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The recent B-meson anomalies are coherently explained at the TeV scale by 4321 gauge models with 
hierarchical couplings reminiscent of the Standard Model Yukawas. We show that such models arise 
as the low-energy limit of a complete theory of flavor, based on a warped fifth dimension where each 
Standard Model family is quasi-localized on a different brane. The Higgs is identified as a pseudo-Nambu-
Goldstone boson emerging from the same dynamics responsible for 4321 symmetry breaking. This novel 
construction unifies quarks and leptons in a flavor non-universal manner, provides a natural description 
of flavor hierarchies, and addresses the electroweak hierarchy problem.

© 2022 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
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1. Introduction

The deviations from lepton flavor universality observed in 
neutral-current [1–4] and charged-current [5–10] semileptonic 
B decays have stimulated intense model-building activity, trigger-
ing new ideas about the ultraviolet (UV) completion of the Stan-
dard Model (SM). Two key aspects have emerged quite clearly from 
the early attempts to provide a combined explanation of the two 
sets of anomalies: i) a possible common origin of flavor anomalies 
and Yukawa hierarchies [11], as hinted by the approximate U (2)n

flavor structure of new physics [12,13], ii) the necessity of new de-
grees of freedom at the TeV scale coupled mainly to the SM third 
generation, hinting at a possible link with the electroweak (EW) 
hierarchy problem [14,15].

In this letter, we show how these two aspects can be consis-
tently combined within a five-dimensional (5D) model. The three 
main assumptions of our construction, and their motivations, can 
be listed as follows:

I. 4321 gauge symmetry above the TeV scale. The most effective 
mediator to address both sets of anomalies is a TeV-scale U1
leptoquark [13,16–19]. This field can be identified with one of 
the broken generators of the fundamental gauge group SU (4)h ×
SU (3)l × SU (2)L × U (1)X , denoted 4321 group [20]. Here SU (2)L
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acts as in the SM and hypercharge is a combination of U (1)X and 
the T15 generator of SU (4)h . Color is the diagonal subgroup of 
SU (4)h × SU (3)l , and the labels h and l indicate the flavor non-
universal assignment of the SM fermions under this part of the 
gauge group, resulting in a U1 coupled mainly to third-generation 
fermions [11,21]. Apart from the U1, two EW-neutral gauge bosons 
acquire mass from the 4321 breaking: a color-octet, G ′ , and a sin-
glet, Z ′ . The presence of these two mediators does not alter the 
U1 solution of the anomalies [22–24].

II. Flavor hierarchies from a 3-brane structure in 5D. The hierarchies 
in both the Yukawa and U1 couplings, i.e. the breaking of the ap-
proximate U (2)n flavor symmetry acting on the light families at 
the TeV scale, emerge from a multi-scale construction [11,25–27]
that, in turn, can be viewed as the effect of a 3-brane structure in 
5D. The strong constraints on flavor-violating terms involving the 
light families naturally point toward a warped geometry [28]. The 
size of the Yukawa couplings implies kL ≈ 10 [28], where L is the 
distance between the infrared (IR) (3rd gen.) brane and the most 
UV (1st gen.) brane, and k is the 5D curvature constant.

III. Holographic Higgs. The SM Higgs can be realized as a pseudo-
Nambu-Goldstone boson (pNGB) emerging from the same dynam-
ics responsible for the breaking of SU (4)h × SU (3)l [15]. In the 
warped 5D description, this can be achieved via gauge-Higgs uni-
fication [29], realized by extending the EW part of the bulk gauge 
symmetry. For the sake of simplicity and minimality, we assume
le under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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Table 1
Matter content. Here, i = 1, 2, 3 and j = 1, 2. The upper block refers to 
fermion fields, the lower block to scalars.

