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1. Introduction

Krasnosel’skil compression—expansion fixed point theorem is between the main tools of Nonlinear Analysis
for proving the existence of non-trivial solutions of different types of boundary value problems. Basically,
assuming cone-compression or cone-expansion conditions on the boundary of an annulus, it ensures the
existence of fixed points of compact operators defined in cones of normed linear spaces.

In the case of systems, the localization of the fixed points obtained by means of Krasnosel’skii theorem is
not given independently in each component, so there is not guarantee that all the components of the fixed
point are non-trivial, as already pointed out in [3,25,26]. This fact motivated Precup to establish the vector
version of Krasnosel’skil fixed point theorem [25,26] (see Theorem 2.3 below), which provides a component-
wise localization of the fixed points. Thus, it gives sufficient conditions for the existence of a coexistence fixed
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point as coined by Lan [20], that is, a fixed point with all the components different from zero. As far as we
know, there are only a few papers in the literature which deal with theoretical results concerning coexistence
fixed points of compact maps, see [3,15,16,20,25,26,29]. These results have direct applications in population
models when studying the coexistence of several competing species. In this context, the reader may find
some useful comments in the paper by Dancer [4].

Moreover, under the assumptions of the vector version of Krasnosel’skii fixed point theorem, each
component of the compact map may have a different behavior, namely, compression or expansion (see
Remark 2.1 below). To the best of our knowledge, fixed point theorems for expansive-compressive maps
are not common in the literature, we refer the interested reader to the results due to Mawhin [23] in this
direction.

In this paper, we will refer to the mentioned vector version of Krasnosel’skii compression—expansion fixed
point theorem due to Precup as Krasnosel’skii-Precup fixed point theorem in cones. It is well-known that
the classical Krasnosel’skii fixed point theorem can be proved via fixed point index for compact maps, so
our aim here is to present an alternative approach to Krasnosel’skii-Precup fixed point theorem based on
this tool. It has its own interest since

(a) it provides a way to extend Krasnosel’skii-Precup fixed point theorem to operators defined in more
general domains;

(b) the computation of the fixed point index allows to obtain easily new multiplicity results;

(c) the proof can be replicated for other classes of maps for which a fixed point index theory is available

(as, for instance, upper semicontinuous multivalued maps).

Note that the fixed point index for compact maps was also the main tool employed in order to prove the
coexistence fixed point theorems in [15,16,20].

In addition, we prove that the finite-dimensional version of Krasnosel’skii-Precup fixed point theorem is
equivalent to Poincaré-Miranda zeros theorem. This fact gives a connection between it and classical results.

In the last section, we apply the theoretical results obtained in Section 2 to two different problems:
systems of Hammerstein integral equations and radially symmetric solutions of Dirichlet problems for
(p1, p2)-Laplacian systems. Note that Krasnosel’skii-Precup fixed point theorem has been already employed
by several authors in order to study the existence, localization and multiplicity of positive solutions for
different types of systems of boundary value problems, see for instance [8,27,31-33]. Our intention is to
emphasize the applicability of the new fixed point theorems established here and so we present a multiplicity
result for a system of Hammerstein type equations, which complements previous results in the literature,
see [2,9,17,20,29] and the references therein. Moreover, concerning radial solutions of (p1, p2)-Laplacian
systems, our sufficient conditions provide not only the existence of positive solutions, but also a novel
localization of them, cf. [24,33]. It is worth mentioning that existence of (not necessarily radial) solutions of
(p1, p2)-Laplacian systems with both nonzero components was already studied in [16].

2. Krasnosel’skii-Precup fixed point theorem in cones

First, we recall Krasnosel’skil compression—expansion fixed point theorem in cones [18] (see also [1,12]).
In the sequel, we need the following notions. A closed convex subset K of a normed linear space (X, ||-]|)
is a cone if Au € K for every v € K and for all A > 0, and K N (—K) = {0}. A cone K induces the partial
order in X given by u < v if and only if v — u € K. Moreover, we shall say that u < v if v —u € K\ {0}.
The following notations will be useful: for given r, R € R, := [0,00), 0 < r < R, we define

K.p={ueK:r<|ul|<R} and K,r:={ueK:r<|u|<R}.
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Theorem 2.1 (Krasnosel’skit). Let (X, ||-||) be a normed linear space, K a cone in X and r,R € R,
0<r<R.
Consider a compact map T : K, r — K satisfying one of the following conditions:

(@) T(u) Awif ||ull = r and T(u) v if |lu] = R;
(0) T(u) # wif |lull = r and T(u) A w if ul| = R.

Then T has at least a fized point v € K with r < ||u|| < R.

Condition (a) in Krasnosel’skil theorem is usually called a compression type condition, whereas authors
often refer to condition (b) as the cone-expansion condition. Similarly, in case (a) we will say that the operator
T is compressive, while in case (b) T is called an ezpansive operator.

It is well-known that conditions (a) and (b) can be weakened as homotopy type conditions. In this way, we
have the homotopy version of Krasnosel’skii theorem or Krasnosel’skii-Benjamin theorem, see for instance [1].

Theorem 2.2 (Krasnosel’skii-Benjamin). Let (X, ||-||) be a normed linear space, K a cone in X and
rnReR,, 0<r<R.

Assume that T : K, r — K is a compact map and there exists h € K \ {0} such that one of the following
conditions is satisfied:

(a) T(u) 4+ ph#uifl|lu] =7 and p >0, and T(u) # Au if ||[ul]] = R and XA > 1;
(b) T(u) # A u if |ul| =r and A > 1, and T(u) + ph # u if |u]| = R and p > 0.

Then T has at least a fized point u € K with r < ||ju|| < R.

In [25,26], Precup proposed a compression—expansion type fixed point theorem for systems of operators.
The main novelty is that compression—expansion conditions are given in a component-wise manner, in what
was called the vector version of Krasnosel’skit fixed point theorem. Let us recall this result.

Consider two cones K; and K5 of a normed linear space X, and so K := K; x K5 is a cone of X2 = X x X.
For r,R € R, r = (r1,72), R = (R1, R2), with 0 < r; < R; (i = 1,2), we denote

(Ki)ryr, ={u€ K; :mi <lul| < R} (i=1,2),
Kyrp={u=(ui,u2) € K : r; <|u|| <R; fori=1,2}.

