Finite Fields and Their Applications 85 (2023) 102125

Contents lists available at ScienceDirect

FINITE FIELDS
AND THEIK APPLICRTION

Finite Fields and Their Applications

www.elsevier.com /locate/ffa

Galois LCD codes over mixed alphabets )

Check for
Updates

Maryam Bajalan®, Alexandre Fotue Tabue”, Joél Kabore ©,
Edgar Martinez-Moro ¢!

& Department of Mathematics, Malayer University, Hamedan, Iran

P Department of Mathematics, HTTC Bertoua, The University of Bertoua,
Cameroon

¢ Department of Mathematics, University Joseph Ki-Zerbo, Ouagadougou,
Burkina-Faso

4 Institute of Mathematics, University of Valladolid, Castilla, Spain

ARTICLE INFO ABSTRACT
Article history: In this work we give a characterization of Galois Linear Com-
Received 6 February 2022 plementary Dual codes and Galois-invariant codes over mixed

Received in revised form 3
September 2022

Accepted 15 September 2022
Available online xxxx
Communicated by W. Cary Huffman

alphabets of finite chain rings, which leads to the study of

the Gray image of F,IF,[6]-linear codes, where p € {2;3} and

6 # 6% = 0 that provides LCD codes over Fp.

© 2022 The Author(s). Published by Elsevier Inc. This is an
open access article under the CC BY-NC-ND license

MSC: (http:/ /creativecommons.org/licenses/by-nc-nd/4.0/).

94B05

94B60

13B02

Keywords:

Finite chain ring

Linear complementary dual codes
Galois duality

Gray map

* Corresponding author.
E-mail addresses: mar.bajalan@gmail.com (M. Bajalan), alexfotue@gmail.com (A. Fotue Tabue),
jokabore@yahoo.fr (J. Kabore), edgar.martinezQuva.es (E. Martinez-Moro).
! Fourth author was supported in part by Grant PGC2018-096446-B-C21 funded by MCIN /AEI/10.13039/
501100011033 and by “ERDF A way of making Europe”.

https://doi.org/10.1016/j.ffa.2022.102125
1071-5797/© 2022 The Author(s). Published by Elsevier Inc. This is an open access article under the CC
BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).


https://doi.org/10.1016/j.ffa.2022.102125
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/ffa
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ffa.2022.102125&domain=pdf
http://creativecommons.org/licenses/by-nc-nd/4.0/
mailto:mar.bajalan@gmail.com
mailto:alexfotue@gmail.com
mailto:jokabore@yahoo.fr
mailto:edgar.martinez@uva.es
https://doi.org/10.1016/j.ffa.2022.102125
http://creativecommons.org/licenses/by-nc-nd/4.0/

2 M. Bagjalan et al. / Finite Fields and Their Applications 85 (2023) 102125

0. Introduction

Linear codes over a mixed alphabet of finite chain rings have become a great research
avenue in coding theory, see for example [1-5,7,8,14]. In [7], Borges et al. were the
pioneers in studying the algebraic structure of ZsZ4-additive codes as Z4-submodules
(additive groups) of Z§ x Zf , where o and (8 are two positive integers. Later, Aydogdu
and Siap generalized these Z2Z4-additive codes to ZyZss-additive codes in [1] and to
Zyr Zps-additive codes in [3], where r and s are positive integers, 1 <r <'s, and p is a
prime number. Note that this last condition implies that the ring Z,- of integers modulo
p" is the homomorphic image of the ring Z,s of integers modulo p°. A general approach
for codes over a mixed alphabet of finite chain rings is explored in [8] by Borges et al.,
which they called S7S5-linear codes, where S7 and Ss are finite chain rings such that Sy
is the homomorphic image of Ss by a ring epimorphism.

Let S|R be a Galois extension of finite chain rings of degree m and denote by o the
generator of Autg(S), one can introduce a non-degenerate h-sesquilinear form (-, )y, :
S™ x 8™ — S defined as

(u, v)p = Zujah(vj),

where 0 < h < m. For any S-linear code C' in S™ (i.e. an S-submodule on S™), one can
define the h-Galois dual Ct# of C as C+r = {u € S* : (u,v), = Og for all v € C}.
A linear code is Galois Linear Complementary Dual (Galois LCD), if it meets one of
its Galois duals trivially. An S-linear code C' of length n is Galois-invariant over R, if
o(C) = C, where o(C) := {(c(c1), -+ ,0(cn)) : (c1,+,cn) € C}.

When h = 0 we have the case of Euclidean LCD codes that have been widely applied
in data storage, communication systems, consumer electronics, and cryptography. Carlet
and Guilley in [9] showed an application of LCD codes against side-channel and fault
injection attacks and presented several constructions of LCD codes. Recently, ZsZ4-
linear and ZoZs[u]-linear (u® = 0 and u? # 0) complementary dual codes are studied by
Benbelkacem et al. in [5] and X. Hou et al. in [14], respectively.

In [18,11], the authors studied trace codes, Galois invariance and Galois correspon-
dence over finite commutative chain rings. In [20], R. Wu, and M. Shi, constructed a
class of mixed alphabet codes with few weights from irreducible cyclic codes. Motivated
by these previous works, we give a characterization of Galois LCD codes and generalize
the concept of Galois-invariant codes to a mixed alphabet over finite chain rings.

The paper is organized as follows. In Section 1, we review the concept of Galois
extensions of finite chain rings and some facts on linear codes over a mixed alphabet.
The first main results are given in Section 2, where we give a simple characterization
of Galois LCD codes and Galois-invariant codes over any mixed alphabet of finite chain
rings and provide a generalized Delsarte’s theorem for linear codes over this type of
alphabets. Section 3 studies the Gray image of Galois LCD and Galois-invariant codes
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over some mixed alphabets based on Jitman’s Gray map [15]. In the work, we show
several examples of these constructions and furthermore, we give an optimal binary
LCD code, which is the Gray image of a ZsZ4-LCD code.

