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Abstract

In this paper we compute the logarithmic energy of points in the unit interval [-1,1] chosen
from different Gegenbauer Determinantal Point Processes. We check that all the different
families of Gegenbauer polynomials yield the same asymptotic result to third order, we
compute exactly the value for Chebyshev polynomials and we give a closed expression for
the minimal possible logarithmic energy. The comparison suggests that DPPs cannot match
the value of the minimum beyond the third asymptotic term.
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1 Introduction

Let K € R? be an infinite compact set. The logarithmic energy of n points x1, ..., x, €
K,x; #xjfori # jis
Elog(x1, .., %) = — »_ log|lx; — x;]|. (1
i#]
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The minimum value of this energy is then

glog (K,n) = min Elog(xl, cees Xp).
x, €K

Points which minimize the logarithmic energy (i.e. points with energy equal to &}y, (K, 1))
are called Fekete points of K. Note that an alternative formulation is: a collection of n points
in K is a set of Fekete points if the product of their mutual distances is as large as it can be.

The study of Fekete points is an area of very active research, see the classical surveys
[19, 24] or the recent and very complete monography [9]. The case that K = S? € R is the
unit sphere is the topic of problem number 7 in Smale’s list [21] (the problem was actually
posed by Shub and Smale in [20]). In particular, it is of greatest interest to describe the value
of Elpg (K, n).

This problem of finding Fekete points is fully solved if K = [—1, 1] is the unit interval
since Fejer [12]: the unique minimizer of Eq. 1 is the set consisting on the 2 extremes of the
interval, plus the n — 2 zeros of a Gegenbauer polynomial, namely CS/_ 22. Recall that for any
fixed A > 0, the sequence of Gegenbauer polynomials C,’} is a sequence of polynomials of
degreen =0, 1, 2, ... such that

_ 1
CA(1) = (ZA +n” 1), / CHx)CH(x)w*(x)dx =0 form #n,
-1

where

- M(l _ x2))»—1/2. 2)
JED (L +1/2)

That is to say, they are a sequence of orthogonal polynomials w.r.t. the weight w”(x). We

have not found in the literature an explicit value of the minimal logarithmic energy in the

unit interval! (which is a nontrivial calculation from the description of Fekete points). This

is our first main result:

w*(x)

Theorem 1 Let €, = &lq([—1, 1], n) be the energy of n Fekete points in the interval
[—1, 1]. Then,

n—2 2n—2
en = —n(n — 1log(2) = 3(n — Dlog(n — 1) —nlog(n) —4 Y " jlog(j) + Y jlog())
j=1 j=1

log(Z)n2 —nlog(n) —2log(2)n — %log(n) + O(1).

Zeros of sequences of orthogonal polynomials are known to be well—-distributed accord-
ing to different criteria, and more generally in other contexts zeros of functions of increasing
degree exhibit good separation properties and attain somehow low values of the logarithmic
energy. For example, the eigenvalues of n x n matrices of the form A~! B where A, B are
random with complex Gaussian entries (called the spherical ensemble [2, 17]) taken onto
the unit sphere S> € R? through the inverse stereographic projection have, on the average, a
logarithmic energy that matches the minimum value &,¢ (S?, n) up to second order asymp-
totics. The zeros of random polynomials whose coefficients are complex Gaussians with
some carefully chosen variances, sent again to the sphere with the same projection, have
even better properties regarding logarithmic energy, see [4].

'While this paper was being refereed, we learnt that J. S. Brauchart had came to an alternative expression for
the same quantity, see [10].
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However in general for other sets it is not possible to find families of functions whose
zeros have these good properties, and it is thus quite common to take alternative approaches.
A very popular method is that of Determinantal Point Processes (DPPs) that we briefly
describe now (see [16] for a detailed description of the theory).

Let n > 1. We endow the infinite compact set K with some measure o, and we let H C
L%(K, o) be some (n + 1)—dimensional linear subspace of the space of squared integrable
functions defined on K. Following [16], the Macci-Soshnikov theorem implies that there
exists a random point process associated with H that has the following properties:

1. With probability 1, the random process outputs n + 1 different points in K.
For any given o—integrable function f : K x K — R (possibly undefined in the
diagonal), the expected value of the sum Zi# j f(x;, x;) whenx, ..., x, are the output
of the random process, is given by the formula

Iiiymwﬂzf/K@MLM&MW%WM&ﬁWﬂLwM@MﬁW
i#] e
3)

where K4 : K x K — R is the projection kernel onto H. In other words, if fo, ..., fu
is an orthogonal basis of H then

Ku(x,y) =Y fi)fi(», x,yeK

j=0

The second property implies that the random points exhibit some repulsion, and has been
used to give upper bounds on the minimum value of the energy &1, (K, 1) (and other ener-
gies) for different sets: in [2] for the 2—sphere S2, in [7] for the d—sphere S9, in [5] (see also
[8]) for the complex projective space, in [3] for 2—point homogeneous spaces, in [18] for
the flat torus and in [6] for the rotation group SO (3).

Despite all this success, an important gap in the theory remains open: how do DPPs
compare to optimal point distribution in the case of the unit interval? Namely, although in
that case we know exactly the position of the Fekete points and the value of the minimal
energy (Theorem 1), it seems that no deep study has been made of the value of the energy
of points coming from the DPPs in that interval (see [15] for some computations that would
lead to first order asymptotics), and a comparison of the power of this technique with the
exact solution is in order.

In this paper we study the following questions:

I) Given a measure o in [—1, 1], the most straightforward choice for the (n + 1)-
dimensional subspace H C L%([—1, 1], o) is the subspace generated by the first n+ 1
orthogonal polynomials associated to o. Which is the optimal choice of o ? Namely,
which choice of o gives the smallest value for Eq. 3 with f(x;, x;) = —log [lx; —x;||?

II) Fekete points are actually the 2 extreme points, plus the zeros of a Gegenbauer poly-
nomial. Is it better also to take the extreme points and then the points coming from a
DPP, or is it better to just take the points coming from the DPP?

III) A collection of natural choices for o is given by do = w*dx where A € (—1/2, 00),
w” is given by Eq. 2, and dx is the Lebesgue measure in [—1, 1]. The associated
subspace for n + 1 points is then generated by the first n 4+ 1 Gegenbauer polynomials
C ,i‘, 0 < k < n. How does the expected energy of points coming from these processes,
computed via Eq. 3, compare to the minimal energy €, given in Theorem 1?
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We now state our second main result which solves item III) and its corollary that gives a
partial answer to item II).

Theorem 2 Let do = whdx, A € (—1/2,00) fixed, and let H,41 be the subspace
generated by the first n + 1 orthogonal polynomials associated to o. In other words,

Hyt1 = Span(Ch, ..., Ch).
Then, the expected value of the logarithmic energy of the corresponding DPP is
El,n+1)=m+ 1)210g2 —(m+1Dlogln+1)+ 1A —y —2log2)n + o(n),

where y is the Euler—Mascheroni constant. In particular, the dependence on M falls into the
remainder o(n). Moreover, in the case .. = O (which corresponds to Chebyshev polynomials)
we get the exact expression

) 3 H», 1
EO,n+1) = (n+ 1)"log2 — (n+1)log2+ZH,,+nH2,,,1+ > —n—l—i

1
= (n+ 1)210g2 —(m+Dlogn+ 1)+ (1—y —2log2)n — Zlogn + 0(1),
where Hy =1+ 1/2 + - -+ + 1/n is the n—th harmonic number.

Comparing the asymptotics of Theorem 2 with €,41 from Theorem 1 we conclude that
the points generated by the DPP have a greater constant in the O (n) term: 1 — y — 21log?2
versus —2 log 2. Thus, there is an excess of (1 — y)n & 0.423n. It thus seems that the power
of the technique of DPPs is insufficient to fit the correct O (n) term in the minimal energy
expression.

Our partial answer to item II) above is:

Corollary 3 Let . € (—1/2, 00) and consider the two following point processes in the unit
interval:

1. Generate n + 3 points using the point process of Theorem 2.
2. Generate n + 1 points using the point process of Theorem 2, and add the two extremes
+1 of the unit interval.

Then, the expected energy of the two point processes is equal up to o(n). Moreover, if A = 0
then the first process has smaller energy than the second one, the difference being in the
O (logn) term.

We finish the introduction suggesting a solution to the optimal measure problem:

Conjecture 4 The answer to Question I) above is: for any fixed n > 1, the optimal measure
is do = wdx for some A € (—1/2, 00). The value of » may depend on n.