Clearly, FT,R = (Fl)m,fh X (K2)T2,R2'
The aim of the vector version of Krasnosel’skii theorem is to obtain a solution v = (u1,us) to the operator

system
ur = Ti(ug, ug),
up = To(ur, uz),

located in the set K, g, that is, u = (u1,us) € K and r; < |Ju;|| < R, i = 1,2.

Theorem 2.3 (Krasnosel’skii-Precup). Let (X, |-||) be a normed linear space, K1 and K two cones in X
andr,R€R2, r = (r1,r2), R= (R, Ry), with0 <r; < R; (i =1,2).

Assume that T = (T1,Ts) : K, r — K is a compact map and for each i € {1,2} there exists h; € K; \ {0}
such that one of the following conditions is satisfied in K, g:

(a) Ti(u) + ph; # u; if |ug|| = ri and p > 0, and T;(uw) # Au; if ||ui]] = Ry and A > 1;
(0) T;(u) # Auy if |uil] = r; and A > 1, and T;(u) + ph; # w; if [|ug|| = R and p > 0.

Then T has at least a fized point u = (u1,u2) € K with r; < ||u;|| < R; (i =1,2).
3
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Remark 2.1. As already pointed out in [25,26], the operator T may exhibit a different behavior
(compression or expansion) in each component. More exactly, the following options are possible:

(i) both operators T and T5 are compressive;
(ii) both operators 77 and T are expansive;
(iii) one of the operators T} or T3 is compressive, while the other one is expansive.

Let us recall briefly the main ideas of the proof of Theorem 2.3 given in [25,26], which is essentially divided
into two cases: (1) both operators T; and T5 are compressive; (2) one of the operators is expansive. The first
case relies on Schauder fixed point theorem. In the second case, the fixed point problem is reduced to an
equivalent one in which both operators satisfy the compression type condition and so the existence of a fixed
point is ensured by the former case.

Note that the same proof due to Precup remains valid for the following n-dimensional vector version of
Krasnosel’skil fixed point theorem for an operator T'= (11,75, ..., T,) defined in X™.

Theorem 2.4. Let (X, |-||) be a normed linear space, K1, ..., K, conesin X, K .= Ky x---xKp,r,R € R,
r=(r,...,rn), R=(Ri,...,Rn), with0 <r; < R; (i=1,...,n), and K, p = {u = (u1,...,u,) € K :
ri <|lwl| <R; fori=1,...,n}.

Assume that T = (Th,...,T,) : K, — K is a compact map and for each i € {1,...,n} there exists
h; € K; \ {0} such that one of the following conditions is satisfied in K, g:

(a) Ti(w) + phi # uy if |wil| =r and p >0, and T;(u) # Au; if |wil| = Ry and A > 1;
(b) T;(w) # Mg if ||ugl] =7 and A > 1, and T;(u) + ph; # w; if |Jui|| = R;i and p > 0.

Then T has at least a fized point u = (u1,...,u,) € K withr; < ||u|| < R; (i=1,...,n).

We highlight that our proof here is completely different to that due to Precup, since it is based on fixed
point index theory independently of the possibility (i)—(éi¢) in Remark 2.1. In particular, our approach does
not require to turn the expansive operators into compressive ones.

2.1. Fized point index computation

First, let us recall some of the useful properties of the fixed point index for compact maps. For more
details, we refer the reader to [1,5,12] (see also [14]).

Proposition 2.1. Let P be a cone of a normed linear space, U C P be a bounded relatively open set and
T :U — P be a compact map such that T has no fized points on the boundary of U (denoted by OU ). Then
the fized point index of T in P over U, ip(T,U), has the following properties:

1. (Additivity) Let U be the disjoint union of two open sets Uy and Uy. If 0 ¢ (I —T)(U \ (U; UUs)), then
ip(T,U) = ip(T,Ur) +ip(T,Us).

2. (Ezistence) If ip(T,U) # 0, then there exists u € U such that u = Tu.
3. (Homotopy invariance) If H : U x [0,1] — P is a compact homotopy and 0 ¢ (I — H)(OU x [0,1]), then

ip(H(-,0),U) =ip(H(,,1),0).
4. (Normalization) If T is a constant map with T'(u) = ug for every u € U, then

. . 1, iquéU,
ip(TU) = { 0, ifuygU.

Moreover, we have the following conditions concerning the computation of the fixed point index.

4



J. Rodriguez—Lépez Nonlinear Analysis 226 (2023) 113138

Proposition 2.2. Let U be a bounded relatively open subset of a cone P such that0 € U and T : U — P
be a compact map.

(a) If T(u) # Au for allu € OU and all A > 1, then ip(T,U) = 1.
(b) If there exists h € P\ {0} such that T(u) +Ah # u for every A\ > 0 and allu € OU, then ip(T,U) = 0.

In the sequel, let (X, |-[|x) and (Y,|-||y) be normed linear spaces, K; C X, Ko C Y two cones and
K = K; x K, the corresponding cone of X x Y. When no confusion may occur, both norms ||-|| y and |||
will be simply denoted by |-

Now, we present a technical result which will be crucial in the computation of the fixed point index in the
main results of this section. It was already proven in [29, Lemma 2.3], but we include here the proof again
for the reader’s convenience.

Lemma 2.1. Let U and V be bounded relatively open subsets of K1 and Ko, respectively, such that 0 € U.
Assume that T : U x V. — K, T = (Th,Tz), is a compact map and there exists h € Ko \ {0} such that

Ty (u,v) #Au foru € O, U, v EV and A > 1; (2.1)
To(u,v) +ph#v forueU, vedk,V and p > 0. (2.2)

Then i (T,U x V) = 0.

Proof. Consider the homotopy H : U x V x [0,1] — K given by
H((U, U)7 t) = (tTl(u7 U)7 TQ(uv U) + (1 - t)#o h)a

with go > 0 big enough such that v # T5(0,v) + uoh for all v € V. Note that the existence of such a positive
number i is guaranteed since V is bounded and 7' is compact.

Assumptions (2.1) and (2.2) guarantee that the homotopy function H has no fixed points on dx (U x V).
Therefore, by the homotopy invariance property of the fixed point index, we have that

i (H(-,0),U x V) = ig(H(-,1),U x V) = ig(T,U x V). (2.3)

On the other hand, for ¢ = 0, the map H ((w,v),0) = (0, Ta(u, v)+ o h) has no fixed points in U x V. Indeed,
if (u,v) € U xV is such a fixed point, then u = 0 and v = T5(0,v) 4 uoh, a contradiction with the hypothesis
about po. Hence, ix (H(-,0),U x V) =0 and so the conclusion follows from (2.3). O

Remark 2.2. Obviously, the roles that play 77 and 75 in the statement of Lemma 2.1, given by assumptions
(2.1) and (2.2), are interchangeable.

