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Abstract

We introduce local grand Lebesgue spaces, over a quasi-metric measure space
(X,d, n), where the Lebesgue space is “aggrandized” not everywhere but only at
a given closed set F' of measure zero. We show that such spaces coincide for different
choices of aggrandizers if their Matuszewska—Orlicz indices are positive. Within the
framework of such local grand Lebesgue spaces, we study the maximal operator, sin-
gular operators with standard kernel, and potential type operators. Finally, we give an
application to Dirichlet problem for the Poisson equation, taking F as the boundary
of the domain.
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1 Introduction

The grand Lebesgue spaces LY (), defined by the norm

1
p—¢

1S lLrog) = sup 59/|f(x)|”‘8dx :
Q

O<e<p—1

were introduced in [1, 2] when | 2| < oco. An approach to aggrandize Lebesgue spaces
on sets of infinite measure may be found in [3—6]. Grand spaces have been intensively
studied during the last decades; see, for instance, [7—13]. We refer also to [14] and
references therein.

We introduce a version of grand Lebesgue spaces which we call local grand
Lebesgue spaces. The word “local” means that the Lebesgue space is “aggrandized”
not everywhere but only at a given set of measure zero. We consider such spaces in
the general setting of quasi-metric measure spaces (X, d, ). To be more precise, let
F C X be a closed set of measure zero, in particular in the Euclidean case we can

choose the boundary of a domain as the set F'. We introduce the space L’})f(X s L)

by the norm
1

1o = sup &’ / | lPadist(e, F)Pdu) |
X

O<e<t

where the “aggrandizer” a : [0, ®] — R4, ® = diam(X), is a suitable function with
a(0) = 0. Such local grand Lebesgue spaces in the Euclidean case and F consisting of
a unique point where studied in [15]. We also introduce the corresponding vanishing
local grand Lebesgue space VL?”; (X, ).

We prove some properties of such spaces. In particular, we consider relations
between such spaces under different choice of the function a and show that two local
grand Lebesgue spaces with aggrandizers a and b coincide if the Matuszewska—Orlicz
indices of a and b are positive. We also demonstrate that the space L?(X) is strictly
embedded into such local grand Lebesgue space when (X, d, i) has some regularity
properties. If (X, d, n) is of homogeneous type, within the frameworks of the spaces
L’;{f (X) and VL’}),’QG (X, ), we study the maximal operator, singular operators with
standard kernel, and potential type operators. Here we used the results of the recent
papers [16, 17], where there were studied Muckenhoupt weights with singularities at
a given set which allowed us to prove the boundedness of these operators via interpo-
lation with respect to weights.

Finally, we give an application to Dirichlet problem for the Poisson equation, taking
F as the boundary of the domain, using some pointwise estimates obtained in [18].

The paper is organized as follows. In Sect. 2 we supply necessary preliminaries
on quasi-metric measure spaces and the notion of Matuszewska—Orlicz indices. In
Sect. 3 we introduce the local grand Lebesgue spaces and show that such spaces
coincide for different choices of aggrandizers if their Matuszewska—Orlicz indices
are positive. In Sect. 4 we recall the notion of lower Assouad codimension and its
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connection with power distance functions as Muckenhoupt weights. In Sect. 5 we
study the boundedness of the maximal operator, singular operators with standard
kernel, and potential operator. In Sect. 6 we give an application to Dirichlet problem
for the Laplace equation.
Notation:

—8p(x) :=dist(x, F);

— Mg is the lower Assouad codimension of F', see Definition 4.1;

= flleecxwy = Ifwlizecos

-9 = diam(X);
— T : X — Y means that T is a continuous mapping from X into Y.
2 Preliminaries

2.1 On quasi-metric measure spaces

By (X, d, n) we denote a quasi-metric measure space with the quasi-distance d sat-
isfying the standard conditions:

d(x,y)=0, d(x, y)=d(y,x), d(x,y)=0 & x=y, d(x,y)<tl[d(x,2) +d(y,2)],
2.1)

and by w a regular Borel measure. The set X may be bounded or unbounded. We
denote B(x,r) ={ye X : d(x,y) <r}, r > 0.
The space (X, d, 1) is said to be homogeneous, if

uB(x,2r) < CuB(x,r). 2.2)
The measure is said to satisfy the growth condition, if there exists N > 0 such that
[LB()C,F)SCI"N, 0<r<d, 2.3)

where N is not necessarily an integer.

