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Constellation Design for Multiuser Non-Coherent Massive
SIMO based on DMPSK Modulation
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Member, IEEE, Octavia A. Dobre, Fellow, IEEE

Abstract—Non-coherent (NC) schemes combined with massive
antenna arrays are proposed to replace traditional coherent
schemes in scenarios which require an excessive number of
reference signals, since NC approaches avoid channel estimation
and equalization. Differential "-ary phase shift keying is one of
the most appealing NC schemes due to its implementation sim-
plicity in realistic scenarios. However, the analytical constellation
design for multiuser scenarios is intractable, as discussed in this
paper. We propose to solve this problem by using optimization
techniques relying on evolutionary computation. We design two
approaches, namely Gaussian-approximated optimization and
Monte-Carlo based optimization. They can provide both indi-
vidual constellations for each user equipment and a bit mapping
policy to minimize the bit error rate. We perform a complexity
analysis and propose strategies for its reduction. We propose a set
of constellations for different number of users and constellation
sizes, and evaluate the link-level performance of some illustrative
examples to verify that our solutions outperforms the existing
ones. Finally, we show via simulations that NC outperforms the
coherent schemes in high mobility and/or low signal-to-noise ratio
scenarios.

Index Terms—Non-coherent, massive multiple-input-multiple
output (MIMO), differential modulation, constellation design,
evolutionary computation.

I. INTRODUCTION

IN recent years, a great variety of heterogeneous services
and applications has emerged. Consequently, the fifth gen-

eration (5G) of mobile communications has developed a new-
radio [1], which supports different service classes. Further-
more, it is desirable to deploy these services in new scenarios
with very stringent constraints, such as high mobility [2] and
low signal-to-noise ratio (SNR) [3], which were not achieved
in previous mobile communications generations.

The coherent detection approach is widely adopted in many
communication systems, where accurate channel state infor-
mation (CSI) is required to mitigate the channel effects. For
this, reference signals must be transmitted, at the expense
of producing signaling overhead. Additionally, the coherent
scheme requires an acceptable SNR to obtain an accurate
enough CSI; otherwise, the equalized symbols suffer from
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additional interference [4], [5]. In traditional scenarios, the
overhead can be constrained if the channel is considered quasi-
static and the number of antennas is not very large. Otherwise,
for massive multiple-input multiple-output (MIMO) [6], nu-
merous reference signals are required, especially in a multiuser
(MU) massive MIMO scenario with reduced or moderate mo-
bility. In general, the coherent scheme is not recommendable
in high-mobility and/or short packet communications, since
it requires a large number of reference signals to effectively
track the channel variations, severely reducing the effective
data-rate [4], [7].

Non-coherent (NC) schemes combined with massive MIMO
are able to transmit information without CSI knowledge, with
the same asymptotic performance as coherent schemes [4].
Thus, the reference signals are avoided and the complexity of
transceivers is reduced. Additionally, [7] showed that the NC
detection can provide an acceptable performance in very fast
time-varying scenarios, while the coherent scheme fails. In the
literature, some works targeted the uplink (UL) based on the
spatial diversity provided by the high number of antennas at
the base station (BS) [8]–[10], while others focused on using
beamspace processing [11], [12]. An NC scheme based on
differential "-ary phase shift keying (DMPSK) constellations,
was proposed in [8], which allows the use of differential de-
tection whilst leveraging the advantages of using an increased
number of receive antennas. Bit-interleaved coded modulation
and iterative decoding (BICM-ID) were proposed in [9] to
reduce the number of antennas up to 90% when compared
to [8]. Finally, the implementation of [8] to work under a
frequency selective multi-path channel was presented in [10],
where the NC scheme is combined with orthogonal frequency
division multiplexing (OFDM). These works showed that
the NC scheme is flexible and can be integrated in various
systems. Its performance superiority in scenarios with stringent
conditions, as compared to the coherent scheme, makes it
a good candidate for future communication systems. These
papers also showed via numerical simulations that spatial
correlation is detrimental to the performance of NC detection.

To further increase the performance of the NC scheme, [8]
proposed to multiplex several user equipments (UEs) in the
constellation domain. At the BS, a joint-symbol is received,
as a result of superposing all individual symbols transmitted by
each UE with their different channel effects, in the same time-
frequency resource. The individual constellation adopted by
each UE is crucial to produce a joint-constellation capable of
unambiguously obtaining the transmitted information of these
UEs. The constellation design for NC schemes combined with
massive single-input multiple-output (SIMO) was performed
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analytically in [13], focusing on differential amplitude phase
shift keying (DAPSK) and the use of uniquely factorable
constellations, for the single-user case. Suboptimal constel-
lations for the multiuser scenario based on energy detection
schemes were proposed in [14]. A small set of suboptimal
constellations for the multiuser case were proposed in [8] and
[9], for the NC based on DMPSK namely Type A, Type B,
and equal error protection (EEP), with the first one based on
designing the constellation to separate the users over sub-
quadrants, the second one based on separating the elements
via power control of the users and the third one based on
placing the constellation elements of each user with a certain
phase shift with respect to the others. Thus, the previously
designed constellations either focused on the single user case,
were limited to suboptimal solutions for the multiuser case,
or were applied to NC techniques not based on the DMPSK
modulation, hence performing worse for the same number of
antennas. Therefore, they were lacking the ability to multiplex
a reasonable number of users sharing the same time-frequency
resources, which is an important feature of any massive MIMO
system and is also desirable when NC processing is performed.

In this paper, we aim to solve the problem of constellation
design for the multiuser NC massive SIMO based on DMPSK.
For this, numerical optimization problems are defined to
minimize the BER and are solved offline using evolutionary
computation techniques. We propose two constellation design
techniques, intended to be executed offline, for which an
analysis of the statistical distribution of the received joint-
symbols is presented for NC massive SIMO based on DMPSK.
It is shown that the distribution is different for each joint-
symbol and varies depending on the individual constella-
tions. Therefore, the model is intractable when differential
encoding/decoding is chosen, making the analytical design
unfeasible, and thus, forcing us to rely on numerical design
techniques. The constellation design techniques can cope with
different numbers of UEs and different sizes for the individual
constellations, while [8] and [9] focused on a small subset. The
main contributions of our paper are highlighted as follows:

1) A Gaussian-approximated optimization (GAO) approach
is proposed, assuming the received joint-symbols follow
a bivariate Gaussian distribution; it is based on breaking
the design problem into two independent optimization
problems. The former obtains the individual constella-
tions of the UEs that best resemble a quadrature ampli-
tude modulation (QAM) like joint-constellation and the
latter obtains a bit mapping policy for each UE.

2) A Monte-Carlo based optimization (MCO) is proposed
as an optimization problem based on the Monte-Carlo
methods; this is able to provide the bit mapping policy
and the individual constellation of all UEs with only
one optimization problem. It is based on evaluating
the bit error rate (BER) via Monte-Carlo simulation. It
outperforms GAO and can be applied regardless of the
characteristics of the propagation channel.

3) Since the optimization problems are non-convex, we
propose evolutionary computation (EC) [15] to solve the
optimization problems. An analysis of the complexity of
the two techniques is provided, and three strategies to

reduce the execution time are proposed. However, this
is not critical since the GAO and the MCO are executed
offline.

4) Following the proposed techniques, we provide new con-
stellations for NC massive SIMO based on DMPSK, for
several scenarios and configurations of number of users
and/or constellation sizes, that are shown to outperform
the state-of-the-art (SoA) via numerical simulations. We
also give some insights on how to apply these constel-
lations in realistic scenarios in real time and show via
simulations that the non-coherent scheme outperforms
the coherent scheme for 5G channel models with very
high mobility and/or low SNR.

The remainder of the paper is organized as follows. Sec-
tion II presents the system model; Section III analyzes the
probability density function (PDF) of the joint constellation;
Section IV develops two novel EC-based constellation design
techniques; Section V analyzes the complexity of the proposed
techniques and how to reduce it; Section VI presents proposals
of constellations and give insights on the implementation
aspects; Section VII shows numerical results of the constella-
tions and compare the coherent and non-coherent schemes in
5G scenarios; finally, Section VIII concludes the paper.