1. Preliminaries

All the properties and facts about finite chain rings in this section can be found in [19)].
Throughout all the paper, S will denote a finite chain ring with maximal ideal J(S). We
will denote by 6 a generator of J(S) such that 0°~! # §% = 0, where s is its nilpotency
index and Fgm will denote the residue field of S (¢ is a power of a prime number). S*
will denote the unit group of S and for a fixed positive integer r such that 1 < r < s,
we will denote by — : .S — S/(6"), the surjective ring homomorphism that maps z to T,
where T = x+ (") and 7 : S — F,m is the canonical ring projection. We set S = S/(6").
Note that S is also a finite chain ring which has the same residue field as S. The maximal
ideal S is J(S) generated by § with nilpotency index 7. Moreover, the ring S is also an
S-module with the law

x: xS = S
(a,z) — ax.

(1)

1.1. Galois extensions of a finite chain ring

In a finite chain ring S for any € in J(S)\J(S)?, there exists a unique chain of ideals
of S given by

{05} =3(S)* CI(S)* ' =0""1SC - CIS)=6SCS. (2)

Thus for any 0 in J(S)\J(S)?, and for any ¢ in {0,1,---,s}, J(S)! = 6'S = S@. This
chain of ideals allows defining the valuation ¥ of S as follows:

9: 85 — {0,1,...,s} 3)

x — max {t € {0,1,...,s} : z € J(9)}.
Note that S* = S\J(S), since the ring S is local. The restriction of the canonical ring
projection m given by 7y . : S* — F;m\{0} is a multiplicative group epimorphism and
its kernel is 1g + J(S). Moreover, there is a unique subgroup I'(S)* of S* such that
§* = (T'(5)") - (1s + 3(9)) with (I'(S)*) N (1s + I(S)) = {1s} and the restriction 7
is a multiplicative group-isomorphism. The reciprocal bijection of 7}_, will be denoted
by ¢ : Fym\{0} — ['(S)*. By convention ¢(Of,,. ) = 0s. The Teichmiiller set of S is given
by I'(S) = I'(S)* U {0g}. Therefore, for any 0 in J(S)\S® there is a unique s-tuple of
surjective maps (Yo, 71, - ,Vs—1) from S into I'(S) such that for any z in S

X

33:'70(55)+71(37)9—|—...+7571(x)98—1. (4)
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The right-hand side of (4) is called the -adic decomposition of xz. The degree deg, of
an element = € S is defined by

degy: S — {0,1,...,s}U{—o0} 5)
x — max{t € {0,1,...,s — 1} U{—0o0} : w(x) # 0s}.

For j in {0,1,...,s — 1} U {—o0}, it denotes I';(S) := {x € § : degy(z) < j} and we

have

I (S) = {0s} S T(S) = To(S) S T1(S) S -+ S Ty (S) = 5.

Note that for any j in {0;1;--- ;s — 1}, we have 6°7T';_;(S) = #* 7S and if r < j then
I';(S) =T,—1(S) = S. Thus, the map — : I',_1(S) — S is bijective, its reciprocal map
will be denoted by ¢ : S — T'._1(S). Therefore, the following map

x: S — 678

x = 05 "u(x),

is an isomorphism of S-modules.

Let S and R be two finite chain rings. We say that S is a ring-extension of R and it
denotes S| R, if R is a subring of S and 1gr = 1g. The ring-extension S| R is a Galois
extension of degree m, if S = R[X]/(f) (as ring), where f is a monic basic polynomial
over R of degree m. The group Autg(S) (so-called Galois extension S | R) is given by all
ring-automorphisms p of S such that the restriction pjp : R — R is the identity map.
From [19, Theorem XV.2], Autp, (Fgm) = Autg(S) and Auty, (Fym) 2 Auty(S) such that
for any z in S, we have o(z) = 7(Z) and 7(o(x)) = Fry(n(z)) with Autr(S) = (o)

and Auty(S) = (7). Thus the group Autg(S) is cyclic of order m. The ring S can be
regarded as a free R-module of rank m and m = rankg(S) = |Autr(S5)].

1.2. Linear codes over a mized alphabet of finite chain rings

Given the rings S and S as above, we define the set SS = {(x ||y) : z € S and y € S}.
The set SS is called mized alphabet of chain rings S and S. Let a and 3 to be positive
integers, the S-scalar multiplication % on S x S? is defined as:

a* (20,1, Ta—-1 Y0, Y1,---,Ys—1) = (@xo,a21,...,0%a—1 || aYo,ay1, .. .,aYs—1).

(6)

Note that the S-scalar multiplication * provides an S-module structure for 5% x S8,
The S-submodules of S x S? are called SS-linear codes of block-length (a, B).

The concept of independence of vectors in codes over rings defined in [10] can be easily
extended to SS-linear codes as follows: the non-zero elements c1, ..., c, in 5% x S8 are
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S-independent, if every S-linear combination f: a; * ¢; = 0 implies that a; *x ¢; = 0, for
i=1
all i € {1,...,u}. Let C be an SS-linear code of block-length (a, 3). The codewords
C1,...,¢, in C form an S-basis for C, if they are S-independent (in the previous sense)
and they generate C.
For any positive integer u, we denote by M,,x4(S) and M,,»5(S) the additive groups
of (11 x a)-matrices over S and (u x 3)-matrices over S, respectively. We will define the

set
M, (S 5%) = {(X 1Y) © (X,Y) € Myxa(S) % Mﬂxﬁ(s)}

of mixed matrices whose y rows are in §° x S%. Note that M, (S“S?) is an additive
group. For any 1 < § < 1, the operation in (6) naturally extends to M,, (EQSB ) as follows

P (X]Y) = (PX||PY), (7)

for any P in Msx,(S) and for any (X||'Y) in M, (S5“S?). When § = y, the additive
group M,,»,(S) is a ring with unit group GL,(.S), so the operation * provides to the set
M#(gaSﬁ) a structure of M,y ,,(S)-module.

