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Abstract

TheclassicalKramersamplingtheoremprovidesamethodforobtainingor-
thogonalsamplingformulas.Besides,ithasbeenthecornerstoneforasignificant
mathematicalliteratureonthetopicofsamplingtheoremsassociatedwithdiffer-
entialanddifferenceproblems.Inthisworkweprovide,inanunifiedway,new
andoldgeneralizationsofthisresultcorrespondingtovariousdifferentsettings;
allthesegeneralizationsareillustratedwithexamples.Allthedifferentsituations
alongthepapershareabasicapproach:thefunctionstobesampledareobtaining
bydualityinaseparableHilbertspaceHthroughanH-valuedkernelKdefined
onanappropriatedomain.

Keywords:Samplingformulas;Kramerkernels;ReproducingkernelHilbertspaces;
Lagrange-typeinterpolationseries;Zero-removingproperty;Semi-innerproducts;Re-
producingkernelBanachspaces;Reproducingdistributions.
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1 TheclassicalKramersamplingtheorem

TheclassicalKramersamplingtheoremprovidesamethodforobtainingorthogonal
samplingtheorems[8,13,29,35,48].Thestatementofthisgeneralresultisasfollows.
LetKbeacomplexfunctiondefinedonD×I,whereI⊂RisanintervalandDisan
opensubsetofR,suchthatforeveryt∈DthesectionsK(·,t)areinL2(I).Assume
thatthereexistsasequenceofdistinctrealnumbers{tn}⊂D,indexedbyasubsetof
Z,suchthat{K(x,tn)}isacompleteorthogonalsequenceoffunctionsforL

2(I).Then
foranyfoftheform

f(t)=
I
F(x)K(x,t)dx, t∈D,
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whereF∈L2(I),wehave

f(t)=
n

f(tn)Sn(t), t∈D, (1)

with

Sn(t):=
IK(x,t)K(x,tn)dx

I|K(x,tn)|
2dx

, t∈D.

Theseriesin(1)convergesabsolutelyanduniformlyonsubsetsofDwherethefunction
t→ K(·,t)L2(I)isbounded.
Perhaps,themostimportantexampleoftheKramersamplingtheoremisthewell-

known Whittaker-Shannon-Kotel’nikovsamplingresult:

Example1.1.ForI=[−π,π],D=R,K(x,t)=eitx/
√
2πandthesequence{tn=

n}n∈Z,wegetthe WSKsamplingformula

f(t)=

∞

n=−∞

f(n)
sinπ(t−n)

π(t−n)
, t∈R,

forfunctionsf∈L2(R)whoseFouriertransformfhassupportintheinterval[−π,π],
i.e.,f(t)= 1√

2π

π
−πf(w)e

itwdw,t∈R.Theseriesconvergesabsolutelyanduniformly

onR.

Inotherwords, WSKsamplingtheoremworksforfunctionsfintheclassicalPaley-
Wienerspace PWπofband-limitedsignalsto[−π,π].SeeRefs.[9,18,27,28,32].
ReconstructingintegraltransformsotherthantheFourieronefromsomesampledval-
uesoccursfrequentlyinsomephysicalapplications.Onesuchintegraltransformisthe
Bessel-Hankeltransform.Samplingassociatedwiththistransformwasfirstintroduced
byKramerinhisseminalpaper[35].TheFourier-Besselset

√
xJν(xtn)

∞

n=1
isknown

tobeanorthogonalbasisforL2(0,1),wheretnisthenthpositivezerooftheBessel
functionJν(t),ν>−1(seealso[29,p.83]).TheBesselfunctionoforderνisgivenby

Jν(t)=
tν

2νΓ(ν+1)
1+

∞

n=1

(−1)n

n!(1+ν)···(n+ν)

t

2

2n

.

Usingspecialfunctionformulas,forafixedt>0,wehave

√
xtJν(xt)=

∞

n=1

2
√
tntJν(t)

Jν(tn)(t
2−t2n)

√
xJν(xtn), inL2(0,1).

Thus,ifwetakeI=[0,1],D=R,K(x,t)=
√
xtJν(xt)and{tn}

∞
n=1thesequenceof

thepositivezerosofJν(t)weobtain:

Example1.2.Anyfunctionfoftheformf(t)=
1
0F(x)

√
xtJν(xt)dx,t∈R,where

F∈L2(0,1),canberecoveredfromitssamplesatthepositivezeros{tn}
∞
n=1 ofthe

BesselfunctionJνofν-thorderwithν>−1,throughthesamplingformula

f(t)=

∞

n=1

f(tn)
2
√
tntJν(t)

Jν(tn)(t
2−t2n)

, t∈R.
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The Kramersamplingtheorem(announcedby Weissin[47])hasbeenthecor-
nerstoneforasignificant mathematicalliteratureonthetopicofsamplingtheorems
associatedwithdifferentialordifferenceproblemswhichhasflourishedforthepastfew
years. Asasmallbutsignificantsampleofexamplessee,forinstance,[6,13,20,48]
andreferencestherein. Herewedonotconsiderthisapproach.

The maingoalinthissurveyistogiveacommonframeworkgathering mostof
thesamplingformulascomingfromthe Kramersamplingresult. Thestartingpoint
inthispaperisanabstractversionoftheKramersamplingtheorem. Tothisend,we
workinthereproducingkernelHilbertspace(writtenshortlyasRKHS)offunctions
introducedbySaitohin[40]asfollows:Let(H,·,·H)beaseparableHilbertspacewith
orthonormalbasis{en}∞

n=1.SupposeK isaH-valuedfunctiondefinedonΩasubsetof
R(orC).Foreachx∈H,definefx(t)=x,K(t)H andletHK denotethecollection
ofallsuchfunctionsfx.Inthissetting,anabstractversionoftheKramertheoremis
obtainedassumingtheexistenceoftwosequences,{tn}∞

n=1 inC,and{an}∞
n=1 inC\{0},

suchthatK(tn)=anenforeachn∈N.Thisisaslightmodificationofasamplingresult
derivedby Higginsin[30]. Thenon-orthogonalcaseisalsoincludedbyconsidering
a Rieszbasis{xn}∞

n=1 insteadoftheorthonormalbasis{en}∞
n=1. Dependingonthe

natureofthe HilbertspaceH,anL2-space,an 2-space,aSobolevspace,a Hilbert
spaceofdistributions,etc., weexhibitdifferentsettingswherethe Kramersampling
theoremapplies(Sections2and4).InSection2 weincludetheanalyticversionof
Kramersamplingtheoremgivinganecessaryandsufficientconditiontoensurewhen
thesamplingformula(1)canbeexpressedasaLagrange-typeinterpolationseries. We
alsoproposeageneralizationin Banachspacesbyconsideringasemi-inner-product
(Section3).Finallytosaythatthisworkcanbeseenasacomplementtoothersurveys
inthesubject[7,8];Chapters4–8ofZayed’sbook[48]areinfactaremarkablesurvey
onKramer’ssamplingtheorem.

2 Theabstract Kramersamplingtheorem

SincethefunctionsfforwhichKramersamplingtheoremapplies(1)areimagesofan
integraltransformwithkernelK,thereproducingkernelHilbertspacesconsideredby
Saitohin[40]arethesuitablespaceswhereageneralizationoftheclassical Kramer
samplingtheoremalsoworks(seealso[41,45]and[48,Section10.1]):

2.1 The RKHSsetting

LetH beaseparable Hilbertspace,andΩafixedsubsetofR. GivenanH-valued
functionK :Ω→ H,foranyx∈ Hthefunctionfx(t):=x,K(t)H,t∈Ω,iswell-
definedasafunctionfx:Ω→ C. WedenotebyHK thesetoffunctionsobtainedin
thiswayandbyTK thelineartransform

TK :H x→ fx∈HK . (2)

Inotherwords,HK :=TK(H). HereafterwereferthefunctionK asthekernelofthe
lineartransformTK andhenceforthweomitthesubscriptxfordenotingtheelements
inHK. NotethatthecontinuityofthekernelK impliesthatthefunctionsinHK are
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continuousinΩ.IfwedefineinHK thenormfHK =inf{xH :f=TK(x)}we
obtainaHilbertspace. Moreover,foreacht∈Ω,theevaluationfunctionalEt(f):=
f(t),f∈HK,isbounded,andthespaceHK becomesanRKHSwhosereproducing
kernelisgivenby,cf.[40,p.21],

k(t,s)=K(s),K(t)H, t,s∈Ω, (3)

i.e.,foreachs∈Ωthefunctionksdefinedasks(t):=k(t,s)belongstoHK,andthe
reproducingproperty

f(s)=f,ksHK = f,k(·,s)HK , s∈Ω, f∈HK, (4)

holds.
InanRKHSspaceHK,theconvergenceinthenorm ·HK impliespointwise

convergencewhichisuniformonthosesubsetsofΩwherethefunctiont→ K(t)His
bounded;itfollowsform(4)byusingCauchy-Schwarzinequality,andhavinginmind
thatk(t,t)=K(t)2,t∈Ω.
Recallthatthe Moore-Aronszajnprocedure[3]leadstothesameRKHSviathe

positivedefinite(orpositivematrix)functionkin(3). Underthesecircumstancesit
isknownthatthelinearoperatorTK isone-to-oneifandonlyifTK isanisometry
betweenHandHK,or,equivalently,ifandonlyiftheset{K(t)}t∈ΩiscompleteinH
[40].TheRKHSHK hasbeenlargelystudiedinthemathematicalliterature(seeRef.
[40]andreferencestherein).
ThefirstgeneralizationconsistsofstatingtheKramerconditionintermsofRiesz

bases. RecallthataRieszbasisinaseparableHilbertspaceistheimageofanor-
thonormalbasisbymeansofaboundedinvertibleoperator.AnyRieszbasis{xn}

∞
n=1

hasauniquebiorthogonal(dual)Rieszbasis{yn}
∞
n=1,i.e.,xn,ym H=δn,m,suchthat

theexpansions

x=

∞

n=1

x,ynHxn=

∞

n=1

x,xnHyn,

holdforeveryx∈H(see[11,46]formoredetailsandproofs).

