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ABSTRACT
This work implements a variational determination of the elements of two-electron reduced density matrices corresponding
to the ground and excited states of N-electron interacting systems based on the dispersion operator technique. The proce-
dure extends the previously reported proposal [Nakata et al., J. Chem. Phys. 125, 244109 (2006)] to two-particle interaction
Hamiltonians and N-representability conditions for the two-, three-, and four-particle reduced density matrices in the doubly
occupied configuration interaction space. The treatment has been applied to describe electronic spectra using two benchmark
exactly solvable pairing models: reduced Bardeen–Cooper–Schrieffer and Richardson–Gaudin–Kitaev Hamiltonians. The disper-
sion operator combined with N-representability conditions up to the four-particle reduced density matrices provides excellent
results.
Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0051793

I. INTRODUCTION

Although the full configuration interaction (FCI) method
constitutes the exact treatment to describe N-electron systems in a
determined Hilbert subspace, its practical use is limited to studies of
systems using small or medium basis sets due to its high computa-
tional cost. This shortcoming can be partially overcome by means of

the determination of the corresponding two-particle reduced density
matrix (2-RDM), which provides the information for the calcula-
tion of most relevant physical observables, including the energy. In
the variational scheme, the 2-RDM elements are treated as para-
meters in energy minimization processes. The procedure, denomi-
nated variational determination of the two-particle reduced density
matrix (v2RDM), requires the introduction of constraints in the
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minimization algorithms so that the resulting 2-RDMs are lim-
ited to those arising from N-electron wave functions (or den-
sity matrices). The so-called P, Q, and G two-positivity (2-POS)
conditions impose that the 2-RDM and its linearly associated two-
hole and particle–hole matrices turn out to be positive semidef-
inite. These three requirements, which are known as ensem-
ble N-representability conditions of the 2-RDM,1,2 constitute
necessary although not sufficient conditions to guarantee the
N-representability. In quantum chemistry, these conditions have
provided results that could be considered as feasible when describ-
ing ground states of molecular systems at equilibrium geometries but
present serious deficiencies otherwise. Consequently, in subsequent
steps, this kind of condition has been extended to the three- and
four-positivity conditions, 3-POS and 4-POS, respectively, impos-
ing that the three- and four-particle reduced density matrices,
3-RDM and 4-RDM, respectively, as well as their associated hole
and particle–hole matrices satisfy necessary N-representability con-
ditions.3–5 Although these conditions have allowed us to reach more
accurate results, this treatment is limited to the description of the
electronic ground state corresponding to the Hamiltonian of each
system symmetry.

A different scenario appears when the v2RDM approach is
applied to N-electron Hamiltonians in model systems used in
nuclear and condensed matter physics.6,7 In fact, the descrip-
tion of strongly correlated systems or entangled states8,9 requires
the mandatory use of N-representability conditions involving the
3- and 4-RDMs,4 otherwise no precise results are attained. Fur-
thermore, the description of electronic spectra in these systems
requires to identify discrete excited states, apart from the continu-
ous ones. To this end, other variational approaches have been pro-
posed,10,11 which also require using higher order N-representability
conditions than the 2-POS P, Q, and G ones.12 Nakata et al.10

reported suitable electronic spectra for one-particle Hamiltonians in
model systems obtained by means of the so-called dispersion oper-
ator, whose expectation values are minimized according to several
N-representability condition sets. The aim of this work is to go
beyond, extending the dispersion operator technique to two-particle
interaction Hamiltonian models and using a complete set of neces-
sary N-representability conditions of the 2-, 3-, and 4-RDMs. This
treatment has been accomplished with doubly occupied configura-
tion interaction (DOCI) wave functions. The variational determina-
tion of the 2-RDM elements corresponding to those wave functions
is known as v2RDM-DOCI.

This article is organized as follows: In Sec. II, we present
the notation, theoretical aspects, and the features of the disper-
sion operator, which is the main tool used in this work. Using
the formalism of hard-core bosons,13 we formulate the disper-
sion operator as well as the elements of the 2-, 3-, and 4-RDMs
for an N-electron Hamiltonian model of two-particle interac-
tions in the DOCI space. This section also reports two exactly
solvable models that have been chosen to perform numerical
comparisons: reduced Bardeen–Cooper–Schrieffer (BCS)14,15 and
Richardson–Gaudin–Kitaev (RGK)16,17 Hamiltonians. Section III
reports the results obtained by these models along with the
corresponding discussion, and Sec. IV gathers the concluding
remarks. Finally, in the Appendix, we summarize the complete
N-representability condition set used for the calculation of RDM
elements.

II. THEORETICAL ASPECTS
The dispersion operator D̂(Ĥ, λ) corresponding to a gen-

eral N-electron Hamiltonian Ĥ and a real parameter λ is defined
as10,18,19

D̂(Ĥ, λ) = (Ĥ − λÎ)2, (1)

where Î is the N-electron unit operator. The minimization of the
expectation values of the dispersion operator D̂(Ĥ, λ), as a func-
tion of the parameter λ, leads to the determination of the zero
points of that operator. These, in turn, yield the eigenvectors (or
an arbitrary linear combination when degenerated) and eigenvalues
of the Hamiltonian Ĥ. Consequently, finding out the zero points of
the dispersion operator provides the solutions to the Schrödinger
equation.

In this work, we will refer to N-electron Hamiltonians defined
in the subspace of wave functions of seniority zero20–22 or DOCI
subspace,23,24 which will be formulated by means of the SU(2) pair
algebra. Within this approach, we will use the creation/annihilation
hard-core boson operators b†

i /bi, defined as b†
i = a†

i a†
ī and

bi = aīai, respectively, where a†
i /ai are the standard fermionic par-

ticle creation/annihilation operators corresponding to an orthonor-
mal single-particle basis set {i, j, k, l, . . .}. The notation (i, ī) defines
a pairing scheme involving two particles with either opposite
spins (iα, iβ

), momenta (i,−i), or in general any pairing of conju-
gate quantum numbers in doubly degenerate single-particle levels
and provides the formulation of the particle number operator as
ni = b†

i bi. As is well known, the hard-core boson operators satisfy
the relations13

[bi, b†
j ] = δij(1 − 2ni), (bi)

2
= 0. (2)

These operators allow us to express an N-electron Hamiltonian in
the seniority zero subspace as25

Ĥ = ∑
i

εi ni +∑
ij

Bij b†
i bj +∑

i≠j
Zij ninj, (3)

in which εi are the energies of the single-particle levels and Bij and
Zij stand for the pairing and monopole interactions, respectively.
Equation (3) allows us to relate N-electron Hamiltonians with hard-
core boson operators and particle number operators.