A mixed-matrix G in Mu(gaSﬁ ) is called a generator mizved-matriz for an SS-linear
code C, if the rows of G form an S-basis for C'. This generator mixed-matrix can be
written as (Gx || Gy ), where Gx is a 1 X a-matrix over S and Gy is a p X S-matrix.

It is important to note that the set of mixed generator matrices for any SS-linear code
C with generator mixed-matrix G in M#(gaSﬁ) is {P*G : P € GL,(S)}. It turns out
that the number of rows of a generator mixed-matrix of any SS-linear code C' depends
only on the algebraic structure of C' and it is called the rank of C' and we denote it by
rk(C). Due to the structure theorem of finite modules over a finite chain ring, for any
SS-linear code C of length (a, 3), there is a unique array (o, 3; ko, ..., kr—1;00, -, ls_1)
of positive integers, called the type of C, such that C isomorphic to the S-module

r SRR k¢ s—1 —
11 (S/(H t}) x T1 (S/(Gs_t>)£‘. The following result shows that any SS-linear
=0 =0

ke #0 £:7#0

code of length (, 8) with rank y admits a generator mixed-matrix in M, (S “S?).

Proposition 1. /8, Proposition 3.2.] Any SS-linear code of type (a, B; ko, . .., kr_1; Lo, - . .,
ls_1) has a generator mized-matrix that is permutation equivalent to

B || o
().

where
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Ity Box Boz2  Bosz -+ Bora Bo.r
0 gIkl GBLQ 0B173 s 9B17T_1 eBl,r
B_| 0 o @1, 0°Bys - @By, 0B,
0 0 0 0 - 87, 8By,
0 To1 To2 Toz -+ Toro1 To,»
0 0 9T1)2 9T173 s 9T1’r71 QTLT
T = 0 0 0 02T273 e 92T27T,1 92T27r
0 0 0 0 0 Gr_lTr_17r
0 Uop,1 Up,2 Uo,z e Ug,r—1 Up,r
0 Us—r—l,l I{s—r—l,Q I{s—r—l,S e gs—r—l,r—l I{s—r—l,r
U= 0 0 9Us—r,2 OUS—T,B e eUs—r,r—l HUS—T’,T‘ 5
0 0 0 0o .- 0 0" Uy s,
0 0 0 0 - 0 0
and
L, Aoi Aoz Aoz -+ Ags—i Ap
0 0L, 0Ars OArs --- 6OAi..  OAL,
A= 0 0 92152 92A2,3 s 92A273_1 92A2,3
0 0 0 0 - 07U, 0A, g,

Here B; j are matrices over S, and T;,; are matrices over S for0 <i <r,and0 <j <.
Furthermore, for 0 <i <s—-1,0<j <rand 0 <t <s, U;; are matrices over S,
and Aj; are matrices over R. Also, Iy, and 1y, are identity matrices of sizes k; and {;,
respectively, where 0 < i <r—1and0 < j < s—1. Of course, if r = s, then the matrices
U and A are suppressed in (8).

—a I, || O
We can have a generator mixed-matrix over S~ x S% as ( o1 ) of type
(o, B50,0,...,0;8,0,...,0), whereas 5% x S8 is not free as an S-module. In this case, we
will say that an SS-linear code is weakly-free if k1 = -+ =kp_1 =4, = --- =L,_; = 0.

Thus, a generator mixed-matrix in the form (8) of any weakly-free SS-linear code C is
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(IP; GS_ATT>7WhereA:(Ik | AO)’B:<I‘z | BO)’T:(O | To)and

U= (O | UO), where O is the zero matrix in M,, (S “S7).

Remark 1. Let C be an SS-linear code with generator mixed-matrix G in the form of
Equation (8) of type (a, 85 ko, -+ , kr—1;%0, - ,€s—1). The map

Endg : M(C) - C
m — mxG

9)

S

T (SN™ x T[] (Ts—e(S)*. Moreover, |C| =
00 Ztt:;ﬁOO

=

is bijective, where M(C) =
¢
ki

Y

(Eo-one o)

Example 1.1. Let C be a Z4Zsg-linear code of block-length (3;4) with generator mixed-
matrix

21 02 6 3 5
0 2 0|1 2 4 0
1 1 1]0 4 0 4
2 1 2|4 2 6 0

Hence, as described in Proposition 1, C' is permutation equivalent to a linear code with
generator mixed-matrix:

10100 2 2
010006 6
0001060
002”0101

Thus the type of C is (3,4;2,0;2,0,0) and |C| = 2!°. Moreover, C is weakly-free.
2. Characterization of Galois-invariant and Galois LCD codes over mixed alphabets

Throughout this section, S|R will be a Galois extension with degree m and o a
generator of Autg(S). Let (x||y) € S x 8% and G € M,,x0(S) X M,,x5(S). For any
he{0,1,...,m— 1}, the h-Galois image of (x|y) is given by

Uh((x || Y)) = (Eh(x0)7 e 7Eh('xa—1)7 H Uh(y0)> e >Uh(yﬂ—1)) ’
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o"(G[1 1))
and the h-Galois image of G is given by o"(G) = , where G[i :] is the
) o (Glu )
i-th row of G. If C is an SS-linear code with generator mixed-matrix G, then o"(C) :=
{o"(c) : forall c € C} is also an SS-linear code with generator mixed-matrix o”(G).

2.1. Galois duality and Galois LCD codes

The h-Galois inner-product (-; - ), on S x S is defined as follows:

a—1 -1
(xly)s YDy =07 | D g™ (@) | + D wio"(w)), (10)
§=0 §=0

where (x||y) and (x'||y’) are in % x S%.