Definition1(AbstractKramerkernel).AkernelK:Ω−→Hissaidtobeanabstract
Kramerkernelwithrespecttothedata{tn}

∞
n=1∈Ωand{an}

∞
n=1∈C\{0}ifitsatisfies

K(tn)=anxn,n∈N,forsomeRieszbasis{xn}
∞
n=1forH.

Foreachfixedt∈Ω,K(t)canbewrittenasK(t)= ∞
n=1Sn(t)xn,wherethe

functions
Sn(t):=yn,K(t)H, t∈Ω, n∈N, (5)

belongtoHK;here{yn}
∞
n=1denotesthedualRieszbasisof{xn}

∞
n=1inH.TheKramer

condition,K(tn)=anxnforeveryn∈N,isequivalenttotheinterpolatorycondition
Sn(tm)=anδn,m,n,m∈N.
TheKramerconditionalsoimpliesthatthelineartransform(2)isabijectiveisom-

etry(unitaryoperator)betweentheHilbertspacesHandHK.Asaconsequence,we
obtainthefollowingsamplingtheoremforfunctionsinHK:
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Theorem1 (AbstractKramersamplingtheorem).AssumethatK isanabstract
Kramerkernelforthedata{tn}

∞
n=1∈Ω,{an}

∞
n=1∈C\{0}andtheRieszbasis{xn}

∞
n=1

forH.Then,thesequenceoffunctions{Sn}
∞
n=1givenin(5)formsaRieszbasisforthe

HK.Expandinganyf∈HK inthisRieszbasisweobtainthenonorthogonalsampling
expansion

f(t)=

∞

n=1

f(tn)
Sn(t)

an
, t∈Ω. (6)

TheseriesconvergesintheHK-normsenseandalso,absolutelyanduniformlyon
subsetsofΩwherethefunctiont→ K(t)H isbounded.

Proof.By(5)wehavethatTK(ym)=Sm foreachm∈N;sinceTK isabijectiveisom-
etryweobtainthatthesequence{Sm}

∞
m=1isaRieszbasisforHK whosebiorthogonal

basis{Tm}
∞
m=1isgivenbyTm:=TK(xm),m∈N.Expandinganyf∈HKinthisRiesz

basis,wehavef= ∞
n=1 f,TnHK Sn,intheHK-normsenseand,consequently,point-

wiseinΩ. Moreover,havinginmindthatTK isanisometry,andthatK(tn)=anxn,
n∈N,weobtain

f,TnH= TK(x),TK(xn)HK = x,xnH= x,K(tn)/anH=f(tn)/an, n∈N,

andhencethesamplingexpansion(6).SinceaRieszbasisisanunconditionalbasis
(anyorthonormalbasisisanunconditionalbasisbyusingtheParsevalequality),the
samplingseries(6)ispointwiseunconditionallyconvergentforeacht∈Ωandhence
pointwiseabsolutelyconvergent. Theuniformconvergenceoftheseriesin(6)isa
standardresultinRKHS’stheory.

Intheparticularcasewhen{xn}
∞
n=1isanorthonormalbasisforH,itisself-dual

andwehavethefollowingresult:

Corollary2.Wheneverthesequence {xn}
∞
n=1inDefinition1isanorthonormalbasis

forH,thesequence{Sn}
∞
n=1isanorthonormalbasisforHK andthesamplingexpan-

sion(6)isanorthonormalexpansioninHK havingthesamepointwiseconvergence
properties.

Example2.1.ForH:=L2[0,π]weconsiderthekernelKc:R−→L
2[0,π]defined,

foreacht∈R,byKc(t)(x)=costx,x∈[0,π].Sincethesequence{cosnx}
∞
n=0 is

anorthogonalbasisforL2[0,π],thekernelKcsatisfiestheKramerconditionforn∈
N0:=N∪{0}.Thus,anyfunctionf(t)=F,costxL2[0,π],t∈R,whereF∈L

2[0,π],
canbeexpandedas

f(t)=f(0)
sinπt

πt
+
2

π

∞

n=0

f(n)
(−1)ntsinπt

t2−n2
, t∈R.

Analogously,considerthekernelKs:R−→ L
2[0,π]defined,foreacht∈R,by

Ks(t)(x)=sintx,x∈[0,π].Then,foranyfunctionf(t)=F,sintxL2[0,π],t∈R,
whereF∈L2[0,π],thesamplingexpansion

f(t)=
2

π

∞

n=1

f(n)
(−1)nnsinπt

t2−n2
, t∈R,

holds.TheseriesaboveconvergeabsolutelyanduniformlyonR.
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Kramersamplingtheoremandindeterminate momentproblems

DiscreteKramerkernelsK canbeobtainedfromindeterminateHamburgermoment
problem(seeRefs.[1,42]forthedetailsonthistheory);hereH :=2(N0). Let
s={sn}n∈N0⊂RbeanindeterminateHamburgermomentsequence,i.e.,thereexists
anon-uniquepositiveBorelmeasureµonRsuchthat

sn=
∞

−∞
tndµ(t), n∈N0.

LetVsbethesetofpositiveBorelmeasuresµonRsatisfyingthemomentproblem.
ThefunctionalLdefinedonthevectorspaceC[x]ofpolynomialsp(t)= n

k=0pkt
kby

L(p):=
n

k=0

pksk=
∞

−∞
p(t)dµ(t)

isindependentofµ∈Vs.Let{Pn}
∞
n=0bethecorrespondingorthonormalpolynomials

satisfying
∞

−∞
Pn(t)Pm(t)dµ(t)=δnm, foreachµ∈Vs.

Weassumethat Pnisofdegreenwithpositiveleadingcoefficient. Recallthatthe
sequence{Pn(t)}

∞
n=0satisfyathree-termrecurrencerelation

tPn(t)=anPn+1(t)+bnPn(t)+an−1Pn−1(t), n≥0

whereP−1(t)=0andP0(t)=1. Thetwosequences{bn}
∞
n=0 and{an}

∞
n=0 ofreal

andpositivenumbers,respectively,formthesemi-infiniteJacobi matrixassociated
withtheindeterminateHamburgermomentproblem(see,forinstance,[42]). Since
wearedealingwithanindeterminateHamburgermomentproblemitisknownthat
∞
n=0|Pn(t)|

2<∞ foreacht∈R;infact,uniformlyoncompactsubsetsofC(see
[1,42]).Thus,wecanconsiderthekernel

R t
K
−→K(t):=Pn(t)

∞

n=0
∈ 2(N0),

anditsassociatedHK space. Moreover,thereexistsequences{tm}
∞
m=0inRsuchthat

thesequence{P0(tm),P1(tm),P2(tm),...,Pn(tm),...}
∞

m=0
isanorthogonalbasisfor

2(N0)(see[19]). Morecanbesaidaboutthesesequences{tm}
∞
m=0byusingthewell-

knownHamburgermomentproblemtheory.AnN-extremalmeasureµisasolutionof
theHamburgermomentproblemforwhichthepolynomials{Pn}aredenseinL

2(µ)
[42];theN-extremalmeasuresµxcanbeparametrizedwithx∈R∪{∞}andwehave
that(see[42,p.126]):

A(z)+xC(z)

B(z)+xD(z)
=

∞

−∞

dµx(y)

z−y
, z∈C\R,

whereA(z),B(z),C(z)andD(z)arethecomponentsoftheso-calledNevalinnamatrix
oftheHamburgerindeterminatemomentproblem(see[42,p.124]). Thesequenceof
zerosoftheentirefunction,B(z)+xD(z)ifx∈RorthezerosofD(z)ifx=∞,are
preciselythesamplingpoints{tm}

∞
m=0(see[42,p.127]).