Asis well known, extension of various results from the Euclideancase X = Q € R”
to the general case of (X, d, i) often depends on the choice of the assumption (2.2)
or (2.3) for the measure (.

We say that (X, d, i) is N-Ahlfors regular, if there exists N > 0 such that

c 'V < uB(x,r) < crV,

where N is not necessarily an integer.
For more details on quasi-metric measure spaces we refer, e.g., to [19, 20].
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2.2 The class G(/) of aggrandizers

Let I = (0,D) with 0 < ® < oo. By L°(/) we denote the cone of non-negative
functions in L°°(1). We define the class G (1), following [15], as the set of functions
a € LS°(I) satisfying the conditions:

(1) a(z) is continuous in a neighbourhood of the origin and a(0) = 0; and
(2) inf;c(,mya(t) > 0 forevery k € (0,9).

We call functions a € G(I) aggrandizers.

2.3 Matuszewska-Orlicz indices

In Sect. 3 we use the notion of Matuszewska—Orlicz indices m(a) and M (a) of a non-
negative function a introduced in [21], see also [22] where properties of these indices
are given in a form convenient for us. These indices are defined by

— a(hx) Tim 4x)
In <}}1_I)1}) o) ) In (}}1_1)% o) )
m(a) ;= sup ————  and M(a) :=sup ————=.

O<x<l1 Inx x>1 Inx

Note also that

mit*) =a, m |:<lnD ¢

m(a(®)f) = pm(a), m(1/a) = —M(a),

+1
) ] =0(D <), m(t%a(t)) =a+m(a),

where € Rand g € R;.

A non-negative function a on [/ is called quasi-monotone if there exist o, B € R
such that a(¢)t~ is almost increasing (a.i.) and a()t~P is almost decreasing (a.d.).
A quasi-monotone function has finite indices and m(a) = sup{c | a(t)t~* is a.i.} and
M (a) = inf{B | a(t)t=# is a.d.}. Everywhere in the sequel, when considering indices
of a function, we suppose that it is quasi-monotone near the origin.

3 Local grand Lebesgue spaces Lﬁ)’e(Q, M)

,a

Let (X, d, ) be a quasi-metric measure space and ® := diam(X) with0 < ® < oo.

Definition 3.1 Let Q2 be an open set in X and F C X be a closed non-empty set
with uF = 0. For a function a € L (I), we define the local grand Lebesgue space

p),o
LFﬂ

(2,1),0 < p < 00,0 > 0, by the (quasi)-norm

L
P

1/l o = sup &’ / FOIa@r) ™ du) | . GO
Q

O<e<t
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where 67 (x) :=infyer d(x, y), and

= sup &%esssup|f(x)]|a(8r(x))?, 0 <€ < oo.

(NI PESY
Lra 1) O<e<l xeQ

In particular, we may choose the boundary of 2 as the set F' (assuming that £ (0€2) =
0). In the case the set F consists of a single point xo € €2, we use the notation
Fo := {x0}.

Note that the space L;O)Q’Q(Q) contains, in general, unbounded functions. Let, for
simplicity, X = R” and Q2 be a bounded domain in R”. Then

29 4 00),0
<ln r _XO|) e L (©)

under the conditions xg € F,a € G(I), m(a) > 0, and y < 6. It is worth pointing
out that a p = oco-version of the usual well-known grand spaces was studied in [23].
The embedding

p).0
LP(Q, p) = L

,a

(2,un), 0<p<oo, 6>0,

holds, whenever a € LE°(I).

To ensure that the local grand space L’;)”ae (2, ) islargerthan L? (2, ), we should
restrict the choice of functions a(), mainly by the assumption that a(0) = 0. In most
of the statements, we assume that a € G (7).

The norm (3.1) is equivalent to

P

sup &’ / |fO1PaSF(x))Pedu(x)

O<e</t
Sp(x)<s
i
+ f Lf ) dux) | (3.2)
dF(x)=s

for every s € (0,D).

The norm in the Lemma 3.2 is written as || f |, .0 to underline dependence
F.al

(€.
on the range for €.

Lemma 3.2 The space L[;)’ag (2, ) does not depend on the choice of ¢, up to equiva-
lence of norms

< < D ) ) .

where C = max {1, —L— SUPy, <e <1, sellall"zm )
Hlal o =
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Proof The proof is straightforward. O

The corresponding vanishing space VL’;{‘: (€2, ) is defined as the set of functions
fe Lp) 9(9 @) such that

lim £ / ) Pal8r ()P du(x) = O.
Q

3.1 Basic properties

The spaces Ll;ﬂ)"f (€2, w) do not depend much on the “properly chosen” aggrandizer a,
as shown in Theorem 3.4. First, we prove the following lemma on embedding between
such spaces.