Note that ((x||y), (x'[|¥')), = x((x, X)) + (v, ¥),, for all (x,x’) in §" x§“ and
(v,¥') in S# x S8. For any (u,)) in (N\{0})2, the h-Galois mixed-matrix product is
defined as follows:

(-, ) s ML(S9SP) x My (S 8P) — M, 1(S)
(X, V) = (X, YD, = (X, Y Dosicy: (D)
0<i<A
Moreover, (X,Y), = (X, o"(Y))
m (X, Y),.
If h =0, it is just the usual Fuclidean inner-product and if m = 2h it is the Hermitian
inner-product. For any SS-linear code C, the h-Galois dual code of C, denoted by C+*,
is defined as

, and for any m € S¥, we have (mx*X,Y), =

Cctr = {uega x §P . (forallce C)((u,c), = 0)}

Clearly, C+* is an SS-linear code of block-length («, 3). Theorem 9 in [3] holds for any
finite chain ring, which follows that if the type of C is (o, B; ko, ..., kr—1;%0,---,€s—1),
then the type of its h-Galois dual is

r—1 s—1
(aaﬂ;a - Zktakr—la"'akl;ﬁ - thags—la"wgl) .
t=0 t=0

Therefore, |C| x |[C1#| = [§ x §%| and moreover, C is weakly-free if and only if C1* is
weakly-free.

Remark 2. Let C be an SS-linear code. Since (u, v), = (u; O'h(V)>0 =0l ((u;v),, 1)
it follows that C+* = (¢"(C))*0 = o"(Ctm-1) and C = (C*r)Lm—r = (CLtm-n)Ln,
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The h-Galois hull of C' is defined to be its intersection with its h-Galois dual, and
is denoted by Hj,(C). Thus, if C' is a weakly-free SS-linear code with generator mixed-
matrix G in M, (5“S?) then

Hy, (C) = {m* G: (AmeMO)) ((mx*G,G)p = 0)} (12)

We say that C is h-Galois self-orthogonal H,(C) = C and C is h-Galois self-dual if
C = C*». C is a linear complementary h-Galois dual code (h-Galois LCD code) if
H;,(C) = {0}. Note that if C and C’ are monomial-equivalent SS-linear codes, then C is
h-Galois LCD code if and only if C’ is h-Galois LCD code. Moreover, since |C| x |C*t#| =
|§a x S8, it follows that any SS-linear code C' of block-length is an h-Galois LCD code
if and only if C & C+» = S x S8, Of course, if C' is an h-Galois LCD code, then C is
weakly-free.

From now on in the paper, 0, := (0,0,---,0), for some positive integer pu. We will

—_——

p times
need the following remark in the proof of the first result of this paper.

Remark 3. We have that GL,(S) = {M & M,x,(S) : det(M) ¢ J(S5)}, since S* =
S\J(S). Thus M ¢ GL,(S) if and only if there exists m € S* such that 6°~'m # 0,
and 0°~'mM = 0,.

From Theorem 2 in [6], LCD codes over chain rings are free. Thus from [6, Corollary 2],
any code over a chain ring with generator mixed-matrix G is an LCD code if and only if
GGT is invertible. In [5], it was proved that for any Z,Z4-linear code C' with generator
mixed-matrix G, if GGT is invertible then code C is a 0-Galois LCD code, but the
inverse is not true (see Corollary 3.9 and Remark 3.8). The following result gives a
characterization of Galois LCD codes over the finite chain ring mixed alphabet SS. Note
that been weakly-free is not a restriction since, as pointed before, h-Galois LCD codes
are always weakly-free.

Theorem 1. Let C be a weakly-free SS-linear code with generator mized-matriz G as in

(8),
(r) s—r
G G _ B 6T 7
G Ul A
where A = (Ik | AO),B: (1@ | BO),T: (o | T0> and U = (o | Uo).
Let us denote by C") the S-linear code with generator matriz B and by C®) the S-
linear code with generator matriz A. If 1 (Ba"(U)T) + To"(A)T € My (J(S)), then the
following assertions are equivalent.

1. C is an h-Galois LCD code.
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2. Ac"(A)T and Ba"(B)T are invertible.
65 "I | O

3. There is a matriz P in GL,(S) such that (G, G),P = ( o I
¢

), with p =k+4£.

4. C") and C®) are h-Galois LCD codes.

Proof. We have

(G0, Gy, ‘ (G, GGy,
G,G), =
G <<G<s>,G<T>>h\<G<S>,G<S>>h

(5 (L (BE"B)T) + 05 To"(T)T) | 077 (o (BF"(U)T) + To(A)T)
S\ e (UEB)T) + AM(T)T) | 0 (UF(U)T) + Ach(A)T )

Assume that ¢ (Ba"(U)T) + To"(A)T € Myxr(3(5)).

1. = 2. Assume that either B"(B)T or Ac"(A)7T is a non-invertible matrix.
o If Ac™(A)T is non-invertible in Myy,(S) then, from Remark 3, there ex-
ists m in S¢ such that 0*"'m # 0, and 6* " 'mAc"(A)T = 0, € S*. Thus,
(05, 0°"'m)(G, G);, = 0,,. It follows that

(Ok,es_lme, G)h = <(0k, 93_1m) * G, G>h = Ou.

Now (0x,0°"'m) * G = (04,0° 'm # 0,0°"'mAg) since 0°~'m # 0,. From
(12), we have (0j,0° 'm) x G € H,(C). Hence, C is a non h-Galois LCD
code.

o If the matrix Ba"(B)7 is non-invertible in Myyx(S) then, again from Re-
mark 3, there exists an element m in (I',.(S))* such that 7" 'm # 0; and