The rest of the paper is structured as follows. In Section 2 we prove the first main result
(Theorem 1). Later, in Section 3 we present the integrals that will be involved in our sec-
ond main result (Theorem 2), which will be proved for A = 0 and A # 0 in Sections 4
and 5, respectively. In Section 6 the proof of Corollary 3 is given. Finally, we collect in
Appendices A and B a number of auxiliary results which are used in the rest of the sections.
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2 Proof of Theorem 1

Recall Jacobi’s polynomials
PP (x) = (2n+a+ﬁ> "+ 0"
n

that are a generalization of Gegenbauer’s polynomials, in particular satisfying C:/_ 22 =

z P,fl 21), see for example [1] where we also find the following classical facts:

), 2n—
A1) = (":“) e R = B

Let « be the leading coefficient of P,fl_ 1),
1 (2}’1 — 2) _ 1 (n + 1);172

K =

m2\n-2)" 2272 (n—-2)!
We need to analyze the energy of the n point set consisting of x; = —1, x, = 1, and
X2, ..., Xn—1 the zeros of P,f]_’;), that is
€n= Zlog ]
i#]
n—1 n—1
= —2log2 —2log [ [(1 —x;) —2log [ [ +x) —2log  [] Ixi —x;l
i=2 i=2 l<i<j<n
= —2log2—2log(P, 1, (1) —2log1)" 2P 1) +4logk —2log [ Ixi—x;)l
l<i<j<n
= —2log2 — 4log(P") (1)) + 4logk —2log [ |xi —x;l
l<i<j<n
= —2log2 —4log(n — 1) + 4logk —2log  [] | —x;]
l<i<j<n
= —2log2 — 4log(n—1)+(@+2(n—2)—2) logk — log (;<2<"—2>—2 [T « —xj)z)
l<i<j<n

= —2log2 —4log(n — 1) + 2(n — 1) logk —log D",

where
n72 . . .
Dfll;lz) — 2—(n—2)(n—3) 1_[ j/—2n+6(j + 1)21_2(1’1 + j)rl—2—j
j=1

is the discriminant of P,fl_’zl), whose value is known (see [22, Th. 6.71, p. 143]). Plugging
this and the value of « in the formula for ¢, we thus conclude:

n—2 n—2
€ = —n(n — 1)log2 —4log(n — 1) +2(n — 1) | Y log(n + j) — > log(j)
j=1 j=1

n—2
=3 (G =20+ 6)log(j) +2(j = Dlog(j + 1) + (2 =2 = )logln + ) ).
j=1
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Expanding and simplifying this expression we get the simpler formula claimed in the
theorem. Using

log(n — a) = log(n) + log (?) = log(n) + log (1 - %) = log(n) — % + O(n_2)

and Lemma 24 we also get the value for the asymptotic expansion of €, finishing the proof
of the theorem.

3 First Integral Formulas

In order to compute the expected value of the logarithmic energy for points coming from
the DPPs, we need to write down the integral in Eq. 3 for our choice of o. To do so, we first
need an orthonormal sequence of polynomials. Fix A € (—1/2, 00), A 7# 0, and consider
the normalized Gegenbauer polynomials

~ . nl(n+ 1)
Ch=yrch, th y*= |—— 27,
— VR = e,

which describe an orthonormal basis of the subspace they span.
Recall the following identities

ic*( ) = 22C (%),

dx
nn 420+ 1)

d
[CHi (x)w“l(x)] T T A+ D

- CHxyw* (x).

We can now compute the kernel K (for the point process of n + 1 points) using the
Christoffel-Darboux summation formula (see [22]):

K*(x,y) = ZCA(X)C)‘()’) Z j)f] i )C)F(x)Cj-‘(y)
(22);

(n +ICh, (x)cﬂy) CrOICh )
20(20), X —y

The formula above is valid for x # y. The case x = y is obtained by taking limits:

1
K, x) = ;’;(ZA)) (CHOCE, ) () — €y ()(CHY ()
_ (’22“;)1)! (C,)l‘(x)C,){H(x) — () O] (x)) .

The case A = 0, corresponding to w(x) = wI(x) = 7714 = x»)~Y2, must be done

independently since some of the expressions above make no sense if A = 0. The orthogonal
polynomials are just the classical Chebyshev polynomials after some normalization:

ifn=0,

ol _ 0 A _ 1,
Calx) = C(x) = G, (x)}’;o - { V2T, (x) = /2 cos(n arccos x) , ifn>1.
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The kernel also admits a simpler expression

n

n
K,?(cos@, cosp) = Z 6?(005 9)6?(cos p)=1+ ZZcos(jO) cos(jp),
Jj=0 j=1
cos((n + 1)0) sin(nd)
sin 6

)

n
KJ(cosf,cosf) = 142 cos’(jO) =1+n+
j=1
where for the last sum we have used [14, Sec. 1.35]. According to Eq. 3 we aim to compute,
for any givenn > 2 and A € (—1/2, 00), the integrals

Li=Li(\n) = // K (x, x) K (y, y)w* (x)w*(y) log d(x, y),
[—1,172

[x — ¥l

Ly =Ly(h,n) = /f zki(x,y)zwk(x)wk(y)log d(x, y).
[—1,1]

|x — ¥l

The expected value computed in Theorem 2 is equal to L1 — Lj. In the case A = 0 we
succeed in computing these integrals exactly. In the rest of the cases, we get to an asymptotic
value up to o(n).

4 Proof of Theorem2forA =0

We first compute L and L, for the case A = 0. For simplicity, we omit in this section the
dependence on A. Note that

1
b= // Ko, ) Ka(y. y) log w(Ow() d(, y)
[71,1]2 |X - yl

= 10g2/f[ i K (x, x) Kn (y, y)w@)w(y) d(x, y)

+//[ L1 Kn(x,x)K,(y, y)log w@w(y)d(x, y)

2lx =yl

n
=+ 17 log2+ Y Jie
k,£=0

where

d(x,y).

Tit = / / Cr(0)*Ce(m>w(x)w(y) log
[—1,172 2|x — y|

Proposition 5 Let k, £ > 0. Then.

Tk =2, k=1,
Jk.e =0,  forany other choice of k and .

Proof We first prove the case k # £, k, £ > 1. Note that

ﬂ ¢ = % ff R cos? (k arccos(x))cosz(f arccos(y))
T or [-1.1]

I
V1=x2/1-y2 log o7 d(x, y).

@ Springer



C. Beltran et al.

Applying Lemma 26 with f(x, y) = cos? (k arccos(x)) cos? (£ arccos(y)), the inner integral
in the right hand side of the claim in that lemma becomes

T
U = / cos®(k0) cos® (€6 + La) dO

-
T
= / cos? (k0) (cos(£0) cos(La) — sin(€0) sin(¢a))* db,
—7T
then, it suffices to check that U is a constant independent of «. Indeed, expanding the term
in the parenthesis we easily get

meos?(be) | msin®(fa) 7w

2 2 2"
The case k = 0, £ > 1 (equiv. k > 1, £ = 0) is very similar. The integral this time is

T
U= / cos (€0 + ta)? do = 7,

-7
proving the proposition in that case. The case k, £ = 0 is even easier since we are just
integrating a constant. The remaining case is k = £ > 1, for which we have

T ) 2 T 7
U = cos”(k0) cos” (kO + ka) db = 7 + 1 cos(2ka).
—7T

From Lemma 26 we get to

Lemma 27

1w 1
jk’k = E-f—ﬂ COS(ZkO{) logmdo{ = %
As a direct consequence of the previous results we get
Corollary 6 If X =0, then
2 Hy
Li=m+1)"log2+ R

Lemma 7

L= (n+1)log2+ H, +nHyy—1 + HZZ” —n—{—%.

Proof Note that
n 2 n
Ky(x,)? = (Z @(x)@(y)) = > GCMTe)Ce(y),

k=0 k,£=0
which leadsusto L, = Py + P +2Q + 2R + S where:

Py = 10g2/f L Kn(x, M ww(y)d(x, y) = (n + 1)log2,
[-1.1]

1
P = // log w@w)dx,y) = Joo =0,
1,12 20x =yl
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2 & cos(k arccos(x)) cos(k arccos(y)) 1

o=y [ log dx.y).
ﬂz; (1,12 VI=x2/1-y2 20x =yl
4 N // fie . y) I

R =— . log d(x,y),
”2;; [—1,17? «/1—)(2\/1—y2 2|x =yl

S = iz i// cos? (k arccos(x)) cosZ (k arccos(y)) log 1 dx. y)
e IR 1 —x2/1—y?2 20x =yl

. Prop. 5 Hn
= Z‘jkk = 77
k=1

and

SJk.e(x,y) = cos(k arccos(x)) cos(k arccos(y)) cos(£ arccos(x)) cos(£ arccos(y)).