Lemma 3.3 The following is valid:
(1) If there exists a number o > 0 such that a(t) < Cb(t)%, t € I, then

,0
LY@, = LY@, w.

(2) If the function a is almost increasing near the origin, and Fy and F» are closed
non-empty sets such that F1 C F» C 2, then

6 0
LYY (2, ) = L0, ).

Proof To show (1) it suffices to use Lemma 3.2. The proof of (2) follows from noticing
that 8, (x) < &, (x) and then it remains to use the fact that a is almost increasing. O

Theorem 3.4 Let a and b be quasi-monotone functions on (0, k), for some k € (0, D).
Ifm(a) > 0 and m(b) > 0, then

LP) 9(9) Lp)b (Q)

up to equivalence of norms.

Proof It suffices to refer to (3.2) and the fact that, for an arbitrarily small > 0, there
are constants ¢(n) and C(n) such that

MO < a1y < Cont™ @, 1 € (0, 1),

see [22, Sect. 6], and apply Lemma 3.3. O

Remark 3.5 Positivity of Matuszewska—Orlicz indices in Theorem 3.4 is, in general,
necessary: as shown in the Euclidean case in [15] the spaces defined by a(t) ~ ¢ and
b(t) ~ m near the origin are different, see [15, Lemma 2.7].
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One can be interested in the strict embedding
0
LP(Q, ) © LY (@, ). (3.4)

By Lemma 3.3 (2) it suffices to consider the case F' = {x(}. We start with the following
lemma, where neither growth nor doubling condition are assumed.

Lemma 3.6 The function

u(x) = [n(B(xo, dx, x0))] 7, x0 € 2, (3.5)

does not belong to L (22, ), 0 < p < oo.

Proof Suppose that u € LP (€2, i). Then

1
4 _
/ U dutx) = / /1B (xo, d(x, xo)

B(x0,r) B(xo,r)

1

_— d =1. 3.6

= (B, 1) f n(x) ©.6)
B(xq,r)

This contradicts the absolute continuity of the norm in LY, ), see [24, Theorem
12.34]. O

Theorem 3.7 Let p satisfy u(B(xg,r)) ~ rY asr — 0 for some xg € F, 60 > 1/p,
and m(a) > 0. Then the embedding (3.4) is strict.

Proof 1t suffices to consider the case F = {xg} by Lemma 3.3 (2) and we can also
take a(t) = t for small values of 7 by Theorem 3.4. In view of Lemma 3.6, it remains

to show that u € Lf;)(;}gya(ﬁ, ). We have

S = sep/u(x)pd(x,xo)gpdu(x) ~ 80p/d(x,x0)€p*7’du(x).
Q Q

We can use the norm in equivalence form (3.2) so we can replace 2 by B (xg, ). Using
dyadic decomposition, we obtain

o0
Sy f d(x0, )PV dp(x)

k=01, g (xg,x) <2*r

ST st / ax)

k=0 B(x0,.27%r)
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6 N k e’?
< gfp ey o %
Sy @~
k=0
~ Eép—l’
which completes the proof. O

4 Power of distances as Muckenhoupt weights

In the study of operators of grand local Lebesgue spaces we will use the important
Proposition 4.3. We now recall some definitions and introduce the corresponding
notations.

Definition 4.1 (Lower Assouad codimension) Let F C X and
Fr={xe X |érx) <r}.

The lower Assouad codimension, denoted by N, is the supremum of all v > 0 for
which there exists a constant C > 1 such that

nw(F, N B(x, R)) - (r )v ’

uB(x, R) - R

foreveryx € Fandall0 <r < R < 2diam(X).

Note that 91 > 0 implies that u F' = 0, see [17, p. 6]. For more information about
Assouad dimension; see, e.g., [25, 26] and the references given there.

