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ABSTRACT

The brains of many organisms are capable of a wide variety of complex computations. This capability
must be undergirded by a more general purpose computational capacity. The exact nature of this
capacity, how it is distributed across the brains of organisms and how it arises throughout the course
of development is an open topic of scientific investigation.

Individual neurons are widely considered to be the fundamental computational units of brains.
Moreover, the finest scale at which large-scale recordings of brain activity can be performed is the
spiking activity of neurons and our ability to perform these recordings over large numbers of neurons
and with fine spatial resolution is increasing rapidly. This makes the spiking activity of individual
neurons a highly attractive data modality on which to study neural computation.

The framework of information dynamics has proven to be a successful approach towards interro-
gating the capacity for general purpose computation. It does this by revealing the atomic information
processing operations of information storage, transfer and modification. Unfortunately, the study of
information flows and other information processing operations from the spiking activity of neurons
has been severely hindered by the lack of effective tools for estimating these quantities on this data
modality. This thesis remedies this situation by presenting an estimator for information flows, as
measured by Transfer Entropy (TE), that operates in continuous time on event-based data such as
spike trains. Unlike the previous approach to the estimation of this quantity, which discretised the
process into time bins, this estimator operates on the raw inter-spike intervals. It is demonstrated to
be far superior to the previous discrete-time approach in terms of consistency, rate of convergence and
bias. Most importantly, unlike the discrete-time approach, which requires a hard tradeoff between
capturing fine temporal precision or history effects occurring over reasonable time intervals, this
estimator can capture history effects occurring over relatively large intervals without any loss of
temporal precision.

This estimator is applied to developing dissociated cultures of cortical rat neurons, therefore
providing the first high-fidelity study of information flows on spiking data. It is found that the
spatial structure of the flows locks in to a significant extent. at the point of their emergence and that
certain nodes occupy specialised computational roles as either transmitters, receivers or mediators of
information flow. Moreover, these roles are also found to lock in early.

In order to fully understand the structure of neural information flows, however, we are required
to go beyond pairwise interactions, and indeed multivariate information flows have become an
important tool in the inference of effective networks from neuroscience data. These are directed
networks where each node is connected to a minimal set of sources which maximally reduce the
uncertainty in its present state. However, the application of multivariate information flows to the

inference of effective networks from spiking data has been hampered by the above-mentioned issues
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with preexisting estimation techniques. Here, a greedy algorithm which iteratively builds a set of
parents for each target node using multivariate transfer entropies, and which has already been well
validated in the context of traditional discretely sampled time series, is adapted to use in conjunction
with the newly-developed estimator for event-based data. The combination of the greedy algorithm
and continuous-time estimator is then validated on simulated examples for which the ground truth is
known.

The new capabilities in the estimation of information flows and the inference of effective networks
on event-based data presented in this work represent a very substantial step forward in our ability to
perform these analyses on the ever growing set of high resolution, large scale recordings of interacting
neurons. As such, this work promises to enable substantial quantitative insights in the future regarding
how neurons interact, how they process information, and how this changes under different conditions

such as disease.
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CHAPTER 1

INTRODUCTION

1.1 Information Flow in Spiking Neural Networks

It is evident that brains possess the ability to perform advanced computations in a highly distributed
manner [1], [2]. This ability for computation requires an intrinsic information processing capacity (see
Section 2.2 for a formal definition of this capacity and related terms). However, there remain numerous
unanswered questions pertaining to the exact nature of this capacity. How is it distributed over neural
systems? Do different brain regions specialise in different information processing operations? At what
stage in development does it emerge? Are there specific patterns or relationships in its emergence?

It is worth asking at what scale this computational ability should be investigated. The computations
performed by brains are carried out by their neurons acting in a distributed, coordinated fashion [3],
[4]. These cells can communicate with each other through a number of mechanisms, including through
chemical signalling. However, it is widely acknowledged that the dominant form of communication
between neurons is through changes in the electrical potential on the membrane of the cells (that is,
changes in the difference in the electrical potential between the interior and exterior of the cell) [3],
[5]. Although recordings of neural systems are performed at a variety of spatial scales, the most fine-
grained recordings that are capable of recording from multiple neurons are measuring this membrane
potential (or some correlate of it) [6], [7]. As this data allows us to interrogate neural systems at
the level of the individual computational units, it is of great interest to the neuroscience community.
The membrane potentials of neurons are characterised by highly-pronounced near-instantaneous
spikes. Each spike is commonly referred to as an action potential [3]. It is generally accepted that the
primary method of electrical communication between neurons is through this spiking activity, where
the change in potential in the pre-synaptic neuron induces a change in potential in the post-synaptic
neuron after a short synaptic delay[3], [5].

As such, the initial processing of membrane potential recordings usually involves the extraction
of the times of these spikes [8]. This pre-processed data is usually referred to as a spike train. The
spike times captured in these spike trains are considered to represent the sensory information the
brain receives [9], [10], to encode the communication from one brain region to another [11], [12] as
well as capture the spontaneous dynamics of networks [13]. As spike trains contain this information
and do so at the finest spatial scale readily available, they represent an incredibly important data
modality within neuroscience, particularly for the inference of information flows in order to reveal

computations at this fine scale.
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Information dynamics [14], [15] is a framework grounded in Shannon’s information theory [16]-
[18], that has proven remarkably successful at revealing how, when and where information is intrin-
sically processed in the interactions of activity in complex systems. It does this by first considering
the uncertainty of the current state of a given system component. This uncertainty can be rigorously
defined and measured using the Shannon entropy [16]-[18]. We can then study the reductions in this
uncertainty that are provided by knowing the histories of various system components. Specifically,
the information storage of a given component is measured by the reduction in uncertainty provided
by knowledge of its own history [15]. Similarly, the information transfer from a source to a target,
as defined by the Transfer Entropy (TE) [19], is measured as the reduction in the uncertainty of the
target’s present state provided by the knowledge of the source’s history, conditioned on the target’s
own history. See Section 2.2 for formal definitions of these quantities. Information modification
can be measured by decomposing the information transfer into synergistic, unique and redundant
components [20], [21]. However, as its definition and measurement is still a topic of ongoing research,
it is not a focus of this thesis.

The information dynamics framework has already been successfully used to reveal the computa-
tional properties of a variety of systems. A number of studies [22]-[24] have focused on the changes
in information dynamics as networks move from ordered to chaotic dynamics through a critical
transition. This work concluded that there are computational advantages to the network dynamics
being situated at the critical transition by increasing the system’s capacity for information storage
and transfer. More specifically, they found that TE and active information storage were either both
maximised at or near this critical point or that an optimal tradeoff between these two quantities was
found in this region.

Other work [25], [26] has demonstrated that information dynamics measures can be used as a
useful early warning of changes in the regime of network dynamics. These measures were shown to
be a good indicator of cascading failures in energy networks [25]. In oscillator networks [26], it was
found that the TE was able to indicate synchrony substantially earlier than domain-specific measures,
such as the order parameter. They were also able to elucidate some of the computational mechanisms
[23] involved in the approach of the network towards synchronization.

Given the success of information dynamics at revealing these computational structures [27], in
such a variety of systems, it is natural to query whether it could be similarly exploited to uncover
the computational properties of biological neural systems, particularly from spike-train data. Indeed,
information dynamics, in particular the information flow as measured by TE, has already been widely
applied to neuroscientific data. Among these applications include the interrogation of the complex,
dynamic, structure of information transfer revealed by calcium imaging [28], fMRI [29], [30], MEG
[31] and EEG [32]-[35], the role of reduced information storage in autism spectrum disorders [36],
brain-heart information flows [37], the relationship between changes in storage and transfer in gain-
mediated phase transitions [38], changes in information modification in developing neural networks
[39], and the role of information storage in representing visual stimuli [40].

One particular application, for which there has been a surge of recent interest, is the inference
of connectivity from neuroscience data [41]-[43] from sources such as EEG [35], fMRI [30], calcium
imaging [28] and electrode arrays [44]. These networks usually fall into one of two categories: functional

or effective. In functional networks [45], [46], an edge is placed between two given system components
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based on some pairwise measure of their statistical dependence. In effective networks [47], [48], by
contrast, the goal is to find a minimal set of parents that can explain the activity of a target component.
Information flow, as measured by TE, has become an important measure for inferring these networks
[32], [49], [50]. Moreover, the use of multivariate TE, when paired with a greedy inference algorithm,
has been thoroughly validated for use with standard estimators applied to regularly-sampled time
series [49]. There are numerous advantages to this approach, including that it can capture nonlinear
effects, unlike the commonly used correlation measures such as the Pearson correlation. Moreover,
given its grounding within the information dynamics framework, networks inferred using TE are
capable of illuminating the computational signature [38] of the neural system. This grounding in
information theory also provides a natural interpretation of the resulting networks. Specifically, for
every incoming edge for a given target node, the source nodes of these incoming edges represent the

set of nodes whose states” maximally reduce the uncertainty of the given target node’s state updates.

1.2 Challenges and Objectives

Given the importance of spike train data and the demonstrated utility of both the information dynamics
framework and network inference, as described in Section 1.1, the application of these techniques to
this data type holds great promise. Indeed, there have been a number of previous studies which have
used TE to interrogate spike trains [39], [44], [51]-[58]. These studies primarily focused on inferring
directed functional networks, finding that they exhibit a highly non-random structure [55], including
rich-club topologies [54]. Other work [39], [58] has focussed on how the components of information
can be decomposed into unique, redundant and synergystic components, as well as how some flows
can be localised on certain time scales [44]. See Section 2.7.2 for more detail on this previous work.
However, despite the valuable insights provided by this existing literature, the application of TE to
this data modality have been hindered by the available estimation techniques. Previous applications
of TE to spike train data have made use of a discrete-time estimator. This estimator operates by
dividing the process into bins of width At. Each bin is then given a binary value corresponding to
whether or not there was any spiking activity in that bin (it could also be assigned a natural number
corresponding to the number of spikes that occurred in the bin). A simple plugin estimator (see
Section 2.3.1) is then applied to this discretised data. This estimation strategy does, however, suffer

from a number of drawbacks which have impeded such work:

1. As time discretisation is a lossy transformation, the resulting estimator is not consistent. That is,
in general it does not converge to the true value of the TE in the limit of infinite data (see Section
3.22).

2. The estimated TE values exhibit a strong dependence on the size of bin chosen [44].

3. Any estimator is going to suffer from the curse of dimensionality. This greatly limits the
number of bins that can be used in the history embeddings which aim to capture the statistical
relationship between process histories and current state. This implies that the only way that the
discrete-time estimator can capture history effects occurring over larger time scales is to increase
the bin size. However, this will decrease the estimator’s ability to capture effects occurring over

fine time scales [44].
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4. Relating to point 3, as effective use of the discrete-time estimator requires the use of many
bins in the history embeddings, it has trouble handling multiple conditional processes as
the dimensionality rises too rapidly as additional processes are added. This limits its use in
the context of the inference of effective networks, as this requires considering information

contributions collectively or conditionally from multiple processes [49].

5. The discrete-time estimator converges very slowly with the amount of available data (see Section
3.22).

6. The discrete-time estimator is usually paired with a time-shift method for surrogate generation
in order to test for statistically significant non-zero TE values. Examples can be found where this

method yields incredibly high false-positive rates (see Section 3.2.3 ).

The first goal of this thesis is to overcome these problems that have been present in previous
studies. A promising approach for doing so lies in the recently-developed continuous-time framework
for information dynamics [59], [60]. This framework might facilitate the development of an estimator
which will allow us to estimate TE, without sacrificing time precision, whilst still being capable
of capturing history effects that occur over long periods of time. The core desired features of this

estimator are:
1. No loss of time precision.
2. Consistency — it must converge to the true value of the TE in the limit of infinite data.
3. The ability to represent reasonably long histories efficiently, that is, with few dimensions.

4. An associated surrogate generation scheme which will allow for accurate testing for non-zero
TE.

This thesis also sets out to apply such an estimator to spike-train recordings from biological data
and thus reveal neural information flows at high fidelity for the first time (“high-fidelity” describes
how we will be performing estimation with fine temporal precision and capturing long-range history
effects). Moreover, all previous applications of TE to neuroscience data have studied recordings from
mature animals or cultures. This thesis sets out to fill this gap in the research literature by studying
the changes in the information dynamics of a developing neural cell culture.

Developing an estimator for TE which is able to represent history embeddings efficiently will
make it possible to use TE for the inference of effective networks from spiking data, using the greedy
algorithm already validated on regularly-sampled time series, as discussed above [49]. We therefore
intend to validate this capability with the new estimator that we develop and therefore open the door

to the inference of effective connectivity using information flows for this data modality.

1.3 Contributions of this Thesis

This thesis develops a novel estimator for TE on event-based data (such as spike trains) that operates
in continuous time (without time binning), then applies this estimator to data from neural recordings

in order to understand how patterns of information flow emerge during neural development, and
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validates its use in the inference of effective networks. As such, the core contribution of this thesis is
the first study of information flows on spike trains with high fidelity. The overall contribution is split
across the three articles that I contributed during my candidature.

The first article, presented in Chapter 3, Estimating transfer entropy in continuous time between
neural spike trains or other event-based data [61], presents a novel estimator for TE on event-based
data which operates in continuous time. This estimator is demonstrated to able to circumvent the
challenges presented by the discrete-time estimator that were discussed in Section 1.2 and further
satisfies the desired properties listed in there. A vital property of this new estimator is that, unlike
the discrete-time estimator, it is provably consistent. Moreover, as it operates in continuous time,
it does not suffer from any loss of time precision and its results are not dependent on the choice
of a bin width. Fundamental to its operation is that it makes use of inter-spike intervals (the time
between successive spikes) to represent history embeddings. This allows it to represent reasonably
long histories, with few dimensions and no loss of time precision, thus opening the door to its use in
the inference of effective networks. Validation experiments were performed which demonstrated that
it has substantially lower bias than the discrete-time approach and converged orders of magnitude
faster. This paper also presents an adaptation of a recently-proposed local permutation test [62] for
conditional mutual information for use in conjunction with the presented estimator. This method of
generating surrogates was validated to generate surrogates which conformed to the null hypothesis
of zero TE. Further, it was demonstrated on simulated data that, in some cases, it was capable of
achieving far lower false-positive rates for conditionally independent processes than the traditional
approach of time-shifted surrogates.

The second article, presented in Chapter 4, Early lock-in of structured and specialised information
flows during neural development [63], applies this estimator to recordings from developing cultures of
dissociated cortical rat neurons [64]. As such, it is the first high-fidelity study of information flows in
spike-train data. Moreover, as this paper estimates the information flow at various different points in
the development of the cultures, it is the first work to track changes in information flows longitudinally
during neural development. It was found in this work that the information flow structure exhibits a
marked early lock-in phenomenon, whereby the information flow of the mature network is highly
correlated with the flows early in development. It was also revealed that nodes that burst in the
middle of the burst propagation occupy a unique computational role as the mediators of information
flow, confirming prior speculation about the role of these nodes.

A unique benefit of the high-fidelity estimator presented in the first article is its highly-efficient
representation of history embeddings. This allows for successful estimation, even in the case of
large conditioning sets, therefore opening up the possibility of performing the inference of effective
networks. The third article, presented in Chapter 5, Inferring networks of spiking neurons using a
continuous-time estimator of TE, validates the use of the continuous-time estimator when used in
conjunction with a (slightly modified) existing approach to effective network inference using TE [49],
[65]. It is the first article to demonstrate the use of TE in the inference of effective networks from
spike trains. This article validates the presented approach on simulated networks of spiking neurons
for which the ground truth structural connectivity is known. The continuous-time TE approach is
demonstrated to have excellent precision and recall for networks in a wide variety of dynamical

regimes. It achieves this performance on relatively large networks consisting of 50 nodes and 5 sources
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per target.

This new-found ability to estimate TE on spike trains with high-fidelity opens up exciting research

opportunities. As discussed in Chapter 6, this partially involves the application of the estimator to

recordings of spiking neurons collected using more modern techniques. Such techniques can allow for

the collection of continuous long-term recordings, which allows for spike sorting [66]. Alternative

techniques allow for recordings to be performed at incredibly high spatial resolution [67]. Applying

the new estimator to such large scale, high resolution recordings will deliver a much higher fidelity

understanding of the nature of neural information flows, and how they relate to higher level function,

disease, and neural computation.
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CHAPTER 2

BACKGROUND

The first three sections of this chapter provide an overview of some fundamental background knowl-
edge that is necessary for what follows in the remainder of the thesis. As this thesis requires a working
knowledge of information theory, Section 2.1 provides an introduction to the necessary quantities in
this field. Section 2.2 then builds on these fundamentals by introducing the core quantities within
the information dynamics framework that will be used in this thesis, including TE as a measure of
information flow. As a key focus of this thesis is the derivation and application of a novel information-
theoretic estimator, Section 2.3 provides a thorough background on the k-nearest-neighbours class of
information-theoretic estimators before Section 2.4 explains the common methods of surrogate genera-
tion that are paired with these estimators in order to test for values that are statistically significant
against a null hypothesis of zero directed relationship.

The remaining sections aim to provide more general background knowledge in order to assist the
reader in situating this work within the wider literature. As Chapter 4 infers functional networks and
Chapter 5 infers effective networks from spike-train data, Section 2.5 provides some context on the
difference between these two types of network inference in the neuroscientific context. Section 2.6
then describes how information theory more generally has been applied to spike train data, before
Section 2.7.1 and Section 2.7.2 discuss aspects of the application of TE to this data type. Finally,
Section 2.7.3 briefly describes developments deriving a continuous-time framework for information
dynamics, which will be used in the derivation of the TE estimator for spiking data presented in this

thesis.

2.1 Information Theory

2.1.1 Fundamental Quantities

This section introduces the core information-theoretic quantities that will be relevant to this thesis.
Table 2.1 contains a glossary of notation for quick reference.

2.1.1.1 Entropy

The fundamental quantity of information theory, as developed by Claude Shannon [5], is the entropy

[1], [2]. The entropy of a discrete random variable X with n outcomes and probability distribution p is
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Symbol Description Reference

Hy(X) The entropy of the random variable X, dis- [1], [2]
tributed according to p(X)

Hy(X1Y) The conditional entropy of the random variable [1], [2]
X, conditioned on Y, distributed according to
p(X,Y)

HW(X) The cross entropy between the distributions [1], [2]
p(X) and g(X)

I(X;Y) The mutual information between the random [1], [2]
variables X and Y, distributed according to
p(X,Y)

I(X;Y]|Z) The conditional mutual information between [1], [2]
the random variables X and Y, given Z, dis-
tributed according to p(X, Y, Z)

Dxr(p|lgq) The Kullback-Leibler (KL) divergence between [1], [2]
the distributions p(X) and g(X)

Sx The Active Information Storage (AIS) rate of the [3]
random process X

Ty x The Transfer Entropy (TE) rate from the source [4]
process Y to the target process X.

Ty x ¥/ The conditional Transfer Entropy rate from the [4]
source process Y to the target process X, condi-
tioned on the third process Z.

Table 2.1: List of notation used in this section.
defined as:

Hy(X) = - Y plx:) log p(x).

@.1)

Entropy is a measure of the uncertainty in a variable. If we consider flipping a coin, for instance, if the
coin is fully biased (guaranteed to give either heads or tails) then the entropy will be zero. There is no
uncertainty. Conversely, the entropy will be maximised if the coin is completely unbiased (there is a
0.5 chance of heads or tails). This is the case where we are most uncertain about the outcome of the
coin flip.

Entropy is usually measured in either bits or nats. The former corresponds to using a base two
logarithm in (2.1) and the latter corresponds to using the natural logarithm. In our coin flipping

example, the maximum entropy, occurring when the coin is completely unbiased, is 1 bit.

2.1.1.2 Conditional Entropy

We can also define a conditional entropy, which measures the uncertainty in a variable X given that

we know the outcome of another variable Y. If X has n outcomes and Y has m then the conditional
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entropy is:

Hy(X[Y)=— Y plx,y;)logp(xi|y)). (2.2)
i=1j=1

2.1.1.3 Mutual Information

The conditional entropy allows us to then define the central quantity of information theory, the mutual
information I, as the reduction in uncertainty in a variable X that comes from knowing a second
variable Y. It is, therefore, the difference between the entropy of X and the conditional entropy of X

given Y:
I(X;Y) = Hp(X) — Hy(X[Y)
n,m

Pl ) log P
i=1,j=1 ! p(xi)p(v;)

(2.3)

Mutual information is a measure of dependence between X and Y. It is zero if and only if X and
Y are independent. Unlike other correlation measures, such as the usual Pearson correlation [6], it
is capable of capturing any nonlinear relationship between X and Y. It is also symmetric, that is
I(X;Y) = 1(Y; X).

2.1.1.4 Conditional Mutual Information

We can also consider the conditional mutual information, which is the reduction in uncertainty in a
variable X that comes from knowing a second variable Y, given that we know the outcome of a third
variable Z. This can be defined as the difference in the information provided by the joint variable

(Y, Z) and the variable Z on its own:

(X;Y|Z) =1(X;Y,Z) — 1(X;Z)

n,m,l
” p(xi, yi | zx)
= Xi,Yi, Zi lo . 2.4)
i:l,]g,kzlp( 95108 o T2y | 22) (

2.1.1.5 Cross Entropy

This thesis makes use of the Kullback-Leibler divergence [1], [2] in a number of places, and so we will
introduce it in the next subsection. Doing so will, however, require us to first define the cross entropy.
Suppose that we now have one variable X, with n outcomes, and two probability distributions p and

q defined on X. The cross entropy of g with respect to p is then:
n
Hyq(X) = =} p(xi) logq(xi). (2.5)
Note that this measure is not symmetric: Hy,(X) is not usually equal to H, ,(X). One possible way of

interpreting cross entropy is as the average uncertainty we perceive about X, if we believe that it is

distributed as g, whereas it is actually distributed as p.
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2.1.1.6 Kullback-Leibler Divergence

The Kullback-Leibler (KL) divergence [1], [2] is a measure of how different two probability distributions
are from one another. If we have a variable X, again with n outcomes, and two probability distributions

p and g defined on X. The KL divergence is defined as:

Dki(p[l9) = Hpq(X) — Hp(X

N o e P
_Zp(xl)log = (2.6)

~—

This measure is not symmetric and so is not a distance metric. Relating this back to the above
interpretation of cross entropy, we can think of the KL divergence as how much our uncertainty about
X is increased if we believe that it is distributed as g, as opposed to the correct distribution p. It is
worth noting that the mutual information defined in Section 2.1.1.3 is the KL divergence between the

joint distribution p(X, Y) and the product of the marginal distributions p(X)p(Y).

2.1.2 Defining Quantities for Continuous Variables

The previous section discussed and defined the various information-theoretic quantities in terms
of discrete variables. This was done for ease of exposition. However, in many cases, including in
much of this thesis, we are interested in variables that can take on continuous values. It is necessary,
therefore, to provide and briefly discuss the definition of the relevant information-theoretic quantities
on continuous-valued variables. We will begin with the definitions of the differential entropy and cross

entropy, before using these quantities to define the continuous KL-divergence and mutual information.

2.1.2.1 Differential Entropy and Cross Entropy

For a continuous random variable X, with probability density function p(x), the differential entropy
[1], [2] is defined as:

Hy(X) =~ E, [log p(x)]
=— /_ p(x)log p(x)dx. (2.7)
Note that, unlike the entropy, the differential entropy can be negative. It is also possible to find density
functions p for which the differential entropy is not finite.

If we have two continuous random variables X and Y, with a joint probability density function

p(x,y) we can then also easily define the differential conditional entropy:

H,(X|Y)=—E,[logp(x|y)]
= / p(x,y)logp(x|y)dx. (2:8)

—00



CHAPTER 2: BACKGROUND 15

If we have two density functions p and g, then the cross entropy of g with respect to p is defined as:

Hp,q(X) =-E, [logq(x)]
=— /j:o p(x)logg(x)dx. (2.9)

2.1.2.2 Other Quantities

Once we have defined the differential entropy and cross entropy, we can define other quantities in
terms of them. This is similar to how we defined the various information theoretic quantities for
discrete variables in terms of the discrete entropy and cross entropy. Along these lines, the mutual

information is then:

I,(X;Y) = Hp(X) — Hy(X]Y)

p(x,y)
—/ (x,y)log o(x )p(y)dxdy. (2.10)

(2.11)

Similarly, if we have a continuous-valued random variable X and two probability distributions p

and g, the KL divergence can be defined as:

Dki(p[19) =Hp,q(X) — Hp(X)
_ p(x)
Er [I‘)g q(xJ

= /oo p(x)log Zg;dx. (2.12)

—00

(2.13)

Note that, although the differential entropy and cross entropy can be negative, the KL divergence
defined on continuous variables is guaranteed to be greater than or equal to zero. As the mutual
information is a KL divergence, it has this same property. This implies that it has a consistent
interpretation for continuous variables, as the information held commonly between two variables. This
is as opposed to the differential entropies themselves, which can be negative. As such, differentiable
entropies should only be viewed as relative quantities which can be compared with other differential

entropies.

2.2 Information Dynamics

Now that we have introduced the various important information-theoretic quantities, we can discuss
how they are applied to time-series data within the framework of information dynamics. A common
intuition in the study of complex systems is that such systems perform computation or information

processing [7]. In order for economies to react to new demands [8] or organisms to respond to their
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environment [9], some sort of computation is required. Moreover, the literature in complex systems is
replete with references to computational operations such as the storage or transmission of information
[10]. Information dynamics [11]-[13] is an emerging set of techniques for quantifying this intuition. It
provides rigorous measures for the computational primitives which a complex system performing
computation is composed of. These measures can then be applied to such systems in order to
reveal their computational dynamics. They have already been applied to a diverse range of systems,
including: brain imaging data [14]-[16], schooling behaviour in fish [17], random boolean networks
[18] and cellular automata [11].

Information dynamics models the state of a system component X as being computed from its past
as well as the past of covarying components. It characterises the computation performed by X by
its predictive capacity, Cx, which is the reduction in uncertainty in the state of X gained by knowing
its history as well as the history of its covariates. Without loss of generality, we can assume a single

covarying component Y and write:
Cx = 51(Xi; Xar, Yoo) (2.14)

Here, I refers to the mutual information (see Section 2.1.1.3). Y.; and X; are history embedding
vectors of the source and target process. Usually, they will consist of the k and ! preceding values of the
time series, that is X<y = [X; ¢, X;_k11,-..,X—1] and yr = [Ys—1, YVi—141, - - -, Yi—1]. At is the sampling
interval of the time series. We normalise by it so that we have a quantity that is independent of the
choice of sampling rate [19].

The reduction in uncertainty about the current state of X can be decomposed into the uncertainty
reduction stemming solely from the knowledge of the history of X and the uncertainty reduction from
the history of Y, given that the history of X is known [20]. That is:

CX = ﬁl (Xt; X<t) + Aitl (Xt;' Y<t‘x<t) (2.15)

The two terms on the right of (2.15) are given the names active information storage (Sx) and transfer
entropy (Ty_x), respectively.

Active information storage [3], is a measure of the information stored by an individual system
component. It is defined as the mutual information between the current state of a component and its

history.

Sx = L1(X;; X<t) (2.16)

N
Z (xt, X<t log2 <p(pxé‘;;t)> (2.17)

l>‘>—\

[>‘|—\

On the other hand, transfer entropy [4] is a measure of information flow between system compo-
nents. It is defined as the conditional mutual information between the history of the source and the

current state of the target, where the conditioning is done on the history of the target.

Tyox = AtI (Xt, Y[ X<t) (2.18)

X ,X
= E ; p(xt, y<t,x<t)log, <W> (2.19)

p(xe|x<t)
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It is possible to use the chain rule for mutual information to decompose the TE into terms from

each of the individual source embedding components. If y«; = {vy;—;, ¥¢—1+1,-- ., Yt—1}, then we have:
Tyox = 21(Xe; Yioa|Xar) + 51(Xes Yieo|Xar, Yict) + oo+ 2L (Xe; Yot Xar, Yeoip14-1)  (2:20)

The first term contains the information flow from the most recent source embedding element, the
second contains the flow from the second element, conditioned on the first and so forth. Each term
can, therefore, be considered a conditional TE. We can define the conditional TE more generally in

terms of other processes Z. This gives:

Ty x|z = 21 (Xe; Yar|Xer, Zoy) (2.21)

1 N
= E E p(Xt,Y<t/X<t/Z<t) 10g2 (
t=1

P(xt|Y<t,X<t,Z<t)> (2.22)
P(xt|x<t,Z<t)

2.3 Estimation of Information-Theoretic Quantities

The information-theoretic quantities that have been discussed so far have all been defined in terms of
probability distributions. However, if we want to use these quantities to study real-world systems
using empirical data, we will not generally have access to the underlying probability distributions.
Instead, we have access to samples drawn from these distributions. We then need to estimate the
quantities from the samples. This section will discuss techniques for doing this. We will begin with
the simpler case of discrete data in Section 2.3.1, before introducing the problem of performing this
same task on continuous data in Section 2.3.2. Sections 2.3.3 through 2.3.7 will then introduce and
discuss the very popular class of k-nearest-neighbour estimators of information theoretic quantities
for continuous data.

The various information-theoretic quantities introduced in Section 2.1.1 are all functionals T(p) of
probability distribution p (or functionals of two probability distributions). The aim of estimation is to
construct estimators T(X) which estimate the true underlying value of T(p) from the samples drawn
from p, denoted by X.

The nature of estimation means that our estimates T(X) may have a bias with respect to the true
value T(p), and a variance, as a function of the size of the data being provided to the estimator. The
bias is a measure of the degree to which the estimator systematically deviates from the true value of

the quantity being estimated, for finite data size. It is expressed as
bias(T(X)) = E [T(x)] — T(p). (2.23)

The variance of an estimator is a measure of the degree to which it provides different estimates for

distinct, finite, samples from the same process. It is expressed as
~ g 2
variance(T(X)) = E [T(X) } —E [T(x)} . (2.24)

Another important property is consistency, which refers to whether, in the limit of infinite data points,

the estimator converges to the true value. That is, if 1 is the number of data points, then an estimator
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is consistent if and only if
lim T(X) = T(p). (2.25)

n—o0

Bias, variance and consistency are important metrics to be considered when evaluating the efficacy

of an estimator and we will make frequent reference to them in this thesis.

2.3.1 Discrete Data

Estimation of information-theoretic quantities on discrete data can be done using the straightforward
plugin estimator [4], [21]. A more general definition of this estimator, from which each specific
estimator can easily be derived, is that if our quantity is a functional T(p) of the probability distribution
p, then the plugin estimator is:

Totugin = T (Ptreq (%)) - (2.26)

Pireq is the frequency-based estimator of the probability mass function. That is, Pgreq(¥i) = 5, Where 1;
is the number of occurrences of x; and N is the number of samples. In cases where we have a quantity
defined in terms of two distributions p and g (such as cross entropy and KL-divergence), (2.26) can be

extended in a straightforward manner:

?plugin =T (ﬁfreq(xi)/ ﬁfreq(xi)) . (227)

We can then substitute in the specific functionals from Section 2.1.1 in order to get our required
estimator of each quantity. As an example, the plugin estimator for mutual information (Section 2.1.1.3)
is:

I ! pfreq(xi/ yz)

plugm X Y Z Pfreq xzryz 10g =~

. 2.28
i=1 pfreq<xl)pfreq(y ) ( :

2.3.2 Continuous Data

The simplest way to estimate information-theoretic quantities for continuous data is to discretise the
data [4]. That is, we define ‘bins’ over the domain of the variable and treat all values occurring in a
given bin as having the same single discrete value. We can then use the plugin estimators discussed in
the previous section. This approach does, however, have a number of problems, most significantly
that the resulting estimators are not usually consistent — they are not guaranteed to converge to the
true underlying value in the limit of infinite data. In fact, they often converge to a value very far from
the true value. See Section 3.2.2 for examples of this behaviour and also refer to [4], [19], [22].

There are a number of different approaches to performing estimation without discretisation. There
has, for instance, been much recent progress on parametric information-theoretic estimators [23].
However, such estimators will always inject modelling assumptions into the estimation process. Even
in the case that large, general, parametric models are used — as in [24] — there are no known methods
of determining whether such a model is capturing all dependencies present within the data.

In comparison, nonparametric estimators make less explicit model assumptions regarding the
probability distributions. Early approaches included the use of kernels for the estimation of the
probability densities [25], however this has the disadvantage of operating at a fixed kernel ‘resolution’.

An improvement was achieved by the successful, widely applied, class of nonparametric estimators
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making use of k-nearest-neighbour statistics [26]-[29], which dynamically adjust their resolution
given the local density of points. Crucially, there are consistency proofs [28], [30] for kNN estimators,
meaning that these methods are known to converge to the true values in the limit of infinite data
size. These estimators operate by decomposing the information quantity of interest into a sum of
differential entropy terms H.. Each entropy term is subsequently implicitly or explicitly estimated by
estimating the probability densities p(x;) at all the points in the sample by finding the distances to the
kth nearest-neighbours of the points x;. The average of the logarithms of these densities is found and is
adjusted by bias correction terms. In some instances, most notably the Kraskov-Stogbauer-Grassberger
(KSG) estimator for mutual information [27], many of the terms in each entropy estimate cancel and
so each entropy is only implicitly estimated. There are consistency proofs for many of the estimators
within this class [26], [28], [31], and they have been shown to have favourable bias properties [30].
These bias and consistency properties are highly desirable. It is for these reasons that this class
of estimator has become ubiquitous within the application of information theory to empirical data
[26]-[29]. Moreover, this has resulted in a wide literature discussing features of these estimators as
well as potential improvements [28], [30]. It was, therefore, decided that the novel estimator for TE
on event-based data, operating on the continuous-valued ISIs (or inter-event times), presented in
Chapter 3 would be of this class. As such, the remainder of this section will focus solely on k-nearest-
neighbour estimators. We will begin by presenting the use of this technique for the estimation of

differential entropy, and then build up the other estimators as combinations of this core estimator.

2.3.3 The Kozachenko-Leonenko Estimator of Differential Entropy

Following [26], assume that we want to estimate the differential entropy of the distribution u(x) for
x € R%. y is unknown, but we have a set Sx of N points drawn from p. If we want to use these points

to estimate the differential entropy H we need to construct estimates of the form

. Nx

H(Sx) = _I\}x Y Inp(x;) (2.29)
i=1

where ln/‘u@ ) is an estimate of the logarithm of the true density. We do this by finding the k nearest-
neighbours of x; under some norm L. We can then use the distance to this kth neighbour in order to
estimate the probability density at x; as well as its logarithm. Let € (k,x;, Sx) be the distance to the
kth nearest-neighbour of x; in the set Sx under the norm L. Further, let p!' be the probability mass of
the e-ball surrounding x;. We make the assumption that y(x;) is constant within the e-ball to arrive at

pl = kafl =cyr€ (k,x;, S X)d 1(x;) where ¢; | is the volume of the d-dimensional unit ball under the

norm L. This relationship can be used to construct a simple estimator of the differential entropy:

sx) =~ Y1 ¢ 2.30)
H(Sx) = —— n . 2.30
X NX 1221 (NX — 1) C4,L€ (k, X, Sx)d

We then add a bias-correction term Ink — 9 (k). ¥(x) = I'"}(x)dTl'(x) /dx is the digamma function and
I'(x) the gamma function. This yields ﬁKL, the Kozachenko-Leonenko ! [26] estimator of differential

1One should be vigilant of the potential confusion that can stem from Kozachenko-Leonenko and Kullback-Leibler
sharing the same abbreviation.
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entropy:
_ d Nx
HKL(SX) = — 11l7(k) + ln(NX — 1) + lncd,L + Ni Zlne (k,Xi, Sx) . (2.31)
X i=1

This estimator has been shown to be consistent [26], [32].

2.3.4 The KSG Estimator of Differential Mutual Information

A widely-employed and successful approach to estimating other information-theoretic quantities is to
decompose them into their constituent entropy terms and then implicitly or explicitly estimate each
of these using the Kozachenko-Leonenko estimator [27], [31]. Applying this to mutual information,
suppose we have an unknown joint probability density u(x,y), and a set of samples Sxy (with

sxy,i = (Xi,yi)). We can then construct the following simple estimator of mutual information:
Himpte(Sxy) = Hxr(Sx) + Hikr(Sy) — Hiw(Sxv)- (2.32)

It has been generally observed that, when constructing estimators for information-theoretic quanti-
ties by combining nearest-neighbour estimators for entropy terms, the bias can be reduced by sharing
k-nearest-neighbour distances across the estimators [27], [30], [31]. In the context of estimating the
mutual information, this is done by first performing a kjoint nearest-neighbour search in the joint
sample space Sxy around each point pair (x;,y;), finding a distance ¢;. We then find the number of
samples kx ; that fall within the distance ¢; of x; and the number of samples ky ; that fall within the
distance ¢; of y; (unlike k, kx ; and ky ; include the point itself). The use of this same distance across all
searches means that, if we expand (2.32) according to the definition of Hyy in (2.31), many of the terms
(including all distances) will cancel. If we do this, we arrive at the Kraskov-Stogbauer-Grassberger

estimator of mutual information:

Tksa(Sxy) = (k) + p(N) — (p(kx) + ¢ (ky)) (2.33)

Kraskov et. al. also present a second version of this estimator where the distances in the marginal

spaces are trimmed to the furthermost point that fell within ¢; [27].

2.3.5 KL Divergence Estimators

As the KL divergence is one of the fundamental information-theoretic quantities (Section 2.1.1.6), it is
important to consider how to go about estimate it. Moreover, in the construction of the TE estimator
for event-based data presented in this thesis, we have to estimate two KL divergence terms (see
Section 3.4.1 ). As KL divergence involves an entropy and a cross entropy term, if we would like to
estimate it by combining entropy estimators, then we need to adapt the entropy estimator discussed

in Section 2.3.3 in order to be able to handle cross entropies.

2.3.5.1 Estimating Cross Entropy

Following [32], we would like to estimate the cross entropy between two (unknown) probability
distributions y(x) and B(x). Although we do not have access to the probability distributions, suppose
that, we have a set Sx of Nx points drawn from p and a set Sy of Ny points drawn from . Using
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similar arguments to above (Section 2.3.3), we use € (k,x;, Sy) /2 to denote the distance from the
ith element of X to its kth nearest neighbour in Sy. We then make the assumption that p(x;) is
constant within the e-ball, and we have p; = NLY = cqr€ (kxi, Sy)* B(x;). We can then construct a
straightforward estimator of the cross entropy

Ny k

~ 1
Hﬁ(SX, Sy) = — = In . (2.34)
Nx 1:21 Nycg e (k,x;, Sy)*

Again, we add the bias-correction term Ink — (k) to arrive at an estimator of the cross entropy.

N
Hpxa(Sx,Sy) = — (k) + InNy +1Incgy + Z\‘fX Z);lne (k,x;, Sy) . (2.35)
iz
This estimator has been shown to be consistent [32].

It is worth briefly noting the core difference between estimating entropy and cross entropy using
kNN estimators. An entropy estimator takes a set Sx and, for each x; € Sx, performs a k nearest-
neighbour search in the same set Sx. An estimator of cross entropy takes two sets, Sx and Sy and, for
each x; € Sx, performs a k nearest-neighbour search in the other set Sy (since it is the samples of Y
that are used to estimate the probability density function evaluated inside the integral of the cross

entropy).

2.3.5.2 Combining Entropy and Cross Entropy Estimators

Suppose we have two unknown probability densities y#(x) and B(x) along with a set Sx of Nx points
drawn from y and a set Sy of Ny points drawn from . We can then combine the Kozachenko-Leonenko

estimators for entropy and cross entropy in order to arrive at an estimator for the KL-divergence [31].

D1 (Sx, Sy) :Hﬁ,KL(SX/ Sy) — Hyr(Sx)
Nx (2.36)

d
=InNy —In(Nx — 1) + N Y [Ine (k,x;, Sy) —Ine (k,x;, Sx)] .
X i=1

Wang et. al. [31] showed that this estimator is consistent. As with the Kraskov estimator for mutual
information (Section 2.3.4), the bias of this estimator can be reduced by sharing the same distance
across the nearest-neighbour searches. In the mutual information case, we are guaranteed that the
distance to the kth point in the joint space will always be greater than or equal to this distance in each
of the marginal spaces. This then provides us with the distance to kth nearest neighbour in the joint
space as the natural choice for what the shared distance will be. For KL-divergence, however, there is
no such natural choice of distance. Instead, we perform our k nearest-neighbour search in each space
as before and choose the largest of the two resulting distances. We then have to perform a distance
search in the space which had the smaller distance, in order to find the number of points that fall

within the shared distance. This results in the following estimator [31]:

Dx1.(Sx, Sy) =Hpx1.(Sx, Sy) — Hx.(Sx)

4 N (2.37)
=InNy —In(Nx — 1) + N Z [(kx,i) — ¥(ky,)],

X i=1
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where kyx ; is the number of points found in Sx within the shared distance of x; and ky ; is the number
of points found in Sy within the shared distance of x;. One of kx ; or ky; will always be equal to the
value of k used for the initial searches. This estimator was shown to be consistent and have lower bias

than the estimator which operates without distance sharing [31].

2.3.6 Estimating Conditional Mutual Information

In order to estimate conditional mutual information [33], [34], we proceed as we did for mutual
information (Section 2.3.4), by first decomposing the mutual information into its constituent entropy
terms, applying the Kozachenko-Leonenko [26] (Section 2.3.3) and then reducing bias by sharing
distances. For the first step, we arrive at:

TksG, cond (Sxvz) =Hx1(Sxz) + Hxr(Syz) — Hxr(Sxyz) — Hii.(S2) (2.38)

We then set the distance to the k nearest neighbour found in the joint space (Sxyz) as the search

distance with which to perform nearest-neighbour searches in the other sets. This yields the estimator:

IksG, cond (Sxvz) = 9(k) — (Y(kx,z) + p(ky,z) — p(kz)), (2.39)

Where kx 7 ;, ky 7 and ky ; are the numbers of points found within the distance ¢; of the point (x;, y;, z;)
within the associated spaces (including points on the boundary of this e-ball), and ¢; is the distance to

the kth nearest neighbour of this point in the joint space.

2.3.7 TE Estimation

As TE is just a conditional mutual information (see equation (2.18)), it can be estimated using (2.40).

