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Abstract
One of the popular approaches to estimate the fundamental matrix of a stereo pair is a 7-point algorithm. One of the key
elements of the algorithm is a solution of a cubic equation. This paper provides a compact representation of the equation,
helping researchers to implement less error-prone computer vision software faster.
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Introduction

The fundamental matrix plays a significant role in
computer stereo vision, helping to build 3D models from
sets of images [1, 2]. The cubic equation, needed by the
seven-point algorithm, can be derived using symbolic
computing tools of Macaulay2 [3] or SymPy [4]. There
is a work dedicated to the estimation of the essential
matrix [5], containing an explicit form of equations,
which can be used for the fundamental matrix estima-
tion in partially calibrated case [6]. Our paper is about
the uncalibrated case.

The first section of the paper provides the 7-point
algorithm. If you are already familiar with it, you can
skip to the second section, where we derive a compact
form of the cubic equation appearing in the algorithm.

1. 7-point algorithm

1.1. Overview

Given a set of points’ correspondences 𝑋 ⊂ R3×2

from two images, we want to estimate the rank 2 fun-
damental matrix 𝐹 , satisfying

𝑥′𝑇𝐹𝑥 = 0, ∀ ⟨𝑥′,𝑥⟩ ∈ 𝑋.
Noisy data and wrong correspondences lead to⃒⃒

𝑥′𝑇𝐹𝑥
⃒⃒
< 𝜀, ∀ ⟨𝑥′,𝑥⟩ ∈ 𝑋 ′ ⊂ 𝑋, (1)

where 𝜀 ∼ 10−3, and 𝑋 ′ is a set, for which the inequality
holds. The bigger |𝑋 ′| means the better 𝐹 .

First, you should find points’ correspondences on two
images. They may be imprecise and may not cover
entire images – you can use [7] for this purpose. One
iteration of the 𝐹 estimation procedure:
1) choose seven pairs of corresponding points;
2) find a solution to the equations described below;
3) check how many correspondences satisfy (1).
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As a result (after thousands of iterations), you should
choose the best matrix – the one, for which you’ve got
the biggest 𝑋 ′.

1.2. Building the system of linear equa-
tions

The expression 𝑥′𝑇𝐹𝑥 is linear with respect to com-
ponents of 𝐹

𝑥′𝑇𝐹𝑥 =
[︀
𝑥′1 𝑥′2 1

]︀
⎡
⎣
𝑓11 𝑓12 𝑓13
𝑓21 𝑓22 𝑓23
𝑓31 𝑓32 𝑓33

⎤
⎦
⎡
⎣
𝑥1
𝑥2
1

⎤
⎦ =

= vec
(︀
𝑥′𝑥𝑇

)︀𝑇
vec (𝐹 ),

where vec is a row-major matrix flattening. Now we
can write the system of equations

𝑥′𝑇
𝑖 𝐹𝑥𝑖 = 0, 𝑖 = 1, 7

as a system of linear equations⎡
⎢⎢⎣
vec
(︀
𝑥′
1𝑥

𝑇
1

)︀𝑇
...

vec
(︀
𝑥′
7𝑥

𝑇
7

)︀𝑇

⎤
⎥⎥⎦ vec (𝐹 ) = 0.

The system contains seven equations and nine un-
knowns, so the solution is a point in two-dimensional
nullspace of the matrix of coefficients

𝐹 = 𝛼1𝐹1 + 𝛼2𝐹2, 𝛼2
1 + 𝛼2

2 > 0, (2)

where 𝐹1 and 𝐹2 are orthogonal elements of the
nullspace gathered back into matrix view.

1.3. Building the cubic equation
We need the fundamental matrix to have rank 2. One

of the methods of enforcing this constraint is to find such
𝛼1 and 𝛼2 that the final matrix has zero determinant.
If det (𝐹1) = 0 (or det (𝐹2) = 0), it’s the result of the
current iteration. Otherwise, we have an equation

det (𝐹1 + 𝛼𝐹2) = 0. (3)
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2. Expressing the cubic equation
Theorem 1. Let 𝐴 and 𝐵 be 3×3 nonsingular matrices,
then

det (𝐴+𝐵) = det (𝐴) + det (𝐴) tr
(︀
𝐵𝐴−1

)︀
+

+ det (𝐵) tr
(︀
𝐴𝐵−1

)︀
+ det (𝐵)