Asaconsequence,associatedwithanyindeterminateHamburgermomentproblem
weobtainadiscreteKramerkernelK.Nextweshowaconcreteexample:
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Example2.2.Weconsidertheparticularcaseoftheso-called q−1-Hermitepolynomi-
als(0<q<1).Thesepolynomialshavetheexplicitrepresentation(see[31])

hn(t|q)=

n

k=0

(q;q)n
(q;q)k(q;q)n−k

(−1)kqk(k−n)(t+ t2+1)n−2k,

wheretheq-shiftedfactorialnotationisused

(c1,c2,···,cp;q)n=
n

k=1

p

j=1

(1−cjq
k−1), forn=0,1,...,∞.

Themomentproblemassociatedwith{hn(t|q)}
∞
n=0isindeterminate,andthenormsof

thepolynomialsaregivenbyhn =
(q;q)n
qn(n+1)/2

(see[31]).InthiscasethekernelKq

isgivenby
Kq:R−→

2(N0)
t−→ Kq(t):=Pn(t)}

∞
n=0,

where Pn:=hn/hn
∞

n=0
isthesequenceoforthonormalpolynomials.Consider,for

example,thepoints±tm:=±
1
2(q
−m−1/2−qm+1/2),m∈N0,whicharethezerosofthe

correspondingDfunction,givenby(see[31])

D(t)=−
(qe2ξ,qe−2ξ;q2)∞

(q;q2)2∞
, wheret=sinhξ.

Weobtainthat

{P0(tm),P1(tm),P2(tm),···}
m∈N0

∪ {P0(−tm),P1(−tm),P2(−tm),···}
m∈N0

isanorthogonalbasisfor2(N0).Following[20],foreachm∈N0wehave

S±m(t):={Pn(±tm)}n∈N0,Kq(t) 2(N0)
=

D(t)

(t∓tm)D(±tm)
, t∈R.

Thus,Theorem1reads:Anyfunctionfgivenbyf(t)={cn},{Pn(t)} 2(N0),t∈R,
where{cn}∈

2(N0),canbeexpandedas

f(t)=

∞

m=0

f(−tm)
D(t)

(t+tm)D(−tm)
+
∞

m=0

f(tm)
D(t)

(t−tm)D(tm)
, t∈R.

TheseriesconvergesabsolutelyanduniformlyoncompactsubsetsofR.

2.2 Asamplingformulainashift-invariantspace

InordertoavoidmostofthedrawbacksassociatedwithclassicalShannon’ssampling
theory,samplingandreconstructionproblemshavebeeninvestigatedinsplinespaces,
waveletspaces,oringeneralshift-invariantspaces(see[16]andreferencesthereinfor
moredetailsandresultsonsamplinginshift-invariantspaces).
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LetV2ϕ:=spanϕ(·−n)n∈Zbeashift-invariantspacewithstablegeneratorϕ∈

L2(R)whichmeansthatthesequence{ϕ(·−n)}n∈ZisaRieszbasisforV
2
ϕ.Recallthat

thesequence{ϕ(·−n)}n∈ZisaRieszsequenceinL
2(R),i.e.,aRieszbasisforV2ϕ(see,

forinstance,[11,p.143])ifandonlyifthereexisttwopositiveconstants0<A≤B
suchthat

A≤
k∈Z

|ϕ(w+k)|2≤B, a.e.w∈[0,1],

whereϕstandsfortheFouriertransformofϕ definedasϕ(w):=
∞
−∞ϕ(t)e

−2πiwtdt

inL1(R)∩L2(R).Thuswehavethat

V2ϕ=
n∈Z

anϕ(·−n):{an}∈
2(Z) ⊂L2(R).

Weassumethatthefunctionsintheshift-invariantspace V2ϕ arecontinuousonR.
ThisisequivalenttosaythatthegeneratorϕiscontinuousonRandthefunction
t→ n∈Z|ϕ(t−n)|

2isboundedonR. Thus,anyf∈V2ϕ isdefinedonRasthe
pointwisesumf(t)= n∈Zanϕ(t−n)foreacht∈R.
Ontheotherhand,thespaceV2ϕistheimageoftheHilbertspaceL

2[0,1]bymeans
oftheisomorphism

Tϕ: L2[0,1] −→ V2ϕ
{e−2πinx}n∈Z −→ {ϕ(t−n)}n∈Z,

whichmapstheorthonormalbasis{e−2πinw}n∈ZforL
2[0,1]ontotheRieszbasis{ϕ(t−

n)}n∈ZforV
2
ϕ.ForanyF∈L

2[0,1]wehave

TϕF(t)=
n∈Z

F,e−2πinxϕ(t−n)=F,
n∈Z

ϕ(t−n)e−2πinx = F,KtL2[0,1], t∈R,

where,foreacht∈R,thefunctionKt∈L
2[0,1]isgivenby

Kt(x):=
n∈Z

ϕ(t−n)e−2πinx=
n∈Z

ϕ(t+n)e−2πinx=Zϕ(t,x). (7)

Here,Zϕ(t,x):= n∈Zϕ(t+n)e
−2πinxisjusttheZaktransformofthefunctionϕ(see

[11]forpropertiesandusesoftheZaktransform).
Asaconsequence,theshift-invariantspaceV2ϕ isanRKHSinL

2(R),andany
functionf=TϕF∈V

2
ϕcanbeexpressedas

f(t)=F,KtL2[0,1], t∈R.

Thus,fora∈[0,1)fixedandm∈Zwehave

f(a+m)=F,Ka+m L2[0,1]= F,e
−2πimxKaL2[0,1], F=T

−1
ϕ f.

InordertoapplyTheorem1,welookforsamplingpointsoftheformtm :=a+m,
m∈Z,suchthatthesequencee−2πimxKa(x)m∈ZisaRieszbasisforL

2[0,1].

RecallingthatthemultiplicationoperatormF :L
2[0,1]→ L2[0,1]givenasthe

productmF(f)=Ffiswell-definedifandonlyifF∈L
∞[0,1],andthen,itisbounded

withnorm mF = F ∞,thefollowingresultcomesout:
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Lemma3.Thesequenceoffunctions e−2πimxKa(x)m∈ZisaRieszbasisforL
2[0,1]

ifandonlyiftheinequalities0< Ka 0≤ Ka ∞ < ∞ hold,where Ka 0:=
essinfx∈[0,1]|Ka(x)|and Ka ∞ :=esssupx∈[0,1]|Ka(x)|. Moreover,itsdualRieszba-

sisis e−2πimx/Ka(x)m∈Z.Inparticular,thesequence e
−2πimxKa(x)m∈Z isan

orthonormalbasisinL2[0,1]ifandonlyif|Ka(x)|=1a.e.in[0,1].

Letabearealnumberin[0,1)suchthat0< Ka 0≤ Ka ∞ <∞.Foreachn∈N
wehave

Sn(t):=e
−2πinx/Ka(x),Kt(x)L2[0,1]=Tϕe

−2πinx/Ka(x)(t)=Sa(t−n), t∈R,

whereSa:=Tϕ1/Ka ∈V
2
ϕ,andwehaveusedtheshiftingpropertyTϕ(e

−2πinxF)(t)=
(TϕF)(t−n),t∈Randn∈Z,whichsatisfiesTϕ.Asaconsequence,Theorem1reads:
Anyfunctionf∈V2ϕcanbeexpandedasthesamplingseries

f(t)=
∞

n=−∞

f(a+n)Sa(t−n), t∈R. (8)

Theconvergenceoftheseriesin(8)isabsoluteanduniformonRsincethefunction
t→ Kt

2= n∈Z|ϕ(t−n)|
2isboundedonR.

Importantexamplesofshift-invariantspacesV2ϕarethosegeneratedbyB-splines:

Example2.3.Considerϕ:=Nm whereNm istheB-splineoforderm−1,i.e.,
Nm :=N1∗N1∗···∗N1(m times)whereN1:=χ[0,1]denotesthecharacteristic
functionoftheinterval[0,1].ItisknownthatthesequenceNm(t−n)n∈ZisaRiesz

basisforV2Nm (see,forinstance,[11]).Forexample,thefollowingsamplingformulas
hold:

(1)Foranyf∈V2N2,itisobviousthatf(t)=

∞

n=−∞

f(n)N2(t+1−n),t∈R.

(2)ForthequadraticsplineN3wehaveZN3(t,x)=
t2

2+
3
4−(t−

1
2)
2z+(1−t)

2

2 z
2

wherez=e−2πix. Thus,fort=0wehaveZN3(0,x)=
z
2(1+z)whichvanishesat

x=1/2.However,fort=1/2wehaveZN3(1/2,x)=
1
8(1+6z+z

2);accordingto(7)
wededuce0< K1/20≤ K1/2∞ <∞.Hence,foranyf∈V

2
N3
,wehave

f(t)=
∞

n=−∞

f(n+
1

2
)S1/2(t−n), t∈R,

whereS1/2(t)=
√
2 ∞

n=−∞(2
√
2−3)|n+1|N3(t−n).Thisfunctionhasbeenobtained

fromtheLaurentexpansionofthefunction8(1+6z+z2)−1intheannulus3−2
√
2<

|z|<3+2
√
2.

