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We are report ing here the results of some calculations made with Faddeev  (2) equa- 
tions for the simplest three-body system: the nonrelat ivist ic  three-boson system. Our 
aim is to s tudy the J =  0 bound-sta te  energy spectrum of the system formed by  
three structureless alpha-particles (~) and compare i t  as a reference with the low-lying 
J = 0 states of the nucleus 1~C (2). The nuclear interact ion between the alphas is rep- 
resented by  pair-wise (V~)  nonlocal separable potentials.  We are, therefore, mainly 
concerned with the comparison of the different descriptions of the low-energy prop- 
erties of the 3~ system as obtained with different nuclear potentials  V ~ .  

To tha t  end, the system under analysis is preferable to, say, the  3-~ermion system 
(3-nucleon system), since the involved angular-momentum algebra of the 32V system 
is absent here. The quantum numbers of the 3~ system are simply obtained by  adding 
the to ta l  (orbital) angular momentum of the ~-u pa i r  to the orbital  a~lgular momentum 
of the spectator  ~. We l imit  ourselves to the J = 0 (l = 0) three-body state and build 
the  system by considering only S-wave (~-~) states, neglecting higher par t ia l  waves. The 
subsystems (~-~) are then described by  the potent ia l  V~,, whose parameters  are calculated 

(*) Fe l low of t h e  Consejo  N a c i o n a l  de  Inves t i gac iones  Cient if icas  Y Tecnic&s, on  leave  of absence  f r o m  
D e p a r t a m e n t o  de  Fis iea,  U n i v e r s i d a d  N a e i o n a l  de  L a  P l a t a ,  L a  P l a t a .  
(1) L.  D. FADDEEV: SOY. Phys. J E T P ,  12, 1016 (1961). 
(2) •. AJZENBERG-SELOVE a n d  T. LA•RITSEN: Nucl. PhYs., 11, 1 (1959). 
(~) The  ~-c~ S - w a v e  s c a t t e r i n g  p h a s e  sh i f t  w a s  col lec ted  f r o m  the  fo l lowing ar t ic les  ( l abo ra to ry  s y s t e m  
energies) :  a)  ( 0 . 6 + 3 ) M e V :  N.  P .  ]tEYDENBURG a n d  G. i~L TEM:M~R: Phys. Rev., 104,  123 (1956); 
b) ( 3 . 8 4 + l l . 8 8 ) M e V :  T. _A. TOlYKBRELLO ~]2d L.  S. SENHOUSE: Phys. Rev., 129, 2252 (1963); 
c) (12.3 + 2 3 )  MeV:  R .  NILSON, W.  K .  JENTSCHE, G. ]=~. BRIGGS, R .  O. KERMAN a n d  J .  N.  SNYDER: Phys. 
Rev., 109, 852 (1958); d) ( 5 3 §  P .  DAm~IULAT, G. Ioo ,  H .  G. PUG~ a n d  H .  D. HOLMGREN: 
Phys. Rev., 137, B 315 (1965). 
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by  f i t t ing the  S-wave (~-~) scat ter ing phase shift ((~o(E)) in  the energy range ( laboratory 
system) (0.6--77.0) MeV. Now, some in te res t ing  quest ions arise since, as is well known,  
(~o(E) presents  a ve ry  pecul iar  behav iour  (3). 

i) An  (~-~) resonance (SBe) shows up at  En = 94.5 keV, s l ight ly above threshold 
for a-~ scat ter ing.  This point  cannot  be discussed by  s imply  consider ing a nuc lear  po- 
ten t ia l ;  in fact, for energies up to 400 keV the  measured ra t io  of to ta l  to Mort  sca t ter ing  
is exact ly  one (3~), ind ica t ing  tha t  the  Coulomb repuls ion between the alphas is no t  
d i s turbed  by  the  nuclear  fo r ce - -up  to t ha t  energy,  of course. 

ii) If  we s ta r t  at  E ~ 0.6 MeV, ~o(E) decreases monotonica l ly  wi th  E and  changes 
sign at abou t  E~ ~ 20 ~eV.  Unl ike  the  first point ,  we can safely neglect  the Coulomb 
in te rac t ion  for this energy region (at  l abora to ry  energies of 0.6 MeV the rat io to Mort 
scat ter ing is a l ready different f rom one (an)) and  look for a nuc lear  po ten t ia l  which in 
t u r n  mus t  combine  an a t t rac t ive  and  a repulsive par t  in  order  to reproduce the  change 
in  sign of ($o(E). 