The commutation rules written down in formulas (2) enable
us to express the dispersion operator of a seniority-zero N-electron
Hamiltonian formulated by Eq. (3) as

D̂(Ĥ, λ) = ∑
ij

Tij b†
i bj +∑

ijkl
Wijkl b†

i b†
j bkbl +∑

i≠jk
Yijk b†

j nibk

+ ∑
i≠jkl,j≠kl

Uijkl b†
kninjbl + ∑

i≠j,k≠l
Xijkl ninjnknl, (4)

where

Tij = ∑
k

VikVjk, (5)

Wijkl = VikVjl − 2δjkVijVjl, (6)

Yijk = 2Vjk(Zij + Zki), (7)
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Uijkl = 2VklZij, (8)

Xijkl = ZijZkl, (9)

Vij = (εi −
λ
M
)δij + Bij, (10)

and M = N
2 is the number of hard-core bosons of an N-electron

system. Expressions (4)–(10) constitute a generalization of the dis-
persion operator formulation, which was reported in Ref. 10 for
one-particle Hamiltonians.

The expectation value of the dispersion operator expressed
in Eq. (4) corresponding to an N-electron wave function Ψ(N),
⟨Ψ(N)∣D̂(Ĥ, λ)∣Ψ(N)⟩, which requires the knowledge of the 2-,
3-, and 4-RDMs, can be variationally determined for each value of λ
using an extension of the v2RDM-DOCI technique developed previ-
ously.26–29 This methodology provides optimized values for the ele-
ments of these RDMs arising from the wave function Ψ(N),10 which

FIG. 1. The v2RDM-DOCI and FCI energies for the constant pairing Hamiltonian
(L = 8, M = 4) at G/Gc = 0.5 as functions of λ. The average energy is evalu-
ated with the minimizer of the dispersion operator D̂(Ĥ; λ). The vertical dashed
lines correspond to the exact excitation energies, and the v2RDM-DOCI results
are computed under up to 4-POS conditions.

FIG. 2. The expectation value of the dispersion operator D̂(Ĥ, λ) for the constant pairing Hamiltonian (L = 8, M = 4) as a function of λ. The different panels correspond
to interaction strengths G/Gc = 0.5, 1.0, and 1.5, as indicated. The vertical dashed lines correspond to the exact excitation energies, and the v2RDM-DOCI results are
computed under up to 4-POS conditions.
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then can also be used to evaluate the energy and other observables of
interest.

The 2-, 3-, and 4-RDM matrix elements can be block-classified
according to the seniority numbers of their creation or annihilation
strings.26 In the case of the 2-RDM elements, these blocks are

Πij = ⟨Ψ∣b†
i bj∣Ψ⟩, Dij = ⟨Ψ∣ninj∣Ψ⟩, ∀i ≠ j, (11)

where Π and D elements correspond to the 0- and 2-seniority
numbers, respectively. When the i and j indices are coincident,

Πii = Dii = ρi = ⟨Ψ∣ni∣Ψ⟩, (12)

in which ρi are the elements of the 1-RDM.
The 3-RDM elements present two blocks of seniority numbers

1 and 3, which will be denoted respectively as

Πi
jk = ⟨Ψ∣b

†
j nibk∣Ψ⟩ = Πi

kj = ⟨Ψ∣b
†
knibj∣Ψ⟩, ∀ i ≠ j, k (13)

and

Dijk = ⟨Ψ∣ninjnk∣Ψ⟩, ∀ i ≠ j ≠ k. (14)

The 4-RDM presents the following three blocks:

Πijkl = ⟨Ψ∣b
†
i b†

j blbk∣Ψ⟩, ∀ i ≠ j ≠ k ≠ l, (15)

Πij
kl = ⟨Ψ∣b

†
kninjbl∣Ψ⟩, ∀ i ≠ j ≠ k ≠ l, (16)

Dijkl = ⟨Ψ∣ninjnknl∣Ψ⟩, ∀i ≠ j ≠ k ≠ l, (17)

for the seniority numbers 0, 2, and 4, respectively.
In order to get physically meaningful results, these matrix ele-

ments must satisfy certain N-representability conditions. These con-
ditions require that all those RDMs and their associated hole and
particle–hole ones must be Hermitian, positive semidefinite, prop-
erly normalized, related by contraction mappings to lower-order
RDMs and to fulfill determined consistency relationships between
their elements. These requirements are imposed as variational con-
straints in the algorithms of the minimization processes. In the

TABLE I. Absolute energy differences of the v2RDM-DOCI results with respect to the FCI ones for the ground (0) and excited (1, 2, and 3) states of the constant pairing
Hamiltonian model at different interaction strengths, for a system with L = 8 and M = 4. The v2RDM-DOCI results are computed using up to 4-POS conditions. FCI energies are
given in square brackets.

G/Gc

State −2.0 −1.75 −1.5 −1.25 −1.0 −0.75 −0.50 −0.25

0 4.57 × 10−10 4.10 × 10−10 3.62 × 10−10 3.21 × 10−10 2.58 × 10−10 1.55 × 10−10 1.03 × 10−10
<1.00 × 10−10

[1.363 73] [1.352 11] [1.339 96] [1.327 20] [1.313 74] [1.299 47] [1.284 23] [1.267 82]

1 4.52 × 10−10 3.73 × 10−10 3.28 × 10−10 2.81 × 10−10 1.22 × 10−10
<1.00 × 10−10

<1.00 × 10−10
<1.00 × 10−10

[1.486 60] [1.475 61] [1.464 00] [1.451 69] [1.438 56] [1.424 48] [1.409 31] [1.392 87]

2 6.85 × 10−8 6.50 × 10−8 7.68 × 10−8 4.03 × 10−8 1.41 × 10−8 3.20 × 10−9 4.44 × 10−10 1.42 × 10−10

[1.613 32] [1.602 22] [1.590 43] [1.577 88] [1.564 46] [1.550 08] [1.534 61] [1.517 96]

3 6.64 × 10−7 3.53 × 10−7 1.63 × 10−7 5.04 × 10−8 1.16 × 10−8 1.60 × 10−8 4.23 × 10−8 5.49 × 10−8