Definition 4.2 (Muckenhoupt weights) For 1 < p < oo, the class A,(X) is defined
as the set of all weights w on X such that

p—1

1 1 _ 1
s, = sop | o [ ) | 5 [P o) <o
B

where the supremum is taken with respect to all balls B in X. For p = 1, the class
A1(X) is defined by the condition Mw(x) < Cw(x), where M is the maximal oper-
ator, see (5.1); we denote [w]4, := ess supr(x)

xeX

w(x) °

The Propositions 4.3 and 4.4 were proved in [17, Theorem 3.4]. It is noteworthy
to mention that in [16, Theorem 7] a similar result was obtained, although requiring
stronger assumptions on both X and F in terms of Ahlfors regularity.

Proposition 4.3 Let (X, d, 1) be homogeneous, F be a closed non-empty set, and
1 < p <oo. Then

—Np < B < (p— DN = 8% € Ap(X),
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where §p(x) = d(x, F) and NF is the lower Assouad codimension of the set F .

Proposition 4.4 Let (X, d, ) be homogeneous and F be a closed non-empty set. Then
—Np < B <0= 87 € A(X),

where §p(x) = d(x, F) and Nr is the lower Assouad codimension of the set F .

In the study of operators in Sect. 5 we will base ourselves on Propositions 4.3
and 4.4. Note that, in applications, when the set F' is supplied with a positive measure
v, the Proposition 4.5 is more practical. To this end, we need the following definition.

By Fs = {F} we denote the family of sets /' C X satisfying the conditions:

(1) F is closed;

(2) uF = 0; and

(3) the set F C X is s-Ahlfors regular with respect to the s-dimensional Hausdorff
measure.

Proposition 4.5 ([16, Theorem 7]) Let (X, d, i) be a homogeneous quasi-metric mea-
sure space N-Ahlfors regular and F € Fs, with s < N. Then Sﬁ € Ap(X) for
—(N —s) < B < (N —s)(p—1), where A,(X) is the Muckenhoupt class.

In the case where X is N-Ahlfors regular and F' € Fj, then Proposition 4.3 turns
into Proposition 4.5. Non-trivial examples of fractal spaces X and sets ' may be found
in [16].

Statements of the type of lemma below are known, see for instance [27, Lemma
3.5]

Lemma 4.6 Let (X, d, u) be homogeneous, F be a closed non-empty set, and w(x) :=
Sp(x). If wP € Ap(X) then WP € Ap(X), where

N {w<x>, Sp(x) < 1,
wx) =
I, p(x) > L.

5 On operators in local grand Lebesgue spaces

We start with the simple statement.

Theorem 5.1 Let T : LP(X,8%) — L4(X,6%) be a bounded sublinear operator,
uniformly in ¢ € (0, &), for some ey > 0. Then, for a quasi-monotone function a with
m(a) > 0, we have T : LYY (X) < LYY (X) and T : VLY (X) < vLO? (X).

,a

Proof By Theorem 3.4, in the definition of the local grand space, we can replace a(t)
by a(t) = t when ® < oo and by a(¢) = min{z, 1} when ® = oco. After that, the
statement becomes obvious. O
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Concerning the boundedness of operators in grand local Lebesgue spaces, we note
that one of the principal technical tools, i.e., the Stein—Weiss interpolation theorem,
remains valid in the general setting of arbitrary quasi-metric measure spaces, see [28,
Cor. 2.2] or [29, 17 and 120 pp.].

Proposition 5.2 ([28, Cor. 2.2]) Assume that 0 < pg, p1, q0, q1 < 00 and that
T (LR wg ™), L7 (X w))) = (L0 0™, 19 (X, o)1)
is a continuous linear operator. Then

T LP(X, wy?) <> L%(X, 0,/

where
1 1—-6 %] 1 1—6 % a-0L oL (1-0L oL
— = +— —= +—, wy=w, “w", eg=0, “o",
Po Po P1 qo q0 q1
0<0 <1land
171

< Cmax ||T]
) i=0,1

Lo (X,wy/ ")~ 190 (X, 0,/ LPi (X} Py — L9 (X0, *

5.1 Maximal operator

Recall that the maximal operator is defined as

1
MFe) = sup s [ 1f0ldu. 5.1)
r>0 WB(x, 1)
B(x,r)
Forl < p <ooand w € A,(X), we have
1

IMfllLrxwiiry < C[w]z;l Nl x ey s (5.2)

where the constant C does not depend on the weight w or the function f; see, e.g. [30].
In the case p = oo, for the space L°(X, w) := {f | esssup,x|f(x)|w(x) < oo},
we have the following lemma, where

[1/w]a, = esssupw(x)M (1/w) (x).