Rewriting this in terms of the variables used in the definition of TE [34], we have:

Ty xxse = 9(K) — (Wkxx,) + 9ky.,x.) — Plkx.,)), (2.40)

2.4 Significance Testing

Often we are particularly interested in whether an estimated information-theoretic value is consistent
with zero or not. For instance, when inferring networks, a non-zero value is taken to signify the
existence of an edge. In the case of mutual information, a non-zero mutual information (Section 2.1.1.3)
indicates a statistical dependence between two variables. In the case of KL-divergence (Section 2.1.1.6),
a non-zero value indicates that the two distributions are not identical.

However, as discussed in Section 2.3, all estimators have some variance. That is, for finite data
we do not expect them to produce estimates that are exactly equal to the true underlying value. We
therefore require a method for determining whether the estimated value would be likely to occur,
even if the true underlying value was zero, thus enabling us to determine if the estimated quantity is
statistically different from zero.

As there are no results for the sampling distribution of many of the estimators we use, including

the k-nearest-neighbour estimators [35], we turn to permutation (surrogate) methods in order to
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provide an approximation for the distribution of estimates under the null hypothesis that the variables
from which we have sampled are (conditionally) independent and therefore that the value of the
quantity is zero. The idea behind these methods is to permute the data on which the estimation was
performed and then perform estimation on this permuted data for many different permutations. The
algorithm which we use should create surrogates which are identically distributed to the original data
if and only if the null hypothesis holds [36]. We can then use the estimated values on this permuted
data in order to approximate the distribution of estimates under the assumption of the null hypothesis
of the value being zero. We can also use these surrogate values to estimate the probability that the
estimated value, or one more extreme, would occur under the assumption of the null hypothesis (that

is, estimate a p value). We can then choose to reject the null hypothesis for a sufficiently low p value.

2.4.1 Shuffling Permutation for Mutual Information

An instructive example of a permutation that can be used for significance testing is simple shuffling of
the data, which can be applied to data on which mutual information is being estimated. As the mutual
information between X and Y is zero if and only X and Y are independent, testing for non-zero mutual
information is a test for statistical dependence. As such, we are testing against the null hypothesis that
X and Y are independent (X L Y) or, equivalently, that the joint probability distribution of X and Y
factorises as p(X,Y) = p(X)p(Y). Itis straightforward to construct surrogate pairs (¥, i) that conform
to this null hypothesis. We start with the original pairs (x, y) and resample the y values across pairs.
This shuffling process will maintain the marginal distributions p(X) and p(Y), and the same number
of samples, but will destroy any relationship between X and Y, yielding the required factorisation for
the null hypothesis. If X and Y are already independent, then this shuffling will have no effect on the
joint distribution. Note that this may be problematic when there are serial or dynamic correlations in
time series samples. Using the Theiler window is known to correct for this with nearest-neighbour

information-theoretic estimators [37].

2.4.2 Local Permutation for Conditional Mutual Information

It is worthwhile asking how one would go about extending the shuffling method discussed in
Section 2.4.1 to conditional mutual information. For conditional mutual information, we are testing
whether X and Y are statistically dependent given Z. This is equivalent to asking whether the
factorisation p(X,Y | Z) = p(X| Z)p(Y | Z) holds.

Deriving a permutation algorithm for this situation is relatively straightforward in the case of
discrete data. We can simply look at each z; separately, and shuffle the y values among all the triplets
(x,y,z) that have z = z;.

Recent work by Runge [35] has derived a suitable permutation scheme for conditional mutual
information on continuous variables. The core step of this algorithm is to conduct a nearest-neighbour
search based on the conditional z values, finding a set of k points that have similar z values to a given
triplet. We can then exchange the y value of the given triplet with a randomly chosen y value in the

nearest-neighbour set.
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2.5 Connectivity Inference Using Information Theory

Network inference has become a popular tool for summarising high-dimensional time-series data in
an accessible and visual manner, particularly within neuroscience [38]. It aims to reduce the often
very large number of data points down to a single network representation. Each node in this network
usually corresponds to a variable in the original system, such as beamformed sources in MEG data
[15]. An edge between nodes indicates a statistical relationship between them.

As information theoretic quantities can measure the relationships between variables, they are well
suited to the task of network inference. In particular, mutual information (Section 2.1.1.3), and derived
quantities such as transfer entropy (Section 2.2), are measures of statistical dependence and so are

widely used for network inference.

2.5.1 Functional Networks

Broadly speaking, there are two approaches to performing network inference. The first of these
infers what are normally referred to as functional networks [38], [39]. These networks are inferred
by considering each pair of variables in isolation. As such, this approach will only capture the
pairwise relationships between variables. However, one advantage of using TE for the inference of
functional networks is that, unlike more common approaches such as simple Pearson correlation [38],
the functional networks will be directed. Moreover, TE can capture non-linear effects which are missed
by the Pearson correlation [4].

On an algorithmic level, the inference of functional networks using TE is fairly straightforward.
One simply considers every unique ordered pair of variables, with one member of this pair acting as
the target and the other as the source. The TE is then estimated between this source-target pair and, if

it is significantly different from zero, a directed edge is place connecting the source to the target.

2.5.2 Effective Networks

Often in multivariate systems, many if not all the variables will be highly correlated. This is particularly
true within neuroscience where synchrony is commonplace [40], [41]. When using a functional network
approach, this will result in an edge between nearly all nodes. This is not a result which reveals much
structure about the data (assuming that we are only interested in the presence of edges, rather than
their weights). In very many of these cases, however, even though a variable might have a pairwise
dependence with most or all other variables in the system, these dependencies might be removed
by conditioning on another variable in the system. Specifically, there will be some smaller subset of
variables which a given variable is statistically dependent on for which it is conditionally independent
of all other variables in the system.

This is the motivation behind the other main approach to network inference, namely the inference
of effective networks [42], [43]. For these networks, we only place an edge between a target node
and a source, if the source is part of some minimal set that captures all the dependence between the
target and the population. That is, in the case of TE-based network inference, we are looking for a
minimal set of parents (source variables) whose history can maximally reduce our uncertainty about

the current state of each target node.
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Different information-theoretic measures can be incorporated into each approach. For instance,
functional networks could be inferred using TE or mutual information, depending on whether we
wanted to only capture instantaneous effects, or whether we wanted to capture directional and
dynamic dependence. Effective networks, on the other hand, can be inferred using conditional mutual
information or multivariate TE.

Algorithmically, the inference of effective networks using TE is a fair bit more complicated than
the functional case. An approach which has proven effective for the inference of the minimal set of
parents is to iteratively add sources to each target in a greedy fashion [44]-[48]. Specifically, for each
target process, we select the source with the strongest information flow (without any conditioning).
We then select the next source as the component with the highest information flow when conditioned
on the first source and add this new source to the conditioning set. We continue adding sources to
the conditioning set in this fashion until we are unable to find a source with a statistically significant
non-zero information flow. The process then finishes with a pruning step, where it is verified that

each source still has a non-zero information flow when conditioned on all other sources in the set.

2.6 Application of Information Theory to Spiking Neural Networks

Before looking at how TE and the information dynamics framework has been applied to spike trains,
it is worth reviewing how information theory, more generally, has been applied to this domain as well
as how information-theoretic methods relate to other types of analysis commonly performed on spike
trains. There is a very large literature surrounding the application of information theory to other types
of neuroscience data, however, a review of this work is beyond the scope of this short literature review.
The reader is referred to the existing reviews of this subject matter [49]-[52].

Research on the application of information theory to spike trains is deeply intertwined with the
concepts of encoders and decoders [50], [53]. Given that authors in these studies make frequent
reference to ‘information transmission’ [54]-[56] (transfer entropy is often referred to as ‘information
transfer’), that our proposed method for estimating transfer entropy makes use of an encoder and that
certain methodologies used have significant similarities to our proposed approach, it is worth paying
particular attention to how these concepts are related.

In order to model the mechanism by which a neuron encodes information, an encoding function
is often fit to data. This could be a function which maps entire stimulus histories onto entire spike
trains. However, it is usually a function which maps only the stimulus history, or the stimulus history
and the spiking history of the neuron, onto an instantaneous spike rate [57]. Such a function is often
referred to as a tuning curve or response function. It could potentially take any form, but is frequently
x|y» which will be

required for estimating the transfer entropy in continuous time using equation (2.42) are tuning curves

a generalised linear model (GLM) [58]. It is worth noting that the estimates of A

(see Chapter 3 for the full derivation and evaluation of this estimator). Once this function has been
estimated, calculating the likelihood of the spike train - P(r|s, 0) - given the stimulus s and tuning

curve 0 is a simple matter. Specifically:

P(r|s,0) = (ﬁG (s(ti))> el 0(s(1)dt (2.41)

i=1
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where the product is over the N spikes of the spike train.

A common task in computational neuroscience is the fitting of decoding functions [57]. These
functions map a segment of a spike train (which we will refer to as a ‘word’) to either a most likely
stimulus, or to a distribution of stimuli. There is a tight relationship between this decoder and the
mutual information between the response word (spike-train segment) and the stimulus (I(R; S)). As
the mutual information is the reduction in uncertainty about S that arises from knowing R, it places a
bound on how effective the decoder can be. Indeed, if I(R; S) = 0, the decoder will not be able to
perform better than random chance. Further, decoders are a commonly used method for providing a
lower bound on the mutual information I(R; S) [50], [59]-[61]. For a given a decoder D, we know
that I(D(R); S) < I(R; S) due to the data processing inequality. Estimating mutual information in
stimulus space can be substantially easier than in spike-train space, partially because the experimenter
can specify the stimulus so as to facilitate its calculation. Specifically, the experimenter can constrain
the variation in stimulus to only a few discrete states, rendering estimation task comparatively easy.

The relationship between encoders, decoders and mutual information is made clear when we
consider that a popular class of decoding algorithms use Bayesian inference [62]-[65]. That is, they
will first estimate a tuning curve, calculate the likelihood of the response P(r|s,6) and then use Bayes’
rule to calculate the posterior probability P(s|r). The most likely stimulus can be calculated by finding
sV = argmax,(P(s|r)). The results of this calculation, over all stimulus-response pairs, can be used
to estimate the quantity I(D(R); S), and thus place a lower bound on the mutual information [53],
[66]. In order to emphasise the similarities between mutual information and decoding, it is worth
quoting Quiroga and Panzeri [50] “The complementarities between decoding and information theory
are explicit when considering Bayesian decoders, because in this case both decoding and information
theory are just two different computations over the posterior probability P(s|r)”

It is worth highlighting the large similarities between this method of calculating mutual informa-
tion and the approach for calculating transfer entropy which is detailed in Chapter 3. The Bayesian
approach to mutual information estimation first estimates an encoding function 0 for the spike train.
The likelihoods of response words r given this encoder and a stimulus s - P(r|s, ) - are then easily
calculated. For each stimulus-response pair the most likely stimulus s? is predicted by finding the s”
that maximises the posterior probability, P(s|r). The mutual information is then the amount by which
the knowledge of s reduces the uncertainty about s. The proposed approach for calculating transfer
entropy begins in the same manner by estimating the encoding function 6. However, it proceeds
to directly calculate the reduction in the uncertainty of the response that is provided by knowing
the stimulus and the encoding function. Further differences are that the encoding function is only
estimated implicitly and that this is done non-parametrically. By comparing distances to sampled
history embeddings, the estimator compares the probability of a given history being observed from
spiking or non-spiking points in time. This allows it to estimate the reduction in uncertainty provided
by the source history, however this could easily be adapted to estimate the history-dependent spike

rate. Indeed, this rate is being implicitly estimated.
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2.7 Information Dynamics on Spike Trains

2.7.1 Discrete-Time Estimation of TE on Spike Trains

Past applications of TE to spike trains [22], [67]-[80] (see Section 2.7.2 for discussion of the contributions
of this work), have made use of a discrete-time estimator of TE. In this estimation scheme, the time
series is divided into small bins of width At. Each bin is then assigned a binary value which denotes
the presence or absence of spikes in the bin. Alternatively, each bin could be assigned a natural number
corresponding to the number of spikes that fell within the bin. A choice is made as to the number of
time bins, [ and m, to include in the source and target history embeddings y-; and x;. For each time
bin, we can then create a triplet of the current state x;, the target past x-¢, and the source past y;. We
can then apply a simple plugin estimator (Section 2.3.1) for conditional mutual information on discrete
data. More specifically, for a given combination x«; and y-;, the probability of the target’s value in the
current bin conditioned on these histories, p (x; | X<t, y<¢), can be directly estimated by counting its
frequency of occurence. The probability of the target’s value in the current bin conditioned on only
the target history, p (x; | x<¢), can be estimated in the same fashion. From these estimates the TE can
be calculated in a straightforward manner via its definition (equation (2.18)).

There are two large disadvantages to this approach [19]. As time discretisation is a lossy transforma-
tion, it will result in an inaccurate estimate of the TE. Thus, any estimator based on time discretisation
is not consistent (it is not guaranteed to converge to the true value of the TE in the limit of infinite data,
see Section 2.3). Secondly, whilst the loss of resolution of the discretization will reduce with decreasing
bin size At, this requires larger dimensionality in the history embeddings to capture correlations over
similar time intervals. This increase in dimension will result in an exponential increase in the state
space size being sampled to estimate p (x; | X<¢, y<¢), and therefore the data requirements. In practice,
the problems of dimensionality are sufficiently severe that most authors tend to use very few bins in
their history embeddings. Indeed, nearly all previous applications of the discrete-time TE estimator
to spiking data from cell cultures used only a single bin in their history embeddings (the exceptions
being [74], which used 1 and 3 bins for the target and source, and [81], which used up to 5 bins). The
bin widths used in those studies were 40 ps [73], 50 ps [81], 0.3 ms [82], and 1 ms [74], [83], [84]. Some
studies chose to examine the TE values produced by multiple different bin widths, specifically: 0.6 ms
and 100 ms [85], 1.6 ms and 3.5ms [70] and 10 different widths ranging from 1 ms to 750 ms [22].

In instances where a variety of bin widths were used, the rationale is clear in that the authors are
trying to interrogate the differences in information flows occurring on different time scales. It is of
more interest to investigate the rationale behind single bin widths that were used. In some cases, no
rationale is given. Reference [82] used a bin width of 0.3 ms, as this was close to the mean inter-spike
interval. Reference [84] used a width of 1 ms due to this being a common discretisation scale for a
variety of analyses on spike trains.

In the cases where narrow (< 5ms) bins were used, only a very narrow slice of history is being
considered in the estimation of the history-conditional spike rate. This is problematic, as correlations
in spike trains exhist over distances of (at a minimum) hundreds of milliseconds [86], [87]. Conversely,
in the instances where broad (> 5 ms) bins were used, relationships occurring on fine time scales will

be completely missed. This is significant given that it is established that correlations at the millisecond
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and sub-millisecond scale play a role in neural function [88]-[91]. This highlights the hard trade-off
that is encountered when performing the estimation of TE on spike trains in discrete time. One can
either capture fine temporal details or effects occurring over larger spans of time. However, it is not

possible to do both simultaneously.

2.7.2 Application of TE to Biological Neural Networks

There have been a number of studies which have applied the discrete-time TE estimator for spike
trains described in Section 2.7.1 to biological recordings of neural populations. This work primarily
made use of recordings from neural cell cultures [22], [67], [70], [73], [83]-[85]. These studies primarily
focused on inferring the directed functional networks implied by the estimated TE values between
pairs of nodes and analysing various features of these information flow networks. These studies found
interesting results, such as Shimono and Beggs [83], who found that these networks exhibited a highly
non-random structure and contained a long-tailed degree distribution. This work was expanded by
Nigam et. al. [73], where it was found that the functional networks contained a rich-club topology.
Conversely, Timme et. al. [22] found that the hubs of these networks were localised to certain time
scales. Other work [67], [70] has instead focussed on how the components of information flows in cell

cultures can be decomposed into unique, redundant and synergystic components.

2.7.3 Information Dynamics on Spike Trains in Continuous Time

Recent work [19], [20] has derived a continuous-time formalism for information dynamics. This work
holds the promise of allowing for the estimation of quantities like TE on spike trains in continuous-
time, thus overcoming some of the drawbacks of the discrete-time estimator described in Section 2.7.1.
Indeed, this potential is realised in this thesis in the estimator derived in Chapter 3. Here, we briefly
review this prior work.

It was found that the transfer entropy rate (the information flow per unit time) between two spike

trains is:

x|y [‘x<ti’ y<ti]

. i 1 le A
TY%X = Tl_I)l’OIo f 1221 n /\x [X<tl.] (242)

Here, the spike train is observed over a period of time T, during which Nx spikes occurred. /\x|y [X<t, Y<t,]
is the instantaneous conditional spike rate of the neuron X. The conditioning is performed over the
history of the neurons X and Y, where this history is represented by the k most recent inter-spike
intervals of X and the  most recent inter-spike intervals of Y. Similarly, Ay [x ] is the instantaneous
conditional spike rate of X, where the conditioning is performed only on the history of X. The
contributions to the TE are, therefore, only coming from the spikes (events). As shown in [19], the
contributions from the quiescent periods cancel and average to zero - thus making no contribution to
the TE.

It was further found that the active information storage diverges in continuous time. It was,

therefore, decomposed into a diverging and a non-diverging component. That is:
Ax = Ix + MxAt + O (AF) (2.43)

Ix refers to the instantaneous predictive capacity, which captures the uncertainty reduction due to the
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path regularity of the process. This quantity diverges for many processes, but is zero for spike trains.
My refers to the active memory utilisation rate, which is the uncertainty reduction due to correlations

other than path regularity.
AX [x <f1]
{Ax)

Here, (Ay) refers to the average spike rate of X over the entire length of the spike train.

: 1M
My_>X = Tlgrgo ? 1221 In (244)
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CHAPTER 3

IMPROVING THE ESTIMATION OF TE ON SPIKE TRAINS

As discussed in Chapter 1, despite the fact that we know that brains perform a dizzying array of
advanced computations, there is still much work to be done in revealing the information dynamics that
undergird this ability. Investigations into the information processing operations of brains would ideally
be performed on the finest scale for which we have abundant recordings, which is the spiking activity
of individual neurons. Moreover, individual neurons are considered the fundamental computational
units of the brain [1].

This thesis pays particularly close attention to the information transfer component of computation,
as measured by the Transfer Entropy (TE). There have already been a number of studies which have
applied TE to the spike times of neurons. However, although this work provided many valuable
contributions, interpretability of results was limited by the traditional approach for estimating TE on
spike trains.

The traditional approach towards estimating TE involved an initial step of time discretisation,
whereby the process is divided into bins of a fixed width. The process is then transformed into a
binary sequence, with the binary values signifying the presence or absence of spikes in bins. The TE
is then estimated using a simple plugin estimator [2], [3]. See Section 2.7.1 for more details on this
traditional method of estimation.

There are numerous problems with this method of estimation. Chief among these is that the
estimator is not consistent, that is, it does not usually converge to the true value of the TE in the
limit of infinite data. Moreover, it requires a hard tradeoff between the length of history dependence
that can be captured and the temporal precision. Small time bins allow for better time precision,
but reduce the length of the history effects that can be studied. Large time bins have the opposite
effect. It is not possible for this estimator to perform both simultaneously (for any realistically sized
dataset). Moreover, if we would like to estimate the total information flow, it is not sufficient to sum
up estimates performed at different time scales, as this would ignore any synergistic effects between
them.

In order to make possible the high-fidelity study of information flows on spike trains that we will
perform in subsequent chapters, this chapter presents a novel estimator of TE on spike trains. This
estimator makes use of a recently-developed continuous-time formalism for information dynamics
[4], [5] in order to operate without time-discretisation by performing estimation using the inter-spike
intervals. The resulting estimator is provably consistent (section 3.4.1). Further, the use of the inter-

spike intervals for the history embeddings provides an efficient representation of the history of the
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spike train, allowing for relatively long histories to be examined, with no loss of precision and minimal
use of extra dimensions.

This new estimator makes possible, for the first time, the high fidelity study of information flows
from spike-train data. This then allows us to perform the study of information flows in developing
neural cell cultures that we do in Chapter 4. The efficient use of dimension in the history embeddings
of this new estimator allows for the use of larger sets of conditioning processes. This, in turn, makes it
possible for TE to be used in the inference of effective networks from spike times. We demonstrate this

capability in Chapter 5.
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Abstract

Transfer entropy (TE) is a widely used measure of directed information flows in a number of
domains including neuroscience. Many real-world time series for which we are interested in
information flows come in the form of (near) instantaneous events occurring over time.
Examples include the spiking of biological neurons, trades on stock markets and posts to
social media, amongst myriad other systems involving events in continuous time throughout
the natural and social sciences. However, there exist severe limitations to the current
approach to TE estimation on such event-based data via discretising the time series into
time bins: it is not consistent, has high bias, converges slowly and cannot simultaneously
capture relationships that occur with very fine time precision as well as those that occur over
long time intervals. Building on recent work which derived a theoretical framework for TE in
continuous time, we present an estimation framework for TE on event-based data and
develop a k-nearest-neighbours estimator within this framework. This estimator is provably
consistent, has favourable bias properties and converges orders of magnitude more quickly
than the current state-of-the-art in discrete-time estimation on synthetic examples. We dem-
onstrate failures of the traditionally-used source-time-shift method for null surrogate genera-
tion. In order to overcome these failures, we develop a local permutation scheme for
generating surrogate time series conforming to the appropriate null hypothesis in order to
test for the statistical significance of the TE and, as such, test for the conditional indepen-
dence between the history of one point process and the updates of another. Our approach is
shown to be capable of correctly rejecting or accepting the null hypothesis of conditional
independence even in the presence of strong pairwise time-directed correlations. This
capacity to accurately test for conditional independence is further demonstrated on models
of a spiking neural circuit inspired by the pyloric circuit of the crustacean stomatogastric gan-
glion, succeeding where previous related estimators have failed.
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cannot capture relationships occurring on both fine and large timescales simultaneously,

flows, it is used for the inference of directed functional and effective networks from time
series data. The currently-used technique for estimating TE on neural spike trains first
time-discretises the data and then applies a straightforward plug-in information-theo-
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that no competing interests exist. converges very slowly as more data is obtained, and indeed does not even converge to

the correct value for any practical non-vanishing discretisation scale. We present a new
estimator for TE which operates in continuous time and demonstrate, via application to
synthetic examples, that it addresses these problems and can reliably differentiate statis-
tically significant flows from (conditionally) independent spike trains. Further, we also
apply it to more biologically-realistic spike trains obtained from a biophysical model
inspired by the pyloric circuit of the crustacean stomatogastric ganglion; our correct
inference of directed conditional dependence and independence between neurons here
provides an important validation for our approach where similar methods have previ-

ously failed.

This is a PLOS Computational Biology Methods paper.

Introduction

In analysing time series data from complex dynamical systems, such as in neuroscience, it is
often useful to have a notion of information flow. We intuitively describe the activities of
brains in terms of such information flows: for instance, information from the visual world
must flow to the visual cortex where it will be encoded [1]. Further, information coded in the
motor cortex must flow to muscles where it will be enacted [2].

Transfer entropy (TE) [3, 4] has become a widely accepted measure of such flows. It is
defined as the mutual information between the past of a source time-series process and the
present state of a target process, conditioned on the past of the target. More specifically (in dis-
crete time), the transfer entropy rate [5] is:

1 1|X<I7Y<t)
= I(X,: Y., |X,, . 1
TG Y| }jl s 1)

Here the information flow is being measured from a source process Y to a target X, I(-;-|-) is
the conditional mutual information [6], p(:|-) is a conditional probability, x; is the current state
of the target, x_, is the history of the target, y_, is the history of the source, At is the interval
between time samples (in units of time), 7 is the length of the time series and N = 7/At is the
number of time samples. The histories x_, and y_, are usually captured via embedding vectors,
€.8. Xet = X¢_ymit—1 = Xt—m> Xt—m+1> - - > Xe—1}. The average here is taken over time, as opposed to
possible states and histories (both formulations are equivalent under the assumptions of statio-
narity and ergodicity). Recent work [5] has highlighted the importance of normalising the TE
by the width of the time bins, as above, such that it becomes a rate, in order to ensure conver-
gence in the limit of small time bin size.

T Y—X
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It is also possible to condition the TE on additional processes [4]. Given additional pro-
cesses Z = {Z,,Z,,...,Z,_} with histories Z_, ={Z, _,,Z, , ..., Z,_ .}, we can write the
conditional TE rate as

T

1
YoX|Z T A_tI(Xt P Y, | X z<t)‘ (2)

When combined with a suitable statistical significance test, the TE (and conditional TE)
can be used to show that the present state of X is conditionally independent of the past of Y-
when conditioned on the past of X (and on the conditional processes £). Of course, we refer
to conditional independence in the statistical sense (i.e. p(x, |x_,,%2_,,y_,) = p(x, | x_,,%_,))
rather than the causal sense. Such a conditional independence test can be used as a component
in a network inference algorithm and, as such, TE is widely used for inferring directed func-
tional and effective network models [7, 8, 9, 10, 11, 12] (and see [4, Sec. 7.2] for a review).

TE has enjoyed widespread application in neuroscience in particular [13, 14]. Uses have
included the functional/effective network inference as mentioned above, as well as the mea-
surement of the direction and magnitude of information flows [15, 16] and the determination
of transmission delays [17]. Such applications have been performed using data from multiple
diverse sources such as MEG [18, 19], EEG [20], fMRI [21], electrode arrays [22], calcium
imaging [9] and simulations [23].

Previous applications of TE to spike trains [22, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34] and
other types of event-based data [35], including for the purpose of network inference [9, 36,
37], have relied on time discretisation. As shown in Fig 1, the time series is divided into small
bins of width At. The value of a sample for each bin could then be assigned a binary value—
denoting the presence or absence of events (spikes) in the bin—or a natural number denoting
the number of events (spikes) that fell within the bin (the experiments in this paper use the
former). A choice is made as to the number of time bins, [ and m, to include in the source and
target history embeddings y_, and x_,. This results in a finite number of possible history
embeddings. For a given combination x_, and y,, the probability of the target’s value in the
current bin conditioned on these histories, p(x,/x_,, y~,), can be directly estimated using the
plugin (histogram) [38] estimator. The probability of the target’s value in the current bin con-
ditioned on only the target history, p(x,|x,), can be estimated in the same fashion. From these
estimates the TE can be calculated in a straightforward manner via Eq (1). See Results for a
description of the application of the discrete time TE estimator to synthetic examples including
spiking events from simulations of model neurons.

There are two large disadvantages to this approach [5]. If the process is genuinely occurring
in discrete time, then the estimation procedure just described is consistent. That is, it is
guaranteed to converge to the true value of the TE in the limit of infinite data. However, if we
are considering a fundamentally continuous-time process (with full measurement precision),
such as a neuron’s action potential, then the lossy transformation of time discretisation
(At > 0) will result in an inaccurate estimate of the TE. Thus, in these cases, any estimator
based on time discretisation is not consistent. Secondly, whilst the loss of resolution of the dis-
cretization will reduce with decreasing bin size At, this requires larger dimensionality in the
history embeddings to capture correlations over similar time intervals. This increase in dimen-
sion will result in an exponential increase in the state space size being sampled to estimate p(x;|
X<, V<), and therefore the data requirements. However, some recordings of the activities of
neurons are done with low time precision. For example, recordings from calcium imaging
experiments usually use a sampling rate of around 1 to 10 Hz [39]. In such cases, we could use
bin sizes on the order of the experimental precision and still capture a reasonable history
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CHAPTER 3: IMPROVING THE ESTIMATION OF TE ON SPIKE TRAINS 40

PLOS COMPUTATIONAL BIOLOGY Estimating Transfer Entropy in Continuous Time Between Neural Spike Trains

I
£

v Il I 1 I Y I |1 I

I I o
Xi-3 2
[ = Yexi = {Vhxo¥on ¥ix }

Ky =R g K o Kw, |

:

(A) Discrete-time approach (B) Continuous-time approach

Fig 1. Diagrams highlighting the differences in the embeddings used by the discrete and continuous-time estimators. The discrete-time estimator
(A) divides the time series into time bins. A binary value is assigned to each bin denoting the presence or absence of a (spiking) event-alternatively, this
could be a natural number to represent the occurrence of multiple events. The process is thus recast as a sequence of binary values and the history
embeddings (X;_4.—1 and y,_4,—) for each point are binary vectors. The probability of an event occurring in a bin, conditioned on its associated history
embeddings, is estimated via the plugin (histogram) [38] estimator. Conversely, the continuous-time estimator (B) performs no time binning. History
embeddingsx_, andy_, foreventsorx_, andy_, forarbitrary points in time (not shown in this figure, see Fig 10) are constructed from the raw
interspike intervals. This approach estimates the TE by comparing the probabilities of the history embeddings of the target processes’ history as well as
the joint history of the target and source processes at both the (spiking) events and arbitrary points in time.

https://doi.org/10.1371/journal.pchi.1008054.g001

length with history embeddings composed of only a small number of bins. This might keep the
size of the history state space small enough that we can collect an adequate number of samples
for each history permutation with the available data. In such cases, we might expect the dis-
crete-time approach to perform as well as can be expected given the limitations imposed by
the apparatus. On the other hand, data from microelectrode arrays can be sampled at rates
over 70 kHz [40]. When using data collected with this high temporal precision, if we use bin
sizes corresponding to the sampling rate, we will be forced to use incredibly short history
embeddings in order to avoid the size of the history state space growing to a point where it can
no longer be sampled.

In practice then, if the data has been collected with fine temporal precision, the application
of transfer entropy to event-based data such as spike trains has often required a trade-off
between fully resolving interactions that occur with fine time precision and capturing correla-
tions that occur across long time intervals. There is substantial evidence that spike correlations
at the millisecond and sub-millisecond scale play a role in encoding visual stimuli [41, 42],
motor control [43] and speech [44]. On the other hand, correlations in spike trains exist over
lengths of hundreds of milliseconds [45]. A discrete-time TE estimator cannot capture both of
these classes of effects simultaneously, and remains heavily dependent on the value of At [31].

Recent work by Spinney et al. [5] derived a continuous-time formalism for TE. It was dem-
onstrated that, for stationary point processes such as spike trains, the pairwise TE rate is given
by:

. 1 Ay Xy Voo
T — 1 - 1 X|X<tY ot X 4 <xi . 3
rox = lim - Z; n e (3)

XXy [X<x,]

Here Ny is the number of events in the target process and 7 is the length in time of this process
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whilst 7\‘x|x<t Vet [

ries of the target x_, and sourcey_, at the time points x; of the events in the target process.

X_,,Y.,] is the instantaneous firing rate of the target conditioned on the histo-

Ay, [x.] is the instantaneous firing rate of the target conditioned on its history alone, ignor-

ing the history of the source. Note that 2, and A, are defined at all points in time and

X[xcpy o
not only at target events. It is worth emphasizing that, in this context, the processes X and Y
are series of the time points x; and y; of the events i and j in the target and source respectively.
This is contrasted with Eq (1), where X and Y are time series of values at the sampled time
points ¢;. To avoid confusion we use the notation that the y; € Y are the raw time points and

Y., is some representation of the history of Y observed at the time point x; (see Methods).

Eq (3) can easily be adapted to the conditional case:

: 1 S 7\’xx‘ x X X;? xv7% X
Tyﬁ,x\z’ — llmlen [x<t ¥t <t[ <X ¥ i < r] . (4)
i=1

T >\‘x\x<,%<, [x<x, ’ z<x,]

Here }‘X\x«-m o [x s Ve % <x;] is the instantaneous firing rate of the target conditioned

on the histories of the target x_, , source y_, and other possible conditioning processes

% =2 B 12y o} Msyw_, X% ] 18 the instantaneous firing rate of the of the
target conditioned on the histories of the target and the additional conditioning processes,
ignoring the history of the source.

Crucially, it was demonstrated by Spinney et al., and later shown more rigorously by Coo-
per and Edgar [46], that if the discrete-time formalism of the TE (in Eq (1)) could be properly
estimated as limy, _, ¢, then it would converge to the same value as the continuous-time for-
malism. This is due to the contributions to the TE from the times between target events vanish-
ing in expectation. Yet there are two important distinctions in the continuous-time formalism
which hold promise to address the consistency issues of the discrete-time formalism. Firstly,
the basis in continuous time allows us to efficiently represent the history embeddings by inter-
event intervals, suggesting the possibility of jointly capturing subtleties in both short and long
time-scale effects that has evaded discrete-time approaches. See Fig 1 for a diagrammatic
representation of these history embeddings, contrasted with the traditional way of construct-
ing histories for the discrete-time estimator. Secondly, note the important distinction that the
sums in Eqs (3) and (4) are taken over the Ny (spiking) events in the target during the time-
series over interval ; this contrasts to a sum over all time-steps in the discrete-time formalism.
An estimation strategy based on Eqs (3) and (4) would only be required to calculate quantities
at events, ignoring the inter-event interval time where the neuron is quiescent. This implies a
potential computational advantage, as well as eliminating one source of estimation variability.

These factors all point to the advantages of estimating TE for event-based data using the
continuous-time formalism in Eqs (3) and (4). This paper presents an empirical approach to
performing such estimation. The estimator (presented in Methods) operates by considering
the probability densities of the history embeddings observed at events and contrasts these with
the probability densities of those embeddings being observed at other (randomly sampled)
points. This approach is distinct in utilising a novel Bayesian inversion on Eq (4) in order to
operate on these probability densities of the history embeddings, rather than making a more
difficult direct estimation of spike rates. Furthermore, this allows us to utilise k-Nearest-Neigh-
bour (kNN) estimators for the entropy terms based on these probability densities. These esti-
mators have known advantages of consistency, data efficiency, low sensitivity to parameters
and known bias corrections. By combining these entropy estimators, and making use of estab-
lished bias reduction techniques for combinations of kNN estimators, we arrive at our pro-
posed estimator. The resulting estimator is consistent (see Methods) and is demonstrated on
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synthetic examples in Results to be substantially superior to estimators based on time discreti-
sation across a number of metrics.

To conclude that there exists non-zero TE (and thus establish conditional dependence)
between two processes a suitable hypothesis test is required. This is usually done by creating a
surrogate population of processes (or samples of histories) which conform to the null hypothe-
sis of zero TE, or in other words, directed conditional independence of the target spikes from
the source. The algorithm which we use should create surrogates which are identically distrib-
uted to the original processes (or history samples) if and only if the null hypothesis holds
[47]. The historically used method for generating these surrogates was to either shuffle the
original source samples or to shift the source process in time. However, this results in surro-
gates which conform to an incorrect null hypothesis-that the transitions in the target are
completely independent of the source histories. That is, they conform to the factorisation
pX,.Y_ |X_,Z_,)=pX,|X_,, Z_)p(Y_,). In cases where there is a pairwise correlation
between the present state of the target and the history of the source, but they are nonetheless
conditionally independent, shuffling or time shifting will create surrogates that are not identi-
cally distributed to the original history samples. This is despite the fact that the null hypothesis
holds. This can result in the estimate of the TE on the original processes being statistically
different from those on the surrogate population, leading to the incorrect inference of non-
zero TE.

As shown in Results, this can lead to incredibly high false positive rates for conditional
dependence in certain settings such as the presence of strong common driver effects. There-
fore, in order to have a suitable significance test for use in conjunction with the proposed esti-
mator, we also present (in Methods) an adaptation of a recently proposed local permutation
method [48] to our specific case. This adapted scheme produces surrogates which conform to
the correct null hypothesis of conditional independence of the present of the target and the
source history, given the histories of the target and further conditioning processes. This is the
condition thatp(X[, Y<t | X<t7 2<z) = p(Xt | X<t’ z<t)p(Y<t ‘ X<17 2<t)'

It is easy to intuit that the second factorisation is correct by rewriting the discrete-time TE
(Eq(2)) as:

Nr

T :lzln Py X% ) 5)

T t=1 p(xi | X<17z<1)p(Y<t |X<i7z<t) .

That is, transfer entropy can be readily interpreted as a measure of the difference between
the dlStrlbutlonsp(XN Y<l | X<t7 z<[) andp(Xt ‘ X<l7 $<t)p(Y<t | X<[7 z<t)'

We show in Results that the combination of the proposed estimator and surrogate genera-
tion method is capable of correctly distinguishing between zero and non-zero information
flow in difficult cases, such as where the history of the source has a strong pairwise correlation
with the occurrence of events in the target, but is nevertheless conditionally independent. The
combination of the current state-of-the-art in discrete-time estimation and a traditional
method of surrogate generation is shown to be incapable of making this distinction.

Similarly, we demonstrate that the proposed combination is capable of correctly distin-
guishing between conditional dependence and independence relationships in data taken from
a simple circuit of biophysical model neurons inspired by the crustacean stomatogastric gan-
glion [49]. Despite the presence of strong pairwise correlations, the success of our estimator
here contrasts not only with known failure of a related Granger causality estimator, but also
our demonstration that the discrete-time estimator is incapable of correctly performing this
task.
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Our results provide strong impetus for the application of our proposed techniques to inves-
tigate information flows in spike-train data recorded from biological neurons. Furthermore,
we underline the importance of our correct identification of conditional dependence and inde-
pendence in these experiments. Whilst functional/effective network inference algorithms
using TE estimators such as ours are not expected to align with structural networks in general,
they would be expected to do so under certain idealised assumptions (e.g. full observability,
large sample size, etc., as outlined in Methods 16) implemented in these experiments. As
recently discussed by Novelli and Lizier [50], and specifically for spiking neural networks by
Das and Fiete [51], inference aligning with underlying structure under such conditions is a
crucial validation that the effective network models they infer at scale are readily interpretable.
As such, the demonstration of the efficacy of our proposed approach to detecting conditional
dependence in small networks here implies that it holds promise for larger scale effective net-
work inference once paired with a suitable (conditional-independence-based) network infer-
ence algorithm (e.g. IDTxl as described in [7, 52]).

Results

The first two subsections here present the results of the continuous-time estimator applied to
two different synthetic examples for which the ground truth value of the TE is known. The
first example considers independent processes where TYGX = 0, whilst the second examines
coupled point processes with a known, non-zero T,_. The continuous-time estimator’s per-
formance is also contrasted with that of the discrete-time estimator. The emphasis of these
sections is on properties of the estimators in isolation, as opposed to when combined with

a statistical test. As such, we focus on the estimators’ bias, variance and consistency (see
Methods).

The third, fourth and fifth subsections present the results of the combination of the contin-
uous-time estimator and the local permutation surrogate generation scheme applied to two
examples: the first two synthetic and the last a biologically plausible model of neural activity.
The comparison of the estimates to a population of surrogates produces p-values for the null
hypothesis of zero TE. Rejection of this null hypothesis and the resulting conclusion of non-
zero TE implies a directed statistical dependence. The results are compared to the known con-
nectivity of the studied systems. Whilst we do not expect directed statistical dependence to
have a one-to-one correspondence with structural connectivity in general, these experiments
are designed under ideal conditions such that they would. This provides important test cases
for detection of conditional dependence and independence. These p-values could be translated
into other metrics such as ROC curves and false-positive rates, but we choose to instead visual-
ise the distributions of the p-values themselves. The combination of the discrete-time estimator
along with a traditional method for surrogate generation (time shifts) is also applied to these
examples for comparison.

No TE between independent homogeneous poisson processes

The simplest processes on which we can attempt to validate the estimator are independent
homogeneous Poisson processes, where the true value of the TE between such processes is
zero.

Pairs of independent homogeneous Poisson processes were generated, each with rate
A =1and contiguous sequences of Ny € {1 x 10% 1 x 10% 1 x 10% 1 x 10°} target events were
selected. For the continuous-time estimator, the parameter Ny, for the number of placed sam-
ple points was varied (see Methods) to check the sensitivity of estimates to this parameter. At
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Fig 2. Evaluation of the continuous-time estimator on independent homogeneous Poisson processes. The solid
line shows the average TE rate across multiple runs and the shaded area spans from one standard deviation below the
mean to one standard deviation above it. Plots are shown for two different values of k nearest neighbours, and four
different values of the ratio of the number of sample points to the number of events Ny/Nx (See Methods).

https://doi.org/10.1371/journal.pcbi.1008054.9g002

each of these numbers of target events Ny, the averages are taken across 1000, 100, 20 and 20
tested process pairs respectively.

Fig 2 shows the results of these runs for the continuous-time estimator, using various
parameter settings. In all cases, the Manhattan (¢;) norm is used as the distance metric and
the embedding lengths are set to Ix = Iy = 1 spike. See Methods for a description of these
parameters. See also [52] for a discussion on how to set these embedding lengths. For this
example, the set of conditioning processes Z is empty. S1 Fig shows results with longer his-
tory embeddings.

The plots show that the continuous-time estimator converges to the true value of the TE
(equal to 0). This is a numerical confirmation of its consistency for independent processes.
Moreover, it exhibits very low bias (as compared to the discrete-time estimator, Fig 3) for all
values of the k nearest neighbours and Ny/Ny parameters. The variance is relatively large for
k = 1, although it dramatically improves for k = 5—this reflects known results for variance of
this class of estimators as a function of k, where generally k above 1 is recommended [53].

Fig 3 shows the result of the discrete-time estimator applied to the same independent
homogeneous Poisson processes for two different combinations of the source and target his-
tory embedding lengths, / and m time bins, and four different bin sizes At (see S2 Fig for

PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi.1008054  April 19, 2021
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Fig 3. Result of the discrete-time estimator applied to independent homog Poisson processes. The solid line

shows the average TE rate across multiple runs and the shaded area spans from one standard deviation below the mean
to one standard deviation above it. Plots are shown for four different values of the bin width At as well as different
source and target embedding lengths, / and m.

https://doi.org/10.1371/journal.pcbi.1008054.g003

different choices of [ and m). At each of the numbers of target events Ny, the averages are
taken across 1000, 100, 100 and 100 tested process pairs respectively. The variance of this esti-
mator on this process is low and comparable to the continuous-time estimator, however the
bias is very large and positive for short processes. The bias of both estimators could be reduced
by subtracting the mean of the estimates over a population of surrogates (see the following sub-
section for an example of this being done with the continuous-time approach). We do observe
the discrete-time estimator converging to zero (the true value of the TE) as we increase the
available data. This would suggest that it might be consistent on this specific example. How-
ever, we will shortly encounter an example where this is not the case.