[1.735 93] [1.725 60] [1.714 47] [1.702 44] [1.689 37] [1.675 17] [1.659 74] [1.643 02]

G/Gc

0 0.25 0.5 0.75 1.0 1.25 1.5 1.75 2.0

0 <1.00 × 10−10
<1.00 × 10−10 1.27 × 10−10 2.71 × 10−10 4.32 × 10−10 5.52 × 10−10 8.25 × 10−10 1.39 × 10−9 2.34 × 10−9

[1.250 00] [1.230 40] [1.208 56] [1.183 87] [1.155 60] [1.122 98] [1.085 34] [1.042 29] [0.993 82]

1 <1.00 × 10−10
<1.00 × 10−10

<1.00 × 10−10 1.34 × 10−10 2.93 × 10−10 8.40 × 10−10 2.36 × 10−9 9.52 × 10−9 4.03 × 10−8

[1.375 00] [1.355 54] [1.334 41] [1.311 65] [1.287 44] [1.262 14] [1.236 14] [1.209 73] [1.183 03]

2 <1.00 × 10−10 7.09 × 10−10 7.83 × 10−9 8.60 × 10−8 1.90 × 10−7 1.52 × 10−9 1.58 × 10−8 4.40 × 10−8 6.25 × 10−8

[1.500 00] [1.480 64] [1.459 79] [1.437 38] [1.413 38] [1.387 76] [1.360 54] [1.331 73] [1.301 37]

3 <1.00 × 10−10 8.69 × 10−8 7.79 × 10−7 4.95 × 10−7 1.29 × 10−7
⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅

[1.625 00] [1.605 75] [1.585 17] [1.563 06] [1.539 21] [1.513 40] [1.485 45] [1.455 28] [1.422 92]
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Appendix, we summarize the complete set of N-representability
conditions, which must be satisfied by the matrix elements of
Eqs. (11)–(17) in the numerical determinations performed in this
work. This set of imposed conditions is wider than that used in pre-
vious references.30–32 The advantage of using the dispersion operator
based treatment is that it allows us to describe excited states, in con-
trast to the more conventional minimization of the expectation value
of the Hamiltonian Ĥ, which is limited to the description of ground
states.

In Ref. 10, it was demonstrated that for one-body Hamil-
tonians, the enforcement of the 2-POS N-representability condi-
tions warrants the positivity of ⟨Ψ(N)∣D̂(Ĥ, λ)∣Ψ(N)⟩. However,
for two-body Hamiltonians, these conditions are insufficient and
imposing the 4-POS ones becomes necessary. Furthermore, due
to the lower-bound variational nature of the v2RDM-DOCI tech-
nique, the exact eigenvalues of the Hamiltonian, corresponding to
zeroes of the dispersion operator, are always encountered as zeroes
of the variationally determined counterpart. The converse is not
true. Consequently, in order to avoid spurious solutions in the
v2RDM-DOCI calculation, we will consider such a λ value as an
excited state energy when no other zero points of the expectation

value of the D̂(Ĥ, λ) operator exist in the neighborhood of
that λ.10

To deal with a tractable mathematical framework, in this work,
we will use Hamiltonian models that have been widely used in con-
densed matter and nuclear physics for testing the accuracy of new
theoretical treatments and approximations.33 The pairing Hamilto-
nians formulated by means of SU(2) algebra are relevant since they
show the specific form of the paired states, revealing their funda-
mental physics aspects. The quantum integrable and exactly solvable
Richardson–Gaudin pairing models34–36 have proven to be suitable
Hamiltonians to check the performance of the variational determi-
nation method of reduced density matrices within the DOCI space.
Two different integrable Richardson–Gaudin models have been
selected: the constant pairing or reduced BCS Hamiltonian15,37,38

and the RGK model describing a chain of spinless fermions with
p-wave pairing.17,39

The constant pairing Hamiltonian is formulated as

Ĥ = ∑
i

εi ni −G∑
ij

b†
i bj, (18)

TABLE II. Root-mean-square (rms) deviations for the Π (on the first row) and D (on the second row) seniority blocks of the 2-RDM resulting from the v2RDM-DOCI method
with respect to that of the FCI one, for the ground (0) and excited (1, 2, and 3) states. The results correspond to the constant pairing Hamiltonian model at different interaction

strengths, for a system with L = 8 and M = 4. The v2RDM-DOCI results are computed using up to 4-POS conditions. rms(X) =
√

∑ij(X
v2RDM−DOCI
ij − XFCI

ij )
2/L, with X = Π

or D.

G/Gc

State −2.0 −1.75 −1.5 −1.25 −1.0 −0.75 −0.50 −0.25

0 2.00 × 10−9 1.10 × 10−9 1.60 × 10−9 1.60 × 10−9 2.70 × 10−9 2.80 × 10−9 4.00 × 10−9 2.40 × 10−9

1.00 × 10−9 6.00 × 10−10 9.00 × 10−10 9.00 × 10−10 1.30 × 10−9 1.20 × 10−9 1.30 × 10−9 5.00 × 10−10

1 1.80 × 10−9 1.40 × 10−9 1.20 × 10−9 1.00 × 10−9 1.50 × 10−9 1.20 × 10−9 1.80 × 10−9 2.30 × 10−9

1.70 × 10−9 1.80 × 10−9 2.00 × 10−9 2.00 × 10−9 2.10 × 10−9 1.70 × 10−9 1.40 × 10−9 1.10 × 10−9

2 5.01 × 10−4 4.15 × 10−4 3.35 × 10−4 2.64 × 10−4 2.02 × 10−4 1.44 × 10−4 1.44 × 10−4 2.25 × 10−4

7.17 × 10−4 6.09 × 10−4 5.03 × 10−4 4.06 × 10−4 3.17 × 10−4 2.32 × 10−4 2.93 × 10−4 4.99 × 10−4

3 3.55 × 10−5 2.36 × 10−5 1.41 × 10−5 7.22 × 10−6 3.14 × 10−6 4.83 × 10−6 2.62 × 10−5 1.74 × 10−4

6.66 × 10−5 4.54 × 10−5 2.78 × 10−5 1.47 × 10−5 6.58 × 10−6 1.04 × 10−5 5.75 × 10−5 3.88 × 10−4