—r—1__

0 mB7"(B)T) =0, c 5. Thus, (6" 'm, 0,)(G,G)), = 0,. Since

-1

0" 'mx* (Ba"(B)T) =8 m(Ba"(B)T), and
To"(A)T + 0 (B&"(U)T) € Moxi(3(5)),

it follows that
(0" m, 0,)(G, G = (0" m, 00) = G, Gy = Oy

From Equation (12), we have

r—

0% (0" 'm,0,)+G = (0" 'm0  'mBo,0° 'mT) € H,(C).
Thus, C is a non h-Galois LCD code.
Therefore, either if B&"(B)? or Ac"(A)T is non-invertible, then C' is not an

h-Galois LCD code.
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2. = 3. Assume that the matrices Ba"(B)Y and Ac"(A)T are invertible. Then
L (Ba"(B)T) + 657" To™(T)T and (G),G*))), are also invertible. There are
invertible matrices P; and P, with entries in S such that P1<G(S),G(S)>h =
(G G, Py =Ty and Po(GM, GMY, = (G GY, Py = 05771, Tt follows

that
Py | O =L, | (GW,G),Py
G,G = .
< 3 >h < 0 ‘ P1> <<G(S),G(r)>hP2 ‘ I

Then we have that

P, | 0 Iy ke
(G,G)p, ( o) ‘ P1> (-(G(7‘),G(s)>hp2 ‘ Iz)

(T — (G GO P(GE  GMY, Py ‘ (G, GE),Py
B ¢ \ I, '

Now, (G, G, P(GE) GM)Y, Py = 026=")M;, where M; is a matrix with
entries in S. It follows that

0° "I — (G, GE)),P1 (G, G) Py = 0577 (I + 057 "M;)

and I +0°~"M; is invertible. Hence there is an invertible matrix P3 with entries
in .S such that P3(I + 6°7"M;) = (I + 6°7"M;)P3 = I;. Thus

P, | O I 10 (Ps]©
G < O | P1> <<G(’“),G(S)>hp2 | If) (O | Ié)

(65T | (G!, G, Py
L o0 | I,

Now, (G(’”), G(S)>hP1 = 05" "Ms, where M, is a matrix with entries in S. Thus
P,| O I, O\ (P3| O (1| M,
G,G
(G >”<o ]P1> (—(G(T),G(S)>hP2 'L /)\o|n)\o] L
. 05~ "I, | O
N o |IL.])°

Now if we take

p_(P2]0 I O (Ps|O) (L] M,
“\o|p )\ —@cW.cEyP L) O] ) \O| I, )’
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0° "I | O

we have (G, G),P = ( ) I

) and P € GL,(5), with u =k + £.

651
3. = 1. Assume that there is a matrix P in GL,,(.S) such that (G, G),P = o b ? ) ,
¢

with g =k 4+ £. Let ¢ € H,(C). Since

Hy(C) = {m*G : (me (I(5))" x §°)((mG,G)p = 0,)},

0° "I, | O

there exists (m,m’) in (I';(S))¥ x S¢ such that ((m,m’) * G,G);, = 0,. As
< ) I

(m,m’") * G, G)p, = (m,m’)(G,G);, and (G,G),P = ( ), it deduces

0°~ "1 | O
(0] I,
0*~™m = 0, and m'l; = m’ = 0p. But * "m = 0, © m € 6"S*. Som €
(67S*) N (T(9))F = {04}. Consequently (m,m’) = 0, and henceforth C is an
h-Galois LCD code.
2. < 4. From [17, Theorem 2.4.], it follows that 7,.(C(")) is an h-Galois LCD code if
and only if the matrix 7,.(B(@"(B))T) is invertible, and 7,(C(*)) is an h-Galois
LCD code if and only if the matrix 74(A(c"(A))T) is invertible. Note that the
proof of [6, Theorem 4] can be easily adapted to the present situation, and thus
C) is an h-Galois LCD code if and only if B(z"(B))7 is invertible, and C(®) is
an h-Galois LCD code if and only if A(c"(A))7 is an invertible matrix. O

that (m,m')(G,G), = m( ) = 0,P~' = 0,. Hence mf*~"I;, =

An SS-linear code C is called separable if C = Cx x Cy, where Cx is an S-linear
code and Cy is an S-linear code. It is easy to see that C has a generator mixed-matrix in

B|O
the form (?‘7)’ where B is a generator matrix for Cx and A is a generator matrix

for Cy. From Theorem 1, we have a generalization of [6, Proposition 4.3] as follows:

Corollary 1. A separable SS-linear code C is an h-Galois LCD code if and only if both
Cx and Cy are h-Galois LCD codes.

Corollary 2. Let C be an SS-linear code with generator mized-matriz G.

1. If G = B 6°"T) and B := (Ix|Bo), then C is h-Galois LCD if and only if
Ba"(B)T is invertible.

2. If G=(U|| A) and A := (I, | Ay), then C is h-Galois LCD if and only if A" (A)7
is invertible.

Remark 4. An SS-linear code C is an h-Galois LCD code if and only if C+* is an h-Galois
LCD code.
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Example 2.1. Let C be the Z,Z4-linear code of block-length (3,5) with generator mixed-

at_132T .
matrix
UA,were
1 0 1llo 2 0 2 0
() (o a0 0 s s
001\\11122

We have o0 = Idz,, TAT +.(BUT) = (0,0)” € {0,2}?, det(AAT) = 3 and det(BB”) = 1.
Note that applying Theorem 1 we have that C is an LCD code.

2.2. Galois-invariant codes

The extension of a finite chain ring S|R is also Galois and its Galois group Aut#(S) is
generated by @. The set SS has a ring structure under the component-wise addition and
multiplication. For example, the set FoS := {(z||y) : € Fo,y € S} where S = Fo+ulFs
with u? = 0, is a ring structure under the following laws: (z||y)+(2'|| ') := (z+2'|| y+v)
and (z[|y) - (2" ) := (z2']| yy').