From Lemma 26 we have forn > 1:

n
1 [r 1 T
= — dalog ———— cos(k®) cos(k6 + ko) dO
0 ];nz /;ﬂ g«/2—2COSC¥\/;n *8) ( )
1

n n
1 /” 1 Lemma 27

= — cos(ka)log ———da = - =H,.

];n ,n g«/Z—Zcosa Zk "

k=1

On the other hand, also from Lemma 26,

n k—1
2 (7 1 T
R= — dalo 7/ cos(k0) cos(kO+ka) cos(£0) cos(£O+La) dO
;;nz | dalog e | cos(kt) cos(kf-+ka) cos(£8) cos(¢d+ta)
n k-1 1 T 1
= — cos(ka) cos(fa) log ——————da.
;;n o (kex) (ber) g«/2—2cosa

We have computed these integrals in Lemma 27 getting:

n k—1 1 1
2R = Y ) (— + —)
o k—C k+¢
n 1 n
= Z <H2k—l - %) =1-H, + Zsz—1
k=2 k=2
H 5H, 1
Lemga 28 nHy_ | + 2n _ no_ L

n .
2 4 2
All in one, we have proved that

L= (n+ 1)10g2+Hn +nHy,—1 + szn —n+ %a

as wanted. O

The proof of Theorem 2 is now complete for A = 0 since we just need to write down
L1—L,. The asymptotic expression for E(0, n+1) is obtained from the one for the harmonic
number.
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5 Proof of Theorem 2 for General . # 0
We will compute L (A, n) and L, (A, n) in two propositions:

Proposition 8 Forany A > —1/2andn > 2,
(n+ 1)2 log2 < Li(A,n) <(n+ 1)2 log2 + o(n).

Proof See Section 5.1. O

Proposition 9 For any A > —1/2, and as n — oo

Lr(X,n) =nlogn) + (y +2log(2) — Hn 4+ o(n) .

Proof See Section 5.2. O

In the rest of the paper, Q(}) is some constant depending only on A, its value may change
from one appearance to another and we do not care about it.

5.1 The Value of L,

The integral L is indeed the energy of a measure, so we can make use of the terminology
related with this topic. The mutual energy of a pair of (possibly signed) measures p and v
is given by

1
I(p,v) = f/ log T y|du(x)dv(y),

where the integral is assumed to exist, and the energy of a measure w is I (w, i) which is
usually denoted simply by 7 (). The potential of a measure u is defined by

VH(x) = flog

Thus we have the following obvious relations

du(y).
|x — ¥l

I(p, v) Z/V“(X)dV(X) :/V”(x)du(x), I(w) :fV”(x)du(x).

The following well known lemma gives a formula for the energy of a linear combination
of two (possibly signed) measures.

Lemma 10 The following identities hold
Iw+v) = 1) + 20 () + 1), 1w =71 (w),

where t € R.

The equilibrium measure in [—1, 1], which from now on we denote by u, is the unique
minimizer of the energy among all the measures of total mass 1 and also is the unique
(unitary) measure such that its potential is constant, V#(x) = log(2) for x € [—1, 1]. Its
density is

du(x) 1
dx  a/i—i
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and the fact that the potential is constant (the constant is called Robin’s constant) reads

1 ~1

log|x — y|

———————dx =log2,Vy e [-1,1]. “4)
/—1 /1 —x2 g

In other words, for any other probability measure dv, the logarithmic energy given by

1
// log dv(x)dv(y)
xyel=1,11 X — Y

is greater than log 2. Now, since (n+ DK ,’} (x, x)w*(x) is the density of a probability measure,
the lower bound of Proposition 8 follows immediately since I ((n+ 1)) = (n+ 1?2 log(2).
For the upper bound we are going to consider the equilibrium measure w, the measures v,
such that

‘Zj = K(x)w*(x) |

and &, = v, — (n + 1) . Both v, and (n + 1) are positive measures of total mass (n + 1),
hence ¢, is a signed measure of total mass 0.
The first step is to use the decomposition v, = (n + 1) + &;,. Thus

Lin, N =Iw)=I((n+Du+e)=I(n+Du)+2I((n+ D, e,) +1(gy).
The mutual energy of (n + 1)u and &, vanishes since
I((n+1Dp, &) = m+DI(w, &0) = (n+1) [ VF(@x)dey(x) = (n+1)1og(2) [ den(x)=0.
The consequence is that we can write
Li(n,A) = (n+ D*log(2) + I (en),

and then we have to prove that / (¢,) = o(n). Now, from lemmas 18 and 21 we have that

L'\)mgn, xel[-1+n21-n2,

1—x2
Quon (A= || Q0 _Q0Jn )
xe[l—=n"7,1], A=0
|d8n(x)| f /)L_l*_]xz /1—x2 /1 XZZH_I [ ] -
oWt (1 —x? own Q(/\)n xe[l—n21]. <0

and using a simple symmetry argument we have

I(ey) <4A,+4B, +C,

where the definition of A,, B, depends on the cases A > 0 and A < 0. For the first one:

A // 1 Q(Mn? d J
= X y7
" x,ye[lﬂﬂ,l] |X =y V1=x \/
QO)nlogn
B, = // log ’ dxdy,
" xe[—1+rr2,17n*2],ye[17;r2 1] lx =¥ (1 —x2)y/1—y2
QM) (logn)?
c,,:// log ‘ ()Z(Og")z dx dy
x,ye[—14+n=2,1-n"2] |x - y| (1 - X )(l )
< O(v/nlog(n)),
the last from Lemma 19 and some little arithmetic. Also from Lemma 19 we have
1
B, < 00)n’/%1 —d
n S 00 Plogn | e dy
< 0W)n*logny/1 — (1 —n=2)2 < Q(M)n'?logn.
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Finally, the change of variablesx =1 —¢,y = 1 — s gives

Ay =

n—2 t 1
An? d 1
Q) / t/() v2t—tv2s—s20

Q(k)n / dt/ log P ds

—0W)2n / 2(logt + 2log2 — 2)dt = O(logn).
0

IA

In the case A € (—1/2, 0) the definitions of A, and B,, are slightly different but they satisfy
similar bounds: A, equals
Q ( )\’) n4k+2

1
log ’
//x,ye[1n2,1] =yl =2 1=y

where we have used Lemma 19. Finally, the definition of B, if A € (—1/2,0) is
1 ’ Q(Mn*+ logn

//};E[—l-’rn_z,1—11_2],_))6[1—71_27IJ |x =l (1— )62)\/ﬁ1 2

again from Lemma 19. This finishes the proof of Proposition 8.

- dxdy< Q(A)n(2+4}‘)/(372’\) =o(n),

dxdy = O(y/nlogn),

5.2 The Value of L,

We devote this section to the proof of Proposition 9. To this end, we consider the following
overlapping regions (see Fig. 1):

_ | arccos x — arccos y| < 2n™* }
o [

_ _ 2
Dno = {(x,y) €l=1 1 4n~% < arccosx + arccosy < 2w —4n~

Tho ={(x,y) e[-1, 1]2 : arccosy — arccosx > 2n~ %},

The border line of 7, o with the rest of [—1, 1% is an arc joining (x, y) = (—1 +en 2 —1)
with (x, y) = (1,1 — c,n~2%) along the graphic of a convex increasing function, where
¢, > 0andc, — 2.

We show that the main term in the asymptotics comes from the region D, 4.

Let us commence the proof with some auxiliary results about the kernel K (x, y), some
of them interesting on their own. In these auxiliary results we consider a general parameter
o, which belongs to some interval that changes from a result to another, so it is sometimes
in [0, 1] or (1/2,1/(1 — 2A)) or (0,3/4). In the proof of Proposition 9 we will choose
a = 1/2 + € for some small € depending on A, so that all these auxiliary results will apply.