G/Gc

0 0.25 0.5 0.75 1.0 1.25 1.5 1.75 2.0

0 <1.00 × 10−10 2.30 × 10−9 1.40 × 10−9 1.20 × 10−9 1.40 × 10−9 1.80 × 10−9 1.10 × 10−9 1.80 × 10−9 3.30 × 10−9

1.00 × 10−10 5.00 × 10−10 7.00 × 10−10 8.00 × 10−10 1.00 × 10−9 1.60 × 10−9 1.60 × 10−9 2.50 × 10−9 5.00 × 10−9

1 2.00 × 10−10 2.70 × 10−9 1.80 × 10−9 1.80 × 10−9 2.00 × 10−9 4.10 × 10−9 1.47 × 10−8 8.15 × 10−8 3.66 × 10−7

5.00 × 10−10 1.20 × 10−9 1.80 × 10−9 3.00 × 10−9 4.60 × 10−9 8.20 × 10−9 2.50 × 10−8 1.24 × 10−7 4.47 × 10−7

2 8.46 × 10−7 3.03 × 10−4 2.38 × 10−4 5.16 × 10−4 9.83 × 10−4 1.60 × 10−3 2.26 × 10−3 2.72 × 10−3 2.70 × 10−3

1.89 × 10−6 6.71 × 10−4 4.22 × 10−4 8.20 × 10−4 1.54 × 10−3 2.46 × 10−3 3.42 × 10−3 4.09 × 10−3 4.15 × 10−3

3 4.42 × 10−5 6.74 × 10−4 6.97 × 10−4 1.30 × 10−3 3.20 × 10−3
⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅

9.88 × 10−5 1.50 × 10−3 1.54 × 10−3 2.77 × 10−3 6.55 × 10−3
⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
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where G is the strength of the infinite-range pairing interac-
tion and εi are single-particle energies. We will only consider
half-filled systems having the number of pairs M = L

2 (where L is
the total number of levels) and equispaced single-particle energies
εi =

i
L , i = 1, 2, . . . , L. This model predicts a metallic phase with no

gap and a superconducting phase with finite gap. The critical value
of G separating these phases is obtained from the gap equation in
the limit of the gap going to zero and the chemical potential equal to

μ =
εM + εM+1

2
(19)

as

Gc = [∑
i

1
∣ εi − μ ∣

]

−1

. (20)

In the limit G→ ∞, the exact ground state becomes a pair con-
densate denominated number projected BCS (PBCS) wave func-
tion in nuclear physics and antisymmetrized geminal power (AGP)
in quantum chemistry.40 Therefore, the PQG conditions of the
2-RDMs are sufficient to reproduce the exact ground-state energies
in this limit.40

Alternatively, the RGK Hamiltonian model is formulated as

Ĥ = ∑
i∈I+

εi ni −G ∑
ij∈I+

ηiηjb†
i bj, (21)

where εi and G are again the single-particle energies and interac-
tion strength, respectively; ηi = sin( i

2) and εi = η2
i . Note that this

value of εi describes the underlying fermion hopping between near
neighbor sites in a 1D chain. If it is assumed antiperiodic boundary
conditions and half-filled systems with the number of pairs M = L

2 ,
the allowed values for the indices i, j in formula (21) run in the set
I+ = { π

2L , 3π
2L , . . . , (2L−1)π

2L }. This Hamiltonian is a particular case of
the hyperbolic or XXZ family of the Richardson–Gaudin models,36

in which η’s are an arbitrary set of real parameters and εi = η2
i .

The Richardson–Gaudin hyperbolic Hamiltonians (21) have
an exact AGP ground state at a particular value of the interaction
strength known as the Moore–Read (MR) point,41–43

GMR =
1

L −N + 1
. (22)

FIG. 3. The expectation value of the dispersion operator D̂(Ĥ, λ) for the RGK Hamiltonian model (L = 8, M = 4) as a function of λ. The panels correspond to interaction
strengths G/GMR = −1.5,−0.5, 0.5, and 1.5, as indicated. The vertical dashed lines correspond to the exact excitation energies, and the v2RDM-DOCI results are computed
under up to 4-POS conditions.
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Therefore, the PQG conditions are sufficient to obtain the exact
ground-state energies in this point.39

III. RESULTS AND DISCUSSION
We have considered a dual semidefinite programming (SDP)

problem formulation of the variational optimization of the 2-RDM
in the DOCI space under the 2-, 3-, and 4-POS N-representability
conditions. We have developed codes that formulate and solve
the SDP problem adapted for the dispersion operator eigen-
value minimization satisfying the p-positivity conditions accord-
ing to the sparse structure of the matrices arising from the
seniority-zero wave functions. In our numerical calculations, we
use the semidefinite programming algorithm (SDPA) code44,45 in
the SDPA-DD version.46 This code provides a highly accurate
multiple-precision arithmetic procedure based on the Mehrotra-
type predictor–corrector primal-dual interior-point method, which
allows us the evaluation of the ground- and excited-state energies,
dispersion values, and their corresponding 2-RDMs. Furthermore,
the SDPA code does not allow for the equality constraints such as
those arising from the contraction mappings and consistency rela-
tions of the v2RDM method, as detailed in the Appendix. These are

included by relaxing them into inequality constraints with a suffi-
ciently small summation error of 10−10. The same precision limit
has also been used for the ground and excited state energies, disper-
sion values, and RDMs in the convergence processes. This higher
precision is a requirement arising from the squared-Hamiltonian
dependence of the dispersion operator (1).

We first discuss the behavior of the average energy ⟨Ĥ⟩ on
the variationally obtained state at given λ. Figure 1 compares the
values of ⟨Ĥ⟩ as a function of λ obtained using the dispersor oper-
ator within the v2RDM-DOCI method with those from the FCI
one. The comparison is performed for the constant pairing model
at the interaction strength G/Gc = 0.5 for a system having L = 8
single-particle levels at half-filling. Analogously to that previously
observed for one-body Hamiltonians by Nakata et al.,10 within the
v2RDM-DOCI treatment, we may identify several states in both the
low-lying and the high-lying part of the spectra of this two-body
Hamiltonian. These states manifest themselves as plateaus of the
average energy centered around specific values of λ corresponding
to the Hamiltonian eigenvalues. Therefore, the dispersor operator
within the v2RDM-DOCI approximation is effective at determin-
ing excitations. The values of the energy excitations are extracted
from the location of the minima of the dispersor, as shown in Fig. 2
for G/Gc = 0.5, 1.0, and 1.5. Due to the symmetry of the constant

TABLE III. Absolute energy differences of the v2RDM-DOCI results with respect to the FCI ones for the ground (0) and excited (1, 2, and 3) states of the RGK Hamiltonian model
at different interaction strengths, for a system with L = 8 and M = 4. The v2RDM-DOCI results are computed using up to 4-POS conditions. FCI energies are given in square
brackets.