Consistent TE between unidirectionally coupled processes

The estimators were also tested on an example of unidirectionally coupled spiking processes
with a known value of TE (previously presented as example B in [5]). Here, the source process
Y is a homogoneous Poisson process. The target process X is produced as a conditional point
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process where the instantaneous rate is a function of the time since the most recent source
event. More specifically:

T Kooyl =2,
bas 1
)\’xabe ty > tcut

2
base 1 1 et
A’x\xﬂ.yg [X<tv Y<J = }\‘x [t;} = )\’x + " exp |: 2% (ty 2 > :|

R H<t,.
—mexp [~ 35 (=]

y — Ccut

Here, ty‘ is the time since the most recent source event. As a function of ty‘, the target spike rate
Mooy, XY rises from a baseline AP at t, = 0toapeakatt, = t,/2, before falling back

onwards (see Fig 4A). We simulated this process using the

to the baseline kz“e from t‘y1 =ty
parameter values Xy =0.5,m=5ty=1, XL’“E = 0.5 and ¢ = 0.01. This simulation was per-
formed using a thinning algorithm [54]. Specifically, we first generated the source process at rate
Xy. We then generate the target as a homogeneous Poisson process with rate 4, such that A, >

A [t)] for all values of t;. We then went back through all the events in this process and removed
each event with probability 1 — X, [£]]/A,. As with the previous example, once a pair of processes
had been generated, a contiguous sequence of N target events was selected. Tests were con-
ducted for the values of Ny € {1 x 105,1x10%1x10%41x10% 1 x 106}. For the continuous-
time estimator, the number of placed sample points Ny, was set equal to Ny (see Methods). At
each Ny, the averages are taken over 1000, 100, 20, 20 and 20 tested process pairs respectively.

Spinney et al. [5] present a numerical method for calculating the TE for this process, based
on known conditional firing rates in the system under stationary conditions. For the parame-
ter values used here the true value of the TE is 0.5076 % 0.001.

Given that we know that the dependence of the target on the source is fully determined
by the distance to the most recent event in the source, we used a source embedding length of
Iy = 1. The estimators were run with three different values of the target embedding length Ix €
{1, 2, 3} (see Methods). For this example, the set of conditioning processes Z is empty.

Fig 4B shows the results of the continuous-time estimator applied to the simulated data. We
used the value of k = 4 and the Manhattan (¢;) norm. The results displayed are as expected in
that for a short target history embedding length of Ix = 1 spike, the estimator converges to a
slight over-estimate of the TE. The overestimate at shorter target history embedding lengths Ix

can be explained in that perfect estimates of the 3. In [x.,] component require full

Ax.
knowledge of the target past within the previous #., = 1 time unit; shorter values of Ix don’t
cover this period in many cases, leaving this rate underestimated and therefore the TE overesti-
mated. For longer values of Ix € {2, 3} we see that they converge closely to the true value of the
TE. This is a further numerical confirmation of the consistency of the continuous-time estima-
tor. See S1 Fig for plots with a different value of Iy.

Fig 4C shows the results of the discrete-time estimator applied to the same process, run for
three different values of the bin width At € {1, 0.5, 0.2, 0.1} time units. The number of bins
included in the history embeddings was chosen such that they extended one time unit back
(the known length of the history dependence). Smaller bin sizes could not be used as this leads
to undersampling of the possible history permutations, resulting in far inferior performance.
The plots are a clear demonstration that the discrete-time estimator is very biased and not con-
sistent. At a bin size of At = 0.2 it converges to a value around half the true TE. Moreover, its
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Fig 4. The discrete-time and continuous-time estimators were run on coupled point processes for which the ground-truth value of the TE is
known. (A) shows the firing rate of the target process as a function of the history of the source. (B) and (C) show the estimates of the TE provided by the
two estimators. The solid blue line shows the average TE rate across multiple runs and the shaded area spans from one standard deviation below the
mean to one standard deviation above it. The black line shows the true value of the TE. For the continuous-time estimator the parameter values of N,/
Ny =1and k = 4 were used along with the ¢; (Manhattan) norm. Plots are shown for three different values of the length of the target history component
Ix. For the discrete-time estimator, plots are shown for four different values of the bin width Af. The source and target history embedding lengths are
chosen such that they extend back one time unit (the known length of the history dependence).

https://doi.org/10.1371/journal.pcbi.1008054.9004

convergence is incredibly slow. At the bin size of Af = 0.1 it would appear to not have con-
verged even after 1 million target events, and indeed it is not even converging to the true value
of the TE. The significance of the performance improvement by our estimator is explored fur-
ther in Discussion.

Identifying conditional independence despite strong pairwise correlations

The existence of a set of conditioning processes under which the present of the target compo-
nent is conditionally independent of the past of the source implies that, under certain assump-
tions, there is no causal connection from the source to the target [55, 56, 57] (see Methods for
details on the assumptions we use to conclude the ground truth of dependence/independence
in the examples we use here). More importantly, TE can be used to test for such conditional
independence (see Methods), thus motivating its use in directed functional (using pairwise
TE) and effective (using multivariate TE) network inference. A large challenge faced in testing
for conditional independence is correctly identifying “spurious” correlations, whereby condi-
tionally independent components might have a strong pairwise correlation. This problem is
particularly pronounced when investigating the spiking activity of biological neurons, as
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D,

D,

Tv + &M

(B)

Fig 5. Diagram of the noisy copy process. Events in the mother process M occur periodically with intervals T + &y (§y and &, are noise
terms). Events in the daughter processes D, and D, occur after each event in the mother process, at a distance of a;, + &, (witha, < ap,). (A)
shows a graph of the dependencies with the labels on the edges representing delays. (B) shows a diagram of a representative spike raster.

https://doi.org/10.1371/journal.pchi.1008054.9005

populations of which often exhibit highly correlated behaviour through various forms of syn-
chrony [58, 59, 60] or common drivers [61, 62]. In this subsection, we demonstrate that the
combination of the presented estimator and surrogate generation scheme is particularly adept
at identifying conditional independence in the face of strong pairwise correlations on a syn-
thetic example. Moreover, the combination of the traditional discrete-time estimator and sur-
rogate generation techniques are demonstrated to be ineffective on this task.

The chosen synthetic example in this subsection models a common driver effect, where an
apparent directed coupling between a source and target is only due to a common parent. In
such cases, despite a strong induced correlation between the source history and the occurrence
of an event in the target, we expect to measure zero information flow when conditioning on
the common driver. Our system here consists of a quasi-periodic ‘mother’ process M (the com-
mon driver) and two ‘daughter’ processes, D; and D, (see Fig 5A for a diagram of the process).
The mother process contains events occurring at intervals of T + &, with the daughter pro-
cesses being noisy copies with each event shifted by an amount a;, + &, (§yand £, are noise
terms). We also choose that a;, < a,, ; so long as the difference between these a;, values is
large compared to the size of the noise terms, this will ensure that the events in D, precede
those in D,. When conditioning on the mother process, the TE from the first daughter to the
second, T b,y Should be 0. However, accurately detecting this is difficult, as the history of
source daughter process D is strongly correlated with the occurrence of events in the second

PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi.1008054  April 19, 2021 12/45



CHAPTER 3: IMPROVING THE ESTIMATION OF TE ON SPIKE TRAINS 49

PLOS COMPUTATIONAL BIOLOGY Estimating Transfer Entropy in Continuous Time Between Neural Spike Trains

daughter process D,—the events in D, will precede those in D, by the constant amount a,,, —
ap, plus a small noise term &, — &, .

Due to the noise in the system, this level of correlation will gradually break down if we
translate the source daughter process relative to the others. This allows us to do two things.
Firstly, we can get an idea of the bias of the estimator on conditionally independent processes
for different levels of pairwise correlation between the history of the source and events in the
target. Secondly, we can evaluate different schemes of generating surrogate TE distributions as
a function of this correlation. We would expect that, for well-generated surrogates which
reflect the relationships to the conditional process, the TE estimates on these conditionally
independent processes will closely match the surrogate distribution.

We simulated this process using the parameter values of T' = 1.0, a;, = 0.25, a;,, = 0.5,
&~ AH(0,03) and &, ~ A(0,03) where ap = 0.05. &, was distributed as a left-truncated
normal distribution, with mean 0 and standard deviation o, = 0.05, with a left truncation
point of T + &, where g =1 x 1078, ensuring that T'+ &, > 0. Once the process had been simu-
lated, the source process D; was translated by an amount w. We used values of w between -10T
and 107, at intervals of 0.13T. For each such w, the process was simulated 200 times. For each
simulation, the TE was estimated on the original process with the translation w in the first
daughter as well as on a surrogate generated according to our proposed local permutation
scheme (see Methods for a detailed description). The parameter values of kyerm = 10 and
Ny surrogate = Nx were used. For comparison, we also generated surrogates according to the tra-
ditional source time-shift method, where this shift was distributed randomly uniform between
200 and 300 time units. A contiguous region of 50 000 target events was extracted and the esti-
mation was performed on this data. The continuous-time estimator used the parameter values
ofl, =1, = lZ1 =1, k=10, Ny = Ny and the Manhattan (¢;) norm.

The results in Fig 6A demonstrate that the null distribution of TE values produced by the
the local permutation surrogate generation scheme closely matches the distribution of TE val-
ues produced by the continuous-time estimator applied to the original data. Whilst the raw TE
estimates retain a slight negative bias (explored further in Discussion), we can generate a bias-
corrected TE with the surrogate mean subtracted from the original estimate (giving an “effec-
tive transfer entropy” [63]). This bias-corrected TE as displayed in Fig 6B is consistent with
zero because of the close match between our estimated value and surrogates, which is the
desired result in this scenario. On the other hand, the TE values estimated on the surrogates
generated by the traditional time-shift method are substantially lower than those estimated on
the original process (Fig 6A); comparison to these would produce very high false positive rates
for significant directed statistical relationships (see the values of TE bias-corrected to these sur-
rogates, which are not consistent with 0, in Fig 6B). This is most pronounced for high levels of
pairwise source-target correlation (with translations w near zero). The reason behind this dif-
ference in the two approaches is easy to intuit. The traditional time-shift method destroys all
relationship between the history of the source and the occurrence of events in the target. This
means that we are comparing estimates of the TE on the original processes (where there is a
strong pairwise correlation between the history of the source and the occurrence of target
events) with estimates of the TE on fully independent surrogate processes. Specifically, in dis-
crete time, the joint distribution of the present state of the target and the source history, condi-
tioned on the other histories decomposes as p(X,, Y_, | X_,, Z_,) = p(X, | X_, Z _)p(Y_,)
when using a naive shift method.

By contrast, the proposed local permutation scheme produces surrogates where, although
the history of the source and the occurrence of events in the target are conditionally inde-
pendent, the relationship between the history of the source and the mediating variable,
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Fig 6. Results of the continuous-time estimator run on a noisy copy process T Dy—Dy M where conditioning on a
strong common driver M should lead to zero information flow being inferred. The translation w of the source,
relative to the target and common driver, controls the strength of the correlation between the source and target
(maximal at zero translation). For each translation, the estimator is run on both the original process as well as
embeddings generated via two surrogate generation methods: our proposed local permutation method and a
traditional source time-shift method. The solid lines show the average TE rate across multiple runs and the shaded
areas span from one standard deviation below the mean to one standard deviation above it. The bias of the estimator
changes with the translation w, and we expect the estimates to be consistent with appropriately generated surrogates
reflecting the same strong common driver effect. This is the case for our local permutation surrogates, as shown in (A).
This leads to the correct bias-corrected TE value of 0, as shown in (B).

https://doi.org/10.1371/journal.pcbi.1008054.g006

which in this case is the history of the mother process, is maintained. That is, the scheme
produces surrogates where (working in the discrete-time formalism for now) the joint dis-
tribution of the present of the target and the source history, conditioned on the other histo-
ries decomposes appropriately aSP(XM Y., | X z<t) = P(Xt | X z<t)p(Y<t ‘ X z<t)'
See Methods for the analogous decomposition within the continuous-time event-based TE
framework.

We then confirm that the proposed scheme is able to correctly distinguish between cases

where an information flow does or does not exist. To do so, we applied it to measure T ,_, ,,
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in the above system, where we would expect to see non-zero information flow from the com-
mon driver or mother to one daughter process, conditioned on the other. The setup used was
identical to above however focussing on a translation of w = 0, and for completeness, two dif-
ferent levels of noise in the daughter processes were used: op = 0.05 and op = 0.075. The trans-
lation of w = 0 was chosen as, in the cases of zero information flows (T p,—pym)> the pairwise
source-target correlations will be at their highest, increasing the difficulty of correctly identify-
ing these zero flows.

We recorded the p values produced by the combination of the proposed continuous-time
estimator and the local permutation surrogate generation scheme when testing for conditional
information flow where it is expected to be non-zero through T, . D,|p,> i addition to where

there is expected to be zero flow through T D,—pyu- Lhese flows were measured in 10 runs each
and the distributions of the resulting p values are shown in Fig 7. We observe that our pro-
posed combination assigns a p value of zero in every instance of T, Dylp, &S expected; whilst
for TDﬁDzl v it assigns p values in a broad distribution above zero, meaning the estimates are
consistent with the null distribution as expected.

We also applied the combination of the discrete-time estimator and the traditional time-
shift method of surrogate generation to this same task of distinguishing between zero and
non-zero conditional information flows. We used time bins of width At = 0.05 and history
lengths of 7 bins for the target, source and conditional histories. In order to increase the length
of history being considered, while keeping the length of the history embeddings constant,
application of the discrete-time estimator often makes use of the fact that the present state of
the target might be conditionally independent of the most recent source history due to, for
instance, transmission delays. In order to exploit this property of the processes, a lag parameter
is determined. This lag parameter is a number of time bins to skip between the target present
bin and the start of the source history embedding. We followed the current best practice in
determining this lag parameter [17]. That is, before calculating the conditional TE from the
source to the target, we determined the optimal lag between the conditional history and the
target by calculating the pairwise TE between the conditioning process and the target for all
lags between 0 and 10. The lag which produced the maximum such TE was used. We then
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Fig 7. The p-values obtained when using continuous and discrete-time estimators to infer non-zero information
flow in the noisy copy process. The estimators are applied to both T b,y (€xpected to have zero flow) and TMw2 D,
(expected to have non-zero flow and therefore be indicated as statistically significant). Only the results from the
continuous-time estimator match these expectations. Ticks represent the particular combination of estimator and
surrogate generation scheme making the correct inference in the majority of cases when a cutoff value of p = 0.05 is
used. The dotted line shows p = 0.05.

https://doi.org/10.1371/journal.pcbi.1008054.g007
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calculated the conditional TE between the source and the target, using this determined lag for
the conditioning process, for all lags to the source process between 0 and 10. The TE was then
determined to be the maximum TE estimated over all these different lags applied to the source
process. This procedure was applied when estimating the TE on the original process as well as
on each separate surrogate. The results of this procedure are also displayed in Fig 7. Here we
see that the combination of the discrete-time estimator and the traditional time-shift method
of surrogate generation assigns a p value indistinguishable from zero to all individual runs of
both T,,_. Dylp, a0d T D,—pym+ T his result-contradicting the expectation that T Dy Dy 1S cONSis-
tent with zero-suggests that this benchmark approach has an incredibly high false positive rate
here.

Finally, we investigated whether the poor performance of the traditional combination of
the discrete-time estimator and source time-shift surrogate generation scheme was entirely
due to the surrogate generation scheme, or at least partially due to time discretisation. To do
so, we reran the experiments for the discrete-time estimator shown in Fig 7B, but replaced the
time-shift surrogate generation scheme for an approach which is equivalent to our local per-
mutation scheme, but operates on categorical variables (such as binary numbers). This is a
pre-existing conditional-permutation-based surrogate generation technique [64]. The results
were identical to those shown in Fig 7B for which the time-shift method of surrogate genera-
tion (the usual approach for TE analysis) was used. This suggests that time discretisation plays
a substantial role in the failure of the traditional approach on this example. That is, good per-
formance here also requires estimation in continuous time.

Scaling of conditional independence testing in higher dimensions

The previous subsection demonstrated the ability of the proposed continuous-time TE esti-
mator and local permutation surrogate generation scheme to perform conditional indepen-
dence tests despite strong pairwise correlations. The results and analysis there demonstrated
how the distribution of the TE values over the surrogates was able to match those over the
original time series in cases of zero TE, resulting in a broad distribution of p values between
0 and 1. It was further demonstrated that the distribution of p values obtained from cases
with a non-zero TE was clustered around 0, thus providing us with an effective test between
zero and non-zero TE. As argued in Introduction and Methods, this is equivalent to a test for
conditional independence.

One of the main applications of conditional independence tests is as a component in net-
work inference algorithms [7, 50, 65]. In such cases, the number of processes included in the
conditioning set can be as large as one less than the degree of the node. The previous subsec-
tion performed a detailed analysis of the distribution of TE values of the original time series,
TE values of the surrogate time series as well as the resulting p values in a case where there is
a single process in the conditioning set. It was also demonstrated that the inference of non-
zero TE could be performed successfully in this case. In this subsection, we study the scaling
of the inference of non-zero TE with the size of the conditioning set. As such, we provide a
demonstration of the suitability of the combination of the proposed estimator and surrogate
generation scheme as a component in a conditional-independence based network inference
algorithm.

We generate synthetic data on which to test this scaling. The simulated example consists of
a single Leaky-Integrate-and-Fire (LIF) [66] neuron and a set of stimuli to it. See Methods for
a full description of this model. The LIF neuron has parameters Vj = =65 mv, Vyeger = =75 mv,
Vihreshold = —45 mv, a time constant of 7 = 10 ms and a hard refractory period of 5 ms.
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Each stimulus is a separately generated inhomogeneous Poisson process, with an added
refractory period of 5 ms. All the stimuli have a common rate. This rate is constant across win-
dows of 0.5s and is generated uniformly randomly between 0 Hz and 40 Hz. As in the above
example of unidirectionally coupled process pairs, the stimuli are generated using a thinning
algorithm. The process is first generated as a homogeneous Poisson process with rate R > 40
Hz. Spikes are excluded with probability 1 — r;/R, where r; is the common rate of the window
of the spike. All spikes within the refractory period of the previous spike are also excluded. The
stimuli are divided into a set of background processes B, with |B| € {6, 12, 18}, and a source Y.
One third of the stimuli in the background set are inhibitory and remainder are excitatory.
The strength of the connection Vi onnect associated with each stimulus was adjusted by hand
such that the average firing rate of the target LIF neuron was around 20 Hz when only the sti-
muli in the background set were connected to the target (that is, the extra source stimulus was
unconnected). The resulting connection strengths used are 18 mV, 13 mV and 10 mV for each
of the three sizes of the background set, respectively. All connections have a fixed delay of 2
ms. The source stimulus Y is set to be either inhibitory, excitatory or is otherwise unconnected
to the target LIF neuron.

In the case where the source neuron is unconnected, when conditioning on all the processes
in the background set, the TE between the source and the target LIF neuron is zero. In the
cases where it is connected in either an inhibitory or excitatory manner, the TE will be non-
zero. This follows from the assumptions made explicit in Methods relating conditional inde-
pendence and dependence to network structure. We tested the ability of both estimator and
surrogate generation scheme combinations to correctly infer zero or non-zero TE.

For the continuous-time estimator and local permutation surrogate generation scheme we
used the parameter values of [y = I, = I, = 1,k =5, kperm = 10, No/Nx = 1 and Ny surrogate/ Nx
= 10. The discrete-time estimator used the same history embedding length for the source, tar-
get and conditioning processes. This was set at 3, 2 or 1 bins for each of the conditioning set
sizes (6, 12 or 18), respectively. These embedding lengths were chosen so as to keep the total
number of bins used across the target, source and conditioning processes below 25. Using
more than 25 bins resulted in the space of possible history permutations growing too large,
leading to undersampling and far inferior performance. The bin width At was set at 8 ms, 11
ms and 22 ms for each of these three embedding lengths. These bin widths were chosen so that
the history would extend back a distance of at least twice the time constant of the LIF target
neuron, plus the transmission delay from the stimuli.

For both combinations, 100 surrogates and a threshold of p = 0.05 for the inference of non-
zero TE were used. Tests were conducted for the number of target spikes Ny € {100, 500, 1000,
2000, 5000, 10000}. For each data set size, both approaches were tested on 30 independent sim-
ulations for each setting of Y as either inhibitory, excitatory or unconnected.

Fig 8 shows the results of running the two approaches on the simulated data for different
data set sizes. The combination of the discrete-time estimator and the traditional time-shift
surrogate generation scheme is found to be inadequate. For data set sizes of Ny > 1000, we see
that this approach assigns non-zero TE to all 30 runs of every connection class (excitatory,
inhibitory or absent) at each size, despite the fact that the 30 runs on absent connections corre-
spond to cases of zero TE. Moreover, in the case of absent connections, the direction of con-
vergence is in the wrong direction—this approach performs worse as we provide more data.
This is likely due to this scheme’s poor ability to identify conditional independence in the
presence of pairwise correlations, as we have already seen in the previous subsection. In the
instances where the source is not connected to the target, its spiking activity will still be corre-
lated with that of the target, due to it sharing a common rate with the background processes.
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Fig 8. The scaling of the combination of the continuous-time estimator and the local permutation surrogate generation scheme on
correctly identifying conditional independence relationships with increasing dimension and data size (A). This is compared with
the performance of the combination of the discrete-time estimator with the traditional time-shift surrogate generation procedure (B).
The y axis represents the number of background processes being conditioned on. Above a certain moderate threshold of data size, the
discrete-time approach infers a non-zero TE in all of the runs, including those where the source was in fact not connected to the target.
This renders it impractical for this task.

https://doi.org/10.1371/journal.pchi.1008054.9008

S4 Fig displays the same results as Fig 8, but in the simpler case where all stimuli have a con-
stant rate of 20 Hz. In this case, with the pairwise correlations removed, we see that the dis-
crete-time estimator is capable of more consistently correctly identifying cases of zero TE,
although it still displays a substantially inflated false positive rate compared to the expected
value of 0.05. Moreover, it is worth emphasising that this is an unrealistic scenario as it is
assuming completely independent sources, whereas the activity of biological neurons are
known to exhibit a wide variety of correlations in their activities [58, 59, 60].

Returning to Fig 8A, in the cases where the conditioning set contains 6 or 12 processes, the
combination of the continuous-time estimator and local permutation surrogate generation
scheme is able to correctly identify zero versus non-zero TE provided that it has access to
around 10000 target spikes. In the case where the conditioning set contains 18 processes, it is
capable of correctly identifying non-zero TE for excitatory connections as well as correctly
identifying zero TE in the case of an unconnected source. In all combinations of numbers of
spikes and number of conditionals, our method is able to control the false positive rate at the
prescribed level. This is crucial: in the context of network inference applied to neuroscientific
data, false positives are considered more detrimental than false negatives [67]. This is due to
such false positives often existing between communities and thus resulting in substantial errors
in the inferred topology. With that said, the true positive rate is below 50% for inhibitory
sources, though it is observed to rise with an increase in the number of target spikes being con-
sidered. Importantly, were a greedy approach to effective network inference to be used, as in
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[7, 50], whereby edges are iteratively added to the conditioning set based on their TE value,
then the majority of conditional independence tests will be performed at a dimension well
below the degree of the node. In order to measure the performance of our proposed approach
at the start of this process (where no sources have yet been selected and conditioned on), S5
Fig displays the same results as Fig 8 but where the background processes are not included in
the conditioning set. Here we see higher true positive rates at lower numbers of spikes, with
the inhibitory connections being easily identified. This implies that, when used as a compo-
nent in such a greedy algorithm, our approach will be able to identify the principal sources
whilst controlling the false-positive rate, although it may miss some true sources in higher
dimensions.

Finally, we investigated whether the poor performance of the traditional combination of
the discrete-time estimator and source time-shift surrogate generation scheme was entirely
due to the surrogate generation scheme. That is, could it be rescued by using a better surrogate
generation technique? We therefore repeated the discrete-time experiments shown in Fig 8, S4
and S5 Figs, but replaced the time-shift surrogate generation scheme for an approach which is
equivalent to our local permutation scheme, but operates on categorical variables (such as
binary numbers). This is an established conditional-permutation based surrogate generation
scheme [64]. The results of these runs are displayed in S6 Fig. We observe qualitatively similar
results for the use of these two surrogate generation techniques. The only substantial difference
is that the conditional-permutation based scheme has lower true positive rates for inhibitory
connections when less data is available under all setups. This implies that the poor perfor-
mance of the traditional approach is largely due to time-discretisation. Once again, we see that
good performance here requires estimation in continuous time.

Testing for conditional independence on the simulated pyloric circuit of
the crustacean stomatogastric ganglion

The pyloric circuit of the crustacean stomatogastric ganglion has received significant attention
in terms of statistical modelling and has been proposed as a benchmark circuit on which to
test spike-based connectivity inference techniques [68, 69]. Such modelling attempts have
faced substantial difficulties. For instance, it has been shown that Granger causality is unable
to infer the connectivity of this network [68] (Granger causality and TE are equivalent for lin-
ear dynamics with Gaussian noise [70]). We demonstrate here that our proposed approach is
able to correctly infer the conditional dependence and independence relationships in this cir-
cuit (which, as per the previous examples, are expected to match connectivity under the condi-
tions of this experiment, see Methods).

The crustacean stomatogastric ganglion [49, 71, 72] has received substantial research atten-
tion as a simple model circuit. The fact that its full connectivity is known is of great use for
modelling and statistical analysis. The pyloric circuit is a partially independent component of
the greater circuit and consists of an Anterior Burster (AB) neuron, two Pyloric Driver (PD)
neurons, a Lateral Pyloric (LP) neuron and multiple Pyloric (PY) neurons. As the AB neuron
is electrically coupled to the PD neurons and the PY neurons are identical, for the purposes of
modelling, the circuit is usually represented by a single AB/PD complex, and single LP and PY
neurons [68, 69, 73, 74].

The AB/PD complex undergoes self-sustained rhythmic bursting. It inhibits the LP and PY
neurons through slow cholinergic and fast glutamatergic synapses. These neurons then burst
on rebound from this inhibition. The PY and LP neurons also inhibit one another through fast
glutamatergic synapses and the LP neuron similarly inhibits the AB/PD complex.
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(A) Circuit connectivity diagram (B) Example membrane potential
traces produced by the circuit.
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Fig 9. Results of both estimator and surrogate generation combinations being applied to data from simulations of
a biophysical model of a neural circuit inspired by the pyloric circuit of the crustacean stomatogastric ganglion.
The circuit, shown in (A), is fully connected apart from the missing connection between the PY neuron and the AB/
PD complex, and generates membrane potential traces which are bursty and highly-periodic with cross-correlated
activity. The distribution of p values from the combination of the continuous-time estimator and local permutation
surrogate generation scheme are shown in (C). They demonstrate that this combination is capable of correctly
identifying the conditional dependence and independence relationships in this circuit in all runs, apart from two false
negatives. By contrast, the distribution of p values produced by the combination of the discrete-time estimator and the
traditional source time-shift surrogate generation method shown in (D) mis-specified the relationship from the PY to
the ABPD in every run. Ticks represent the particular combination of estimator and surrogate generation scheme
making the correct inference of dependence or independence in the majority of cases when a cutoff value of p = 0.05 is
used.

https://doi.org/10.1371/journal.pcbi.1008054.g009

Fig 9 shows sample membrane potential traces from simulations of this circuit as well as a
connectivity diagram. Despite its small size, inference of the relationships between neurons is
challenging [68, 69] due to the fact that it is highly periodic. Although there is no structural
connection from the PY to the ABPD neuron (implying conditional independence due to full
observability and the causal Markov assumption), there is a strong, time-directed, correlation
between their activity—the PY neuron always bursts shortly before the ABPD. Recognising
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that this is a spurious correlation, and that the AB/PD complex is thus conditionally indepen-
dent of the history of the PY neuron, requires fully resolving the influence of the AB/PD’s his-
tory on itself as well as that of the LP on the AB/PD. To further complicate matters, the
dependence implied by the connection between the LP and ABPD neurons (along with the
contraposition of our assumption of faithfulness) is very challenging to detect. The AB/PD
complex will continue bursting regardless of any input from the LP. Correctly inferring this
dependence requires detecting the subtle changes in the timing of AB/PD bursts that result
from the activity of the LP.

Previous work on statistical modelling of the pyloric circuit has used both in vitro and in sil-
ico data [68, 69]. We ran simulations of biophysical models inspired by this network, similar to
those used in [68] (see S1 Text). Attempts were then made to identify the conditional depen-
dence/independence relationships in the network by detecting non-zero conditional informa-
tion flow from the spiking event times produced by the simulations. This was done by
estimating the TE from the source to the target, conditioned on the activity of the third
remaining neuron for every source-target pair. Both the combination of the proposed continu-
ous-time estimator and local permutation surrogate generation scheme and the combination
of the discrete-time estimator and source time-shift surrogate generation scheme were applied
to this task. As the dynamics of the network are fully captured in the three neurons of the net-
work (we have full observability), and due to the causal Markov assumption, in the case where
there is no causal directed connection from a source to a target, the target’s present will be con-
ditionally independent of the source’s past. By the contraposition of the faithfulness assump-
tion, in the presence of a connection the target’s current state will be dependent on the
source’s past (see Methods).

Both combinations were applied to nine independent simulations (ten simulations were
instantiated but one was discarded due to early termination from a numerical instability) of
the network and the number of target events Nx = 2 x 10* was used. For the continuous-
time estimator the parameter values of [, = [, = lZl = 3, k=10, Ny = Nx, Ny surrogate = 5Nx
and kyerm = 10 were used along with the Manhattan (¢;) norm (see Methods). The discrete-
time estimator made use of a bin size of At = 0.05s and history embedding lengths of seven
bins for each of the source, target and conditioning processes. Searches were performed to
determine the optimum embedding lag for both the source and conditioning histories (as
above) with a maximum search value of 20 bins being used. We designed the search proce-
dure to include times up to the inter-burst interval (around 1 time unit), which placed an
effective lower bound on the width of the time bins (as bin sizes below At = 0.05s resulted in
impractically large search spaces). For both estimators, p values were inferred from 100
independently generated surrogates (see Methods). The source time-shift surrogate genera-
tion scheme used time shifts distributed uniformly randomly between 200 and 400 time
units.

Fig 9C and 9D show the distributions of p values resulting from the application of both esti-
mator and surrogate generation scheme combinations. The continuous-time estimator and
local permutation surrogate generation scheme were able to correctly infer the dependence/
independence relationships in the network in the majority of cases (indicated by p-values
approaching 0 for the true positives, and spread throughout [0, 1] for the true negatives). On
the other hand, the discrete-time estimator and source time-shift surrogate generation scheme
produced an erroneous inference on every run: a dependence between the PY neuron and the
AB/PD complex. S7 and S8 Figs contain plots showing runs of the continuous-time estimator
using different values of the parameters Ix, Iy, I, and Nx. The results are qualitatively very
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similar to those presented in Fig 9C, showing that, on this example, our methodology is robust
to these parameter choices.

As in the previous subsections, we investigated whether the poor performance of the tradi-
tional combination of the discrete-time estimator and source time-shift surrogate generation
scheme was entirely due to the surrogate generation scheme, or at least partially due to time
discretisation. To do so, we reran the experiments for the discrete-time estimator shown in Fig
9D, but replaced the time-shift surrogate generation scheme for an approach which is equiva-
lent to our local permutation scheme, but operates on categorical variables (such as binary
numbers). As previously, this is a pre-existing conditional-permutation-based surrogate gener-
ation method [64]. The results were identical to those shown in Fig 9D for which the time-
shift method of surrogate generation (the usual approach for TE analysis) was used. This sug-
gests that time discretisation plays a substantial role in the failure of the traditional approach
on this example. Mirroring our previous findings, we observe that good performance here
requires estimation in continuous time.

On this particular example, the inference of all connections using the continuous-time
approach took 13 minutes and 6 seconds when using 20 cores of an Intel Xeon E5-2670. The
discrete-time approach took around 37 minutes and 4 seconds when running on the same
hardware. We would, however, point out that the computational requirements for both meth-
ods are highly sensitive to their parameters. The discrete-time approach will be particularly
sensitive to At and the number of lag settings searched over. The continuous-time approach is
particularly sensitive to the embedding lengths.

Discussion

Despite transfer entropy being a popular tool within neuroscience and other domains of
enquiry [7, 8,9, 13, 14, 15, 16, 17, 18, 19], it has received more limited application to event-
based data such as spike trains. This is at least partially due to current estimation techniques
requiring the process to be recast as a discrete-time phenomenon. The resulting discrete-time
estimation task has been beset by difficulties including a lack of consistency, high bias, slow
convergence and an inability to capture effects which occur over fine and large time scales
simultaneously.

This paper has built on recent work presenting a continuous-time formalism for TE [5] in
order to derive an estimation framework for TE on event-based data in continuous time. This
framework has the unique advantage of only estimating quantities at events in the target pro-
cess alongside efficient representation of the data as inter-spike intervals, providing a signifi-
cant computational advantage. Instead of comparing spike rates conditioned on specific
histories at each target spiking event, we use a Bayesian inversion to instead make the empiri-
cally easier comparison of probabilities of histories at target events versus anywhere else along
the target process. This comparison, using KL divergences, is made using k-NN techniques,
which brings desirable properties such as efficiency for the estimator. This estimator is prov-
ably consistent. Moreover, as it operates on inter-event intervals, it is capable of capturing rela-
tionships which occur with fine time precision along with those that occur over longer time
distances.

The estimator was first evaluated on two simple examples for which the ground truth is
known: pairs of independent Poisson processes (first subsection of Results) as well as pairs
of processes unidirectionally coupled through a simple functional relationship (second sub-
section of Results). The current state-of-the-art in discrete-time estimation was also applied
to these processes. It was found that the continuous-time estimator had substantially lower
bias than the discrete-time estimator, converged orders of magnitude faster (in terms of the
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number of sample spikes required), and was relatively insensitive to parameter selections.
Moreover, these examples provided numerical confirmation of the consistency of the contin-
uous-time estimator, and further demonstration that the discrete-time estimator is not con-
sistent. The latter simple example highlighted the magnitude of the shortcomings of the
discrete-time estimator. In the authors’ experience, spike-train datasets which contain 1 mil-
lion spiking events for a single neuron are vanishingly rare. However, even in the unlikely cir-
cumstance that the discrete-time estimator is presented with a dataset of this size, as in the
second subsection of Results, it could not accurately estimate the TE for a simple one-way
relationship between only two neurons. Moreover, this example neatly demonstrates a
known [31], notable problem with the use of the discrete-time estimator, which is that it pro-
vides wildly different estimates for different values of At. Whilst the underlying theory [5]
suggests that in principle taking the discrete time TE rate as At — 0 converges with the con-
tinuous time formalism, the use of smaller At values leads to issues in undersampling and
inability to represent patterns on long time scales. In real-world applications, where the
ground truth is unknown, there is no principled method for choosing which resulting TE
value from the various bin sizes to use.

One of the principal use-cases of TE is the inference of non-zero information flow. As the
TE is estimated from finite data, we require a manner of determining the statistical significance
of the estimated values. Traditional methods of surrogate generation for TE either shift the
source in time, or shuffle the source embeddings. However, whilst this retains the relationship
of the target to its past and other conditionals, it completely destroys the relationship between
the source and any conditioning processes, which can lead to very high false positive rates as
detailed in the third subsection of Results and Methods. We developed a local permutation
scheme, based on [48], for use in conjunction with this estimator which is able to maintain the
relationship of the source history embeddings with the history embeddings of the target and
conditioning processes. The combination of the proposed estimator and this surrogate genera-
tion scheme were applied to an example where the history of the source and the occurrence of
events in the target are highly correlated, but conditionally independent given their common
driver (third subsection of Results). The established time-shift method for surrogate genera-
tion produced a null distribution of TE values substantially below that estimated on the origi-
nal data, incorrectly implying non-zero information flow. Conversely, the proposed local
permutation method produced a null distribution which closely tracked the estimates on the
original data. The proposed combination was also shown to be able to correctly distinguish
between cases of zero and non-zero information flow. When applied to the same example, the
combination of the discrete-time estimator and the traditional method of time-shifted surro-
gates inferred the existence of information flow in all cases, even when no such flow was pres-
ent. The scaling of these results with the size of the conditioning set was investigated in the
fourth subsection of Results. Here, in a highly simplified model of the input-output relation-
ships of a neuron, it was demonstrated that the proposed method could correctly identify con-
ditional dependence vs. independence in cases of up to 12 conditioning processes with access
to 10* target spikes. Moreover, it maintained robustness to pairwise correlations despite condi-
tional independence. Again, the traditional combination of discrete-time estimator and time
shifted surrogates was found to be lacking.

Finally, our proposed approach was applied to inferring the dependence/independence
relationships in a more biologically faithful example in the fifth subsection of Results. For this
purpose, we made use of models inspired by the pyloric circuit of the crustacean stomatogas-
tric ganglion. The full observability and large noise provided by this model allowed us to
conclude that the conditional dependence/independence relationships would match the
underlying connectivity of the model, thus providing us with a ground truth against which to
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test our approach. Statistical modelling of this network is challenging due to its highly periodic
dynamics. For instance, attempts to use Granger causality, using a more established estimator,
to infer its connectivity have been unsuccessful [68]; furthermore, we showed that the discrete-
time binary-valued TE estimator (with time-shifted surrogates) also could not successfully
infer the independence and dependence relationships in the network. It is worth highlighting
in this context that Granger causality and TE are equivalent for linear dynamics with Gaussian
noise [70]. Given that discrete-time TE (capable of capturing nonlinear relationships) failed on
this network, we suspect that the reason for the earlier failures of Granger causality applied to
this network were due, at least in part, to time binning and not entirely due to its inability to
find nonlinear relationships. Despite these challenges, our combination of continuous-time
estimator and surrogate generation scheme was able to correctly infer the relationships implied
by the pyloric network. This provides an important validation of the efficacy of our presented
approach on a challenging example of representative biological spiking data.

This work represents a substantial step forward in the estimation of information flows from
event-based data. To the best of the authors’ knowledge it is the first consistent estimator of TE
for event-based data. That is, it is the first estimator which is known to converge to the true
value of the TE in the limit of infinite data, let alone to provide efficient estimates with finite
data. As demonstrated in the first and second subsections of Results it has substantially favour-
able bias and convergence properties as compared to the discrete-time estimator. The fact that
this estimator uses raw inter-event intervals as its history representation allows it to efficiently
capture relevant information from the past of the source, target and conditional processes.
This allows it to simultaneously measure relationships that occur both with very fine time
scales as well as those that occur over long intervals. This was highlighted in the fifth subsec-
tion of Results, where it was shown that our proposed approach is able to correctly infer the
conditional dependence/independence relationships implied by a model inspired by the pylo-
ric circuit of the crustacean stomatogastric ganglion. The inference of these relationships
requires capturing subtle changes in spike timing. However, its bursty nature means that there
are long intervals of no spiking activity. This is contrasted with the poor performance of the
discrete-time estimator on this same task, as above. The use of the discrete-time estimator
requires a hard trade-off in the choice of bin size: small bins will be able to capture relation-
ships that occur over finer timescales but will result in an estimator that is blind to history
effects existing over large intervals. Conversely, whilst larger bins might be capable of captur-
ing these relationships occurring over larger intervals, the estimator will be blind to effects
occurring with fine temporal precision.

Further, real-world data is of course sampled at some limited resolution; this means that any
estimator cannot detect TE in the underlying process associated with smaller time scales than
available in the data, though the consistency property of our continuous-time estimator means
that it will converge to the TE value of the process at the available resolution. Of course, as per
our Introduction, where temporal resolution in recordings is very poor (such as in calcium
imaging experiments) the aforementioned trade-offs for the discrete-time estimator are likely
to be less problematic and the advantages of the continuous-time estimator less pronounced.

To the best of our knowledge, this work showcases the first use of a surrogate generation
scheme for statistical significance estimates which correctly handles strong source-conditional
relationships for event-based data. This has crucial practical benefit in that it greatly reduces
the occurrence of false positives in cases where the history of a source is strongly correlated
with the present of the target, but conditionally independent.

We make note of the fact that inspection of some plots, notably Fig 6 shows that, in some
cases, the estimator can exhibit small though not insignificant bias. Indeed, similar biases can
readily be demonstrated with the standard KSG estimator for transfer entropy on continuous
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variables in discrete time, in similar circumstances where a strong source-target relationship is
fully explained by a conditional process. The reason for the small remaining bias is that while
the underlying assumption of the nearest neighbour estimators is of a uniform probability
density within the range of the k nearest neighbours, strong conditional relationships tend to
result in correlations remaining between the variables within this range. For the common use-
case of inferring non-zero information flows this small remaining bias will not be an issue as
the proposed method for surrogate generation is capable of producing null distributions with
very similar bias properties. Furthermore, such bias can be removed from an estimate by sub-
tracting the mean of the surrogate distribution (as shown via the effective transfer entropy [63]
in the third subsection of Results). However, it is foreseeable that certain scenarios might bene-
fit from an estimator with lower bias, without having to resort to generating surrogates. In
such cases it will likely prove beneficial to explore the combination of various existing bias
reduction techniques for k-NN estimators with the approach proposed here. These include
performing a whitening transformation on the data [75], transforming each marginal distribu-
tion to uniform or exploring alternative approaches to sharing radii across entropy terms (see
Methods). The authors believe that the most probable cause of the observed bias in the case of
strong pairwise correlations is that these correlations cause the assumption of local uniformity
(see Methods) to be violated. Gao, Ver Steeg and Galstyan [76] have proposed a method for
reducing the bias of k-NN information theoretic estimators which specifically addresses cases
where local uniformity does not apply. The application of this technique to our estimator
holds promise for addressing this remaining bias.