Proposition 11 Let us take x = cos9 and y = coso. Forany > > —1/2, a € [0, 1] and
c>0:
(i) For(x,y)e[-1+cn~2,1—cn2,

. . sin((n + 1 +1/2)(6 — 0))
K Vw0V wk () = o m\/ﬁ Sin((0 — 0)/2)

- O\, c)n*logn
= Jsinf+/sino
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arcosx + arcosy = 4n~“

1—5n~¢

arcos x + arcosy = 2w —4n= ¢

Fig.1 Regions on the square [—1, 1]

(ii) ForX > 0andx # y bothin [—1, 1]:
Q)
K} Vwt(x)yw* :
‘ n (5 VW)V (y)lf |x — y|+/sinf@+/sino

In the case ) € (—1/2,0) this last inequality is also valid but only for x # y both in
[-1+cn 2,1 —cn % and additionally:

O\ (nsin®)*
KX (x, A A ,
Kb Vo = =R

for (x,y) e[l — en 211 x[-14en2,1—cn 2]
(iii) For (x,y) € [-1,1%and » > 0

00
KX(x, * g Jsin@sino
[Ki e W@Vt o] = S

If —1/2 < A < 0and (x,y) € [1 — en2® 1] x [=1, =1 + en 2] or (x,y) €
[1 —cn=2%, 112, then

|Kr(x,y)| < Qn*

while if (x,y) €[l —en 2, 11 x [-1 +en~2,1 —cn2):

A Q()\.)I’l . A
’Kn (X,y)M\/ u))h(y)’ < m(ﬂ SlIl@) .

@ Springer



C. Beltran et al.

Proof Here, we will use some auxiliary results which are collected in the appendices at the
end of the paper. Let us prove (i). Starting from Lemma 20, we sum from k = O to n

" 2cos ((k+2)0 — A /2)cos ((k + L)oo — A /2)
K> , A A _
A VWGV 0) = ) N

n

<§: oW Tk.0) V2
T = ksin?0 1+ T(k,0) Jm/sino

|cos((k + X)o — A /2)|

o) T(k,o0)
ksind?2o 1+ T(k, o)

_|_Z f\/i [cos((k + M8 — Am/2)]

Z om) T (k,0) o) T(k,0)
ksm3/29 1+ Tk, 0) ksin®?c 1+ T(k,0)

o) 1 ] G 1 T(k, o)
< =7 - )
~ J/sinf+/sino ;ksiHG +};ksino +k§ksin9 ksino 1 +T(k,o0)
For A > 0 we have T (k, o) = k sino and

1 Tk, o) 1

- 1
ksino 1+ T(k,0)  1+ksino

For A € (—1/2,0) we have T'(k, o) = (ksino)**! and

1 T(k, o) (ksino)* (ksino’
= < sSino ).
ksino 1 +T(k,0) 1+ (ksino)**+!

In both cases, when taking 0, o € [cn™%, m — cn™%], the term in the parenthesis is at most
like n* log n. Note that in the A € (—1/2, 0) case we use that & (1 — 1) + A< «. Finally, with
the help of Lemma 30,

K’\ /7)\ %}\ sin((n + X+ 1/2)(6 — o)) ’
O PV EVwHy) = 27w +/sin B+/sin o sin((6 — 0)/2)

sin((A—1/2)(0+0)—Am)
sin((0 + 0)/2)

sin((n+A+1/2)(0+0) — Am)
sin((0 + 0)/2)

+ Q(M)n* log n)

1
= 27t«/sin9«/sina<
sin((A — 1/2)(60 — o)) ‘
sm((@ —0)/2)

—— (Q(Wn* + QM + Q( Mn®1 Mn®logn,
=< 2n\/ﬁ«/m(Q( n® + Q(In* + Q) + Q(Mn*logn) < Q(M)n logn

and (i) is proved (the constant Q (1) in the argument depends on ¢ so we denote it by Q (A, ¢)
in the proposition).

Inequalities in (ii) are consequence of the Christoffel-Darboux summation formula (see
[22]) and some bounds for the Gegenbauer polynomials. First inequality in Eq. 18 holds for
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all® € [0,7]if A >O0andalsoford € [n~ !, 7 —n1] if —1/2 < A < 0, so in these cases

\K,?(x, RN

(n+ 1! Ch ()CH(y) = CHx)Crrp (v) VTG
2A(20), X —y VW)

262 sinf)‘ 0 Sini}\ o si r—1/2 9 s1n 1/2 Q()&)
lx =yl |x — y|v/sin6+/sino |

If-1/2 <A <0and (x,y) €[1— cen~2, 1] x[-1+ cen~2,1— cn_z], then by the second
inequality in Eq. 18

K e W GV )|

(n+1)vC+1(x)C o) - c*(x)CnH(y)m\/m

< QG2

20 (21, X —
< Q(k)nzfz)‘ n2 =1 =1 gin=* o Gint 172 g sih—1/2 o O (L) (n sin0)*
e = = Wsmevemo
Then (ii) is proved.

Finally (iii) is quite direct: if A > 0, from first inequality in Eq. 18 (which is also valid
for 6 € [0, ])

K v, Wk )k ()]

= 0®) Z (J/,f)2 |C2(cos 0)C} (cos o) | sin* =12 0 sin* /2 &

k=0
n
o I 1 A QM)n
< Q) k> sin~* 0k* ' sin* ok sin* 12 9sint V2 <
g v/sinf+/sino
If —1/2 < A < 0, combining both inequalities in Eq. 18 one gets

|Cl(cos0)| < Qn @tV =1 g € [0,dn™*]
for some d. Hence if x € [1 — cn™2, 1] and yel[l— cn~2 1] orye[—1,—-1+ cn~2:

n

n
K- <Y (1) [Cheos 0)CF(cos 0)| < 3 QIR RH@DA=2 < 9 (ayn 2+
k=0 k=0

andif (x, y) € [1 —cn=2, 1] x [—14cn~2, 1 — cn~?], again from Eq. 18:

‘K,)l‘(x, y)‘ Vw*(x)vw*(y) < QL) Z ()/k)‘)2 ‘C,i‘(cos 6)C} (cos 0)‘ sin" 12 9 sin* 12 5
k=0

" o) sint 0 &

()\)szz)»km—l sin -\ k)\ l )» 1/29 sin)»*l/Zo_ — k}n

Z: Q A/sinf+/sino ;

IA

_ QWn(n sin@)*
= /sin6+/sino
O
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We now can establish a series of lemmas which reduce the region from where the main
terms in the asymptotics of Proposition 9 come.

Lemma 12 Fora € (1/2,1], ap € (0, 1/2) such thata + o9 > 1, ¢ > 1 andd > 0

//[1—n*2a,1]x[1—dn*2“0,1—cn*2n]

Proof Let I be our integral. In this region it is clear that ‘log ﬁ‘ < Q log(n) where

log K} (x, p)2wtow*(y) d(x, y) = o(n).

1
lx — yl

Q is a constant depending on « and «p. In the case A > 0, to estimate I, we use (iii) in
Proposition 11 and take into account that

—2a

—a 1—cn 1 a0
dx < 0On ———dy < On ,
1—dn=20 /1 —y2

1 1
/1_,,—20( V1 —x2
for some constant Q, in order to get

20

1 1—cn™ 1
dx —_—
1—n=2 /1 —x2 1—dn=20 /1 —y?
< QW) log(n)n’n=%n=% = o(n).
In the case A € (—1/2, 0) we use the inequality

1 — 52 fn—
/ (nv/1 — x2) dx < Q(k)nz}‘/ 02* 4o < Q(A)nz’\(]_“)_“
1—n—2e V11— )C 0

and the last one in (iii) of Proposition 11 to obtain

) 1 (I’l /1 — x2)2k l—cn™2 1
I < Q) log(n)n ——dx _—
1-n—2¢ V11— x2 1—dn=2%0 1-— y2

< Q) log(myn*T2MI==e=a0 — ().

I < Q) log(n)n?

dy

Lemma 13 Letn > 1, € (—1/2,0), € (1/2,1) and ¢ > 0. Forany y € [—1, 1]:

1
/ |log|x - y|u))‘(x)| dx < Q(k)n“(lfz)‘fz/"), l<g<——,
licn—Zu l - 2}\,

and

1
/ wh(x)dx < Q()n* 172,
1—cn—2«

Proof Using Holder’s inequality the first integral is bounded by:

1 1 1/q
0(q. 1) ( /1 == dx)

1/q
1 1 a
— (1-20-2/q)
Q(q7 )") (/;_CllZa (1 _ x)(l/zf)\)q dx - Q(qs )\')n

~
IA

IA
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where (1/2 — A)g < 1. For the last integral:

1 1
[ a=a T Pars o6 [ xR < 0oone 1,
1

—cn—2e l—cn—2¢

Lemma 14 Foroa € (1/2,1] and ¢ > 0,

//[‘l—cn‘z‘* 172

Proof For A > 0, using Proposition 11 (iii) we get:

lo

[x =yl

‘ K} (x, 2w 0w () d(x, y) = o(n).

o (Mn?
K,);(x, y)zwk(x)wk()’) = (1 —xH)12(1 — y2)1/2 )

Therefore,

/~/[\1—cn‘2“,1]2 [x — ¥l

1 1
< 0n? / / log ‘
[1—cn=22 172 lx =yl /1 —=x2/1—y2

The last inequality holds in the same logic that the one used to bound A, in the proof of
Proposition 8.