G/GMR

State −2.0 −1.75 −1.5 −1.25 −1.0 −0.75 −0.50 −0.25

0 1.94 × 10−9 1.40 × 10−9 1.01 × 10−9 7.81 × 10−10 4.75 × 10−10 3.07 × 10−10 3.43 × 10−10 1.13 × 10−10

[0.799 29] [0.795 79] [0.791 63] [0.786 57] [0.780 27] [0.772 16] [0.761 18] [0.745 16]

1 1.56 × 10−8 1.06 × 10−8 6.56 × 10−9 3.26 × 10−9 1.24 × 10−9 4.83 × 10−10 2.99 × 10−10
<1.00 × 10−10

[1.003 78] [1.000 50] [0.996 54] [0.991 66] [0.985 42] [0.977 11] [0.965 31] [0.946 84]

2 3.71 × 10−9 2.48 × 10−9 4.50 × 10−9 4.44 × 10−9 2.75 × 10−9 9.43 × 10−10 8.20 × 10−10 3.61 × 10−9

[1.187 71] [1.184 73] [1.181 13] [1.176 66] [1.170 92] [1.163 14] [1.151 72] [1.132 53]

3 5.71 × 10−8 4.44 × 10−8 3.09 × 10−8 1.83 × 10−8 9.01 × 10−9 3.49 × 10−9 7.90 × 10−10 2.98 × 10−9

[1.220 67] [1.215 15] [1.208 53] [1.200 43] [1.190 29] [1.177 25] [1.159 74] [1.134 67]

G/GMR

0 0.25 0.5 0.75 1.0 1.25 1.5 1.75 2.0

0 <1.00 × 10−10 1.73 × 10−10 7.44 × 10−10 1.45 × 10−9 9.50 × 10−10 1.49 × 10−9 1.16 × 10−8 3.84 × 10−8 9.59 × 10−8

[0.718 54] [0.663 07] [0.529 70] [0.296 74] [0.000 00] [−0.333 33] [−0.689 14] [−1.059 72] [−1.440 58]

1 <1.00 × 10−10
<1.00 × 10−10 2.84 × 10−10 7.49 × 10−9 9.06 × 10−9 1.94 × 10−10 1.98 × 10−8 8.53 × 10−8 2.51 × 10−7

[0.913 63] [0.850 10] [0.768 67] [0.674 60] [0.370 48] [0.012 49] [−0.358 21] [−0.736 41] [−1.119 13]

2 <1.00 × 10−10
<1.00 × 10−10 3.78 × 10−9 1.27 × 10−6 9.16 × 10−8 1.96 × 10−9 2.45 × 10−7 1.53 × 10−6 1.91 × 10−6

[1.093 87] [1.012 27] [0.862 10] [0.690 32] [0.403 81] [0.106 41] [−0.195 55] [−0.499 90] [−0.806 00]

3 5.42 × 10−8 3.34 × 10−9 1.95 × 10−7
⋅ ⋅ ⋅ 1.93 × 10−6 4.06 × 10−6 6.11 × 10−7 1.24 × 10−7

⋅ ⋅ ⋅

[1.231 82] [1.026 38] [0.948 56] [0.693 80] [0.476 20] [0.269 66] [0.052 78] [−0.175 68] [−0.415 20]
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pairing Hamiltonian with equispaced ϵi, at half-filling, the energy
spectra for negative G = −∣G∣ can be obtained by mirroring the
results around the center of the spectra and shifting the results
by a constant, (L + 1)M/L. As the interaction increases, the deter-
mination of the location of the minima around the center of the
spectra becomes increasingly difficult as the expectation value of
D̂(Ĥ, λ) develops continuous regions in λ where it attains a zero
value. Therefore, the central part of the spectra in these cases can-
not be accounted for under up to 4-POS conditions and stronger
N-representability conditions may be needed.

To quantitatively assess the quality of our results for the low-
lying part of the spectra, in Table I, we collect the absolute values of
the differences found between the energies arising from the v2RDM-
DOCI method using up to 4-POS N-representability conditions and
those from the FCI one. These results correspond to the ground and
first three excited states of a system having L = 8 single-particle lev-
els at half-filling, M = 4. They have been obtained for the sequence
of interaction strengths lying in the interval G/Gc ∈ [−2.0, 2.0]. As
can be observed in Table I, the energies obtained from the v2RDM-
DOCI method, for both attractive (G > 0), and repulsive (G < 0)
branches, turn out to be very close to their corresponding FCI ones,
for the ground state as well as for the excited states. However,

slightly larger energy differences appear for high ∣G/Gc∣ strengths.
The attractive branch of the third excited state presents spurious
solutions for G/Gc ≥ 1.25 values, which correspond to situations in
which zero points of the expectation value of the D̂(Ĥ, λ) opera-
tor exist in the neighborhood of the exact excited state energy, as
mentioned above. The quality of the results is corroborated by evalu-
ating the root-mean-square (rms) deviations of the 2-RDM elements
(for both Π and D seniority blocks) arising from the v2RDM-DOCI
method with respect to the FCI one. The results are gathered in
Table II and show that the largest rms values correspond to the high-
est ∣G/Gc∣ strengths, mainly in the attractive branch of the excited
states.

We have also studied the system constituted by L = 8 single-
particle levels at half-filling M = 4 within the RGK Hamiltonian
model [Eq. (21)], using identical N-representability conditions to
the former model. The results for the expectation value of D̂(Ĥ, λ) as
function of λ are shown in Fig. 3. At variance to the constant pairing
model studied above, the energy spectra of the RGK Hamiltonian
model at half-filling is not symmetric around its center, and thus,
we have chosen to display the spectra for both positive and negative
values of G. In this case, the dispersion operator method based on
the v2RDM-DOCI allows us to identify a higher number of excited

TABLE IV. Root-mean-square (rms) deviations for the Π (on the first row) and D (on the second row) seniority blocks of the 2-RDM resulting from the v2RDM-DOCI method with
respect to that of the FCI one, for the ground (0) and excited (1, 2, and 3) states. The results correspond to the RGK Hamiltonian model at different interaction strengths, for a

system with L = 8 and M = 4. The v2RDM-DOCI results are computed using up to 4-POS conditions. rms(X) =
√

∑ij(X
v2RDM−DOCI
ij − XFCI

ij )
2/L, with X = Π or D.