Notation: matrices, vectors and scalar quantities are denoted
by boldface uppercase, boldface lowercase, and normal letters,
respectively. [A]<,= denotes the element in the <-th row
and =-th column of A. [a]= represents the =-th element of
vector a. (·)� , (·)∗ and ∗ denote Hermitian, complex conjugate
and convolution, respectively. E {· } is the expected value.
CN(0, f2) represents the circularly-symmetric and zero-mean
complex normal distribution with variance f2. 5 (0 |1) is the
conditional PDF of 0 conditioned to 1. diag(·) indicates the
diagonal matrix. ℜ and ℑ refer to the real and imaginary
parts of a complex number, respectively. &(·) indicates the Q-
function. G! is the factorial of G. | |G | |2 denotes the Euclidean
norm of G. ∠(G) indicates the phase of G. Γ(0, 1) represents
the Gamma function with parameters 0 and 1.

II. SYSTEM MODEL

We consider a BS equipped with ' antennas that serves *
single antenna UEs. Focusing on the UL, the UEs concurrently
transmit to the BS using an NC scheme based on differential
modulation. At the =-th time instant, the bits transmitted by
the D-th UE are grouped in the vector b=D of size

(
#D
1
× 1

)
,

where #D
1

indicates the number of bits for user D, and it is
mapped into a complex symbol B=D as

B=D = 6� ($D , b=D) ∈ MD , MD =
{
2D1 , . . . , 2

D
"D

}
, (1)

2D8 ∈ C, |2D8 | = 1, 2D8 ≠ 2
D
8′ ∀8 ≠ 8′,

where "D = |MD | = 2# D1 , 6� (·) is the bit mapping function,
MD denotes the individual constellation set for the D-th UE
(constrained to constant modulus to facilitate the use of the
differential modulation), and $D of size ("D × 1) denotes
the bit mapping policy for the D-th UE which satisfies that
[$D]8 ∈ { 1, . . . , "D} , 1 ≤ 8 ≤ "D , [$]8 ≠ [$]8′ , ∀8 ≠
8′. We define � =

[
$)

1 · · · $)
*

]) a vector of size
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(∑*D=1 "D × 1) that contains the bit mapping policies of all
UEs. The complex symbols of each UE are encoded as

G=D = G
=−1
D B=D , = > 0, (2)

where G=D is the differentially encoded complex symbol at the
=-th time instant from the D-th UE and G0

D is a single known
reference symbol of the D-th UE. Assuming a flat-fading1

channel, the received signal is

y= = H=βx= + ν=, (3)

x= =
[
G=1 , · · · , G

=
*

]) and β = diag
( [√

V1, · · · ,
√
V*

] )
, (4)

where ν= is the additive white Gaussian noise (AWGN) vector
with each element distributed as [ν=]A ∼ CN(0, f2

a), VD
denotes the ratio of the received average power of the D-th
UE, with respect to user 1 (Vmin

D = 1, VD ≥ 1, without loss
of generality), which is proportional to the composition of the
large-scale channel effects and the power control of each user.
A different VD value for each user affects their performance,
which is taken into account in the design of constellations.
A certain Vmax is considered to avoid users’ performance to
be excessively unequal. Moreover, H= ∈ C'×* represents the
small-scale fading as a spatially uncorrelated channel matrix,
where each element is distributed as [H=]A ,D ∼ CN(0, 1). The
reference SNR is defined as

d =
1
f2
a

*∑
D=1

VD =

*∑
D=1

VD

f2
a

=

*∑
D=1

dD , (5)

where dD is the SNR of user D.
The phase difference of two consecutive symbols received

at each antenna is non-coherently detected as

I= =
(y=−1)�y=

'
=

1
'
(H=−1βx=−1 + ν=−1)� (H=βx= + ν=) =

=
1
'
(x=−1)�β(H=−1)�Hβx= + 1

'
(x=−1)�β(H=−1)�ν=+

+ 1
'
(ν=−1)�H=βx= + 1

'
(ν=−1)�ν=.

(6)

For a very large number of antennas, using the asymptotic
property of massive SIMO, by making use of the Law of Large
Numbers, assuming that H=−1 ≈ H= and as shown in [16], we
know that 1

'
(H=−1)�H= '→∞−−−−→ I* , and thus

I=
'→∞−−−−→ e= =

*∑
D=1

VDB
=
D ∈ M, " = |M| =

∏
D

"D , (7)

where M = {21, . . . , 2" }, 28 ∈ C, 28 ≠ 28′ ∀8 ≠ 8′, e=

is the joint-symbol which results from the superposition of
the symbols sent by the users, and M denotes the joint-
constellation set. Fig. 1 shows the joint-constellation built from
two particular individual constellations. We define b8,D as a
vector of size (#D

1
× 1) that contains the bits for the D-th UE

and the 8-th joint-symbol according to the mapping �, and
b8 = [b)8,1 · · · b)

8,*
]) as a vector of size (∑*D=1 #

D
1
× 1) that

contains the b8,D of all UEs for the 8-th joint-symbol.

1For non-flat fading channels, we can use OFDM, therefore creating
multiple parallel channels that are regarded as flat-fading.

III. INTERFERENCE ANALYSIS

In this section, we first analyze the PDF of the received
differentially processed signal based on DMPSK and show
that it is mathematically intractable for a classical constellation
design approach. For simplicity purposes, an independent-
and-identically-distributed (IID) Rayleigh channel is used as
it leads to the same mathematical intractability reasoning as
more complex channel models. Later, to clarify that reasoning,
we particularize the analysis for a set of constellations to
demonstrate an inherent problem of NC differential detection
that makes the individual constellations of the users and the
joint-constellation non-linearly dependent.

A. Analysis of the Distribution of the Interference

The terms of (6) are shown to be independent in the
Appendix of [17], and thus,

I= = I=6 + I=B + I=G =
3∑
;=1

I=6,; + I
=
B + I=G (8)

where

I=6,1 =
1
'

'∑
A=1

[
ν=−1]∗

A
[ν=]A (9)

I=6,2 =

*∑
D=1

1
'

'∑
A=1

[
ν=−1]∗

A
[H]A ,D︸                      ︷︷                      ︸

ĨD
6,2

√
VD [x=]D , (10)

I=6,3 =

*∑
D=1

1
'

'∑
A=1
[ν=]A [H]∗A ,D︸                   ︷︷                   ︸
ĨD
6,3

√
VD

[
x=−1]∗

D
, (11)

I=B =

*∑
D=1

1
'

'∑
A=1

��[H]A ,D ��2︸             ︷︷             ︸
ĨDB

VDB
=
D =

*∑
D=1

ĨDB VD exp
(
9qD,=B

)
,

(12)

I=G =

*∑
D=1

*∑
D′=1
D≠D′

1
'

'∑
A=1

√
VD [H]∗A ,D

√
VD′ [H]A ,D′︸                          ︷︷                          ︸

Ĩ
D,D′
G =ĨDG Ĩ

D′
G

[
x=−1]∗

D
[x=]D′ ,

(13)

where qD,=B = ∠(B=D). The terms (9), (10) and (11) are noise
components, (12) is the distorted (since ' < ∞) received joint-
symbol and (13) is the inter-user interference.

The distribution of the received joint symbol can be obtained
using the independence of the terms in (8) and the analysis in
[7]. It utilizes the properties of the product of independent
complex circularly symmetric Gaussian variables [18], the
properties of the modified Bessel function of the second kind
and zero-th order [19], and the central limit theorem (CLT)
to approximate the distribution of each term. The distribution
of variables I=

6,1, ĨD
6,2 and ĨD

6,3, which are defined in (9)-(11),
can be asymptotically approximated for an increasing number
of antennas at the BS as

I=6,1 ∼ CN
(
0,
f4
a

'

)
, ĨD6,2, Ĩ

D
6,3 ∼ CN

(
0,
f2
a

'

)
, (14)
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Fig. 1. Block diagram of NC scheme in UL for the particular case of * = 2, V1 = V2 = 1 and two particular cases of individual constellations (M1 and M2).
These two individual constellations are properly designed by the proposed methods to produce a QAM joint-constellation (M).

and by using some straightforward manipulations

I=6,2, I
=
6,3 ∼ CN

(
0,
f2
a

'

*∑
D=1

VD

)
, (15)

since a phase rotation does not change the distribution of a
bivariate Gaussian. Focusing on (12) and using [20], it can be
shown that ĨDB is a one-dimensional random variable distributed
as ĨDB ∼ Γ

(
', '−1) . This term only affects the amplitude of the

signal, and thus, IDB is distributed as

5
(
<

{
I=B

}
| e=

)
=

*∑
D=1

Γ

(
',
VD

'
cos

(
qD,=B

) )
, (16)

5
(
=

{
I=B

}
| e=

)
=

*∑
D=1

Γ

(
',
VD

'
sin

(
qD,=B

) )
, (17)

where both (16) and (17) represent the summation of *
independent random variables, each following a Gamma dis-
tribution with a different scale parameter (VD and q

D,=
B ). We

can see that the distribution of this interference term, given
in (12), depends on the received joint-symbol, which is the
result of superimposing the symbols transmitted by all the UEs
(B=D). Hence, the design of a robust joint-constellation against
interference and noise terms is not straightforward since each
joint-symbol has a different distribution.