For A < 0, using again (iii) of Proposition 11, K,i‘ (x, y)2 < Q()n***t2  then from
Lemma 13:

/f Io
[1—cn—22,1]2

lo

’ K} (x, 2wt 0w (v) d(x, y)

d(x,y) < Qn*1"* log(n).

g

’ K} (x, 2wt (0w (v) d(x, y)
[x =yl

1 1
< Q(k)n4ak+2 /f log ‘ = T d(x,y)
[1—cn—2, 172 x =yl =2~ J1=32
1
< Q(A)n4ak+2na(l—2k—2/q)/ 7dy
[l—cn—M,I] /1 — y72172)x
1

< Q()\)HZak+2+tx—2a/q / dy

[1—cn=22,1] /1 — )11_2)L

< Q(k)n2ak+2+a—2a/qna(—1—2)») — Q(k)nZ(l—a/q)'

Choosing small enough 1 < g < 2«, we have 2(1 — «/q) < 1 and the result follows. [

The last regions whose integrals are o(n) at most are going to be of the type T, o (see
Fig. 1 in page 14).

Lemma 15 Let A > —1/2 and o € (0,3/4), then asn — oo

// log ! K;(x, y)Qw)‘(x)wx(y)dxdy =o(n).
Tyw X =l
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Proof We prove it first for @« < 1/2 and A > 0. The change of variables

0—0c 0+0 arccos(x) — arccos(y) arccos(x) + arccos(y)
(u,u):( ) ):( 5 , 7 ) ®)

transforms 7}, o into a triangle Tn’fa ={u,v):u<-n%u+v=>0,—u+v <x}, whose
vertices are (—m /2, 7/2), (—n~ %, n"%) and (—n~%, 7 —n~=%). Also

|[x —y| = 2sin((@ + 0)/2) sin((6 — 0)/2)| = |2 sin(v) sin(u)| .

Then, first inequality in (ii) of Proposition 11 implies that the absolute value of our integral
is less than

1 1
o) //Tn*_a log(")md(% v) < Q) log(n) //;}:a md(% v)
< QW) log(n)n** < o(n),

so we have proved the lemma in this case. If . € (—1/2, 0) and still « < 1/2, we consider
the subsets of 7}, 4

A={(x,y) €Tt x| <1—n"2 |y <1—n"?},
B={(,))€Tha:x21-n2 |y[<1-n"?%
B={(x,y)€Tho:Ix|<1-n%y<—1+n%,
C={x.y)eThe :x>1—n2 y<—14+n2},

)

so that by symmetry between B and B,

1
‘// log = - K} (x, 2w ()w* (y)dxdy

=

1
/ / log K (x, y)*w (x)w*(y)dxdy‘
A lx—=yl

+2’// log ! K,)l‘(x,y)zw’\(x)w)‘(y)dxdy’
B lx—yl

+ ‘// log ! K,:‘(x, y)zw)‘(x)wk(y)dxdy‘ ,
c = lx—=yl

and we have to prove that these three integrals are o(rn). The integral in A can be bounded as

in the case A > 0. The integral in C can be proved to be also o(n) at most by using the same

arguments than in Lemma 14 (it is even easier since the logarithmic term does not appear).

By (ii) of Proposition 11, the absolute value of our integral in B is less than

001 log(n) / / (nsin6)* dxd
s

A
< Q1) log(m)n®n*® / / D)y
Vi

< QW) log(mn* =271 = g () log(mn**™! = o(n),

since @ < 1/2. Hence we have proved the lemma for « € (0, 1/2) and any A > —1/2.
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Suppose now « € (1/2,3/4) (the case « = 1/2 can be deduced from this case) and take
ap € (0,1/2) such that o + g > 1, 2a — g < 1 (observe that these conditions are not void
since o < 3/4). Consider the following subsets of T, : T}, «, and

E = {(x,y) € Tyn.o : 2n7% > arccos y — arccosx, x > 1 — n_2°‘}

’

F = {(x,y) € Th.o : 2n7% > arccos y — arccos x, x < 1 —n_za,y > —1 +n_2“}.

We have already proved that the integral in 7}, o, is at most o(n) and Lemma 12 shows that
the integral in E is also o(n) at most (because & + g > 1 and E is included in the rectangle
[1—n"22 1] x[1 —3n 2 1 — n_2°‘]). The integral in F can be bounded using (i) of
Proposition 11:

‘ / / log( 1 ) Ky (x, y>2w*(x)wk<y>dxdy‘
F lx — ¥

Q) log(n) // (
F

1
A 20(1 3 //
comTie ™ |}, e

because we have chosen og > 2« — 1. Now the lemma follows by gathering these
inequalities and taking into account the symmetry. O

1 . 2 1
«e—m\* ‘°g(’”) N g

IA

dxdy

dxdy < 0()n® 10g3(n)n70‘° =o(n),

IA

To finish with the estimation of L,, we need to study this integral over the last remaining
region, the diagonal D,  (see Fig. 1) which is where the dominant terms will lie. We will
devote the rest of this section to prove the following

Proposition 16 Fora € (1/2, 1) it holds

1
Ip,,= // log | |K,’}(x, y)zw’x(x)a))\(y)dxdy:n logn+(—1+4+y+2log2)n+o(n).
D, X=y

n,a

Proof Using Proposition 11 (i) together with the change of variables Eq. 5 performed in the
proof of Lemma 15, the integral in the proposition can be written as

2
1 1 sin ((2n + 21 + Du
Ip,, = ?// log [ ( u) + 0(n” logn):| dudv,
R

2sinv sinu sinu

where the integration region is the rectangle R = [0, n~%] x [2n™%, m — 2n~*]. Expanding
the squared term, this integral splits into three terms involving three integrals, namely

Ip,, = 1[10n*log*n) + LOn* logn) + I5. (6)

We are going to treat each one of these integrals separately. We shall see that the first two
terms are o(n) and also that I3 contains all the highest order terms. Throughout the proof,
we will use a constant Q which is independent on n and might not be the same from one
appearing to another. We start with the first integral

1
L = // log ———dudv,
R 2 sin v sin u
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which can be bounded as

] < // 1og2dudv+// log—dudv—i—// log —dudv
sinv sinu

< o@m™ *+n"%logn) < Q(n"%logn),

where we have used that log(sinv) is an integrable function on [0, 7] and also that
log(1/sinu) < Qlog(1/u) for u € [0, n~*]. Then, we directly have that the first term in
Eq. 6is o(n) since o < 1.

Now we deal with the second integral

1 in((2n + 21+ 1
L= // log sin((@n + 22 + )u)dudv.
R

2sinvsinu sinu

Observe that the logarithmic term is always positive since 2 sin(v) sin(#) < 1 on R for n
sufficiently large. Then, we can bound

1 in((2n +21 +1 1 in((2n + 21+ 1
|]2|§// log | sin((2n + 2A + )u)|dudv+//log . | sin((2n + 2A + )u)ldudv
R 28 R _sinu

inv sinu sinu

bl

T | sin((2n 4+ 24 + 1 ne 1 |sin((Rn+2x+1
50(1)/' | sin((2n + 2A + )u)|du n Q/ log | sin((2n + 2A + )u)|du
0 0

sinu sinu sinu

where, we have used Lemma 31 for the estimation of the first term. Taking into account that
we can bound

| sin((2n + 21 + Du)|
sinu

1 1
<On, log— < Qlog—, wuel0,n1, )
sinu u

and also

|sin((2n + 22 + Du)|
sinu

1 1 1 g
Qf, log— < Qlog—, ueln ,n "], (8)
u sin u u

we split each of the above integrals into these two intervals obtaining

n! ] U R
L] = Q0 n/ du+/ fdu—i—n/ logfdu+/ log —=du
0 n—l U 0 u n—1 uu
< O(1 +logn +logn +log?n) < Qlog*n.