G/GMR

State −2.0 −1.75 −1.5 −1.25 −1.0 −0.75 −0.50 −0.25

0 5.70 × 10−9 4.40 × 10−9 4.10 × 10−9 3.30 × 10−9 2.40 × 10−9 1.60 × 10−9 3.90 × 10−9 3.10 × 10−9

3.30 × 10−9 2.30 × 10−9 1.20 × 10−9 8.00 × 10−10 4.00 × 10−10 2.00 × 10−10 7.00 × 10−10 5.00 × 10−10

1 6.82 × 10−8 4.90 × 10−8 3.47 × 10−8 2.10 × 10−8 8.90 × 10−9 2.80 × 10−9 2.70 × 10−9 2.00 × 10−9

2.50 × 10−8 1.73 × 10−8 1.17 × 10−8 6.60 × 10−9 2.80 × 10−9 1.20 × 10−9 1.30 × 10−9 1.00 × 10−9

2 4.98 × 10−7 3.59 × 10−7 2.51 × 10−7 1.49 × 10−7 7.51 × 10−8 3.40 × 10−8 4.12 × 10−8 4.03 × 10−7

7.67 × 10−7 5.66 × 10−7 3.99 × 10−7 2.44 × 10−7 1.22 × 10−7 5.44 × 10−8 7.98 × 10−8 8.58 × 10−7

3 2.12 × 10−6 1.48 × 10−6 9.70 × 10−7 5.78 × 10−7 3.04 × 10−7 1.40 × 10−7 1.18 × 10−7 4.74 × 10−7

3.29 × 10−6 2.40 × 10−6 1.64 × 10−6 1.01 × 10−6 5.54 × 10−7 2.63 × 10−7 2.36 × 10−7 1.00 × 10−6

G/GMR

0 0.25 0.5 0.75 1.0 1.25 1.5 1.75 2.0

0 <1.00 × 10−10 2.90 × 10−9 3.20 × 10−9 3.40 × 10−9 1.30 × 10−8 1.50 × 10−9 1.64 × 10−8 5.31 × 10−8 1.28 × 10−7

1.00 × 10−10 5.00 × 10−10 9.00 × 10−10 1.80 × 10−9 3.90 × 10−9 1.10 × 10−9 1.59 × 10−8 4.94 × 10−8 1.18 × 10−7

1 2.00 × 10−10 3.10 × 10−9 7.40 × 10−9 1.73 × 10−6 2.70 × 10−7 2.60 × 10−9 1.96 × 10−7 4.33 × 10−7 9.44 × 10−7

4.00 × 10−10 1.60 × 10−9 4.60 × 10−9 1.55 × 10−6 3.42 × 10−7 3.20 × 10−9 1.95 × 10−7 4.26 × 10−7 9.13 × 10−7

2 9.62 × 10−8 3.74 × 10−8 3.93 × 10−8 4.71 × 10−4 1.22 × 10−6 2.82 × 10−8 8.51 × 10−7 2.91 × 10−6 4.61 × 10−6

2.15 × 10−7 2.13 × 10−8 5.15 × 10−8 4.04 × 10−4 1.44 × 10−6 2.91 × 10−8 7.07 × 10−7 2.63 × 10−6 4.41 × 10−6

3 4.77 × 10−7 1.18 × 10−7 6.92 × 10−6
⋅ ⋅ ⋅ 5.34 × 10−5 3.26 × 10−5 4.79 × 10−4 3.97 × 10−3

⋅ ⋅ ⋅

1.07 × 10−6 2.02 × 10−7 6.08 × 10−6
⋅ ⋅ ⋅ 5.01 × 10−5 2.88 × 10−5 3.74 × 10−4 2.92 × 10−3

⋅ ⋅ ⋅
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TABLE V. Absolute energy differences of the v2RDM-DOCI results with respect to the
FCI ones for the ground (0) and excited (1, 2, and 3) states of the RGK Hamiltonian
model at G/GMR = 1.75 interaction strength, for systems with L = 6, 8, 10, and 12
at half-filling. The v2RDM-DOCI results are computed using up to 4-POS conditions.
FCI energies are given in square brackets.

L

State 6 8 10 12

0 2.39 × 10−10 3.84 × 10−8 2.23 × 10−6 5.05 × 10−6

[−0.789 16] [−1.059 72] [−1.330 00] [−1.600 11]

1 <1.00 × 10−10 8.53 × 10−8 1.01 × 10−6 1.62 × 10−6

[−0.440 04] [−0.736 41] [−1.020 26] [−1.298 48]

2 1.03 × 10−10 1.53 × 10−6 1.45 × 10−6 1.42 × 10−6

[−0.098 71] [−0.499 90] [−0.846 71] [−1.165 53]

3 1.41 × 10−9 1.24 × 10−7 1.60 × 10−7 3.74 × 10−7

[0.307 89] [−0.175 68] [−0.590 07] [−0.958 83]

states. Furthermore, the method captures better a broader region in
the low-energy part of the spectra for repulsive interactions and in
the high-energy part for attractive ones. In Tables III and IV, we
report the results corresponding to energies and 2-RDM elements,
respectively, in the interaction strength interval G/GMR ∈ [−2.0, 2.0].
Again, no significant differences have been found between the FCI
results and those obtained from the v2RDM-DOCI method, neither
in energies nor in 2-RDM element values. Furthermore, the RGK
Hamiltonian model leads to slightly more precise results than the
constant pairing model.

Finally, in order to compare the ability of our procedure
to describe systems of different sizes, we have computed the

TABLE VI. Root-mean-square (rms) deviations for the Π (on the first row) and
D (on the second row) seniority blocks of the 2-RDM resulting from the v2RDM-
DOCI method with respect to that of the FCI one, for the ground (0) and excited
(1, 2, and 3) states. The results correspond to the RGK Hamiltonian model at
G/GMR = 1.75 interaction strength, for systems with L = 6, 8, 10, and 12 at
half-filling. The v2RDM-DOCI results are computed using up to 4-POS conditions.

rms(X) =
√

∑ij(X
v2RDM−DOCI
ij − XFCI

ij )
2/L, with X = Π or D.