Field SU (4)h SU (4)l S O (5) U (1)� U (1)S

�3,�3
d,X (′) 4 1 4 1 0

� j ,�
j
u,d 1 4 4 1 0

S i 1 1 1 0 1

� 1 1 5 0 0
� 1 4 4 1 −1
� 1 1 1 0 2

G23
bulk ≡ SU (4)h × SU (3)l × U (1)l × S O (5) ,

GIR ≡ SU (3)c × U (1)B−L × S O (4) ,
(1)

where SU (3)c and U (1)B−L are flavor-universal subgroups of 
SU (4)h × SU (3)l × U (1)l , and the 23 bulk is the most IR side of 
the bulk (see Fig. 1). The fifth component of the gauge fields asso-
ciated to the S O (5)/S O (4) coset contains four pNGB zero modes 
transforming as a 4 of S O (4) that we identify with the SM Higgs 
field, thus realizing the minimal composite Higgs scenario [30].

2. The 5D model

We consider a 5D model with a warped compact extra dimen-
sion containing three branes (similar to the one explored in [31]) 
with two positive and one negative tension branes (++−). The met-
ric is

ds2 = e−2σ (y) ημν dxμdxν − dy2 , (2)

where, in the absence of backreaction from scalar fields, the warp 
factor σ(y) is

σ(y) =
{
σ1(y) = k1 y 0 ≤ y ≤ 	

σ2(y) = k1	 + k2(y − 	) 	 ≤ y ≤ L
. (3)

Here L denotes the total length of the compact extra dimension 
and 	 the location of the intermediate brane. Due to the tension 
of the branes, k1 ≤ k2. For simplicity, in what follows we assume 
k1 = k2 ≡ k, corresponding to a zero middle brane tension. This 
multi-brane setup can be stabilized via a straight-forward exten-
sion of the Goldberger-Wise (GW) mechanism [32,33], with suit-
able brane-localized potentials for the GW scalar [34].

Beside the IR bulk and brane symmetries specified in (1), we 
assume

G12
bulk ≡ SU (4)h × SU (4)l × S O (5) , (4)

GUV ≡ SU (4)h × SU (3)l × U (1)l × SU (2)L × U (1)R ,

where GUV and G12
bulk are the gauge symmetries in the most 

UV brane and the UV side of the bulk, respectively. The middle 
brane is therefore a discontinuity corresponding to the symmetry-
breaking pattern SU (4)l → SU (3)l × U (1)l . Alternatively, we could 
have chosen G12

bulk = G23
bulk, with no difference in the low-energy 

phenomenology. In this case, light-family quark-lepton unification 
could take place in a bulk between a deeper UV brane (e.g. the 
Planck brane) and the first-family brane.

The chosen gauge symmetries yield 15 + 4 pNGBs, 15 of 
which become the longitudinal components of the 4321 gauge 
bosons, U1, G ′ and Z ′ , which acquire a degenerate mass of 
M15 ≈ 
IR

√
2/(kL) [35], with 
IR ≈ k e−kL . This mass generation 

mechanism (similar to the one in [15]), yields a mass gap between 
the 4321 gauge bosons and the lightest vector resonances of the 
Kaluza-Klein (KK) tower, namely MKK/M15 ≈ √

2kL. The remaining 
pNGBs correspond to the SM Higgs field: H ∼ (1, 2)1/2.
2

Fig. 1. Schematic structure of the extra dimension including fermion zero-mode and 
scalar VEV profiles.

The matter fields and their corresponding transformation prop-
erties under the 12-bulk gauge symmetry are listed in Table 1. 
We embed all fermion fields (except S i ) into the spinorial 4
representation of S O (5), which contains two (complex) doublets, 
one transforming in the fundamental of SU (2)L and the other in 
the fundamental of SU (2)R . These fermions are also embedded 
into fundamental representations of SU (4)h,l forming quark-lepton 
multiplets à la Pati-Salam. The boundary conditions (BCs) for the 
fermions are chosen as follows

�3 =
⎡
⎢⎣

ψ3 (+,+)

ψ3
u (−,−)

ψ̃3
d (+,−)

⎤
⎥⎦ , �3

d =
⎡
⎢⎣

ψ̃3 (+,−)

ψ̃3
u (+,−)

ψ3
d (−,−)

⎤
⎥⎦ ,

X (′) =
⎡
⎢⎣

χ(′)(±,±)