For r,R € R%, 0 < r; < R; (i = 1,2), fixed, our aim is to compute the fixed point index of a compact

operator T' = (T1,T») : K, r — K in the relatively open set
Krp={u=(u,u2) € K : r; < ||wi|]| < R; fori=1,2}

under the conditions of Krasnosel’skii-Precup fixed point theorem. Obviously, we need to assume also that
T has no fixed points on the boundary of K, g in order to have the fixed point index well-defined over this
set.

In the sequel, we will also use the following notations:

(Ki)r, ={u € K; : |Jul| <r},
5
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(Ki)r, ={u € Ki : full <mi} (i=1,2),
K, ={u=(uj,u2) € K : |lu|| <r; fori=12},
K, ={u=(uj,ux) € K : |Ju]| <r; fori=1,2}.

To compute the fixed point index over K, g, we need to extend the definition of 7" to the set Kgr. A key
ingredient in our purpose is the definition of a retraction from K p into FT, r. To do so, we use that (Fz)n R;
is a retract of (Fz)R, (1 = 1,2), see [7, Example 3]. Indeed, we have the retraction p; : (FZ)RZ — (?i)n,Ri
defined as )

’ u; + (r; ||u1||)2h2 ’ i || < 74,

u; + (ri — [luil]) th (2.4)

U, if r; < fluil| < Ry,

pi(u;) =

where h; € K; \ {0} is fixed. Note that p; is well-defined: ‘ w; + (ri — |lugl))?hi|| # 0 for all u; € (Ki)r,-
Otherwise, —u; = (r; — Hui||)2hi € K;, what together with u; € K; implies u; = 0, from the definition of
cone. Taking u; = 0, we have ||1"z2 h1|| > 0 since 7; > 0 and h; € K; \ {0}. Moreover, it is clear that p; is

continuous and p;(u;) = u; for all u; € (K;)r; R, -
Now we are in a position to compute the fixed point index over the set K, g. First, we study the case in
which both operators are compressive.

Theorem 2.5. Assume that T = (T1,Ts) : K, r — K is a compact map and for each i € {1,2} there exists
h; € K; \ {0} such that the following conditions are satisfied in K, g:

(i) Ti(u) + phi # w; if |ugl| = ri and p > 0;
(i) T;(u) # A if ||us]] = Ry and A > 1.

Then
ik(T, K, g) =1

Proof. Consider the retraction p: K — K, g defined as p(u1,us) = (p1(u1), pa(us2)), where the functions
p; are given by (2.4), i = 1,2. Now, define the auxiliary map N = (N1, Np) : K — K as follows

N(u) :== (T o p)(u). (2.5)

Clearly, N is a compact operator, N(u) = T(u) for every u € K, g and for each i € {1,2} the following
conditions hold in K g:

(%) Ni(u) + phi # w; if [|uil| = r; and p > 0;

Note that (:*) implies that N(u) + ph # w for all u € 0K, and p > 0 (where h = (hy,h2)), so
Proposition 2.2 yields
ik (N, K,)=0.

Similarly, condition (ii*) in conjunction with Proposition 2.2 guarantee that
ig(N,Kgr)=1.
Moreover, by Lemma 2.1,

i (N, (K1) Ry X (K2)ry) = irc (N, (K1) X (K2)R,) = 0.
6
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By the additivity property of the fixed point index,
i (N, (K1)ry,my X (K2)ry) =ix (N, (K1)r, X (K2)r,) —ix(N,K,) =0,
so we obtain
ik(N, Ky r) =ik (N,Kgr) —ix (N, (Ki)r g, X (K2)ry) —ix (N, (K1)r, X (K2)r,) = 1.
Finally, since T = N on the set K, g, we have iy (T, K, r) = ix(N,K,gr)=1. O

Next, let us consider the case in which we have compression for one operator and expansion for the other
one.

Theorem 2.6. Assume that T = (T1,T») : K, rp — K is a compact map and for each i € {1,2} there exists
h; € K; \ {0} such that the following conditions are satisfied in K, g:

(i) Ty(u) + phy #ug if lur]l =71 and >0, and T1(uw) # Auq if [Jur|| = Ry and A > 1;
(i) Ta(u) + phe # ug if ||uzl] = Re and p > 0, and To(u) # Aug if ||uzl] =2 and A > 1.

Then
ik(T, K, g) = —1.

Proof. Consider the map N : K — K defined as in (2.5). By Proposition 2.2,
i (N, (K1) Ry X (K2)ry) =1, (N, (K1), X (K2)R,) = 0.

Moreover, Lemma 2.1 yields
ik(N,K,.) =ig(N,Kgr)=0.

Hence, it follows from the additivity property of the index that
iK(Nv (Kl)ﬁ’Rl X (KQ)TQ) = iK(Nv (Kl)R1 X (KQ)TQ) - iK(N’ KT’) =1,

and so
ik (N, Ky r) =ix(N,Kr) —ix (N, (K1)r X (K2)ry) — i (N, (K1)r,ry X (K2)ry) = —1.

Then, ’iK(T, K’r,R) =-1. O

Remark 2.3. The statement of Theorem 2.6 corresponds to the case in which 77 is compressive and T5 is
expansive. Clearly, the same conclusion can be obtained if 77 is expansive and T5 is compressive.

Finally, we deal with the case in which both 77 and T, are expansive.

Theorem 2.7. Assume that T = (11,T3) : K, r — K is a compact map and for each i € {1,2} there exists
h; € K; \ {0} such that the following conditions are satisfied in K, p:

(i) Ti(w) + phi # wi if ||usl| = R and p > 0;
(i) T;(u) # A if ||ug|| =7 and A > 1.
Then
ix(T, K, g)=1.
7
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Proof. Consider again the map N : K — K defined as in (2.5). Now, by Proposition 2.2,
ix(N,Kg) =0, ik(N,K,)=1.
Moreover, according with Lemma 2.1,
i (N, (K1)r, X (K2)Rr,) =ik (N, (K1)r, X (K2)r,) =0.
As a consequence of the additivity property of the index, we deduce that
ik (N, (K1)r, X (K2)ry,ry) =ik (N, (K1)r, X (K2)r,) —ix (N, K,) = —1.
Therefore,
ik (N, K; g) =ik (N, Kg) —ix(N, (K1)r, X (K2)ry,ry) — ik (N, (K1)r, % (K2)r,) = 1.
In conclusion, ik (T, K, r) = 1, as wished. O
Remark 2.4. The computation of the fixed point index given by Theorems 2.5-2.7 is independent of

that obtained in [29, Theorem 2.8]. Indeed, in [29], the assumptions on T and, in particular, the homotopy
conditions (i)—(ii) were imposed in the whole set K g instead of its subset K, g, as here.