L

State 6 8 10 12

0 7.00 × 10−10 5.31 × 10−8 3.50 × 10−6 6.96 × 10−6

3.00 × 10−10 4.94 × 10−8 3.36 × 10−6 6.57 × 10−6

1 4.00 × 10−10 4.33 × 10−7 5.71 × 10−6 8.43 × 10−6

2.00 × 10−10 4.26 × 10−7 5.78 × 10−6 9.11 × 10−6

2 7.00 × 10−10 2.91 × 10−6 1.34 × 10−5 2.05 × 10−5

7.00 × 10−10 2.63 × 10−6 1.21 × 10−5 1.89 × 10−5

3 1.22 × 10−8 3.97 × 10−3 3.03 × 10−3 2.04 × 10−3

7.80 × 10−9 2.92 × 10−3 2.28 × 10−3 1.62 × 10−3

lowest lying and ground-state energies using the dispersion opera-
tor method for systems with L = 6, 8, 10, and 12 at half-filling aris-
ing from the RGK Hamiltonian model at G/GMR = 1.75. Tables V
and VI show the results corresponding to the energies of the sys-
tems and the rms deviations of their 2-RDM element values with
respect to the FCI ones, respectively. As can be observed in Tables V
and VI, the precision level slightly decreases as the system size
increases. All these results confirm that our methodology is able to
describe the low-lying energy states of strongly correlated systems
in the seniority-zero subspace. The accuracy of the numerical values
predicted by the v2RDM-DOCI method, for both constant paring
and RGK Hamiltonian models, must be attributed to the suitabil-
ity of the N-representability conditions used in this work (see the
Appendix).

IV. CONCLUDING REMARKS AND PERSPECTIVES
In this work, we have reported algorithms that provide

the description of electronic spectra of two-particle interaction
N-electron Hamiltonian models by means of the dispersion oper-
ator technique. This study constitutes an extension of the previously
reported procedures limited to the one-body Hamiltonian case. The
search for zero points vanishing the expectation value of the dis-
persion operator leads to the variational determination of the 2-, 3-,
and 4-RDM elements of the ground and excited states. This task has
been performed in the DOCI space within the v2RDM framework by
means of codes that formulate and solve the SDP problem adapted
for the dispersion operator eigenvalue minimization, imposing a
complete set of 4-POS N-representability conditions. The numer-
ical results have been obtained with this procedure for systems at
half-filling, possessing L = 8 and L = 6, 8, 10, and 12 electrons, using
the constant pairing and RGK Hamiltonian models, respectively.
The almost coincidence of those results with their counterparts from
the FCI method warranties the suitability of the N-representability
conditions proposed in this work. In order to know all abilities
of this methodology, we are currently exploring the description of
electronic spectra in closed- and open-shell molecules.
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APPENDIX: N-REPRESENTABILITY CONDITIONS
FOR 2-, 3-, AND 4-RDMs ARISING FROM DOCI
WAVE FUNCTIONS

The Hermitian matrices (11)–(17) must satisfy the following
normalization, contraction, and consistency conditions:
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∑
i

Πii = ∑
i

Dii =M, (A1)

∑
j

Dij =MΠii, (A2)

ρi =
1

M − 1
⎛

⎝
∑
j<i

Πj
ii +∑

i>j
Πi

jj
⎞

⎠
∀ i, (A3)

Πij =
1

M − 1∑k≠ij
Πk

ij, ∀ i < j, (A4)

Dij = Diij = Πi
jj = Πj

ii, (A5)

Πi
jj =

1
M − 2∑k≠ij

Dijk, ∀ i < j, (A6)

∑
j≠il

Πij
kl = (M − 2)Πi

kl, (A7)

∑
i≠jkl

Dijkl = (M − 3)Djkl, (A8)

Πikkj = Πk
ij, Πijij = Dij, (A9)

Πij
kk = Dijk, Dijkk = Dijk, (A10)

in which Eqs. (A5), (A9), and (A10) are consistency relations.
In the following, we summarize the necessary but not suffi-

cient set of constraints on the RDMs constituting the p-positivity
N-representability conditions (p-POS).4,5 We express the 2-, 3-, and
4-POS conditions in terms of the seniority blocks of the DOCI 2-, 3-,
and 4-RDMs.

1. 2-POS conditions
The 2-P condition is

Πij ⪰ 0, Dij ≥ 0, ∀i < j, (A11)

the 2-Q one is

Πij + δij(1 − 2ρi) ⪰ 0, Dij + 1 − ρi − ρj ≥ 0, ∀i < j, (A12)

and the 2-G one is

Dij ⪰ 0, (A13a)

(
ρa −Dab −Πab

−Πba ρb −Dab
) ⪰ 0, ∀a < b. (A13b)

2. 3-POS conditions
The 3-P condition is

Dijk ≥ 0, ∀ i < j < k, Πa
ij ⪰ 0, ∀a, (A14)

the 3-Q one is

1 − ρi − ρj − ρk +Dij +Djk +Dki −Dijk ≥ 0, ∀ i < j < k, (A15a)

−Πa
ij +Πji + δij(1 − 2ρi − ρa + 2Dia) ⪰ 0, ∀ ij ≠ a, (A15b)

the 3-E one is

⎛
⎜
⎝

Dab − Dabc Πa
bc Πb

ac
Πa

bc Dac − Dabc Πc
ab

Πb
ac Πc

ab Dbc − Dabc

⎞
⎟
⎠
⪰ 0, ∀ a < b < c, (A16a)

⎛
⎜
⎜
⎝

Daij + δijDai Πi
aj Dia

Πj
ai Πij −Πa

ij Πia

Dai Πai ρa

⎞
⎟
⎟
⎠

⪰ 0, ∀ a, ij ≠ a, (A16b)

and the 3-F one is

⎛
⎜
⎜
⎝

ρa −Dab −Dac + Dabc Πac −Πb
ac Πab −Πc

ab

Πac −Πb
ac ρc −Dbc −Dac + Dabc Πbc −Πa

bc
Πab −Πc

ab Πbc −Πa
bc ρb −Dab −Dbc + Dabc

⎞
⎟
⎟
⎠

⪰ 0, ∀ a < b < c, (A17a)

⎛
⎜
⎜
⎝

−Daij + δij(ρi −Dai) +Dij −Πi
aj − δijΠia ρi −Dia

−Πi
aj − δijΠia Πa

ij + δij(ρa − 2Dia) −Πia

ρi −Dai −Πai 1 − ρa

⎞
⎟
⎟
⎠

⪰ 0, ∀ a, ij ≠ a. (A17b)

