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The experimental information on the S*Kr nuclei is compared with the model calcu- 
lation in which two neutron holes are coupled to the vibrational field. Based on the 
lower-order terms of a perturbative expansion of the E2 and M1 transition matrix 
elements, a simple rule is obtained for the sign and the magnitude of the 6(E2/M1) 
ratios for the transitions between the second and first 2 + states in some vibrational 
nuclei. 
[Nuclear structure S4Kr, calculated levels J, ~ and 6(E2/M1), Cluster-phonon model. 
Pairing interaction]. 
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I. Introduction 

The directional correlations of coincident 7 tran- 
sitions have recently been measured for several cas- 
cades in the 8~Kr nucleus [1]. Besides establishing 
spins of a number of levels, this measurement also 
gives information on the multipole mixing ratios 
(~(E2/M1), which is of considerable importance in 
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providing a better understanding of the structure of 
this nucleus. 
More specifically, while the spins and parities of the 
low-lying states of S~Kr indicate a collective quadru- 
pole vibrational structure, the predominance of M1 
in the multipolarity of several gamma transitions 
strongly suggests that also the single-particle degrees 
of freedom play an important role. 
In view of the above-mentioned properties we pro- 
pose in the present work a theoretical interpretation 
of the structure of 84Kr nucleus, and in particular of 
the ratios (5(E2/M1) measured in Ref. 1, within the 
two-hole cluster-quadrupole vibration coupling 
model. 



54 H. Dias et al.: Semi Microscopic Description of 84Kr 

II. The Nuclear Model and Parameters with 

A detailed description of the model is given in 
Refs. 2 and 3. Here we only sketch the main for- 
mulas in order to establish the notation. The system 
is described by the Hamiltonian 

H = H o + Hre s + Hin t (1) 

where H o is the energy of the unperturbed system 
represented by a quadrupole vibrational field and by 
two valence neutrons in a central field. The residual 
interaction energy among the neutrons in the shell- 
model cluster, H .... only includes explicitly the pair- 
ing force. The particle-vibration interaction is given 
by the expression 
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where k(r~) is the interaction intensity and f12 is the 
quadrupole deformation parameter. 
The eigenvalue problem is solved in the basis 
I[(jljz)J, NR]I} ,  where j=(nlj) stands for the quan- 
tum numbers of the hole states, J is the total 
angular momentum of the two holes, N and R re- 
present the phonon number and the angular mo- 
mentum, respectively, and I is the total angular mo- 
mentum. 
The matrix element of Hin t are parametrized by the 
coupling constant a defined as 

a = - - -  (3) 

where (k)  is the mean value of the radial matrix 
element of the interaction. 
The electric quadrupole and magnetic-dipole oper- 
ators consist of a particle and a collective part 
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( 3 ]  1,2 
J / ( M I , # ) =  \ ~ 1  [gRRu+gtLu+gsSu]gs, (5) 

eff eff is the effective particle charge, e~ where ep 

=Zefl2/]/5 is the effective vibrator charge, and gg, 
gz and g~ are, respectively, the collective, orbital and 
spin gyromagnetic ratios. 
The mixing ratio 6(E2/M1) for the E2 and M1 
transitions reads [4] 

6 (E 2/M 1) = 0.835 (E,/M eV) (~/e b #~ a) (6) 

~ =  (Ii II~(E2)II If) (7) 
(Ii I IJ(M1)l l I f )"  

The matrix elements of the E2 and M1 operators 
are expressed in the forms 

(Ii I/~'(E2)II Is) = (e;ff  A eff +e~ B)eb, (8a) 

(I,  II J / ( M  1)11 If) = (gs c + g,D + gRE),uN (8 b) 

and the quantities A, B, C, D and E are calculated 
from the model wave functions. 
The Hamiltonian was diagonalized with the follow- 
ing set of parameters: 

(a) pairing strength G=0.29MeV, which follows 
from the estimate of Kisslinger and Sorensen [5] (G 
= 25/.4 MeV); 

(b) phonon energy hcoe=l.56MeV, is the experi- 
mental energy of 2~ state in the single-closed-shell 
S6Kr nucleus [6]; 

(c) particle-vibration coupling constant a=0.74 
MeV, which results from fl2=0.13 (as measured in 
the Coulomb excitation process on 86Kr (Ref. 6)) 
and @ ) _ 4 5  MeV (as estimated numerically using 
wave functions obtained from the Woods-Saxon po- 
tential [7] ; 