(3)SinceZN4(0,x)=
z
61+4z+z

2 = z
6(z−λ)(z−1/λ)wherez=e

−2πixand

λ=
√
3−2,accordingto(7)wededucethat0< K00≤ K0∞ <∞.Thus,forany

f∈V2N4wehave

f(t)=
∞

n=−∞

f(n)S0(t−n), t∈R,
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whereS0(t)=
√
3 ∞

n=−∞(−1)
n(2−

√
3)|n|N4(t−n+2).ToobtainthefunctionS0

wehaveusedtheLaurentexpansionofthefunction6(z+4z2+z3)−1intheannulus
2−
√
3<|z|<2+

√
3.

2.3 Theanalyticversion

SupposethatΩ=CandletKbeananalyticH-valuedfunctiondefinedonCwhere
HdenotesaseparablecomplexHilbertspace.Setfx(z):=K(z),xH,z∈C,and
denotebyHK thecollectionofallsuchfunctionsfx,x∈H. WeplaceKinthefirst
argumentoftheinnerproductinordertotransfertheanalyticityofKtothefunctions
ofHK.Infact,KisananalyticH-valuedfunctiondefinedonCifandonlyifevery
fx∈HK isanentirefunction([43,p.266]).Asinthepreviouscase,thespaceHK is
areproducingkernelHilbertspacewithreproducingkernelk(z,w)=K(z),K(w)H,
z,w∈C.NoticethatthemappingTK givenby

H x
TK−→fx∈HK (9)

isananti-linearmappingfromHontoHK.Thus,thespaceHK isanRKHSofentire
functions.AnothercharacterizationoftheanalyticityofthefunctionsinHK isgiven
intermsofRieszbasesbyusingMontel’stheorem.Indeed,supposethataRieszbasis
{xn}

∞
n=1 forHisgivenandlet{yn}

∞
n=1 beitsdualRieszbasis;expandingK(z),for

eachfixedz∈C,withrespecttothebasis{xn}
∞
n=1weobtain

K(z)=

∞

n=1

K(z),ynHxn,

wherethecoefficients K(z),ynH,asfunctionsinz,areinHK.Thefollowingresult
holds(see[21]fortheproof):

Lemma4.ThespaceHK isanRKHSofentirefunctionsifandonlyifforeachn∈N
thefunction

Sn(z):=K(z),ynH, z∈C, (10)

isentire,andthefunctionz→ K(z)H isboundedoncompactsubsetsofC.

Now,accordingtoDefinition1theanalytickernelK :C−→Hissaidtobean
analyticKramerkernelwithrespecttothedata{zn}

∞
n=1∈Cand{an}

∞
n=1∈C\{0}if

itsatisfiesK(zn)=anxn,n∈N,forsomeRieszbasis{xn}
∞
n=1forH.

AnanalytickernelK isananalyticKrameroneifandonlyifthesequenceof
functions{Sn}

∞
n=1inHKgivenby(10),where{yn}

∞
n=1isthedualRieszbasisof{xn}

∞
n=1

satisfiestheinterpolationpropertySn(zm)=anδn,m,m,n∈N. Asaconsequence,
limn→∞|zn|=+∞;otherwisethesequence{zn}

∞
n=1containsaboundedsubsequence

andhence,theentirefunctionSn≡0foralln∈NwhichcontradictsthatSn(zn)=an
foreachn∈N.
ConcerningtheexistenceofanalyticKramerkernels,ithasbeenprovedin[22]

that,associatedwithanyarbitrarysequenceofcomplexnumbers{zn}
∞
n=1 suchthat

limn→∞|zn|=+∞,thereexistsananalyticKramerkernelK.
UnderthenotationintroducedsofaraslightmodificationofTheorem1holds:
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Theorem5(AnalyticKramersamplingtheorem).LetK :C−→Hbeananalytic
Kramerkernelwithrespecttothedata{zn}

∞
n=1∈Cand{an}

∞
n=1∈C\{0}.LetHK be

thecorrespondingRKHSofentirefunctions.Thenanyf∈HK canberecoveredfrom
itssamples{f(zn)}

∞
n=1bymeansofthesamplingseries

f(z)=

∞

n=1

f(zn)
Sn(z)

an
, z∈C, (11)

wherethereconstructionfunctionsSnaregivenin(10).Theseriesconvergesabsolutely
anduniformlyoncompactsubsetsofC.

Proof.Theanti-linearmappingTK givenby(9)isabijectiveisometrybetweenHand
HK. Asaconsequence,thefunctions{Sn=TK(yn)}

∞
n=1 formaRieszbasisforHK;

let{Tn}
∞
n=1 beitsdualRieszbasis. Expandinganyf∈HK inthisbasisweobtain

f= ∞
n=1 f,TnHK SninHK. Moreover,

f,TnHK = x,xnH= K(zn)/an,xH=f(zn)/an, n∈N.

SinceaRieszbasisisanunconditionalbasis,thesamplingserieswillbepointwise
unconditionallyconvergentandhence,absolutelyconvergent.Theuniformconvergence
isastandardresultinthesettingoftheRKHStheorysincethefunctionz→ K(z)H
isboundedoncompactsubsetsofC.

Let{Pn(z)}
∞
n=0 beasequenceoforthonormalpolynomialsassociatedwithanin-

determinateHamburgermomentproblem.Itisknown(see[1,42])thattheseries
∞
n=0|Pn(z)|

2<∞,uniformlyoncompactsubsetsofC.Thus,wecandefineadiscrete
analytickernelKas

C z
K
−→K(z):=Pn(z)

∞

n=0
∈ 2(N0).

LetHK beitscorrespondingRKHSofentirefunctions;anyf∈HK hastheform

f(z)={Pn(z)},{cn} 2(N0)
, z∈C,

where{cn}∈
2(N0).Forthesequences{tm}

∞
m=0introducedinSection2.1,thekernel

K alsobecomesananalyticKramerkernel. Nextweexhibitanexampletakenfrom
polynomialsassociatedwithbirthanddeathprocesses(seetheclassicalRef.[33]):

Example2.4.Considerbirthanddeathpolynomials{Pn}n∈N0withquarticrates[5].
Thesepolynomialssatisfythethree–termrecurrencerelation

xPn(x)=anPn+1(x)+bnPn(x)+an−1Pn−1(x), n≥0

P−1(x)=0; P0(x)=1,

where,forn≥0,thecoefficientsaregivenby

an= λnµn+1 bn=λn+µn
λn=(4n+1)(4n+2)

2(4n+3) µn=(4n−1)(4n)
2(4n+1)
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ByFavard’stheoremthesepolynomialsareorthonormalpolynomialswithrespectto
anormalizedHamburgermomentsequenceswhichisindeterminate[5]. Theentire
functionDinNevanlinnaparametrizationisgivenby

D(z)=
4

π

√
zsin

4
√
z

2
K0 sinh

4
√
z

2
K0 , z∈C,

whosezerosarezm =(2πm/K0)
4,m∈N0,andK0denotestheconstant

Γ2(1/4)

4
√
π
[5].

Foreachm∈N0wehave[5,20]:

Sm(z):=K(z),{Pn(zm)}
∞
n=0 2(N0)

=
D(z)

(z−zm)D(zm)
, z∈C.

Hence,anyentirefunctionoftheformf(z)=K(z),{cn} 2(N0)=
∞
n=0cnPn(z),

z∈C,where{cn}∈
2(N0)canbeexpandedas

f(z)=f(0)

4
√
zsin

4
√
z

2
K0 sinh

4
√
z

2
K0

zK20
+

+
16π

K20

∞

m=1

f
2πm

K0

4 (−1)mm

sinh(mπ)

√
zsin

4√z
2K0 sinh

4√z
2K0

z− 2πm
K0

4
,z∈C.

TheseriesconvergesabsolutelyanduniformlyoncompactsubsetsofC.
Wehaveusedthat

D(0)=
K20
π

and D
2πm

K0

4

=
K20
4mπ2

(−1)msinh(mπ).

Example2.5.LetH1(−π,π)betheSobolevHilbertspacewithitsusualinnerproduct

f,g1:=
π

−π
f(x)g(x)dx+

π

−π
f(x)g(x)dx, f,g∈H1(−π,π).

Thesystem{einx}n∈Z∪{sinhx}formsanorthogonalbasisforH
1(−π,π):Itiseasy

toprovethattheorthogonalcomplementof{einx}n∈ZinH
1(−π,π)isone-dimensional

andsinhxbelongstoit.Givena∈C\ZwedefineakernelKa:C−→H
1(−π,π)by

setting
[Ka(z)](x)=(z−a)e

izx+sinπzsinhx, x∈(−π,π).