χ
(′)
u (∓,±)

χ
(′)
d (∓,±)

⎤
⎥⎦ , � j =

⎡
⎢⎣

ψ j (+,+)

ψ̃
j

u (−,+)

ψ̃
j

d (−,+)

⎤
⎥⎦ ,

�
j
u =

⎡
⎢⎣

ψ̃ j (+,−)

ψ
j

u (−,−)

ψ̂
j

d (+,−)

⎤
⎥⎦ , �

j
d =

⎡
⎢⎣

ψ̂ j (+,−)

ψ̂
j

u (+,−)

ψ
j

d (−,−)

⎤
⎥⎦ , (5)

and S i = Si(+, +), where we decomposed the spinorial S O (5)

multiplets into SU (2)L , up-type SU (2)R and down-type SU (2)R

components, as required by the SU (2)L × U (1)R symmetry in the 
UV. The resulting zero modes correspond to the SM field con-
tent (including three right-handed neutrinos), ψ i

L and ψ i
uR,dR with 

quarks and leptons unified in SU (4) representations, one vector-
like representation χL and χ ′

R , and three chiral SM singlets Si
L . 

The SM-singlet fermions, the scalars � and �, and the (global) 
U (1)S symmetry are needed to give neutrinos masses via an in-
verse see-saw mechanism [28]. The � field is also responsible for 
the spontaneous breaking of the UV gauge symmetry down to the 
4321 symmetry, where the U (1) factor in 4321 is the diagonal 
subgroup of U (1)l × U (1)R . Furthermore, the � field can play the 
role of the GW scalar by appropriately choosing its brane-localized 
potentials and bulk masses. The scalar � plays a key role in gen-
erating the light Yukawa couplings, as discussed below. Finally, 
the (global) U (1)� symmetry [36] is introduced to forbid baryon 
and lepton number violating higher-dimensional operators, already 
present in the Randall-Sundrum (RS) model [37] (see e.g. [38]).

2.1. Flavor hierarchies

As we discuss in what follows, all flavor hierarchies in the 
Yukawas and vector-like masses are explained with O(1) parame-
ters by assuming the fermion localizations illustrated in Fig. 1, with 
kL ≈ 10 and k	 ≈ 4. While there is some freedom in the choice 
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of fermion bulk masses that do not affect the solution to the fla-
vor hierarchies, we take the following benchmark for concreteness 
(with ci ≡ Mi/k and Mi the corresponding fermion mass)

c(1,2)

�3 = c(1,2)
X = c(1)

�3
d
= c(1)

�2 = c(1)

�2
u
= 0 , c(1,2)

X ′ = −1/2 ,

c(1,2)

�1 = c(2)

�2 = −c(2)

�3
d
= −c(1)

�2
d
= 1, c(1,2)

�1
u,d

, c(2)

�2
u,d

≤ −2 . (6)

Here and in the following the superscript (1) and (2) refer to the 
12-bulk and 23-bulk, respectively. Even though the gauge symme-
try in the 23-bulk is SU (4)h × SU (3)l , for simplicity we choose 
SU (4) symmetric bulk masses for this benchmark. Furthermore, 
we fix 
IR = 8 TeV such that M15 = 3.6 TeV, which provides a 
good benchmark for the explanation of the B anomalies [22–24].

2.1.1. Vector-like masses and fermion mixing
The following mass terms are added on the IR brane

LIR ⊃ (
X̄L M̃χ + �̄3

L M̃� + �̄
j
Lm̃ j

ψ

)
PLX ′

R , (7)

in order to generate a vector-like mass among the zero modes. 
Here PL,R is a projector into the SU (2)L,R components of the 
S O (5) multiplets, and the IR masses decompose as M̃i = diag(M̃q

i ,

M̃q
i , M̃q

i , M̃	
i ) in SU (4) space. These mass terms mix all the left-

handed components of the zero modes, leaving the SM fermion 
content as massless chiral fields (plus the SM singlets needed for 
the inverse see-saw). The vector-like masses thus induced read

L ⊃ −M f f̄ Lχ
′
R , M f = 
IR M̃ f P

({c(n)

f }, {c(n)

