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Influence of anharmonicity on the negative thermal expansion of α-Sn
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The lattice vibrational properties of α-Sn (gray tin) were investigated experimentally by temperature-
dependent x-ray diffraction and theoretically by density functional theory calculations. Similar to the other
elements of group IV, α-Sn exhibits a lattice anomaly at low temperatures and negative thermal expansion,
with a minimum at ∼27 K and a magnitude three times larger than in Si. The influence of anharmonic effects
up to fourth-order potential terms on the phonon dispersion relations, the lattice parameters, and the thermal
expansion coefficient have been tested. The performed analysis gives an excellent agreement with experiment
when quartic potential terms are included in the theory. We point out that negative thermal expansion in α-Sn
is not driven by the anharmonicity of the interatomic potential. This resolves the long-standing puzzle in the
thermal behavior of α-Sn.
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I. INTRODUCTION

Recently, thin films of α-Sn grown epitaxially on InSb or
CdTe substrates have been shown to host exotic topological
phases. Their dimensionality can fortunately be tuned from
three dimensional (3D) to two dimensional (2D) by varying
the thickness and the strain of the films [1–5]. Related to these
observations is the discovery of superconductivity below a
few Kelvin in a stack of α-Sn (“stanene”) layers deposited
on PbTe/Bi2Te3/Si(111) substrates [6]. It was realized long
ago that α-Sn is a promising system to investigate topological
phases due to its large spin-orbit coupling [7,8]. From a more
practical point of view, α-Sn offers a nontoxic alternative
to other prime candidates for the realization of topological
phases.

α-Sn, also known as “gray tin,” as the lighter group-IV
elements C (diamond), Si, and Ge crystallizes in the cu-
bic, diamond-type structure (noncentrosymmetric space group
Fd 3̄m, No. 227). It is stable at temperatures moderately be-
low room temperature (∼286 K). The transformation from the
metallic β-Sn (“elementary tin”) into the cubic gray-to-black,
brittle α-Sn modification, happens with an autocatalytic pro-
cess which involves a substantial volume increase of ∼27%
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effecting the disintegration of the metallic β-Sn phase, a
process colloquially known as “tin pest.” α-Sn has a small-
to-vanishing band gap, with the valence and conduction band
touching each other at k = 0 [7,9–14]. Sherrington and Kohn
proposed that α-Sn may undergo an excitonic transition to a
distorted phase at liquid-helium temperature lifting the band
degeneracy, though strain fields or donor or acceptor impuri-
ties may inhibit it [15]. Halperin and Rice expected interesting
many-body effects in the transport and other low-temperature
properties of α-Sn [16].

Despite the increasing interest in the exotic low-
temperature electronic phases, the knowledge of some el-
ementary lattice properties of α-Sn remained rudimentary
until today. The first characterizations of the lattice prop-
erties of α-Sn by optical spectroscopy techniques [17–20]
were carried out about four decades ago on small single
crystals grown using a mercury flux [21–23]. Noticeable
lattice anharmonicity was concluded from the temperature
dependence of first-order Raman scattering by phonons
[24]. Other lattice properties such as, e.g., the vibrational
specific-heat capacity down to liquid-helium temperatures re-
mained fragmentary [25–28] [see the Supplemental Material
(SM) [29]].

A lattice property closely related to phonon anharmonic-
ity is the temperature dependence of the thermal expansion.
At low temperatures, all isostructural group-IV elements, C
(diamond), Si, and Ge, exhibit anomalies of their thermal
expansion coefficient α(T ). Whereas Si and Ge show negative
thermal expansion (NTE) with minima at ∼83 K (Si) and
∼32 K (Ge) [30–34], α(T ) of diamond remains positive, how-
ever, with a shallow minimum at ∼31 K [35]. Interestingly,
binary systems crystallizing with the cubic zinc-blende crystal
structure (closely related to the diamond-type structure), such
as, e.g. the copper monohalides CuX (X = Cl, Br, I) also
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exhibit NTE—for X = Br or I, however, only under suffi-
ciently high pressures [36].

Qualitatively, NTE in semiconductors and insulators is
often associated with the so-called tension effect, where trans-
verse vibrations [37,38] leading to contraction must outweigh
the volume increase with temperature (positive thermal expan-
sion) due to the anharmonicity of the interatomic potential.
Other mechanisms for NTE such as electronic or magne-
tostrictive effects or libration of linked polyhedra have also
been discussed as a potential source of NTE [39–42]. The
proximity to structural phase transitions can also give rise
to NTE as recently has been observed, e.g., for SnSe [43].
The technological quest for thermal shock-resistant materi-
als lately pushed the identification and characterization of
a number of NTE ceramics, a prominent example being
ZrW2O8 [44].