Therefore, the ring-extension SS | RR is Galois and its Galois group G is {(7" || o?) :
0<i< m}. Without loss of generality, we say that o is a generator of the Galois group
of SS| RR. Let C be an SS-linear code of type (a, 3; ko, - - -, kr—1; 40, - - -, £s_1). One can
define the subring-subcode of C to RR as Resp(C) = C' N (R” x RP) and the trace code
Tr(C) of C over R as

Tr(C) = {(E(co), o Ix(Ca1) || Tx(cp), - - - ,Tr(c%_l)) :
(13)

(cos-yCamt |l Ch1) GC},

where Tr = mzl ol and Tr = mzlﬁi. Tt is clear that Tr(o(C)) = Tr(C) and Resg(C),
i=0 i=0

Tr(C) are also RR-linear codes. The smallest submodule of the S-module S x S7
containing C' will be denoted Ext(C'). So Ext(C) is the set of all S-linear combinations
of codewords in C. The same arguments as in [18] can be easily adapted to the mixed
alphabets to prove that Resgr(C) = Res(Ext(Resgr(C))); Resg(C) C Tr(C) and C C
Ext(Resp(C)). Note that Ext(Hy(C)) = Ho(Ext(C)). The following theorem generalizes
Delsarte’s celebrated result that relates the restriction and the trace operators by means
of the duality.

Proposition 2 (Generalized Delsarte’s theorem). Let S|R be a Galois extension of a finite
chain ring. Any SS-linear code C satisfies
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Tr(C*") = Resp(C)™,

where C*4 is the h-Galois dual of C in 8 x SP and Res(C)*t0 is the Euclidean dual of
Resp(C) in R™ x RP.

Proof. Let C be an SS-linear code of block-length (a, 3). Let a € Tr(C**). Then there
exists b in Ct* such that a = Tr(b). Therefore, for all ¢ in Resg(C), we have 0 =
(b, ¢}y, = (b, c)o and

a—1 B—1
(a,c)o = 6° Z U(Tr(25)es) + Z Tr(y;)¢; = Tr((b, ¢)o) = Tr(0) = 0.

Hence a € Resg(C)*0. This proves that Tr(C+*) C Resg(C)Le.

On the other hand, since the inclusion Resp(C)*° C Tr(C**) is equivalent to
Tr(Ctr)to C Resgr(C). Let a € Tr(C++)+o. By definition, for all b € C*+* and for
all A € S, we have A xb € C*» and 0 = (a,Tr(A * b))y = Tr((\ * b,a),,_5) =
Tr(Ax(a,b)m—pn) = Tr(A(a,b),,—p). Therefore, for all A € S, we have 0 = Tr(A{(a,b),,_p).
Since S|R is Galois, the symmetric bilinear form (-;-) : S x S — R defined by
(z,y) = Tr(zy) is non-degenerate, it follows that for all b in C**, (a,b),,_; = 0. From
Remark 2, (C#)Lm—r = Candsoa € (C1+)tm—r = C. Nowa € Tr(C#)to C R x RF.
Hence a € Resgp(C). O

The SS-linear code C' is G-invariant if o(C) = C, for some generator o of G. From
Remark 2, a relationship between Galois duality and G-invariance is the following

Corollary 3. If C is a G-invariant code, then C+r = Cto.

Since the arguments in [18, Lemma 2 and Theorem 1] also hold for any SS-linear code
C of block-length («, 8). Therefore, we have that

Corollary 4.

1. If C is a G-invariant code, then Resg(C) = Tr(C).
2. If C = Ezt(D), where D C R” x RP, then C is a G-invariant code.

Consider the map

x: 8% x 88 — gsmrge x §F

xlly) = )] y). (14)

Note that 8°7"T,.(S) = 6°7"S and x is an isomorphism of S-modules. In Theorem 1 in
[18], it was proved that if S is a Galois extension of the chain ring R, then any S-linear
code is a G-invariant code if and only if it has a generator matrix over R. The following
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result provides a characterization of G-invariant codes over a finite chain ring mixed
alphabet.

Theorem 2. Let S|R be a Galois extension of a finite chain ring and C an SS-linear code
with generator mized-matriz G. The following statements are equivalent.

1. C is a G-invariant code.
2. x(C) is a G-invariant code.
3. C has a generator mized-matriz over RR.

Proof. We have 0 o x = yoo.

1. = 2.) Assume that o(C) = C. Then o(x(C)) = x(c(C)) = x(C). Thus, x(C) is a
G-invariant code.

2. = 3.) Assume that the code x(C) is G-invariant. From [18, Theorem 1], there exists
a matrix (Gx, Gy ) in My (I'r(R)) X My g(R) and a matrix P in GL,(S) such
that x(G) = P(6°""Gx | Gy). It follows that G = P x (Gx || Gy) and thus,
(Gx || Gy) is a generator mixed-matrix of the code C over the ring RR.

3. = 1.) It is a straightforward consequence of item 2 in Corollary 4. O

The G-core of the code C, denoted by Cg, is the largest G-invariant subcode of C. It

is easy to see that Co = () ¢%(C). Note that C is G-invariant if and only if C = Cg.
i=0
From Corollary 4 and Theorem 2, we have the following two results that can be proven

add in the same steps as the proofs in [18, Corollary 1 and Theorem 2].

Corollary 5. Let S|R be a Galois extension of finite chain rings and C' an SS-linear code.
The following statements follow.

1. Cg = Ezt(Resp(C)).
2. If Resr(C) = Tr(C), then C is G-invariant.

Corollary 6. Let S|R be a Galois extension with Galois group G and C be an SS-linear
code. The following assertions are satisfied.

1. C is a G-invariant code if and only if C** is a G-invariant code.
2. If C is a G-invariant code, then C is an h-Galois LCD code for some 0 < h < |G| if
and only if Resr(C) is an LCD code.

3. Gray image of linear codes over finite chain rings

In [13], a homogeneous weight wtg on the finite chain ring S was defined as follows:
if =1 then wtg is the Hamming weight wg, otherwise
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0, if z = Og;
wts(e) = { (q" = D)g"0D, it d(x) <r—2; (15)
g, if9(x) =r— 1.

Thus, for any (x| y) € SS, the weight of (z || y) is defined by: wt,m ((z || y)) = wtg(z) +
wtg(y), where wtg and wtg are the homogeneous weights on S and S, respectively. This
homogeneous weight wt,m can be extended component-wise on 5% x S8 as:

Wtqm (1:05 o, Ta—1 || Yo, - 7y[3—1)

— wtg(wo) + - + Weg(@a—1) + Ws(yo) + -+ wEs(ys_1).