The term (13) is a sum of * (* − 1) independent terms, so
its conditional distribution given the differential symbols can
be expressed as

5

(
I=G | qD,=−1

G , qD
′,=
G , 1 ≤ D, D′ ≤ *, D ≠ D′

)
=

= 5

(
Ĩ1,2G

)
exp

(
9

(
q1,=−1
G − q2,=

G

))
∗

∗ 5
(
Ĩ1,3G

)
exp

(
9

(
q1,=−1
G − q3,=

G

))
∗ · · · ∗

∗ · · · ∗ 5
(
ĨD,D−1
G

)
exp

(
9

(
qD,=−1
G − qD−1,=

G

))
,

(18)

where qD,=G = ∠(G=D), ĨD,D
′

G , 1 ≤ D, D′ ≤ *, D ≠ D′ is the product
of ĨDG and ĨD

′
G distributed as CN (0, VD) and CN (0, VD′),

respectively. The analytical expression of 5

(
Ĩ
D,D′
G

)
can be

obtained by using [21], and it is shifted by the phase difference
between the differential symbols of each pair of UEs. Thus,
we can see that the distribution of (13) is generated by the
existence of multiple UEs, due to the fact that the off-diagonal
elements of H�H are non-zero values. Consequently, (13)
depends on the cross-product of the transmitted differential
symbol by each pair of UEs (phase difference between two dif-
ferential symbols), which complicates the design of the joint-
constellation due to the high number of possible combinations
(qD,=−1
G − qD

′,=
G ).

Since the terms of (8) are independent, the conditional
PDF of I= given the transmitted symbols of each UE can be
analytically obtained as a convolution of the PDF of each of
the terms computed in (14)-(18). Assuming equiprobable joint-
constellation elements, the decision of e= while receiving I=

can be done using (7) and maximum likelihood detection as

ê="! = arg max
e=
{ 5 (I= | e=, qD,=−1

G , qD
′,=
G )} ∈ M,

1 ≤ D, D′ ≤ *, D ≠ D′.
(19)

From the previous analysis, it can easily be observed that
the variances of the real and imaginary parts of I= increase
with increasing *. To reduce the symbol error rate (SER) and
based on the previous analysis, the different elements of the
joint-constellation should be placed such that the interference
among them is minimized. However, the complexity of the
constellation design significantly increases since the PDF
differs for each joint-symbol. Moreover, even if an optimum
joint-constellation is found, the individual constant modulus
constellations must produce that joint-constellation and fulfill
the individual requirements, described in Section II, which
may not be possible. This is aggravated by the interdependent
relation between the individual constellations of the users and
the PDF of the received joint-constellation in the base station.
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B. Effect of the Individual Constellations of the Users

In this section, the relation between the individual users’
constellations, the minimum distance in the joint-constellation
and the PDF of the joint-symbols are shown with some
particular examples of individual and joint-constellations. For
this purpose, we choose 4 different constellations of 2 users
with 4 symbols per user, as shown in Fig. 2.

Fig. 2. Constellations for 2 users with 4 symbols per user. From top to
bottom: Type A [8], Type B [8], EEP [9] and proposed MCO, left: individual
constellations, right: joint-constellation. Blue dots in the right show the 2
dimensional shape of the received symbols obtained via Monte Carlo for
' = 1000 and d = ∞.

The minimum distance between the elements in the joint-
constellation must be normalized as it is done in Eq. (17) of

[8], 3norm
min = 3min/

√∑*
D=1 V

2
D . The value of this distance for

the constellations shown in Fig. 2 is: 0.39 for Type A, 0.6325
for Type B, 0.4142 for EEP and 0.6325 for the MCO. Type A
reduces the distance exponentially with increasing number of
users and/or constellation sizes, EEP suffers from a distance

reduction in the inner circle, inherent to the constellation
definition structure (making the distance even 0 in some
configurations) and Type B is limited to DQPSK and the need
of specific average receive powers. The normalized minimum
distance (NMD) is directly related to the performance as it
was shown in [8], and hence, the larger the NMD the better
the performance. The NMD of the joint-constellation reduces
with a greater number of users *, and/or constellation sizes
"D , thus a decrease in performance. A regular M-QAM joint-
constellation maximizes the NMD, as ((" − 1)/6)−1/2, so
the minimum distance of any joint-constellation will fulfill
0 < 3norm

min ≤ ((" − 1)/6)−1/2, with " calculated by using (7).
Furthermore, it can be observed in Fig. 2 that the distribu-

tion of the received symbols around the theoretical (obtained
with ' →∞) ones in the joint-constellation varies depending
on the individual users’ symbols. Thus, the analysis made
in Eq. (17) of [8] is just valid as an approximation since
it assumes that the interference of all the joint-constellation
elements are bivariate Guassians, which is not the case as
shown in Fig. 2. The more similarity between the phases of
the individual constellation elements that compose the joint-
constellation element, the larger interference power projects
on its direction, while the opposite also holds. It can be
observed that the interference shapes of the joint constellation
elements depend on the individual constellations, and that by
changing the joint-constellation shape to minimize the effect
of the interference will result in the need to use different
individual constellations, thus creating a different interference
and resulting in a recursive problem in the design process.

IV. PROPOSED CONSTELLATION DESIGNS

Traditionally, the constellation design for coherent schemes
is performed for a single user, assuming that MIMO processing
based on CSI can separate the streams of the UEs. The
noise and interference terms are usually modelled as bivariate
Gaussians, and as such, QAM constellations are preferred.
Lastly, the bit mapping policy is often done using Gray coding.

However, the constellation design is more challenging for
NC schemes, especially for the multiuser case, as it was
demonstrated in Section III. At the same time, it is instrumen-
tal to achieve an efficient use of the time-frequency resources,
allowing to multiplex several users. In Fig. 1, we outline the
key points to improve the performance of the NC scheme
based on differential modulation. Firstly, the joint-constellation
M must be robust against the interference and noise terms
(see (8)-(13)). When differential modulation is used, QAM
constellations are not necessarily optimum since the noise and
interference terms do not follow a Gaussian distribution. Once
the joint-constellation is chosen, the individual constellation
for each UE (MD) must be found so that when combined for
all users, they create the adequate joint-constellation. However,
these individual constellations may not exist, forcing us to
choose an alternative joint-constellation. Finally, a bit mapping
policy is required to minimize the BER.

In this section, taking into account the mathematical in-
tractability shown in section III, we propose two approaches
(GAO and MCO) to obtain the desired constellation for
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each UE by numerically solving the identified non-convex,
non-linear and stochastic optimization problems. Due to its
potential to solve these types of problems, we choose evolu-
tionary computation (EC) (explained in the next section) as
the algorithm to solve the optimization problems defined in
GAO and MCO, which are explained after the EC. To make
certain that a good solution is attained, we ensure that the
performance obtained by our proposed algorithm is (at the very
least) better than that of the SoA or the most similar existing
scenarios (given the number of users and constellation sizes
of these users).