(d) single particle energies egg/2 =0, ee,/2 =0.80 MeV, 
ep3/~ = 1.35 MeV and eis, ~ = 1.8 MeV, were taken from 
the work of Boer et al. [8]. 
In this parametrization, without an adjustable pa- 
rameter, we diagonalize the Hamiltonian by includ- 
ing all the vibrational states up to three phonons. 
The electromagnetic properties were evaluated with 
the usual values of the effective electric charge and 
effective gyromagnetic ratios. 

e ;  ff =0.5 e, e eff --fl2Ze =2.09, 

- 1 / ~  
ge =Z/A =0.43, gl =0, 

gs eff =0.6g~ tee = - 2.30. 

III. Results and Discussion 

In order to test the parametrization quoted in the 
previous section we first briefly discuss the available 
experimental data for the N = 4 9  nuclei [9-12]. The 
energy spectra are compared in Fig. 1 and the results 
for the electric quadrupole and magnetic dipole mo- 
ments of the ground state are shown in Table 1. It 
should be noted that the agreement between the 
calculated and the measured energy spectra for 
SSKr, 87Sr, 89Zr and 91Mo nuclei can be improved 
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Table l .  Comparison of experimental and theoretical electric 
quadrupole and magnetic dipole moments for the ground state (P 
=9/2 +) in N=49  nuclei 

Experiment Theory 

85Kr 8VSr 

Q(eb) 0.43 a 0.335 -I-0.020 b 0.37 
#(/~N) 1.005" 1.0924 _+ 0.0007b 1.06 

a Ref. 10; b Ref. 9 

by lowering the particle-phonon coupling constant. 
As an example, in Fig. 1 is also exhibited the calcu- 
lated spectrum for a =0.5 MeV. 
The calculated energy levels of 84Kr are shown in 
Fig. 2 and compared with experiments [-1, 13]. It can 
be seen that the ordering of the calculated 0 + 2, 2~ 
and 4~ levels in 8r agrees with the observed ones. 
Besides these three levels known experimentally at 
an excitation energy of ~2MeV,  we also predict 
possible negative parity states of spin 4 and 5. Al- 
though the octupole vibrations are not included in 
the calculation, the energy of the 3i-, state is also 
fairly well reproduced by the theory. 
The components of the wave functions of the 0~-, 0 + 2 7  

2[, 2 +, 23, 21, 3i ~, 4~-, 4~-, l i  ~ levels in 8r which 

contributed more than 4 ~o are listed in Table 2. It 
appears that the ground state has mainly a two- 
particle configuration, while the remaining states 
have mixed characteristics. 
Experimental information on the multipole mixing 
ratios 6(E2/M1) are displayed in Table3. We also 
show the theoretical results, which were obtained by 
associating with the experimentally observed states 
2 + (2.759 MeV), 3 + (3.082 MeV) and 1 -+ (3.366 
MeV), the calculated levels 2 + (2.79 MeV), 3~ (3.40 
MeV) and 1 + (3.49 MeV), respectively. By inspecting 
the experimental and theoretical results one sees that 
the measured ratios 6(E2/M1) for the cascades 
22 ~ 2~ ~ 0 r and 2~- --* 2~ ~ 0~ are reproduced by 
the calculation. On the contrary, for the remaining 
four cascades the calculated results for the mixing 
ratios disagree with the experimental data not only 
in sign but also in magnitude. This fact may indicate 
that the measured levels at 2.759 MeV, 3.082 MeV 
and 3.366 MeV carry negative parity. 
In 84Kr nucleus the 2~ state is a two-particle cluster 
of seniority zero coupled to one phonon, while the 
2~ state is a two-particle cluster of seniority two. 
The same situation may be found in other vibration- 
al nuclei, as for example in Cd isotopes. This is a 
consequence of the fact that in these nuclei the 
lowest single-particle states are of higher spin and, 
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Fig. 1. Comparison of experimental levels of 83Se (Ref. 12), 8SKr (Ref. 10), STSr (Ref. 9), 89Zr (Ref. 12) and 91M0 (Ref. 11) with the 
calculated spectra 
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Fig. 3. Lowest order diagrams for the E2 (3a) and M1 (3b) 
transitions between the states 2~- and 2+ in 84Kr 
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Table 2. Wave functions of a few low-lying states in a~Kr. Only 
those amplitudes which are larger than 4 ~ are listed 

o? oF 

[(g9/2) 2 0,00) 0.76 1(g9/2) 2 0,00) 0,33 
1(/91/2) 2 0,00) -0 .26  I(pl/2) 2 0,00) 0.44 
[(pa/2) 2 0,00) -0 .24  I(pl/a) 2 0,020) 0.23 
1(f5/2) 2 0,00) -0 .25  I(g9/2) 2 2,12) 0.30 
1(g9/2) 2 2,12) 0.34 I(Pl/2, P3/z) 2,12) --0.35 