ExpandingKa(z)∈H
1(−π,π)withrespecttotheaboveorthogonalbasisweobtain

Ka(z)=[1−i(z−a)]sinπzsinhx+(z−a)
∞

n=−∞

1+zn

1+n2
sinc(z−n)einx inH1(−π,π),

wheresincz=sinπz/πzdenotesthecardinalsinefunction.Asaconsequence,Theorem
5reads:Anyentirefunctionfgivenby

f(z)=
π

−π
F(x)[Ka(z)](x)dx+

π

−π
F(x)[Ka(z)](x)dx= Ka(z),F 1

, z∈C,
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whereF∈H1(−π,π),canberecoveredfromitssamples{f(n)}n∈Z∪{f(a)}bymeans
ofthesamplingformula

f(z)=[1−i(z−a)]
sinπz

sinπa
f(a)+

∞

n=−∞

f(n)
z−a

n−a

1+zn

1+n2
sinc(z−n), z∈C.

TheseriesconvergesabsolutelyanduniformlyoncompactsubsetsofC.

AnalyticKramerkernelsandLagrange-typeinterpolationseries

Amoredifficultquestionconcernswhetherthesamplingexpansion(11)canbewritten,
ingeneral,asaLagrange-typeinterpolationseries. Notethat,foranyf∈PWπ,the
correspondingsamplingformulacanbewrittenas:

f(z)=

∞

n=−∞

f(n)
sinπ(z−n)

π(z−n)
=

∞

n=−∞

f(n)
P(z)

P(n)(z−n)
, z∈C,

whereP(z)=sinπzisanentirefunctionhavingsimplezerosatZ.Acompleteanswer
tothisquestioninvolvesthefollowingalgebraicproperty:

Definition2. AspaceHofentirefunctionshasthezero-removingproperty(ZRprop-
ertyhereafter)ifforanyg∈Handanyzerowofgthefunctiong(z)/(z−w)belongs
toH.

TheclassicalPaley-WienerspacePWπ:=f∈L
2(R)∩C(R),suppf⊆[−π,π],

wherefstandsfortheFouriertransformoff,satisfiestheZRproperty.Itfollows,
forinstance,fromitscharacterizationbyusingtheclassicalPaley-Wienertheorem[46,
p.101],i.e.,

PWπ= fentirefunction:|f(z)|≤Aeπ|z|, f|R∈L
2(R).

OtherexampleswheretheZRpropertyholdscanbefoundin[15]. Thereexistsa
necessaryandsufficientconditiontoensurewhenthesamplingformula(11)associated
withananalyticKramerkernelcanbeexpressedasaLagrange-typeinterpolationseries
(seeRefs.[14,15]fortheproof):

Theorem6.LetHKbeanRKHSofentirefunctionsobtainedfromananalyticKramer
kernelK withrespecttothesequence{zn}

∞
n=1⊂C.Then,thesamplingformula(11)

forHK canbewrittenasaLagrange-typeinterpolationseries

f(z)=

∞

n=−∞

f(zn)
P(z)

(z−zn)P(zn)
, z∈C,

wherePdenotesanentirefunctionhavingsimplezerosat{zn}ifandonlyifthespace
HK satisfiestheZRproperty.
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Example2.6.(ThePaley-Wiener-Levinsontheoremrevisited)
Let{zn}n∈ZbeasequenceinCsatisfyingsupn|Rezn−n|<1/4andsupn|Imzn|<∞.
Itisknownthatthesystem{eiznw/

√
2π}n∈ZisaRieszbasisforL

2[−π,π](see[46,
p.196]). TheFourierkernelC z→ K(z)=eiz·/

√
2π∈L2[−π,π]isananalytic

Kramerkernelforthedata{zn}n∈Zandan=1.Thus,foranyfunctionf∈PWπwe
havethesamplingexpansion

f(z)=
∞

n=−∞

f(zn)Sn(z)=
∞

n=−∞

f(zn)
P(z)

(z−zn)P(zn)
, z∈C,

where,foreachn∈Z,thesamplingfunctionSn(z)=K(z),hnL2[−π,π],z∈C,being

{hn(w)}n∈ZthedualRieszbasisof{e
iznw/

√
2π}n∈ZinL

2[−π,π],andPisanentire
functionhavingonlysimplezerosat{zn}n∈Z. SincearesultfromTitchmarsh[44]
assuresthatthefunctionsinPWπarecompletelydeterminedbytheirzeros,wederive
that,uptoaconstantfactor,theentirefunctionP(z)coincideswiththe(convergent)
infiniteproduct

(z−z0)
∞

n=1

1−
z

zn
1−

z

z−n
, z∈C.

Example2.7.ThespaceHKainexample2.5doesnotsatisfytheZRproperty.Indeed,
thefunction(z−a)sinczbelongstoHKa since(z−a)sincz= Ka(z),1/2π1forall
z∈C.However,byusingthesamplingformulaforHKaitisstraightforwardtocheck
thatthefunctionsinczdoesnotbelongtoHKa.Asaconsequence,thesamplingformula
inexample2.5cannotbeexpressedasaLagrange-typeinterpolationseries.

Example2.8.LetK :C→H beananalytickernelsuchthatK(z0)=0forsome
z0∈C.ThenallthefunctionsintheassociatedspaceHK haveazeroatz0andtheZR
propertydoesnotholdinHK.Indeed,letfbeanonzeroentirefunctioninHK and
letrdenotetheorderofitszeroz0.Thefunctionf(z)/(z−z0)

risnotinHK sinceit
doesnotvanishatz0.
ThekernelKs:C−→L

2[0,π]defined,foreachz∈C,byKs(z)(x)=sinzx,
x∈[0,π]isananalyticKramerkernel.Anyfunctionf(z)= sinzx,F

L2[0,π]
,z∈C,

whereF∈L2[0,π],satisfiesthesamplingexpansion

f(z)=
2

π

∞

n=1

f(n)
(−1)nnsinπz

z2−n2
, z∈C.

SinceKs(0)=0,theZRpropertydoesnotholdandtheabovesamplingformulacannot
bewrittenasaLagrange-typeinterpolationseries.

3 Thesemi-inner-productversioninBanachspaces

Asemi-inner-productinaBanachspacepossessessomebutnotallpropertiesofan
innerproduct. Thus,someHilbertspaceargumentsandresultsbecomeavailablein
thepresenceofasemi-inner-productinaBanachspace.Theneededpreliminariesfor
thissectionaretakenfrom[23]andreferencestherein.
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ReproducingkernelBanachspaces

FollowingRef.[49],areproducingkernelBanachspaceonΩ⊆R(orC)isareflexive
BanachspaceBoffunctionsonΩforwhichitsdualspaceB∗isisometrictoaBanach
spaceBoffunctionsonΩandthepointevaluationiscontinuousonbothBandBfor
eacht∈Ω.Ithasbeenprovedin[49]thatthereexistsareproducingkernelforan
RKBSasdefinedabove. Tothisend,weintroducethebilinearformonB×B∗by
setting

u,v∗
B
:=v∗(u), u∈B,v∗∈B∗.

AsBisareflexiveBanachspace,thenforanyboundedlinearfunctionalTonB∗there
existsauniqueu∈BsuchthatT(v∗)=u,v∗

B
foreachv∗∈B∗.Thefollowingresult

holds[49,Th.2]:

Theorem7.SupposethatBisanRKBSonΩ.Thenthereexistsauniquefunction
k:Ω×Ω−→Csuchthatthefollowingstatementshold:

(a)Foreveryt∈Ω,k(·,t)∈B∗andf(t)=f,k(·,t)
B
forallf∈B.

(b)Foreveryt∈Ω,k(t,·)∈Bandf∗(t)=k(t,·),f∗
B
forallf∗∈B∗.

(c)Thelinearspanof{k(t,·):t∈Ω}isdenseinB.

(d)Thelinearspanof{k(·,t):t∈Ω}isdenseinB∗.

(e)Forallt,s∈Ω,k(t,s)=k(t,·),k(·,s)
B
.