A. Evolutionary Computation (EC)

EC is a subfield of artificial intelligence [15], which is
composed of global optimization techniques based on mim-
icking biological evolution. It has been applied to produce
optimized solutions for a wide range of complex non-convex
optimization problems when classical optimization techniques
are not applicable, since the objective function is discon-
tinuous, non-differentiable, stochastic, or highly non-linear.
The EC complexity is characterized by the population and
generation sizes (#% and #� , respectively); hence, #% denotes
all possible solutions to the problem evaluated to generate new
descendants, and #� is the number of times the population
evolves. If #% and #� are properly set, very good (sometimes
optimal) solutions can be found, within a certain period of
time, for problems where the optimization parameters are
continuous, as explained in [22] and related works. Even
though EC techniques consist of an optimization search with
a random component, they ensure finding practical solutions
almost always to a wide range of problems in case they are
properly configured. This is in contrast with machine learning
techniques which easily end in local minima. To ensure the
convergence of our algorithms, we checked the convergence
curves for best and mean fitness (omitted in this work for
space constraints) in real time and verified that the algorithm
outperformed the state-of-the-art by a large margin.

From the discussion in Section III-A, we can observe that
the constellation design for a multiuser NC scheme based on
differential modulation turns into a mathematically intractable
problem, so a numerical optimization is proposed. The opti-
mization problems presented in (21), (23) and (24) not only
are non-convex, non-linear and stochastic, but they also show
a significant complexity. Given the EC benefits, we adopt the
genetic algorithm [23] as a solver. It is worth noting that
the approach followed in this manuscript can be extended to
other non-coherent techniques such as those based on energy
detection [4] or even to coherent techniques. The specific
configuration of the evolutionary algorithm depends on the
scenario parameters such as number of users, constellation
sizes and mean received power per user, which are detailed in
the next sections. For illustration purposes, the configurations
in this work are shown in Table III. In the next subsections, we
explain the two proposed design algorithms (GAO and MCO)
that utilize the GA as a solver of the numerical optimization
problems.

B. Gaussian-Approximated Optimization (GAO)

As a first approximation to simplify the design process
(valid for low SNR and ' values since the noise term (I=6)
dominates), the conditional distribution of I= given the trans-
mitted symbols of each UE provided in (19) is approximated
as a bivariate Gaussian distribution for all the joint-symbols in
the joint-constellation (M). Thus, the classical regular QAM
constellation [24] can be straightforwardly set as the joint-
constellation. The problem relies on finding the individual
constellations that resemble, as reliably as possible, a regular
QAM joint constellation.

To ease the notation, let us define the constellation vectors
for the objective normalized QAM joint-constellation, that is,
the joint constellation that we would like to approach as close
as possible, and the actual individual constellation of the D-th
UE, respectively, as

c =
[
21 · · · 2"

])
, c̃D =

[
[c̃D]1 · · · [c̃D]"D

])
, (20)

where [c̃]8 is the obtained joint-constellation and is defined as

[c̃]8 =
*∑
D=1

VD [c̃D]8D , 1 ≤ 8 ≤ ",
��[c̃D]8D ��2 = 1,

0 ≤ ∠
(
[c̃D]8D

)
< 2c, D = 1, · · · ,*, 8D = 1, · · · , "D .

The individual constellations must be found for each UE c̃D
such that, when combined with their corresponding VD , they
resemble the objective QAM joint-constellation as accurately
as possible. This is achieved by solving the following problem

min
c̃D ,β

U1

�������� c
| |c| |2

− c̃
| |c̃| |2

��������
2
+ U2

*∑
D=1

VD ,

s.t. 1 ≤ VD ≤ Vmax, U1 + U2 = 1.

(21)

The vectors c̃ and c are normalized in (21) to properly compare
them, Vmax is the maximum allowed ratio of the effective
received power between users, and the terms U1 and U2
are added to allow different ways to constrain the values of
VD , ∀D. When U1 << U2, the optimization problem forces the
same unitary power to all UEs (VD = 1, ∀D). Otherwise, when
U1 >> U2, it does not constrain VD values. The optimization
problem is non-convex and NP-hard, so we have to exploit
numerical methods based on EC to solve this problem. More
details are provided in Section IV-A.

After the individual constellations for each UE (c̃D , ∀D)
and the received power coefficients (VD , ∀D) are found as
a solution to (21), an adequate bit mapping policy for each
UE is required to guarantee a sufficiently low BER. To find
this bit mapping policy, since the decision is made over the
joint-symbols (c) and since we assumed a bivariate Gaussian
distribution for all joint symbols, we define an approximated
BER (%1) based on the use of the SER upper bound [25] for
a certain bit mapping policy and joint-constellation

%1 (�, c) =
"∑
8=1

"∑
8′=1
8≠8′

&

(����[c]8 − [c]8′ ����2)︸                  ︷︷                  ︸
? 9 ( [c]8 , [c]8′)

| |b8 − b8′ | |1
" log2 "︸        ︷︷        ︸

%̂1 (�, [c]8 , [c]8′)

(22)
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Algorithm 1 Constellation design based on GAO
1: procedure GAO(" , *, U1, U2)
2: c ← "-QAM ⊲ Constrain the joint-constellation
3: c̃D ← SearchInd(c, *, U1, U2) ⊲ Individual constellation
4: � ← SearchPolicy(c̃D , c) ⊲ Bit mapping
5: end procedure

where ? 9
(
[c]8 , [c]8′

)
is the joint-symbol error rate pro-

duced by the decision of [c]8′ when [c]8 is transmitted and
%̂1

(
�, [c]8 , [c]8′

)
is the BER produced by the miss-decision

of the joint-symbol (as the errors shown in Fig. 1). In this
problem, b8 = 6−1

�
(�, [c]8) is obtained with the inverse of the

bit mapping function 6−1
�
(•) which inputs the joint symbol

[c]8 and the bit mapping policy applied at the UEs $D .
Hence, the optimization problem for obtaining the optimum

bit mapping policy for each UE can be described as

min
�

%1 (�, c) ,

s.t. $D ∈ BD , �D = |BD | = "D!,
[$D]8D ≠ [$D]8′D , 8D ≠ 8

′
D , 1 ≤ 8D , 8′D ≤ "D ,

(23)

where BD is a set of bit mapping policies for the D-th UE
that contains all the possible permutations of policies. The
restriction [$D]8D ≠ [$D]8′D indicates that different symbols
of the individual constellation of UE D cannot be mapped to the
same bits. This is a finite integer optimization problem which
can be solved by exploiting an exhaustive search. Nevertheless,
we propose to use numerical methods based on EC when the
complexity is too high, as shown in Section V.

Algorithm 1 provides a summary of the GAO. Firstly, "-
QAM is chosen for the joint-constellation. Then, the individual
constellations fulfilling (21) are obtained. Finally, the bit
mapping policy for all UEs is obtained with (23).

C. Monte-Carlo based Optimization (MCO)

The complex circularly-symmetric Gaussian approximation
employed by GAO is much faster but not accurate enough for
several realistic scenarios, and thus, it provides a suboptimal
solution. Nevertheless, this solution is still useful as an initial-
ization to the MCO, as will be seen in Sec. V. In addition,
the joint-constellation shape and bit mapping policy are done
in two separate steps, which limits the GAO possibility to
explore a more diverse set of solutions. We propose to use the
MCO, where no assumptions on the joint-constellation shape
are considered and the bit-mapping policy is co-designed
with the joint-constellation shape. It is based on the Monte-
Carlo method to numerically evaluate the performance in
terms of BER of the candidates at each iteration. The MCO
optimization problem is expressed as

min
c̃D ,β

U1

*∑
D=1
[ε]D + U2

*∑
D=1

VD ,

ε = 6"

(
f2
a , ',�,β, ĉ, #B , #A

)
s.t.

��[c̃D]8D ��2 = 1, 0 ≤ ∠
(
[c̃D]8D

)
< 2c,

D = 1, · · · ,*; 8D = 1, · · · , "D; 1 ≤ VD ≤ Vmax,

[ĉ] = [c̃1, · · · , c̃* ]) , U1 + U2 = 1, $D ∈ BD ,

(24)

Algorithm 2 Constellation design based on MCO
1: procedure MCO ("D ,#% ,#� ,f2

a ,',�,#B ,#A ,U1,U2)
2: [cini

D , Vini
D ] ← Init("D , *) ⊲ Init.