Here we are concerned wi th  the  second point ,  neglect ing the Coulomb in te rac t ion  
and  us ing two different types  of a t t rac t ive-repuls ive  nuclear  potent ia l s :  a) a rank- two 
of the  Yamaguchi  type  (~) and  b) a r ank-one  like t ha t  proposed b y  TABAKIN for the  
nucleon-nucleon problem (~). These potent ia l s  have the  following analy t ica l  expressions:  

a) ]~amaguehi rank-two 

(la) (v) , (i) (o (i) , V ~ ( p , p  ) = ~ _ , ~ g ~  (p)g~ ( p  ) ,  
i=1.2 

1 

b) Tabakin type 

(2a) 

(2b) 

v(T), ~(T) (T)/ , (T) ,  t\  
~a(P, P')  ~ ~ g ' ~  (P)g~ IP J , 

g~)(p)  = 2 2 ( p  - -P~) (p  § d2)/[(p2 § b2)(pd § ad)]. 

In  a) the  a t t rac t ive  pa r t  is represented  by the te rm wi th  negat ive  s t rength  2a~, while 
fli measures the range of the  corresponding term.  In  b) the a t t rac t ive- repuls ive  character  
is obviously provided by  the  t e rm p 2 _ p ~ ,  where Pc corresponds to ~o(Pc)= O. We 
refer to the  or iginal  paper  by  TABAKiN for a fur ther  descr ipt ion of _~.v (T)- Wi th  potent ia ls  
(1) and  (2) we f i t ted the  ~ nuc lear  ~> (*) bo(E). We also produce  the  same fit wi th  a single 
rank-one  po ten t ia l  of the  Hul thgn  type  in  order to compare wi th  other  results.  The 
result  of the fit, together  wi th  the exper imenta l ly  measured bo(E), are shown in  Fig. 1. 

Let  us now briefly describe the  three-body problem.  At  the  low energies ia  which 
we are in teres ted  and  in  the  separable two-body po ten t ia l  approximat ion ,  the three- 

(~) Y. YA~AGUCHI and Y. YAlW~AGUCm: Phys. Rev., 95, 1635 (195g). 
(5) F .  TABAKIN: Phys. Rev., 174, 1208 (1968). 
(*) Here (, nuclear ~) means ~ S-wave phase shift without completely removing the Coulomb contribu- 
tion ~. This indicates the well-known fact ~hat ~(E) appears in the full scattering amplitude in the fol- 
lowing combination: 

] = ]nu~ +/Ooul, ]auc= (2ik) -~ exp [2iq.] [exp [2ic$o(E)] -- 1], ]Ooul = (2ik) -1 [exp [2ia0] -- 1], 

where ao is the pure Coulomb phase shift. 
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Fig.  1. - E x p e r i m e n t a l  S-wave  ~-c~ phase  shif ts ,  t oge the r  w i t h  the  fits ob ta ined  w i t h  a) Y a m a g u c h i  
s ingle  t e rm,  b) Y a m a g u e h i  t a n k - t w o  a n d  c) Tabaldll-f~ype po ten t ia l .  

body system can be described by the Faddeev-Lovelace equations (6). These are multi-  
channel Lippmann-Schwinger- type  equations in which the number  of channels, after 
angular-momentum reduction, is propor t ional  to the number  of separable terms con- 
ta ined  in the two-body potentials.  I t  is therefore clear tha t  the three-body problem 
becomes simpler for an interact ion of the type  (2) than for a two-term potent ial  like (1), 
and, actually,  this is one of the reasons why the at tract ive-repulsive rank-one separable 
potentials  were invented. For  fm'ther details of the three-body equations in the sepa- 
rable approximat ion we refer to Lovelace's  paper  (6) and we only recall tha t  the three- 
body bomld-s ta te  energies are obtained by  searching for the zeros of the Fredholm 
determinant  of the corresponding homogeneous equation for the elastic (c~,SBe) scat- 
fet ing ampli tude.  This search was made by  s tandard  numerical  procedures. Our two- 
body potent ial ,  as is na tura l  for a t t rac t ive  or at t ract ive-repulsive separable potentials  (7), 
predicts  a 2~ bound state (SBe) at an energy E2~, and therefore our search for the 3cr 
bound s tate  was l imited to E3~ negative and E3~<E2~. 