ThefunctionkinTheorem7isthereproducingkernelfortheRKBSB. This
reproducingkernelisunique. However,asshowedin[49],differentRKBSsmayhave
thesamereproducingkernel:For1<p<∞,thePaley-Wienerclasses

Bp:=f∈C(R)|suppf⊂[−1/2,1/2]andf∈L
p[−1/2,1/2]

withnorm fBp:=fLp[−1/2,1/2]areRKBSs(notisomorphic),andtheyallhavethe

functionk(t,s)=sinc(t−s)asthereproducingkernelheref(t)=
1/2
−1/2f(w)e

2πiwtdw.
Inotherwords,althoughwehaveathandareproducingkernelk,wecannotdetermine
thenormonB.Also,thereproducingkernelforageneralRKBSmaybeanarbitrary
functiononΩ×Ωwhich,inparticular,mightbenon-symmetricornon-positivedefi-
nite[49,Prop.5].InorderforthereproducingkernelofanRKBStohavethedesired
propertiesofthatofanRKHS,weimposecertainstructuresonRKBSs,whichinsome
sensearesubstitutesoftheinnerproductforRKHSs.Forthispurpose,weadoptthe
semi-inner-productintroducedbyLumer[36](seealso[24,49]):

Semi-inner-productreproducingkernelBanachspace

LetBbeaBanachspace.Asemi-inner-productonBisafunction

[·,·]:B×B −→ C,

suchthat,forallx1,x2,x3∈Bandα∈C:
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1.[x1+x2,x3]=[x1,x3]+[x2,x3],

2.[αx1,x2]=α[x1,x2]and[x1,αx2]=α[x1,x2],

3.[x1,x1]>0forallx1=0,

4.|[x1,x2]|
2≤[x1,x1][x2,x2].

Thedifferencebetweenasemi-inner-productandaninnerproductistheconjugate
symmetryand,asaconsequence,asemi-inner-productmaynotbeadditiveinthe
secondvariable.EverynormedvectorspaceBhasasemi-inner-productthatinduces
itsnorm[24,36],i.e.,xB=[x,x]

1/2foreachx∈B.Ingeneral,asemi-inner-product
foranormedvectorspacemaynotbeunique;however,ifthespaceBisuniformly
Fŕechetdifferentiableweobtaintheuniquenessofthesemi-inner-product(see[49]for
thedetails).RecallthatthespaceBisuniformlyFŕechetdifferentiableifforallx,y∈B
withx=0,thelimit

lim
t∈R
t→0

x+tyB− xB
t

existsanditisuniformonS(B)×S(B)whereS(B):=x∈B:xB=1 .
AssumingalsothattheBanachspaceisuniformlyconvexweobtainaRieszrepre-

sentationtheorem[24]:Foreachf∈B∗thereexistsauniquex∈Bsuchthatf=x∗.
Inotherwords,

f(y)=y,x
B
forally∈B.

Moreover, fB∗= xB.RecallthatBisuniformlyconvexifforallε>0thereexists
δ>0suchthat x+yB≤2−δforallx,y∈S(B)withx−yB≥ε.Noticethatif
Bisuniformlyconvexthenitisreflexive(see[39,p.410])andstrictlyconvex,i.e.,for
everyx,y∈Bwithx=yand x = y =1,wehavethat x+y <2.
For1<p<∞,theclassicalLp(I),whereIdenotesanyintervalonR,andp(N)

spacesareuniformlyconvexanduniformlyFŕechetdifferentiableBanachspaces.Their
semi-inner-productaregiven,respectively,by

[f,g]p:=g
2−p
p

I
f(t)g(t)|g(t)|p−2dt and[x,y]p:=y

2−p
p

∞

n=1

xnyn|yn|
p−2.

Wedefinea semi-inner-productreproducingkernelBanachspace(hereafters.i.p.
RKBS)onΩasauniformlyconvexanduniformlyFŕechetdifferentiablereproducing
kernelBanachspaceonΩ.
AnRKHSisans.i.p. RKBS.Also,thedualofans.i.p. RKBSremainsans.i.p.

RKBS.Ans.i.p.RKBSBhasauniquesemi-inner-productwhichrepresentstheinterac-
tionbetweenBandB∗.Thisleadstoamorespecificrepresentationofthereproducing
kernel.Precisely,wehavethefollowingresult[49,Th.9]:

Theorem8.LetBbeans.i.p.RKBSonΩandkitsreproducingkernel.Thenthere
existsauniquefunctionG:Ω×Ω−→Csuchthat{G(t,·):t∈Ω}⊂Band

f(t)=[f,G(t,·)]B forallf∈B, t∈Ω.
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Moreover,thereholdstherelationship

k(·,t)=(G(t,·))∗, t∈Ω

and
f∗(t)=[k(t,·),f]B forallf∈B, t∈Ω.

Wecalltheuniquefunction Gintheoremabovethes.i.p.kernelofthes.i.p.RKBS
B.ItcoincideswiththereproducingkernelkwhenBisanRKHS.Ingeneral,when
G=kinTheorem8,wecallGans.i.p.reproducingkernel.Thus,ans.i.p.reproducing
kernelGsatisfiesthatG(t,s)=[G(t,·),G(s,·)]B,t,s∈Ω.

TheanalogousKramersamplingresult

Consideraseparablecomplexuniform(i.e.,bothuniformlyFŕechetdifferentiableand
uniformlyconvex)BanachspaceBanddenoteby[·,·]Btheuniquecompatiblesemi-
innerproductonB;letB∗beitsdualspace.ThecounterparttoRieszbasesexpansions
inans.i.p.RKBSisgivenbyXd-RieszandX

∗
d-Rieszbases.

LetXdbeaBK-spaceonN,i.e.,aBanachspaceofsequencesc={cn}n∈N∈C
N

suchthatthelinearfunctionalsc→ cnarecontinuousonXdforn∈N.Itisknown
[34]thatitsdualspaceX∗disalsoaBK-spacesuchthattheseries

∞
n=1cndnconverges

foreveryc∈Xdandd∈X
∗
d. Wesupposethatiftheseriesaboveconvergesforevery

c∈Xd,thend∈X
∗
dandifitconvergesforeveryd∈X

∗
d,thenc∈Xd. Wealsoassume

thatXdisreflexive,andthatthesequenceofthecanonicalunitvectors{δn}
∞
n=1isa

SchauderbasisforbothXdandX
∗
d.AnexampleofsuchBK-spacesisXd=

p(N)for
1<p<∞;inthiscase,X∗d=

q(N)with1/p+1/q=1.

Let{x∗n}
∞
n=1⊂B

∗beanX∗d-RieszbasisforB
∗.Thismeansthat

1.span{x∗n:n∈N}=B
∗.

2. ∞
n=1cnx

∗
nconvergesinB

∗forallc∈X∗d.

3.Thereexist0<A≤B<∞ suchthat

A cX∗d≤
∞

n=1

cnx
∗
n
B∗
≤B cX∗d forallc∈X∗d. (12)

By[50,Thm.2.15],thereexistsaunique(dual)Xd-Rieszbasis{yn}
∞
n=1forBsuch

that[ym,xn]B=δm,n form,n∈N,andsatisfyingtheexpansions:

x=
∞

n=1

[x,xn]Byn forallx∈B and x∗=
∞

n=1

[yn,x]Bx
∗
n forallx

∗∈B∗. (13)

IfthespacesXdandX
∗
dpossesstheadditionalpropertythatforallc∈Xdand

d∈X∗dtheseries
∞
n=1cndnconvergesabsolutely,thentheexpansionsin(13)are

unconditionallyconvergent,i.e.,independentofthesummationorder(see[50,p.7]).
Inparticular,itistrueforp-RieszbasesduetoḦolderinequality.
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Next,weobtainans.i.p. RKBSwithexplicits.i.p.reproducingkernelwherea
samplingtheoryholds:ItistheBanachcounterpartoftheKramersamplingtheorem
giveninSection2.ConsideraB-valuedfunctionK:Ω⊂C→B anddefine,foreach
x∈B,thefunction

fx: Ω−→ C
t −→ [x,K(t)]B.

Then,wehavealineartransformTK onBwithvaluesinC
Ω suchthatTKx=fx.

Indeed,forx,y∈Bandα,β∈C,wehave

fαx+βy(t)=[αx+βy,K(z)]B=α[x,K(t)]B+β[y,K(t)]B=αfx(t)+βfy(t),

forallt∈Ω.
Havinginmind(13),foreacht∈Ω,wecanwrite K(t)

∗
= ∞

n=1[yn,K(t)]Bx
∗
n.

Wedenote Sn(t):=[yn,K(t)]B=fyn(t),t∈Ω.Supposethatthereexistsasequence
{tn}

∞
n=1inΩand{an}

∞
n=1inC\{0}suchthattheinterpolatorycondition

Sn(tm)=anδn,m, (14)

holds. Then,wehavethat K(tm)
∗
=amx

∗
m andthatTK isone-to-one.Indeed,if

fx(t)=0forallt∈Ω,

0=fx(t)=[x,K(t)]B=
∞

n=1

[x,xn]Byn,K(t)

=

∞

n=1

[x,xn]B[yn,K(t)]B=

∞

n=1

[x,xn]BSn(t),

wherewehaveusedthatx→ [x,y]Bisacontinuousfunctionalforanyfixedy∈B.
Evaluatingattm,wehavethat[x,xm]B=0foreachm∈N.Thisimpliesthatx=0
andthenTK isone-to-one.
DenoteBK :=TK(B),therangeoftheoperatorTK.Ifwedefinefx BK :=xB

weobtainthatBK isaBanachspaceoffunctionsdefinedonΩandvaluedonC.
Moreover,[fx,fy]BK :=[x,y]Bdefinesacompatiblesemi-inner-productonBK. The
spaceBK becomesans.i.p.RKBSwhoses.i.p.reproducingkernelisgivenby

k(t,s)=[K(t),K(s)]B, t,s∈Ω.