3: [citer
D ,Viter

D ] ← OptCtrl(cini
D ,Vini

D ,#% ,#�) ⊲ Control Init.
4: while stop==false do
5: ε ← MonteCarlo(cit

D , Vit
D , f2

a , ', �, #B , #A )
6: 5obj ← Evaluation(ε, Vit

D , U1, U2) ⊲ Evaluate
7: [cit

D , βit
D , stop] ← OptCtrl(cit

D , Vit
D , #% , #� , 5obj) ⊲

Control
8: end while
9: output: Vend

D ←Vit
D , 5 end

obj ← 5 it
obj, cend

D ← cit
D

10: end procedure

where ε is a vector of size (* × 1) that contains the BER of
each UE and 6" (·) denotes a function to obtain this BER
for a particular set of system parameters. Similar to (21), this
optimization problem is non-convex and NP-hard. Hence, we
propose to solve it by using numerical methods based on EC
detailed in Section IV-A.

Fig. 3 provides a block diagram of the implementation of
MCO, and Algorithm 2 shows its pseudocode. The Monte-
Carlo block performs a link-level simulation as described
in Section II. The scenario conditions of the optimization
problem are ' and f2

a , and the Monte Carlo simulation
performs #A realizations of the channel and noise, without
any constraint on their characteristics. Given the scenario
conditions, the chosen individual constellations (c̃D), the ratio
of average received power per user (VD) and the bit mapping
policies (�) of all UEs at each iteration, the Monte-Carlo
block obtains the BER performance of all the UEs (ε of size
(* × 1)). To attain an accurate enough BER, we can configure
the number of symbols transmitted by each UE (#B) at each
iteration and the number of iterations (#A ). The optimization
control and its stop criterion are defined by the design engineer
and new solutions are provided according to the evaluation
from previous iterations. Both blocks continuously exchange
#% sets of cD , VD and evaluations up to #� times.

Mu

𝐜u
iter, βu

iter

α1, α2

𝐜u
end, βu

end, 1 ≤ u ≤ U

Optimization 
Control

YESNO

INPUT

OUTPUT

Ns, Nr

Init

Stop?

1 ≤ u ≤ U

Evaluation

Monte-Carlo 
Simulation

𝛜

𝜎ℎ
2, fD,
R, σν

2𝚷NG, NP

𝐜u
ini, βu

ini

𝛼1∑ 𝜖 𝑢 + 𝛼2∑𝛽𝑢

Fig. 3. Block diagram of MCO.

V. COMPLEXITY ANALYSIS AND STRATEGIES FOR ITS
REDUCTION

In this section, we analyze the complexity of the proposed
design techniques and then, we propose strategies to reduce
their complexity without losing performance.
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A. Complexity Analysis

The EC complexity depends on the population size (#%)
and number of generations (#�) [26]. They must be se-
lected to facilitate a sufficient search of the possible results
to the optimization problem. The values for #% and #�
should be proportional to the dimensionality of the problem
(#� =

∑
"D), which corresponds to the number of variables

to optimize (#� ∝ #%#�), to ensure an adequate solution
is found. Nevertheless, they are typically obtained with some
trial, error and observation of the convergence [27], [28].

To provide insight into the complexity, we look at the di-
mensionality of the problem. Furthermore, for each population
element, we account for the number of required complex
products (#×) and sums (#+) [29]. Table I summarizes the
complexity comparison for GAO and MCO.

The first optimization of GAO (21) comprises the match-
ing between the normalized target QAM constellation c and
the obtained joint-constellation c̃. The dimensionality of the
problem depends on "D and *. At each iteration, the mean
squared error (MSE) between the points of the target QAM
and the obtained one is calculated. The number of products
and sums is conditioned by the MSE computation.

The second optimization problem of GAO (23) is an integer
optimization problem that can be solved by an exhaustive
search, since the possible amount of combinations is finite.
According to (23), the number of possible bit mapping policies
depends on the constellation sizes of the users. Each user can
map a different set of bits for each symbol, without repetition.
Therefore, considering that user D has a constellation size "D ,
the first symbol can be mapped to "D different bit mapping
sets {1, 2, · · · , "D}. Once the first symbol is mapped to one bit
mapping policy, the second symbol can be mapped to "D − 1
different bit mapping policies. We repeat until symbol "D ,
so user D has a total of "D × ("D − 1) × · · · × 1 = "D!
bit mapping policies. Considering that the users’ bit mapping
policies are independent, the amount of possible bit mapping
policies is #" =

∏*
D=1 "D! > #%#� . Even though the

exhaustive search is feasible, we propose the use of EC for
solving this optimization problem to increase the efficiency
when #" is very large. In Section VI, we provide a numerical
comparison to verify this point. The number of operations
required (complex products and sums) at each iteration is
determined by the computation of (22).

Finally, the dimensionality of MCO is the same as that of the
first step of GAO. However, the complexity at each iteration
is much higher for MCO due to the Monte-Carlo simulations.
The number of operations is due to the simulation of the
differential encoding/decoding, channel propagation, spatial
averaging, joint-symbol decision and BER computation. Addi-
tionally, these operations are repeated #B ×#A times to obtain
an accurate enough BER estimation.

B. Strategies for Complexity Reduction

First, we note that the complexity of both steps of GAO is
low enough to make the computation time negligible for to-
day’s computational capabilities. On the other hand, the MCO
complexity is much higher, since a Monte-Carlo simulation is

executed for each member of the population in each genera-
tion. Typically, #� and #% should be large enough to produce
a high number of diverse potential solution candidates to be
evaluated [26], to obtain a reliable-enough global minimum.
However, this method (denoted as S1) excessively increases
the execution time for the proposed MCO. Accordingly, we
propose two strategies (S2 and S3) to reduce the complexity.

S2 is based on a hierarchical search to reduce #% and
#� without sacrificing the performance, being built on two
phases: exploration and refinement. In the exploration phase,
the evolutionary algorithm is run with a very small number
of #� , #% , and a small number of #A and #B to reduce
the execution time as much as possible. Hence, a better than
random but still low-accuracy solution is found. This solution
initializes a new run of the evolutionary algorithm in which
#B and #A are increased, and then a more accurate solution is
obtained. Both phases can be repeated several times, increasing
#% and #� in each cycle, until a convergence criterion is met,
always ensuring the summation of the product #%#�#B#A
for all iterations is lower than that of S1. As we will show
in Section VI, the complexity is reduced to about one third
of the S1, without losing on the performance of the obtained
solutions.

Additionally, the solution obtained for GAO can be used as
an input for MCO with reduced #� and #% . We first find a
suboptimal but better than the SoA solution with GAO, and
then refine it with MCO. This strategy is referred to as S3.
The complexity is reduced to about one fourth compared to
the S1, without losing performance, as shown in Section VI.

A last strategy makes use of the solution obtained from
MCO for a particular scenario (fixed number of antennas,
particular propagation channel and SNR). To explore other
similar scenarios, we propose that the solution is employed
as the initial point for the optimization problem in the new
scenario, and we denote this strategy as S4. As we will show
in Section VI, the complexity is reduced about some tens with
respect to the S1, without losing performance.

VI. PROPOSED CONSTELLATIONS AND IMPLEMENTATION
ASPECTS

In this section, we first propose a set of constellations, ob-
tained with the proposed design techniques, for the multiuser
scenario of the UL of NC massive SIMO. Second, we give
insights on how to implement them in real scenarios.

A. Proposed Constellations

We provide a set of constellations in Table II, which have
been obtained with the strategy S3 of Section V with the
parameterization in Table III and setting a random initial
population. While each constellation has been determined for
a certain ' and d, it can be used for any values in a realistic
range. These constellations outperform the SoA, as shown in
Section VI, and can be used to propose constellations for new
scenarios with different users and constellation sizes (even
among users).

To read the table, please note we provide for each scenario
* vectors of the form Φ = [ΦD1Φ

D
2 · · ·Φ

D
"D
], where ΦD<D is
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TABLE I
COMPLEXITY COMPARISON FOR GAO AND MCO.

Technique #� #× per iteration #+ per iteration
GAO - Individual constellation * +∑*

D=1 "D
∏*
D=1 "D

∏*
D=1 "D

GAO - Bit mapping policy
∑*
D=1 "D

(∏*
D=1 "D

)2 (∏*
D=1 "D

)2

MCO (without complexity reduction) * +∑*
D=1 "D #B#A

(
' (* + 1) + 2

∏*
D=1 "D

)
#B#A

(
' (* + 2) + 3

∏*
D=1 "D

)

the phase in radians for the constellation element <D of user
D (1 ≤ <D ≤ "D , 1 ≤ D ≤ *, where "D is the constellation
size of user D). A specific constellation element <D of user D
can be found as BD<D = exp 9ΦD<D . The mapping of element <D
is obtained with a decimal to binary conversion of <D −1. An
example of a constellation for 2 users with quadrature phase-
shift keying (QPSK) (M = [4 4], β = [1 1]) is shown in
Fig. 4 and another one for 3 users with QPSK (M = [4 4 4],
β = [1 1 1]) is depicted in Fig. 6.