As a straightforward consequence of the computation of the fixed point index provided by Theorems 2.5
2.7, we have an alternative version of Theorem 2.3.

Theorem 2.8. Assume that T = (11,T3) : K, r — K is a compact map and for each i € {1,2} there exists
h; € K; \ {0} such that one of the following conditions is satisfied in K, g:

(a) Ti(w) + phi # i if |wil| =7 and p >0, and T;(u) # Au; if |wil| = Ry and A > 1;
(b) Ti(u) # Auy if ||ug]| =7 and X > 1, and T;(u) + ph; # u; if ||u;|| = R; and > 0.

Then T has at least a fized point u = (u1,uz) € K with r; < ||u;|| < R; (i =1,2).
Proof. By Theorems 2.5-2.7, we have that
ix(T, K, g) = £1,

and so the existence property of the fixed point index ensures that 7" has at least a fixed point in K, r. O

2.2. Other versions of Krasnosel’skii -Precup fived point theorem: different domains

After the previous computation of the fixed point index of 1" over the set K, g, we can think of proving
similar results for operators T defined in other regions different from K, g. In this way, we increase the range
of applicability of the original Krasnosel’skii-Precup fixed point theorem.

For each i € {1,2}, let ¢; : K; — R, be a continuous concave functional on K;, that is, ¢; is a continuous
function and

wi(Au—+ (1 =Nv) > Api(u) + (1 = Npi(v), forall u,v e K;, Ae0,1].
Then, for r, R € R2, 0 < r; < R; (i = 1,2), fixed, consider the sets

K= {u=(u,u2) € K : r; < i(u;) and ful| < R; fori=1,2},
K p={u=(ui,u2) € K : r; < p;(u;) and |ju;|| <R; fori=12}.

8
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This type of sets has been already considered by Leggett and Williams [21] in the context of their celebrated
fixed point theorem. Note that FfR is a closed convex set. Hence, by Dugundji extension theorem (see [0,
Theorem 4.1] or [12]), the subset FfR is a retract of K.

With this in mind, one can easily establish alternative versions of Theorems 2.5-2.7. We sum up them in
the following result.

Theorem 2.9. Assume that there exist continuous concave functionals v; : K; — Ry such that p;(u) < ||ull
forallu € K; (i=1,2), the set KT“,DR is nonempty, T = (Ty,Ts) : FfR — K is a compact map and for each
i € {1,2} there exists h; € K; \ {0} such that one of the following conditions is satisfied in FTS?R:

(i) Ti(uw) + phi # w; if i(u;) =15 and p >0, and T;(u) # Au; if ||Jui]| = R and X > 1;
(i) T;(uw) # Au; if pi(u;) =r; and X > 1, and T;(u) + ph; # w; if ||ui]] = Ri and g > 0.

Then
ZK(Ta KTLPR) = (71)]67
where k = 0 if both T1 and Ts are compressive, k = 1 if one of the operators Ty or Ty is compressive and the

other one is expansive and k = 2 if both operators are expansive.

Proof. Consider a retraction p : K — ?fR and define the map N : K — K as follows:

N(u) = (T o p)(u).

We introduce the following useful notation:

(K)fi ={ue Ki : pi(u) <ri} and (K;)7 ={u€ K; : p;(u) <}
Clearly, 0 (K;)¥ C {u € K; : ¢;(u) =r;} ( = 1,2) and, moreover,

K. = ((K)r, \ (K1)£) x ((K2)r, \ (K2)£2),

so now the proof follows as those of Theorems 2.5-2.7, replacing ||| with ¢;(-) where needed. O

Remark 2.5. The previous fixed point index computation remains true for an operator T" defined in a much
more general domain of type (Ul \ V1) X (Uz \ Vz), where for each i € {1,2}, one has 0 € V; C V; C U;, U;
and V; are bounded and relatively open sets in K; and U; \ V; is a retract of U;. Observe that, in particular,
U; \ V; is a retract of U, provided that 0V; is a retract of V;, what allows U; to be an arbitrary bounded
open set large enough. It can be immediately deduced that this is the case for V; = (Kj;),,. Indeed, for a
fixed h; € K; \ {0}, one can define the retraction p; : V; — dV; as

2
u; + (i — [luil])"hy

—t
ui + (ri — |lwil])"h

pi(ui) =

Note that in this case the set U; needs not be the intersection of a ball with the cone K;, which enlarges the
applicability of Theorems 2.5-2.7.
In this context, conditions (¢) and (i) above can be written in the following way:
(i) Ti(u) + phi # u; if u; € 0V; and p > 0, and T;(u) # A, if w; € OU; and A > 1
(i) T;(u) # Au; if u; € 9V; and A > 1, and T;(u) + ph; # u; if u; € OU; and p > 0;

and they must be satisfied over the set (Ul \ Vl) X (Ug \ Vg)

Obviously, from Theorem 2.9 it follows immediately a new fixed point theorem in the line of Theorem 2.3.

9
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Theorem 2.10.  Assume that there exist continuous concave functionals ¢; : K; — Ry such that
@i(u) < |[lul| for allu € K; (i =1,2), the set K,7 is nonempty, T = (T1,T) : F;)pR — K is a compact map
and for each i € {1,2} there exists h; € K;\ {0} such that one of the following conditions is satisfied in FfR :
(a) Ti(u) + ph; # ug if pi(wi) =7 and p >0, and T;(u) # Au; if |u|| = R and X > 1;
(b) Ti(u) # Au; if gi(u;) =r; and X > 1, and T;(u) + ph; # w; if ||ui]] = R; and p > 0.

Then T has at least a fized point w = (u1,uz) € K with r; < @;(u;) and ||u;|| < R; (i =1,2).

Remark 2.6. It seems hard to adapt the arguments in the original proof of Theorem 2.3 due to
Precup [25,26] to demonstrate Theorem 2.10. In particular, it may be difficult to reduce the expansive type
conditions to compressive ones, since there is no relation between the functional ¢; and the corresponding
norm. However, our reasonings, based on fixed point index theory, work similarly for both proofs.