X ′ }
)
, (8)

where P ({c1}, {c2}) is a fermion profile function [39]. The behavior 
of the profile function is such that, for the fermion profiles in (6), 
we have


IR P
({c(n)

� j }, {c(n)

X ′ }
) ∼ 
IR√

kL
ek(	 j−L)/2 ≈ 2 TeV × V j3 ,


IR P
({c(n)

�3,X }, {c(n)

X ′ }
) ∼ 
IR√

kL
≈ 2 TeV , (9)

where 	 j is the position of the j-th brane, and V ij are Cabibbo–
Kobayashi–Maskawa (CKM) matrix elements. We thus obtain TeV-
scale vector-like masses with a U (2)-like mixing structure for the 
assumed benchmark, hence reproducing the required conditions 
for a successful explanation of the B-meson anomalies [22–24].

2.1.2. Yukawa couplings
Yukawa couplings with the Higgs are generated via three dis-

tinct mechanisms, depending on the fermions, giving rise to de-
creasing effective interactions:

I. Top Yukawa. The fermion BCs in (5) have been chosen such 
that, in the absence of IR masses, only the third-generation up-
type Yukawa is generated:

L ⊃ −y33
u ψ̄3

L Hψ3
uR , y33

u = g∗
2
√

2
P
({c(n)

�3 }, {c(n)

�3 }
)
, (10)

where g∗ is the S O (5) KK coupling. In the absence of fermion mix-
ing effects, y33

u becomes the top Yukawa, yt . Since P ({c(n)

�3 }, {c(n)

�3 }
)

� 1, we infer the lower bound g∗ ≥ 2
√

2 yt(
IR) ≈ 2.2. The rela-
tion between the EW gauge couplings and the S O (5) KK coupling 
is (i = L, R)

gi(
IR) = g∗/
√

kL(1 + r2
UV,i + r2

IR,i) , (11)

where rUV(IR),i is the contribution from boundary kinetic terms for 
the corresponding gauge bosons at the UV (IR) brane evaluated at 
the IR scale [40]. Taking for simplicity rIR,i = rUV,i ≡ ri , kL = 10 and 
3

g∗ = 2.5, we find that the EW gauge couplings are reproduced for 
rL ≈ 0.5 and rR ≈ 1.4.

II. Other third-family Yukawas. b and τ Yukawas, as well as the 
leading mixing among the light families and the third generation, 
are generated only after introducing IR-brane mass-mixing terms. 
The relevant IR masses are

LIR ⊃ �̄3
L M̃L

�dPL�
3
dR + X̄L(M̃L

χdPL + M̃ R
χdPR)�3

dR

+ �̄
j
Lm̃R

� jPR�3
R + �̄

j
L(m̃

L
djPL + m̃R

djPR)�3
dR , (12)

where we ignored the mass term between the SU (2)R components 
of �3 and χ , as well as those with �

1,2
u,d , which have a minor 

phenomenological impact. These generate Yukawas between zero 
modes of the form

y f 1 f 2 = g∗
2
√

2
(M̃L

12 − M̃ R
12) P

({c(n)

f1
}, {c(n)

f2
}) , (13)

f1 and f2 denoting two generic 5D fermions, and M̃L(R)
12 a generic 

IR mass between their SU (2)L(R) components. As anticipated, the 
hierarchies between these and the top Yukawa are fully explained 
by appropriate fermion localizations. For the benchmark in (6), we 
find

P
({c(n)

� j }, {c(n)

�3 }
) ∼ ek(	 j−L)/2 ≈ V j3 ,

P
({c(n)

�3,X }, {c(n)

�3
d
}) ∼ ek(	−L)/2 ≈ yb ,

P
({c(n)

� j }, {c(n)

�3
d
}) ∼ ek(	+	 j−2L)/2 ≈ V j3 yb ,

(14)

where we used that yb ≈ V 23, with yb the bottom Yukawa. In-
terestingly, we get a down-aligned limit (i.e. vanishing light-heavy 
entries in the down sector) in the S O (5) symmetric limit, where 
ML

i = M R
i . Due to the chosen fermion BCs, an analogous limit in 

the up sector is not possible.