Indeed,foreacht∈Ω,theevaluationfunctionalEt:BK−→Ciscontinuous:

|Et(fx)|=|fx(t)|=|[x,K(t)]B|≤xB K(t)B= K(t)B fx BK .

Observethat,bydefinition,kt:=k(t,·)=fK(t)∈BK forallt∈Ω.Hencewededuce
that

fx(t)=[x,K(t)]B=[fx,kt]BK =[fx,k(t,·)]BK ,

beingkthes.i.p.reproducingkernelforBK.See[49,Th.10]formoredetails.
NotealsothatconvergenceinthenormofBK impliespointwiseconvergenceand

uniformconvergenceinsubsetsofΩwherethefunctiont→ K(t)Bisbounded.
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Lemma9.Foreveryt∈Ω,thesequenceSn(t)
∞

n=1
isanelementofX∗d.

Proof.Considerc∈Xdandt∈Ω. Wemustprovethat ∞
n=1cnSn(t)isconvergent.

Indeed,byusingthatforeachz∈Bthemappingx→ [x,z]Bisacontinuouslinear
functionalonB,and{yn}

∞
n=1isanXd-RieszbasisforB,weget

∞

n=1

cnSn(t)=
∞

n=1

cn[yn,K(t)]B =
∞

n=1

cnyn,K(t)
B

≤ K(t)B

∞

n=1

cnyn
B
≤B K(t)B cXd.

Theorem10(AKramer-typesamplingtheoremforBK).Supposethat,foreacht∈Ω,
wehavetheexpansion K(t)

∗
= ∞

n=1Sn(t)x
∗
n,where{x

∗
n}
∞
n=1⊂B

∗isanX∗d-Riesz
basisforB∗andSn(t)=[yn,K(t)]B,being{yn}

∞
n=1 thedualXd-RieszbasisforBof

{x∗n}
∞
n=1.Assumealsotheexistenceofsequences{tm}

∞
m=1⊂Cand{am}

∞
m=1⊂C\{0}

suchthattheinterpolatorycondition(14)holds.Then,thesequence{Sn}
∞
n=1isanXd-

RieszbasisforBK and,foreachf∈BK,wehavethesamplingexpansion

f(t)=

∞

n=1

f(tn)
Sn(t)

an
, t∈Ω.

TheconvergenceoftheaboveseriesisinthenormofBK,anduniformonsubsetsof
Ωwherethefunctiont→ K(t)Bisbounded.

Proof.First,weprovethatthesequence{Sn}
∞
n=1isanXd-RieszbasisforBK.

1.Considert∈Ωandx∈B.Then

fx(t)=[x,K(t)]B=
∞

n=1

[x,xn]Byn,K(t)
B
=
∞

n=1

[x,xn]BSn(t),

hence,span{Sn}
∞
n=1=BK.

2.LetcbeinXd.AsTK isanisometryand{yn}
∞
n=1isanXd-RieszbasisforB,

∞

n=1

cnSn
BK
=

∞

n=1

cnyn
B
,

andthustheseries ∞
n=1cnSnconvergesinBK foreachc∈Xd.

3.AsTK isanisometry,foreveryc∈Xd,

A cXd≤
∞

n=1

cnyn
B
=

∞

n=1

cnSn
BK
≤B cXd.
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Nowconsiderm ∈N;wehavethat

fx(tm)=[x,K(tm)]B=
∞

n=1

[x,xn]BSn(tm)=am[x,xm]B.

Thus,

fx(t)=
∞

n=1

[x,xn]BSn(t)=
∞

n=1

fx(tn)

an
Sn(t),

inthenormofBK. Thepointwiseanduniformconvergencecomesfromthefactthat
BK isans.i.p. RKBS.

Example3.1. Considerp∈(1,2]anditsconjugateindexq∈R,i.e.,1/p+1/q=1.
Weconsiderthecompatiblesemi-inner-productfor B:=Lp[−1/2,1/2]givenby

[f,g]p:=g2−p
p

1/2

−1/2
f(x)g(x)|g(x)|p−2dx.

RememberthatB∗=Lq[−1/2,1/2]. WetakeXd:=q(Z),then,X∗
d= p(Z).

Defineen(w):=e2πinw forn∈Z.Easycomputationsshowthat en p=1. Onthe
otherhand,by[49],wehavethate∗

n(w)=e−2πinw andthat e∗
n q= en p=1. We

knowthat(see[46,p.20]):

spane−2πinw:n∈Z =Lq[−1/2,1/2].

Wedefinethelinearoperator

U: Lp[−1/2,1/2] −→ CZ

F −→ [F,en]p n∈Z

.

TheHausdorff-Youngtheorem(see[51,p.101])ensuresthatU isaboundedoperator
withvalueson q(Z)(andthusaclosedoperator). WehavethatU(Lp[−1/2,1/2])is
aclosedsubspaceof q(Z)andthus,aBanachspacewiththe metricinducedby q(Z).
Rememberthat{δn}n∈Z whereδn(m)=0ifn=m andδn(n)=1,isaSchauderbasis
forq(Z). Thus,asδn =U(en),weobtainthatU isasurjective mapping. Byusing
[50,Prop.2.12],thesequence e∗

n n∈Z
isanp(Z)-RieszbasisforB∗=Lq[−1/2,1/2].

Now,wedefine K(z):=e2πiz·∈Lp[−1/2,1/2]foreveryz∈C. Thus,weobtain
thefollowings.i.p. RKBS

BK := f(z)=F,e2πizw
p
,z∈C,where F∈Lp[−1/2,1/2] ,

endowedwiththenorm fBK
:=F Lp[−1/2,1/2].

Next,wecomputeSn(z):=[en,K(z)]p.First,observethat,ifwewritez=x+iy,

K(z)p=
1/2

−1/2
e2πizwp

dw
1/p

=
1/2

−1/2
e−2πywpdw

1/p
=sinc1/p(iyp).
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Thus,wehavethat

Sn(z)=[en,K(z)]p=sinc
(2−p)/p(iyp)

1/2

−1/2
e2πinwe−2πizwe−2πyw(p−2)dw

=sinc(2−p)/p(iyp)
1/2

−1/2
e−2πi[(z−n)−iy(p−2)]wdw

=sinc(2−p)/p(iyp)sinc(z−n)−iy(p−2), z∈C,

forn∈Z. Moreover,Sn(m)=δm,n foreverym,n∈Z.
Finally,Theorem10givesthefollowingsamplingformulaforanyf∈BK:

f(z)=sinc(2−p)/p(iyp)

∞

n=−∞

f(n)sinc(z−n)−iy(p−2), z=x+iy∈C.(15)

Theconvergenceoftheseriesin(15)isuniformonhorizontalstripsofC. Observe
that,ifp=2orz∈R,formula(15)coincideswiththecardinalseries.

ForfurtherinformationontherecenttopicofsamplinginBanachspaces,see,for
instance,Refs.[2,10,25,26,38,50].

4 Thedistributionalversion

FollowingRef.[17],aHilbertspaceHwhoseelementsaredistributionssupportedon
theintervalI=[0,1]andforwhichthenaturalinjectionfromHintoE(R)(thespaceof
compactsupporteddistributions)iscontinuousiscalledaHilbertspaceofdistributions
onI.Ingeneral,itisclearthataHilbertspaceofdistributionsonIhavingthesystem
{e2πinxχI(x)}n∈Zasacompleteorthogonalsystemiscompletelydeterminedbythe
sequenceofpositivenumberscn= e2πinxχI(x)H,n∈Z.In[17],itisprovedthat

ifthesequence{c
−1/2
n e2πinxχI(x)}n∈ZisacompleteorthonormalsystemforaHilbert

spaceHofdistributionsonI,thenwehave

n∈Z

1

cn(1+n2)
<∞ (16)

andtheinnerproductinHisgivenby

T,SH=
n∈Z

cnT(n)S(n), T,S∈H,

whereTandSare,respectively,thedistributionalFouriertransformsofTandS.
Furthermore,since

T,c−1/2n e2πinxχI(x)H=c
1/2
n T(n) forallT∈H, (17)

anyT∈Hcanbeexpandedas

T=
n∈Z

T(n)e2πinxχI(x), (18)
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wheretheseriesconvergesbothintheHilbertspaceofdistributionsH,andinE(R)
(see[17]forthedetails).