We foresee that one of the more useful applications of the conditional independence test
that the combination of estimator and surrogate generation scheme provides will be network
inference. Strictly speaking, statistical methods such as these produce effective network
models which are not generally expected to provide precise matches to underlying structural
connectivity. Under certain idealised circumstances though, as implemented in our experi-
ments (see Methods), the two can be expected to match, and this provided for the important
validation that our methods detect directed conditional independence where it exists in
these small networks. The extent to which our method can be validated in this manner on
larger more latent-confounded networks, and more importantly the extent to which the net-
work models it infers correlate with underlying structure outside of such idealised condi-
tions including faithfulness (see Methods), remain open questions. This is an intended focus
of future work. Indeed, the inference of the connectivity of spiking neural networks from
their activity is an active area of research [77, 78] which includes recently proposed continu-
ous-time approaches [79, 80]. However, any conditional independence test will suffer from
the curse of dimensionality. This means that performing effective network inference
requires pairing the conditional independence test with a suitable (conditional-indepen-
dence-based) network inference algorithm which reduces the dimensionality of the tests.
Fortunately, a variety of such algorithms exist [65] (see Runge [81] for a methodology for
reducing the dimensionality outside of network inference). In particular, the greedy algo-
rithm [7, 50], which has already been validated for use in combination with TE (for different
types of dynamics on larger networks), holds particular promise. Further, it was recently
shown by Das and Fiete [51] that popular existing approaches to the inference of spiking
neural networks, such as generalised linear models and maximum entropy-based reverse
Ising inference, had very high false-positive rates in instances where the activity of uncon-
nected neurons was highly correlated. Given our focus on demonstrating that our condi-
tional independence test is highly robust to strong pairwise correlations despite conditional
independence, we believe that the work presented in this paper holds great promise towards
making progress on this important issue.
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Finally, it is worth pointing out that, as well as presenting a specific estimator and surro-
gate generation algorithm, this paper is also presenting an approach to testing for time-
directed statistical dependence in spike trains much more generally. Any estimator of KL
divergence can be plugged into our framework by being applied to estimate the two KL diver-
gence terms appearing in Eq (10). Moreover, a different surrogate generation scheme could
be used, so long as it factorises the distribution of histories as specified in Eq (20) (see Meth-
ods). There has been substantial recent progress towards the efficient estimation of diver-
gences [82, 83] in high dimension, pointing to the future promise of this work being applied
in the context of network inference.

Methods
There are a variety of approaches available for estimating information theoretic quantities
from continuous-valued data [84]; here we focus on methods for generating estimates T YoX|Z

of a true underlying (conditional) transfer entropy T,_, Xz

The nature of estimation means that our estimates TYHX‘ & may have a bias with respect

to the true value Thx‘z, and a variance, as a function of some metric n of the size of the
data being provided to the estimator (we use the number of spikes, or events, in the target
process). The bias is a measure of the degree to which the estimator systematically deviates
from the true value of the quantity being estimated, for finite data size. It is expressed as

bias(T vxz) = E[Ty_yg] — Ty_xg- The variance of an estimator is a measure of the
degree to which it provides different estimates for distinct, finite, samples from the same

process. It is expressed as variance(T voxig) = E[T@ﬁx‘z} —E[T YHX‘Z]Z. Another important
property is consistency, which refers to whether, in the limit of infinite data points, the
estimator converges to the true value. That is, an estimator is consistent if and only if

lim, T Y—X|Z = Tyﬂx\r

The first half of this methods section is concerned with the derivation of a consistent esti-
mator of TE which operates in continuous time. In order to be able to test for non-zero infor-
mation flow given finite data, we require a surrogate generation scheme to use in conjunction
with the estimator. Such a surrogate generation scheme should produce surrogate history sam-
ples that conform to the null hypothesis of zero information flow. The second half of this sec-
tion will focus on a scheme for generating these surrogates.

The presented estimator and surrogate generation scheme have been implemented in a
software package which is freely available online (see the Implementation subsection).

Continuous-time estimator for transfer entropy between spike trains

In the following subsections, we describe the algorithm for our estimator T v_xjg for the trans-
fer entropy between spike trains. We first outline our choice of a kNN type estimator, due to
the desirable consistency and bias properties of this class of estimator. In order to use such an
estimator type, we then describe a Bayesian inversion we apply to the definition of transfer
entropy for spiking processes, which allows us to operate on probability densities of histories
of the processes, rather than directly on spike rates. This results in a sum of differential entro-
pies to which kNN estimator techniques can be applied. The evaluation of these entropy terms
using kNN estimators requires a method for sampling history embeddings, which is presented
before attention is turned to a technique for combining the separate kNN estimators in a man-
ner that will reduce the bias of the final estimate.
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Consideration of estimator type. Although there has been much recent progress on
parametric information-theoretic estimators [85], such estimators will always inject modelling
assumptions into the estimation process. Even in the case that large, general, parametric mod-
els are used—as in [82] —there are no known methods of determining whether such a model is
capturing all dependencies present within the data.

In comparison, nonparametric estimators make less explicit model assumptions regarding
the probability distributions. Early approaches included the use of kernels for the estimation of
the probability densities [86], however this has the disadvantage of operating at a fixed kernel
‘resolution’. An improvement was achieved by the successful, widely applied, class of nonpara-
metric estimators making use of k-nearest-neighbour statistics [53, 87, 88, 89], which dynami-
cally adjust their resolution given the local density of points. Crucially, there are consistency
proofs [88, 90] for kNN estimators, meaning that these methods are known to converge to the
true values in the limit of infinite data size. These estimators operate by decomposing the
information quantity of interest into a sum of differential entropy terms H*. Each entropy
term is subsequently estimated by estimating the probability densities p(x;) at all the points in
the sample by finding the distances to the kth nearest neighbours of the points x;. The average
of the logarithms of these densities is found and is adjusted by bias correction terms. In some
instances, most notably the Kraskov-Stogbauer-Grassberger (KSG) estimator for mutual infor-
mation [53], many of the terms in each entropy estimate cancel and so each entropy is only
implicitly estimated.

Such bias and consistency properties are highly desirable-given the efficacy of kNN estima-
tors, it would be advantageous to be able to make use of such techniques in order to estimate
the transfer entropy of point processes in continuous time. However the continuous time for-
mulations in Eqs (3) and (4) contain no entropy terms, being written in terms of rates as
opposed to probability densities. Moreover, the estimators for each differential entropy term
H* in a standard kNN approach operate on sets of points in R?, and it is unclear how to sample
points so as to get an unbiased estimate of the rate.

The following subsection is concerned with deriving an expression for continuous-time
transfer entropy on spike trains as a sum of H* terms, in order to define a kNN type
estimator.

Formulating continuous-time TE as a sum of differential entropies. Consider two
point processes X and Y represented by sets of real numbers, where each element represents
the time of an event. Thatis, X € R¥ and Y € R, Further, consider the set of extra condi-
tioning point processes Z = {Z,,2,,...,2, .}, Z, € R™. We can define a counting process
Nx(t) on X. Nx(#) is a natural number representing the ‘state’ of the process. This state is incre-
mented by one at the occurrence of an event. The instantaneous firing rate of the target is
then Ax(t) = lima,—o p(Nx(T + At) — Nx(t) = 1)/At. Using this expression, Eq (4) can then be
rewritten as

PNy (x+At) =N, (x) =1 |x_, ¥y, %) .
pU(NX('x+ At) - Nx(x) =1 ‘ X<X,Z<X)

(6)

Tyﬁx\.?: = XXEIPUIEPX In

Here, A « 1s the average, unconditional, firing rate of the target process, that is

Ay =limy . Ny/t.In practice this is estimated through a trivial bias free estimate
eghy=(Ny—1)/twitht = xy —x.x€X_xyr € Yoxandx_, =

{Z) s Zocwr -+ 5 2y o} € Z _ are the histories of the target, source and conditioning pro-
cesses, respectively, at time x. The probability density py; is taken to represent the probability

density at any arbitrary point in the target process, unconditional of events in any of the
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processes. Conversely, px is taken to represent the probability density of observing a
quantity at target events. The expectation [, is taken over this distribution. That is

EPX [f(Y)} = jyf()’)Px()’)d}’

By applying Bayes’ rule we can make a Bayesian inversion to arrive at:

pU(X<x7Y<x’%<x | NX(x+ At) _ NX(.X) = 1)
Pu(Xeps %, | Ny(x + Af) = Ny(x) = 1)

Tyﬂx‘z =y BE}] E,, [ln

(7)
% Pu(X %, } )
pU(X<x7 Y<x7 %<
Eq (7) can be written as
T = :X E |:1an( < Ve ® <x)+ In pu( X % ) . (8)
i o PX( <x7 ) pU( <XVY<x7 <x)
Eq (8) can be written as a sum of differential entropy and cross entropy terms
TY%XIZ X [_H(X<xvY<xv Z<x) + H(X<xv$<x) (9)

HHp, (X Yoo £ o) = Hp, (X £ )]
Here, H refers to an entropy term and H, refers to a cross entropy term. More specifically,
HX &) = = [ px(xoz ) Inpy(x_ 2 )dx_dx_,

and

H (X<X7‘2° *fpx lnPU( <x7z<x)dx<xdz<x

It is worth noting in passing that Eq (8) can also be written as a difference of Kullback-Lei-
bler divergences:

TYﬂX\Z' = XX[DKL(PX(X<X’ Y<X’ z=<X)HPU()(<X7 Y<X’ z,<X))

(10)
_DKL(PX(X<X7 z<x)||PU(X<x7 3"<x))]'

The expressions in Eqs (9) and (10) represent a general framework for estimating the
TE between point processes in continuous time. Any estimator of differential entropy H
which can be adapted to the estimation of cross entropies can be plugged into Eq (9) in
order to estimate the TE. Similarly, any estimator of the KL divergence can be plugged into
Eq (10).

Constructing kNN estimators for differential entropies and cross entropies. Following
similar steps to the derivations in [53, 75, 90], assume that we have an (unknown) probability
distribution y(x) for x € R”. Note that here X is a general random variable (not necessarily a
point process). We also have a set X of Ny points drawn from . In order to estimate the differ-
ential entropy H we need to construct estimates of the form

HX) = ——Zln,u (11)

X:l

where In ,u( .) is an estimate of the logarithm of the true density. Denote by e(k, x;, X) the dis-
tance to the kth nearest neighbour of x; in the set X under some norm L. Further, let p be the
probability mass of the e-ball surroundmg x;. If we make the assumption that y(x;) is constant

within the e-ball, we have p! = = ¢, €(k, x,, X)"u(x,) where ¢y is the volume of the
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d-dimensional unit ball under the norm L. Using this relationship, we can construct a simple
estimator of the differential entropy:

H(X) = _N_X ) In e~ Denelk, x,,X) (12)

We then add the bias-correction term In k — y(k). y(x) = I (x)dI(x)/dx is the digamma
function and I'(x) the gamma function. This yields H, , the Kozachenko-Leonenko [87] esti-
mator of differential entropy:

Hy(X)= —y(k)+ In(N, — 1) + Inc,, + Zlne(k, . (13)

This estimator has been shown to be consistent [87, 91].

Assume that we now have two (unknown) probability distributions y(x) and B(x). We have
a set X of Nx points drawn from y and a set Y of Ny points drawn from f. Using similar argu-
ments to above, we denote by e(k, x;, Y) the distance from the ith element of X to its kth nearest
neighbour in Y. We then make the assumption that S(x;) is constant within the e-ball, and
we have p/ = £ = ¢, e(k,x,, Y)B(x,). We can then construct a naive estimator of the cross

entropy

772 chLe(k7 X;, ) (14)

Xxl

Again, we add the bias-correction term In k — y(k) to arrive at an estimator of the cross
entropy.

R d
Hy(X) = =y(k) + InNy + Incyy + 5 Zlnek, L Y). (15)

Xxl

This estimator has been shown to be consistent [91].

Attention should be brought to the fundamental difference between estimating entropies
and cross entropies using kNN estimators. An entropy estimator takes a set X and, for each
x; € X, performs a nearest neighbour search in the same set X. An estimator of cross entropy
takes two sets, X and Y and, for each x; € X, performs a nearest neighbour search in the other
set'Y.

We will be interested in applying these estimators to the entropy and cross entropy terms in
Eq (9). For instance, we could use H sx(X) to estimate H, (X_y, Z _y), where we have that
u=py(x_.,2%_)and f = p,(x_,,%_.). This will be covered in more detail in a later subsec-

tion, after we first consider how to represent the history embeddings x %_, aswell as

<x? Y<x’
sample them from their distributions.

Selection and representation of sample histories for entropy estimation. Inspection of
Eqs (8) and (9) informs us that we will need to be able to estimate four distinct differential

entropy terms and, implicitly, the associated probability densities:

1. The probability density of the target, source and conditioning histories at target events
px(x<x7 Y<x’z<x)'

2. The probability density of the target, and conditioning histories at target events
p X ( <x7 )
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3. The probability density of the target, source and conditioning histories independent of tar-
getactivity py(Xo, Yoo % o.)-

4. The probability density of the target and conditioning histories independent of target activ-
ity pu(X_pn %)

Estimation of these probability densities will require an associated set of samples for a kNN
estimator to operate on. These samples forx_,,y__,% _, will logically be representated as his-
tory embeddings from the raw event times of the target X € R™, source Y € R and condi-
tioning £ = {2,,2,,...,Z, },Z € RV processes. It is assumed that these sets are indexed
in ascending order (from the first event to the last). The length of the history embeddings (in
terms of how many previous spikes are referred to) must be restricted in order to avoid the dif-
ficulties associated with the estimation of probability densities in high dimensions. The lengths
of the history embeddings along each process are specified by the parameters Ix, Iy, I, , .. "lan

We label the sets of samples as J_, = {j<Xx}Z(1’ Cy= {c<xl}i‘l, v = {j<u[}li“1, and

Coy = {c., } ), for each probability density py (X, V.2 ..)> Px (X %2 Py (X Vo2 )
and p,(x_,, % _,) respectively (J for joint’ and C for ‘conditioning’, i.e. without the source).
For the two sets of joint embeddings J- (where * € {X, U}) eachj_, € J_, is made up

of target, source and conditioning components. Thatis,j_, = {x %_, } where

<x;7 Y<*,7
%, ={2 %2, ., } Similarly, for the two sets of conditioning embeddings C_.
(where " € {X, U}) each c_, € C_, is made up of target, and conditioning components. That is,
C<*, = {X<*,7%<*,v °

Each set of embeddings - is constructed from a set of observation points T € R"". Each
individual embedding j_, is constructed at one such observation ¢, We denote by pred(t;, P),

the index of the most recent event in the process P to occur before the observation point ¢;.

The values of x_, = {x., ,x% ,...,x } € X_, aresetas follows:
t[ - ‘xpred(t‘,X) k=1
2, = (16)
xpred(t,.X)—k+2 - xpred(r,-.X)—k+] k ;é 1.

Here, the t; € T are the raw observation points and the x; € X are the raw event times in the
process X. The first element of x___ is then the interval between the observation time and the
most recent target event time Xred(, x)- The second element of x_, is the inter-event interval
between this most recent event time and the next most recent event time and so forth. The val-
uesofy_, ={yL ,»2. ,....)%} €Y andz_ ={z. .22 ,...,2% } € Z_ aresetinthe

same manner.

N Ity +> g, . .
The set of samples J_ = {j_ } | C R*™ 221 for Px(X_,, Y., % _,) is constructed using
this scheme, with the set of observation points T being simply set as the Nx event times x; of

the target process X. Assuch, J_y =X_y x Y_, x & _,.

In contrast, while the set of samples J_,, = {j <”i}i”l C R”‘””lef for py(x_,, ¥_, %) is
also constructed using this scheme, the set of observation points T'is set as U C R, Uis com-
posed of sample time points placed independently of the occurrence of events in the target
process. These Ny sample points between the first and last events of the target process X can
either be placed randomly or at fixed intervals. In the experiments presented in this paper they
were placed at fixed intervals. Importantly, note that Ny, is not necessarily equal to Ny, with

their ratio Ny/Nx a parameter for the estimator which is investigated in our Results. We also

PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi.1008054  April 19, 2021 30/45



CHAPTER 3: IMPROVING THE ESTIMATION OF TE ON SPIKE TRAINS

67

PLOS COMPUTATIONAL BIOLOGY

Estimating Transfer Entropy in Continuous Time Between Neural Spike Trains

4 3 2 1w
Z1,<x; Z1.,<xi Z1,<x, 1,<x;
A R CEEREEEE Me--nnnn- ---
4 73 2 i b
2<% 2% 2,55 2,<%i u
Zo | |(---->|4 ------ |< ----------- |4----)-
4 3 2 1 .
y<xi y<xl Y<xl Y<xi u
Y YRR YRR Memmm K >
4 3 2 1
X<xl Xox Xx, Xox
X | k-ee--ee--- e---n--- ¢-nnn- Me-----
tio1 = X1 ti = xi

4 3 2 .

Z1,<u; ZlA,<11l 1,<u; Zl <y :

YA ¢-----  CEEREEEEE R e »
4 3 2 1 .

2,<u | Z2,<y 2y <y 2, < .

Zo €---de------  EEEEEETEEEE Se-mmmmmmmm >
4 3 2 1 .

Y<ul y<u1 Y<u1 y<ui '

Y ¢------ Mémmm = Mmmm e - - - >
4 3 2 1

X<u; X<u, <u X<ui :

X TEEEREEE Me----- S CEEEEEEEE \RERbb s

t

(B) Embedding constructed at a non-event point

Fig 10. Examples of history embeddings. (A) shows an example of a joint embedding constructed at a target event (j_, € J.y). (B) shows an example

of a joint embedding constructed at a sample event (j_, € J_;).

https://doi.org/10.1371/journal.pcbi.1008054.9010

havethatJ_, = X_, x Y_, x Z_,,. Fig 10 shows diagramatic examples of an embedded
sample from J_x as well as one from J_y. Notice the distinction that for J_x, the x1<xl in the

embeddings x_, are specifically an interspike interval from the current spike at #; = x; back to

the previous spike, which is not the case for /.
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The set of samples C_, C R for py(x_,,%2_,)and C_, C R for p,(x_.,%_,)
are constructed in a similar manner to their associated sets J_x and J ., however, the
source embeddingsy_, are discarded. We will also have that C_y = X_y x Z _y and
Cow=XyxZ 4

Note that,asJ_, =X_, x Y_, x Z_yand C_, = X_, X & _,, these two sets are closely
related. Specifically, the i-th element of C_x will be identical to the i-th element of Jx, apart
from missing the source componenty_, . Further, as the same set U is used for both C_yand
J<u» we will have that the i-th element of C_; will be identical to the i-th element of J_y;, apart
from missing the source componenty_, .

Combining H, estimators for Tpx\ . With sets of samples and their embedded repre-
sentation determined as per the previous subsection, we are now ready to estimate each of the
four H, terms in Eq (9). Here we consider how to combine the entropy and cross entropy esti-
mators of these terms (Egs (13) and (15)) into a single estimator.

We could simply estimate each H* term in Eq (9) using H,, as specified in Eq 13 and H UKL
as specified in Eq (15), with the same number k of nearest neighbours in each of the four esti-
mators and at each sample in the set for each estimator. Following the convention introduced
in [90] we shall refer to this as a 4KL estimator of transfer entropy (the ‘4’ refers to the 4 kNN
searches and the ‘KL’ to Kozachenko-Leonenko):

B oo o
Ty xza = Nix Z{ L[~ Ine(k, | Jx) + Ine(k, | Jv)]
X i=1 (17)

+lc[ll’l 6(k7 c<x,-7 C<X) —In E(kv c<x,’ C<U)]}'

Here, |, = (Iy + 1, +>3/% ZZJ) is the dimension of the joint samples and I, = (I, + > 7% lZ]) is
the dimension of the conditional-only samples. Note that the In(Nx — 1) — y(k) terms cancel
between the J_x and C_x terms (also for In(Ny) — y(k) between the J_yand C_ s terms), whilst
the Inc, ; terms cancel between J_x and ]y as well as between C_y and C_. It is crucial also
to notice that all terms are averaged over Nx samples taken at target events (the cross-entropies
which evaluate probability densities using ]y and C_ still evaluate those densities on the
samplesj_, €] yandc_ € C_y, following the definition in Eq (15)), regardless of whether
Ny = Ny

It is, however, not only possible to use a different k at every sample, but desirable when the
k are chosen judiciously (as detailed below). We shall refer to this as the generalised kNN esti-
mator:

TYﬂX\I.genera]ised = ]}:]_ijlz):{‘p (k/<x.i> - w (k/<u.i> - IP (kC<X.i> + lﬁ (kC<U.i>

+,[~1In 6(k1<x.iaj<x,7]<x) + In €(k]<U.i7j<xx?]<U)}

+lc[ln E(k(3<x.i7 C<x(-7 C<x) —In E(k(‘w(U_’” C<x(-7 C<U)]}

(18)

Here k, ; is the number of neighbours used for the ith sample in set A for the corresponding
entropy estimator for that set of samples. By theorems 3 and 4 of [75] this estimator (and, by
implication, the 4KL estimator) is consistent. Application of the generalised estimator requires
a scheme for choosing the k, ; at each sample. Work on constructing H* kNN estimators for
mutual information [53] and KL divergence [75] has found advantages in having certain H*
terms share the same or similar radii, e.g. resulting in lower overall bias due to components of
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biases of individual H* terms cancelling. Given that we have four H* terms, there are a number
of approaches we could take to sharing radii.

Our algorithm, which we refer to as the CT estimator of TE—T,_, xjz cr—Iis specified in

detail in Box 1. Our algorithm applies the approach proposed in [75] (referred to as the ‘bias
improved’ estimator in that work) to each of the Kullback-Leibler divergence terms separately.
In broad strokes, whereas Eq (17) uses the same k for each nearest-neighbour search, this esti-
mator uses the same radius for each of the two nearest-neighbour searches relating to a given
KL divergence term. In practice, this requires first performing searches with a fixed k in order
to determine the radius to use. As such, we start with a fixed parameter kgqpa1, which will be

Box 1: Algorithm for the CT TE estimator

input : /# The joint history embeddings at the target events and at the sampled points

*/
. N, . N
Jex = {J<zl}i:)§§ Jv = {J<u,,v},':Ul
/* The conditioning history embeddings at the target events and at the sampled

points */

Cex = {C<z,¢}i\g§ Cev = {C<u1}§¥]1

/* The average firing rate of the target process */

Ax

/* The dimension of each element in the conditioning and joint sets */
le; Ly

/* The minimum number of nearest neighbours to consider in any set */

kglobal

output: TYHXQ,CT.

1 TYA»X\ZZ',CT «~0
2 for i+ 1 to Nx do

© 0 NOo e W

10
11
12
13
14
15
16

17

19

/* Find the radii associated with the history embeddings constructed at events. */
¢ (kglobal, j<a;,J <x) < findDistanceToKthNearestNeighbour (Kgiobal, j<z;,J <x)

& (kglobal, j<a;,J <u) < findDistanceToKthNearestNeighbour (kgiobal,j<a;,J <U)

Tjoint,i < max{& (kglobal, j<z;J <x) ;& (Kglobal, j<a;,J <v) }

kj_x.i + findNumberOfNeighboursInRadius (Tjoint,i,j<z;,J <X) o7

€ (ks .irj<z;,J <x) 2 x findDistanceToKthNearestNeighbour (ks_y i,j<z;,J <x)
kJj_y i < findNumberOfNeighboursInRadius (Tjoint,i,j<z;,J <U)

€ (k:J<U,uj<z“J<U) <— 2 x findDistanceToKthNearestNeighbour (kJ<UYi,j<wl7J<U)

/* Find the radii associated with the embeddings constructed at randomly sampled
points. */

£ (kglobal, €<z, ,C <x) < findDistanceToKthNearestNeighbour (kgiobal, C<z;,C <x)

& (kglobal, €<a;,C <v) + findDistanceToKthNearestNeighbour (kgiobal, C<a;,C <U)
Teonditioning,i < Max{& (Kglobal, €<z;,C <x) , € (Kglobal, €<z;,C <v/)

kc_x,i < findNumberOfNeighboursInRadius (Tconditioning,is C<z;,C <X)

€ (k:c<x i) C<z; 7C<X) < 2+ findDistanceToKthNearestNeighbour (kc<x i) C<z; 7C<X)
ko_y,i < findNumber0OfNeighboursInRadius (Tconditioning,i, C<z;,C <U)

€ (kc<w;, c<mi,C<U) < 2 * findDistanceToKthNearestNeighbour (kc<w;, c<mi,C’<U)

/* We now combine these quantities into the contribution to the TE from the given
target event. */

Ty xiz.cr < Tyoxizor + ¥ (kioxi) =¥ (kroyi) — ¥ (kowx i) + ¥ (kooy.i)
+1s [ —Ine (kJ<x,i7j<mmJ<X) +1lne (kJ<U,i7j<wi7J<U}

+Ho[lne (ko i €<a;,C <x) — Ine (ko g i, €<a;,C <U]

end

Ty x|z.or + ¥y Ty-x(z.or
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the minimum number of nearest neighbours in any search space. For each joint sample at a
target event, that is, each j <, InJox, we perform a kgopNN search in this same set ] x and
record the distance to the kgjqq1-th nearest neighbour (line 3 of Box 1). We perform a similar
kgiobaNN search for j <, i the set of joint samples independent of target activity /., again
recording the distance to the kgopai-th nearest neighbour (line 4). We define a search radius as
the maximum of these two distances (line 5). We then find the number of points in J_ that
fall within this radius of j o and set kj_y, i as this number (line 6). We also find twice the dis-
tance to the k<, i-th nearest neighbour, which is the term e(k;__ ;,j_ ,J.x) in Eq (18) (line 7).
Similarly, we find the number of points in Jy, that fall within the search radius of j_, and set
k;<ys, i as this number (line 8). We find twice the distance to the k;y, i-th nearest neighbour,
which is the term e(k;_ ,j., ,J.y) (line 9).

In the majority of cases, only one of these two € terms will be exactly twice the search radius,
and its associated k4 ; will equal kgjopa1. In such cases, the other e will be less than twice the
search radius and its associated k, ; will be greater than or equal to kgigpar.

The same set of steps is followed for each conditioning history embedding that was con-
structed at an event in the target process, that is, each c_,_ in C_x, over the sets C_.xand Cy
(lines 10 through 16 of Box 1).

The values that we have found for k;_ i, k;_i kc_ o kc_ 0 €(k;_ 3o o)
elhy_y e Tov) €lhe_ineey, Coy) and e(ke_ ;i €., C ) can be plugged into Eq (18) (lines
17 and 19 of Box 1).

Handling dynamic correlations. The derivation of the kNN estimators for entropy and
cross entropy given above assumes that the points are independent [53]. However, nearby
interspike intervals might be autocorrelated (e.g. during bursts), and indeed our method for
constructing history embeddings (see Selection and Representation of Sample Histories for
Entropy Estimation) will incorporate the same interspike intervals at different positions in
consecutive samples. This contradicts the assumption of independence. In order to satisfy the
assumption of independence when counting neighbours, conventional neighbour counting
estimators can be made to ignore matches within a dynamic or serial correlation exclusion
window (a.k.a. Theiler windows [92, 93]).

For our estimator, we maintain a record of the start and end times of each history embedding,
providing us with an exclusion window. The start time is recorded as the time of the first event
that formed part of an interval which was included in the sample. This event could come from
the embedding of any of the processes from which the sample was constructed. The end of the
window is the observation point from which the sample is constructed. When performing near-
est neighbour and radius searches (lines lines 3, 4, 6,7, 8,9, 10, 11, 13, 14, 15 and 16 of Box 1 and
line 6 of Box 2), any sample whose exclusion window overlaps with the exclusion window of the
original data point around which the search is taking place is ignored. Subtleties concerning
dynamic correlation exclusion for surrogate calculations are considered in the next subsection.

Local permutation method for surrogate generation

A common use of this estimator would be to ascertain whether there is a non-zero conditional
information flow between two components of a system. When using TE for directed functional
network inference, this is the criteria we use to determine the presence or absence of a connec-
tion. Given that we are estimating the TE from finite samples, we require a statistical test in
order to determine the significance of the measured TE value. Unfortunately, analytic results
do not exist for the sampling distribution of kNN estimators of information theoretic
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Box 2: Algorithm for the local permutation method for surrogate

generation.
Input ¢ /* The joint history embeddings at the target events */
. N N
Jeox ={i<es il = {x<oi y<wi #<a i)
/* The joint history embeddings at the sampled points */
q Ny, Ny,

J<U,surr = {J<ui}i:15u" = {X<ui7}’<ui,%<ui}i:15“"
kperm

Output + J< X surr

/* Set to keep a record of the used indices in the independently sampled embeddings. */

1 % < 0 /* Initialise this set to be empty */

2 J<X,surrogatc < 0 /* Initialise the surrogate embeddings as empty */

3 I+ {l}i\]:)i /* Initialise the indices to iterate over */
/* Shuffle the indices to ensure that different samples are assigned duplicate source componenents
each time surrogate sample sets are generated. */

I + shuffle(I)

»

5 for i € I do

/* Search for the nearest neighbours in the set of embeddings at sampled points;ignoring the
source components. The function findIndicesOfNearestNeighbours(k;a;B) finds the indices of

the k nearest neighbours of the point a in the set B. */

. . . Ny surr
6 N < findIndicesOfNearestNeighbours (k:perm, {x<u;, %<2, } {x<uj s B<u; }j:1
/* Create a set of candidate indices by removing those already used. */

v | se\nw)
8 if |&]] > 0 then

9 ‘ h < chooseRandomElement (&)
10 end
11 else
12 ‘ h < chooseRandomElement (/)
13 end

/* Append the set of surrogate samples with an embedding composed of the original target and
conditioning components (at index i);but with the source component swapped for that at index h
of the independently sampled embeddings. */

14 J< X surrogate < J< X surrogate U {X<a;s Y<up s F<a; }

/* Add the index that we chose to the set keeping track of used indices */

15 U<—UUh

16 end

quantities [48]. This necessitates a scheme for generating surrogate samples from which the
null distribution can be empirically constructed.

It is instructive to first consider the more general case of testing for non-zero mutual infor-
mation. As the mutual information between X and Y is zero if and only X and Y are indepen-
dent, testing for non-zero mutual information is a test for statistical dependence. As such, we
are testing against the null hypothesis that X and Y are independent (X 1L Y) or, equivalently,
that the joint probability distribution of X and Y factorises as p(X, Y) = p(X)p(Y). It is straight-
forward to construct surrogate pairs (X, 7) that conform to this null hypothesis. We start with
the original pairs (x, y) and resample the y values across pairs, commonly by shuffling (in con-
junction with handling dynamic correlations, as per Implementation). This shuffling process
will maintain the marginal distributions p(X) and p(Y), and the same number of samples, but
will destroy any relationship between X and Y, yielding the required factorisation for the null
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hypothesis. One shuffling process produces one set of surrogate samples; estimates of mutual
information on populations of such surrogate sample sets yields a null distribution for the
mutual information.

As transfer entropy is a conditional mutual information (I(X,; Y_, | X_,, Z_,)), we are test-
ing against the null hypothesis that the current state of the target X, is conditionally independent
of the history of the source Y_, (X, LY_, | X_,, & _,). That is, the null hypothesis states that the
joint distribution factorises as: p(X,, Y_, | X_,, Z_,) = p(X, | X_, Z_)p(Y_ | X_,,. & _,).

Historically, the generation of surrogates for TE has been done by either shuftling source
history embeddings or by shifting the source time series (see discussions in e.g. [4, 94]). These
approaches lead to various problems. These problems stem from the fact that they destroy any
relationship between the source history (Y_,) and both the target (X_,) and conditioning
(£ _,) histories. As such, they are testing against the null hypothesis that the joint distribution
factorises as: p(X,, Y_, | X_,, & _,) = p(X, | X_,, Z_,)p(Y_,) [48]. The problems associated
with this factorisation become particularly pronounced when we are considering a system
whereby the conditioning processes Z _, drive both the current state of the target X, as well as
the history of the source Y_,. This can lead to Y, being highly correlated with X,, but condi-
tionally independent. This is the classic case of a “spurious correlation” between Y_, and X;
being mediated through the “confounding variable” £ _,. If, in such a case, we use time shifted
or shuffled source surrogates to test for the significance of the TE, we will be comparing the TE
measured when X, and Y_, are highly correlated (albeit potentially conditionally independent)
with surrogates where they are independent. This subtle difference in the formulation of the
null may result in a high false positive rate in a test for conditional independence. An analysis
of such a system is presented in the third subsection of Results. Alternately, if we can generate
surrogates where the joint probability distribution factorises correctly and the relationship
between Y, and the histories X, and Z _, is maintained, then Y_, will maintain much of its
correlation with X, through the mediating variables Z _, and X_,. We would anticipate condi-
tional independence tests using surrogates generated under this properly formed null to have a
false positive rate closer to what we expect.

Generating surrogates for testing for conditional dependence is relatively straightforward
in the case of discrete-valued conditioning variables. If we are testing for dependence between
X and Y given Z, then, for each unique value of Z, we can shuffle the associated values of Y.
This maintains the distributions p(X|Z) and p(Y|Z) whilst, for any given value of Z, the rela-
tionship between the associated X and Y values is destroyed.

The problem is more challenging when Z can take on continuous values. However, recent
work by Runge [48], demonstrated the efficacy of a local permutation technique. In this
approach, to generate one surrogate sample set, we separately generate a surrogate sample
(x,7,z) for each sample (x, y, ) in the original set. We find the kpe,m, nearest neighbours of z
in Z: one of these neighbours, Z, is chosen at random, and y is swapped with the associated y’
to produce the surrogate sample (x, ¥/, z). In order to reduce the occurrence of duplicate y val-
ues, a set 7/ of used indices is maintained. After finding the kpem, nearest neighbours, those
that have already been used are removed from the candidate set. If this results in an empty can-
didate set, one of the original kj,er, candidates are chosen at random. Otherwise, this choice is
made from the reduced set. As before, a surrogate conditional mutual information is estimated
for every surrogate sample set, and a population of such surrogate estimates provides the null
distribution.

This approach needs to be adapted slightly in order to be applied to our particular case,
because we have implictly removed the target variable (whether or not the target is spiking)
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from our samples via the novel Bayesian inversion. We can rewrite Eq (8) as:

- N pX(x<x7y 7z<x)
T =\ E, |1 <X . 1
roxg = Ml I e Py | X) (19)

This makes it clear that we are testing whether the following factorisation holds:
px(x<x7 Y<x7 %<x) = PX(X<x7 %<x)pU (Y<x | X<x7 z<x) (20)

(recall the difference between probability densities at target events px and those not condi-
tioned at target events py). In order to create surrogates J_ x g, that conform to this null
distribution, we resample a new set from our original data in a way that maintains the relation-
ship between the source histories and the histories of the target and conditioning processes,
but decouples (only) the source histories from target events. (As above, simply shuffling the
source histories across Jx or shifting the source events does not properly maintain the rela-
tionship of the source to the target and conditioning histories). The procedure to achieve

this is detailed in Box 2. We start with the samples at target events J_y = {x__,y_,, % <x‘}i"l

and resample the source componentsy__ as follows. We first construct anew set J_;; ... =
: :

{x i Yeur % <u}i"l from the set Uy, 0f Ny surr points sampled independently of events in

the target. This set is constructed in the same manner as J_y;, although we might choose to
change the number of sample points (Nysurr 7 Ny) at which the embeddings are constructed,
or whether the points are placed randomly or at fixed intervals. For each original sample j_,

from J_x, we then find the nearest neighbours {x_, ,%_,, }f:l"“ of {x_,%_, }inJ<ysur (line 9
of Box 12), select y - randomly from amongst the kye,m nearest neighbours (line 6 or Box 2),
and add a sample {x_, ,y wp® <} 10 J<x, surr (line 14). The construction of such a sample is

also displayed in Fig 11. Similar to Runge [48], we also keep a record of used indices in order

y}\/x; : Y<u1, E
VL b L [ [ R

X(\X, X/llll
x|k N |1 k] |
Xj Up
s _ 1 1 1 d _ 1 1 1
J<x = X<xivY<xi:Z1,<xi} J<u, = {X<uh’%’<uh7zl,<uh}

L

Y. & 4

: _ 1 1 1
J<xi ,surrogate — {X<xi ) Y<u1,7 Z17<Xi}

Fig 11. Diagrammatic representation of the local permutation surrogate generation scheme. For our chosen sample j_ wefindaj_, € J yun

where we have that the x_, component of j_, is similar to thex_, componentofj_, andx_, componentofj__ issimilar to thex

<x; component of

<uy

j<u,- We then form a single surrogate sample by combining the x_, andx_, components ofj_, withthey_, componentofj_, . Corresponding
colours of the dotted interval lines indicates corresponding length. The grey boxes indicate a small delta.

https://doi.org/10.1371/journal.pchi.1008054.g011
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to reduce the incidence of duplicate y < (line 15). For each redrawn surrogate sample set

J<x, surr @ surrogate conditional mutual information is estimated (utilising the same J_¢;
selected independently of the target events as was used for the original TE estimate) following
the algorithm outlined earlier; the population of such surrogate estimates provides the null dis-
tribution as before.

The p values are calculated by constructing Nyyrrogates Surrogates by the algorithm just
described. The TE is estimated on these surrogates and compared to the TE estimated on
the original embeddings. The p value is then the number of estimates on surrogate embed-
dings which were larger than the estimate on the original data divided by the total number
of surrogates.

Finally, we note an additional subtlety for dynamic correlation exclusion for the surrogate
calculations. Samples in the surrogate calculations will have had their history components
originating from two different time windows. One will be from the construction of the original
sample and the other from the sample with which the source component was swapped. A
record is kept of both these exclusion windows and, during neighbour searches, points are
excluded if their exclusion windows intersect either of the exclusion windows of the surrogate
history embedding.

Implementation

The algorithms shown in Boxes 2 and 1 as well as all experiments were implemented in the
Julia language. The implementation of the algorithms is freely available at the following reposi-
tory: github.com/dpshorten/CoTETEjL. Scripts to run the experiments in the paper can be
found here: github.com/dpshorten/CoTETE_experiments. Implementations of kNN informa-
tion-theoretic estimators have commonly made use of KD-trees to speed up the nearest neigh-
bour searches [94]. A popular Julia nearest neighbours library (NearestNeighbors.jl, available
from github.com/KristofferC/NearestNeighbors.jl) was modified such that checks for dynamic
exclusion windows (see Handling Dynamic Correlations) were performed during the KD-tree
searches when considering adding neighbours to the candidate set.

Assumptions used to conclude conditional independence or dependence

We summarise here the conditions and assumptions that allow us to draw conclusions about
conditional independence relationships from the structure in a model. Although these rela-
tionships are obvious in some of our examples (see Results), they are less so in others. If we
consider, for now, the discrete-time case, then for a sufficiently small Af there will be no
instantaneous effects. This implies that the causal relationships in these models can be repre-
sented by a Directed Acyclic Graph (DAG); specifically a Dynamic Bayesian Network with
multiple time slices and connections only going forward in time (see [95]). In order to con-
clude that connected nodes will be statistically dependent we need to use the contraposition
of the faithfulness assumption [55, 56, 57]. This assumption states that, if two nodes are con-
ditionally independent, given some conditioning set S, then they are d-separated [55] given
the same set. This in turn implies that if there exists some set of conditioning processes by
which a node is conditionally independent of another, then there is no direct causal link
between these nodes. It is worth asking how reasonable the faithfulness assumption is. After
all, particularly for the case of deterministic dynamics, it is easy to construct examples
whereby the present state of each of a pair of processes is determined by the history of the
other process, but where the present state of each process is conditionally independent of the
history of the other [96, 97] (e.g. one can have zero TE when a real causal connection exists,
for instance, the system x; = y;_;, ¥, = x,_1, X; = 0 and y; = 1). Such examples violate
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faithfulness. However, determinism is not a realistic assumption for biological systems or
their models. Moreover, it can be shown that almost all discrete probability distributions
(such as those of spike trains) satisfy faithfulness. Indeed, the set of discrete probability dis-
tributions that violate this assumption has measure zero [98]. In order to determine that the
present state of a process is independent of an unconnected source, when conditioning on its
direct causal parents, we need to assume sufficiency and the causal Markov condition [55,
56, 57]. Sufficiency assumes that we have observed all relevant variables (which is easy to
meet if we are defining the model). The causal Markov condition states that d-separation
implies conditional independence. Conditioning on all the direct causal parents of a variable
provides us d-separation. In summary then, under these conditions the directed structural
connections designed in our models are expected to have a one-to-one correspondence with
directed conditional dependence (or independence, in their absence), when appropriately
conditioned on other nodes. Correctly differentiating conditional dependence and indepen-
dence then, in alignment with the underlying structural connections in these models, pro-
vides an important validation of the correctness of the estimators.

Specification of leaky-integrate-and-fire model

What follows is a specification of the Leaky-Integrate-and-Fire (LIF) model which we used in
the Results subsection Scaling of Conditional Independence Testing in Higher Dimensions.
The membrane potential evolves according to:

dv

=V =V (21)

When V crosses the threshold Viyreshola> the timestamp of crossing is recorded as a spike. V'
is then set to Vs and the evolution of the membrane potential is subsequently paused for the
duration of the hard refractory period. In the case of excitatory connections, when a presynap-
tic spike occurs, V is instantaneously increased by the connection strength of the synapse
(specified in millivolts) at the delay specified by the connections delay parameter. Inhibitory
connects behave in the same manner, but lead to a decrease in V. We use the initial condition
V(t=0) = V.

Supporting information

S1 Fig. Longer embeddings on homogeneous. The results of an identical experimental setup
to those displayed in Fig 2, but with history embedding lengths of Ix = Iy = 3.
(TIFF)

S2 Fig. Different embeddings on discrete homogeneous. The results of an identical experi-
mental setup to those displayed in Fig 3, but where the history embedding lengths (I and m)
were set to cover the distance of an average interspike interval. Specifically, these lengths were
1,2, 5 and 10, corresponding to the At values of 1.0, 0.5, 0.2 and 0.1.

(TIFF)

$3 Fig. Different embeddings on continuous coupled. The results of an identical experimen-
tal setup to those displayed in Fig 4B, but where the history embedding length of the source is
setto ly = 3.

(TIFF)

$4 Fig. Conditional independence scaling at constant rate. The results of an identical experi-
mental setup to those displayed in Fig 8, but with a constant rate of 20 Hz in all the stimuli.
This removes the correlation between the unconnected source and the firing of the target. The
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top row shows results of the continuous-time approach, the bottom shows results of the dis-
crete-time approach.
(TIFF)

S5 Fig. Independence test with no conditioning. The results of an identical experimental
setup to those displayed in Fig 8, but where the background processes are not included in the
conditioning set (the conditioning set is left empty). This represents the nature of the inference
task at the early stage of a greedy network inference algorithm being applied to a node. We see
that the continuous-time estimator performs well on inhibitory connections in this case. Due
to the change in dimension, different source and target embedding lengths (! and ) as well

as bin widths At were used for the discrete-time estimator. These were set at [ = m = 12 and

At = 2ms. The top row shows results of the continuous-time approach, the bottom shows
results of the discrete-time approach.