III. Light-family Yukawas. Due to the assumed strong UV local-
ization of �1,2

u,d , light-family Yukawas are dominantly generated via 
their coupling with �. The relevant 5D proto-Yukawas are

L ⊃ −Y ij
u,d �̄i �a �a P R�

j
u,d , (15)

with �a (a = 1, . . . , 5) being the S O (5) gamma matrices. These 
proto-Yukawas can be in the bulk and (or) localized in the branes. 
The � field decomposes under the EW symmetry as a Higgs H ′
and a singlet S , and acquires a vacuum expectation value (VEV) 
along the singlet direction with an IR-localized profile. This break-
ing of S O (5) generates light-family Yukawas suppressed by the 
� profile. Taking the � bulk mass close to the Breitenlohner-
Freedman stability bound [41,42], we find

yij
u,d ≈ g∗

2
√

2
Ỹ i j

u,d

〈�IR〉

IR

e−k(L−	 j)

× e−k(c(1)
i − 1

2 )|yi−	 j | ek(c(1)
j + 1

2 )|y j−	 j | , (16)

where yi( j) denotes the position of the brane where the left-

handed (right-handed) field is dominantly localized, c(1)
i( j) is the 

left-handed (right-handed) 12-bulk mass in units of k, and Ỹ i j
u,d

are O(1) linear combinations of the proto-Yukawa couplings with 
coefficients depending on k, 	i , the fermion bulk masses, and the 
� boundary masses (see (B.1)).
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2.2. Higgs potential and EW precision data

The Higgs potential receives two types of contributions: i) a 
tree-level one resulting from the spontaneous breaking of the bulk 
gauge symmetry via � and � VEVs, and ii) a loop-level one from 
a finite volume effect due to non-local operators generated by 
5D loops stretching from one boundary to the other [43]. In our 
model, the loop contribution comes dominantly from �3 and the 
EW gauge bosons. For small h/ f , the Higgs potential is well ap-
proximated as

V (h) ≈ α(h) cos

(
h

f

)
− β(h) sin2

(
h

f

)
, (17)

where f ≈ 2
IR/g∗ is the Higgs decay constant, α(h) ≈ α� +
α�3 (h) and β(h) ≈ β� + βEW + β�3 (h). Using a holographic ap-
proach cross-checked by the spectral function method, we find the 
following expressions for the coefficients αi and βi [44]

α�3(h) ≈ 3Nc f 4

32π2
ζ(3) y2

t g2∗ − 2β�3(h) ,

α� ≈ (M̃ R
� − M̃L

�)
2
IR〈�IR〉2 ,

β�3(h) ≈ Nc f 4

16π2
y4

t

[
γ + log


2
IR

m2
t (h)

]
,

βEW ≈ − 9 f 4

512π2
g2∗ ζ(3)

(
3g2

L + g2
Y

)
,

β� ≈ 1

2
(M̃H ′ − M̃ S)


2
IR

(kL)2
〈�IR〉2 ,

(18)

where γ ≈ 0.38, ζ(3) ≈ 1.20, gL(Y ) is the SU (2)L (U (1)Y ) gauge 
coupling, 〈�IR〉 and 〈�IR〉 are IR VEVs, M̃L(R)

� are IR masses for the 
SU (2)L(R) components of �, and M̃H ′,S are UV masses for � (all 
masses in units of k). Approximating α and β as constants, the 
minimum of the potential and the Higgs mass are given by

cos(〈h〉/ f ) = − α

2β
, m2

h ≡ 2λ〈h〉2 ≈ 2β〈h〉2

f 4
. (19)

As we can see, the loop contributions α�3 , β�3 , βEW are completely 
fixed once a value for g∗ (which also enters in the top Yukawa) is 
specified. Interestingly, we find that the coefficients αi and βi are 
of the right size such that the Higgs quartic comes out at the ob-
served value for a natural choice of the undetermined tree-level 
parameters [45]. While the αi and βi are all of the same order, ob-
taining the required hierarchy between 〈h〉 and f implies a tuning 
of the parameters (the so-called little hierarchy problem), which 
is at the per mille level for 
IR = 8 TeV and g∗ = 2.5. We have 
verified that the results of this simplified computation hold up to 
small corrections when treating the full loop potential numerically 
including all fields dominantly localized in the IR, as well as the 
relevant IR boundary masses.