Thus, the second term in Eq. 6 is o(n) since @ < 1.
For the third integral, we split the logarithm factor into two terms and so we can write

1 in®((2n + 2% + 1
= // log - M@ DO gy = 1y 415,
7 R 2sinvsinu sin” u

Let us continue with

1 sin?(Qn+20+1 Y sin?((2n + 20 + 1
. %// log — sin“((2n + 21 + )u)dudv < 0(1)/ sin“((2n 4+ 2A + )u)du,
T R 2sinv 0

sin® u sin® u

where we have used again Lemma 31. Using the same ideas as in I, we can split the
integration interval, and using the bounds Eqgs. 7 and 8 we get

1

Iy <o(1) (/n n2du + /n 12du> <o()n = o(n).
0 n—l U

@ Springer



On Gegenbauer Point Processes on the Unit Interval

Finally, we will deal with the remaining integral,

sin? ((2n + 21 + 1)u)
// 3 dudv
Slnu sin” u

e f tog S (@ 20 Du) ©)
0

Is

sinu sin? u

2
We are not going to find a bound, since in this case we are interested in getting exactly

the highest order term. First, using Taylor expansion of #/ sin # around 0, we have

1 1
— =—(14+0@™), uel0,n ],
S u u
from where
1 1 —2a 1 1 —2a —a
——=—(1+0@™), log—— =log—+0®™"), uel0,n™"]
s~ u u s u u

We plug these last two identities in Eq. 9, getting

7 1sin?(2n 4+ 20 + 1
Is = %(1 4 O(H_a))/ 1Ogisnl (( l’l—|—2 + )M)du
_J0 u u (10)
" sin? ((2n + 21 + 1
+0(n—2a)/ 1 (( n 5 )u)du
0 u

These two integrals can be easily computed using the Sine Integral function, defined as

Si(z) = /Z sin) ;.
0 t

which has the property

d in’( in?(
4 siaeu) — sin“(tu) _ sin (tu) (an
du u u?
and it satisfies the asymptotics (see [1, (5.2.8), (5.2.34), (5.2.35)])
. T 1
Six)=—+0 (7) as x — +oo.
2 X

With these two properties, the integral on the second term of Eq. 10 becomes,

n sin? ((2n + 21 + 1
/‘ sin (( n+2i+ )u)du
0

u2

sin? ((2n + 22 + Dn™%)

n—¢

=Q2n+21+ D Si(2@n + 21+ Hn™%) —
=Qn+2x+1) (1/2+ 0@*™H) + 0(n*) = nm + O(n®). 12)

Now, for the integral on the first term of Eq. 10, we perform integration by parts using
Eq. 11, followed by simplification with Eq. 12 and the asymptotic of the Sine Function,

obtaining

—a

" 1 sin? ((@2n42
f log — Sm((nu%“l)u)du =annlogn —mn
’ ! “Si(2(2n + 21 + Du) (13)
n u
du + O (n*logn).
u

+(@2n + 21 + 1)/
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This integral above can be computed using Lemma 32, which gives

" Si(2(2n + 24 + Du)
/ u

du =" log (22n + 2.+ D) + 5+ 0. (14)
Then, with Egs. 12, 13 and 14 plugged into Eq. 10, and after some straightforward
computations we get

Is = nlogn + (=1 4y + 2log2)n + O (n™™*@1=9) Jog p),

Now Proposition 16 is proved since o € (1/2, 1). This finishes the proof of Proposition 9.
O

6 Proof of Corollary 3

Let us consider the process described in the second point of Corollary 3. The value of the
expected energy for this case is clearly —2log2 + E(X,n 4+ 1) + 2L3 where L3 accounts
for the energy corresponding to the crossed terms of the DPP with n 4 1 points and the
extremes. In other words, L3 is as given in the following result.

Theorem 17 Let L3z = L3 (A, n) be defined by

L /IK’\( )1 : *(x)d +/1KA( )1 ! *x)d
= s og| — Jw s og| — |w
3 _lnxx g1+x x)dx _lnxx gl—x x)dx
! 1
:/ K,’}(x,x)log w*(x)dx.
-1 1—X2
Then,

Ly=@m+1D)@n+r+1) —y(+1/2)
— 420 (W A+ 1/2) — Y+ 1/2) = 2420 + 24 + 1) + 20 (n + 24 + 1)),

where ¥ (x) = T'(x)/T(x) is the digamma function. In particular, for any fixed A €
(—1/2, 00), we have

L3 = 2nlog(2) — (2A — 1) logn + O(1).

We prove this theorem later. First, let us finish the proof of Corollary 3. From Theorem 2,
the energy of the first process in the corollary (generate n + 3 points with the DPP) is

Ex,n+3)=mn+ 3)210g2 —(m+3)logln+3)+ 1A —y —2log2)n +o(n). (15)

From the same theorem and from Theorem 17, the energy of the second process described
in Corollary 3 is

—2log2+ E(,n+1)+2L3(A,n) =
(n+ 1)2log2 —(m+1Dlogn+1)+ (1 —y —2log2)n +4nlog2) +o(n). (16)

It is an easy exercise to check that Egs. 15 and 16 describe the same asymptotics up to o(n),
as claimed by the corollary. In the case A = 0 we have exact values for L, L, and L3 so we
can compare directly the expressions E(0, n + 3) and —2log2 + E(0,n + 1) + 2L3(0, n).
It is straightforward to see that the first process has smaller energy than the second one, and
that the difference is in the O (log n) term. This finishes the proof of Corollary 3 and it only
remains to prove Theorem 17.
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6.1 Proof of Theorem 17

Note that

nooel
Ly = _22/ Clx)*w* (x) log(1 — x) dx. (17)
k=01
The case A = 0 can be done directly. In that case, we use

1
—2log(l — x) =2log2 4+ 4log ——,
g g g A= 9x
and combine Eq. 17 with Lemma 22 to get
Ly =2(n+ 1)log2 + H,.

It is easy to check that this equals the expression in Theorem 17 (use [1, 6.3.8]).
We now center in the case that A # 0. From Eq. 17 and Lemma 23 we have

Ly(h,n) = _zg <_2¢(2A +2K)+ Y QA + k) +log2 + Yy (A +k +1/2) — m) .

We have to see that this is equal to the expression in Theorem 17, which we do by induction
on n. The case n = 0 reduces to [1, 6.3.8]. Moreover, by induction hypotheses we need to
check that

1
M@0+ 20) =20 Q0+ m) —200g2 = 2P Gt n+ 1/ + —— = A+ B,
n

where

A=m+D)u+r+D)—yQA+1/2) —n@Wm+i) —¥Q+1/2),
B=mn+22 =D +r—1/2) =y +1/2) =2y 2n+2x — 1) + 29 (n + 21))
—(m 420 +A+1/2) = YA +1/2) =29 (2n + 20 + 1) + 2y (n + 24 + 1)).

This is a simple yet tedious exercise using that ¥ (z + 1) = ¥ (z) + 1/z and [1, 6.3.8].

Appendix A: Bounds and Integrals Involving Gegenabuer Polynomials

In this appendix we state some technical lemmas that have been used in the proof of the
main results. Recall from [22, Eq. (7.33.6)] the following: forn > 1 and A € (—1/2, 00),

o) sin*on*l en <9 <m—cn!

, 18
on? 1, 0<6<cn! (18)

‘C,)[(coséﬂ < {

for ¢ > 0 fixed and some constant Q (A). Observe that when A > 0, both inequalities, though
less sharp, hold in [0, r]. The following lemma follows easily:

Lemma 18 LetA > —1/2andn > 1. Then, for x € [—1, 1] such that 0 < arccosx < 2n!
(this holds in particular if 1 — nr<x< 1), we have

Kx(x, nw(x) < Qn®H (1 — )12,
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Proof Recall that in the range of x = cos @, for k > 1 we have

kit + MTEA) oM 5 (18) "
TG CkeosO) < 155 Cileosd)” < QK™

where we have used some standard estimates on the Gamma function. Then,

CA‘,?(cos 6)? =

n n
Kr(x,x) =) Clcos0)* < Q) Y k™.
k=0 k=1
For all A € (—1/2, 00), the sum is bounded above by O (W)n?**! and we are done. O

The following is almost immediate:

Lemma 19 Let n > 1. There exists a constant ¢ > 0 such that for any y € [—1, 1]:
log |x — y| b

1
/—1 V1 —x2
If additionally we have A € (—1/2,0), then

1
/l—n’2

byx ﬂ

I dx < c/n.

dx <3mlog?2, /
—14n—2

log|x — y|

—1=2A+(24+41)/(3—=21)
T | dx = Q()n ,

2

1 —x

and

1
1
/ —————dx < Q0"
1-n=2 /1 — x2

Proof Recall that
1 1
1 log |x — y|
——dx =1, f ——————dx
/;17'[\/1—)(2 —1 /1 —x2

the last from Eq. 4. Since for any x, y € [—1, 1]