B. Applicability in Real Scenarios

We obtained constellations by means of an offline opti-
mization using different scenario parameters (', dD , E, etc.).
The complexity of the online stage is not affected in any
case by the complexity of the offline design technique, and
only the constellations look-up table is different from the
previous solutions in the SoA. These constellations minimize
the average BER of the users for the scenario parameters for
which they have been designed. Nevertheless, the proposed
constellations work well for any operative values of d and '.

If a better performance is desired at the expense of increas-
ing the complexity, we may obtain constellations optimized for
different ' and d values (results are more sensitive to ' than
to d, as shown in Section VII), for the different combinations
of users and constellation sizes. In this case, the proposed set
of solutions would be much larger. It is worth noting that each
scenario will have a fixed ', so in practice the constellations
should be designed for that ' and for a few d values.

Given the improved constellations and VD values for a
certain scenario, the scheduler at the BS may perform a user
grouping, power control strategy (considering the dD of the
users) and modulation and coding scheme (MCS) assignment,
similarly to what is done, for example, in non-orthogonal
multiple access systems [30]. Based on this strategy, it would
be decided which users should be multiplexed with which
MCS and powers to share the same time-frequency resources,
with the goal of optimizing some non-coherent multiuser
massive SIMO network parameter. The user grouping and
power allocation can take advantage of the different path-loss
suffered by each user to help minimize the power consumption
of the users. It is worth noting that a user re-grouping would
be performed by the BS only when the large-scale effects vary
significantly (which happens slowly). This can be triggered by
two factors: some users appear or disappear from the network
or the power usage required by at least one user exceeds
a predefined threshold. A detailed investigation of the user
grouping, power control and MCS assignment is part of a
future work.

VII. NUMERICAL RESULTS FOR PERFORMANCE AND
COMPLEXITY

In this section, we first present the performance of the most
representative constellations, utilizing both an IID Rayleigh
channel and a geometric realistic channel that undergoes both
spatial and time correlation. Second, we show numerical
results for the time complexity of the EC algorithm and
validate the theoretical complexity analysis. Last, we provide
results that justify the use of NC over coherent massive MIMO
for channels with very high mobility and/or low SNR.

A. Performance Evaluation

First, the case of 2 users with QPSK is shown since it has
been used in the SoA as a baseline case. It is important to
demonstrate the capabilities of our design technique and the
proposed solution with respect to the previous work. Second,
the case of 3 users with QPSK, 2 users with 8PSK and 4
and 5 users with BPSK are shown since the SoA solutions
for these scenarios proved to be very limited in terms of
performance. Thus, we show that our proposed solution can
greatly overcome the SoA limitations. Last, the case of 3 users
with different constellation sizes is shown to illustrate that
we overcome another limitation of the SoA, namely that the
previous works could not propose any set of constellations
with different sizes for an arbitrary number of users (e.g.
* = 3 was not possible for several constellation sizes),
while our solution can. The configuration of the evolutionary
algorithm for each scenario is calculated following Table III,
by setting * and "D accordingly. We show the individual
and joint constellations and the average BER of the uncoded
constellations. We compare our solutions with the constellation
designs in [17]. To ease the understanding of the results,
the individual elements in the constellations are tagged by a
number 8, which corresponds to the sub-index of the complex
symbols (28 and 2D

8
), described in (20). Each 8 indicates a bit

mapping that results from the decimal to binary conversion of
8 − 1.

1) Scenario with * = 2 and "D = 4 ∀D: In this scenario,
there are two UEs, where each UE has a constellation of size
"D = 4. Moreover, in this subsection, the MCO results are
obtained by setting ' = 100 and SNR = 0 dB. The solutions
obtained here are superior to the ones of Type A in [8],
which is worse than Type B, so we restrict the comparison
to the latter due to space limitation. When U1 >> U2, both
GAO and MCO obtain the same solution as the constellation
Type B given in [8] (V1 = 1 and V2 = 2), where each
individual constellation corresponds to a 4-QAM and the joint-
constellation corresponds to a 16-QAM. When U1 << U2, the
solution for both GAO and MCO is V1 = V2 = 1. In Fig.
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TABLE II
PROPOSED CONSTELLATIONS (PHASES IN RADIANS) FOR DIFFERENT* , "D AND VD . COLUMN �, HAS* VECTORS WITH "D ELEMENTS EACH.
* M VD �

2

2 2 1 1 0 3.14 1.57 4.71
2 4 1 1 5.87 2.71 1.89 0.87 4.31 5.53
2 4 1.3 1 3.69 0.41 1.53 4.63 2.88 5.98
2 4 1 1.95 2.3 5.84 2.49 0.97 4.49 5.61
2 8 1 1 5.87 4.37 3.53 0.82 4.76 2.14 1.49 0.2 5.67 5.20
2 8 1 1.5 3.11 0.58 0.44 3.8 3.06 4.6 1.07 1.87 6.14 5.16
2 8 1 1.8 3 0.11 2.8 0.92 4.41 1.58 5 3.35 5.9 0.16

2 16 1 1 1.08 4.42 2.55 0.1 0.9 3.6 1.91 4.94 1.22 5.56 2.79 0.47 3.01 3.32 2.17 5.21 1.53 5.95
4 4 1 1 0.98 4.11 1.88 5.03 0.33 5.68 2.65 3.51
4 4 1 2 0 3.14 1.57 4.71 0 3.14 1.57 4.71
4 8 1 1 2 1.08 4.64 3.82 3.4 2.91 1.69 2.01 5.41 2.58 0.2 5.99
4 8 2 1 1.94 0.23 3.47 5.03 4 3.26 4.73 5.27 1.75 2.64 0.29 6.07

4 16 1 1 3.85 3.23 0.22 0.87 1.53 1.33 1.88 1.15 2.85 5.61 5.21 5.42 2.28 0.15 2.14 4.28 2.51 6 4.95
4 16 1 1.4 2.52 4.56 5.5 1.48 0.5 6.2 3.46 3.77 1.5 0.7 3.3 0.85 5.6 4.43 3.06 0.27 1.3 5.92 4.14 2.5
4 16 2 1 3.05 1.5 4.64 6.05 1.04 1.37 0.7 1.08 6.07 5.8 0.18 6.06 2.52 1.9 3.05 3.6 5.04 5.44 4.36 4
8 8 1 1 1 0.6 3.65 3.24 6 0.2 4.17 2.92 4.93 5.3 4.46 5.74 2.21 1.72 2.57 1.29
8 8 1.12 1 5.5 5.75 5.2 6 3.2 2.36 1.8 2.7 1 4.55 0.68 1.5 0 5.06 4.08 3.57

3

2 2 2 1 1 1 3.39 0.24 4.9 0.35 1.77 4.99
2 2 4 1 1 1 6.05 2.67 1.35 4.54 2.46 1.89 3.16 1.32
2 2 4 1.8 1.8 1 0.12 2.87 1.58 4.44 3.91 5.64 2.31 0.8
2 2 4 1 1.2 2.6 3.54 0.74 4.3 2.37 4.21 2.44 0.96 5.73
2 2 8 1 1 1 3.99 2.73 0.84 4.17 1.61 5.53 2.06 3.14 4.96 6 0.21 2.55
2 2 8 1 1.2 3.3 0.31 2.7 1.23 4.35 0.9 2.57 3.68 5.36 0.53 2.22 4.14 5.75
2 2 8 1.4 1.4 1 3.42 0.4 1.68 4.73 3.81 6.07 4.68 5.34 0.76 3.01 1.38 2.1
2 4 4 1 1 1 1.5 4.38 1.7 6.24 4.85 3.38 3.06 6.08 2.57 5.48
2 4 4 1.6 1.5 1 3.06 6.08 1.38 0.75 3.9 4.5 4.41 2.62 5.75 1.55
2 4 4 1 1 2.7 4.44 1.39 6.28 1.82 5 3.14 4.82 0.44 3.37 1.63
2 4 8 1 1 1 2.61 6.24 4.65 6.1 1.76 1.22 0.45 4.06 0.82 3.74 0.09 3.17 1.15 3.49
2 4 8 1.6 1.5 1 4.29 1.63 0.4 5.45 2.4 3.2 0.37 0.8 0.05 5.96 1.56 1.17 3.46 2.88
4 4 4 1 1 1 3.01 1.14 6.05 4.45 3.64 3.2 1.68 5.55 5.03 0.99 1.88 4.12
4 4 4 1 2.53 1 3.61 5.82 2.68 0.46 2.36 0.79 3.93 5.5 5.18 1.11 4.25 2.03
4 4 4 1 2 4 0 1.57 3.14 4.71 0 1.57 3.14 4.71 0 1.57 3.14 4.71