As a consequence of the results above, we deduce a coexistence fixed point theorem in the spirit of [15,
Theorem 2.6] and [16, Theorem 2.9].

Corollary 2.1. Assume that there exist continuous concave functionals @; : K; — R, i = 1,2, such that
wi(u) < ||lu|| for all w € K; and the functionals p; are monotone with respect to the order defined by K;
(i.e., if v 2w, then pi(v) < pi(w) forv,w € K;), the set K, is nonempty and T = (Ty,T) : FﬁR — K is
a compact map such that the following conditions are satisfied in F:}R:
inf o (M) >r,  sw |T@I<R  (i=12). (2.6)
ei(u;)=r; lluill=R;
Then, ik (T, KTf’R) =1 and, in particular, T has at least a fized point u = (u1,u2) € K with r; < @;(u;)
and ||u;]| < R; (i =1,2).

Proof. It suffices to check that for each i € {1, 2} condition (i) in Theorem 2.9 holds.
Indeed, for any h; € K; \ {0} and any p > 0, we have that T;(u) < T;(u) + ph; for u € ?fR and, since
; is monotone with respect to the order defined by Kj,

@i(Ti(u) + phi) = @i(Ti(w)).
Then, by (2.6), we have for every u € F:R with ¢;(u;) = r; that

©i(Ti(u) + phy) > @~(£I-1)f:r- i (Ti(w)) > 1 = pi(us),

which clearly implies T;(u) + ph; # u; if p;(u;) =7; and g > 0. On the other hand, we have that

ITi(w)l| < sup |Ti(w)]| < Ri = [Jui]] < [|Aw]

llwsl|=R;
for every u € F:’DR with [Ju;|| = R; and all A > 1. Hence, T;(u) # Au; if |Ju;|| = R; and A > 1.

Therefore, Theorem 2.9 ensures that iy (7T, KT“)"R) = 1. Finally, the conclusion follows by the existence
property of the fixed point index. [

Remark 2.7. We stress that in Corollary 2.1 (and also in [15, Theorem 2.6] and [16, Theorem 2.9]) both
operators T} and T» are compressive.

10
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2.8. Multiplicity results: a three-solutions type fixed point theorem

Topological methods have been frequently employed to establish multiplicity results. For instance, we
mention the three-solutions fixed point theorems in cones due to Amann [I] and due to Leggett and
Williams [21], which are well-known and widely applied in the literature. By using the computations of
the fixed point index obtained in the previous section, we can easily derive a multiplicity result in this line.

For simplicity, we will restrict our comments here to compact operators defined in sets of the form K, g,
given as above in terms of the corresponding norm. Obviously, similar conclusions can be obtained for
operators defined in other distinct regions where the previous computations of the fixed point index remain
valid, for instance those of type FﬁR, defined by means of appropriated functionals.

Theorem 2.11. Let X and Y_ be normed line_ar spaces, KicX cmd Ky C_Y two cones, K .= K1 x Ky and
r), RU) ¢ Ri, ri) = (r§])7réj)), RU) = (jo),Réj)), with 0 < TEJ) < REJ) (i=1,2, j =1,2,3). Assume
that the sets K (j) p) are such that

K. 1) gy UK, 2 g C K @) g and K ) poy) N K @) ge =0.

Moreover, assume that T' = (T1,Ts) : K _(3) pi) — K is a compact map and for each i € {1,2} and each
Jj € {1,2,3} there exists hi € K; \ {0} such that one of the following conditions is satisfied in K ) pi) -

(a) Ty(u) + phl #u; if [Jwi| = rgj) and ;> 0, and T;(u) # Au; if [|ui]| = RZ@ and A > 1;
(b) T;(w) # Auy if ||ug|| = 7'1(]) and X > 1, and T;(u) + ph; # w; if ||ui]| = jo) and p > 0.

Then T has at least three distinct fized points u', 4? and @® such that

—1 —2 -3 7a T
u € K.y gy, U €K 2 pe and €K 3) e \ (Kr<1>,R(1> U KT(2>,R<2)) :

Proof. It follows from Theorems 2.5-2.7 that
iK (T, KT(]'),RU)) ==+1 (j=1,23). (2.7)

By the existence property of the fixed point index, one obtains that T has two fixed points u! € K 1)
and u° € KT@),R(Q). Clearly,ﬁ1 and 2 are different, gﬁiven that Kr“L,R(l) N KT(z)J%(Q) = 0.
On the other hand, since K (1) gy UK 2) g2y C K, 3) g3 and K 1) ) N K (2) p2) = (), one has

K,¢) ge \ (Fru),ml) UFT@),R@)) #0.
Hence, the additivity property of the fixed point index combined with (2.7) imply that
iK (T, K, ) g \ (me,R(l) UFT@),R@))) =K (T, KT<3),R<3>> —iK (T, Kru),R(l)) —iK (T, KT(Q),R(Q))

is an odd number and thus,
iK (T, K, @ \ (Frm,mn UFAQ),R@))) #0.

Therefore, the operator T has a third fixed point @® € KT<3),R(3) \ <?T(1),R(1) U ?r(g)ﬂ(g)). O

Remark 2.8. We stress that both components of the three fixed points of T from Theorem 2.11 are nonzero.
Unlike this, the multiplicity results in [15,16] only guarantee that one of the three solutions is a coexistence
fixed point.

11
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2.4. Comparison with classical results: Poincaré—Miranda theorem

In this section we show that the finite-dimensional version of Krasnosel’skii-Precup fixed point theorem is
equivalent to the classical Poincaré-Miranda theorem concerning the existence of a zero of a nonlinear map-
ping in a rectangle of R™. Poincaré—Miranda theorem is the n-dimensional version of Bolzano intermediate
value theorem and it is well-known its equivalence to Brouwer fixed point theorem (see [22] for historical
details). It has received a renewed interest in recent years, see for instance [7,10,11,23,30] and the references
therein for some new versions, generalizations and applications of this result.

First of all, let us rewrite Theorem 2.4 in the particular case in which X = R with the usual norm ||-|| = ||,
K; =R, (and thus K = R") and h; = 1 for every i € {1,2,...,n}.

Theorem 2.12. Letr,Re R}, r=(r1,...,7), R=(Ry,...,Ry), with0 <r; <R; (i=1,...,n).