(TIFF)

$6 Fig. Conditional independence testing with the discrete-time estimator and permuta-
tion-based surrogates. The results of identical experimental setups to those displayed in the
bottom rows of Fig 8, S4 and S5 Figs. As the bottom rows of all of these figures show the results
of the discrete-time estimator, the plots in this figure similarly all display the results of runs of
the discrete-time estimator. However, where the other plots make use of the source time-shift
method for surrogate generation (as is traditionally used in conjunction with TE estimators),
these plots make use of a standard conditional-permutation-based surrogate generation
scheme for categorical variables [64]. The top row of this figure corresponds to the bottom
row of Fig 8, the middle row corresponds to the middle row of S4 Fig and the bottom row cor-
responds to the bottom row of S5 Fig.

(TIFF)

S7 Fig. Pyloric STG continuous different embedding lengths. The results of an identical
experimental setup to those displayed in Fig 9C, but where different embeddings lengths
(Ix; Iyand 1) are used. The left plot shows I, = I, = I, = 2 and the right plot shows
Lk=IlL=1, =4

(TIFF)

S8 Fig. Pyloric STG continuous different dataset sizes. The results of an identical experi-
mental setup to those displayed in Fig 9C, but where different numbers of target spikes Ny are
used. The left plot shows Nx = 1 x 4 and the right plot shows Nx = 3.5 x 4.

(TIFF)

S1 Text. Description of the biophysical neural network model insipred by the Pyloric
STG.
(PDF)
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SUPPLEMENTARY TEXT S9 FOR
ESTIMATING TRANSFER ENTROPY IN CONTINUOUS TIME BETWEEN NEURAL
SPIKE TRAINS OR OTHER EVENT-BASED DATA

David P. Shorten, Richard E. Spinney and Joseph T. Lizier

Specification of Biophysical Network Models Inspired by the
Pyloric Circuit of the Crustacean Stomatogastric Ganglion

Current E p q Moo hoo
1 1
INa 50 3 1
14 exp ("*?5-5) 1+ exp (F552)
—5.29
I 3 1 !
CaT V132.1
Lhexp (V2231)  Texp (M55
1 1
Icas 31 - —
1+exp(‘i§_313> 1+ exp (Y55°)
1 1
Ia -80 3 1 V156.C
1+cxp(V782_77'2) 1+ exp (FE72)
C 1
ficca 80 4 0 [C[d]a—l]- 3 V+28.3
o (529)
1
Txca -80 4 0 V+12.3
14 exp ( 118 )
1
I -20 1 0

Table 1: Parameters and functions used in the conductance based model.

We devised a simulation approach which follows very closely that presented in [1, 2, 3].
The only significant deviation is the addition of a noise term.

We modelled the neurons of the pyloric circuit using a conductance-based model. The
membrane potential (V') evolves according to

av
CE:—E;L—ES:IS—%&. (1)
C = 0.628 nF is the membrane conductance. £ is a noise term. Each current is specified by

FE; is the reversal potential and its values are listed in table 1. The reversal potentials as-
sociated with the calcium channels are not listed as these are calculated according to the
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Current Tm Th
2.52 1.34 42.6
INa 2.64 — QT V134.9
1+exp (%) 1+exp (Vt%g) 1+ exp (F55)
42. 179.
Icar 43.4 — o 46 210 — _ 116
1 +exp (V;;((if;) 1+ exp (Y;’G&;’)
14
Icas 28+ 120 + 300 ‘
exp (527) + exp (L22) exp (522) + exp (1522
Ia 932 — 208 T PR S—
Lep (522) 1+ e (552
150.2
Ikca 180.6 — %
1+ exp (_;2_7)
s U4 128
L exp (5252
Iy 2

exp (T ) + exp (Y5257

Table 2: Parameters and functions used in the conductance based model.

Nernst equation. Specifically, Ec, = g—g logo ([([:g;lf]’“) where R = 8.314 JK~' mol~! is the

universal gas constant, T = 293.3K is the temperature and F = 96485.33212Cmol ™! is
Faraday’s constant. [Ca®T]e = 3mM is the extracellular Ca** concentration and [Ca®"] is
the intracellular Ca?* concentration. The intracellular Ca** concentration evolves according
to

d[Ca’t
TCa% - —f (ICaT + Icas) — [CaQW + [Ca2+]0.

[Ca%t]y = 0.051M is the steady-state Ca®T concentration, f = 14.96pMnA~! and 7¢, =
200 ms
The values of ¢; and p; are listed in table 1. The activation variables m; evolve according

to
dmi
Tm; dt = Meo,i — M.
The inactivation variables h; evolve according to

dh;
Th” g

= heoi — hi.

Moo, and heo i are given in table 1 and 7,,, and 75, are given in table 2.
The synaptic currents are specified by

Is = g;a(V — Ej).
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FE is the synaptic reversal potential. It was set to —70mV for glutamatergic synapses and
—80mV for cholinergic synapses.
The activation variable as evolves according to

dag
Tasﬁ = Qoo,s — Qs
where 1
— as
Tas = 3

In the previous work which we are following [1, 2, 3], ac,s Was a function of the presynaptic
membrane potential. The functional form was such that the majority of current flow across
the synapse was in the vicinity of spikes. However, the fact that all the influence over the
synapse is not contained in the spikes opens the possibility for causal sufficiency not being
met. As the principal purpose of this model in the context of this paper is to produce examples
in which we have a known ground-truth of conditional dependence/independence we made
a slight modification to the model to ensure that this condition was met. We specified that
Goo,s Would evolve according to

daso,s
Tace.s gy

= Ofaoo,s

where 7, , = 25ms. On the occurrence of a presynaptic spike a. s was set to 0.99.

A = 5mV provides the slope of the activation curve. Vi, = —35mV is the half activation
potential of the synapse. V¢ is the membrane potential of the presynaptic neuron. k_ is the
rate constant for the transmitter-receptor dissociation rate. For the glutamatergic synapses
we used k_ = 0.025ms and for the cholinergic synapses we used k_ = 0.01 ms.

Simulations of the pyloric rhythm can be run with fixed maximum conductance values g;
and gs, as in [2]. However, it was found that these models were less robust to the addition
of a noise term. It was, therefore, decided to use adaptive conductances as described in [3].
Each conductance evolved according to:

d .
7y = — g
dt
where i
.
ijdit] = [Ca®*] — Cayg.

Ty = 100ms was common across all channels. The time constants T, are listed in table
3. The time constants provided in [3] were not used as these produce a pyloric rhythm with
unrealistically short period. Instead, the approach presented in [3] for arriving at conductance
time constants from desired conductance values was used. The conductance values in [2] were
used as these desired values. Specifically, we used the values presented in table 2 in [2] for
AB/PD 1, LP 2 and PY 1. The time constant Tm; associated with g; was set as 7,; = ¢/ gj.
¢ is a constant with units of seconds that was adjusted by hand so that the activity converged
in a reasonable amount of time and the time constants were of the same order of magnitude
as those provided in [3]. As in [3], the leak conductances were fixed. They were set at 0 for
the AB/PD neuron, and 0.0628 pS for the PY neuron and 0.1256 pS for the LP neuron.
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Conductance AB/PD LP PY
JNa 0.25 1 1

gcaT 40 lelb 40

gcCas 16.67 25 40

ga 2 5 2

JKCa 10 20 lelb

gKd 1 4 0.8

JH 1 x 10% 2 x 103 2 x 103

Table 3: The conductance time constants 7, . All values are in seconds.

LP — AB/PD, glutamatergic 2 x 10%

AB/PD — LP, cholinergic 500
AB/PD — LP, glutamatergic 1x10*
PY — LP, glutamatergic 1x10*
AB/PD — PY, cholinergic 5 x 103
AB/PD — PY, glutamatergic 250
LP — PY, glutamatergic 1 x 106

Table 4: The conductance time constants 7,,,; for the synapses. All values are in seconds.

The TE approach to network inference will not work in a fully deterministic system. As
such, noise was added to the system. There are a number of techniques for adding noise to
conductance-based models [4]. The simplest such technique is to add noise to the currents
in (1). Although this is not a biophysically realistic method, it has been shown to produce
resulting behaviours which closely match those produced by more realistic techniques [4, 5].
As such, we decided to make use of this procedure in our simulations. The associated noise
term is shown in (1). The noise was generated using an AR(1) process

& =081 + . (2)

We used the parameter value of § = 0.005. ¢; was distributed normally with mean 0 and
standard deviation 9 x 107?
A simulation timestep of At = 0.005 ms was used.
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EARLY LOCKIN OF INFORMATION FLOWS

Chapter 3 derived a new estimator for TE on spike trains which makes possible the study of informa-
tion flow on this data with high fidelity. Specifically, TE can be estimated without any loss of time
precision while still considering relatively long histories. Moreover, this new estimator allows for
much greater confidence in the resulting estimates, due to its consistency property.

In this chapter, we make use of this new estimator to perform the first high-fidelity study of
information flows on biological spike train recordings. We do so by applying it to recordings of
the spike times of developing cultures of dissociated cortical rat neurons. These cultures were
recorded on different days in vitro. This allows us to contrast the information flows on different
days of development, producing the first study of how information flows change over the course of
development in biological neural systems.

We study the emergence of distributed computation (that is, computation occurring over a network,
as opposed to a Von Neumann architecture [1]) during the development of these cultures, where the
development of the networks is being guided by the spontaneous activity of the neurons [2]. We
are able to uncover a number of fascinating aspects of this emergence. Firstly, we find that there
is a remarkable early lock-in phenomenon of the information flows. Flows between nodes early in
development are highly correlated with flows later in development, indicating that the nature of
the information transmission in the networks is determined early in development. We further find
that certain nodes, specifically those that burst in the middle of the burst propagation, occupy the
specialised role of the mediators of information flow, having a balance between both transmitting and
receiving information. Moreover, these computational roles are also locked in early in development.

We also studied the information flows in simulated networks developing according to an STDP
learning rule in order to confirm a putative mechanism for the observed phenomena. It was found
that the changes in the information flows in these networks closely mirrored those in the biological
cell cultures. Specifically, we observed that information flows locked in early and that middle bursters
were occupying the specialised computational role of mediators of information flow.

In this chapter, information flows were studied for all pairs across the network. That is, a given
source-target pair was considered in isolation. In Chapter 5, we will perform network inference using
multivariate information flows. That is, we will consider extra conditioning processes other than
just the source and target when inferring their relationship. This will allow us to arrive at minimal
sets of sources which explain the activity of the target. It is important to note that, in both chapters,

spike-sorting is not performed, and so we are considering multi-unit activity [3].
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Abstract The brains of many organisms are capable of complicated distributed computation
underpinned by a highly advanced information processing capacity. Although substantial progress
has been made towards characterising the information flow component of this capacity in mature
brains, there is a distinct lack of work characterising its emergence during neural development. This
lack of progress has been largely driven by the lack of effective estimators of information processing
operations for spiking data. Here, we leverage recent advances in this estimation task in order to
quantify the changes in transfer entropy during development. We do so by studying the changes in
the intrinsic dynamics of the spontaneous activity of developing dissociated neural cell cultures. We
find that the quantity of information flowing across these networks undergoes a dramatic increase
across development. Moreover, the spatial structure of these flows exhibits a tendency to lock-in at
the point when they arise. We also characterise the flow of information during the crucial periods of
population bursts. We find that, during these bursts, nodes tend to undertake specialised compu-
tational roles as either transmitters, mediators, or receivers of information, with these roles tending
to align with their average spike ordering. Further, we find that these roles are regularly locked-in
when the information flows are established. Finally, we compare these results to information flows in
a model network developing according to a spike-timing-dependent plasticity learning rule. Similar
temporal patterns in the development of information flows were observed in these networks, hinting
at the broader generality of these phenomena.

Editor's evaluation

This work analyses how meaningful connections develop in the nervous system. The authors study
the dissociated neuronal cultures and find that the information processing connections develop after
5-10 days. The direction of the information flow is influenced by neuronal bursting properties: the
early bursting neurons emerge as sources and late bursting neurons become sinks in the information
flow.

Introduction

Throughout development, how do brains gain the ability to perform advanced computation? Given
that the distributed computations carried out by brains require an intrinsic information processing
capacity, it is of utmost importance to decipher the nature of the emergence of this capacity during
development.

Shorten et al. elLife 2022;11:74651. DOI: https://doi.org/10.7554/eLife.74651
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For brains to engage in the computations required for specific tasks, they require a general-purpose
computational capacity. This capacity is often studied within the framework of information dynamics,
where it is decomposed into the atomic operations of information storage, transfer, and modification
(Lizier et al., 2014; Lizier, 2013). We are particularly interested in the information flow component,
which is measured using the transfer entropy (TE) (Schreiber, 2000; Bossomaier et al., 2016). There
exists a substantial body of work examining the structure and role of computational capacity in terms
of these operations in mature brains. This includes the complex, dynamic, structure of information
transfer revealed by calcium imaging (Orlandi et al., 2014), fMRI (Mzki-Marttunen et al., 2013,
Lizier et al., 2011), MEG (Wibral et al., 2011), and EEG (Shovon et al., 2016; Huang et al., 2015;
Stramaglia et al., 2012, Marinazzo et al., 2014a), and the role of information storage in representing
visual stimuli (Wibral et al., 2014a), among others.

Given the established role of information flows in enabling the computations carried out by mature
brains, we aim to study how they self-organise during neural development. There are a number of
requirements for such a study. Firstly, it needs to be performed at a fine spatial scale (close to the
order of individual neurons) to capture the details of development. It also needs to be conducted
longitudinally in order to track changes over developmental timescales. Finally, the estimation of the
information flow as measured by TE needs to be performed with a technique which is both accurate
and able to capture the subtleties of computations performed on both fine and large timescales
simultaneously.

Considering the first requirement of fine spatial scale, cell cultures plated over multi-electrode
arrays (MEAs) allow us to record from individual neurons in a single network, providing us with this
fine spatial resolution. There have been a number of previous studies examining information flows in
neural cell cultures, for example, Nigam et al., 2016, Shimono and Beggs, 2015; Matsuda et al.,
2013; Timme et al., 2014; Kajiwara et al., 2021; Timme et al., 2016; Wibral et al., 2017. Such work
has focussed on the directed functional networks implied by the estimated TE values between pairs of
nodes, which has revealed interesting features of the information flow structure. See section ‘Previous
application of the discrete-time estimator’ for a more detailed description of this previous work.

However, moving to our second requirement of a longitudinal study, these studies have almost
exclusively examined only single points in neural development since nearly all of them examined
recordings from slice cultures of mature networks. By contrast, we aim to study the information flows
longitudinally by estimating them at different stages in development. Using recordings from devel-
oping cultures of dissociated neurons (Wagenaar et al., 2006b) makes this possible.

In terms of our third requirement of accurate and high-fidelity estimation of TE, we note that all
previous studies of information flows in neural cell cultures made use of the traditional discrete-time
estimator of TE. As recently demonstrated (Shorten et al., 2021), the use of this estimator is problem-
atic as it can only capture effects occurring on a single timescale. In contrast, a novel continuous-time
TE estimator (Shorten et al., 2021) captures effects on multiple scales, avoiding time binning, is data
efficient, and consistent. See section ‘Transfer entropy estimation’ for a more detailed discussion of
the differences between the continuous-time and discrete-time estimators.

In this article, we thus examine the development of neural information flows for the first time,
addressing the above requirements by applying the continuous-time TE estimator to recordings of
developing dissociated cultures. We find that the amount of information flowing over these cultures
undergoes a dramatic increase throughout development and that the patterns of these flows tend
to be established when the flows arise. During bursting periods, we find that nodes often engage
in specialised computational roles as either transmitters, receivers, or mediators of information flow.
Moreover, these roles usually correspond with the node’s mean position in the burst propagation,
with middle bursters tending to be information mediators. This provides positive evidence for the
pre-existing conjecture that nodes in the middle of the burst propagation play the vital computational
role of ‘brokers of neuronal communication’ (Schroeter et al., 2015). Intriguingly, the designation of
computational roles (transmitter, receiver, or mediator) appears to also be determined early when the
information flows are established. Finally, in order to investigate the generality of these phenomena,
as well as a putative mechanism for their emergence, we study the dynamics of information flow in a
model network developing according to a spike-timing-dependent plasticity (STDP) (Caporale and
Dan, 2008) update rule. We find that the abovementioned phenomena are present in this model
system, hinting at the broader generality of such patterns of information flow in neural development.

Shorten et al. elLife 2022;11:74651. DOI: https://doi.org/10.7554/eLife.74651 2 of 42
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Results

Data from overnight recordings of developing cultures of dissociated cortical rat neurons at various
stages of development (designated by days in vitro [DIV]) was analysed. These recordings are part
of an open, freely available, dataset (Wagenaar et al., 2006b; Network, 2021). See ‘Materials and
methods’ (section ‘Cell culture data’) for a summary of the setup that produced the recordings. We
studied all cultures for which there were overnight recordings. We restricted our analysis to these
overnight recordings as they provided sufficient data for the estimation of TE. In what follows, we refer
to the cultures by the same naming convention used in the open dataset: 1-1 through 1-5 and 2-1
through 2-6. The majority of cultures have recordings at three different time points, three have record-
ings at four points (1-3, 2-2, and 2-5) and one has only two recordings (2-1). The days on which these
recordings took place vary between the 4th and 33rd DIV. By contrasting the TE values estimated at
these different recording days, we are able to obtain snapshots of the emergence of these culture’s
computational capacity.

In the analysis that follows, for space considerations, we show plots for four representative cultures:
1-1, 1-3, 2-2, and 2-5. The latter three were chosen as they were the only cultures with four recording
days. Culture 1-1 was selected from the group with three recording days, having the latest final
recording day that was no more than a week later than the penultimate recording day. Plots for the
remaining cultures are shown in Appendix 3. We also display certain summary statistics for the results
of all cultures in the main text. Culture 1-5 is anomalous (among the recordings studied in this work)
in that on its final day it has ceased to burst regularly, as stated in Figure 3A of Wagenaar et al.,
2006b. This leads to its results being substantially different from those of the other cultures, as will
be presented below.

The TE between all pairs of electrodes was estimated using a recently introduced continuous-time
estimator (Shorten et al., 2021; see section 'Transfer entropy estimation’). This produces a directed
functional network at each recording day, and we aim to analyse how the connections in this network
change over development time. Spike sorting was not performed because we would not be able
to match the resulting neural units across different recordings and could not then fulfil our aim of
contrasting the information flow between specific source-target pairs at different recording days.
As such, the activity on each node in the directed functional networks we study is multi-unit activity
(MUA) (Schroeter et al., 2015) formed of the spikes from all neurons detected by a given electrode,
with connections representing information flows in the MUA. For more details on data preprocessing
as well as the parameters used with the estimator, see ‘Materials and methods'.

The dramatic increase in the flow of information during development

We first investigate how the amount of information flowing between the nodes changes over the
lifespan of the cultures. Table 1 shows the mean TE between all source-target pairs (Appendix 3—
table 1 shows these values for the additional cultures). We observe that this mean value increases
monotonically with the number of DIV, with only a single exception in the main cultures (a slight
drop in the mean TE between days 21 and 33 of culture 2-2). We can make the same observation
for the additional cultures, where the only drop is caused by day 5 of culture 2-4, a day still very
early in development which had no significant TE values. We performed a two-sided Student’s t-test

Table 1. Mean transfer entropy (TE) in nats per second between every source-target pair for each
recording studied.

Culture 1-1 Day 4 Day 14 Day 20
0 0.060 0.097
Culture 1-3 Day 5 Day 10 Day 16 Day 24
0 2x10* 0.017 0.098
Culture 2-2 Day 9 Day 15 Day 21 Day 33
0 0.015 0.11 0.057
Culture 2-5 Day 4 Day 10 Day 22 Day 28
0 2x107 0.037 0.082
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Figure 1. Plots of the distributions of estimated transfer entropy (TE) values in the recordings analysed in this study. (a) Scatters of the TE values are
overlaid on box plots. The box plots show the quartiles and the median (values greater than 10 SDs from the mean have been removed from both
the box and scatter plots as outliers). (b) Density estimates of the nonzero (statistically significant) TE distribution on top of a histogram. The densities
are estimated using a Gaussian kernel. The histogram bin width and kernel histogram are both 10% of the data range. Recordings with fewer than 10
statistically significant TE values are excluded.

for the difference in the mean between all pairs of recordings for each culture. All such differences
(increases and decreases) were found to be statistically significant at p<0.01 with Bonferroni correction
for multiple comparisons.

Overall, the magnitude of the increase in the mean TE is substantial. All the first recordings for the
main cultures had a mean estimated TE of Onats.s~! (with no statistically significant transfer entropies
measured as per section ‘The emergence of functional information flow networks’). By contrast, all
recordings beyond 20 DIV had a mean TE greater than 0.037 nats.s .

Figure 1 shows scatter plots of the TE values in each recording laid over box-and-whisker plots
(Appendix 3—figure 1 shows equivalent plots for the additional cultures). The large increase over
time in the amount of information flowing over the networks is clearly visible in these plots. However,
it is interesting to note that certain source-target pairs do have large information flows between them
on early recording days even while the average remains very low.

Figure 1b shows histograms of the TE values estimated in each recording along with probability
densities estimated using a Gaussian kernel (Appendix 3—figure 1 shows these for the additional
runs). The distributions only include the nonzero (statistically significant) estimated TE values. Some
of these distributions do, qualitatively, appear to be log-normal, in particular for later DIV. More-
over, previous studies have placed an emphasis on the observation of log-normal distributions of TE
values in in vitro cultures of neurons (Shimono and Beggs, 2015; Nigam et al., 2016). As such, we
quantitatively analysed the distribution of the nonzero (statistically significant) estimated TE values
in each individual recording. However, contrary to expectations, we found that these values were
not well described by a log-normal distribution. It is worth noting that previous work which analysed
the distribution of TE values in networks of spiking neurons was performed on organotypic cultures,
as opposed to the dissociated cultures studied in this work. See Appendix 1 for further details and
discussion.

Shorten et al. elLife 2022;11:74651. DOI: https://doi.org/10.7554/eLife.74651 4 of 42
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The emergence of functional information flow networks

By considering each electrode as a node in a network, we can construct directed functional networks
of information flow by assigning a directed edge between each source-target pair of electrodes with
a statistically significant information flow. This results in weighted directed networks, the weight being
provided by the TE value. Diagrams of these networks for the main cultures are shown in Figure 2, and
in Appendix 3—figure 3 for the additional cultures. Note that, in all subsequent analysis presented in
this article, a TE value of zero was assigned to all cases where the TE was not statistically significant.

We are able to notice a number of interesting spatiotemporal patterns in these diagrams. Firstly,
the density (number of edges) of the networks increases over time. This is quantified in Table 2, which
shows the number of source-target pairs of electrodes for which a statistically significant nonzero TE
value was estimated. In all the main cultures studied, the number of such pairs (and, therefore, the
network density) increased by orders of magnitude over the life of the culture. For instance, in all
four cultures, no statistically significant TE values are estimated on the first recording day. However,
over 1000 source-target pairs have significant TE values between them on the final day of recording
for each culture. Appendix 3—table 2 shows the same values for the additional cultures. With a few
exceptions (such as the abovementioned anomalous culture 1-5), the same relationship is observed.
Note that the final recording day for culture 2-4 is relatively early (day 11), and so the low number of
significant edges on this day is consistent with the other cultures.

We are, therefore, observing the networks moving from a state where no nodes are exchanging
information, to one in which information is being transferred between a substantial proportion of the
pairs of nodes (~30% density of possible directed connections in most networks). Put another way, the
functional networks are emerging from an unconnected state to a highly connected state containing
the information flow structure that underpins the computational capacity of the network. This helps to
explain the overall increase in information flow across the network reported in section ‘The dramatic
increase in the flow of information during development'.

We observe that the information flow (both incoming and outgoing) is spread somewhat evenly
over the networks — in the sense that in the later, highly connected, recordings there are very few
areas with neither incoming nor outgoing flow (the one notable exception to this is culture 2-6). A
number of clear hubs (with particularly high either outgoing or incoming information flow) do stand
out against this strong background information flow however. The strongest such hubs (with many
high-TE edges) are all information sinks: they have low outgoing information flow, but receive high
flow from a number of other nodes.

One can observe many instances in these diagrams where nodes have either very high incoming
flow and very low outgoing flow, or very low incoming flow and very high outgoing flow. That is, they
are taking on the roles of source (information-transmitting) hubs or target (information-receiving) hubs.
Notable instances of information-receiving hubs include node 49 of day 16 of culture 1-3, node 42 of
day 22 of culture 2-5, and node 5 of day 15 of culture 2-2 (see Figure 2 for the node numbers used
here). Notable examples of information transmitting hubs include node 28 of day 10 of culture 1-3
and nodes 18, 19, 22, and 30 of day 22 of culture 2-5. The specialist computational roles that nodes
can take on will be studied in more detail quantitatively in section ‘Information flows quantify compu-
tational role of burst position’, with a particular focus on how this relates to the burst propagation.

It is possible to observe some notable instances whereby the information processing properties
of a node remain remarkably similar across recording days. For example, nodes 55, 50, and 39 of
culture 2-2 are outgoing hubs (with almost no incoming TE) on all four recording days. This offers
us a tantalising hint that the information processing structure of these networks might be locked-in
early in development, being reinforced as time progresses. Section ‘Early lock-in of information flows’
performs a quantitative analysis of this hypothesis.

Early lock-in of information flows
In the previous subsection, analysis of the directed functional networks of information flow suggested
that the structure of the information processing capacity of the developing networks might be deter-
mined early in development and reinforced during the subsequent neuronal maturation.

In order to quantitatively investigate this hypothesis, we examine the relationships in the infor-
mation flow from a given source to a given target between different recording days. That is, we are
probing whether the amount of information flowing between a source and a target on an early day
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Figure 2. Functional networks overlaid on the spatial layout of the electrodes. (a) The directed functional networks implied by the estimated transfer
entropy (TE) values. Each node represents an electrode in the original experimental setup. The nodes are spatially laid out according to their position in
the recording array. An edge is present between nodes if there is a statistically significant information flow between them. The edge weight and colour
are indicative of the amount of information flowing between electrodes (see the legend). The scaling of this weight and colour is done relative to the

Figure 2 continued on next page
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Figure 2 continued

mean and variance of the information flow in each recording separately. The size and colour of the nodes are assigned relative to the total outgoing and
incoming information flow on the node, respectively. As with the edge colour and size, this is done relative to the distribution of these values in each
recording separately. (b) The spatial layout of the nodes. The numbering is identical to that used in the documentation of the open dataset studied in
this work (Wagenaar et al., 2006b; Network, 2021).

of development will be correlated with the amount flowing on a later day of development. This is
equivalent to studying the correlation in the weights of the edges of the functional networks across
different recording days. Figure 3 shows scatter plots between the TE values estimated between each
source-target pair on earlier and later days. Note that, in every case where the null hypothesis of zero
TE could not be rejected (the TE was not statistically significant), a value of zero was used. Days with
fewer than 10 nonzero values were excluded from the analysis as they could not lead to meaningful
insights. By observing the pair scatters in Figure 3a-d (equivalent plots for the additional cultures are
shown in Appendix 3—figure 4), we see that, in many pairs of days, there appears to be a substan-
tial correlation between the TE values on the edges across days. This is particularly pronounced for
cultures 1-3 and 1-1, though visual assessment of the trend is complicated by the many zero values
(where TE is not significant), gaps in the distribution and outliers. As such, Figure 3a-d also display
the Spearman rank-order correlation (p) for each early-late pair of days for each culture. This correla-
tion is positive and statistically significant at the p<0.01 level (after Bonferroni correction for multiple
comparisons) between all the final pairs of recording days in the analysed cultures (including those
in the additional cultures). Table 3 summarises the proportions of pairs of recordings (including the
additional cultures) which had significant positive Spearman correlations between the TE values on
the edges across days. Whether we focus on either the final pairs of recordings or also include pairs
that occur after day 15 (by which time the information flow networks have emerged), either all or all
but one of the pairs of recordings exhibit such correlations. Moreover, the probability of this number
of correlations arising by chance is found to be very low. This represents a strong tendency for the
relatively strong information flows between a given source and target on later days to be associated
with the relatively strong information flow between the same source and target on an earlier day of
development. Figure 3 displays these Spearman correlations between the early and late TE between
source-target pairs visually. We notice a trend, whereby the correlation of the TE values seems to be
higher between closer days (sample point being closer to the diagonal) and where those days are later
in the development of the cultures (sample points being further to the right).

We also investigated the manner in which a node’s tendency to be an information source hub might
be bound once information flows are established. Figure 4 shows scatter plots between the outgoing
TE of each node (averaged across all targets) on different days of development along with the asso-
ciated Spearman correlations (Appendix 3—figure 5 shows these plots for the additional cultures).
By observing the scatter plots, it is easy to see that there is a strong positive relationship between
the outgoing information flow from a given node on an earlier day of development and the outgoing

Table 2. The number of source-target pairs of electrodes with a statistically significant transfer
entropy (TE) value between them for each recording studied.

This corresponds to the number of possible edges in the functional networks shown in Figure 2. As
the electrode arrays used to record the data had 59 electrodes, the total number of unique ordered
pairs of electrodes (and, therefore, the number of possible edges) is 3422.

Culture 1-1 Day 4 Day 14 Day 20
0 607 2166
Culture 1-3 Day 5 Day 10 Day 16 Day 24
0 44 999 1902
Culture 2-2 Day 9 Day 15 Day 21 Day 33
0 371 1409 1386
Culture 2-5 Day 4 Day 10 Day 22 Day 28
0 185 975 1263
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Figure 3. Plots investigating the relationship between the information flow on a given source-target pair over different days of development. (a-d)
show scatter plots between all pairs of days for each culture (excluding days with less than 10 significant transfer entropy [TE] values). Specifically, in
each scatter plot, the x value of a given point is the TE on the associated edge on an earlier day and the y value of that same point is the TE on the
same edge but on a later day. The days in question are shown on the bottom and sides of the grids of scatter plots. The orange line shows the ordinary
least-squares regression. The Spearman correlation (p) between the TE values on the two days is displayed in each plot. Values of p significant at the
0.05 level are designated with an asterisk and those significant at the 0.01 level are designated with a double asterisk. Red asterisks are used to denote
significance after performing a Bonferroni correction for multiple comparisons. (e) shows all recording day pairs for all cultures (where the pairs are
always from the same culture) and the associated Spearman correlation between the TE on the edges across this pair of recording days. Diamonds
indicate significance at p<0.05, with Bonferroni correction.

flow from that same node on a later day (when we restrict ourselves to focusing on pairs occurring
after a substantial number of statistically significant information flows have been established). This is
not surprising, given the correlation we already established for TE on individual pairs, but does not
automatically follow from that. As with the TE on the edges, Table 3 summarises the proportions of
pairs of recordings (including the additional cultures) which had significant positive Spearman correla-
tions between the outgoing TE from each node across days. We see that, whether we focus on just
the last recordings of each culture or also include those after day 15, a substantial majority of pairs of
recordings exhibit such correlations and that such a majority would be very unlikely to arise by chance.
Some of these correlations are particularly strong, and indeed stronger than that observed on the TEs
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Table 3. Summary of significance values for the lock-in results.

Each table cell shows the number of relationships that were found to be significant at the p<0.05
level, out of the total number of relationships tested. Note that relationships were only tested in
cases where both recordings in the pair had at least 10 significant transfer entropy (TE) values. A
hypothesis test is conducted against the null hypothesis that the original p-values that produced
these results were uniformly distributed between 0 and 1 (giving a 0.05 chance of a significant
result). * indicates that this probability is less than 0.05. ** indicates that the probability of the
observed number of significant results has probability less than 0.001 under this null hypothesis, with
a Bonferroni correction for multiple comparisons. The first row summarises the significance values
for the value of the TE on the edges, shown in Figure 3 and Appendix 3—figure 4. The second and
third rows summarise the significance values for the mean outward and inward TE on each node,
shown in Figure 4 and Appendix 3—figure 5 as well as Appendix 2—figure 1 and Appendix 3—
figure 6, respectively. The final row summarises the significance values for the ratio of inward to
outward burst-local TE, shown in Figure 6 and Appendix 3—figure 9. The columns which restrict
the analysis to bursting recordings exclude the final recording of culture 1-5, as this culture ceased
bursting, after having previously been bursty (Wagenaar et al., 2006b).

All cultures, final All cultures, final Bursting, final pair or
pair pair or post day 15 Bursting, final pair post day 15

Edge 7/7** 8/9** 6/6** 7/8**

Out 5/7** 6/9** 5/6** 6/8**

In 3/7* 3/9* 3/6* 3/8*

Burst-local ratios 5/7** 6/9** 5/6** 6/8**

of individual node pairs. For instance, between days 16 and 24 of culture 1-3 we have that p = 0.62
and between days 14 and 20 of culture 1-1 we have that p = 0.71. Figure 4 visualises all Spearman
correlations between the early and late total outgoing TE of a given node. As per the TEs for indi-
vidual node pairs, the correlation is higher between closer days and where those days are later in the
development of the cultures.

Appendix 2—figure 1 shows similar plots to Figure 4, but for the average inward TE on each
node (with Appendix 3—figure 6 showing plots for the additional cultures). We observe three cases
of significant correlations in this value between early and late days, indicating a weaker yet still statis-
tically significant (Table 3) propensity for the average inward TE to also lock-in.

Of course, some pairs involving earlier days of some cultures (such as day 10 of cultures 1-3 and 2-5)
do not exhibit such lock-in tendencies. However, as displayed in Table 2, there are very few significant
information flows at this early stage of development (44 and 185, respectively). This represents a point
in development perhaps too early for any substantial information flow networks to have emerged.

In summary, the data suggests that, in these developing neural cell cultures, the structure of the
information flows is to a large degree locked-in early in development, around the point at which the
information dynamics emerge. There is a strong tendency for properties of these flows on later days
to be correlated with those same properties on earlier days. Specifically, we have looked at the flows
between source-target pairs, the average outgoing flow from a source, and the average incoming flow
to a target. The values of these variables on later DIV were found, in the majority of cases, to be posi-
tively correlated with the same values on earlier DIV. Further, there were no cases where a statistically
significant negative correlation was found.

Information flows quantify computational role of burst position

Developing cultures of dissociated neurons have a tendency to self-organise so as to produce popu-
lation bursts or avalanches (Wagenaar et al., 2006b; Pasquale et al., 2008). Such spike avalanches
are not only a feature of cell cultures, being a ubiquitous feature of in vivo neural recordings (Priese-
mann et al., 2014; Priesemann et al., 2013; Priesemann et al., 2009). There is a wide body of work
discussing the potential computational importance of such periods of neuronal activity (Lisman, 1997,
Krahe and Gabbiani, 2004; Shew et al., 2011; Kinouchi and Copelli, 2006; Haldeman and Beggs,
2005; Rubinov et al., 2011; Cramer et al., 2020). It has been observed that cultures often follow one
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Figure 4. Plots investigating the relationship between the outward information flow from a given node over different days of development. (a-d) show

scatter plots between all pairs of days for each culture (excluding days with less than 10 significant transfer entropy [TE] values). Specifically, in each
scatter plot, the x value of a given point is the average outgoing TE from the associated node on an earlier day and the y value of that same point is

the total outgoing TE from the same node but on a later day. The days in question are shown on the bottom and sides of the grids of scatter plots. The

orange line shows the ordinary least-squares regression. The Spearman correlation (p) between the outgoing TE values on the two days is displayed

in each plot. Values of p significant at the 0.05 level are designated with an asterisk and those significant at the 0.01 level are designated with a double

asterisk. Red asterisks are used to denote significance after performing a Bonferroni correction for multiple comparisons. (e) shows all recording day
pairs for all cultures (where the pairs are always from the same culture) and the associated Spearman correlation between the outward TEs of nodes

across this pair of recording days. Diamonds indicate significance at p<0.05, with Bonferroni correction.

or more ordered patterns of burst propagation (Maeda et al., 1995), with some nodes exhibiting a
tendency to burst towards the beginning of these patterns and others towards their end (Schroeter
et al., 2015). More recent work has proposed that the nodes which tend to burst at different points in
these progressions play different computational roles (Schroeter et al., 2015). This work has placed
special importance on those nodes which usually burst during the middle of the burst progression,
conjecturing that they act as the ‘brokers of neuronal communication’.

The framework of information dynamics is uniquely poised to illuminate the computational
dynamics during population bursting as well as the different roles that might be played by various
nodes during these bursts. This is due to its ability to analyse information processing locally in time
(Lizier, 2013, Lizier et al., 2008; Lizier, 2014; Wibral et al., 2014b), as well as directionally between
information sources and targets via the asymmetry of TE. This allows us to isolate the information
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processing taking place during population bursting activity. We can then determine the information
processing roles undertaken by the different nodes and examine how this relates to their average
position in the burst propagation.

We analyse the information flowing between nodes during population bursts by estimating the
burst-local TE between nodes in each recording (i.e. averaging the TE rates only during bursting
periods, using probability distribution functions estimated over the whole recordings; see section
‘Estimation of burst-local TE'). We also measure the mean position of each node within bursts (with
earlier bursting nodes having a lower numerical position; see section ‘Analysis of population bursts’).
Note that, although there is variability of the burst position across bursts, certain nodes have much
lower or higher mean burst positions, indicating a strong tendency to burst earlier or later within the
propagation.

Figure 5a and b show plots of the mean burst position plotted against the total inward (Figure 5a)
and outward (Figure 5b) burst-local TE of each node. Appendix 3—figure 7 shows these plots for the
additional cultures. Plots are only shown for days where there were at least 10 statistically significant
burst-local TE values. The Spearman correlation (p) between these variables is also displayed on the
plots.

We see from Figure 5 that, particularly for the final recording days, in most cases there is a
positive correlation between the mean burst position of the node and the total inward burst-local
TE. In some cases, this correlation is particularly strong. For instance, on the 24th DIV of culture
1-3, we observe a Spearman correlation of p = 0.84. In other words, we observe that nodes which
tend to burst later have higher incoming information flows. Table 4 summarises the proportions of
recordings (including the additional cultures) which had significant positive Spearman correlations
between the mean burst position of the node and the total inward burst-local TE. By focussing on
recordings that have reached a state of established information dynamics, by either selecting all
final recordings or all that were performed post day 15, we see that in all cases a clear majority of
cases had a statistically significant positive Spearman correlation. Moreover, the probability of this
number of correlations arising by chance is found to be very low. These relationships suggest that
there is a tendency for the late bursters to occupy the specialised computational role of information
receivers.

Conversely, as shown in Figure 5, there is a tendency for the mean burst position of the nodes to
be negatively correlated with the outward burst-local TE. Again, this correlation is particularly strong
in many cases. For example, on the 24th DIV of culture 1-3, we observe a Spearman correlation of
p = —0.80. In other words, we observe that nodes which tend to burst earlier have higher outward
information flows. Table 4 summarises the proportions of recordings (including the additional cultures)
which had significant negative Spearman correlations between the mean burst position of the node
and the total outward burst-local TE. We see that a clear majority of either all final recording days
or all recordings performed post day 15 had a statistically significant negative Spearman correlation.
Moreover, the probability of this number of correlations arising by chance is found to be very low.
These relationships suggest that there is a tendency for the early bursters to occupy the specialised
computational role of information receivers.

Figure 5 plots the total incoming burst-local TE on each node against the total outgoing burst-
local TE, with points coloured according to the node’s mean burst position (Appendix 3—figure 8
shows these plots for the additional cultures). We see a very clear pattern in these plots, which is
remarkably clear on some later recording days: nodes which often fire at the beginning of the burst
progression have high outgoing information flows with lower incoming flows, whereas those which
tend to sit at the end of the progression have high incoming flows with lower outgoing flows. By
contrast, those nodes which, on average, occupy the middle of the burst progression have a balance
between outgoing and incoming information transfer. These nodes within the middle of the burst
propagation are, therefore, occupying the suggested role of mediators of information flow.

Early lock-in of specialised computational roles

Given that we have seen in section ‘Information flows quantify computational role of burst position’
that nodes tend to occupy specialised computational roles based on their average position in the
burst propagation and that we have seen in section ‘Early lock-in of information flows’ that informa-
tion processing properties can lock-in early in development, it is worth asking whether the specialised
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position. (a) and (b) show the burst position of each node on the x axis of each plot, plotted against either the total incoming (a) or outgoing (b) TE on

the node. The Spearman correlation (p) between the mean burst position and the incoming or outgoing TE values is displayed in each plot. Values of p
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Table 4. Summary of significance values for the results relating to computational roles.

Each table cell shows the number of relationships that were found to be significant at the p<0.05
level, out of the total number of relationships tested. A hypothesis test is conducted against the
null hypothesis that the original p-values that produced these results were uniformly distributed
between 0 and 1 (giving a 0.05 chance of a significant result). ** indicates that the probability of the
observed number of significant results has probability less than 0.001 under this null hypothesis,
with a Bonferroni correction for multiple comparisons. The first row summarises the significance
values for the relationships between inward burst-local TE and burst position, as shown in Figure 5
and Appendix 3—figure 7. The second row summarises the significance values for the relationships
between outward burst-local TE and burst position, as shown in Figure 5 and Appendix 3—figure
7.

All cultures, final day All cultures post day 15 Bursting, final day Bursting, post day 15

In 7/11** 10/15** 7/10** 10/14**

Out 7/11** 11/15%* 7/10** 11/14**

computational roles that nodes occupy during population bursts lock-in during the earlier stages of
neuronal development.

In order to investigate this question, we quantified the computational role occupied by a node by
measuring the proportion of its total incoming and outgoing burst-local TE that was made up by its
outgoing burst-local TE. Scatters of these proportions between earlier and later DIV are plotted in
Figure 6 for the main cultures (the additional cultures are shown in Appendix 3—figure 9). They also
display the Spearman rank-order correlations (p) between the ratios on different days. We see that,
in many cases, there are strong, significant, correlations in this ratio between earlier and later DIV.
Table 3 summarises the proportions of pairs of recordings (including the additional cultures) which
had significant positive Spearman correlations between this ratio on each node across days. We see
that, whether we focus on just the last recordings of each culture or also include those after day 15, a
clear majority of pairs of recordings exhibit such correlations and that such a majority would be very
unlikely to arise by chance. Figure 6 visualises all these Spearman correlations between the early and
late day pairs.