Let @, = (1,---,1) and g, = (0,1,¢,--- ,e9" ~2) be vectors in (qu)qm, where ¢ is
an element in F,m of order ¢"* — 1. We use the tensor product ® (expanded from right
to left) over Fym to defined the vector

—_—— —_—

r—t—2 times t times

for 0 <t < r < s. Consider the matrix Gm ,), whose ¢; is its t-th row. Of course,
if r = 2, then ¢y = ¢, and ¢; = wy,. Note that G(m ;) is a generator matrix of the
first order generalized Reed-Miiller code RMym (1,7 — 1) over F m length ¢"~! (see for
example [16] for a definition and reference on Reed-Miiller and Generalized Reed-Miiller
codes). Then, Jitman’s Gray map defined in [15] is naturally generalized to S§° x S# as

follows
Dspy: S xSF = (RMgm (1,7 —1))* x (RMgm (1,5 — 1))? (16)
(ab) — (7(@)G (gm,r)s 7(D)Ggm,s)) -
where
7:5" = ((Fm))" i858 ((Fyn)?)"
— — and —~— —
a — (70(3)771(3)7' o 77r—1(a)) b — (io(b%il(b)) T 773—1(b))

are bijective maps defined with the ¢-th f-adic coordinate map 7, : S — I'(S) that is

usually extended coordinate-wise to 7, : S~ — I'(58)", where n € {a,3}. From [15,

Proposition 3.1.], it is easy to see that the Jitman’s Gray map ®(g,) is an injective
—a m(r—1) m(s—1)

isometry from (Sa x S8 dhom) to ((qu)aq +hq ;dH>, where dy denotes the

. . m(r—1) m(s—1)
Hamming distance on (Fym)*? +ha :

Let C be an SS-linear code C of the block-length («, 3). Then

m(r—1) m(s—1)
D (s.r) (C) € (RMgm (1,7 = 1))% x (RMgm (1,5 — 1))ﬁ c (Fq"”)aq o
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and ®(g,)(C) is called the Jitman’s Gray image of C'. Now

(RMgon (1,7 — 1)) x (RMgm (1,5 — 1))%) "
= (RMgn (1,7 — 1))2)" x (RMyn (1,5 — 1)),

and (RMgm (1,7 — 1))t = (G(RMgm(1,r — 1)))to and (RMgm(l,s — 1))t =
(G(RMym (1,5 — 1)))*°. One can check that d(RMgm (1,7 — 1)) is also a first order
Generalized Reed-Miiller code over Fym of length ¢" .

Note that if S = Fym[6], then ®(g,) is a monomorphism of F,m-linear spaces. Thus,

Jitman’s Gray image of any Fgm[0]F,m[0]-lincar code with type (a, 5; ko, k1, ... kr_1;
r—1

o, l1,...,0s_1) is a linear code of length ¢™("~VDa + ¢™~13 and dimension Z_: (r—
t=0
s—1
t)kt —+ Z (S - t)@t
t=0

Remark 5. In [13], a Gray map on any finite chain ring is defined, we will call it
Greferath’s Gray map W(g,). It is important to note that for Jitman’s Gray map
® (5, and Greferath’s Gray map V(g ,) on S% x 8P there exists a permutation map
7o By 0" (pd T ek that Wis, = 7 0 s,y With-
out loss of generality in the sequel of this paper, we will use Jitman’s Gray map ® (g,
on S x §P. For any SS-linear code C, the subset (5, (C) of S x 87 is called the
Gray image of C. Note that ®(g,)(C) is not always linear.

Example 3.1. Consider the finite chain ring R := F,[0] with 6 # 6% = 0. Then we have

that G, 2) = <(1) 1 ? 4 I 1 ), and Jitman’s Gray map ® g 1) is given by
@, (F)* x RF — (Fg)+20

(allb)  — (a (30(b),71(b))G(y2)) -
Thus ®,(a|[b) = (a,71(b),v0(b) +71(b), v0(b) +271(b), - ,70(b) + (¢ — 1)11(b)).

In the following, we will establish the conditions for a Galois LCD SS-linear code C
so that its Gray image C'is an LCD code over Fym. Generalized Reed-Miiller codes over
Fym of the length ¢™ ("~ have the following properties (see [16]):

o fori<j<r—1,RMgm(i,r —1) C RMgm(j,r — 1);
o RMym (i, — 1)t0 = RMym (4,7 — 1), with j = (r — 1)(¢™ — 1) —i — 1.

If we fix ¢ = 1 in the above term and assume that (r — 1)(¢"™ — 1) > 3. We have

Rqu(i,T — 1)Lo _ Rqu((T o 1)(qm . 1) R 1).
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Thus
RMym (1,7 — 1) € RMym (4,7 — 1) = RMgm ((r — 1)(¢™ — 1) — 2,7 — 1).

Since 0 < r < s, it follows that 0 < (r — 1)(¢™ — 1) < (s — 1)(¢™ — 1) and we have the
following result:

Lemma 1. Let C be an SS-linear code C of the block-length (v, 3) with 0 < r < s and
he{0,1,...,m—1}. If

(r—=1)("—-1)>3
then @ (5.,)(C) C (P(s,m)(C)) 1"

As 0 <r <s, it follows that 0 < (r —1)(¢™ — 1) < (s = 1)(¢™ — 1) < 2 if and only if
m =1 and (¢,5) € {(2;2),(2;3),(3;2)}. In the case g € {2;3} and s = 2, either S = Zp2
or S =T,[0] with § # 62 = 0. The map

P Lgp —  Fylf]
b+ qc — 7(b) + O (c)

is extended to (Fy) x (Z,2)” as follows

Ty: (Fg)® x (Zg2)? = (Fg)®™ x (Fy[0])”
(a ||b+q0) = (al|m(b) + bn(c)).

Denote x the component-wise product. The following result is straightforward.