Assume that f = (f1,..., fu) : Ky r = R} is a continuous function and for eachi € {1,...,n} one of the
following conditions is satisfied in K, g:

(a) fi(x) > a; if |zl =74, and fi(x) < z; if |v;| = Ri;
(b) filx) < i if |og| =7y, and fi(x) > x; if |2;] = Ry.

Then f has at least a fived point & = (Tq,...,%,) € R} withr; < |7 < Ry (i=1,...,n).

Remark 2.9. In this setting, the set K, g is the following rectangle in R7: R = [r1, R1] X -+ X [ry, Ry,).
Furthermore, the points = (z1,...,z,) € K, g satisfying that |z;| = r; (respectively, |z;| = R;) are in fact
those with x; = r; (resp. z; = R;).

Let us now recall the Poincaré-—Miranda theorem. We shall see that it can be directly deduced from
Theorem 2.12.

Theorem 2.13 (Poincaré—Miranda). Let R = [a1,b1] X -+ X [an,by] be a rectangle in R™. Assume that
9= 1(91,---,9n) : R = R™ is a continuous function and for eachi € {1,...,n} one of the following conditions
is satisfied in R:

(a) gi(x) >0 if x; = a;, and g;(x) <0 if x; = b;;
(b) gi(x) <0 ifx; = a;, and gi(x) > 0 if z; = b;.

Then there exists T € R such that g(Z) = 0.

Proof. Let us divide the proof in two cases.

Case 1: a; > 0 for every i € {1,2,...,n}. Since g is a continuous function in the compact set R, it
is bounded. Then choose A € (0,1) such that A|g;(x)] < a for all x € R and all i € {1,...,n}, with
a = min{ay, as,...,a,}. Now define the function f: R — R" as follows

Note that f(R) C R’}. Indeed, for a fixed i € {1,...,n}, one has that A g;(z) > —a > —a; for allz € R
and thus f;(z) = Agi(z) + z; > —a; + x; > 0 for all x € R. Moreover, condition (a) implies that
(a*) fi(x) > x; if 23 = a;, and fi(x) < @y if 27 = by,
and, similarly, it follows from (b) that
(b*) fi(x) < x; if 25 = a;, and fi(x) > x; if 2; = b;.
12
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Hence, Theorem 2.12 ensures that f has a fixed point = € R, that is,
T =f(x)=XAg(2) + 7,

and so T is a zero of g.
Case 2: a; < 0 for some i € {1,2,...,n}. A trivial translation moves the rectangle R to the interior of
R? and the conclusion follows then from Case 1. O

Remark 2.10. Clearly, Theorem 2.12 can be seen as a consequence of Poincaré—Miranda existence theorem.
Indeed, assume that f : R — R7} is a continuous function under the assumptions of Theorem 2.12 and let
g : R — R" be the continuous map defined by g(z) =  — f(z), € R. It follows from Poincaré-Miranda
theorem that g has a zero in R, which obviously is a fixed point of f.

3. Applications
3.1. Hammerstein systems

Consider the following system of Hammerstein type equations

un(t) = / Fa(t, 8)g1(5) fa(ws (), ua(s)) ds,
us(t) = / ot $)g(5) folua (5), ua(s)) ds,

where I := [0, 1] and for each ¢ € {1,2} the following assumptions are satisfied:

(H;) the kernel k; : I — R is continuous;
(H2) the function g; : I — R is measurable;
(Hg3) there exist an interval [a,b] C I and a function &; : I — Ry such that

b
®; g; € L*(1), / @;(s)gi(s)ds > 0,

and a constant ¢; € (0, 1] satisfying

ki(t, S)

< @i(s) for allt,s € I,
ci Bi(s) <k

(t,s) for all t € [a,b], s € I;
(Hy) the function f; : RZ — Ry is continuous.

Let us consider the Banach space of continuous functions X = C(I) endowed with the usual maximum
norm ||v||, = max;cr [v(t)| and the cones

K; = {v eC(I) : v(t) >0forallt el and n%ir})]v(t) > ¢ |’U||Oo} (i=1,2).
te|a,

In order to prove the existence of positive solutions of the system of integral Egs. (3.8), we look for fixed
points of the operator T : K — K, T = (T1,T5), defined as

T (ug, uz)(t) = /o ki(t,s)gi(s) fi(ui(s),ua(s))ds (i=1,2), (3.9)

where K := K x K3 is a cone in X2. Under assumptions (H;)—(Hy), it can be proven by means of standard
arguments (see, for instance, [9,14]) that 7" maps the cone K into itself and it is completely continuous,
i.e., T is continuous and maps bounded sets into relatively compact ones.

13
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Now, let us fix some notations:

b 1
A; = inf / ki(t,s)gi(s)ds, B;:= sup/ ki(t,s)gi(s)ds (i=1,2).
tea,b] Jq tel Jo

In addition, for «;, 5; > 0, a; # B, i = 1,2, denote

m$? = min{ i (u1,u2) : 1 B <ur < Bu, cara < up < Ra},

my” = min{ fo(ur,uz) : 11 <up < Ry, c2 82 < up < Ba},
M{I’B = max{fl(uhuQ) :0< u < aq, 0< Uy < Rg},
M;’B = max{fg(uhug) : 0 S (751 S Rl, 0 S (%) é 0[2},

where r; := min{«;, 8;} and R; := max{«;, 5;}.
We are in a position to establish an existence result for the system of Hammerstein type Egs. (3.8) as a
consequence of Theorem 2.8.

Theorem 3.1. Assume that conditions (Hy)—(Hy) are fulfilled. Moreover, suppose that there exist positive
numbers a;, f; > 0 with o; # Bi, i = 1,2, such that

AmS? > B, BiMMP <ap (i=1,2). (3.10)
Then the system (3.8) has at least one positive solution (u1,u2) € K such that r; < ||ui]|, < R; (1=1,2).
Proof. Consider the operator T : FT,R — K, T = (T1,T5), defined as in (3.9). Let us check that for every

u = (u1,u2) € K, g and i € {1,2} the following conditions are satisfied:

(1) T5(u) + p1 # u; if ||u;]| o, = B and p > 0 (where 1 denotes the constant function equal to one);
(2) Ti(u) # Xuy if [Jus o = @ and X > 1.

First, to prove (1), assume to the contrary that there exist u = (u1,u2) € K, g with [|u;]|,, = 5; and
i > 0 such that T;(u) + 1 = u;. Then we have

1
wit) = / Kilt, 5)gi(s) fi(u(s)) ds + p.