=—log2, Vyel[-11],

< 0, we conclude

[ s,
1w/l —x2 1 a1 —x2
1 1 lx—yl
log2 lo
E/ de_ gidx
171 —x2 17w/l —x2
1 1
log?2 log|x — y|
=2f ——dx — 7dx_310g2
—1 /1 —x2 —1 /1 —x2

The first claim of the lemma follows. For the second one, let J be the integral we want to
estimate. From Holder’s inequality,

1-n—2 174 1-n—2 1 3/4
J < I —y|I*d ——d .
< (/_1+n2|og|x il x) (/_an TEESE x)

The first of these two integrals is bounded above by some universal constant. The second

one is at most
0 | 3/4
2 ———dx < c4/n.
( /_1+n—z TESLE ) <cvn
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For the third integral in the lemma (that we denote I (X, n)), again Holder’s inequality
yields the upper bound (independent of y):

1 | 1/q
10n) < Q(g. 1) (/1 de>

1 1 1/q
< 0(g,A) (‘/1 —_— dx) < Q0(q, k)n172)»72/q,

_p—2 (1 = x){1/2=2)q

where g > 1 is any positive number such that (1 — 21)g < 2 and Q(q, 1) plays the same
role as Q()) but in this case it may depend on g. We choose ¢ = (3 —21)/(2 — 4X) and the
third inequality follows. The last one is even more elementary:

1 1 1 1
——dx < Q( — _dx < QMn
/1—n-2 = o) 12 (=122 = o

O
Lemma 20 For A > —1/2,n> 1and 6 € [0, 7]
~ V2 o)
C*(cos 0)vw*(cos ) — ————— cos ((n + 1) — A /2 < ———min(l,7),
" (cos )y w( T A /2| = ——= 5 min(1, T)
(19)

where Q()) is some constant depending only on A and

nsin®, ifA>0

(nsin®)**T1,  otherwise.

T:T(n,@):[

One can change min(1, T) to T /(T + 1) if desired.

Proof The classical asymptotic results for Gegenbauer polynomials [22, Eq. (8.21.18)]
yield:

'Sy ISKQ() _ Q(n*?
CHMcosh) — ——"_cos((n + A6 — A /2)| < o < ,
n ) /7 sin* 6 (« ) /2 n3/2sin* 19 sin*t1g

. _ _ 2 1/2 . e —
valid for @ € [n~!, 7 — n~1], where S,),‘ = Wm satisfies |S,},‘| < QWn*712,

Then, for the orthonormal polynomials we have

Ak gl py A2
= Y 2", Yu QM)n o)
Cl(cosf) — — L= cos ((n+ 1)0 — am/2)| < 2 < .
n ) Jmnsin® 0 (« ) /2| = si’t1'9  ~ nsin*tle
Using
va2h Sy  [2T(-+1/2) o
Jrn JATO+D|~ n

and multiplying by v w* we get

o) o)

. J3
C*(cos 0)v/w*(cos0) — ————— cos ((n + 1)0 — A /2 + ,
o ) ) « ) /%) nsin®2 6 n+/sin @

2
J/TTA/sin @

so Eq. 19 is proved for 6 € [n~', m —n~1].

=
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Nowif6 € [0,n YU [xr —n~ L, 7], using Eq. 18 we obtain

6,’}(cos 0)v w*(cos ) — \/7?121@ cos ((n + 1) — Am/2)

1
nsin?’200() (;/,jn“—‘ sin* "2 6 + m)
Sin

1
- 3/2 A inA—1/2
nsin”’“0Q (1) (n sin 0+
+/sin 8

nsin*/2 0

IA

IA

IA

00 ((n sin0)**! + nsin 9) ,

which is bounded above by nsin 6 if A > 0 and by (n sin 8)*T! otherwise, so Eq. 19 is valid
for6 € [0, ]. O

Lemma 21 Let A > —1/2 and let n > 2, then

n+1 - O)logn

a/T—x2| 7 1-=x2

where Q(X) is some constant depending only on \.

. xe[-1L1]

‘K,’}(x, wh(x) —

Proof For 6 = arccos(x) € [0, r] and k > 1, by Lemma 20

S 2 _ 2 2 _
Cy (cos @) w”(cos 0) — cos“((k + A0 — Amr/2)
7 sin 6

o) Tk (i~ . v
= ksind20 Tk, 0) +1 (’Ck(0059)| w*(cosB) + NN

o) T(k,0) <Q(k) T(k,0) 1 )
T ksin?29 T(k,0) +1 \ksin20 T(k,0)+1  /sind

o) < T (k,0) )2 o) ( T(k,0) )
T (k4 12sin*0 \T(k,0) +1 k+sin?o \Tk,0)+1/)"

where we have used Lemma 20 and that the normalization coefficient yk* behaves like k! =
Observe that this inequality is also valid for k = 0. Then, from Lemma 29 we conclude

Kr owhx) = Y Cre*w (x)
k=0
1l & o) Tk, 0) \>
= Tsind +k§) (k + 1)2sin 0 (T(k,9)+1>
. o) T(k,0)
+1§ (k + 1)sin® 0 (T(k,9)+1>‘
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If A > 0 we can bound the last sums by

Oy~ 100y " ] _o0 "1

: - < = - dx < = — dx
sinf £~ (1 4 ksin9)? sinf Jo (1+ xsinf)? sinf Jo 1+ xsiné

Q(A)X”: 1 Qe 1 Q@)log(l +nsiné)

sing £~ 1+ksing ~ sing Jo 1+xsing =~ sin” @

- Q) log n
sin? 0

If A < 0O the corresponding bounds are

o) Xn: k2k+2 o) n XZ)L J
X
sin' =0 = (k+ D21+ K+ 1sin*t19)2 T sin' 7260 Jo (14 x4 sin* 11 6)>
PN
sin® 6

(the last by dividing the integration interval with midpoint 1/sin 6 if n is greater than this
quantity), and

() Z K _om [ x
sin' 0 = (k+ DA+ K+1sin* o) T sin' 0o (14 x4+ sin* o)
QM) log(l + (nsin6)**1)
sin® 0
A)logn
= Q(sir)129g

dx

as we wanted. The reciprocal inequality

n+1 O)logn
7 sin 6 sin @

K (x, vyw* (x) =
is proved the same way (now, the error bounds have a minus sign). O

Lemma 22 Let . = 0. Then,

- ! ~0 2.0 1 Hn
E Cr () w (x)log ———=dx = —.
i—o?-1 2 —2x 4

Proof With the change of variables x = cos 0, the integral of the lemma becomes

I & [T~ ) 1
— C;(cos0) log ——————db
2 g/_n K ) g«/2—20059

! /ﬂl ! d9+i:1/ﬂ 2(ko) 1 L g
= — og——— — cos o =,
2r J_» g«/2—200s0 =) g«/2—2c059 4
the last from lemmas 25 and 27. O
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Lemma 23 The following equality holds for all » € (—1/2,0) U (0, co) and integer k > 0:

! 21-22r 20 4+ k
/ CH)*(1 — xH* 2 1og(1 — x) dx = 72 T2+ k)
-1 k!'(k + )T ()2

=29 (21 + 2k 2\ + k) + log?2 A+k+1/2) — ——).
(<20 @A 20+ Y@ g2 4 Gk 1/2) = )
In other words (from the definition of C ,’C\ and w*),

1

/ Cl)*w* (x) log(1 — x) dx

-1

1
=-2¢vQ2r+2 2\ log2 A 1/2) — — ).
( YRA+2k) + Yy QA+ k) +log2+y (A +k+1/2) 2k+2k)

Proof A change of variables x — 1 — x shows that the integral in the lemma equals

1 1
f/ CH)*(1 = xH* 2 1og(1 — x?) dx,
1

2 /-
that has been computed in [23, Theorem 3]. The expression in [23, Theorem 3] and ours are
equivalent (use [1, 6.3.8]). O

Appendix B: Some Integrals and Sums
We have used some technical results that we include here for the reader’s convenience.

Lemma 24

n
1 1 1 1
jz_;jlog(j) = Enz logn — Zn2 + Enlogn + Elogn +0Q@1).