4

2 2 2 2 1 1 1 1 5.06 3.93 5.9 0.69 1.72 4.78 0.13 3.24
2 2 2 2 2.1 1 2.1 1 3.87 0.55 5.38 2.2 5.29 2.32 3.85 0.6
2 2 2 4 1 1 1 1 5.84 2.54 0.87 4.51 4.61 2.5 3.4 1.88 4.19 0.44
2 2 2 4 2.4 1.4 2.4 1 2.85 5.97 3.63 0.58 4.75 1.32 6.01 4.77 1.62 3
2 2 2 8 1 1 1 1 5.89 1.01 2.96 5.58 4.17 1.14 4.95 5.3 0.3 0.64 1.7 3.5 2 3.95
2 2 4 4 1 1 1 1 0.91 1.33 3.96 4.4 3.15 0.06 2.63 5.89 5.57 2.4 0.42 3.87
2 2 4 4 3.3 3.1 1 2.3 4.23 1.21 2.49 5.78 5.15 3.42 0.28 1.9 1.78 0.38 5.01 3.46

5 2 2 2 2 2 1 1 1 1 1 5.1 2.19 2.43 4.2 0.49 3.76 3.32 0.05 1.37 4.58
2 2 2 2 2 1 1.1 1.6 3.4 2 0.58 4.53 4.65 2.55 3.65 0.33 3.3 6.26 1.9 5.2

4, we show the individual constellations (top) for the case of
V1 = V2 = 1, and the resulting joint-constellations (bottom),
for the EEP [9], GAO and MCO schemes (from left to right).
For GAO and MCO, the constellation is the same and it is a
16-QAM (rotated for the MCO). For EEP, the joint-symbols
placed at the inner circle have a very small distance to each
other, which degrades the performance.

In Fig. 5, we plot the average BER of both UEs for the
EEP, GAO and MCO, where GAO and MCO significantly
outperform EEP. The bit mapping policy is key to the perfor-
mance of the system, as shown by intentionally replacing the
bit mapping policy by a bad one denoted "bad map" in Fig.
5, where we can see the performance degradation. Moreover,
by inspecting Fig. 4, we can understand that GAO and MCO
reduce the BER with respect to EEP by increasing the distance
among joint symbols and reducing the pairwise bit errors.

2) Scenario with * = 3 and "D = 4 ∀D: In this scenario,
we increase the number of UEs to three, and each UE has an
individual constellation of size "D = 4. The results provided
by the MCO are obtained for ' = 400 and SNR = 3 dB. In Fig.
6, we show the individual constellations (top) for both UEs
and the joint-constellation (bottom) for EEP, GAO and MCO
(from left to right), when VD = 1, ∀D. EEP cannot be used
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Fig. 4. Constellations for 2 users with 4 symbols per user with VD = 1.
From left to right: EEP, GAO and MCO. Top: individual users constellations,
bottom: joint-constellation.

for three UEs as different combinations of individual symbols
generate the same joint-symbols, since 11 joint-symbols out of
64 are equal in the complex-plane, thus creating an error floor
of 11/64 ≈ 0.172, something avoided by GAO and MCO.
In Fig. 7, we provide the average BER vs. d; our proposed
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Fig. 5. BER vs. d for 2 users and 4 symbols per user with VD = 1.

schemes significantly outperform EEP, and MCO performs
the best. In fact, these results confirm the mentioned error
floor of EEP. Additionally, we show with black crosses the
performance when MCO is trained for d values different from
the one used for the optimization, leaving ' unchanged. It can
be seen that the effect of d is almost negligible in the case of
the MCO, except for very low d values. Additionally, we show
an example of the combination of the proposed constellations
with channel coding, which is common practice in wireless
communications standards, so the BER performance can be
significantly improved. The chosen coding scheme is a 1/2-
rate low density parity check code (LDPC) with a block of
8424 bits, which is used in 5G [1], and the performance is
improved by about two orders of magnitude. In Fig. 8, we
provide the average BER vs. the number of antennas (');
again, EEP has an error floor irrespective of the number of
antennas, GAO outperforms EEP and MCO outperforms both
GAO and EEP. In this case, the black crosses show the BER
obtained when MCO is trained for the same d and ' is set
to values different from the one used for the optimization.
Additionally, the effect of ' is considerable when its value is
relatively large, contrary to what happened with the SNR. In
any case, these results demonstrate that it is feasible to use the
constellation design for a particular d and/or ' and for a wide
range of operational values without additional offline training.

If we do not restrict VD values (U2 = 0) in the objective
function of GAO and MCO, the obtained solution is the same
as given by Type B in [8]. Furthermore, if we set U1 ≈ U2,
GAO and MCO provide different solutions than the previous
ones. In this case, the constellations of user 1 and user 2
will be equal to the ones in the top-center constellation in
Fig. 4, while the constellation of the third user will be a
classical QPSK. For this configuration, two different solutions
were found, depending on how U1 and U2 were set, one with
power terms V1 = V2 = 1 and V3 = 2.53 and the other
one with V1 = V2 =

√
10 and V3 = 1. In both cases, the

joint constellation resembles a 64-QAM constellation. We do
not show the BER performance due to space constraints. The

Fig. 6. Constellations for 3 users with 4 symbols per user with VD = 1.
From left to right: EEP, GAO and MCO. Top: individual users constellations,
bottom: joint-constellation.
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Fig. 7. BER vs. d for 3 users and 4 symbols per user with VD = 1, for
' = 256 and ' = 1024. Black crosses show the best performance with MCO
optimized for those values. The performance with LPDC-1/2 coding is shown.
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Fig. 8. BER vs. ' for 3 users and 4 symbols per user with VD = 1, for
SNR=-3 dB and SNR=10 dB, for the EEP, the GAO and the MCO. Black
crosses show the best performance with MCO optimized for those values.

results for the multiuser scenario show an error floor caused
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by the interference between users. Thus, we recommend to
restrict the operational values to

∏*
D=1 "D ≤ 64 (Table II).

3) Scenario with * = 2, "D = 8 and VD = 1, ∀D: We
set two UEs and a constellation size of "D = 8. The results
provided by MCO are obtained for ' = 300 and SNR = 0 dB.
In Fig. 9, we show the individual (top) and joint constellations
(bottom) obtained with EEP, GAO and MCO (left to right).
In this case, the constellations obtained with GAO and MCO
are virtually the same, with the MCO being a rotated version
of that of the GAO. For the case of EEP, the distance of the
joint-symbols placed at the inner circle is very low, increasing
the average BER. On the contrary, both GAO and MCO try to
keep the same distance among the neighbour joint-symbols.
The bit mapping policies are different, as observed from Fig.
9b and Fig. 9c, but the performance is the same, since several
bit mapping policies are equivalent, due to the symmetry of
the constellations.

Moreover, "D > 8 can be performed with GAO and MCO,
and the results follow the same strategy as for "D = 4 and
"D = 8. However, their BER performance is degraded since
the distance among joint-symbols is reduced.

(a) Individual EEP.
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Fig. 9. Constellations for 2 users with 8 symbols per user with VD = 1, ∀D.

We do not show a BER comparison for this scenario
for space economy. Nevertheless, we can indicate that the
improvement of the BER with ' and the d for EEP is lower
than that for GAO and MCO. This is caused by the reduced
distance in the inner circle of the joint constellation. GAO and
MCO have the same performance and both outperform EEP.