Ab initio calculations of the thermal expansion, including
especially the low-temperature anomalous behavior, e.g., for
Si, are a matter of ongoing debate. A quasiharmonic approx-
imation (QHA), where harmonic phonons are adapted to the
volume at a particular temperature, was employed to explain
the NTE of Si at low temperatures [45,46]. However, recently
it was argued by Kim et al. [47] that the success of the QHA is
due to the cancellation of contributions of individual phonons
and rather phonon anharmonicity and nuclear quantum effects
have to be taken into account to understand the temperature
dependence of the thermal expansion of Si. Here, by a combi-
nation of experiment and theory, we intend to compare the
lattice properties of α-Sn with those of the other group-IV
elements. Especially, the question is pertinent whether α-Sn
will also exhibit NTE at low temperatures—and if so—how it
can be modeled by first-principles calculations.

Early experiments by Novikova in 1961 on a compressed
cylinder, in fact, indicated α(T ) of α-Sn to become negative
below 50 K [48]. However, these measurements carried out
down to 25 K did not provide clear evidence for a minimum
in α(T ). Thewlis and Davey measured the lattice parameters
of α-Sn between room temperature and 150 K and found a
decrease with temperature, which corresponds to a constant
linear thermal expansion coefficient of ∼5.5×10−6 K−1 [49].

More recently, Souadkia et al. and Mehl et al. [50,51]
investigated the lattice parameters and thermal expansion
coefficient of α-Sn by density functional theory (DFT) cal-
culations. Depending on the exchange-correlation energy
functional used, they obtained values between ∼5×10−6 and
∼7.5×10−6 K−1 at room temperature [50,51], though their
calculations using the Perdew-Burke-Ernzerhof (PBE) [52]
generalized gradient approximation (GGA) tend to display
a minimum of the lattice parameter at 40 K with the linear
thermal expansion coefficient (α) approaching zero at 20 K
[51]. The standard quasiharmonic calculations of Souadkia
et al. [50] succeeded to reproduce the minimum in α at ∼30 K
but did not offer any further analysis of the roots of this
phenomenon. So far, no in-depth discussion was presented
on the temperature dependence or mechanisms of the linear
thermal expansion of α-Sn at very low temperatures.

In this paper we present the temperature dependence of the
lattice parameters of α-Sn obtained by x-ray powder diffrac-
tion (XPD) measurements, from which we derive the thermal
expansion coefficient α(T ) between 12 and 280 K. Similarly

FIG. 1. (a) Phonon dispersion relations along the high-symmetry
directions in the Brillouin zone obtained with and without anhar-
monic corrections, compared with measurements by Price et al. [60].
(b) The PDOS derived from harmonic (blue) and quartic (orange)
approximation—they are plotted together to show differences arising
by the inclusion of anharmonic effects.

to the other group-IV elements, our results show that α-Sn
exhibits a lattice anomaly at low temperatures and negative
thermal expansion with a minimum at 27 K and a magnitude
three times larger than that of Si.

II. DFT CALCULATIONS

In our DFT calculations of the phonon dispersion relations,
the lattice parameters and the thermal expansion coefficient
the anharmonic effects up to fourth-order potential terms have
been included. Figure 1 shows excellent agreement between
calculated phonon dispersions and neutron measurements. A
detailed analysis of the lattice properties of α-Sn reveals that
taking anharmonicity of the vibrational potentials into ac-
count is crucial to quantitatively understand the experimental
results. We found that anharmonic corrections bring a signifi-
cant improvement to a harmonic potential description, which
grossly fails to reproduce the experimental results at higher
temperatures. In addition to the temperature dependence of
the lattice parameter and thermal expansion, we also checked
our theoretical predictions against specific-heat measurements
carried out over the whole temperature range from room tem-
perature down to liquid-helium temperature.

The DFT calculations were performed for a
2×2×2 supercell containing 64 Sn atoms using the projector
augmented-wave potentials [53] implemented in the VASP

code [54]. A 4×4×4 k-point grid was used for the reciprocal
space sampling. Additionally, the convergence of the lattice
parameter and phonon dispersion relations was verified for
a denser mesh of 8×8×8. The plane-wave basis set was
reduced by setting the energy cutoff to 150 eV.

III. QUASIHARMONIC APPROXIMATION
WITH ANHARMONIC CORRECTIONS

To include anharmonic effects, the system was character-
ized by statistical ensembles of potential energy distribution
corresponding to a number of selected temperatures Tb [55].
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FIG. 2. Lattice parameter of α-Sn obtained from the x-ray diffraction between 12 and 280 K. Theoretical results obtained within
quasiharmonic approximation including the harmonic (blue dashed line), cubic (orange line), quartic (green line), and bubble (red dashed
line) corrections to free energy and using base temperatures Tb = 50, 120, and 200 K [(a)–(c), respectively; see description in text].