Proof. Let 𝜀𝑖𝑗𝑘 be the Levi-Civita symbol. Then

det (𝐴) =
∑︁

𝑖,𝑗,𝑘

𝜀𝑖𝑗𝑘𝑎𝑖1𝑎𝑗2𝑎𝑘3

and

det (𝐴+𝐵) =

=
∑︁

𝑖,𝑗,𝑘

𝜀𝑖𝑗𝑘 (𝑎𝑖1 + 𝑏𝑖1) (𝑎𝑗2 + 𝑏𝑗2) (𝑎𝑘3 + 𝑏𝑘3) =

=
∑︁

𝑖,𝑗,𝑘

𝜀𝑖𝑗𝑘𝑎𝑖1𝑎𝑗2𝑎𝑘3 +
∑︁

𝑖,𝑗,𝑘

𝜀𝑖𝑗𝑘𝑎𝑖1𝑎𝑗2𝑏𝑘3+

+
∑︁

𝑖,𝑗,𝑘

𝜀𝑖𝑗𝑘𝑎𝑖1𝑏𝑗2𝑎𝑘3 +
∑︁

𝑖,𝑗,𝑘

𝜀𝑖𝑗𝑘𝑎𝑖1𝑏𝑗2𝑏𝑘3+

+
∑︁

𝑖,𝑗,𝑘

𝜀𝑖𝑗𝑘𝑏𝑖1𝑎𝑗2𝑎𝑘3 +
∑︁

𝑖,𝑗,𝑘

𝜀𝑖𝑗𝑘𝑏𝑖1𝑎𝑗2𝑏𝑘3+

+
∑︁

𝑖,𝑗,𝑘

𝜀𝑖𝑗𝑘𝑏𝑖1𝑏𝑗2𝑎𝑘3 +
∑︁

𝑖,𝑗,𝑘

𝜀𝑖𝑗𝑘𝑏𝑖1𝑏𝑗2𝑏𝑘3.

Let 𝐶𝐴
𝑖𝑗 , 𝐶𝐵

𝑖𝑗 be the elements of a cofactor matrix of 𝐴
and 𝐵 respectivly. Then the last sum could be written
as

det (𝐴) +
∑︁

𝑘

𝐶𝐴
𝑘3𝑏𝑘3 +

∑︁

𝑗

𝐶𝐴
𝑗2𝑏𝑗2 +

∑︁

𝑖

𝐶𝐵
𝑖1𝑎𝑖1+

+
∑︁

𝑖

𝐶𝐴
𝑖1𝑏𝑖1 +

∑︁

𝑗

𝐶𝐵
𝑗2𝑎𝑗2 +

∑︁

𝑘

𝐶𝐵
𝑘3𝑎𝑘3 + det (𝐵) =

= det (𝐴) +
∑︁

𝑖𝑗

𝐶𝐴
𝑖𝑗𝑏𝑖𝑗 +

∑︁

𝑖𝑗

𝐶𝐵
𝑖𝑗𝑎𝑖𝑗 + det (𝐵).

We have
det (𝐴+𝐵) =

=det (𝐴) +
∑︁

𝑖𝑗

𝐶𝐴
𝑖𝑗𝑏𝑖𝑗 +

∑︁

𝑖𝑗

𝐶𝐵
𝑖𝑗𝑎𝑖𝑗 + det (𝐵). (4)

Considering that 𝐴−𝑇 = 1
det (𝐴)𝐶

𝐴 and denoting ele-
ments of the 𝐴−1 as 𝐴−1

𝑖𝑗 , the last sum simplifies to

det (𝐴) + det (𝐴)
∑︁

𝑖𝑗

𝐴−1
𝑗𝑖 𝑏𝑖𝑗+

+ det (𝐵)
∑︁

𝑖𝑗

𝐵−1
𝑗𝑖 𝑎𝑖𝑗 + det (𝐵) =

= det (𝐴) + det (𝐴) tr
(︀
𝐵𝐴−1

)︀
+

+ det (𝐵) tr
(︀
𝐴𝐵−1

)︀
+ det (𝐵).

Since 𝐹1 and 𝐹2 are rank 3 matrices, we can express
the (3) as

det (𝐹1 + 𝛼𝐹2) =

= det (𝐹1)+det (𝐹1) tr
(︀
𝛼𝐹2𝐹

−1
1

)︀
+

+det (𝛼𝐹2) tr
(︁
𝐹1 (𝛼𝐹2)

−1
)︁
+ det (𝛼𝐹2).

Since 𝐹2 is a 3× 3 matrix,

det (𝛼𝐹2) = 𝛼3 det (𝐹2),

the compact form for the polynomial of 𝛼 is
det (𝐹1 + 𝛼𝐹2) =

= det (𝐹1) + 𝛼 det (𝐹1) tr
(︀
𝐹2𝐹

−1
1

)︀
+

+𝛼2 det (𝐹2) tr
(︀
𝐹1𝐹

−1
2

)︀
+𝛼3 det (𝐹2).

(5)

This equation is compact but its straightforward imple-
mentation may have performance issues. During the
proof of the theorem 1, we’ve got a valuable intermedi-
ate result (4), which is still compact enough but is less
computationally consumptive

det (𝐹1 + 𝛼𝐹2) =

= det (𝐹1) + 𝛼
∑︁

𝑖𝑗

𝐶𝐹1
𝑖𝑗 𝑓2𝑖𝑗+

+ 𝛼2
∑︁

𝑖𝑗

𝐶𝐹2
𝑖𝑗 𝑓1𝑖𝑗 + 𝛼3 det (𝐹1).

(6)

Conclusion

The current work presents a compact form (5) and
a semi-compact form (6) (which is more desirable for
software implementation) of the cubic equation, ap-
pearing in the 7-point algorithm. The compact form
has multiple advantages: it’s not hard to remember,
its derivation refreshes linear algebra knowledge, it’s
simple in implementation and debug.
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