Since u € K, g with ||u;| . = f;, it follows from the definition of the cone K that ¢; 8; < u;(t) < ; and
cjry <u;(t) < Rj (j #1) for all t € [a,b]. Hence, for t € [a,b], we deduce from (3.10) that

b b
u;(t) > / ki(t,s)gi(s) fi(u(s)) ds > mf‘ﬁ/ ki(t,s)gi(s)ds > A;mSP > B,

a contradiction.

Now, let us show that ||T;(u)||, < a; for all u € K, g with ||u;|| ., = «;, which clearly implies property
(2). Note that, if u € K, g with |Ju;|| ., = a;, then 0 < u;(t) < a; and 0 < u;(t) < Rj (j # i) for all t € I.
Thus, we get, for t € I,

1 1
T;(u)(t) = / ki(t,s)gi(s) fi(u(s))ds < Mf‘ﬁ/ ki(t,s)gi(s)ds < By M™P.
0 0
Taking the maximum over I and applying condition (3.10), we obtain ||T;(u)||,, < B; MZ-Q’B < .

Finally, the result follows from Theorem 2.8 with r; = min{«;, 8;} and R; = max{a;, 5;}. O

14
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Remark 3.1. When we have additional information concerning the monotonicity of the nonlinearities f;
and fy, we may rewrite condition (3.10) in terms of the values of f; and f2 at certain points. For instance,
if f1 and fy are nondecreasing on [0, R;] x [0, Rz], then (3.10) is equivalent to

Ay fi(er Brycara) > B, By fi(ar, Re) < oy,
As fa(err1,¢2 B2) > fa, Bj fo(R1, a2) < a.

Now we will apply Theorem 2.11 in order to give sufficient conditions for the existence of at least three
positive solutions for the system (3.8).

Theorem 3.2. Assume that conditions (Hy)—(Hy) hold. Moreover, suppose that there exist af, ,6’17 > 0 with
ol £ B, i=1,2,j=1,2,3, such that o}, a2, B}, 7 € [r}, R}] fori € {1,2}, there exists i € {1,2} such that
R} < r?, where r! :== min{aZ, 8/} and R! := max{a?, !}, and

Am®® s BMYY <ol (i=1,2 j=123). (3.11)

Then the system (3.8) has at least three positive solutions.

Proof. Consider the operator T': K,3 ps — K, T = (T1,Ts), defined as in (3.9).

Since af, 07, 31,37 € [r}, R}] for i € {1,2}, we have that K1 p1 UK ,2 gz C K,3 ps. In addition, the
existence of some i € {1,2} such that R} < r? clearly implies that K1 g N K2 g2 = 0.

Finally, conditions (a) and (b) in Theorem 2.11 can be verified by using the inequalities given in (3.11)
and completely analogous reasonings to those in the proof of Theorem 3.1. Therefore, we reach the thesis as
a consequence of Theorem 2.11. [

Example 3.1. Consider the following system of second-order equations with Dirichlet boundary conditions
—uy = fi(uy, uz),
—uy = fa(uy, uz), (3.12)
u1(0)  =wui(1) =0 =1uz(0) = uz(1),

with f1 (w1, u2) = h(ug)(1 +sin?(uz)), fa(u1,us) = u3(1 + sin?(u1)) and

Y, if uy € [0,1],
h(ui) = { ui®, if u; € (1,10),

Yur — 10+ 1000,  if uy € [10, +00).
We can associate to (3.12) a system of Hammerstein type equations of the form (3.8) where the kernels
are given by the corresponding Green’s function

s(1—1), it s <,
ki(t,s) = ko(t, s) :{ t((l—sg if s>t

and g1 (t) = g2(t) = 1 for all t € I. Tt is well-known (see, for instance, [14]) that condition (H3) holds if we
take
Di(s)=s(1—s), [a,b]=1[1/4,3/4], ¢ =1/4 (i=1,2).
This choice leads to A; = 1/16 and B; = 1/8 for i = 1, 2.
Now, it is a routine to check that condition (3.11) is satisfied with g = 8 = 279, ai = 272, 32 = 26
o? = a% =2 410, of, = 2 and 8 = 2° for j = 1,2,3. Therefore, Theorem 3.2 guarantees that the system
(3.12) has at least three positive solutions (u1,uz), (vi,v2) and (wq,ws) with the following localizations

1 1
5 < lulle <3

13 7 2 < |ug|| o, < 512,

15
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64 < |lu1]l o, <522, 2 < |lvg], <512,
1
15 lwi]l <64, 2 < [Jws],, < 512.

We emphasize that the second component of all the three solutions is situated in the same region, so the
multiplicity is obtained due to we are able to localize their first component in distinct sets.

3.2. Radial solutions of (p1,p2)-Laplacian systems

In this section, we consider the existence of positive radial solutions for the (p1, p2)-Laplacian system

—Apu = fi(u,v) in B,
—Ap, v = fou,v) in B, (3.13)
u =0=v on 0B,

where Ayu = div <||Vu|\p_2 Vu), B is the unit open ball in R™ centered at origin, pi,ps > n > 2 and
f1, f2: ]Rf_ — R, are continuous and nondecreasing functions (that is, if (uy,v1), (ug,ve) € Ri with u; < ug
and v1 < v, then f;(u1,v1) < fi(ug,ve) for i =1,2).

Setting, as usual, r = ||z||, u(z) = u1(r) and v(z) = ua(r), the Dirichlet system (3.13) is reduced to the
following system of ordinary differential equations with mixed boundary conditions

- [T"_l%l(uﬁ)]; =" fi(ur,ug)  in (0,1),
— [P, (uh)] ="t fo(ur,uz)  in (0,1), (3.14)
uj(0) = u1(1) =0 = uy(0 ) —U2(1),

where ¢, (t) == [t|" ~? ¢ is the p-Laplacian homeomorphism. We will look for positive solutions of (3.14), that
is, radially symmetric solutions of (3.13).
A Harnack type inequality has been established in [28] for problem

— [ ()] =" h(rv) i (0,1), o'(0) = (1) =0,

in terms of the energetic norm. By using Holder inequality, one can derive a Harnack type inequality in
terms of the usual max-norm, see [13]. The result can be summarized as follows.