xeX

Lemma 5.3 The maximal operator M is bounded in L*°(X, w) if and only if 1/w €
A1(X) and
IM [l Looxwy < C 1Y wla, 1 f Lo w) - (5.3)
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Proof Sufficiency: We have M (1/w) < ¢/w, so that

wf 1
wMf(x) =wM <?> < llwfllpex) - wM (E) < Clfllzeox,w) -
Necessity: Choose fo = /w € L®(X, w). Then M folleo(x iy < C Il follLoo(x.w)
yields esssup, .y w(x)M (I/w) (x) < ¢ < o0, i.e, /w € Aj(X). m]

Theorem 5.4 Let (X, d, ) be homogeneous, F be a closed non-empty set, N > 0,
l<p<o0060>0aeG0,D),D =dam(X), and m(a) > 0. Then

,0 ,0
M LT (X ) = LR (X, ),
and
.0 0
M VLR (X, ) < VLR (X, ).

Proof By Theorem 3.4, in the definition of the local grand space, we can replace a(z)
by a(t) =t when ® < 0o and by a(f) = min{t, 1} when ® = oo. For simplicity, we
take ® < oo.

By Proposition 4.3, under the choice gy < 91#/p’, we have that SSFP € Ap(X), for
all ¢ such that 0 < ¢ < gp. Take & such that egp < & < (p — D). From (5.2), the
inequality [w¥]4, < [w]“p, 0 <a < 1,and [w]a, > 1, we have

P — p —

1 ep 1
epyp—1 §E1Ep-D Ep-1
”M“LSPgFP(X)%LSPEFP(X) =< C[(SF ]Ap = C[(SF]AP = C[sF]Ap s

where the constants C do not depend on ¢. The result now follows from Theorem 5.1.
Arguments for p = oo are similar, being based on Lemma 5.3 and Proposition 4.4.
O

5.2 Singular operators

We consider the Calder6n—Zygmund singular operator K with the standard kernel,
as defined in [19] and [20, p. 502]. Let k : X x X \ {(x,x) | x € X} - Rbea
measurable function satisfying the conditions:

1

<~ .
lk(x, V)| S DB d(xy)’ x,yeX, x#y;
and
d(x2, x1) 1
k ) _k 5 k ) _k 5 < )
lk(x1, ¥) — k(x2, Y| + 1k(y, x1) — k(y, x2) Nw(d(xz,y))/LB(xz,d(xz,y))
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for every x1,xp € X such that d(xp,y) = d(xi,x2). Here w is a positive, non-
decreasing function on (0, co) satisfying the A,-condition (i.e., w (2t) < cw(t) for all
t > 0 and some ¢ > 0 independent of #) and the Dini condition fol @dt < 00. We
also assume as well that for some pg, 1 < pg < 00, and all f € LP°(X) the limit

Kf(x):= 11%1 / k(x, y) f(y)dy
e—>0+

X\B(x,¢)

exists a.e. and that the operator K is bounded in L0 (X).
The following proposition was proved in [31], see also [20, Theorem A, p. 503].

Proposition 5.5 Letr (X, d, u) be a space of homogeneous type and 1 < p < oo. If
w € A,(X), then the operator K is bounded in LP(X, wl/”).

Note that the boundedness of the Calderén—Zygmund operators in L” (X, w) fol-
lows from the boundedness of the maximal operator M in L? (X, w) and [L? (X, w)]’
by the known arguments, see e.g. [32, Lemma 3.2].

Theorem 5.6 Let (X, d, i) be homogeneous, F be a closed non-empty set, g > 0,
l<p<oo 6 >0aceG0,)D =diam(X), and m(a) > 0. Then, under the
assumptions of Proposition 5.5,

.0 .0
KLY (X = LYY (X

and
K VLR (X, ) > VLR (X, o).

Proof We apply the interpolation Proposition 5.2 with pg = p; = p, wo(x) = 1, and
w{’ (x) = 8p(x)P?, corresponding to the cases ¢ = 0 and & = &g in the definition of
the norm of the space. We also keep in mind that one can replace £ by &g, according to
Lemma 3.2. The boundedness of the Calderon—Zygmund operator, at the endpoints,
follows from Proposition 4.3 (taking &9 < 91r/p’) and the boundedness of the operator
K in the space L” (X, w!'/P), w e A, (X), see Proposition 5.5. m|

Corollary 5.7 Let X = Q C R”" be an open set satisfying the doubling condition
and |1 the Lebesgue measure. Let 02 denote the boundary of Q2 and assume that
Noq > 0. Then the maximal operator M and the Calderon—Zygmund operators K
from Proposition 5.5, related to 2, are bounded in the space Lg;fa ifa e G(I) and
m(a) > 0.