Assumethat Tn:=c
−1/2
n e2πinxχI(x)n∈Zisacompleteorthonormalsystemfor

aHilbertspaceH ofdistributionsonI. SincetheembeddingofH intoE(R)is
continuous,foreachtestfunctionφ∈D(R)(thevectorspaceofallcomplex-valued
functionsthatareinfinitelysmoothandzerooutsidesomefiniteintervalendowedwith
itsusualtopology)thereexistsaconstantCφ≥0suchthat|T(φ)|≤CφT H,forany
TinH.Inparticular,ifwechooseφt(x)=e

−2πitxonaneighborhoodofIthen,for
everyt∈R,thereexistsaconstantCtsuchthat|T(t)|≤CtT H foranyTinH,
whereTdenotesthedistributionalFouriertransformofT.Thisimpliesthat,forevery
t∈R,thelinearfunctionalT−→T(t)iscontinuousinH. Asaconsequence,there
existsanelementK(t)inHsuchthat

T(t)=T,K(t)H, t∈R.

Havinginmind(17),foreveryn∈ZwehavethatK(n)=c
−1/2
n Tn.Besides,aneasy

calculationshowsthat

Sn(t):=Tn,K(t)H=Tn(t)=c
−1/2
n e−iπ(t−n)

sinπ(t−n)

π(t−n)
, t∈R.

Besides,thefunctiont→ K(t)=supT=1|T(t)|isboundedoncompactsubsetsof

R.Indeed,byapplyingbothsidesof(18)onthetestfunctione−2πitxitfollowsthat

T(t)=
n∈Z

T(n)
1−e−2πit

2πi(t−n)
=
n∈Z

c−1/2n T(n)
1−e−2πit

c
−1/2
n 2πi(t−n)

, t∈R.

TheboundednessoncompactsubsetsofRisdeducedbyusingCauchy-Schwarzin-
equalityandtakingintoaccountthatT 2= n∈Zcn|T(n)|

2and(16).
AccordingtoTheorem1,thecorrespondingsamplingtheoremfortheRKHSHK:=

F(H),whereFdenotesthedistributionalFouriertransform,readsasfollows:

Example4.1.LetH beaHilbertspaceofdistributionsonI=[0,1]suchthatthe

sequencec
−1/2
n e2πinxχI(x)n∈Zisacompleteorthonormalsystem.Then,anyfunction

g∈HK,i.e.,g(t)=T,K(t)H,t∈R,forsomeT∈H,canberecoveredfromits
samplesatZbymeansofthesamplingformula

g(t)=
n∈Z

c1/2n g(n)Sn(t)=
n∈Z

g(n)e−iπ(t−n)
sinπ(t−n)

π(t−n)
, t∈R.

TheseriesconvergesintheHK-normsenseandalsoabsolutelyanduniformlyoncom-
pactsubsetsofR.

Hilbertspacesofdistributionshavingareproducingdistribution

AdistributionalversionofKramersamplingtheoremcanbestatedintermsofHilbert
spacesofdistributionshavingareproducingdistribution.LetD:=D(R)bethevector
spaceoftestfunctions,letHbeaseparableHilbertspaceandletK :D →Hbea
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continuousconjugatelinearfunction.Inparticular,wheneverH=L2(R)theconjugate
mapKisjustageneralizedstochasticprocessinthesenseof[12,37].Foranyx∈H
thefunctionhx(φ):=x,K(φ)H iswell-definedasafunctionhx:D →C. Moreover,
hxisacontinuouslinearformbecauseKiscontinuousandconjugatelinear.Denoteby
HK⊂D thesetofdistributionsobtainedinthiswayandbyTK thelineartransform

TK:H x−→hx∈HK (19)

NotethatTK:H−→D isthetransposeofthefunctionK.IfweendowHK withthe
norm hHK =inf{xH :h=TK(x)},weobtainareproducingdistributionHilbert
spacewhosereproducingdistributionisgivenby,cf.[12,p.40],

k(φ,ψ)=K(ψ),K(φ)H, φ,ψ∈D, (20)

i.e.,foreachψ∈Dthefunctionkψdefinedaskψ(φ):=k(φ,ψ)belongstoHK,and
thereproducingproperty

h(ψ)=h,kψ HK = h,k(·,ψ)HK , ψ∈D, h∈HK (21)

holds. NotethatthespaceHK isnothingbutthecompletionoftherangespace
TKK(D)whichisapre-Hilbertspacewiththenormdefinedbyh = K(φ)Hwhere
φ∈Dissuchthath=TKK(φ)(see[37]). AsforafunctionalRKHS,thelinear
operatorTK isone-to-oneifandonlyiftheset{K(φ)}φ∈DiscompleteinH.
Notethat,inparticular,acontinuousH-valuedfunctionK:R→H canbeconsidered
asacontinuousconjugatelinearfunctionK:D →Hthroughtheformula

K(φ)=
∞

−∞
φ(t)K(t)dt.

The(Bochner)integralinthisformulahasalwaysameaningbecauseforeveryfixedφ∈
Dtheintegralisdefinedonasetoffinitemeasure,theH-valuedfunctionφKisweakly
LebesguemeasurableandthenstronglyLebesguemeasurablesinceHisseparable,and
∞
−∞ φ(t)K(t)Hdt<∞. Thus,thedistributionalversionisindeedageneralization
oftheRKHSsettingofSection2.

ThecorrespondingKramersamplingtheoremfordistributionsinHK readsasfol-
lows:

Theorem11. Assumethatthereexist{φn}
∞
n=1 ∈D,{an}

∞
n=1 ∈C\{0}suchthat

K(φn)=anxnforsomeRieszbasis{xn}
∞
n=1forH.Then,thesequenceofdistributions

{Sn}
∞
n=1givenby

Sn(φ):=yn,K(φ)H, φ∈D, n∈N,

where{yn}
∞
n=1 isthedualbaseof{xn}

∞
n=1,formsaRieszbasisforthespaceHK.

Expandinganyh∈HK inthisRieszbasisweobtain

h(φ)=

∞

n=1

h(φn)
Sn(φ)

an
, φ∈D. (22)

Theseriesin(22)convergesintheHK-normsenseandalso,absolutelyanduniformly
onsubsetsofDwhereφ→ K(φ)H isbounded.
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Proof.ItissimilartotheproofofTheorem1:FromK(φn)=anxnwededucethat
TK isabijectiveisometryandsinceTK(ym)=Sm,m∈N,weobtainthat{Sm}

∞
m=1is

aRieszbasisforHK whosebiorthonormalbasis{Tm}
∞
m=1isgivenbyTm =TK(xm),

m∈N.Expandinganyh∈HK inthisRieszbasis,wehaveh=
∞
n=1 h,TnHK Sn,in

theHK-normsenseand,consequently,pointwiseinDsinceforanyφ∈Dthemapping
h→ h(φ)iscontinuousonHK [12,p.41]. Moreover,havinginmindthatTK isan
isometry,andthatK(φn)=anxnweobtain

h,TnH= TK(x),TK(xn)HK = x,xnH= x,K(φn)/anH=h(φn)/an, n∈N,

andhencethesamplingexpansion(22).AsinTheorem1,theabsoluteconvergenceof
theseriesoneachφ∈Dfollowsfromitsunconditionallyconvergenceandtheuniform
convergenceonsubsetsofDwhereφ→ K(φ)HisboundedfollowsbyusingCauchy-
Schwarz’sinequalityinthereproducingproperty(21).

Example4.2.Let{en}n∈ZbeanorthonormalbasisofaseparableHilbertspaceHand
letanonzerofunctionφ0∈Dsuchthatsuppφ0⊂IwhereI⊂Risanarbitrary
intervaloflengthl(I)≤1. Foreveryn∈Z,setφn(t):=φ0(t−n), t∈R,and
considerthefunctionK:D →Hdefinedby

K(ψ)=
n∈Z

φn,ψL2en, ψ∈D.

Notethatforeveryfixedψ∈Dthereareonlyafinitesetofnon-zeroaddendsinthe
abovesummation,sothatK(ψ)∈ HanditiseasilytestedthatK isanH-valued
continuousconjugatelinearfunction. Moreover,

K(φm)=
n∈Z

φn,φm L2en= φm
2
L2em= φ0

2
L2em.

InordertoapplyTheorem11wecomputeSm(ψ):

Sm(ψ)=em,K(ψ)H= em,
n∈Z

φn,ψL2en H= ψ,φm L2.

Therefore,foreveryh∈HK thesamplingexpansion(22)readsas

h(ψ)=
1

φ02L2n∈Z
h(φn)ψ,φnL2, ψ∈D,

wheretheseriesconvergesintheHK-normsenseandalso,absolutelyanduniformly
onsubsetsofDwhereψ→ n∈Z φn,ψL2

2
isbounded.
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pling in L2(Rd) shift-invariant subspaces with multiple stable generators. In Mul-
tiscale Signal Analysis and Modeling, pp. 51–80, Lecture Notes in Electrical Engi-
neering, Springer, New York, 2012.

[17] J. P. Gabardo. Hilbert spaces of distributions having an orthogonal basis of expo-
nentials. J. Fourier Anal. Appl., 6(3):277–298, 2000.
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