Lemma 3.1. Let p > n. Bvery function v € C*[0,1] with r"~t¢,(v") € C1[0,1] and [r"‘lq’)p(v’)]/ <0 on
[0,1] satisfies that v' < 0 on [0,1]. If, in addition, —r'=™ [r"~1¢,(v/ ]/ is nonincreasing on (0,1], then

v ()2 P (=P ol re (0.1,

Let us consider the following cones in the space of continuous functions C(I), with I := [0, 1],

K; = {v €C(I) : v>0on I, v is nonincreasing on I and m[inb]v(r) > ¢ ||v|oo} (i=1,2),
re

)

where [a,b] C (0,1) and ¢; = Z?:Tf (1- b)a”inj, 1 = 1,2. As before, we define the cone K = K; x K5 in
the product space.

We will look for positive solutions of problem (3.14) as fixed points of the operator T' = (T1,T3) : K — K
defined as

1 s
1 .
tnw®) = [ 6! (G [P m@wmE) ) ds (=12 31
r 0
The operator T is well-defined, that is, it maps the cone K into itself. Indeed, take u = (u1,us) € K
and let us show that v; = T;(u) € K;, for i = 1,2. Clearly, v; € C(I) and v; > 0 on I, since f; is

16
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continuous and nonnegative. Moreover, [ "L, (v )} < 0on I, so v; is nonincreasing on I, as a consequence
of Lemma 3.1. On the other hand, u; and us are nonincreasing and f; is nondecreasing, which implies that
the map 7 = fi(u1(r), us(r)) is nonincreasing on I and then so is —1=" [ 1¢, ()] = f;(u1(r), ua(r)).
Hence, again by Lemma 3.1, one has that min,¢pq 4 vi(7) > ¢; ||vi] o In conclusion, v; € K, as desired.

It is a routine to check that T is completely continuous.

Now, let us define a continuous concave functional on K;, ¢; : K; — Ry, as follows

pi(v) = min v(r), i=1,2.
r€la,b]

We intend to apply Theorem 2.10 in order to obtain sufficient conditions for the existence of fixed points of
T located in a set of the form K, %. Note that this set can also be written as K, %, = (Uy \ V1) x (Uz\ Va),
where

Vi{UGKi: min u(r)<n}, U={ueK,;:||ull, <R} (i=1,2).

r€la,b]

The bounded open sets V; were introduced by Lan in [19] and later employed by several authors, see [14]
and the references therein.

Theorem 3.3. Assume that there exist «;, 3; > 0 with B;/c; < a;, i = 1,2, such that

=1
By

b—a)a— 11—’ filar,a) <o ™' (i=1,2). (3.16)

fi(B1, B2) >

Then the system (3.14) has at least one positive solution (ui,uz) € K such that
Bi < wi(w;) and |ull <, i=1,2.

Proof. Consider the operator T = (T1,T5) : ?iR — K defined as in (3.15), with ; = §; and R; = «,
1 =1,2. Let us check that it fulfills the assumptions of Theorem 2.10.

First, fix ¢ € {1,2} and take u = (u1,u2) € KTR with ¢;(u;) = r;. Then (uq(r),us(r)) >
r € [a,b] and thus, by the monotonicity assumption on f;, we have that f;(uq(r),u2(r)) > fi(r1,7r2) for all
r € [a,b]. Hence, for r € [a, b],

(r1,r2) for all

ds

r0) 2 [ ot (o [ () ar

1 b

> [ (Snll / T“fml(r),uz(r))dr) ds
1 b

Z/b o, (s”ll/a Tnlfi(’f‘l,’f’g)d7'> ds

> (1 - b)(ﬁ;zl ((b — a)a"‘lfi(rl,rg)) >y,

where the last inequality follows from (3.16). This clearly implies that T;(u) + p1 # u; if u € ?i g with
wi(u;) =r; and p > 0.

Suppose now that v € ?iR with ||u;|| = R; for some i € {1,2}. Then f;(u1(r),u2(r)) < fi(R1, Re) for
every r € I and so, by (3.16), we have

! -1 1 ° n—1 -1
e < [ o (5 [ 7 ) untmyar ) ds < o (il ) < R

Therefore, alternative (a) in Theorem 2.10 holds and hence we reach the thesis. O
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Remark 3.2. Assumption (3.16) is guaranteed by the following asymptotic conditions: for every i € {1, 2},

- filua, ug) o filur,ug)
lim ————~% = +o0 d lim ———=
uz'l—>0 ufrl o “il—”’O ufrl

=0

uniformly with respect to u;, j # i.
In this case, it is said that both functions f; and fo are superlinear at 0 and sublinear at infinity with
respect to ¢p,, and ¢y, , respectively.

Remark 3.3. Under the assumptions of Theorem 3.3, both operators T and T, are compressive. Notice
that the behaviors compressive—expansive and expansive—expansive are also possible:

1. (Compressive—expansive) Assume that there exist «;, 8; > 0,7 = 1,2, with 81/c1 < @1 and ay < fa,

such that
ﬁfl_l p1—1
fi(Bi,c2 a2) > a1 b1’ filo, Ba/e2) < o',
p2—1
f2(B1, B2) > 2 folon, o) < ah? ™.

(b—a)an 11— b1’

Then the operator T' = (T, T>) defined as in (3.15) has at least one fixed point in (Ul \ Vl) X (Ug \ Vg),

where
Vi={ueKi:p(u) <p} Uy ={uekK:|ul,<a},

VQZ{UEKQI ||u||oo<a2}, UQZ{UGKQZQOQ(’LL)<52}.

In this case, the operator T; is compressive and T5 is expansive on (Ul \ Vl) X (Ug \ Vg)
2. (Expansive—expansive) Assume that there exist oy, 8; > 0, with «; < §;, ¢ = 1,2, such that

p1—1

fl(ﬂl,CQ Oég) > (b — a)anﬁ_l1<11_ b)pl—l’ fl(a17ﬂ2/02) < Ozzljl—l’
D2 —

faleran, B2) > 2 fa(Br/er, az) < ab?

(b—a)an—1(1 — b)p2—1’
Then the operator T' = (17, T3) has at least one fixed point in (Ul \ V1) X (Ug \ Vg), where
V;‘:{UEKZ‘Z ||u||oo<ozi}, Ui:{ueKi:goi(u)<Bi} (i:1,2).

Note that both operators 77 and T5 are of expansive type on (Ul \ V1) X (Ug \ V2)

The conclusion can be obtained essentially as in the proof of Theorem 3.3, taking into account Remark 2.5.
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