- 1(Pl/2, P5/2) 2,12) --0.36 

2 + 22 

1(g9/2)2 0,12) 0.66 [(p~/2) 2 0,12) --0.24 
I(pl/z) z 0,12) - 0 . 2 5  [(g9/2) 2 0,22) 0.38 
1(P3/2) 2 0,12) - 0 . 2 1  I(g9/2) z 2,00) -0 .43 
1(g9/2) 2 2,00) 0.37 I(g9/2) 2 2,12) 0.35 
1(g9/2) 2 2,24) 0.22 ](g9/2) 2 4,12) -0 .23 
I(fs/z) 2 0,12) -0 .22  

23 22 

I(g9/2) 2 0,22) -- 0.52 
I(p1/2) 2 0,22) 0.21 
[(g9/2) 2 2,00) -- 0.50 
I(g9/2) 2 4,12) --0.35 

I(pl/z, f~/2) 2,00) -0.22 
I(Pl/z, P3/z) 2,00) -0 .26  
1(g9/2) 2 2,22) 0.20 
1(g9/2) 2 0,12) 0.46 
1(g9/2) 2 2 ,00)  --0.21 
[(g9/2) 2 2,12) 0.31 
[(g9/2) 2 2,24) 0.20 
[(pl/2) z 0,12) 0.22 
[(g9/2) 2 0,22) 0.21 

4[  1 i- 

[(g9/2) 2 0,24) 0.43 I(g9/z) 2 2,12) 0.78 
1(g9/2) 2 2,12) 0.47 1(g9/2) a 2,22) -0 .22  
[(g9/2) 2 4,00) 0.57 1(g9/2) 2 4,24) 0.53 
[(g9/2) 2 6,12) 0.22 

3; 4~ 

[(gg/z) 2 0,33) --0.27 I(gp/2) 2 0,24) 0.47 
[(g9/2) 2 2,12) 0.64 [(gl/2) 2 0,24) --0.28 
1(g9/2) 2 2,22) 0.40 [(p3/z) z 0,24) --0.21 
1(g9/2) 2 2,24) --0.28 I(g9/2) 2 4,00) --0.56 
1(g9/2) 2 4,12) 0.29 I(gg/z) z 6,12) --0.24 
1(g9/2) 2 4,22) 0.22 [(fs/2) 2 0,24) -0 .21 
1(g9/2) 2 4,24) 0.20 

therefore, the pairing energy is large, depressing the 
multiplets below the broken pairs. Lowest order 
processes contributing to the (IillJ/t(E2)llly) and 
(Ii II JC/(M 1)ll I f )  matrix elements are represented, re- 
spectively, by diagrams displayed in Fig. 3 a and 3 b. 
In the first case, for each single-particle diagram 
drawn on the left side correspond three induced 
collective diagrams drawn on the right-hand side, 
with all possible time-orderings of the emission or 
absorption of the virtual phonon. When the angular- 
momentum algebra is elaborated analytically the 
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Table3. Comparison of the experimentai and theoretical mul- 
tipole mixing ratios. The calculated results for the last four 
cascades were obtained by assuming that the experimentally ob- 
served states 2 • (2.759 MeV), 3 + (3.082 MeV) and 1 -+ (3.366 MeV) 
correspond respectively to the theoretical levels 2+ (2.79 MeV), 3~ 
(3.40 MeV) and 1[ (3.49 MeV) 

Cascade Multipole mixing 
ratio 6(E2/M 1) 

Experimental Theory 

2~ (1.898 MeV) ~ 2 + (0.882 MeV) --+ 0 + 
2~- (2.623 MeV) -+ 2 + (0.882 MeV) --+ 0~ 
2 -+ (2.759 MeV) ~ 2 + (0.882 MeV) ~ 0 + 
3 -+ (3.082 MeV) -+ 4 + (2.095 MeV) 

