :Y xY x [0,00) = [0,1] as
1 ifa=c
t-sfi ifaec Aand ce C
M)\(a/acvt): ta .
ifaecCandce A

(77) 3 otherwise.
With the continuous product t-norm. Define A : Y X Y — [1,00), as
1 if A
Ma,¢) = e
max{a,c} otherwise.

Clearly (Y,07FM)y,*) is a Oy type controlled fuzzy metric space and we take ©(3) =
B, B€(0,1], a(a,c) > 1. Consider S:Y — Y by

S(a){ﬁ ifacA

22" ifa e C.

Now let us show that (Y,07FM)y,x) is a © controlled fuzzy metric space. It is easy
to prove conditions (0 FMy-1), (©yFM-2) and (© yFM-3). We have to examine the
following cases to show that condition (© ¢FMy-4) holds.

Case I. If @ = ¢ then we have Sa = Sec. In this case:

[N

O (Mx(Sa, Sc,t)) =1=0s(Nx(a,c,t))2.

For t =1

0.9

0.8

MA ——=

8 === LHS
=== RHS

0.5 S -

5 8 7 8 9 Value of n 0 0 Value of t
Value ofn  ——3»

Fig. 1. Variation of L.H.S = ©¢(Mx(Sa, Sc,t)) with
R.H.S = ©f[N(a,c,t)]" of Example case-II on 2D and 3D view,
for: (a) ©7(Mx(Sa, Sc,t)) vs ©4[N(a,c,t)]" at t,n € (1,10).
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Case II. Let a € A and ¢ € C, then we have Sa € A and Sc € C. In this case:
Since

O (Mx(Sa, Sc,t))

Oy

)
(e 5)
e

Oy

|
@

v

t+ 22”L }
l

= 04[N(a,c, t)} . (13)

Table 1 and 2 show the variation between © ¢(M,(Sa, Sc,t)) and ©¢[N(a,c,t)]’ as a

function of n with relative to t. This table justifies inequality , which observed in
both the curves for the value of ¢ is a higher than 50 as a function of n.

[ Value of t | Value of n | ©(Mx(Sa, Sc,t)) [ Of[N(a,c,t)]" |

1 1 0.9412 0.4000
2 0.9961 0.4706
5 1 0.5000
10 1 0.5000
50 1 0.9988 0.4975
2 0.9999 0.4994
20 1.0000 0.5000
50 1.0000 0.5000
Tab. 1. Variation of @;(M(Sa, Sc,t)) with ©;[N(a,c,t)]" of

inequality , as a function of n with fixed value of t = 1 and t = 50.

[ Value of n | Value of t | ©7(Mx(Sa, Sc,t)) [ Of[N(a,c,t)]" |

1 1 0.9412 0.4000
2 0.9697 0.4444
50 0.9988 0.4975
100 0.9994 0.4988
50 1 1.000 0.5000
2 1.000 0.5000
50 1.000 0.5000
100 1.000 0.5000
Tab. 2. Variation of @;(Mx(Sa, Sc,t)) with ©¢[N(a,c,t)]" o

inequality as a function of n with fixed value of n = 1 and n = 50.




348 R. TIWARI, V. RAKOCEVIC AND S. RAJPUT

Case III. Let a € C and ¢ € A, then we have Sa € C and Sc € A. In this case:

Case IV. For other states of a, ¢ and similarly Sa, Sc, we have,

Fort=1

Value of n o0 Valua of t

0.05
1 2 3 4 5 6 7 & ] 10
Valiw nf n >

Fig. 2. Variation of L.H.S = O¢(Mx(Sa, Sc,t)) with
R.H.S. = ©f[N(a,c,t)]" of Example 3.8, case-IV on 2D and 3D view,
for: (a) ©¢(Mx(Sa, Sc,t)) vs Of[N(a,c,t)] at t,n € (1,10).

oy
t—|—1)
t ]é
t+1
= 0/[N(a,c,t)]"

@f(M)\(Sa,Sc, t)) = @f(

> Oy

Therefore, all the conditions of Theorem hold and S has a unique fixed point y = 1.

Remark 3.11. Putting O(8) =71, a(a,c) =1,

M M
N(a,c,t) = min {MA(a,c, t), Mx(a, Sa,t), My(c, Se, t), )‘(a’i;)’\zc)b CAt()C’ Se, t)}

= M)\(aa & t)

and a(a,c) =1 in Theorem we obtain the following result.
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Corollary 3.12. Let (Y,©/M)j, ) is a O -type controlled fuzzy metric space on Y. If
S:Y — Y is a mapping such that for all a,c € Y, ¢t > 0. Define A : Y x Y — [1, 00), for
some [ € (0,1).

eMA(Sa,Sc,t)—l > [e]M)\(a,c,t)—l]l7

then S admits a unique fixed point.

Similarly, by choosing different values of ©,(83), we can obtain several results in the
literature.

