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Abstract

Rectification of a stereo pair from the fundamental matrix (also known as uncalibrated rectification [1]) is a procedure
that results in a new pair of images that have strictly horizontal epipolar lines. Moreover, the corresponding epipolar lines
of the two images acquire the same vertical position. This means that the vertical disparity between corresponding pixels
becomes small enough (e.g. zero, if we speak about integer pixel coordinates), and efficient stereo matching algorithms
can be applied further. This article presents a plausible algorithm to achieve this. The plausibility consists in the fact
that the algorithm works not for all cases, and these cases are studied in detail in this paper. However, authors claim
that the presented algorithm deserves attention because of implementation and explanation simplicity.
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Introduction

The stereo correspondence problem is complex. One
of the possible ways to state it is: how to find the
correspondence between pixels of both images so that
they are the projections of the same points of observed
objects? It means that each pixel of one image is
labelled either by the coordinate of the corresponding
pixel of another image or by “no correspondence” label.
Formally,

EZIL—)IRU{@},

where [}, is a set of the left image pixels and I is a set
of the right image pixels. So, we look for an answer in
the set of |IL\|IR|+1 possible ones. A good rectification
can collapse the answers set dramatically: given the
right image of width w and height h, we can reduce
the |I,|"*1F! = |1, to |1, by removing the
vertical disparity. The stereo correspondence itself is
not a subject of this paper, but the interested reader is

referred to [2][3].

In the first section of this paper, we describe the rec-
tification of the right image, provided by [4]. We're not
diving into details of epipolar geometry — just providing
the main definitions and relations.

In the second section, we describe our plausible

method of rectification of the left image based on the
rectification of the right one.

The third section provides an analysis of the domain
of the proposed algorithm: the cases when it doesn’t
work.
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1. Right image rectification

We are looking for matrices that transform the im-
ages so that their corresponding pixels lie on the same
horizontal lines. One instrument that is going to help
us is the fundamental matrix F € R3*3,

The fundamental matrix specifies the relation be-
tween the points of two images, lying on the corre-
sponding epipolar lines

2T - F .-z =0.

Given a set of corresponding points C' C I, X Ir (can
be obtained with the help of [5][6][7]), the fundamental
matrix can be estimated using the 8-point algorithm,
7-point algorithm [8], or any other.

The fundamental matrix F' has rank 2 so its left
and right kernels are one-dimensional spaces. A vector
e=le. ¢ 1]T from the right kernel is called the
epipole of the left image. Geometrically, epipole of an
image is a projection of an optical center of another
camera. In the same manner, €’ = [¢, ¢} I]T from
the left kernel is called the epipole of the right image.

Henceforth, we will use e and e’ for the unit vectors,
having the same directions as the epipoles. This re-
definition simplifies further formulas but doesn’t break
them.

We assume that we have a pinhole camera with an
image center in [0 0 1]T and the camera center in
[0 0 O}T. To make the epipolar lines horizontal, we

must move the epipolar point to [1 0 O]T. This can
be performed with a linear mapping called rectification.
Let us call this mapping R,., or the rectification matriz

R. =GR,
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where R is a rotation matrix — it rotates the image so
that the epipole lies on the abscissa of the image, and G
is a shear matrix — it makes the epipolar lines parallel
to each other, i.e., it moves the epipolar point to the
right into the infinity.

Let us look a little further into these components.
While there are different ways to represent them [4][9],
we choose the following way. The R matrix consists of
orthonormal vectors
(kx (kxe)T’

(kxe) |,

k7

R =

where k = [O 0 l]T is one of the basis vectors of the
space. The G matrix is

(kx (kxe)T’
(kx e’
(kx (kxe)" ==+ k7
You can read more about these implications in [4][S].

You can see a comparison of one of our experimental
rectification results with the one achieved with OpenCV
on fig. Fig. and fig. are the input
images taken by a smartphone. Correspondences and
the fundamental matrix were found by an application,
written for this paper evaluation. Fig. and fig. |1clare
the results of applying stereoRectifyUncalibrated
function from OpenCV library. Fig. and fig.
are the results of applying the plausible rectification
method. You can see that both methods give similar
results.

The pairs of rectification results are valid stereograms:
you can cross your eyes to see the third picture between
them and focus on the paper plane to percept the depth.
The digital version of the article contains high-quality
pictures, so it’s recommended to perform the depth
perception with it.

2. Plausible rectification of the left im-
age

We will use a matrix

/ /

0 —e, €

/ _ / /

e, =1 ¢€. 0 —e
/ !

—e, € 0

It can be trivially checked that

€], - z=¢€ xx, VrecR>

X
Let us build the intermediate matrix of rank 2
M:RT-[e’]X - F

T

T
y and m;, and

and denote its last two rows as m
construct the new matrix
(myxm:)"
[y xm. ||
m
mr

z

M =

Usually, x-coordinates of the left image, resampled with
the M’ matrix, differ a lot from the corresponding
ones of the transformed right image. That’s why it’s
recommended to use one more trick |4] and define the
left image rectification matrix as

a b c
R=1[0 1 0] M,
0 0 1

where a, b and c are the solutions to the following linear
least squares problem:

>

(x,x’)eC c

T 2
Z Mz (R, - ')
O 2. (R @)

T

— min _,

a,b,ceR

z z

where C is a set of corresponding points, found for the
fundamental matrix estimation. Don’t forget to divide
by z-coordinates to normalize coordinates of the pixels.