4) Scenario with * = 4 and * = 5 for "D = 2 ∀D:
In this scenario, we simulate 4 and 5 users, all with BPSK
and VD = 1, for the EEP and the proposed constellations in
Table II (obtained with S3). The results shown in Fig. 10 are
obtained for ' = 1000 for both an IID Rayleigh channel
and a standard geometric wideband (GEO) channel defined
in TR 38.901 3GPP. The EEP is clearly outperformed by our
proposal.

5) Scenario with * = 3 with different constellation sizes:
In this case, we set 3 UEs with different constellation sizes
(BPSK for the first user, and QPSK for the other two), to
show that both GAO and MCO can cope with this type of
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Fig. 10. BER vs. d for 4 and 5 users and 2 symbols per user with VD = 1,
for ' = 400, for an IID and a GEO 3GPP channel. Continuous line for S3
MCO and dashed for EEP.

constraints. EEP is limited to having the same constellation
sizes for all UEs. In Fig. 11, the individual constellations are
shown on top, and the joint constellations are shown at the
bottom. From left to right, we have the solution of the GAO
for VD = 1, ∀D, the MCO for VD = 1, D and both the GAO
and MCO for β = [1, 2, 2.4], which were the received powers
obtained for U1 ≈ U2. The BER performance is better for the
MCO than for the GAO with VD = 1, D, and the solution
with β = [1, 2, 2.4] outperforms the other. Nevertheless, the
BER performance is not added for space economy.
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Fig. 11. Constellations for 3 users with " = [2, 2, 4]. The results in the
right are obtained with β = [1, 2, 2.4]

B. Complexity of the Offline Optimization

The constellations proposed in Section VI-A have been
obtained with the parameterization in Table III. For strategy
S2, we indicate the cycle and step as (cycle-step). The total
complexity is decreased by around 3 times for S2 with respect
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to the strategy S1, but the total number of generations is greater
and the total population size is similar. The solutions obtained
for the S1, S2, S3 and S4 strategies are virtually identical and
their differences manifest mainly in rotations and very small
variations in the position of the symbols. The variables of both
GAO and MCO S1 have been randomly initialized.

TABLE III
CONFIGURATION OF #� , #% , #A AND #B FOR DIFFERENT STRATEGIES.

#� #% #A #B
GAO 1st 4(* +∑

"D) 20(* +∑
"D) - -

GAO 2nd 30 300 - -

MCO S1 6(* +∑
"D) 20(* +∑

"D) 1000 1000
MCO S2 (1-1) 2(* +∑

"D) 5(* +∑
"D) 100 100

MCO S2 (1-2) 2(* +∑
"D) 5(* +∑

"D) 100 100
MCO S2 (2) 3(* +∑

"D) 10(* +∑
"D) 1000 1000

MCO S4 * +∑
"D * +∑

"D 1000 1000

As the previous results evidence, MCO has the best per-
formance, outperforming the existing solutions and GAO, at
the expense of increasing the complexity. In Section V, four
different strategies were introduced to reduce the complexity,
while obtaining the same results. In Table IV, we provide
the total number of operations and execution time per design
technique and strategy. GAO (1) and GAO (2) refer to the first
and second step of GAO, respectively. All times are obtained
for a processor AMD Ryzen 7 2700X 3.7 GHz. GAO uses a
single processor and MCO uses parallel processors (12 times
faster). Nevertheless, GAO performs on average around 10k
operations per second and MCO around 150k operations per
second per processor (as per Matlab matrix multiplication).

C. Non-coherent versus Coherent Scheme Performance

In this subsection, we consider a multipath time-varyimg
channel and an implementation with OFDM modulation ac-
cording to the 5G new radio numerology. To obtain the results,
the coherence time is calculated as )2 = 0.15 5 −1

�
[31], where

5� is the maximum Doppler frequency. To implement time
correlation effects we use the autocorrelation model of (2)
in [32]. We also consider that the duration of an OFDM
symbol is the inverse of the separation between subcarriers
)B = 1/Δ 5 . We can obtain the ratio of coherence time to
the OFDM symbol duration as #�) = )2/)B , which is given
in Table V for 5G scenarios with very high mobility at 500
km/h (maximum speed for 5G). Only the values that are
compatible with the allowed combinations of carrier frequency
( 52) and subcarrier spacing (Δ 5 ) in the 5G standard are shown;
otherwise they are marked with “-” in the table. The coherent
scheme uses channel estimation based on zero-forcing with
pilot symbol assisted modulation (PSAM), as done in [7].

The results are shown in Fig. 12 for different #�) values
and multipath channels with a delay spread (fg < 1`s), so the
minimum coherence bandwidth is �2 ≈ 1/(5fg) = 200 kHz.
Performing the differential encoding of the NC scheme over
the frequency domain [10] and following the 5G standard [1],
4 out of 14 OFDM symbols correspond to reference signals
for each slot. The SNR (d) for the coherent scheme has been
penalized as 10d/14 due to the channel estimation overhead.
For high d, the NC outperforms the coherent scheme except

for #�) ≥ 10. For #�) ≤ 5, the NC outperforms the coherent
scheme for all d values. Also, the NC outperforms the coherent
counterpart in the low d regime even for large #�) .
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Fig. 12. Non-coherent ("D = [4 4] and VD = [1 1] from Table II) vs.
coherent scheme (2 users with regular QPSK) for '=128, for different #�) .

VIII. CONCLUSIONS

We have proposed new constellations using a novel tech-
nique based on evolutionary computation (EC) for the NC
massive SIMO in multiuser UL scenarios. The proposed
constellations outperform the state-of-the-art solutions.

We have shown that a classical analytical approach is
intractable and proposed two different approaches for solving
this problem, referred to as GAO and MCO. The former
obtains the individual constellation and the bit mapping policy
for each UE by solving two different optimization problems
with a constrained complexity and considering assumptions
about the PDF of the received joint-symbols. The latter de-
termines the constellations and the bit mapping policies in a
single optimization problem by evaluating the system BER
using a Monte-Carlo simulation. The numerical results have
verified our analysis of the distribution of the received joint-
symbols, and shown that both GAO and MCO significantly
outperform the existing constellations, in different channel
types, while MCO outperforms GAO in most scenarios. It is
thus corroborated that the proposed constellations work well in
realistic channels and outperform the state-of-the-art. We have
also presented the time complexity and number of operations
for each scenario, confirming the validity of our complexity
analysis.

This work contributes to the improvement of the perfor-
mance of NC schemes combined with large number of anten-
nas, with an offline design of the constellations. It has shown
the viability of the proposed constellations to multiplex a
moderate number of users with moderately large constellation
sizes in the same time-frequency resources. This is a signifi-
cant improvement with respect to previous NC constellations
in the literature and paves the way to achieving even better
multiplexing capabilities, particularly in scenarios where NC
schemes outperform coherent ones.
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TABLE IV
NUMBER OF PRODUCTS (#×) AND EXECUTION TIME () ) FOR DIFFERENT TECHNIQUES AND SCENARIOS (#× | ) ).

N× | T GAO (1) GAO (2) MCO S1 MCO S2 MCO S3 MCO S4
U=2, M=[4 4] 128·103 13s 15.4·103 2.3s 7.6·1010 12h 3.32·1010 5h 5·108 347s - 352s

U=3, M=[4 4 4] 1152·103 116s 5.8·103 573s 2.51·1011 39h 1.1·1011 17h 2·109 1231s - 1302s
U=2, M=[8 8] 1659·103 167s 8.2·109 1.1h 2.83·1011 44h 1.24·1011 19h 2.2·109 5003s - 1315s

U=3, M=[2 2 4] 155·103 16s 2.56·103 0.7s 9.2·1010 14h 4·1010 6.2h 8·108 367s - 371s

TABLE V
RATIO OF )2 AND OFDM )B (#�) ), FOR E = 500 KM/H FOR DIFFERENT
CARRIER FREQUENCIES 52 IN GHZ AND CARRIER SPACING Δ 5 IN KHZ.

#�) Δ 5 = 15 Δ 5 = 30 Δ 5 = 60 Δ 5 = 120 Δ 5 = 240
52 = 0.7 7 15 29 - -
52 = 3.6 1.4 2.8 5.6 - -
52 = 27 - - - 1.5 3
52 = 54 - - - - 1.5
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