These results suggest that, if a node is an information transmitter during population bursts at the
point at which the information flows are established, it has a tendency to maintain this specialised role
later in development. Similarly, being an information receiver earlier in development increases the
probability that the node will occupy this same role later.

Information flows in an STDP model of development

In order to investigate the generality of the phenomena revealed in this article, we reimplemented a
model network (Khoshkhou and Montakhab, 2019) of Izhikevich neurons (Izhikevich, 2003) devel-
oping according to an STDP (Caporale and Dan, 2008) update rule as described in section ‘Network
of Izhikevich neurons'. For the low value of the synaptic time constant which we used (see section
‘Network of Izhikevich neurons’), these networks developed from a state where each neuron under-
went independent tonic spiking at a regular firing rate to one in which the dynamics were dominated
by periodic population bursts (Zeraati et al., 2021; Khoshkhou and Montakhab, 2019). It is worth
noting that these population bursts are significantly more regular than those in the biological data
used in this article. Small modifications were made to the original model in order that the develop-
ment occurred over a greater length of time. The greater length of development allowed us to extract
time windows which were short relative to the timescale of development (resulting in the dynamics
being approximately stationary in these windows) yet still long enough to sample enough spikes
for reliable TE rate estimation. The windows which we used resulted in a median of 5170 spikes per
neuron per window compared with a median of 17,399 spikes per electrode in the biological data.
See section ‘Network of Izhikevich neurons’ for more details on the modifications made. A single
simulation was run. The dynamics of the model are very consistent across independent runs. Three
windows were extracted, extending between the simulation timepoints of 200 and 250 seconds, 400
and 450 seconds, and 500 and 550 seconds. These time windows were labelled ‘early’, ‘'mid’, and
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Figure 6. Plots investigating the relationship between the ratio of outward to total burst-local information flow from a given node over different days
of development. (a-d) show scatter plots between all pairs of days for each culture (excluding days with less than 10 significant burst-local transfer
entropy [TE] values). Specifically, in each scatter plot, the x value of a given point is the ratio of total outgoing burst-local TE on the associated node

to the total burst-local TE on the same node on one day and the y value of that same point is this same ratio on the same node but on a different day.
The days in question are shown on the bottom and sides of the grids of scatter plots. The orange line shows the ordinary least-squares regression. The

Spearman correlation (p) between the TE values on the two days is displayed in each plot. Values of p significant at the 0.05 level are designated with
an asterisk and those significant at the 0.01 level are designated with a double asterisk. Red asterisks are used to denote significance after performing

a Bonferroni correction for multiple comparisons. (e) shows all recording day pairs for all cultures (where the pairs are always from the same culture) and
the associated Spearman correlation between the outward TE of the nodes across this pair of recording days. Diamonds indicate significance at p<0.05,

with Bonferroni correction.

‘late’, respectively. The early window was chosen such that it had a nonzero number of significant TE
values, but such that this number was of the same (order of magnitude in) proportion as observed in
the first recording days of the cell cultures (refer to Table 2). The mid period was set at the point where
population bursting begun to emerge, and the late period was set at the point where all neurons were
bursting approximately synchronously in a pronounced manner.

TE values between all pairs of model neurons were estimated, as described in section ‘Transfer
entropy estimation’. These estimates were then subjected to the same statistical analysis as the cell
culture data, the results of which are presented in the preceding subsections of this section. The plots
of this analysis are displayed in Figures 7 and 8.
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Figure 7. Equivalent plots to those shown in Figures 1, 3 and 4 and Appendix 2—figure 1, but for the simulated spiking network developing under
spike-timing-dependent plasticity (STDP). (a) shows scatters of the transfer entropy (TE) values overlaid on box plots. The box plots show the quartiles
and the median (values greater than 10 SDs from the mean have been removed from both the box and scatter plots as outliers). It corresponds

to Figure 1. (b —d) show scatter plots investigating the relationship between TE values (or derived summary statistics) over different stages of
development. Specifically, in each scatter plot, the x value of a given point is a TE value or derived statistic at an earlier simulation stage and the y value
of that same point is a TE value (or derived statistic) on the corresponding edge or node, but later in the simulation. The orange line shows the ordinary
least-squares regression. The Spearman correlation (p) between the TE values on the two days is displayed in each plot. Values of p significant at the
0.05 level are designated with an asterisk and those significant at the 0.01 level are designated with a double asterisk. Red asterisks are used to denote
significance after performing a Bonferroni correction for multiple comparisons. (b) corresponds to the scatter plots in Figure 3, (c) corresponds to the
scatter plots in Figure 4, and (d) corresponds to the scatter plots in Appendix 2—figure 1.

Scatters and box plots of the TE values estimated in each developmental window are shown in
Figure 7. We observe a large, monotonic, increase in these values over development. This mirrors the
finding in cell cultures, as described in section ‘The dramatic increase in the flow of information during
development'.

We also observe a similar lock-in phenomenon of information processing as was found in the cell
cultures (described in section ‘Early lock-in of information flows’). Figure 7a—d show the correlation in
information flow between different stages of development. Specifically, Figure 7a plots the correla-
tion in TE values between each ordered pair of neurons between early and later windows. Figure 7d
plots this same correlation, but for the total incoming TE on each neuron, and Figure 7c does this for
the total outgoing TE. In all six of the plots for the relationships between the TE on each edge and for
the total outgoing TE, we observe a substantial statistically significant positive correlation between
values on earlier and later days (significant at the p<0.01 level, with Bonferroni correction). We observe
smaller positive correlations in these values for the total incoming TE on each node, although these
correlations are not significant, which aligns somewhat with the weaker effect observed for incoming
TE in the cultures. As with the cell cultures, some of the observed correlations are particularly strong,
such as the Spearman correlation of p = 0.62 between the total outgoing TE on each node in the
mid window and this same value in the late window. This implies that the spatial structure of the
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Figure 8. Equivalent plots to those shown in Figure 5, but for the simulated spiking network developing under spike-timing-dependent plasticity
(STDP). Plots show the relationship between the amount of incoming and outgoing local (in burst) transfer entropy (TE) on a given node and its average
burst position. (a) and (b) show the burst position of each node on the x axis of each plot, plotted against either (a) the total incoming or (b) outgoing
TE on the node. The Spearman correlation (p) between the mean burst position and the incoming or outgoing TE values is displayed in each plot.
Values of p significant at the 0.05 level are designated with an asterisk and those significant at the 0.01 level are designated with a double asterisk. Red
asterisks are used to denote significance after performing a Bonferroni correction for multiple comparisons. (c) plots the outgoing TE on the x axis and
the incoming TE on the y axis with the points coloured according to the mean burst position of the node: late bursters are coloured yellow and early

bursters are purple.

information flow has a tendency to be determined in the earlier stages of development, after which
they are locked-in - in a similar fashion to what was observed in the biological experiments in earlier
sections.

We also performed the same analysis on computational roles as presented in section ‘Information
flows quantify computational role of burst position’. This analysis, the results of which are presented
in Figure 8, only looked at the mid and late windows. The early window was ignored due to its lack
of bursting activity. In the mid recording window, we observe a strong relationship between the mean
burst position of the neuron and its computational role. Figure 8 shows that there is a significant
(at the p<0.01 level) positive correlation between the mean burst position of a neuron and its total
incoming burst-local TE (see section ‘Estimation of burst-local TE' for more details on the burst-local
TE). There is also a negative correlation between the mean burst position and the total outgoing
burst-local TE, as shown in Figure 8. However, this relationship is not significant after Bonferroni
correction. These same figures also display these relationships for the late window. Here, we observe
the same directions of relationships. This relationship is incredibly strong between incoming TE and
burst position (p = 0.81). The relationship between the outgoing TE and burst position is still negative,
although it is not as strong as in the mid window and is no longer significant. Inspection of Figure 8
reveals that there is still a very clear negative relationship between burst position and outgoing TE
after a burst position of about 20. Indeed, if we condition on the burst position being greater than
20, then we find a Spearman correlation of p = 0.80, which is significant at the p<0.01 with Bonferroni
correction. Inspection of the spike rasters of these simulations suggests that the anomalous results
for the earliest bursters may be due to their spiking a very substantial distance ahead of the rest of
the population in these simulations. These differing burst dynamics mean that the earliest bursters are
then less able to reduce the uncertainty in the spike times of the majority of the neurons which begin
spiking significantly later.

This implies that, midway through development, we are observing the same specialisation into
computational roles based on burst position as was observed in the cell cultures: early bursters display
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a tendency to be information transmitters, late bursters operate as receivers, and middle bursters
exhibit a balance of the two. Later on in development, we do, however, observe a slight departure
from the roles we observed in the cell cultures. The computational roles are shifted further down the
burst propagation and the earliest bursters here are less strongly driving the rest of the population.

It is worth noting that the estimated TE values in the model are substantially higher than in the
biological dataset. The median estimated TE in the late window of the model was around 40 nats.s !
(Figure 7). Conversely, it was less than 0.2nats.s ™! for every last recording day of the cell cultures
(Figure 1). This is due to the much higher spike rate of the model implying that the dynamics are
operating on different timescales. Indeed, if we compare the magnitude of the burst-local TE — which
is measured in nats per spike (see section ‘Estimation of burst-local TE') — between the model and the
biological data (Figures 8 and 5, respectively), we find values of similar magnitude.

In summary, in a network model of Izhikevich neurons developing according to STDP towards a
state of population bursts, we observe a similar developmental information processing phenomena as
in the cell cultures. Namely, the amount of information flowing across the network increases dramati-
cally, the spatial structure of this flow locks in early, and the neurons take on specialised computational
roles based on their burst position.

Discussion

Biological neural networks are imbued with an incredible capacity for computation, which is deployed
in a flexible manner in order to achieve required tasks. Despite the importance of this capacity to the
function of organisms, how it emerges during development has remained largely a mystery. Informa-
tion dynamics (Lizier, 2013; Lizier et al., 2014, Lizier et al., 2008; Lizier et al., 2010; Lizier et al.,
2012) provides a framework for studying such computational capacity by measuring the degree to
which the fundamental information processing operations of information storage, transfer, and modi-
fication occur within an observed system.

Previous work on the information flow component of computational capacity in neural cell cultures
(Nigam et al., 2016; Shimono and Beggs, 2015; Matsuda et al., 2013, Timme et al., 2014; Kaji-
wara et al., 2021, Timme et al., 2016; Wibral et al., 2017) has focussed on the static structure of
information flow networks at single points in time. This has mostly taken the form of elucidating prop-
erties of the functional networks implied by the information flows. However, such work leaves open
questions concerning how these structures are formed. We address this gap here.

An initial goal in addressing how computational capacity emerges was to determine when the infor-
mation flow component arrived. It is plausible that this capacity could have been present shortly after
plating or that it could have arrived suddenly at a later point in maturation. What we see, however,
is that the capacity for information transmission is either not present or only minimally present in
the early DIV. This can be seen by looking at the very low mean TE values in the first column of
Table 1. However, over the course of development we see that the TE values increase progressively,
reaching values orders of magnitude larger. This implies that information transmission is a capacity
which is developed enormously during neuronal development and that its gain is spread consistently
throughout the observed period.

The information processing operations of a system tend to be distributed over it in a heteroge-
neous fashion. For example, it has been found in models of whole-brain networks (Li et al., 2019;
Marinazzo et al., 2012; Marinazzo et al., 2014b), abstract network models (Ceguerra et al., 2011,
Novelli et al., 2020; Goodman and Porfiri, 2020), and even energy networks (Lizier et al., 2009)
that nodes with high indegrees tend to also have high outgoing information flows. Section ‘The emer-
gence of functional information flow networks’ examined the emergent information flow networks,
formed by connecting nodes with a statistically significant TE value between them. In accordance with
this previous work — and indeed the large variation in shared, unique and synergistic information flow
components observed on the same dataset (albeit with the discrete-time estimator) (Wibral et al.,
2017) - these networks exhibited a high degree of heterogeneity. Notably, as shown in Figure 2a,
they have prominent hubs of inward flow (sinks) along with less pronounced hubs of outgoing flow
(sources). Moreover, along with heterogeneity within individual networks, large structural differences
are easily observed between the different networks shown in Figure 2a.

Keeping with our goal of uncovering how features of mature information flow networks self-
organise, we examined how this heterogeneity at both the intra-network and inter-network levels
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emerged. It was found in section ‘Early lock-in of information flows' that the key features of the infor-
mation flow structure are locked-in early in development, around the point at which the information
flows emerge. This effect was identified for the outgoing TE from each node, for example, where we
found strong correlations over the different days of development. It is worth further noting that this
lock-in phenomenon occurs remarkably early in development. Specifically, in very many cases, we
observe strong correlations between quantities estimated on the first recording days with nonzero
TE and the same quantities estimated on later days. This early lock-in provides us with a mechanism
for how the high heterogeneity exhibited in the inflow and outflow hubs emerges. Small differences
between networks on early DIV will be magnified on subsequent days. This leads to the high levels of
inter-network heterogeneity that we observe. A similar phenomenon has been observed with STDP,
which can lead to symmetry breaking in network structure (Gilson et al., 2009; Kunkel et al., 2011),
whereby small fluctuations in early development can set the trajectory of the synaptic weights on a
specific path with a strong history dependence. In order to confirm a hypothesis that this observed
lock-in of information flows could be induced by STDP, in section ‘Information flows in an STDP model
of development’ we studied the information dynamics of a model network of Izhikevich neurons
developing according to an STDP (Caporale and Dan, 2008) update rule from a state of independent
tonic firing to population bursting. The lock-in of key features of the information flow structure was
evident over the period where the network developed from independent firing to approximately
synchronous bursting (i.e., bursts occurring at approximately the same point in time). This indicates
a plausible mechanism for our observations and suggests a broader generality of these phenomena.

An interesting difference between the results for the model and the biological data is that the
lock-in effect was stronger for outward TE as well as the TE on the edges than in the biological data.
The reasons for this difference require further investigation; however, it might be due to the multi-unit
nature of the biological data. A possible direction of future work is to modify the model such that the
activity on neurons is sub-sampled and aggregated in order to model the effect of placing electrodes
in a culture. However, this will detract from the simplicity of the model in its current form.

It has been hypothesised that different neural units take on specialised computational roles (Schro-
eter et al., 2015; Frost and Goebel, 2012; Cohen and D’Esposito, 2016). In section ‘Information
flows quantify computational role of burst position’, we investigated the information flows occurring
during the critical bursting periods of the cultures’ dynamics. Specifically, we studied the burst-local
TE in order to measure the information being transferred between nodes during these periods. The
plots shown in Figure 5 show a clear tendency for the nodes to take on specialised computational
roles as development progresses. Moreover, these computational roles were tightly coupled to the
position the node tended to burst within in the burst propagation. Nodes that tended to initiate the
bursts had a tendency to have high outgoing information transfer combined with low incoming infor-
mation flow, implying their role as information transmitters. The opposite relationship is observed for
typically late bursters, indicating their role as information receivers. By contrast, nodes that usually
burst during the middle of the progression have a balance between outward and inward flows. This
indicates that they are the crucial links between the transmitters and receivers of information. Neurons
bursting in the middle of the burst progression of dissociated cell cultures have received special atten-
tion in past work using undirected measures, where it was conjectured that they act as the ‘brokers of
neuronal communication’ (Schroeter et al., 2015). In this work, we have provided novel supporting
evidence for this conjecture by specifically identifying the directed information flows into and out of
these nodes. Moreover, in section ‘Information flows in an STDP model of development’, we observed
that this same specialisation of neurons into computational roles based on average burst position
occurred in a model network of Izhikevich neurons which had developed via an STDP learning rule to
a state of population bursting. This suggests that this phenomenon might exist more generally than
the specific cell cultures studied. It is also worth noting that some of these relationships, notably those
shown in Figure 7b and d, are much stronger than what was observed in the cell culture. Itis likely that
this is due to the fact that in the model we estimated TE between individual model neurons, whereas
in the cultures we estimated TE between the MUA on each electrode. A possible direction for future
work will be to study how the estimated information flow changes when we aggregate the spikes from
multiple model neurons into simulated MUA.

It is worth reflecting on the fact that the observed correlations between burst-local informa-
tion transfer and average burst position will not occur in all neuronal populations. For instance, in
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populations with strictly periodic bursts, each node’s behaviour will be well explained by its own
history, resulting in very low burst-local TE's, regardless of burst position. Furthermore, neuronal
populations develop bursty dynamics to different extents and such quantities (let alone their correla-
tion) are simply less meaningful in the absence of burstiness (e.g. for the final day of culture 1-5 as
stated in Figure 3A of Wagenaar et al., 2006b).

Returning once more to our focus on investigating the emergence of information flows, we have
demonstrated, in section ‘Early lock-in of specialised computational roles’, that these specialist compu-
tational roles have a tendency to lock-in early. There we looked at the ratio of outgoing burst-local TE
to the total burst-local TE on each node. It was found that there is a strong tendency for this ratio to
be correlated between early and late days of development. This suggests that the computational role
that a node performs during population bursts is determined to a large degree early in development.

Insights into development aside, a fundamental technical difference between the work presented
here and previous studies of TE in neural cultures is that here we use a recently developed continuous-
time estimator of TE (Shorten et al., 2021). This estimator was demonstrated to have far higher
accuracy in estimating information flows than the traditional discrete-time estimator. The principal
challenge which is faced when using the discrete-time estimator is that the curse of dimensionality
limits the number of previous time bins that can be used to estimate the history-dependent spike
rates. All applications of this estimator to spiking data from cell cultures of which the authors are
aware (Nigam et al., 2016, Shimono and Beggs, 2015; Matsuda et al., 2013; Timme et al., 2014;
Kajiwara et al., 2021; Timme et al., 2016) made use of only a single previous bin in the estimation
of these rates. This makes it impossible to simultaneously achieve high time precision and capture the
dependence of the spike rate on spikes occurring further back in time. Conversely, by operating on
the interspike intervals, the continuous-time estimator can capture the dependence of the spike rate
on events occurring relatively far back in time, while maintaining the time precision of the raw data.
Looking at a specific representative example, our target history embeddings made use of the previous
four interspike intervals (section ‘Selection of embedding lengths’). For the recording on day 24 of
culture 1-3, the mean interspike interval was 0.71 s. This implies that the target history embeddings on
average extended over a period of 2.84 s. The raw data was collected with a sampling rate of 25kHz
(Wagenaar et al., 2006b). In order to lose no time precision, the discrete-time estimator would thus
have to use bins of 40 s, and then in order to extend over 2.84 s, the target history embeddings would
therefore need to consist of around 70,000 bins which is empirically not possible to sample well.

It is worth noting that, as we were performing a longitudinal analysis where each studied recording
was separated by days or weeks, we did not perform spike sorting as we would have been unable to
match the different units on an electrode across different recordings. We would then not have been
able to compare the TE values on a given unit over the course of development. Instead, we analysed
the spikes on each electrode without sorting. As such, this work studies MUA (Schroeter et al., 2015).
Spike sorting applied to data collected from a near-identical recording setup found an average of four
neurons per electrode (Wagenaar et al., 2006a). This situates this work at a spatial scale slightly larger
than spike-sorted neural data, but still orders of magnitude finer than fMRI, EEG, or MEG (Bassett
and Sporns, 2017).

Functional and effective networks arising from the publicly available dataset used in this article
(Wagenaar et al., 2006b) have been studied by other authors. For instance, it was shown that the
functional networks were small world (Downes et al., 2012) and that more connected nodes exhib-
ited stronger signatures of nonlinearity (Minati et al., 2019). Work has also been conducted analysing
the burst propagation of these cultures, finding that there are ‘leader’ nodes which consistently burst
before the rest of the population (Eckmann et al., 2008). These are the information transmitters that
we have observed in this work here.

An exciting direction for future work will be to move beyond directed functional networks to
examine the information flow provided by higher-order multivariate TEs in an effective network struc-
ture (Novelli and Lizier, 2021; Novelli et al., 2019). The networks inferred by such higher-order TEs
are able to better reflect the networks’ underlying structural features (Novelli and Lizier, 2021). As
was the case with bivariate TEs prior to this work, there is an absence of work investigating how the
networks of multivariate information flow emerge during neural development. Moreover, moving to
higher-order measures will allow us to more fully characterise the multifaceted specialised computa-
tional roles undertaken by neurons.
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Table 5. File numbers used for each culture on each day.
These correspond to the file numbering used in the freely available dataset used in this study,
provided by Wagenaar et al., 2006b; Network, 2021.

Culture 1-1 Day 4 Day 14 Day 20
2 2 2
Culture 1-2 Day 6 Day 11 Day 17
2 2 2
Culture 1-3 Day 5 Day 10 Day 16 Day 24
2 2 2 2
Culture 1-4 Day 8 Day 13 Day 19
2 2 2
Culture 1-5 Day 7 Day 12 Day 18
2 2 2
Culture 2-1 Day 14 Day 32
2 2
Culture 2-2 Day 9 Day 15 Day 21 Day 33
2 2 2 2
Culture 2-3 Day 6 Day 12 Day 24
2 2 2
Culture 2-4 Day 3 Day 5 Day 11
1 1 1
Culture 2-5 Day 4 Day 10 Day 22 Day 28
1 1 2 1
Culture 2-6 Day 7 Day 13 Day 31

1 1 1

Materials and methods

Cell culture data

The spike train recordings used in this study were collected by Wagenaar et al., 2006b and are freely
available online (Network, 2021). The details of the methodology used in these recordings can be
found in the original publication (Wagenaar et al., 2006b). A short summary of their methodology
follows.

Dissociated cultures of rat cortical neurons had their activity recorded. This was achieved by plating
8 x 8 MEAs, operating at a sampling frequency of 25 kHz with neurons obtained from the cortices of
rat embryos. The spacing between the electrodes was 200 m centre-to-centre. The MEAs did not have
electrodes on their corners and one electrode was used as ground, resulting in recordings from 59
electrodes. In all recordings, electrodes with less than 100 spikes were removed from the analysis. This
resulted in electrodes 37 and 43 (see Figure 2 for the position of these electrodes) being removed
from every recording as no spikes were recorded on them. The spatial layout of the electrodes is
available from the website associated with the dataset (Network, 2021), allowing us to overlay the
functional networks onto this spatial layout as is done in Figure 2a.

30 min recordings were conducted on most days, starting from 3 to 4 DIV. The end point of
recording varied between 25 and 39 DIV. Longer overnight recordings were also conducted on some
cultures at sparser intervals. As the accurate estimation of information-theoretic quantities requires
substantial amounts of data (Shorten et al., 2021; Kraskov et al., 2004), in this work we make use
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of these longer overnight recordings. These recordings were split into multiple files. The specific files
used, along with the names of the cultures and days of the recordings, are listed in Table 5.

The original study plated the electrodes with varying densities of cortical cells. However, overnight
recordings were only performed on the ‘dense’ cultures, plated with a density of 2500 cells/L.

The original study performed threshold-based spike detection by determining that a spike was
present in the case of an upward or downward excursion beyond 4.5 times the estimated RMS noise
of the recorded potential on a given electrode. The analysis presented in this article makes use of
these detected spike times. No spike sorting was performed, and, as such, we are studying MUA
(Schroeter et al., 2015).

Network of Izhikevich neurons

The model spiking network used to generate the data analysed in section ‘Information flows in an
STDP model of development’ is identical to that presented in Khoshkhou and Montakhab, 2019,
with a few minor alterations. This model consists of Izhikevich neurons (Izhikevich, 2003) developing
according to an STDP (Caporale and Dan, 2008) update rule. At the beginning of the simulation,
each neuron performs independent tonic spiking; however, the network develops towards population
bursts.

The specific model settings used were based on those used to produce Figure 5A in Khoshkhou
and Montakhab, 2019. That is, the proportion of inhibitory neurons (a) and the synapse time delay
(73j) were both set to 0. The first change made was to use 59 neurons, as opposed to the 500 used in
Khoshkhou and Montakhab, 2019, in order to correspond to the number of electrodes used in the
cell culture recordings. The maximum connection strength (gmax) was also increased from 0.6 to 10 in
order to compensate for this reduction in the network size.

The only remaining change was made in order to slow the rate of development of the population.
The reasoning behind this was to allow for the extraction of windows which were much shorter than
the timescale of development, resulting in the dynamics within these windows being approximately
stationary (and including enough samples for estimation of the TE rates). Specifically, this change was
to greatly reduce the values of the maximum synaptic potentiation and depression (A4 and 4_). These
values were reduced from 5 x1072 to 4 x10~*.

Data preprocessing

As the data was sampled at 25 kHz, uniform noise distributed between -20 s and 20 s was added
to each spike time. This is to prevent the TE estimator from exploiting the fact that, in the raw data,
interspike intervals are always an integer multiple of 40 s.

Transfer entropy estimation

The (bivariate) TE (Schreiber, 2000; Bossomaier et al., 2016) was estimated between each pair of
electrodes in each of the recordings listed in Table 5. TE is the mutual information between the past
state of a source process and the present state of a target process, conditioned on the past state of
the target. More specifically (in discrete time), the TE rate is

. 1 Xt { X<t y<t)
T = —I1(Xs; Yr | X<t) = In
YoX = Ao ( t <t| <t) Z xt|X<t) (1)
The TE above is being measured from a source Y to a target X, I(-; -1-) is the conditional mutual

information (MacKay and Kay, 2003), x, is the current state of the target, x« is the history of the
target, y« is the history of the source, Ar is the bin width (in time units), 7 is the length of the
processes, and Ny = 7/At is the number of time samples (bins). The histories x<; and y« are usually
captured via embedding vectors, for example, X<; = X;_p—1 = {Xt—ms Xt—mals - - - s Xe—1 }-

Previous application of the discrete-time estimator

Previous applications of TE to spiking data from neural cell cultures (Nigam et al., 2016; Shimono
and Beggs, 2015; Matsuda et al., 2013; Timme et al., 2014; Kajiwara et al., 2021, Timme et al.,
2016; Wibral et al., 2017) made use of this discrete-time formulation of TE. This work was primarily
focussed on the directed functional networks implied by the estimated TE values between pairs of
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nodes which has revealed interesting features of the information flow structure. Shimono and Beggs,
2015 found that these networks exhibited a highly non-random structure and contained a long-tailed
degree distribution. This work was expanded by Nigam et al., 2016, where it was found that the
functional networks contained a rich-club topology. Conversely, Timme et al., 2014 found that the
hubs of these networks were localised to certain timescales. Other work (Timme et al., 2016; Wibral
et al., 2017) has instead focussed on how the components of information flows in cell cultures can be
decomposed into unique, redundant, and synergistic components.

Continuous-time estimation
It has, relatively recently, been shown that, for event-based data such as spike trains, in the limit of
small bin size, the TE is given by the following expression (Spinney and Lizier, 2018):

<t-Y<t [X<Xi s Y<xi }

Ty x= lim 1§ln i @
rox = e T p Ailx., [xq,.}

Here, Aix_y., [X<x,, y<x,.] is the instantaneous firing rate of the target conditioned on the histories of
the target x<, and source y<y, at the time points x; of the spike events in the target process. Aux_, [X<x]
is the instantaneous firing rate of the target conditioned on its history alone, ignoring the history of
the source. It is important to note that the sum is being taken over the Nx spikes of the target, thereby
evaluating log ratios of the expected spike rates of the target given source and target histories versus
target histories alone, when the target does spike. As this expression allows us to ignore the ‘empty
space’ between events, it presented clear potential for allowing for more efficient estimation of TE
on spike trains.

This potential was recently realised in a new continuous-time estimator of TE presented in Shorten
et al., 2021 (and utilised in Mijatovic et al., 2021), and all TE estimates in this article were performed
using this new estimator. In Shorten et al., 2021 it is demonstrated that this continuous-time esti-
mator is far superior to the traditional discrete-time approach to TE estimation on spike trains. For
a start, unlike the discrete-time estimator, it is consistent. That is, in the limit of infinite data, it will
converge to the true value of the TE. It was also shown to have much preferable bias and convergence
properties. Most significantly, perhaps, this new estimator utilises the interspike intervals to efficiently
represent the history embeddings x<y, and y«y, in estimating the relevant conditional spike rates in
(Lizier, 2013). This then allows for the application of the highly effective nearest-neighbour family of
information-theoretic estimators (Kozachenko and Leonenko, 1987; Kraskov et al., 2004), which
bring estimation efficiency, bias correction, and together with their application to interspike intervals
enable capture of long timescale dependencies.

This is in contrast to the traditional discrete-time estimator which uses the presence or absence of
spikes in time bins as its history embeddings (it sometimes also uses the number of spikes occurring
in a bin). In order to avoid the dimensionality of the estimation problem becoming sufficiently large
so as to render estimation infeasible, only a small number of bins can be used in these embeddings.
Indeed, to the best of the authors’ knowledge, all previous applications of the discrete-time TE esti-
mator to spiking data from cell cultures used only a single bin in their history embeddings. The bin
widths used in those studies were 40 s (Nigam et al., 2016), 0.3 ms (Garofalo et al., 2009), and 1 ms
(Shimono and Beggs, 2015; Kajiwara et al., 2020). Some studies chose to examine the TE values
produced by multiple different bin widths, specifically, 0.6 ms and 100 ms (Matsuda et al., 2013), 1.6
ms and 3.5 ms (Timme et al., 2016), and 10 different widths ranging from 1 ms to 750 ms (Timme
et al., 2014). Specifically those studies demonstrated the unfortunate high sensitivity of the discrete-
time TE estimator to the bin width parameter. In the instances where narrow (<5 ms) bins were used,
only a very narrow slice of history is being considered in the estimation of the history-conditional
spike rate. This is problematic as it is known that correlations in spike trains exist over distances of
(at least) hundreds of milliseconds (Aldridge and Gilman, 1991; Rudelt et al., 2021). Conversely, in
the instances where broad (>5 ms) bins were used, relationships occurring on fine timescales will be
completely missed. This is significant given that it is established that correlations at the millisecond
and sub-millisecond scale play a role in neural function (Nemenman et al., 2008; Kayser et al., 2010;
Sober et al., 2018, Garcia-Lazaro et al., 2013). In other words, previous applications of TE to elec-
trophysiological data from cell cultures either captured some correlations occurring with fine temporal
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Table 6. The parameter values used in the continuous-time transfer entropy (TE) estimator.
A complete description of these parameters, along with analysis and discussion of their effects, can
be found in Shorten et al., 2021.

Parameter Description Value

Nx Number of spikes in the target spike train Varied (see text)

Number of interspike intervals in target history
Ix embeddings 4

Number of interspike intervals in source history
ly embeddings 2

Number of nearest neighbours to find in the initial
kglobal search 10

Number of nearest neighbours to consider during
kperm surrogate generation 10

Number of random samples of histories at non-
Ny spiking points in time 50Ny

Number of random samples of histories at non-
Ny surrogates spiking points in time used for surrogate generation 10Ny

Number of surrogates to generate for each node
Nsurrogates  pair 100

precision or they captured relationships occurring over larger intervals, but never both simultaneously.
This can be contrasted with the interspike interval history representation used in this study. To take
a concrete example, for the recording on day 24 of culture 1-3, the average interspike interval was
0.71 s. This implies that the target history embeddings (composed of four interspike intervals) on
average extended over a period of 2.84 s and the source history embeddings (composed of two inter-
spike intervals) on average extended over a period of 1.42 s. This is despite the fact that our history
representations retain the precision of the raw data (40 s) and the ability to measure relationships on
this scale where they are relevant (via the underlying nearest-neighbour estimators).

The parameters used with this estimator are shown in Table 6. The values of kgjgha and kperm were
chosen because, in previous work (Shorten et al., 2021), similar values were found to facilitate stable
performance of the estimator. The high values of Ny and Ny surrogates Were chosen so that histories
during bursting periods could be adequately sampled. These two parameters refer to sample points
placed randomly in the spike train, at which history embeddings are sampled. As the periods of
bursting comprise a relatively small fraction of the total recording time, many samples need to be
placed in order to achieve a good sample of histories potentially observed during these periods. The
choice of embedding lengths is discussed in the section ‘Selection of embedding lengths’, and the
choice of Nsurrogates is discussed in the section ‘Significance testing of TE values’.

Instead of selecting a single number of target spikes Nx to include in the analysis, we chose to
include all the spikes that occurred within the first hour of recording time. The reason for doing this
was that the spike rates varied by orders of magnitude between the electrodes. This meant that fixing
the number of target spikes would result in the source spikes being severely undersampled in cases
where the target spike rate was much higher than the source spike rate. When using 1 hr of recording
time, among the main cultures the smallest number of spikes per electrode was 481, the maximum
was 69,627, and the median was 17,399.

Selection of embedding lengths

The target embedding lengths were determined by adapting the technique (Erten et al., 2017,
Novelli et al., 2019) extending (Garland et al., 2016) of maximising the bias-corrected active infor-
mation storage (AIS) (Lizier et al., 2012) over different target embedding lengths for a given target.
Our adaptations sought to select a consensus embedding parameter for all targets on all trials to
avoid different bias properties due to different parameters across targets and trials, in a similar fashion
to Hansen et al., 2021. As such, our approach determines a target embedding length Ix which
maximises the average bias-corrected AlS across all electrodes using one representative recording
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Table 7. Summary statistics for the active information storage (AlS) values estimated at different
target embedding lengths Ix.

These were estimated across all electrodes of a representative recording (day 23 of culture 1-3). The
p-values shown in the fourth column are associated with the null hypothesis that the mean AlS at the
given Iy is equal to the mean AlS at Ix — 1.

Ix Mean AIS sD p-Value

1 7.73 4.71 -

2 8.27 4.97 3.0x107"
3 8.41 5.08 5.8x107%

4 8.44 5.1 2.7x10*

5 8.43 5.12 0.85

(selected as day 23 of culture 1-3). To estimate AIS within the continuous-time framework (Spinney
and Lizier, 2018) for this purpose, we estimated the difference between the second KL divergence of
Equation 10 of Shorten et al., 2021 and the mean firing rate of the target. These estimates contain
inherent bias correction as per the TE estimator itself. Moreover, the mean of surrogate values was
subtracted to further reduce the bias. The embedding length Iy was continuously increased so long
as each subsequent embedding produced a statistically significant (at the p<0.05 level) increase in the
average AIS across the electrodes. The resulting mean AlS values (along with standard deviations)
and p-values are shown in Table 7. We found that every increase in Ix up to 4 produced a statistically
significant increase in the mean AIS. The increase from 4 to 5 produced a non-significant decrease in
the mean AIS and so Iy was set to 4.

With the target embedding length determined, we set about similarly determining a consensus
source embedding length Iy by estimating the TE between all directed electrode pairs on the same
representative recording for different values of ly. Each estimate also had the mean of the surrogate
population subtracted to reduce its bias (see section ‘Significance testing of TE values’).

The embedding length was continuously increased so long as each subsequent embedding
produced a statistically significant (at the p<0.05 level) increase in the average TE across all elec-
trode pairs. The resulting mean TE values (along with standard deviations) and p-values are shown
in Table 8. We found that increasing Iy from 1 to 2 produced a statistically significant increase in the
mean TE. However, increasing Iy from 2 to 3 produced a non-significant decrease in the mean TE. As
such, we set Iy to 2.

Significance testing of TE values

In constructing the directed functional networks displayed in Figure 2a, we tested whether the esti-
mated TE between each source-target pair was statistically different from the distribution of TEs
under the null hypothesis of conditional independence of the target from the source (i.e. TE consis-
tent with zero). Significance testing for TE in this way is performed by constructing a population of
surrogate time-series or history embeddings that conform to the null hypothesis of zero TE (Novelli
et al., 2019; Wollstadt et al., 2019; Novelli and Lizier, 2021). We then estimate the TE on each of

Table 8. Summary statistics for the transfer entropy (TE) values estimated at different source
embedding lengths ly.

These were estimated between all electrodes of a representative recording (day 23 of culture 1--3).
The p-values shown in the fourth column are associated with the null hypothesis that the mean TE at
the given ly is equal to the mean TE at Iy — 1.

ly Mean TE sD p-Value
1 0.031 0.043 -

2 0.058 0.056 0.0

3 0.057 0.069 0.84
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these surrogates to generate a null distribution of TE. Specifically, we generate the surrogates and
compute their TEs according to the method associated with the continuous-time spiking TE estimator
(Shorten et al., 2021) and using the parameters shown in Table 6. One small change was made
to that surrogate generation method: instead of laying out the Ny surrogates sample points randomly
uniformly, we placed each one at an existing target spike, with the addition of uniform noise on the
interval [—240 ms, 240 ms]. This was to ensure that these points adequately sampled the incredibly
dense burst regions.

With the surrogate TE distribution constructed, the resulting p-value for our TE estimate can
be computed by counting the proportion of these surrogate TEs that are greater than or equal to
the original estimate. Here, we seek to compare significance against a threshold of a < 0.01. We
chose this lower threshold as false positives are generally considered more damaging than false
negatives when applying network inference to neuroscientific data (Zalesky et al., 2016). We
also applied a Bonferroni correction (Miller, 2012) to all the significance tests done on a given
recording. Given that there are 59 electrodes in the recordings, 3422 tests were performed in each
recording. This meant that, once the Bonferroni correction was included, the significance threshold
dropped to p<2.9 x 107%. Comparing against such a low significance threshold would require an
infeasible number of surrogates for the many pairs within each recording, if computing the p-value
by counting as above. Instead, we assume that the null TE distribution is Gaussian and compute the
p-value for our TE estimate using the CDF of the Gaussian distribution fitted from 100 surrogates
(e.g. as per Lizier et al., 2011). Specifically, the p-value reports the probability that a TE estimate
on history embeddings conforming to the null hypothesis of zero TE being greater than or equal
to our original estimated TE value. If this p-value is below the threshold, then the null hypothesis
is rejected and we conclude that there is a statistically significant information flow between the
electrodes.

Analysis of population bursts

A common family of methods for extracting periods of bursting activity from spike-train recordings
examines the length of adjacent interspike intervals. The period spanned by these intervals is desig-
nated a burst if some summary statistic of the intervals (e.g. their sum or maximum) is below a certain
threshold (Kaneoke and Vitek, 1996; Wagenaar et al., 2005; Wagenaar et al., 2006b; Selinger
et al.,, 2007, Bakkum et al., 2013). In order to detect single-electrode as well as population-wide
bursts, we implement such an approach here.

We first determine the start and end points of the bursts of each individual electrode. The locations
of the population bursts were subsequently determined using the results of this per-electrode analysis.

The method for determining the times during which an individual electrode was bursting proceeded
as follows: the spikes were moved through sequentially. If the interval between a given spike and the
second most recent historic spike for that electrode was less than «, then, if the electrode was not
already in a burst, it was deemed to have a burst starting at the kth most recent historic spike. A
burst was taken to continue until an interspike interval greater than a * o was encountered. If such an
interval was encountered, then the end of the burst was designated as the timestamp of the earlier of
the two spikes forming the interval.

The starts and ends of population bursts were similarly determined by moving through the time
series in a sequential fashion. If the population was not already designated to be in a burst, but the
number of electrodes currently bursting was greater than the threshold 3, then a burst start position
was set at the point this threshold was crossed. Conversely, if the electrode was already designated to
be in a burst and the number of individual electrodes currently bursting dropped below the threshold
~ (v < B), then a burst stop position was set at the point this threshold was crossed.

In this article, we always made use of the parameters k =2,a = ﬁ,a =3,B8=15and v = 10, where
A is the average spike rate. These parameters were chosen by trial-and-error combined with visual
inspection of the resulting inferred burst positions. The results of this scheme showed low sensitivity
to the choice of these parameters.

For the simulated network dynamics, we used the parametersk =1, = ﬁ,a =15p3=2andy=1
These parameters were found to better suit the stereotyped dynamics of the simulated networks.
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Estimation of burst-local TE

The information dynamics framework provides us with the unique ability to analyse information
processing locally in time (Lizier et al., 2008; Lizier, 2013; Lizier, 2014). We make use of that ability
here to allow us to specifically examine the information flows during the important period of popula-
tion bursts. The TE estimator which we are employing here (Shorten et al., 2021) sums contributions
from each spike in the target spike train. It then divides this total by the time length of the target spike
train that is being examined. In order to estimate the burst-local TE, we simply sum the contributions
from the target spikes where those spikes occurred during a population burst. We then normalise
by the number of such spikes, providing us with a burst-local TE estimate in units of nats per spike,
instead of nats per second. Note that the burst-local TE is different to the approach of Stetter et al.,
2012, who extracted the bursting activity prior to any analysis, rendering a TE conditioned on bursting
occurring. Specifically, in contrast to the burst-local TE, in their work the non-spiking activity is ignored
for the purposes of estimating the log densities.

Code availability
Scripts for performing the analysis in this article can be found at bitbucket.org/dpshorten/cell_cultures
(Shorten, 2022; copy archived at swh:1:rev:8ee5e519da5cb90590865e9a692b96ad7e68a6%¢).
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(a) QQ plots of TE values against the normal distribution. (b)  QQ plots of log TE values against the normal distribution.

Appendix 1—figure 1. Quantile-quantile (QQ) plots (Gibbons and Chakraborti, 2020) of the nonzero estimated
transfer entropy (TE) values against normal (a) and log-normal (b) distributions, respectively. The y axis shows
estimated TE values (or their logarithm), whereas the x axis shows the value of the normal distribution at the same
quantile. The solid orange line shows the line y = x. If the data is drawn from the distribution against which it is
being plotted, then the blue marks will sit along this line. We observe that the distributions of TE values deviate
substantially from both normal and log-normal distributions in all recordings analysed.

Appendix 1—table 1. p-Values for the Shapiro-Wilk test (Shapiro and Wilk, 1965) of normality for
the distribution of transfer entropy (TE) values estimated in each recording.

Only the statistically significant TE values are included in these tests. Recordings for which there
were no statistically significant values estimated are left blank. These p-values represent the
probability that the associated test statistic is more extreme than that calculated on the estimated
TE values, under the null hypothesis that these values are normally distributed. For any reasonable
choice of p cutoff value, the null hypothesis is rejected in all recordings.