The next section provides a derivation of the algo-
rithm and analysis of its weaknesses.

3. Analysis of the plausible rectification
method

Let M be the intermediate epipolar projection matrix
that transforms the left image. The fundamental matrix
F can be represented as F' = [e], - S, where S is a
transformation from the space of the right image to the
space of the left one. One of the methods to fetch this
matrix (up to scale) is

S =€, - F.

X
This means that the linear transformation M consists
of two parts: teleport the left image to the right image
space using S and rectify it there using R, matrix

M=R,-5S
[((k x (k x &) xe)T"
=G| (kxe)xe) |-F
i (kxe)"
[ kxe)” 1T
=G |((kxe)xe) | -F
(k x e)"

As we can see, the rank of this matrix is not greater
than 2. We want it to become full-rank after we replace
the first row of it. For this, we have to make sure that
the second and third rows are linearly independent.

Let us look into G - R - [€/],, first. Since
(kx(kxeée))xe =kxée,
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(e) The right image rectified using our plausible method

(f) The left image rectified using our plausible method

Fig. 1. Experimental results

we get
(kx e’
(k x (kxe))’
(e’ (=5 +1)

Since k x (k x €') L (k x €') for any non-zero vectors,
the only case that worries us is when one of the rows
equals zero. The second line can turn into zero only if
k and e’ are collinear. That would mean that e’ lies
exactly in the center of the image. If €’ lies within an
image, then it is impossible to make all the epipolar
lines parallel, and z = 0, so G does not even exist; so
this case is not a subject of the paper.

G~Ro[e’]x =

The only edge case that does interest us is

/
_ez

=—1.

x
Substitution of z with gives

e.=(kx(kxe) €.

Since k is the applicate, e/, = k - €. Then we get

K" e =(kx(kxe)) €. (2)
Let us say that « is the angle between e’ and k. Since
k, €', and k x (k x €’) are coplanar, and k X (k x €’)

is perpendicular to k, € can be written as a linear
combination of k X (k x €') and k:
e =cosa-k+sina-kx (kxe)
Since €’ is not collinear to k, we know for sure that
sina # 0 and can divide by it
e —cosa-k
kx(kxe)=——"—
sin «v

and turns into

s, €e€T.e —cosa-kT- e
k™ e = - ,
sin o
implying
(cosa+sina)-k! - =eT €.
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By definition of the dot product,
(cosa+sina) - ||| - ||€’|| - cosa = ||€||?
All the vectors are of length 1, meaning
(cosa+sina) - cosa =1,
thus
sina - (sina — cosa) = 0,
which means the following solutions for «:
a=m-n,
pi  Vn€Z

a=7T-n——,

4
The first case means that e’ is collinear to the applicate,
but we have already omitted this case. So, the only
situation that troubles us is when e’ creates a 45° angle
with one of these two vectors and a 135° with another
one. This is a significant problem with the method.
Now we return to the original formula
M=G-R-[e], -F
and see what happens if we unfold it completely.
(kxe)' - F
(kx(kxe) - F
(kxe) F- (‘T‘%H)
where F' is the fundamental matrix, which has rank 2.

The only unit vector in its left nullspace is e’. Consider
the decomposition of an arbitrary vector x into

M =

)

x=y+c-e, ceR yeR® yle.

As long as e’ belongs to the left kernel of the funda-
mental matrix F, meaning c- e’ - F' = 0, the following
equation applies:

xl  F = (y+c~e’)T-F:yT-F+c-e’T~F:yT~F,
Thus, for any 3D vectors « and y

2l ' F=y" ' F — 3cecR:z=y+c- €, Ly

Suppose that multiplying by F' makes the second and
third rows’ vectors collinear. It would mean that

kxe=kx(kxée)+c-é€.

This case is impossible since k x €' L k x (k x €’) and
kxe L e if e # k. It means that the fundamental
matrix does not create any more special cases, and thus
the limitations stay the same.

To conclude, we have three different cases where the
method fails:

Z(kx (kxe),e) =135 & L(k, e') = 45°
L(kx(kxe), e)=45° & L(k,e') =135°%
Z(k,e') =0°,

where the center of the image lies in k.

3)

4. Further work

Further work can be divided into two parts. First,
some cases change the flow of the analysis — for exam-
ple, if another method of right image rectification is
used. Second, it is possible that in the cases where the
plausible rectification fails, certain alternations of the
method may be used.

Conclusion

The plausible rectification method has a certain el-
egancy and does not require too many calculations.
However, the method is not universal; it fails when the
basis vector k of the space creates a 0°, 45° or 135°
angle with the epipole . The number of such cases
is limited but still can affect the method correctness
depending on the situation.
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