Proof Let

n n

n J
Sy = jlog(j)=log | [T/ | =tog [ [T]TJ
j=1

j=1 j=lk=1

o TTTT ) =10 (1T 5

k=1 j=k k=1

nlog(n!) — log <1_[(k - 1)!) =nlogl'n+1) —logG(n+1),
k=1

where G(n) = (n — 2)!(n — 3)!...1!is Barnes G-function, also called the double gamma
function. The asymptotics of G(z) for z — +oo is known (see [13, Theorem 1] or [11,
5.17.5]):

1 1 1 1
log(G(z + 1)) = 112 +zlogT(z+ 1) — Ez2 logz — ~zlogz — — logz + O(1).
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We thus have proved that

1 1
S, = nlogl'(n+1)— ( n +n10gF(n+1)—fn logn — Enlogn— ﬁlogn—l—O(l))

1 1 1 1
= En log(n) fn + 2nlog(n) + —210g(n) + O(1).

Lemma 25 We have .

lo =0.
& /2 —Zcosa V2 —2cos a

Proof First, translate the integration interval to [0, 2] and after that combine the change
of variables o = 2w x with [14, 4.384 (3)]. O

Lemma 26 Let f : [—1, 11> — R be a continuous function. Then,

/ fx,y) 1 dx. y)

[—1.172 m\/l—y 2|x—y| ’
1 [ 1 T

= - dolog —— cos O, cos(f + «)) db.
| o e [ 16 @+

In particular, from Lemma 235, ifffﬂ f (cos B, cos(0 + o)) dO is constant (i.e. if its value
does not depend on ) then the integral of the lemma is 0.

Proof Denote by I the integral in the lemma. The change of variables x = cosf, y = cos ¢
yields
41 = 4 [, 1p S (€086, c0s ) 108 3re5=cavg1 46 D)
= Ji_p.ap2 f(cos, cos ¢)log m d®, ¢)
= f[—n,nF f(cos 8, cos @) log m d@©, o)
+ fl—ﬂ,ﬂlz f(cos @, cos ) log m d@, ¢),
where we have used the following classical fact:
el — 7P|,

2| cosO — cos¢p| = 0 _ ¢

The change of variables ¢ — —¢ shows that the last two integrals above are equal and
hence we have

1
21 = / f(cosb,cosp)log ————d(6, ¢).
(—ma]? ‘6’9 _ ez¢|

We write this last expression as an integral in the product [—7, 7] x S!, where S! is the unit
circle, getting
T 1 dz
21 = do f(cosb, Re(z))log ——— —
-7 zes! |ezG - Z| 1z
™ : 1 d
= f d@/ f (cos 0, Re(e’ew)) log ——— —w
o wes! |e’9—e’9w| iw

d 1 .
_ / T og f (cose, Re(e'ew)) do
wes! [w [1—w| J_;
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We have applied the isometry S! — S! given by z — w = ez, Parametrizing again the
unit circle by w = '* we get to

1
21 = fae[_ﬂ’ﬂ] da logmffn f (cos @, cos(0 + o)) db,

proving the lemma. O

Lemma 27 For any integer k > 1 we have

1 (7 1 1 1 /7 1 1
— cos(ka)log —— do = —, —/ cos(ka)log ————do = —.
ﬂ/—n ( g«/2—2cosa k' mJ_, (kar) g«/2—200so¢ 4k
Moreover, for integers k > € > 1 we have

1 /7 (k) cos(€a) | 1 d 1 < 1 . 1 )

— cos(ka) cos(fa)log —— da = — — .

T J_x g«/Z—ZCosoz 2\k—¢  k+¢
Proof For the first integral, we proceed as in Lemma 25

1
1 1
2/ cos(2kmx) log ——— [ HABOT 2
0 2 sin(rx) k

For the second integral we consider

_ 1 2 1
x= o [T cos®(ka) logmda,

and we note that

Lemma 25

1 pm 1
xty= zfllog poagda =
x—y= L7 cos(2ka) log s do = %

and adding these two equalities gives the desired result. For the last claim we similarly
consider

0,

X = % ST cos(ka) cos(£a) log \/ﬁ da,

y= 17 sin(ke)sin(ta) log Jﬁ da,

which readily gives

‘_

x+y= 217 cos((k — ) log ——— da

V2=2cosa k—t>
X—y= %ffﬂ cos((k + £)a) log \/ﬁd(x = ﬁ,
and again adding these equalities gives the last integral of the lemma. O
Lemma 28 Forn > 2,
n
Hy,, H, 1
Hy—1 =nHy— - — —n—- .
sz1n2n1+2 7 ">
k=2
Proof This is an easy exercise of induction. O
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Lemma 29 The following equality holds:

n

o(1 1 ol
ZCOSZ(kG—i—a):ﬁ—k .():n—l— ‘()'
= 2 sin @ 2 sin 6

Proof From the double angle formulas, the sum in the lemma is equal to A — B 4+ C where

A

cos’ (o) Z cos’ (k6),
k=0
B = 2cos(a) sin(a) g cos(k0) sin(k) = Sin(zza) g sin(2k0),

n
C = sinz(oz) Z sinz(kQ).
k=0

These three sums are known, see [14, Sec. 1.34, 1.35], yielding the following value for the
sum in the lemma:

cos((n 4+ 1)0) sin(nf)  sin(2a) sin ((n + 1)6) sin (nH)

2sinf 2 sin@ '
We are done. O

cosz(oz) + % + cos(2a)

Lemma 30 The following identities hold:

écos(ak—i—b) = m (sin(an+ % +b> —sin(b— %»’

n
1
Z cos(ak+Db) cos(ck+d) = — e (sin((a—i—c)n—i— ate +b+ d) +sin (a te_ b— d))
paard 4 sin (T) 2 2

1 . a—c . (a—c
+W (Sln((a_c)n+ T+b_d)+sln (T— b+d>> .

Proof First identity is direct consequence of [14, 1.341.3] and the identities for the product
of a pair of trigonometric functions. Second identity is consequence of the identities for the
product of two trigonometric functions, and first identity. O

Lemma 31 The following identity holds:

T 1
/ log ——dv =0.
0 2sinv

Proof Using the change of variable x = cos(v) and taking into account that we can write
NT=x2=|x = 1|"% . |x + 1]'/% we get

1 [m 1 1 1 dx V(D+V(=1)
— 1 dv = —log2 1 ———=—log2+ —,
T /0 %8 25y’ o ~1 o8 V1=x2 7/1—x2 0esT 2

where V(x) is the equilibrium measure potential, which constantly equals log?2. So the
integral vanishes. O
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Lemma 32 Let Si(t) the Integral Sine function. The following asymptotic expansion holds:

*Si(t
/ l()dt:llogxﬁ-ﬂ—l—O(x’l), as x — o0,
0 t 2 2

being y the Euler constant.

Proof We will obtain this identity by means of the imaginary part of a complex line inte-
gral. Let us take x > 0 and consider Cy = {z € C : |z|] = x;Imz > 0} parametrized
counterclockwise. Then,

| tiz_l 1 tiz_l
/ ff ¢ dde—/ f/ ¢ T dzdi =0 (20)
—xtJo Z xl‘o Z

since we are integrating an entire function along a closed curve. We now split the integral
over the semicircle within three other ones,

1 [lef*—1 1 [¥es—1 1 [1e? 11
/ ff dzdt / f/ dzdt—i—/ f/ —dzdt—/ f/ —dzdt
. tJo z . tJo Z c, tJx 2 A 4

=1L+ 5L - 1.
Let us work with each one of these integrals.

X iz _ 1 X ,iz 1
I = (log(—x) — log(x))/ L P in/ T
0 z 0 b4

For the second integral, we parametrize C, as t = xe'® and after the change of variable
z = xe'?, standard computations lead to

b4 0 )
L= —/ / exp(ixe'®)do db,
0 0
which can be bounded as

7 0 . s e . /2 )
|| < / / e Mo do :/ / e MM gg do < an e Xsing g
0 0 0 o 0

Now we use the Jordan’s inequality: sino > 20 /7 for o € (0, 7w /2), getting

/2 )
|L| < 2n/ B MMl = —(1-e)=0x"") as x— +oo.
0 X
The last integral can be computed directly using the parametrization r = xe'?,

1—/ L ogr — log x)dr = 7
3= xtog ogx)dt = ——-.

Then, Eq. 20 reads as
x 1t iz _ 1 X iz _ 1 2
/ f/e dzdt—i—in/e dz+0(x_1)+£:0,
—x tJo Z 0 Z 2

from where, taking imaginary part we get

* Si(t x —1
2/ ﬁdwn/ cos@ =1 4o =o.
o ! 0 Z
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Finally, in the second term we use the asymptotics of the integral cosine function ([1, 5.2.2,
5.2.9,5.2.34 and 5.2.35]),

*cos(z) — 1

Ci(x) =y +logx +/ dz = O(x_l) as x — +0oo,

0
and then the announced result is proved. O
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