A high-efficiency configuration space sampling (HECSS)
method [56] was employed to generate, for each considered
system and Tb temperature, 40 different configurations of
atomic displacements in the supercell. The interatomic force
constants were obtained with the ALAMODE software [57],
using the supercell technique. Calculations were performed
for the thermal distributions of multidisplacement of atoms for
given finite temperatures [55], generated within the HECSS
procedure [56]. In the calculations, we included both har-
monic and higher-order contributions to the potential energy.
The calculated frequencies were always derived from the
quadratic term in the energy surface expansion. The influence
of higher-energy terms was checked by including bubble-
diagram corrections to the free energy [58]. Their influence
on the thermal expansion curves proved to be negligible (see
Fig. 2). No further anharmonic effects (e.g., frequency shift,
peak broadening) were included in our calculations.

We used three different exchange-correlation energy func-
tionals: (i) the local density approximation (LDA), (ii) GGA in
PBE parametrization [52], and (iii) the nonempirical strongly
constrained and appropriately normed (SCAN) meta-GGA
functional [59]. Within these approximations, we obtained the
following values for the cubic lattice parameter a: 6.4785 Å
(LDA), 6.6523 Å (PBE), and 6.5564 Å (SCAN). As in the
previous calculations [51], the LDA result shows the best
agreement with the experimental value for the lattice pa-
rameter (6.484 Å), while the PBE and SCAN functionals
overestimate it.

Figure 1 displays the phonon dispersion relations and the
phonon density of states (PDOS) obtained with and without
including anharmonicity up to fourth order in comparison
with the experimental data measured by Price et al. [60].
The phonon dispersion relations calculated within the LDA
approximation agree very well with the neutron measurements
taken at 90 K [see Fig. 1(a)] and with previous calcula-
tions [28,61,62], whereas the results obtained for the PBE
correlation functional underestimate the experimental data
(see Sec. SI in the SM [29]). Anharmonicity effects on the
phonon dispersion relations are small and affect primarily

the acoustic phonon branches and some optical phonons
[see Fig. 1(a)].

As it has been similarly observed for Si and Ge [63],
a salient characteristic of the transverse acoustic phonons
of α-Sn is that their dispersion becomes relatively flat on
approaching the boundaries of the Brillouin zone and that
their energies are much lower than those of the longitudinal
acoustic phonons. As a consequence, the PDOS of α-Sn is
characterized by two main features: a broader ridge between
0.9 and 1.7 THz with a spike at 1.2 THz arising from the
acoustic phonons with low dispersion along the �-X and the
�-L direction in the Brillouin zone. Optical phonons generate
two very sharp spikes in the PDOS between 5.5 and 5.7 THz.
As can be seen in Fig. 1(b), including anharmonicity effects
enhances the peak in the PDOS at 1.2 THz and especially the
sharp spike originating from the optical phonons at 5.5 THz.
The PDOS including anharmonicity was used to calculate the
specific heat of α-Sn. In Fig. S1 in the SM [29] we compare
the results of our specific-heat measurements carried out be-
tween 2 and 280 K with preceding results and the calculations.
Experiment and theory agree well. Especially the position
of the prominent peak in the Cp/T 3 representation is well
reproduced, though the magnitude of the calculated maximum
is somewhat higher.

The lattice parameters of a polycrystalline sample of
α-Sn between 12 and 280 K obtained by Rietveld refinements
[64] of the XPD patterns measured at stabilized temperatures
are displayed in Fig. 2 together with our theoretical results
(for more experimental details, see Fig. S2 in the SM [29]).
With growing temperature the lattice parameter decreases and
reaches a minimum at T = 52 K and finally increases linearly
above 150 K. The theoretical lattice parameter obtained within
the QHA shows a similar qualitative behavior, however, the
observed decrease of the lattice parameter at low temperatures
is stronger than that obtained from experiment and the mini-
mum is found at ∼70 K.