Culture 1-1 Day 4 Day 14 Day 20
- 9.8x10% 4.2x107%
Culture 1-3 Day 5 Day 10 Day 16 Day 24
4.4x107" 4.7x10% 2.7x10% 1.0x107%
Culture 2-2 Day 9 Day 15 Day 21 Day 33
7.9x10¢ 1.6x107% 2.6x10°% 9.5x10°%
Culture 2-5 Day 4 Day 10 Day 22 Day 28
- 7.5x1071° 2.4x102% 3.7x10%

Appendix 1—table 2. p-Values for the Shapiro-Wilk test (Shapiro and Wilk, 1965) of normality for
the distribution of transfer entropy (TE) values estimated in each recording.

Only the statistically significant TE values are included in these tests. Recordings for which there
were no statistically significant values estimated are left blank. These p-values represent the
probability that the associated test statistic is more extreme than that calculated on the estimated
TE values, under the null hypothesis that these values are normally distributed. For any reasonable
choice of p cutoff value, the null hypothesis is rejected in all recordings.

Culture 1-1 Day 4 Day 14 Day 20

Appendix 1—table 2 Continued on next page
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- 0 3.3x10°8
Culture 1-2 Day 6 Day 11 Day 17
- 2.3x107 3.8x10™%
Culture 1-3 Day 5 Day 10 Day 16 Day 24
- 6.4x107" 3.3x10™ 5.3x107"
Culture 1-4 Day 8 Day 13 Day 19
- 2.5x10% 2.1x10°%
Culture 1-5 Day 7 Day 12 Day 18
8.4x1072 1x107% 1.5x107"2
Culture 2-1 Day 14 Day 32
2.8x10™ 0
Culture 2-2 Day 9 Day 15 Day 21 Day 33
- 1.4x107" 7.1x10% 0
Culture 2-3 Day 6 Day 12 Day 24
- 2.6x10" 1.4x10%
Culture 2-4 Day 3 Day 5 Day 11
3.5x107 - 1.0x107?
Culture 2-5 Day 4 Day 10 Day 22 Day 28
- 1.2x107% 3.5x10% 1.2x10%
Culture 2-6 Day 7 Day 13 Day 31
1.0x107 - 1.9x107" -

Appendix 1—table 3. p-Values for the Shapiro-Wilk test (Shapiro and Wilk, 1965) of log-normality

for the distribution of transfer entropy (TE) values estimated in each recording.

Only the statistically significant TE values are included in these tests. Recordings for which there

were no statistically significant values estimated are left blank. These p-values represent the

probability that the associated test statistic is more extreme than that calculated on the logarithms
of the estimated TE values, under the null hypothesis that these values are normally distributed. For
any reasonable choice of p cutoff value, the null hypothesis is rejected in all recordings (apart from
those with very few significant TE values). It is interesting to note that the p-values are often smaller
on later days, despite the Q-Q plots in Appendix 1—figure 1, suggesting the distribution is closer
to log-normal. This is probably due to there being many more statistically significant TE values on
these later days (see Table 2).

Culture 1-1 Day 4 Day 14 Day 20
- 3.1x107 2.9%x1071°
Culture 1-2 Day 6 Day 11 Day 17
- 3.2x10™ 1.6x10%
Culture 1-3 Day 5 Day 10 Day 16 Day 24
- 1.3x10* 3.0x10" 1.3x10%
Culture 1-4 Day 8 Day 13 Day 19
- 3.0x10™ 2.4x107
Culture 1-5 Day 7 Day 12 Day 18
3.3x107 7.8x10% 2.0x10*

Appendix 1—table 3 Continued on next page
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Culture 2-1 Day 14 Day 32

9.7x10™ 3.6x102%
Culture 2-2 Day 9 Day 15 Day 21 Day 33

- 1.8x1072 3.6x10" 5.8x10%
Culture 2-3 Day 6 Day 12 Day 24

- 6.1x107? 1.78x107
Culture 2-4 Day 3 Day 5 Day 11

9.8x10" - 5.1x107?
Culture 2-5 day 4 day 10 Day 22 Day 28

- 1.2x107 1.1x107 2.4x107
Culture 2-6 day 7 day 13 Day 31

7.4x107 - 1.9%x107 -

Previous studies have placed an emphasis on the observation of log-normal distributions of TE
values in in vitro cultures of neurons (Shimono and Beggs, 2015; Nigam et al., 2016). As such,
we analysed the distribution of the nonzero (statistically significant) estimated TE values in each
individual recording.

Figure 1 shows histograms as well as probability density functions estimated by a kernel density
estimator (KDE) of the nonzero TE values for each recording. From these plots, we can see that the
distributions of TE values exhibit a clear right (positive) skew. In order to ascertain how well the
estimated TE values were described by a log-normal distribution, we constructed quantile-quantile
(QQ) plots (Gibbons and Chakraborti, 2020) for the TE values against the log-normal distribution
in Appendix 1—figure 1. In all recordings, the plotted points deviate from the line y = x, indicating
that the data is not well described by a log-normal distribution. However, this deviation appears
only slight for some recordings, most notably days 22 and 28 of culture 2-5. We also perform
Shapiro-Wilk tests (Shapiro and Wilk, 1965) for log-normality, the resulting p-values are displayed
in Appendix 1—table 3. The p-values for every recording are incredibly low, meaning that we reject
the null hypothesis of a log-normal distribution in every case.

Given that the distributions of the TE values were not well described by a log-normal distribution,
we investigated the alternative that they could be described by a normal distribution. Appendix 1—
figure 1 displays QQ plots (Gibbons and Chakraborti, 2020) for the TE values against the normal
distribution. In all recordings, the plotted points deviate substantially from the line y = x, indicating
that the data is poorly described by a normal distribution. We also perform Shapiro-Wilk tests
(Shapiro and Wilk, 1965) for normality, the resulting p-values are displayed in Appendix 1—table
1. The p-values for every recording are incredibly low, meaning that we reject the null hypothesis of
a normal distribution in every case.

These results contrast with observation of log-normal distributions of TE values in in vitro cultures
of neurons (Shimono and Beggs, 2015; Nigam et al., 2016). The difference may be due to the use
of continuous-time estimator here in contrast to the discrete-time estimator used in previous studies.
This estimator is more faithful to capturing the true underlying TE for spike trains (as per Shorten
et al., 2021); however, it may be that the combination of the discrete-time estimator and use of only
a single previous time-bin — in specifically not representing history dependence well — align more
strongly with the component of the statistical relationship that follows a log-normal distribution. It
is also possible that log-normal distributions of TE emerge later in development and are simply not
yet present in the early developmental stages observed here (noting that the fit to a log-normal
distribution seems to improve for later DIV in Appendix 1—figure 1).
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Appendix 2

Plots for early lock-in of incoming TE

=015 = ;op=007
< ' 0.1044
Y2010 24 i
> > 5
=2 Z20.05{"
w 0.05 w H
= = : .
O o 000 7 . ..
0.00 0.05 0.2
— . p=0.07 day 16 _ —023 day 21
7 2P TE (nats.s™1) ~o3q{. P TE (nats.s™1)
© «n 0.041; o0 i
N Tgoaf”
gio.oz :\ gf;o.l .
= HE = f
0.004! - - . 0.0k
0.000 0.002 0.0 0.2
day 10 day 15
TE (nats.s™1) TE (nats.s™1)
(a) Culture 1-3 (b) Culture 2-2
~061 p=-013 p=0.20
T
& goay
>'©
C c .
© E 0.2 42'.// p (significant) ° °
0.04 i CL - 30 R .
0.0 0.2
> ° §
_ 03 _ day 22 ) .
E p=0.09 TE (nats.s~1) 03 p=0.34%* e 20 . ° L
N ; 0.2 o A 3 ® /__/
F20.) 3% 3 -
o I T 3 S 10 T p (insignificant)
[ 0o t\ = : . 0.0
: 0.04f o . 02
0.000  0.025 0.00 0.02 0.04 odZ
day 10 day 14 0 5 10 15 20
TE (nats.s™%) TE (nats.s™1) Earlier Day
(¢) Culture 2-5 (d) Culture 1-1 (e) All Cultures

Appendix 2—figure 1. Plots investigating the relationship between the inward information flow from a given
node over different days of development. (a—d) show scatter plots between all pairs of days for each culture
(excluding days with zero significant transfer entropy [TE] values). Specifically, in each scatter plot, the x value of a
given point is the average inward TE from the associated node on an earlier day and the y value of that same point
is the total outgoing TE from the same node but on a later day. The days in question are shown on the bottom
and sides of the grids of scatter plots. The orange line shows the ordinary least squares regression. The Spearman
correlation (p) between the outgoing TE values on the two days is displayed in each plot. Values of p significant

at the 0.05 level are designated with an asterisk and those significant at the 0.01 level are designated with a
double asterisk. A Bonferroni correction for multiple comparisons was used. (e) shows all recording day pairs for all
cultures (where the pairs are always from the same culture) and the associated Spearman correlation between the
outward TEs of nodes across this pair of recording days. Diamonds indicate significance at p<0.05, with Bonferroni

correction.
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Appendix 3—table 1. Mean transfer entropy (TE) in nats per second between every source-target

pair for the additional cultures.

Culture 1-2 Day 6 Day 11 Day 17
0 6.6x10* 0.023
Culture 1-4 Day 8 Day 13 Day 19
0 0.017 0.040
Culture 1-5 Day 7 Day 12 Day 18
5.6x10° 6.6x107° 0.016
Culture 2-1 Day 14 Day 32
2.9x10°¢ 0.028
Culture 2-3 Day 6 Day 12 Day 24
0 2.0x10° 0.075
Culture 2-4 Day 3 Day 5 Day 11
6.4x107 0 5.3x10°
Culture 2-6 Day 7 Day 13 Day 31
0 0 0.061
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Appendix 3—figure 1. Identical plots to those shown in Figure 1, but showing the cultures left out of that plot

for space considerations. (a) Scatters of the TE values are overlaid on box plots. The box plots show the quartiles

and the median (values greater than 10 standard deviationSDs from the mean have been removed from both

the box and scatter plots as outliers). (b) Density estimates of the nonzero (statistically significant) TE distribution

on top of a histogram. The densities are estimated using a Gaussian kernel. The histogram bin width and kernel

Shorten et al. elLife 2022;11:74651. DOI: https://doi.org/10.7554/eLife.74651

36 of 42



CHAPTER 4: EARLY LOCKIN OF INFORMATION FLOWS 130

eLIfe Research article Computational and Systems Biology | Neuroscience

histogram are both 10% of the data range. Recordings with fewer than 10 statistically significant TE values are
excluded.

Appendix 3—table 2. Displays the same information as Figure 2, but for the additional cultures.

Culture 1-2 Day 6 Day 11 Day 17
0 105 860
Culture 1-4 Day 8 Day 13 Day 19
1 214 1457
Culture 1-5 Day 7 Day 12 Day 18
21 375 195
Culture 2-1 Day 14 Day 32
5 1165
Culture 2-3 Day 6 Day 12 Day 24
2 9 1000
Culture 2-4 Day 3 Day 5 Day 11
97 0 1"
Culture 2-6 Day 7 Day 13 Day 31
9 0 873
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(a) QQ plots of TE values against the normal distribution. (b)  QQ plots of log TE values against the normal distribution.

Appendix 3—figure 2. Identical plots to those shown in Appendix 2—figure 1, but for the additional cultures.
The y axis shows estimated TE values (or their logarithm), whereas the axis shows the value of the normal
distribution at the same quantile. The solid orange line shows the line y = x. If the data is drawn from the
Appendix 3—figure 2 continued on next page
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Appendix 3—figure 2 continued
distribution against which it is being plotted, then the blue marks will sit along this line. We observe that the
distributions of TE values deviate substantially from both normal and log-normal distributions in all recordings

analysed.
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Appendix 3—figure 3. Identical plots to those in Figure 2, but for the additional cultures.
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Appendix 3—figure 4. Identical plots to those in Figure 3, but for the additional cultures. (a) Contains plots for
culture 1-5, (b) contains plots for culture 1-2 and (c) contains plots for culture 1-4.
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Appendix 3—figure 5. Identical plots to those in Figure 4, but for the additional cultures. (a) Contains plots for
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Appendix 3—figure 7. |dentical plots to those in Figure 5a and b, but for the additional cultures. (a) Plots the
mean burst position against the total incoming TE. (b) Plots the mean burst position against the total outgoing TE.

Shorten et al. elLife 2022;11:74651. DOI: https://doi.org/10.7554/eLife.74651 40 of 42



CHAPTER 4: EARLY LOCKIN OF INFORMATION FLOWS 134

.
ELlfe Computational and Systems Biology | Neuroscience
g
late burster E 0.4 >
804 03{ °
2
2 * 0.2 ¢
culture 1-2 Z02{ : o°% °
u ve e 01 o &
£ o 8° co e o : 30. °
g’y o [ L%
early burster § 0.0 (T L L (A
£ 0.0 0.1 0.2 0.00 0.05 0.10 0.15
day 6 mean out TE (nats per spike), day 11 day 17
J 0.4
0154 03 03
% ° '
0.10{ ¢ 021 o 02
culture 1-4 ° > o ° ' °
005{ o © o 01 s ° % “e2e
® 0.1 b’
g . FaGer. ey,
0.00 e o 0.0 °o 8 ¢ L)
0.0 0.1 0.2 0.00 0.05 0.10 0.15 0.00 0.05 0.10
day 8 day 13 day 19
1.00 ° L4 L4
0.75 ° 0.4 4
culture 1-5 0301 2 02 ® o > . ®
0.25 S e ° * ° o
oed ® o ‘ °
0) ° *"’
0.00{ghaet @ ® o 0.0 B o of combdofoetoe. o
0.0 0.2 0.4 0.6 0.0 0.1 0.2 0.0 0.5 1.0
day 7 day 12 day 18
[]
K
0.2 0.4
° i ° ° ° °
culture 2-1 0.1 ®e . ° 0.2 po
° 2,° Dee
° o ° ° doe P o °
0.0{gme e o® o % oole sl
0.0 0.1 0.2 0.0 0.1 0.2
day 14 day 32
[]
0.6
0.4
culture 2-3
Y [
0.2 ™ e . ®
°
00 L% ‘,‘*.”. .
0.05 0.10 0.15
day 12 day 24
0.8 L4
0.6
°
L X J
culture 2-4 0.4 s
021 ®e S
h s % 8
001ge G0 © o7% o o0
0.0 0.2 0.4
day 3 day 5 day 11
0.6
044° °
culture 2-6
02 * .
8. .0
0.0]e% .".‘. 0 % °
0.0 0.2
day 7 day 13 day 31

Appendix 3—figure 8. Identical plots to those in Figure 5¢, but for the additional cultures.
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CHAPTER 5

NETWORK INFERENCE

TE is a particularly attractive technique to use for the inference of effective networks from the
recordings of spiking neurons. This stems from the fact that the underlying estimation techniques
which allow for the estimation of this quantity are non-parametric [1], [2]. This implies that they do not
rely on any given model for the underlying system, but can rather detect any statistical relationship.
Network inference of spiking neurons can be performed using biophysical models of how neurons
spike [3], [4]. However, all such models are merely approximations of the actual behaviour of neurons
[5]. It is unclear how the simplifying assumptions in these models affect the resulting network
inference.

When inferring effective networks using TE, we aim to find a minimal set of source nodes which
together provide the maximum reduction in the uncertainty of the target [6]-[8]. The inference of
effective networks using TE requires an estimator that can reliably estimate conditional TE values
even in the case of large sets of conditioning processes. The traditionally-used discrete-time estimator
for TE on spike trains requires the use of multiple time bins in the history embedding of each process
in order to be able to capture that history both over a reasonable span of time as well as with decent
time precision. This makes it very challenging to use this estimator for conditional TE estimation with
reasonably large conditioning sets, as the addition of multiple history embeddings, each composed of
many individual bins, causes the dimensionality of the estimation task to become impractically large

By constructing history embeddings using the raw inter-spike intervals, the estimator presented
in Chapter 3 is capable of capturing effects which occur over fairly large time intervals, with no loss
of precision and using very few embedding dimensions. This opens up the possibility of using it for
the inference of effective networks, as the dimensionality of the estimation task will be growing more
slowly with the addition of each extra conditioning process, as compared to when the standard time-
binning estimator is used. Moreover, Chapter 3 also presented an adaptation of a recently-proposed
local permutation scheme for the generation of the surrogates necessary for performing significance
tests. It was demonstrated that this method was much superior to the traditional time-shift method,
especially when a target was strongly pairwise dependent, but conditionally independent of a source.

These substantial improvements in our ability to estimate pairwise and conditional TE on spike
trains imply that it is now feasible to infer effective networks on them. This chapter validates this
ability by utilising the novel estimator in conjunction with a slightly modified version of a pre-
existing greedy TE-based effective network inference algorithm [6], [9]. The author is only aware of a

single, very recent, piece of work which performs effective network inference on spiking data [10].
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Moreover, this is the first study which validates effective network inference to spike-train data using

TE by comparing the inferred networks against a known ground truth. We validate the estimator on

simulated networks for which the ground-truth is known, achieving high accuracy at relatively low

spike train lengths. We also inferred the effective networks from the spikes of neural cell cultures,

demonstrating the use of this technique on biological data.
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v technique for reducing the complexity of this class of data. Such data sets often consist of millions of (or far more)

1 individual data points [6]. The inference of effective networks aims to produce a minimal model of the data, by finding

Inferring effective networks of spiking neurons using a continuous-time estimator of
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When analysing high-dimensional time-series datasets, the inference of effective networks has
proven to be a valuable modelling technique. This technique produces networks where each target
node is associated with a set of source nodes that are capable of providing explanatory power for
its dynamics. Multivariate Transfer Entropy (TE) has proven to be a popular and effective tool
for inferring these networks. Recently, a continuous-time estimator of TE for event-based data
such as spike trains has been developed which, in more efficiently representing event data in terms
of inter-event intervals, is significantly more capable of measuring multivariate interactions. The
new estimator thus presents an opportunity to use TE for the inference of effective networks from
spike trains, and we demonstrate in this paper for the first time its efficacy at this task. Using
data generated from models of spiking neurons — for which the ground-truth connectivity is known
— we demonstrate the accuracy of this approach in various dynamical regimes. We further show
that it exhibits far superior performance to a pairwise TE-based approach at inference as well as a
recently-proposed convolutional neural network approach. Moreover, comparison with Generalised
Linear Models (GLMs), which are commonly applied to spike-train data, showed clear benefits,
particularly in cases of high synchrony. Finally, we demonstrate its utility in gleaning insight from

recordings of in vitro spiking neurons.

I. INTRODUCTION

For many of the complex systems that scientists are most interested in, our ability to record high-fidelity data from
the numerous components of these systems is improving rapidly. For instance, the number of biological neurons that
can be simultaneously recorded from is increasing exponentially, with a doubling rate of around six to seven years [1, 2],
while the spatial resolution at which neural electrical activity can be recorded continues to increase dramatically[3].
The process of drawing scientific insight from this flood of data is, however, not always straightforward [4].

The inference of effective networks [5] from high-dimensional time-series data has become a popular and productive
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the smallest set of system source components capable of explaining the activity of each target component [7]. As such,
it compresses the large number of data points down to a single directed network diagram describing the relationship
between components of the system, thus facilitating the interrogation of the data at hand.

There are different philosophical approaches to the inference of these networks. These include: uncovering causal
relationships [8], inferring the coupling parameters in models faithful to the underlying system [9] or delineating
the computational properties of the system by revealing information flows [7, 10]. When the latter approach is
properly grounded in information theory, it provides the unique advantage of giving us networks that are readily
interpretable in terms of the fundamental computational operations of information storage, transfer and modification
[7, 11]. Moreover, as these measures can be estimated non-parametrically [12], they are not dependent on model
assumptions and can capture any form of non-linear relationship.

As Transfer Entropy (TE) [13, 14] is a widely accepted measure of information transfer, it has become a popular
method in the inference of effective networks [15]. When applying transfer entropy to network inference, we aim to
establish a minimal set of parents whose activity is able to maximally explain the dynamic updates of each target
node. This set is minimal in the sense that the addition of any extra parents will not further decrease our uncertainty
about the state of the target. On the other hand, it provides maximal explainability in the sense that the removal of
any parent will increase our uncertainty.

The challenge, then, is to infer this minimal set. An approach which has proven effective is to iteratively add
sources to each target in a greedy fashion [7, 10, 16-18]. Specifically, for each target process, we select the source with
the strongest information flow (without any conditioning). We then select the next source as the component with the
highest information flow when conditioned on the first source and add this new source to the conditioning set. We
continue adding sources to the conditioning set in this fashion until we are unable to find a source with a statistically
significant non-zero information flow. The process then finishes with a pruning step, where it is verified that each
source still has a non-zero information flow when conditioned on all other sources in the set. See Methods for more
details.

In this work, we specifically focus on the inference of effective networks for event-based data. Such data is char-
acterised by being represented by the timestamps of events (e.g.: the times of social-media posts or the times of
stock-market trades), as opposed to regular samples from a continuously varying signal. This type of data is of par-
ticular importance in neuroscience as the activity of neurons is often summarised by the timestamps of their action
potentials (spikes). There have been several previous studies which have proposed TE-based methods for inferring
networks from the spike times of neurons and evaluated them against ground truth [19-22]. There have also been a
number of studies which used TE to infer networks from in vitro [23-29] and in vivo [30] recordings of spiking activity.
These networks were found to exhibit highly non-random structure [24], including rich-club topologies [23]. All of this
work has estimated the TE in a pairwise fashion, that is, without conditioning on other recorded processes. Networks
inferred based on pairwise statistics are often referred to as functional (as opposed to effective) networks [5], since
they are reporting pairwise relationships rather than a minimal multivariate directed model of the dynamics.

The main obstacle that has prevented the inference of effective networks from spike trains using TE has been
the manner in which the traditional method of estimating TE on spike train data causes a rapid increase in the
dimensionality as we add conditioning processes [31]. This traditional method operates by first discretising the process

into time bins. The TE is then estimated on the resulting binary sequences. The estimation of TE requires the use of
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embedding vectors to represent histories for the target, source and conditioning processes in the relevant conditional
probability distributions for the target process. In order for these embeddings to both extend over a reasonable period
of time and also capture fine subtleties in event timings, each embedding vector needs to consist of multiple time bins.
Capturing effects occurring on both fine and large time scales is necessary as it is known that correlations in spike
trains exhist over distances of (at least) hundreds of milliseconds [32, 33]. Moreover, it is established that correlations
at the millisecond and sub-millisecond scale play a role in neural function [34-37]. The use of multi-bin embedding
vectors causes an explosion in the dimensionality of the state space over which probability distributions needs to be
estimated as conditioning processes are added, rendering the estimation of TE with substantial sets of conditioning
processes infeasible.

Recent work has developed a continuous-time estimator of TE for event-based data [31] which bypasses the em-
bedding dimension problems of the discrete-time estimator. Specifically, as it uses inter-spike intervals to efficiently
represent the history embeddings, it is capable of using embeddings that extend over relatively long periods of time
(on the order of seconds [38]), with no loss of time precision. This makes the estimation of TE with significant
conditioning sets feasible, thus allowing for the inference of effective networks.

In this paper, we bring the greedy network inference algorithm and the continuous-time TE estimator together
for the first time. We validate the efficacy of this combination on synthetic examples, where the underlying causal
network is recovered by the model. We further compare its efficacy against generalised linear models [39] and a
convolutional neural network based approach [40], finding its performance to be highly competitive. We finally
demonstrate its ability to uncover biological insight by inferring the effective networks of developing cell cultures of

dissociated cortical rate neurons [41].

II. RESULTS

In this section we apply the greedy TE-based effective network inference algorithm [7] in conjunction with the
continuous-time TE estimator for event-based data [31]. Please see Sec. IV A for details of the operation of the greedy
algorithm, along with a description of a few minor changes that were made for the application to event-based data.
Sec. IV C summarises the TE estimation approach used.

The first three subsections of this section focus on the inference of simulated spiking networks for which the ground
truth connectivity is known. We must emphasize, however, that in general we do not expect the effective networks
inferred by TE to align with the causal structure [7]. Whilst the effective networks always provide a useful model for
interpreting the directed relationships in the system, it is only under certain specific conditions that we expect them
to match the causal structure, most importantly full observability of the nodes involved in the dynamics, and under
certain assumptions such as faithfulness and the causal Markov property [42, 43]. We evaluate the performance of the
network inference scheme by comparing the inferred network to this ground truth under these idealised conditions,
since this provides an important validation of the output of the inference when this match can be expected. In order
to measure the accuracy of the inference scheme, we make use of the commonly-employed classification metrics of

recall and precision. They are defined as:

TP
recall = m (].)
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03 and

TP

TP + FP’ )

precision =

o Here, TP is the number of true positives, FP is the number of false positives and FN is the number of false negatives.

S

os In the context of network inference, recall can be interpreted as the proportion of true connections that were predicted

&

by the algorithm. Precision, on the other hand, is the proportion of predicted edges that are true edges.

9

8

o The final subsection of the results focuses on the application of the estimator to the spike times from recordings of

9

@

cultures of dissociated rat cortical neurons. This provides a demonstration of the utility of this approach for extracting

9 insights from biological data.

8

100 A. Inference at varying levels of synchrony

. We constructed networks of Leaky-Integrate-and-Fire (LIF) [44] neurons with alpha synapses [45]. These networks
102 were composed of 30 excitatory and 20 inhibitory neurons. Each neuron had exactly three excitatory and two
103 inhibitory sources, where these sources were selected randomly from the respective sets. By varying the ratio of
104 inhibitory to excitatory connection strength g, we could vary the level of synchrony within the networks. We ran
s simulations for three different levels of synchrony, which we refer to as “low” (¢ = 3), “medium” (g = 1.5) and “high”
ws (g = 1). Varying the relative strength of inhibitory connections across the excitation-inhibition balance threshold is
07 a known method for adjusting the degree of synchrony in these networks [46]. Please see Sec. IVE for full details on
10s these network models. It is also worth noting that the level of synchrony present in these networks (even at “high”

10

3

synchrony) is far lower than in the biological data examined in Sec. IID.
1o The combination of the greedy inference algorithm and the continuous-time estimator was applied to these networks,
m and the resulting inferred networks were compared against the ground truth for varying numbers of target spikes

available to the estimator: 100, 300, 500, 1000, and 3000 (extra runs at 5000 target spikes were included for the high

11

IS

us synchrony network, as the recall rose more slowly in this case). 10 independent simulations of the network model were

@

11

I

run for each level of synchrony and the algorithm was applied to each run for each number of target spikes, although
us it was only applied to the first 5 simulations at 3000 spikes and the first 3 simulations at 5000 spikes due to the high

ue computational requirements.

Y

7 The precision and recall of the resulting inferences was calculated and is plotted in Fig. 1 for the different dynamical
us regimes and numbers of target spikes.
o In the results shown in Fig. 1, we see that the algorithm exhibits high precision for all combinations of dynamical

120 regime and number of target spikes. The precision only drops below 0.9 where the recall is very low, when few links

S

1 are inferred. This demonstrates the high confidence with which it predicts links — a very low proportion of the

122 predicted links turn out to be false positives — which can also be seen as a conservative approach.

M

123 In these plots, the recall begins low, but rises rapidly with the increase in the number of target spikes available.
v In the case of low network synchrony (Fig. 1a), we observe that, by 3000 target spikes, the recall has risen to nearly
15 one. As the precision is also nearly one at this number of target spikes, the networks are being inferred nearly

126 perfectly. Taken in conjunction with the apparent trends towards converging on perfect inference as the number of
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FIG. 1: Plots showing the resulting precision and recall from running the network-inference scheme on networks of
LIF neurons composed of 30 excitatory neurons and 20 inhibitory neurons. The ratio of the inhibitory to excitatory
connection strength was varied in order to change the level of synchrony in the network. Plots are shown for three
different synchrony levels. Each plot contains points for each experiment the precision and recall for the inhibitory
and excitatory sources separately as well as for their overall weighted average. The lines pass through the means of
these points.
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spikes increases for the other regimes, this suggests evidence for validation that the approach provides a consistent

inference of the underlying network under the aforementioned idealised conditions.

By comparing Figs. 1a, 1c and le, we can observe that the achieved overall recall drops as the level of synchrony is
increased. This is entirely driven by a drop in the recall on inhibitory connections. In fact, we observe a small increase
in the recall on excitatory connections. This drop in recall is due to the increased complexity in the nature of the
statistical relationship between the activity of a given target and an inhibitory source in the case of high synchrony.
When the populations are highly synchronous, all of the cells spike close together, so the firing of an inhibitory
source can become positively correlated with the firing of its target, when considering the purely pairwise relationship
between the source and target. However, when conditioned on the target’s excitatory sources (which becomes possible
with more target spikes observed), for any given firing pattern of the excitatory sources, the firing of the inhibitory
source is associated with a decrease in the probability of the firing of the target for that given pattern, allowing
the inhibitory source to be identified. Crucially the precision remains high despite the spurious pairwise correlations
that appear in the highly synchronous regime, due to the conditioning in the multivariate approach removing such
redundant sources being included in the inference. Fig. 3f shows an ROC curve for the use of a purely pairwise
approach on this same high-synchrony example for 1000 target spikes, which will be discussed in Sec. IIC. We see
that it cannot achieve a high true positive rate without a substantial increase in the false positive rate (and thus
a decrease in the precision). This highlights the necessity of using a full multivariate approach when dealing with

highly-synchronous neural populations.

In order to compare the performance of the proposed scheme with an existing network inference approach, we ran
the recently-proposed CoONNECT [40] algorithm on the spike times from the simulations. This approach makes use of
pre-trained convolutional neural networks and has been demonstrated to be competitive when compared with other
existing network inference algorithms for spike trains. In order to perform this inference, we made use of the associated
web-app provided by the authors [47]. The resulting precision and recall plots are shown in Fig. 8 of Appendix A.
We consistently see that, for any given combination of number of target spikes and dynamical regime, the proposed
approach is able to achieve both higher precision and higher recall. In particular, the precision of the results of the

CoNNECT inference is particularly low, being largely in the region 0.1-0.2.

We also compared the performance of the proposed approach with a Generalised Linear Model (GLM), which is
a popular approach for modelling spiking neural data [39, 48, 49], including for inferring connectivity [50, 51]. We
closely followed previous work [50] which demonstrated the use of these models for connectivity inference, with a few
minor differences, as specified in Sec. IV G. The resulting precision and recall plots are shown in Fig. 9 of Appendix
A. The GLM approach exhibits markedly lower precision than the proposed TE-based approach, except for precision
on inhibitory sources for very low numbers of available spikes in the target spike trains, where our more conservative
approach is inferring very few links. Moreover, in the case of high synchrony, the precision of the proposed approach
is far superior, whereas the very low precision of the GLM approach indicates that it is inferring almost half of all
possible connections, rendering those inferred network models far less useful. For low numbers of target spikes, the
GLM approach is able to achieve better recall. However, this is always at a cost of significantly higher precision,
and any advantage in recall for the GLM approach disappears as the number of target spikes is increased above 1000
(except in the high-synchrony case). Interestingly, the better recall that our approach shows for excitatory versus

inhibitory sources is reversed in the GLM approach.
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B. Inference at varying levels of stimulus regularity

In Sec. IT A neurons were always provided with independent Poisson stimulus. However, we can vary the properties
of this stimulus in order to mimic different plausible inference scenarios. For instance, simulations constructed with
a fully regular stimulus to the neurons provide us with an example of dynamics with no hidden sources of variability.
That is, it is possible to perfectly predict the dynamics of the neuron based on its past and the past of those neurons
connecting to it. Moreover, the system is completely deterministic. As we move towards the semi-regular and fully
random Poisson stimuli, we are modelling increasing amounts of hidden activity or noise within the system, which
prevents perfect predictability of the future state of the units. Full determinism is known to cause problems in the
inference of networks from time series [42]. Conversely, very large amounts of noise can make it challenging to detect
a comparatively weak relationship between two nodes. As such, it is important that both potentially problematic
ends of this spectrum are tested.

We constructed model networks as in Sec. I A, however, this was done at a single level of ratio of inhibitory to
excitatory connection strength. The same ratio (g = 3) used to produce the low synchrony runs was used. Instead,
we varied the nature of the stimulus provided to each neuron, providing them with a regular, semi-regular or Poisson
(fully random) stimulus. The regular stimulus was composed of spike times placed at a fixed interval. There was
slight variation in this interval between neurons, in order to prevent the network settling into a simple, fixed, pattern.
The semi-regular stimulus was similar to the regular stimulus, but with the addition of a small amount of Gaussian
noise. Note that a few other minor simulation parameters had to be changed from the simulations used in Sec. I A
in order to ensure numerical stability. See Sec. IVE for a full specification of these differences.

Fig. 2 shows plots of precision and recall, for different numbers of observed spikes in the target, for these different
levels of stimulus regularity. We observe that the recall increases slightly when moving from the regular to the semi-
regular stimulus, but then drops as we move to the Poisson stimulus. By contrast, the precision exhibited a slight
increase with increasing irregularity. This is likely because the increasing irregularity reduces the correlations between
true and false sources, thereby decreasing the likelihood of false positives. In all three cases, good performance is
achieved at 3000 target spikes, with overall precision and recall both being around 0.9.

These results demonstrate that the proposed combination of estimator and network inference scheme is capable of

successful inference at various levels of determinism or unobserved noise.

C. Comparing the greedy algorithm to pairwise inference

Recent work [52] has highlighted the improvements that can be gained when performing network inference using
TE in its full multivariate sense, via the greedy algorithm, as opposed to the simpler pairwise approach. The pairwise
approach operates by only checking for a statistically significant non-zero TE value between each source-target pair,
without taking into account the other processes in the system. It is generally found that the full multivariate approach
tends to exhibit much higher precision, as, among other reasons, it is able to distinguish true sources (which provide
information about the target even when conditioned on all other system components) from spurious sources, which
are merely correlated with the true sources but provide no additional information about the target when conditioning

on these true sources.
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FIG. 2: Plots showing the resulting precision and recall from running the network-inference scheme on networks of
LIF neurons composed of 30 excitatory neurons and 20 inhibitory neurons. The regularity of the stimulus provided

3000

number of target spikes

(f) Poisson stimulus, precision

to each neuron was varied.
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FIG. 3: ROC curves for both the presented network inference technique, as well as performing the inference using
the continuous-time estimator in a simple pairwise fashion. Plots are shown for the higher synchrony and lower
synchrony examples from Fig. 1, with 500 target spikes available to the algorithms. We also show plots for both the
presented surrogate testing method as well as when using a normal approximation fitted to the surrogate population

in order to estimate the p value.
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The previous work [52] which compared multivariate TE and the greedy algorithm to the pairwise approach did
so for standard time series of continuously varying signals sampled at a fixed interval. In this section, we verify
that similar results hold when analysing event-based data using the continuous-time estimator of TE. Moreover, the
analysis in this section will confirm the benefit of using the multivariate greedy approach, over the pairwise approach,

when inferring networks from spike trains using TE.

We make use of the higher and lower synchrony simulations presented in Sec. IT A, with 500 target spikes available.
We applied a simple pairwise network-inference scheme to the resulting spike times from these simulations, which
simply tested for statistically significant non-zero TE between each source-target pair. The resulting ROC curves are
shown in Fig. 3. These ROC curves are created by sweeping through the « cutoff values (the threshold below which
the p value must be for a link to be inferred) between 0 and 1 and recording the false-positive and true-positive rate
observed at each « value. Calculating the p values for the statistical significance tests of non-zero TE was done by
both counting the proportion of empirical surrogates (see Sec. IV B for a discussion of how these empirical surrogates
are created) larger than the measured TE (Fig. 3f and Fig. 3b), as well as via a fitting a normal distribution to the

surrogate values (Fig. 3h and Fig. 3d).

The purpose of also performing this normal approximation is that it allowed us to use much lower p value thresholds
for a given number of surrogate calculations than is possible when evaluating p values by counting proportions of

empirical surrogates, making it possible to efficiently gain more resolution on the far left of the ROC curves.

We also ran the full greedy algorithm with different o cutoff values between 0 and 0.75, providing it with 1000
target spikes (the pairwise approach made use of the same number of target spikes). The final pruning step (see
Sec. IV A) was, however, excluded, as this allowed for for greater computational efficiency in a single bulk run. The
resulting ROC curves are also plotted in Fig. 3. Note that these ROC curves will not reach the point where the true

positive rate and false positive rate both equal one, as we are unable to inspect p values larger than 0.75.

By inspecting the ROC curves in Fig. 3a through Fig. 3d we can compare the performance of the two approaches
on the networks with lower levels of correlation. The full multivariate approach is seen to very quickly arrive at a true
positive rate of above 0.9, for very few false positives, which again underlines the effectiveness of this approach. In
contrast, the true positive rate of the pairwise approach rises much more slowly; in other words it costs a substantially
larger number of false positives to achieve the same true positive rate. Visually we see this in that the ROC curve of

the multivariate approach is markedly above that of the pairwise apprach.

We see an even starker difference in the performance of these two approaches when we look at the results of inference
run on the networks exhibiting higher synchrony (Fig. 3e through Fig. 3h). Here, we see that the true positive rate
of the pairwise approach rises much more slowly than the multivariate approach as before, but its performance also
saturates around a true positive rate of around 0.6 before false positives begin to strongly dominate further inference.
In this regime the entire population has a tendency to be active together and also remain quiescent together. As the
activity of all neurons are therefore correlated, the pairwise approach is unable to delineate which particular neurons
are driving the activity of others. The multivariate approach is, by contrast, more robust to the higher synchrony

and still able to achieve very high true positive rates at incredibly low false positive rates.

These results demonstrate the substantial advantages in using multivariate TE estimation in conjunction with the

greedy algorithm as opposed to a pairwise (functional network) approach.
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FIG. 4: Effective networks inferred using the presented approach between electrodes in developing cultures of
dissociated cortical rat neurons. Each node in the network visualisations is placed in the same relative spatial
location that the corresponding electrode occupied in the recording apparatus. Networks were inferred at different
stages of development (days in vitro). The recordings used are part of an openly-available public dataset [41, 53].
Node colour and size is proportional to the in and out degrees (see the legend in the top right). The spacing

240

between the electrodes is 200 pm centre to centre [41, 53].

Inference of the effective networks of developing cell cultures

21 In order to demonstrate the utility of the application of this network inference scheme to biological data, we inferred

22 the effective networks at various stages of development of cultures of dissociated cortical rat neurons. These recordings

24
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are part of a freely-available public dataset [41, 53]. See Sec. IVF for a summary of the nature of this dataset as

24 well as details on how the network inference scheme was applied to it. In brief, cultures were allowed to develop over
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identifiable across different stages in development.

periods of around 30 days. On certain days, overnight recordings were performed. As these long overnight recordings
contain sufficient numbers of spikes for effective application of information-theoretic estimators, they are eminently
suitable for the application of our network inference approach. No spike sorting was performed, and so the networks

are being inferred between the time series of the recording electrodes. This allows the nodes in the network to remain
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FIG. 5: Plots showing the relationship between the out-degree of a given node over different days of development.
Each group of plots shows scatter plots between all pairs of days for each culture analysed. Specifically, in each
scatter plot, the x value of a given point is the out-degree of the associated node on an earlier day and the y value of
that same point is the out-degree of the same node but on a later day. The days in question are shown on the
bottom and sides of the grids of scatter plots. A small amount of Gaussian jitter (o = 0.1) is added to the points to
aid the visualisation of repeated values. The orange line shows the ordinary least squares regression. The Spearman
correlation (p) between the out-degrees on the two days is displayed in each plot. Values of p significant at the 0.05
level are designated with an asterisk and those significant at the 0.01 level are designated with a double asterisk.
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FIG. 6: Plots showing the relationship between the in-degree of a given node over different days of development.
Each group of plots shows scatter plots between all pairs of days for each culture analysed. Specifically, in each
scatter plot, the z value of a given point is the in-degree of the associated node on an earlier day and the y value of
that same point is the in-degree of the same node but on a later day. The days in question are shown on the bottom
and sides of the grids of scatter plots. A small amount of Gaussian jitter (o = 0.1) is added to the points to aid the
visualisation of repeated values. The orange line shows the ordinary least squares regression. The Spearman
correlation (p) between the in-degrees on the two days is displayed in each plot. Values of p significant at the 0.05
level are designated with an asterisk and those significant at the 0.01 level are designated with a double asterisk.

0 The results of applying the greedy algorithm along with the continuous-time estimator are displayed in Fig. 4. Note
251 that the first recording days of each culture are not included in the figure as hardly any links (less than 10) were
»2 inferred in any of these recordings. We observe that effective networks with a rich and complex structure emerge,
253 beginning to appear around the tenth day in vitro or so and quickly becoming more dense. This path of development

254 correlates with the authors’ previous investigation [38] of these recordings, with simpler directed functional networks
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FIG. 7: Bar plots showing the proportion of possible edges that were inferred at different inter-node distances. (a)
shows the proportions for the networks inferred using the presented greedy algorithm and, whose diagrams are
displayed in Fig. 4. (b) shows the same proportions for the functional networks inferred on the same data in the
authors’ recent work [38]. The inference of such functional networks only considers pairwise relationships. The
distances on the x axis are the Manhattan (cityblock) distances between electrodes. It is clear from the plots that,
on this dataset, the effective network inference algorithm has a greater propensity to infer short distance links.

255 inferred using pairwise transfer entropy (via the same underlying estimator). The density of the networks inferred by
256 the multivariate algorithm are lower than for the directed functional networks in [38], with the total number of edges
257 in the last recording days declining from around 1000 to 2000 to around 100 to 200. This is common because the
26 strongest action of the multivariate algorithm is to remove redundant sources [52].