2 + (0.882 MeV) - 0.08 ,+ 0.01 0.82 

3 -+ (3.082 MeV) --+ 4 + (2,348 MeV) 
~ 2+(0.882 M e V )  -0.07,+0.01 0.17 

1-- (3.366 MeV) - ,  2) (0.882 MeV) --, 0 + +0.01_+0.01 -0.94 

0.80,+ 0.03 0.75 
-1.05_+0.07 -0.79 
-0.07 _+0.03 0.32 

mixing  ra t io  can be expressed in the form 

con t r ibu t ing  to bo th  the E2 and  M 1  t rans i t ion  mo-  
ments  and  no t  inc luded  in the a p p r o x i m a t i o n  (9) for 
the ra t io  ~ ,  give rise to a change in m a g n i t u d e  but  
no t  in sign. 
I t  is wor th  not ing  tha t  recent ly  Paa r  1-16] has dis- 
cussed, within the  pa r t i c l e -v ib ra t ion  coupl ing  model ,  
the E2/M1 mixing ra t ions  in odd -mass  spher ica l  
and  t rans i t iona l  nuclei. H e  ob ta ined ,  for example ,  
that  for t rans i t ions  of the  type  A N=O between 
un ique-pa r i ty  yras t  states 

~ ( j + 2 N + j + 2 N - 1 )  

]/~ (2j+4N+211/2 QSp(j) , (12) 
- 2j \ 2 j  + 4 N - 2 ! g~p _ g~ eeff 

with 

, elf 5 a eeff 
geff =ep  - t - :  (13) 

Therefore  f rom (9) and  (12) we can relate now the 
ra t ios  of the odd -mass  nuclei  wi th  those of  the 
ne ighbour ing  even-mass  nuclei. 

~ = 2 ] f 5 ( 2 j + 5 ) ( 2 j - 3 )  A Qsp(j) 

3 l/ 7 2 j ( 2 j - 1 )  ha) g R - g }  p eeff 
(9) 

where the symbol  j s tands  for the angu la r  momen-  
t um of  the d o m i n a n t  single par t ic le -s ta te  (j =g9/2 for 
84Kr and 11~Cd), A is one-par t i c le  pa i r ing  energy 
and  can be  a p p r o x i m a t e d  as 1-14] 

12 
~ -  MeV, (10) 

QSp(].) and  g~-P are, respectively,  the s ingle-par t ic le  
q u a d r u p o l e  m o m e n t  and  the gy romagne t i c  ra t io  of 
the s ta te  j ,  and  

5a  he) 
__ elf . eeff (11)  

eeff --e p -t 4I l iA(hog_A) 

is an effective charge. 
W i t h  the above  men t ioned  pa r ame te r s  we ob ta in  
f rom (9) a value  of  ~ = 0 . 5 6  while the  exact  result  is 

=0.94. In  a s imi lar  ca lcu la t ion  pe r fo rmed  for the 
114Cd nucleus,  with the usual  p a r a m e t r i z a t i o n  I-2], 
express ion (9) yields a value  ~ = - 0 . 8 3  which should  
be c o m p a r e d  with  the exact  value  ~ = - 1 . 5 4  and  
the exper imenta l  resul t  [15] @ =  99+o.v  There-  
fore, we can conc lude  tha t  the  h igher -o rder  terms,  

IV. Conclusions 

W e  have d e m o n s t r a t e d  that  the p r o p e r t y  of the S4Kr 
nucleus arises f rom neu t ron  hole cluster  with the 
qua d rupo l e  v ib ra t iona l  fields. Wi th in  this p ic ture  the 
exper imenta l ly  energy spec t rum and  the mixing ra- 
t ios g~(E2/M1) for the cascades  2 ~ - - ~ 2 ~ - ~ 0 ~  and  
2~ ~ 2~- --* 0~ are  well reproduced .  
In  addi t ion ,  a s imple  rule for the sign and  magni -  
tude  of the ra t io  N is given for the v ib ra t iona l  nuclei  
in which the 2+ and  2 5 states are, respectively,  a 
two-par t i c le  cluster of senior i ty  zero coup led  to one 
p h o n o n  and  a two-par t i c l e  cluster  of senior i ty  two. 

This work was supported by Funda~5,o de Amparo 5. Pesquisa 
do Estado de $5~o Paulo, and Conselho Nacional de Desenvol- 
vimento Cientifico e Tecnoldgico. 
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