Including anharmonic potential corrections leads to
an improved quantitative agreement between theory and
experiment. The theoretical lines plotted in Fig. 2 are ob-
tained with the modified QHA procedure based on phonon
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FIG. 3. Thermal expansion of α-Sn. Our experimental data calculated from the Padé approximation (see the Supplemental Material) are
shown by the red line. Theoretical results obtained with the harmonic (blue dashed line), cubic (orange line), quartic (green line), and bubble
(red dashed line) corrections and using base temperatures Tb = 50, 120, and 200 K [(a)–(c), respectively; see description in text]. The cyan
dashed-dotted line represents the data by Mehl et al. [51] and the data by Novikova are marked with blue dots [48].

frequencies derived from the harmonic term in the quadratic,
cubic, and quartic fits to the potential energy surface. The
three panels correspond to the selected temperatures Tb of the
thermodynamic ensemble used in the interatomic interactions
modeling with HECSS procedure [56] (see Sec. SII in the SM
[29] for further details). Higher temperatures Tb correspond
to a larger energy range sampled by the considered thermo-
dynamic ensemble. For Tb = 50 K, the three fits give very
similar results in a wide range of temperatures and agree fairly
well with the experimental data points at the lowest tempera-
tures, demonstrating that anharmonic effects are not essential,
and the harmonic approximation already provides a good de-
scription of the volume contraction. For larger values of Tb,
the harmonic approximation strongly differs from the exper-
imental data and shows much stronger NTE. The agreement
of experiment and theory improves if cubic potential terms
are also considered in the potential energy. Best agreement,
especially for Tb = 120 K, is achieved by including quartic
potential terms.

IV. THERMAL EXPANSION COEFFICIENT

The thermal expansion coefficient (TEC) of α-Sn as a func-
tion of temperature, displayed in Fig. 3, was obtained from
the numerical derivative of a Padé approximant of the lattice
parameters (for more details, see the SM [29]). We observe a
negative TEC below 52 K and a minimum of α(T ) at ∼27 K
with a value of 1.35×10−6 K. At higher temperatures our data
agree well with Novikova’s results if their temperature scale
is upshifted by ∼7 K. Towards room temperature we obtain
a linear TEC of about ∼5×10−6 K−1, in stark disagreement
with the results obtained recently by Mehl et al. from the
quasiharmonic GGA calculations [51].

From our calculations one can conclude that the har-
monic term of the potential is crucial and already sufficient
to reproduce the NTE of α-Sn and quantitatively to a good
approximation explains it by the frequency shifts captured
by the quasiharmonic approximation. The small difference
between the harmonic part of the fourth-order model with

a quartic term (green line) and anharmonic model including
phonon-phonon interactions (bubble term, red dashed line in
Fig. 3) clearly demonstrates that bubble-diagram anharmonic
corrections to the vibrational free energy (i.e., frequency shifts
due to the nonquadratic shape of the interatomic potential)
have a negligible effect on the thermal expansion of α-Sn.
This observation is consistent with negligible frequency shifts
depicted in Fig. 1.

However, our results simultaneously show that the po-
tential is substantially anharmonic in the temperature range
above Tb ≈ 50 K, consistent with early Raman scattering ex-
periments [24]. There, it cannot be successfully modeled with
a simple quadratic fit (blue dashed line). The role of anhar-
monic terms in the potential is further illustrated by Fig. S2 in
Sec. SII of the SM [29]. We suspect that the GGA quasihar-
monic model proposed by Mehl et al. [51] also fails partially
for the same reason. Note that even cubic corrections do not
allow matching the experiment properly (orange line in the
same figure).

For Si it has been shown that the low-energy trans-
verse acoustic phonons exhibit pronounced negative mode
Grüneisen parameters [65]. To investigate the role of low-
energy transverse acoustic phonons in NTE, we calculated
the mode Grüneisen parameters for the acoustic and optic
phonons of α-Sn. We find that the Grüneisen parameters for
all transverse acoustic modes are negative, e.g., at the X point
in the Brillouin zone by about a factor of three larger in
magnitude than for Si (see Fig. S6 in Sec. SVI in the SM [29]).
This finding emphasizes the crucial role of these phonons
in NTE observed in α-Sn and also allows to understand the
markedly increased NTE of α-Sn as compared to Si.

V. CONCLUSIONS

In summary, we have demonstrated that α-Sn exhibits
negative thermal expansion below 50 K. Our measurements,
extending the previous temperature range for the α-Sn down
to 12 K, show a clear minimum of the linear thermal ex-
pansion coefficient at 27 K. The magnitude of the negative
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expansion anomaly is by factor of three larger than that of Si.
By first-principles calculations, we have found that the nega-
tive thermal expansion can be qualitatively modeled within the
quasiharmonic approximation using only the harmonic part of
the potential.

Additionally, we have shown the marginal role of the
fourth-order corrections to the vibrational free energy of the
material. Thus, negative thermal expansion in α-Sn is de facto
not driven by the anharmonicity of the interatomic potential,
but it can be already understood on the basis of harmonic fre-
quency shifts captured by the quasiharmonic approximation.
However, to quantitatively reproduce the thermal expansion
up to room temperature, the higher-order anharmonic terms
must be included in the modeling of the interatomic inter-

actions, which properly captures the changes in vibrational
frequencies in the material.
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