J. Chem. Phys. 154, 224104 (2021); doi: 10.1063/5.0051793 154, 224104-10

Published under an exclusive license by AIP Publishing

https://scitation.org/journal/jcp


The Journal
of Chemical Physics ARTICLE scitation.org/journal/jcp

3. 4-POS conditions
The 4-P condition is

Dijkl ≥ 0, ∀ i < j < k < l, (A18a)

Πab
ij ⪰ 0, ∀a < b, i, j, (A18b)

Πijkl ⪰ 0, ∀i < j, k < l with matrix indices ij and kl, (A18c)

the 4-Q one is

1 − ρi − ρj − ρk − ρl +Dij +Dik +Dil +Djk +Djl +Dkl −Djkl

−Dikl −Dijl −Dijk +Dijkl ≥ 0, ∀ i < j < k < l, (A19a)

Πij −Πa
ij −Πb

ij +Πab
ij + δij(1 − ρa − ρb − 2ρi +Dab

+ 2Dia + 2Dib − 2Diab) ⪰ 0,∀a, b, i ≠ a, b, j ≠ a, b, (A19b)

Πijkl + δik(Πlj − 2Πi
lj) + δjk(Πli − 2Πj

li) + δil(Πkj − 2Πi
kj)

+ δjl(Πki − 2Πj
ki) + δikδjl(1 − 2ρi − 2ρj + 4Dij) ⪰ 0,

∀i, j, k, l with matrix indices ij and kl, (A19c)

the 4-E one is

⎛
⎜
⎜
⎜
⎜
⎝

Dabc − Dabcd Πbc
ad Πac

bd Πab
cd

Πbc
ad Dbcd − Dabcd Πcd

ab Πbd
ac

Πac
bd Πcd

ab Dcda − Dabcd Πad
bc

Πab
cd Πbd

ac Πad
bc Ddab − Dabcd

⎞
⎟
⎟
⎟
⎟
⎠

⪰ 0,

∀ a < b < c, d ≠ abc,
(A20a)

⎛
⎜
⎜
⎝

Dijab Πia
jb Πib

aj

Πja
ib Πa

ij −Πab
ij Πiajb

Πjb
ia Πibja Πb

ij −Πab
ij

⎞
⎟
⎟
⎠

⪰ 0, ∀ ij ≠ ab, (A20b)

the 4-F one is

⎛
⎜
⎜
⎜
⎜
⎝

(a) Πab −Πc
ab −Πd

ab +Πcd
ab Πac −Πb

ac −Πd
ac +Πbd

ac Πad −Πb
ad −Πc

ad +Πbc
ad

⋅ ⋅ ⋅ (b) Πbc −Πa
bc −Πd

bc +Πad
bc Πbd −Πa

bd −Πc
bd +Πac

bd

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ (c) Πcd −Πa
cd −Πb

cd +Πab
bd

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ (d)

⎞
⎟
⎟
⎟
⎟
⎠

⪰ 0, (A21a)

⎛
⎜
⎜
⎜
⎝

Dij −Dija −Dijb +Dijab Πi
ja −Πib

ja + δij(Πia −Πb
ia) a1

Πj
ia −Πjb

ia + δij(Πja −Πb
ja) Πa

ij −Πab
ij + δij(ρa −Dab − 2Dia + 2Diab) a2

Πj
ib −Πja

ib + δij(Πjb −Πa
jb) Πaijb + δij(Πab − 2Πi

ab) a3

⎞
⎟
⎟
⎟
⎠

⪰ 0, (A21b)

where the matrix (A21a) is symmetric, the notation () represents

(a) = ρa −Dab −Dac −Dad +Dabc +Dabd +Dacd −Dabcd,

and in the matrix (A21b),

a1 = Πi
jb −Πia

jb + δij(Πib −Πa
ib),

a2 = Πajib + δij(Πab − 2Πi
ab),

a3 = Πb
ij −Πab

ij + δij(ρb −Dab − 2Dib + 2Diab),

and the 4-G one is
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⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

(ab) Πa
bd −Πac

bd Πb
ad −Πbc

ad Πa
bc −Πad

bc Πb
ac −Πbd

ac Πabcd

Πa
bd −Πac

bd (ad) Πd
ab −Πcd

ab Πa
cd −Πab

cd Πadbc Πd
ac −Πbd

ac

Πb
ad −Πbc

ad Πd
ab −Πcd

ab (bd) Πbdac Πb
cd −Πab

cd Πd
bc −Πad

bc

Πa
bc −Πad

bc Πa
cd −Πab

cd Πacbd (ac) Πc
ab −Πcd

ab Πc
ad −Πbc

ad

Πb
ac −Πbd

ac Πbcad Πb
cd −Πab

cd Πc
ab −Πcd

ab (bc) Πc
bd −Πac

bd

Πcdab Πd
ac −Πbd

ac Πd
bc −Πad

bc Πc
ad −Πbc

ad Πc
bd −Πac

bd (cd)

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

⪰ 0, (A22a)

⎛
⎜
⎜
⎜
⎜
⎝

Dijb −Dijab Πij
ab Πib

ja + δijΠb
aj Πi

jb −Πia
jb

Πij
ab Dija −Dijab Πia

jb + δijΠa
bj Πi

ja −Πib
ja

Πjb
ia + δijΠb

aj Πaj
ib + δijΠa

bj Πab
ij + δij(Dab − 2Diab) Πabij

Πj
ib −Πja

ib Πj
ia −Πjb

ia Πijba Πij −Πa
ij −Πb

ij +Πab
ij

⎞
⎟
⎟
⎟
⎟
⎠

⪰ 0, (A22b)

⎛
⎜
⎜
⎝

Πiljk + δjl(Πik − 2Πj
ik) Πkl

ij + δjkΠl
ij + δjlΠ

k
ij Πk

ij + δjkΠij

Πij
kl + δilΠ

j
kl + δjlΠ

i
kl Dijkl Dijk

Πi
kl + δilΠkl Dikl Dik

⎞
⎟
⎟
⎠

⪰ 0. (A22c)

In the matrix (A22a),

(ab) = Dab −Dabc −Dabd +Dabcd,

(bc) = Dbc −Dabc −Dbcd +Dabcd.
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