The results of these calculations are shown in Table I, where we also display all 
the two-body parameters.  The result for model C) in Table I should not  be taken seri- 
ously, since a single a t t rac t ive  term cannot give a unique set of parameters  through the 
fit to 8o(E ). I t  must  be said, however, tha t  the fit was done without  (~ completely re- 
moving ~) the  Coulomb par t ,  and, therefore, our model C) is not  directly comparable 
with tha t  of HARI~I~G~ON (s). Some interest ing information emerges from the compar- 
ison between A) and B) in T~ble I. There is no excited state in model A), while model 
B) gives two J = 0 states, as exper imental ly  verified. The predicted ground state is, 
however, too low in both models A) and B). We can argue tha t  b y  proper ly  adding 
the Coulomb repulsion, the spectrum will shift enough in the r ight  direction. According 
to ref. (s), the Coulomb energy of 3c~ is equal to 5.44 MeV, which is not  enough to put  
theoret ical  and experimental  results in a bet ter  agreement, However, the Coulomb 
repulsion will modify both models in the same way, since it depends on the asymptot ic  
behaviour  of the SBe wave fmlction, which is the same for both  models A) or B). There- 
fore, the  excited state will still  be absent ii~ model A). 

(~) C. LOVEL&CE: Phys. Rev., 135, B 1225 (1964). 
(7) G . C .  GBIRAI~DI an4  A. R I P , I :  Jour~. Math. Phys.,  5, 722 (196,~). 
(s) D . R .  HXI~INGTON: Phys. Rev., 147, 685 (1966). 
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TABLE I .  - -  Two-body parameters and bound-state energies ]or the J :  0 state o] the 30: 
system. The energies are measured with respect to the 2~ ~nd 3~ disintegration thresholds 
for two- and three-body systems, respectively. Our units are such that  m ~ =  1, ~ = 1 
and ~c = ?~/mac = 0.052926 fro. 

Parameters 
E ~  E3~ (MeV) 

(MeV) ground state excited state 

A) Yamaguchi 2~ = - -  1229.6, fll = 4.28, 
- -  16.9 - -  24.5 rank-two ~2 = 1091.6, f12 = 3.9 

B) Tabakin ~ = - -  261.1, a = 2.4, 
rank-two d = 0.86, b = 10.23, - -  1.2 - -25 .6  - -  1.45 

Pc = 3.1 

C) Yamaguchi ~ = -  6.9, fl = 2.57 
single-term 6.62 - -26.1  - -7 .3  

Experimental  values for the low-lying 
J =  0 states of 12C - -  7.28 +0.376 

These results seem to represent another example of the different low-energy prop- 
erty description of a three-body system achieved by using either a rank-one or a 
rank-two attractive-repulsive separable potential. The first example is the three-nucleon 
system which we analysed in a previous work (9). At that  t ime we found that  the Tabakin- 
type potential  did not give as good a result as arank- two potential. In the three-nucleon 
problem there are bound-state scattering d a t a ~ t h e  nucleon-deuteron scattering pro- 
cess--and a comparison between theory and experiment can therefore be made for the 
scattering energy region. This is not  the case for the 3~ system, nor for any of the sim- 
plest three-boson systems (three pions for instance (10)), because a two-boson stable 
bound state, to be used as a target, cannot be found in Nature,  and only the three-body 
bound-state region call be analysed and compared with experimental  results. From 
the present analysis we can conclude that  the rank-one type of potential  gives a better 
description of the 3~ bound-state spectrum than the Yamaguchi rank-two type. H o w  
ever, no general answer emerges from the present calculation to the question of which 
it is best to use in a three-body problem, and we are only able to say that  the Tabakin 
potential  is more suitable for the present problem than the other proposed models. 

Finally, let us turn to the problem of describing the nucleus 12C as a three-body 
system (*). The model was proposed by HARRINGTON (S) (our model C) in Table I) 
and a more complete calculation, using phenomenological ~-~ potentials, was made 
by FULCO and WONG (~) .  The papers by LEUXG and PARK (llb) dealt with the same 
problem and OS~AN (1~) explicitly calculated the Coulomb corrections to Harrington's 

(9) D. I:L. AVALOS, L. N.  EPELE a n d  M. A.  GREC~ORIO: Lett. Nuovo Cimento, 9, ~41 (1971). 
(lo) I=L COHEbT, A.  PAGNAiVs a n d  J .  G. TAYLOR: Nuovo Cimento, 2 A ,  954 (1971). 
(*) W e  on ly  refer ,  of  course ,  to  t hose  ca l cu la t ions  w h i c h  use  t h e  F a d d e e v  equa t ions .  
(11) a)  J .  1%. F u L c o  a n d  D. Y. WO~CG: Phys. Rev., 172, 1062 (1968); b) C. C. H .  LEU~r a n d  S. G. 
pARK: Phys. Rev., 187, 1239 (1969); e) A.  OS~AN: Phys. Rev. C, 4, 302 (1971). 
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model. A crit ical  analysis of these works is not  intended here;  let as just  comment 
tha t  all these remarks,  together  with oars, indicate that ,  even if a three-body model 
is feasible, the actual  calculation of the low-lying states of 1~C is a twelve-body problem 
ra ther  than  three-body.  

* * *  
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