Note that, in the case of “nice” boundaries, the codimension is always positive and
equals to n — 1 in case of Lipschitz boundary.
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5.3 Potential operators

For @ > 0, the Riesz potential /¢ is defined by

o Gy
P = | B e, yn 10
X

For a given n > 0, we say that u satisfies a reverse doubling condition if

nB(y, 1) _ C(V)ﬂ

sen =C (7 (5.4)

R

holds, whenever B(y,r) C B(x, R) C X.
The following proposition was proved in [17, Theorem 4.1], see also [33] for the
optimal exponent for the A, constant in the Euclidean case.

Proposition 5.8 Let o > 0. Assume that the reverse doubling condition (5.4) holds
with the exponent n = « and that there exists Q > « such that uB > crad(B)< for
all balls B C X. Let ) # F C X be a closed set, 1 < p < Q/a, and B € R be such
that »

_WFE <B<Np(p—1), (5.5)

where p* := Qg’; - and N is the lower Assouad codimension of F. Then

19 LP(X,8p()7) > LP (X.8p() ),

Theorem 5.9 Let (X, d, i) be homogeneous, F be a closed non-empty set, Np > 0,
l<p<oo6>0acG0,)D =diam(X), and m(a) > 0. Then, under the
assumptions of Proposition 5.8,

),0

.0 A
1 LR (X ) > L (X

,a

and
.0 .60
1% VLYY (X, o) < VLE O (X o).

Proof The proof follows closely the one given in Theorem 5.6. We apply the inter-
polation Proposition 5.2 with pg = p, p1 = p*, wo(x) = op(x) = 1, wj(x) =

1

Sp(x)P®, and wf =34 F(x)pns‘). The boundedness of the Riesz potential operator
at the endpoints is given in Proposition 5.8, under the choice ¢g < 9r/p’ for the
LPV (X, wll/p‘) — LN (X, oll/ql)-boundedness. This completes the proof. O

@ Springer



53 Pagel14of16 H. Rafeiro et al.

6 An application to Dirichlet problem

In this section we give an application to Dirichlet problem basing ourselves on some
results from [18] for classical weighted Lebesgue spaces. Recall that the Dirichlet
problem is given by

—Au = Q
u=7r 2 ©.1)
u =0, 0Q2.
The operator K j; is defined as
Kjif(x) = lim / 3ji P(x — y) f(y)dy, (6.2)
[x—y|>¢
where
1
—5=In|x|, n=2,
d(x) =1 . I
n(n—=2)w, |x|"-2’ nz>o,
and the corresponding maximal singular operator K ;’.‘i by
K3 f(x) = sup / 3ji®(x — y) f(dy|. (6.3)
>0
[x—y|>¢

The following pointwise estimate was obtained in [18, Lemma 2.3].

Proposition 6.1 Let Q be a bounded C? domain. There exists a constant C depending
only on n and 2 such that, for any x € Q,

Q)|+ [9ju(x)| < CMf(x),
19jiu(x)| < C(K}; f(x) + Mf(x) + | f (),

where M is the maximal operator and K 7[. is defined in (6.3).
We now introduce the Sobolev grand local space Wﬁ”[a’)’g () as
1
1 fllyms gy = ( > ||aaf||Lp)g(Q) ) < 00.
|a| <k

In the following theorem, the set F' may be any closed non-empty set with 91z > 0
in €2, although the most interesting case seems to be when F' = 9€2.
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Theorem 6.2 Ler @ C R” be a bounded C* domain, 1 < p<oo, F C Q be a closed
non-empty set, Mg > 0,0 > 0, a € G(I), and m(a) > 0. If u is the solution of
problem (6.1), then there exists a constant C depending only on n and 2 such that

lullyz0) < CIFpog,- 64)

F,

Proof The result follows immediately from the pointwise inequalities from Proposition
6.1 and the boundedness of the maximal and the maximal singular operators. The
boundedness of the maximal operator is given in Theorem 5.4 and the boundedness
of the maximal singular operator follows from the known estimate

/K*f(x)pw(x)dx < Cp,w/Mf(x)pw(x)dx, w e Ap,
Ri’l Ri’l

where K* is the maximal singular operator related with the singular operator K, see
[34, Theorem 2, p. 205]. O
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