9 Despite the difference in density, the effective network structures retain some of the interesting features observed for
20 the directed functional networks in [38], such as containing pronounced inward and outward hubs (that is, nodes with
261 particularly high in-degree or out-degree), and various features of the networks being locked in early in development.
262 Specifically, in the directed functional networks in [38] characteristics such as the total inward or outward information
x3 flow for a given node exhibited high correlation between early and late days of development. Here, Fig. 5 shows
s scatter plots of the out-degrees of the inferred effective networks on earlier and later days of development. We see in
x5 these plots that, as with the functional networks, in all cases, there is a positive correlation between the out-degree on
%6 the earlier and later days of development. Moreover, there are no statistically significant negative correlations. The
267 positive correlation for the out-degree across the last two recording days is statistically signfiicant for each culture,
%8 with some of these relationships, such as for culture 1-3, being particularly strong. Fig. 6 shows similar plots, but for
x%0 the in-degrees of the nodes. Again, we see a positive correlation between the in-degree on earlier and later days in
a0 every case. These results indicate that features of the effective networks, representing the multivariate information
on flows here, are being locked in early in development. This is particularly interesting since these are more sparse
22 network models than the directed functional networks in [38], suggesting that the lock-in effect is deeply ingrained in
213 the system.

an Fig. 7 displays the proportion of possible links that are inferred in the networks at various physical distances between
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the nodes. Fig. 7a does so for the effective networks inferred in this work and Fig. 7b does so for the functional networks
studied in the authors’ previous work. These plots show that the effective networks inferred on this dataset exhibit a
clear preference towards links between nodes that are physically close together. This preference appears to become

stronger with developmental time. By contrast, the functional networks do not exhibit this preference.

III. DISCUSSION

In this work, we have validated the efficacy of the combination of an existing greedy multivariate TE-based network
inference algorithm with a recently-introduced continuous-time estimator for TE on event-based data.

As the inference of networks from the spike times of neurons is a common goal within neuroscience, we expect this
particular task to be a core application of the presented approach. Indeed, there is a significant body of existing work
which validated [19-22] and applied [23-30, 54] TE to the task of inferring networks from the spike times of neurons.
However, apart from a single very recent study [54], this previous work has always considered only the pairwise
relationships between the activity on each node. As was demonstrated in Fig. 3, even when using the highly-effective
continuous-time TE estimator, this approach suffers substantial drawbacks. Perhaps most notably, when the entire
population is highly correlated, the pairwise approach is unable to distinguish a smaller subset of sources which can
provide all the information about the target contained in the entire population, instead inferring large numbers of
sources due to the redundant information they hold with the true sources.

Here, by contrast, we have presented a multivariate approach to inferring effective networks from neural spike
trains using TE. Unlike the pairwise approach, this strategy infers a set of parents for a target collectively rather
than individually for each source. In doing so, the multivariate strategy considers the activity of other nodes within
the network when determining the directed relationship between any two nodes. Specifically, as the multivariate
strategy iteratively or greedily adds new candidate sources to the parent set for a target, it requires that each source
provide statistically significant non-zero TE, when conditioning on all other current parents for the target. This is in
contrast to the pairwise approach, which only requires a non-zero TE value between the source and target, without
taking other processes into account. That iterative conditioning, along with final associated pruning step, supports
much more accurate inference because it eliminates redundant information from being spuriously attributed to other
sources, and captures synergistic or collective interactions between multiple sources which jointly impact the target.

The term “accurate” here has specific meaning in the context in which we have evaluated the performance of the
multivariate approach. Although we cannot and do not always expect the inferred effective networks to align with
the underlying causal or structural network of the system being examined, under certain highly-specific idealised
conditions (full observability etc., see Sec. I) we do indeed expect a minimal model explaining the dynamics of the
variables (the effective network) to align with the causal structure in this way. As such, confirming such alignment
— even though in highly-specific conditions — is an important validation of the performance of such an approach.
Indeed, this validation is clear from our results, including in Fig. 1 and Fig. 2, and by the improved performance of
the multivariate approach compared to pairwise, using the same underlying TE estimator, in Fig. 3. There, it was
found that the multivariate approach was able to achieve a comparable true positive rate as the pairwise approach
with a much lower corresponding false positive rate.

Maintaining a low false positive rate (or, equivalently, a high precision) is of utmost importance for network inference
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sz in a neuroscientific context. Zalesky states that “False positives are at least twice as detrimental as false negatives”
a3 [55]. As demonstrated in all of our results, the presented approach errs on the conservative side and consistently
s maintains high precision (a low false-positive rate) even in the challenging cases where the activity on the nodes
a5 is highly correlated (Fig. 1f). This high precision is a result not only of the multivariate strategy, but also the
a6 local permutation surrogate generation method used for the significance testing of the individual TE estimates being
a7 different from zero. This method was developed in tandem with the recently-developed continuous-time TE estimator

[31] that is used here and was demonstrated to have substantially lower false positive rates when compared with using

w
@

traditionally-used approaches for surrogate generation in conjunction with this estimator. Our results also compared

w
@
°

20 the proposed approach with two existing approaches for the inference of connectivity from spiking data (CoNNECT
sz in Fig. 8 and GLM in Fig. 9), finding that it exhibited far superior precision in most cases. This is particularly
322 important when we reflect on the goal of effective network inference being to provide a “minimal model” that can

323 explain the dynamics.

24 Not only does this work present the first validation of TE for multivariate effective network inference on spike-train
25 data, but it presents the first validation study of the using of the recently-developed continuous-time estimator for TE
26 on event-based data such as spike trains in the context of network inference [31]. This estimator has been demonstrated
w27 to have many substantial advantages over the traditional discrete-time approach. These include consistency, lower
28 bias and faster convergence. Of particular relevance to network inference, by representing the history embeddings of

39 processes using inter-event intervals, it is able to represent histories of substantial length using few dimensions and

w
@
1)

without any loss of time precision. This efficient use of dimensions facilitates building conditioning sets of significant

331 Size.

s These various benefits culminate in a technique that is highly effective in the inference of networks from event
s1 times. We have demonstrated its strong performance, with high precision, in dynamical regimes ranging from low
su to high network synchrony (Fig. 1) as well as with varying levels of unobserved noise sources in the system (Fig. 2).
335 Furthermore, high quality inferences were made with relatively low numbers of target spikes. In some instances (eg:

s Fig. la and Fig. 1b), near perfect reconstruction was achieved with only 3000 events per target.

sw These results all point to the strong potential for deploying this methodology in the inference of networks from
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recordings of the spike times of biological neurons. Tantalising hints of the results that might be expected were

provided in Sec. IID. Further such applications remain a focus of future work. It is of particular interest to note that,
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in these effective networks, there was a strong preference towards inferring edges between nodes that are spatially
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close together, especially when compared with the functional network approach. This is likely due to the fact that

W
£
&

effective networks are known to conform closer to the underlying structural networks than those inferred using pairwise,
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functional, methods [52]. However, despite this change in the topology of the networks, it is worth noting that the
s lock-in of information flows early in development, which was previously observed in functional networks [38], remained

in these effective networks.
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IV. METHODS

A. Greedy Algorithm

The greedy network inference algorithm used here was proposed in a range of papers [10, 16-18], as summarised
and studied in depth by Novelli et. al. [7], for traditional time series (a continuous-valued signal sampled at regular
time intervals). We describe it here for completeness, and also to highlight some small changes that we made to adapt
to the context of event-based data. The most significant change made is that only one inter-spike interval per source
is considered as a candidate, and sequentially, from the most recent. This is as opposed to the original algorithm,
where several lags from each source could be considered in the same selection round, and no ordering was imposed on

the addition of these lagged samples.

The greedy algorithm is specified in Algorithm 1. We walk through its operation here, with reference to the line

numbers in Algorithm 1.

We iterate over each process R; in the set of processes R (line 1). These processes are the raw timestamps of events
(spikes). Each process is being considered as a target, for which the sources need to be inferred. It is worth noting
that the computations performed for each target are considered completely independent of one another. As such, it
is easy to parallelise this algorithm across the different targets. Indeed, such parallelisation was performed for the

experiments presented in this paper.

We initialise a data structure to keep track of the last interval added to the conditioning set for each source and
the target itself (line 2). This algorithm makes the assumption that more recent inter-event intervals from a given
source (or the target itself) always have more influence over the target than inter-event intervals further in the past.
Based on this assumption, inter-event intervals for a given source are only considered as candidates once more recent
intervals for that source have been added to the conditioning set. As above, this is distinct from the operation of the

algorithm for traditional time-series.

Before considering candidate sources, we determine the number of target history intervals to condition on. We always
include at least one (the most recent) such interval. We continue incrementing the total number of intervals that we
are conditioning on until the next interval does not provide a statistically significant reduction in the uncertainty of
the target (line 4). This reduction in uncertainty is measured by the conditional Active Information Storage (AIS)
[11], which is the mutual information between the last target history interval being considered and the current state
of the target, conditioned on the more recent target history intervals. Note that this quantity can be easily estimated
using the continuous-time TE estimator by simply considering this last target interval as a source interval. The active
information storage is estimated on the original spike train and on Ngurrogates Surrogate processes (lines 5 and 6),
constructed using the local permutation method described in Sec. IVD. The p value for the significance test is then
the proportion of AIS estimates on the surrogates which are larger than the AIS estimate on the original process.
If p < peutost, then the null hypothesis of zero AIS is rejected and the number of target intervals being added is
incremented.

Returning to the canidate sources then, we continuously iterate parent selection for the target until the candidate
source interval with the highest TE is no longer statistically significant (line 13). For each of these iterations, we iterate

over every process other than the target under consideration (line 16). For each such candidate source, we estimate
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the TE between the most recent inter-event interval of that source that has not yet been added to the conditioning
set and the target, conditioned on all intervals of all sources already added to the conditioning set (line 17). We then
estimate the TE for Ngurrogates SUrrogate processes between the same source and target and conditioned on the same
conditioning set (line 18). We also bias-correct the original and surrogate TE estimates by subtracting the mean value
of the surrogates from each estimate (lines 19 and 20).

Once this has been performed for every candidate source interval, we select the interval which had the highest
bias-corrected conditional TE (line 22). We then estimate the p value associated with the null hypothesis of the
conditional TE from this source interval being zero (line 23). This is done using the maximum statistic test (see
Sec. IVB).

The above process continues until the selected candidate source interval (with maximum bias-corrected conditional
TE) fails the significance test (line 13). The algorithm then moves onto the final pruning step, where it is checked that
every source retains a statistically significant conditional TE, once conditioning on every other process added to the
conditioning set. This step is necessary as a source added early in the process might be providing information about
the target that is fully redundant with that held by sources added later in the greedy building of the conditioning set.
Such redundant sources need to be removed.

To perform the pruning, we continually try removing source intervals from the conditioning set one-by-one, until
every final source interval in the set is found to be statistically significant. In a mirror image to how the candidate
intervals, for a given source, are added iteratively from the most recent and then further back in time, they are removed
in order from the last interval to the most recent. In each round of pruning, we iterate over all sources which had an
interval added to the conditioning set (line 31). We then estimate the conditional TE and associated surrogates for
the last remaining added interval for that source (lines 32 and 33). We then calculate the p value corresponding to
the null hypothesis (line 34) of zero TE in the normal manner (that is, not using the maximum statistic test). After
iterating over all sources in the conditioning set, we then find the source index with the maximum p value (line 36).
If this p value is greater than the specified a cutoff, then we remove the last added interval for that source from the

conditioning set (line 39).

B. Maximum Statistic Test

When considering adding sources to the conditioning set, we test the candidate source with the highest TE using
the maximum statistic test (line 23 of Algorithm 1).

It is worth briefly describing the usual method for testing for non-zero TE using surrogates. We generate Ngurrogates
surrogates, which conform to the null hypothesis of no temporal relationship (zero TE), using a given surrogate
generation algorithm (see Sec. IV D for a description of the surrogate generation method used here). We then estimate
the TE on each of these generated surrogate series. The proportion of these estimates which are greater than or equal
to the estimate on the original data is then an estimate of the probability that we would observe a value greater than
or equal to what we estimated on the original data, under the null hypothesis of zero TE (and therefore it is our p
value).

Novelli et. al. [7] highlighted the fact that using this test as is, when adding sources to the conditioning set, would

lead to high false-positive rates. This is effectively a multiple comparisons problem, in that the test is being performed
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Algorithm 1: Greedy TE algorithm for network inference from event-based data.

input : /* Set of the event times of each process */
Nproc
R ={Ri};
/* Cutoff significance value for adding sources */

Pcutoff
/* Number of surrogate estimates to perform per TE estimation */

Nsurrogates

output: /* Set of the indices of the sources of each process */
N,
S= {Sl} proe

i=1
/* Iterate over all target processes. */
1 for i +— 1 to Nproc do

/* Variable to keep track of added sources, as well as the added target inter-event intervals. If ¢, is zero, this implies
the source is not added. Otherwise, the value of c¢j, indicates the number of added inter-event intervals. x/
N,
2 C {0}, 2"
3 p<+ 0
/* Keep trying the next target interval, until the added information is no longer significant. x*/
4 while p < pcutotr do
/* Estimate the TE from the next interval of the target under consideration, conditional on all target intervals already
added. */
5 a <+ estimateConditionalAIS (i,c; + 1, R,)
/* Estimate the associated surrogate values. */
N,
6 {as‘,rrogatevn}ni‘irmgates < estimateConditionalAISOnSurrogates (i, ¢; + 1, R, Nsurrogates)
N,
7 p ¢ calculatePVal (t, {{ts.,,mgatem}"iul"ogatcs })
/* If the null hypothesis is rejected, we increment the number of target intervals added */
8 if p < peutort then
9 | ci+ci+1
10 end
11 end
12 Pmax < 0
/* Keep looking for sources until the candidate with maximum TE is not significant. */
13 while prax < Peutotr do
/* Initialise TE and surrogate TE values to 0. */
Nproc Nproc
14 {t; }1:1 « {03\7]':1 N
surrogates y Nproc surrogates y Nproc
15 {{tsurrogate.jintn1 12 < {0}, 27 bt
/* Iterate over all processes except the target under consideration. */
16 for j =1... Nproe where j #¢ do
/* Estimate the TE from the next interval of the source under consideration, conditional on all source intervals
already added. */
17 tj < estimateConditionalTE (%, j,c; + 1, R,C)
/* Estimate the associated surrogate values. */
N, ..
18 {tsmmgate,j,n}ni“lrmgates < estimateConditionalTEOnSurrogates (i, j, ¢; + 1, R, C, Nsurrogates)
/* Bias-correct both the original and surrogate TE estimates by subtracting the mean of the surrogates. */
N,
0 by -ty — moan ({tsmoguing) )
Nsurrogates Nsurrogates ) 1 Vsurrogates
20 {tsurrogate,j,n fno1  {tsurrogate,j,n — mean ( {tsurrogate,j,n }po1 s
21 end
/* Find which candidate source interval had the highest bias-corrected TE estimate. */
. N,
22 Jmax ¢ findIndexOfMax ({tj}j:"{"c)
/* Estimate the p value corresponding to the null hypothesis that this source had zero TE. */
Ng tes N
23 Pmax < calculateMaxStatPVal (tjmax, {{tsurrogate,j,n b oo ® }]:p{‘jc)
/* If the null hypothesis is rejected, add the candidate source interval to the set of sources. */
24 if pmax < Peutoft then
25 | Cimax ¢ Cjmax +1
26 en
27 end
/* We now check that all added source intervals are still significant, when conditioning on all other added sources. */
28 Pmax 0
/* Iterate until no checked source interval is not significant. */
29 while Pmax > Peutoff NdO
proc proc
30 ()21 + {1} e
/* Iterate over all processes that had any intervals added. */
31 for j = 1 to Nproc where j # i and ¢; > 0 do
/* Estimate the TE from the last interval of the source under consideration, conditional on all other added source
itervals. */
32 t < estimateConditionalTE (%, j, ¢j, R, C)
/* Estimate the associated surrogate values. */
33 {tsurrogate,n Jnoy °8*®® ¢ estimateConditionalTEOnSurrogates (i, j, ¢j, R, C, Nsurrogates)
/* Estimate the p value corresponding to the null hypothesis that this source had zero TE. */
Ng 3
34 pj ¢ calculatePVal (t, {tsu,mgatem}niirmgams)
35 end
/* Find the index of the source whose final interval had the highest p value. */
. N,
36 Jmax + findIndex0fMax ({pj}J:p;OC)
37 Pmax < Pjmax
/* If the null hypothesis is not rejected for this source interval, remove the candidate source interval from the set of
sources. */
38 if pmax > Peutost then
39 | Cimax * Cimax —
40 end
41 end
/* Add the indices of the sources which had any intervals remaining in the conditional set to the final set of inferred
sources for the given target. */
a2 Si {3 :j€{1,2,..., Nproc} and ¢; > 0}

43 end
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w20 on the mazimum estimated TE value from the set of candidate sources.
21 In order to compensate for this, we replicate the selection of the maximum candidate source in the significance

a2 testing step. Specifically, for each i € {1,2,..., Nyurrogates }, we compare the TE estimates on the ith

surrogate for
w23 each of the candidate sources. We select the maximum such estimate for each ¢. The population of surrogate values
s for the maximum statistic test is then made up of the resulting Ngurrogates Mmaximum values. The test then proceeds

a5 as normal.

426 C. Transfer Entropy Estimation

w27 It has, relatively recently, been shown that, for event-based data such as spike-trains, in the limit of small bin size,

s that the expected TE rate is given by the following expression [56]:

Parameter Description Value

Nx Number of spikes in the target spike train varied (see text)

Eglobal Number of nearest neighbours to find in the initial 4
search

kperm Number of nearest neighbours to consider during sur- 20

rogate generation

Ny Number of random samples of histories at non- 20Nx
spiking points in time

Ny surrogates ~ Number of random samples of histories at non- 20N x
spiking points in time used for surrogate generation

Ngurrogates Number of surrogates to generate for each node pair 100
TABLE I: The parameter values used in the continuous-time TE estimator when used for the inference of the

simulated spiking networks. A complete description of these parameters, along with analysis and discussion of their
effects can be found in [31].

Nx
. 1 Az X , )
Ty ,x = lim — E In ey e Ko y<x’}_ (3)
T T i=1 /\w|x<t [X<xi,]

w29 Here, A X<z, Y<z;] 18 the instantaneous firing rate of the target conditioned on the histories of the target

alxcry<r |
50 X<q, and source y <., at the time points 2; of the spike events in the target process. Ayjx_, [X<z,] is the instantancous
a firing rate of the target conditioned on its history alone, ignoring the history of the source. It is important to note
a2 that the sum is being taken over the Ny spikes of the target during the sampling period 7: thereby evaluating log
w33 ratios of the expected spike rates of the target given source and target histories versus target histories alone, when
s the target does spike. As this expression allows us to ignore the “empty space” between events, it presented clear
35 potential for allowing for more efficient estimation of TE on spike trains.

s This potential was recently realised in a new continuous-time estimator of TE presented in [31], and all TE estimates
« in this paper were performed using this new estimator. In [31] it is demonstrated that this continuous-time estimator

w3 is far superior to the traditional discrete-time approach to TE estimation on spike trains. For a start, unlike the



CHAPTER 5: NETWORK INFERENCE 157

20
Parameter Description Value
Nx Number of spikes in the target spike varied (see text)
train
kglobal Number of nearest neighbours to find in 10

the initial search

kperm Number of nearest neighbours to con- 20
sider during surrogate generation

Ny Number of random samples of histories 20N x
at non-spiking points in time

Ny swrrogatess ~ Number of random samples of histories 20N x
at non-spiking points in time used for
surrogate generation

Nsurrogates Number of surrogates to generate for 100
each node pair

TABLE II: The parameter values used in the continuous-time TE estimator when used for network inference on the
in vitro spike recordings. A complete description of these parameters, along with analysis and discussion of their
effects can be found in [31].

w30 discrete-time estimator, it is consistent. That is, in the limit of infinite data, it will converge to the true value of the
wo TE. It was also shown to have much preferable bias and convergence properties. Most significantly, perhaps, this new
w1 estimator utilises the inter-spike intervals to efficiently represent the history embeddings x.,, and y,, in estimating

a2 the relevant conditional spike rates in (3).

w3 This is in contrast with the traditional discrete-time estimator which uses the presence or absence of spikes in an
s array of time bins as its history embeddings (it sometimes also uses the number of spikes occurring in a bin). In order
ws to avoid the dimensionality of the estimation problem becoming sufficiently large so as to render estimation infeasible,
as only a small number of bins can be used in these embeddings. To focus in on cell-culture data, previous applications
w7 of TE to this type of data have used a variety of bin sizes: 40ps [23], 0.3ms [19], and 1ms [24, 27]. Some studies
s chose to examine the TE values produced by multiple different bin widths, specifically: 0.6 ms and 100 ms [25], 1.6 ms
w9 and 3.5ms [28] and 10 different widths ranging from 1 ms to 750 ms [26]. And specifically, those studies demonstrated
w0 the unfortunate high sensitivity of the discrete-time TE estimator to the bin width parameter. Moreover, all of these
w1 studies have only used a single bin in the history embeddings. In the instances where narrow (< 5ms) bins were
2 used, only a very narrow slice of history is being considered in the estimation of the history-conditional spike rate.
3 This is problematic, as it is known that correlations in spike trains exist over distances of (at least) hundreds of
ss¢ milliseconds [32, 33]. Conversely, in the instances where broad (> 5ms) bins were used, relationships occurring on
w5 fine time scales will be completely missed. This is significant given that it is established that correlations at the
s millisecond and sub-millisecond scale play a role in neural function [34-37]. In other words, previous applications
7 of transfer entropy to electrophysiological data from cell cultures either captured some correlations occurring with
s fine temporal precision or they captured relationships occurring over larger intervals, but never both simultaneously.
ss9 This can be contrasted with the inter-spike interval history representation used by the continuous-time estimator.
w0 To take a concrete example, in the in vitro data we used, for the recording on day 24 of culture 1-3, the average

interspike interval was 0.71 seconds. This implies that the history embeddings used are at least on average 0.71

IS
3
2
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seconds long, being longer than this in cases where multiple intervals are being used. This is despite the fact that
our history representations retain the precision of the raw data (40ps) and the ability to measure relationships on
this scale where they are relevant (via the underlying nearest-neighbour estimators). Furthermore, the innovative
representation of history embeddings as an array of inter-spike intervals allows for the application of the highly
effective nearest-neighbour family of information-theoretic estimators [12, 57|, which bring estimation efficiency and

bias correction.

The challenges of using the discrete-time estimator only become more severe when one attempts to infer networks
using conditional TEs. As there are now more processes being considered by the estimator (those in the conditioning
set) the dimensionality of the estimation problem increases faster as we increase the embedding length. This places
further pressure on keeping the number of bins in each embedding low, thus increasing the harshness in the tradeoff
between history length and temporal precision. This is the likely reason behind the fact that almost all previous
studies which evaluated the use of TE for the inference of spiking networks only made use of pairwise TE estimates
[19-22]. This is as opposed to the multivariate conditional TE estimation used here, which takes into account the

relationship of the target to other processes when considering its relationship to the given source.

The parameters used with this estimator for the simulated data are shown in Table I and those used for in vitro spike
recordings are shown in Table II. The chief difference in the parameter values used in these situations is that, for the
in vitro recordings a larger value of kgiopar (the number of nearest neighbours to consider in the initial searches) was
employed (10 compared to 4). This was due to the observation that the estimates on the in vitro recordings exhibited
much higher variance than those on the simulated data. It is a known property of nearest-neighbour information

theoretic estimators that considering larger numbers of neighbours reduces their variance [12].

As in the authors’ previous work applying the continuous-time TE estimator to in vitro spike recordings [38], a
small change was made to the estimation procedure described in [31]. This was made in how random sample points
were placed along the process both for the estimation of the TE and the generation of surrogates. Instead of laying
out the Ny and Ny surrogates Sample points randomly uniformly, we placed each one at an existing target spike, with
the addition of uniform noise on the interval [-80ms, 80 ms]. This was due to the fact that these recordings contain
incredibly dense bursts. Such a sampling strategy is required in order to adequately sample these regions of intense

activity.

An implementation of the estimator contained in the Java Information Dynamics Toolkit (JIDT) [58] software

package was used in this study.

D. Surrogate Generation

Surrogate processes were generated by applying an adaptation of the permutation method of Runge [59] to the
spiking TE estimator, as detailed in [31]. In brief, this method permutes the history embedding vectors to destroy
the relationship between the source intervals and the existence or absence of spiking in the target. However, it retains
the relationship between the source history embedding intervals and the embedding intervals from the target and

conditioning processes.
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E. Spiking Network Simulation

Parameter Description Value
Nexe Number of excitatory neurons 30
Ninn Number of inhibitory neurons 20
T Membrane time constant 20 ms
R, Membrane resistance 1Q
Vieset Membrane reset potential 0mV
Vo Membrane resting potential 0OmV
Vinreshold  Spike threshold potential 40mV
Tsyn Synaptic time constant 20ms
g Ratio of inhibitory to excitatory connection strength {1,1.5,3}
Qlexe Excitatory connection strength 20mA
Nexe Number of excitatory sources per neuron 3
Ninh Number of inhibitory sources per neurons 2
Astim Rate of the Poisson stimuli 200 Hz
Qlstim Stimulus connection strength 6 mA

22

TABLE III: The parameter values used in the LIF network simulations at various levels of synchrony, presented in

Sec. ITA
Parameter Description Value
Nexe Number of excitatory neurons 30
Ninn Number of inhibitory neurons 20
T Membrane time constant 20ms
R, Membrane resistance 1Q
Vieset Membrane reset potential OmV
Vo Membrane resting potential 0mV
Vihreshold Spike threshold potential 40mV
Tsyn Synaptic time constant 20 ms
g Ratio of inhibitory to excitatory connection strength 3
Qoxc Excitatory connection strength 17.5mA
TNexe Number of excitatory sources per neuron 3
Tinh Number of inhibitory sources per neurons 2
Qstim Stimulus connection strength 4mA

TABLE IV: The parameter values used in the LIF network simulations at various levels of synchrony, presented in

Sec. IIB

All network simulations were conducted using Leaky-Integrate-and-Fire (LIF) model neurons [44]. In this model,
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the membrane potential of the i*® evolves according to:
dv;
T dtl = (‘/O - ‘/z) + RmIsyn,i- (4)

When V; crosses the threshold Vipreshold, the timestamp of crossing is recorded as a spike. V; is then set to Vieset
and the evolution of the membrane potential is subsequently paused for the duration of the hard refractory period.
Iyyn,; is the synaptic input current into neuron i. Neurons were connected using alpha synapses [60]. Each synapse

connecting neuron j to neuron i evolves according to:

t—t, t—t,
(1) = aijo; > ———exp <— ) . (5)
syn

T
t.€5: syn

A is the connectivity matrix, with a; ; = 1 indicating that neuron j is a pre-synaptic input to neuron ¢ and a; ; = 0
indicating otherwise. ¢y is the connection strength of the afferent connections from neuron j. All excitatory neurons
share the same afferent connection strength ®ex.. Inhibitory neurons, by contrast, have connection strength gexc.
The sum is taken over the set of spike times in neuron j occurring before time ¢, Sy ;. The synaptic current for neuron
i is then the sum of the currents from all other neurons in the network, that is, Isyn,; = > I; ;.

Each neuron was connected to exactly nexc excitatory sources, chosen randomly from the set of excitatory neurons.
Similarly, each neuron was connected to nj,y inhibitory sources, chosen randomly from the inhibitory sources. The
specific parameter values used in the experiments described in Sec. IT are shown in Table III and Table IV.

Each neuron also received an independent stimulus. In the experiments presented in Sec. I A, this source was
an homogeneous Poisson point process. In the experiments presented in Sec. II B, it contained varying amounts
of regularity. Specifically, in Sec. II B, each neuron received a stimulus with a spike rate A drawn from a normal
distribution with mean 500 hertz and standard deviation of 25hertz. In the fully random case, the stimulus was
generated as an homogeneous Poisson point process, with rate A. In the fully regular case, spikes were placed at a
fixed interval of 1/). In the semi-regular case, the spikes were placed with this same fixed interval, but gaussian noise
with mean 0 and standard deviation 0.5 millisecond was added to each spike time. The connectivity strength between

each stimulus and its target was specified by the parameter asgim-

F. Analysis of in vitro Data

We made use of the same dataset as in the authors’ previous study [38] and analysed it in a very similar fashion.
As such, the following section closely follows the discussion of this dataset in that previous work.

The spike train recordings used in this study were collected by Wagenaar et. al. [41] and are freely available online
[63]. The details of the methodology used in these recordings can be found in the original publication [41]. A short
summary of their methodology follows:

Dissociated cultures of rat cortical neurons had their activity recorded. This was achieved by plating 8x8 Multi-
Electrode Arrays (MEAs), operating at a sampling frequency of 25kHz with neurons obtained from the cortices of
rat embryos. The spacing between the electrodes was 200 pm center-to-center. The MEAs did not have electrodes

on their corners and one electrode was used as ground, resulting in recordings from 59 electrodes. In all recordings,
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electrodes with less than 100 spikes were removed from the analysis. This resulted in electrodes 37 and 43 being
removed from every recording as no spikes were recorded on them. The spatial layout of the electrodes is available
from the website associated with the dataset [53], allowing us to overlay the inferred networks onto this spatial layout
as is done in figure Fig. 4.

Recordings were conducted on most days, starting from 3-4 Days In Vitro (DIV). The end point of recording varied
between 25 and 39 DIV. Longer overnight recordings were also conducted on some cultures at sparser intervals. In this
work we make use of these longer overnight recordings. These recordings were split into multiple files. The specific
files used, along with the names of the cultures and days of the recordings are listed in Table V. 30 Minute windows
of spiking activity were extracted and used for network inference. Specifically, the number of target spikes Nx was
set as the number of spikes that fell within this 30 minute window for the given target neuron.

The original study plated the electrodes with varying densities of cortical cells. However, overnight recordings were
only performed on the ‘dense’ cultures, plated with a density of 2500 cells/pL.

The original study performed threshold-based spike detection by determining that a spike was present in the case
of an upward or downward excursion beyond 4.5 times the estimated RMS noise of the recorded potential on a
given electrode. The analysis presented in this paper makes use of these detected spike times. No spike sorting was
performed and, as such, we are studying multi-unit activity (MUA) [61].

As the data was sampled at 25kHz, uniform noise distributed between —20us and 20 ps was added to each spike
time. This is to prevent the TE estimator from exploiting the fact that, in the raw data, inter-spike intervals are
always an integer multiple of 40 ps.

Culture 1-1|day 4 day 14 day 20
2 2 2

Culture 1-3|day 5 day 10 day 16 day 24
2 2 2 2

Culture 2-2|day 9 day 15 day 21 day 33
2 2 2 2

TABLE V: File numbers used for each culture on each day. These correspond to the file numbering used in the
freely available dataset used in this study, provided by Wagenaar et. al.[41, 53]

G. GLM Model

The implementation of Generalised Linear Models (GLMs) of spiking activity followed that of Song et. al. [50] very
closely. We briefly list the few minor differences.

For the B-spline basis functions, we excluded all knot locations beyond 100 ms. This was done due to the membrane
potential decay time constant (7) in the simulated models being set to 20ms (see Table IV), implying that statistical
relationships beyond 100 ms would be very unlikely.

Song et. al. [50] propose finding the penalty weight parameter A using the Bayesian information criterion (BIC),
by iteratively trialling various penalty weight values. Performing this for each target spike train would have been
computationally prohibitive given the large networks and long simulation times used in this work. Instead, this step

was performed on a few trial runs and a single value of A = 1x10~2 was chosen as it closely approximated that chosen
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sse by the BIC in all such trial runs.
so  We chose to designate the existence of a connection between a source and target when the GLM for the given target
ss1 contained one or more non-zero weights assigned to the basis-splines associated with a given source.

s Fitting of the GLM models was performed using the statsmodels [62] Python library.
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570 Appendix A: Comparison with CONNECT Algorithm and Generalised Linear Models

sn Plots identical to those in Fig. 1, but showing the results of applying competing spiking network inference techniques
s to the same data. Specifically, Fig. 8 applies the CONNECT algorithm [40], which makes use of pretrained convolutional
s3 neural networks to classify the existence (or otherwise) of edges between spike trains. Fig. 9 shows the results of
s applying a GLM model of spiking activity [50] to the data, and basing the inference of connectivity on the existence

s of non-zero weights in this model.
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FIG. 8: Plots showing the resulting precision and recall from running the CONNECT algorithm [40] on networks of
LIF neurons composed of 30 excitatory neurons and 20 inhibitory neurons. The ratio of the inhibitory to excitatory
connection strength was varied in order to change the degree of synchrony in the network. Plots are shown for three
different synchrony levels. Each plot contains points for the precision and recall for the inhibitory and excitatory
neurons as well as the combined precision and recall. The lines pass through the means of these points.
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FIG. 9: Plots showing the resulting precision and recall from using a GLM model of spiking activity [50] to infer the
connectivity of networks of LIF neurons composed of 30 excitatory neurons and 20 inhibitory neurons. The ratio of
the inhibitory to excitatory connection strength was varied in order to change the degree of synchrony in the
network. Plots are shown for three different synchrony levels. Each plot contains points for the precision and recall
for the inhibitory and excitatory neurons as well as the combined precision and recall. The lines pass through the
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CHAPTER 6

CONCLUSION

6.1 Summary of the Main Contributions

At a high level, this thesis presents the first high-fidelity study of information flows between the
spiking activity of neurons. That is, it is the first time that the information flow between neurons has
been studied without any loss of time precision whilst still considering history effects over reasonable
time intervals.

Such a study was not possible until now due to the limitations of the traditional approach to
estimating information flows (via TE) from event-based data (such as spike trains). This traditional
approach operated by first discretising the process into bins of width At. The process was then cast as
either a sequence of binary numbers or a sequence of natural numbers. For a binary sequence, each
number represented the presence or absence of any spikes in the bin, whereas natural numbers would
indicate the number of spikes that occurred within the bin. A straightforward plugin estimator was
then applied to this data, which simply counts the frequency of values in the bins for each different
unique history combination (see Section 2.3.1). There are a number of serious issues with this strategy
for estimating TE. First and foremost, this estimation strategy is not consistent: it does not converge to
the true value of the TE in the limit of infinite data. We also showed on some examples (Section 3.2.2)
that it has very high bias and converges slowly. More importantly, it involves a fundamental tradeoff
between being able to capture relationships occurring with fine temporal precision and those occurring
over long periods of time. Using smaller bin sizes will reduce the loss of temporal precision, but also
reduces the length of history that can be captured by the history embedding vectors. By contrast,
larger bin sizes allow for longer histories to be represented, but reduce the temporal precision.

In Chapter 3, we presented a novel estimator of TE on event-based data (such as spike trains),
which operates in continuous time and is able to overcome the above-mentioned challenges. This
estimator is the first provably consistent estimator of TE on this data type. That is, it is the first
estimator guaranteed to converge to the true value of the TE in the limit of infinite data. By operating
on the raw inter-event intervals of the data, it does not lose any time precision. Moreover, for the
usual spike density occuring in biological measurements, it can capture history effects occurring over
fairly large intervals, with minimal use of dimensions. In Chapter 3, we also present an adaptation of
a recently proposed local permutation method [1] for generating surrogate data, in order to perform
statistical tests for non-zero TE. In Section 3.2.3 , we demonstrate that the traditionally-used time-shift

method for surrogate generation can result in a very high false-positive rate when testing for non-zero



CHAPTER 6: CONCLUSION 169

TE. The newly-proposed method, on the other hand, circumvents this issue by permuting the history
embeddings correctly according to the null hypothesis of zero TE.

Given that we now have the ability to estimate TE with high-fidelity on event-based data, Chapter 4
makes use of this new ability to conduct the first ever high-fidelity study of information flows between
the spiking activity of neurons. It does this using an openly-available dataset of recordings from
developing cultures of dissociated cortical rat neurons [2]. Not only is this the first high-fidelity study
of information flows between neurons, but it also represents the first study of information flows at
different points in the development of neural cell cultures. Previous studies of information flows in
neural cell cultures [3]-[9] studied recordings from mature cultures. By contrast, the dataset which we
used contained recordings taken at multiple different days in vitro. This allowed us to contrast the
information flows on earlier days with those on later days. We found that these flows exhibited an
early lock in phenomenon, whereby the flows between nodes on earlier days of development were
highly correlated with the flows on later days. We further found that nodes occupied specialised
computational roles depending on their position in the burst propagation. Those nodes that tend to
burst at the beginning of the propagation act as information transmitters and those that burst at the
end of the propagation act as information receivers. By contrast, those that burst during the middle
of the propagation perform a mixture of transmission and reception, occupying the vital role of the
mediators of information flow. We also explored a plausible mechanism for these results by studying
the information flows in simulated networks developing according to an STDP learning rule. We
found that the changes in information flows exhibited remarkable similarities to those observed in the
biological cell cultures, with early lockins and specialised computational roles both being present.

The networks inferred in Chapter 4 were directed functional networks. That is, each candidate source-
target pair was considered in isolation. This resulted in very dense information flow networks. In
Chapter 5, we move beyond this to consider multivariate information flows. That is, we are interested
in whether there exists an information flow between a source and a target when conditioning on the
activity of the rest of the neural population. Such an analysis aims to find the minimal set of sources
for a given target whose histories will provide the maximal explanatory power of the activity of the
target. The addition of further sources to the set will not reduce our uncertainty of the activity of the
target, whereas removing sources from the set will increase our uncertainty. This is often referred to as
the inference of an effective network. Although TE has been used for the inference of effective networks
from other data modalities within neuroscience [10], [11], to date there has been minimal application
of TE to the inference of effective networks from spike train data (the author is only aware of a single,
very recent, contribution [12]). This is largely due to the limitations of the discrete-time estimator
discussed above which prohibits the use of large conditioning sets and long embeddings. However,
the new estimator proposed in Chapter 3 not only circumvents these issues, but also improves on the
statistical testing for non-zero TE. As such, in Chapter 5, we take advantage of these exciting new
advances to provide the first ever validation and application of TE to the task of inferring effective
networks from spike train data. We utilise a (slightly-adapted) pre-existing greedy algorithm [10],
[13] for the inference of effective networks using TE and then validate this approach on simulated
spiking networks for which the ground truth is known. The approach is found to be able to achieve
high accuracy with low data requirements. We also infer effective networks for the same dataset that

was analysed in Chapter 4, providing a demonstration for its utility in deriving biological insights.
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6.2 Directions for Future Research

6.2.1 Improving the Event-Based TE Estimator

One significant direction for future research is the improvement of the estimator presented in Chapter 3.
In Section 3.4.1 , we showed how the TE on event-based data could be expressed as a sum of four
KL-divergences. These KL-divergences are over the history embeddings of either the source, target
and conditioning process or over just the history embeddings of the target and conditioning processes.
These history embeddings are taken either at the events, or at randomly sampled points along the
process. In the estimator presented in Chapter 3, the KL-divergences are estimated using relatively
simple k-nearest neighbour estimators (with the addition of a radius sharing strategy in order to reduce
bias). Although this scheme for estimating the divergences was quite adequate for the demonstration
of the efficacy of this general approach for the estimation of TE on event-based data, there has been
substantial recent research on the estimation of divergences [14]-[17]. By incorporating some of these
results into the estimation of the divergence terms, we can expect to see reductions in bias as well as a
better ability to scale to more dimensions. Better scaling over dimensions is particularly exciting, as it
will allow for the handling of more conditioning processes in the network inference task.

One potential avenue for improvement involves advancements in the k-NN class of estimators for
divergences. As just mentioned, in Chapter 3 we presented a strategy for estimating the necessary
divergence terms using reasonably simple k-nearest neighbour estimators. There are a number of
recent advances in this class of estimator that could be easily incorporated into the approach presented
there. A particularly attractive possibility is the use of ensembles across various values of k [18]-[20],
which has been shown to substantially reduce the bias of the estimators. The Kozachenko-Leonenko
[21] class of k-NN estimators that we use assume that the probability density is constant in the
e-ball that surrounds the k closest neighbours. This assumption is often violated in the case high
dimension relative to the number of data points. One avenue for ameliorating this issue is to use a
shape which can more closely enclose the k points, and assume constant probability density within it.
Suggested shapes include hyper-rectangles [22] and ellipsoids [23]. An alternate strategy is to relax the
assumption of local uniformity, instead assuming that the probability distribution is locally Gaussian
[24].

There has been significant recent research into methods for estimating divergences that do not
rely on nearest-neighbour searches. An obvious extension to the estimation strategy presented in
Chapter 3 would be to investigate the use of these newer techniques to estimate the two divergence
terms required for the estimation of the TE. Notable examples of newer estimation approaches include:

variational techniques [15]-[17], and the use of dependence graphs [14].

6.2.2 Further Applications

Another important direction for future work would be the further application of the novel estimator
to spike train data. The study presented in Chapter 4, which analysed recordings of the spiking
activity of neurons on different days of development, made use of an older dataset [2] (collected
in 2006). As the recordings were collected sparsely (with many missing days between individual

recordings), spike sorting was not practical. This is because it would not be possible to tell whether a
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given sorted unit on one day was the same sorted unit on a different day. Some more recent work has
performed continuous long-term recordings of neural cell cultures [25]. We could apply a spike-sorting
algorithm capable of performing drift-tracking (that is, tracking the changes in the action-potential
shapes over time, eg: [26]), to this data. This would provide us with spike-sorted data with consistent
unit identities across development. We could then use this to study how information flows changed
over the course of development between individual neural units, as opposed to between electrodes.

Another possibility would be to apply the presented estimation technique to modern cell-culture
recordings collected at incredibly high spatial resolution. Modern high-density electrode arrays allow
for recordings from cell cultures to be performed with far higher spatial resolution than the recordings
used in Chapter 4 [27]. This then allows for incredibly accurate spike sorting, where we can be certain
about the identities of the individual neurons associated with each spike. Given that this then provides
us with full observability of the system, this type of data would be well suited to the application of the
full effective network approach presented in Chapter 5.

It is worth bearing in mind that the development of neural networks in cell cultures does not
perfectly mimic the development of neural tissue in animals [28], [29]. It is unclear how the differences
between cell cultures and natural brain tissue will affect the development of information flows. As
such, there is some uncertainty concerning to what degree the results presented in Chapter 4 are
applicable to natural nervous systems. This implies that a clear focus for future application work will
be applying the techniques presented in this thesis to recordings from live animals or experimental
models that more faithfully mimic natural neural tissue [28].

The inference of effective networks has become an incredibly popular technique for analysing
neuroscientific recordings [30]. However, its application to recordings of spiking neurons has been
more limited. This is at least in part due to the limitations of previous information-theoretic estimation
techniques when applied to event-based data. In particular, their inability to handle long-range history
effects with high temporal fidelity has made them unsuitable for this task. The new continuous-time
TE estimator which we have presented in this thesis, and validated in the context of network inference,
circumvents these issues. It therefore opens up the possibility of much more widespread application

of effective network analysis to spiking data within the neuroscience community.
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