4. APPLICATION

We also provide an application to substantiate the utility of our established result to find
the unique solution of an integral equation appearing in the dynamic market equilibrium
aspects to economics.

Supply Qs and demand Q4 are influenced by current prices and price trends (i.e.,
whether prices are rising or falling and whether they are rising or falling at an increasing
or decreasing rate) in many markets [9]. The economist, therefore, needs to know the

dP(t) d’P(t)

1> and the second derivative —3;z~. Assume

current price P(t), the first derivative

dP(t) d?P(t)

Qs = g1 +urP(t) + e o T
- dP(t) d?P(t)
Qa = g2 +uzP(t) + e2—7—= + c2—75

g1, 92, u1,us, e; and ey are constants. Comment on the dynamic stability of the market,
if price clears the market at each point in time. In equilibrium, Qs = Q4. Therefore,

dP(t d?P(t dP(t d?P(t
g1 +urP(t)+ e di ) +a dt2( ) = go + uaP(t) + e di ) +co dt2( )
since
d?P(t dP(t
- en TP 4 (e e)a Wy - ) P(1) = (01— g2).

Letting c=c¢1 —c3, e=e1 —es, u=1u; —uz and g = g1 — g2 in above, we have

d2P(t)  dP(t)
w2 T a

dividing through by ¢, P(t) is governed by the following initial value problem

P'+eP 4 up(t)y=-12
P(0) =0 (14)
P'(0) =0,
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where % = 47“ and % = p is a continuous function. It is easy to show that the problem

is equivalent to the integral equation:

T
P(t) = /O (b E(tr, P(r)) dr, (15)

where ((¢,7) is Green’s function given by

rest=r if0<r<t<T
q(t 7“)—{ P (16)

tez(r=t ifo<t<r<T.

In this section, by using Corollary [3.8] we will show the existence of a solution to the
integral equation:

T
£ = /O G(t,r, P(r)) dr. (17)

Let X = C([0,T]) be the set of real continuous functions defined on [0,7] . For ¢ > 0,
we define
min{a, c} +t

My(a,c,t) = sup —————— 18
N )= te[o%] max{a,c} + ¢ (18)

for all a,c € Y, with the continuous t-norm * such that t; xto = t1t5. Taking ©¢(5) =
and define A : Y x Y — [1,00), as

Ma, o) 1 ifa,ce A
a,c) =
max{a,c} otherwise.

It is easy to prove that (Y, M,,x*) is a controlled fuzzy metric spaces. Consider the
mapping S : Y — Y defined by

T
= /0 G(t,r, P(r))dr. (19)

Theorem 4.1. Consider equation and suppose that

1. There exist a continuous function ¢ : [0,7] x [0,7] — R* such that
T
SUpseo,7) Jo C(tr)dr >1

2. max{G(t,r,a(r)) — G(t,r,c(r))}

> ((t,r) max{a(r),c(r)} and
min{G(t,r,a(r)) — G(t,r,c(r)} > ¢

(t,r) min{a(r), c(r)}

3. max{a(r),c(r)} +t > (max{a(r),c(r)} +t)! and
min{a(r),c(r)} +t > (min{a(r),c(r)} + 1)},

for all I € (0,1). Then, the integral equation has a unique solution.
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Proof. Fora,c €Y , by using of assumptions (1)(3), we have

M (Sa, Se.t) min{fUT G(t,r,a(r))dr, fo (t,r,c(r))dr)} +t
a,Sc,t) = sup
* t€[0,T) max{fOT G(t,r,a(r))dr, fo (t,rye(r))dr)} +t

Sy min{G(t.r,a(r), G(t,r,c(r))} dr + 1

e [T max(G (¢, a(r)) dr, G(t, re(r)} dr + 1
- fo C(t,rymin{a(r),c(r)} dr +t
B te[OT] fo ¢t r)max{a( ),e(r)dr+t
_— min{a(r),c }fo C(t,r)dr +t
~ tefo,7) max{a(r), c(r }fo C(t,r)dr+t
(min{a(r), c(r)} + 1)
(max{{a(( )), c((r)))}}:tt)l
min{a(r), c(r .
= Coac{a(r), e(m)) +

> (My(a,c,t))l.

Therefore all the conditions of Corollary [3.8] are satisfied. As a result, the mapping S
has a unique fixed point y € Y, which is a solution of the integral equation . O

CONCLUSIONS

In this article, motivated and inspired by the work of Miizeyyen Sangurlu Sezen [24] and
H. Saleh Nasr et al. [23], we generalize the controlled fuzzy metric spaces using fuzzy
O - contractive mapping. We obtain a fixed point result by using generalized contractive
conditions in the framework of controlled fuzzy metric spaces. Our investigations and
results obtained were supported by suitable examples. We also provide an application
of our result to the existence of a solution to an integral equation, which determine
dynamic market equilibrium aspects to economics problems. This work provides a new
path for researchers in the concerned field.
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