Proposition 3. The maps ¢, : Ly — Fyl0] and Ty : (F)* x (Z,2)° — (Fy) @ x (Fy[0])°
are bijective and for all (v,w) in (Fy)® x (Z42)?)? and (z,y) € {0,1,...,q — 1}2, the
following assertions are satisfied.

dnon(V, W) = dnon(Tq(v), Tq(W)),

Tyl + qu) # ) = (a(x) + Br(y)) « Ty(u),

Tq(uxv) =To(u) x Ty(v),

To(v 4+ w) = To(v) + Te(w) + Ty (g (w5 v @) where wla-D) =
UK UK * U

—_——

= WD

qg—1 times

Note that for any F,Z ,2-linear code C, the subset Y, (C) of (IF;) ® x (F,[0])? is F,F,[0]-
linear if and only if ¢ * (u*(q_l) * V*(q_l)) € C, for any (u,v) in C x C.

Lemma 2. Let u = (ul|v) and v = (v|v') in (F))® x (Z,2)? such that q x
(w@=D % v*(a=D) = (0, ]| 0g). The following statements hold.
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L @q((u, v)) = (Tq(w), Tq(v)
2. Ifq = 2 then

Proof. We set u = (u || u} + qub) and v = (v||v] + qv}), where (u,v) € ((F,)*)? and
(uy, ubh, vy, vh) €{0,1,...,q — 1}*%. Suppose that ¢ * (u*(@=V xv*(4=1)) = (0, || 05). We
have

q * (u*(q_l) *v*(q_l)) = (04 || ¢ * (u} % v))*(a=D),

Therefore, g* (u}*v])*(@~1) = 05 implies that either g(u})*(9~1) = 05 or ¢(v})*(4=Y = 04.
It follows that (u},v])o = 0. Thus

L (Yq(u), Tq(v)) = 0((u,v)o + m({uy, va)o + (us, v1)o)) and (u,v) = g(((u,v)o) +
(u,vh)o + (ub,v})o), since (u] + qub, v + qub)o = q({u),v)o + (ub,v})o). Hence,

0
Pq((0,v)) = (Tq(u), Ty(v)).
2. If ¢ = 2, then

(@5(a(u)), 2(Ta(v))}o = (u, )0 + (w(u), w(uy))C oy o) (Z%T) , and

/
2

Thus (w(u}), 7(14))C 2.2y ) ;) = (w(u}), m(wh))o + (m(uh), m(v)))o € F,

since (u},v])o = 0. Hence (Ta(u), To(v)) = 8(P2(Ta(u)), P2(T2(v)))o.
3. If ¢ = 3, then

(5T 00), 5 (T3 (v))ho = (w20 + (x(0), () Gy oo (W( ﬁiT) and

Thus (®3(Ys3(u)), ®3(Y3(v)))o = (uw,v)g € Fy, since (uj,vi)o = 0. Hence
(@3(T3(w)), @3(T3(v)))o = (u;v)o. O

Let C be an [FyZ j2-linear code of block-length («, ). We will define the set D¢ as
Do = {q « (u*(q—n H*(q—l)) . (u,v) €C x CL} ,

Note that T(D¢) = Dr(c) and D C {0,} x {0,¢}”. The following results are conse-
quences of Lemma 2.
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Corollary 7. Let C be an FyZ2-linear code such that De = {(04 ]| 03)}. The following
assertions hold.

L. Y, (Ct) = T,(C)*, where (T4(C))*t denotes the Euclidean dual of Y,(C) as an
FyF4[0]-linear code.

2. If g =2, then ®2(T2(C1)) = ®2(T2(C))*, where ®o(Y2(C))* denotes the Euclidean
dual of ®2(Y2(C)) as an Fy-linear code.

3. If ¢ =3, then ®3(Y3(Ct)) = (Cx)*t, where Cx is the punctured code obtained from
C by deleting these [ last coordinates.

Theorem 3. Let C be an FyZ,2-linear code such that Dec = {(04 ] 03)}. The following
statements hold.

1. Cis an FyZ,2-LCD code if and only if Y4(C) is an FgF4[0]-LCD code.
2. If g =2, then C is a Z2Z4-LCD code if and only if P2(Y2(C)) is a binary LCD code.
3. If q =3, then C is a Z3Zy-LCD code if and only if Cx is a ternary LCD code.

We end the paper with an example of an optimal LCD code over F, (p € {2;3})
derived from this family of F, R-LCD codes (either R = Z,z2, or R = F,[0] with u? = 0).

Example 3.2. Consider the Z5Z4-LCD code C given in Example 2.1. From [7, Theorem
3.], the parity-check matrix H of C' is given by:

1 1 1]jo 00 0 2
010[1000 3
H=|0 0 1)/0 1 0 0 3
0100010 2
00 1[0 00 1 2
Thus
00020002
gef_ |0 0 0Jf0 20 0 2
00000200
00000020

Then, we have
De={2x(uxv) : (n,v) €CxC} ={(03]05)}.

From Theorem 3, YT2(C) is an F3F3[f]-LCD code. The binary image ®5(Y2(C)) has
parameters [13,4,6]. This is an optimal code which is obtained directly in contrast to
the indirect constructions presented in [12].
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4. Conclusions

The concept and basic properties of LCD and Galois-invariant codes over finite chain
rings have been generalized to linear complementary dual codes over a mixed alphabet
of finite chain rings. We have studied the Jitman’s Gray image of an SS-code and when
it is an LCD code. When ¢ € {2;3}, any F,Z2-linear code C such that D¢ = {(0, |/ 03)},
is an LCD code if and only if the code given by its Jitman’s Gray image is an LCD code.
Thus we have covered the rings Z4, Zs, Zg, Fo[X]/(X?),F2[X]/(X3),F3[X]/(X?). The
construction of binary or ternary LCD codes from Jitman’s Gray image of Z4Zg-LCD
code, Z3Zs-LCD code, FoFa[u]-LCD code, or Fa[v]F2[u]-LCD code (u? # u = 0 and
v # v? = () remains as an open problem.
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