Additionally, our theory predicts a tower of KK vector reso-
nances which couple dominantly to the IR localized fields. The 
most dangerous of these states are those that mix with the SM 
EW gauge bosons, as they induce g∗/gL enhanced modifications to 
their couplings with third generation SM fermions. Resumming the 
KK tower, we find corrections of the form

δgZ�3�3

gZ�3�3
≈ −0.3

m2
Z

M2
KK

g2∗
g2

L

≈ − 0.3

4c2
W

〈h〉2

f 2
, (20)

where cW is the cosine of the Weinberg angle and the pre-factor 
of 0.3 comes dominantly from the Higgs and �3 profiles. The 
strongest bound comes from Z → τLτL , leading to a constraint 
4

on (20) at the per-mille level [46], which is well satisfied for our 
benchmark point.

3. Conclusions

We have presented a UV extension of the SM that addresses 
two of its long-standing open issues: the origin of flavor hierar-
chies and the stabilization of the Higgs sector, while, at the same 
time, explaining the observed anomalies in B decays. A coherent 
solution to these three problems is obtained by embedding the SM 
into a warped 5D construction with three (flat) four-dimensional 
branes, where each SM family is quasi-localized. The 3-brane struc-
ture, which lets us associate flavor indices to well-defined positions 
in the extra dimension, is a crucial distinction from previous ex-
planations of the flavor hierarchies in the context of warped extra 
dimensions [40,47–49]. This structure results in an approximate 
U (2)n flavor symmetry with leading breaking in the left-handed 
sector, which is necessary in order to evade the tight bounds on 
new physics from flavor-changing processes while simultaneously 
addressing the B anomalies [13,19].

We emphasize that the explicit model analyzed here is part of 
a larger class of theories, based on the three fundamental points 
presented in the Introduction. A few building blocks, such as the 
choice of the IR-bulk and UV-brane symmetries, are motivated by 
observations. Other aspects (especially those related to UV dynam-
ics) are less constrained and could be modified. The geometry itself 
is a minimal choice, and the validity of the construction could 
be extended up to the Planck scale by adding an additional UV 
brane, solving the large EW hierarchy problem as in the original 
RS model [37].

By construction, the TeV-scale phenomenology of this model 
is equivalent to that of 4321 models discussed in the recent lit-
erature [22–24]. However, deviations are expected around MKK ∼
10 TeV due to the tower of KK states. A further striking signature, 
specific of the multi-scale (multi-brane) structure of the theory, 
is a multi-peaked stochastic gravitational wave signal potentially 
within reach of future experiments, originating from a series of 
phase transitions in the early universe [50].

Declaration of competing interest

The authors declare that they have no known competing finan-
cial interests or personal relationships that could have appeared to 
influence the work reported in this paper.

Data availability

No data was used for the research described in the article.

Acknowledgements

This project has received funding from the European Research 
Council (ERC) under the European Union’s Horizon 2020 research 
and innovation programme under grant agreement 833280 (FLAY), 
and by the Swiss National Science Foundation (SNF) under con-
tract 200020_204428. The work of JF has been supported by the 
Spanish Ministry of Science and Innovation (MCIN) and the Euro-
pean Union NextGenerationEU/PRTR under grant IJC2020-043549-I, 
by the MCIN grant PID2019-106087GB-C22, and by the Junta de 
Andalucía grants P18-FR-4314 (FEDER) and FQM101.

Appendix A. General profile function

The profile function introduced in the main text is given by

P
({c(n)

L }, {c(n)
R }) ≡ p

({c(n)
L }) p

({−c(n)
R }) , (A.1)
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where, in the two bulk case with k1 = k2 ≡ k, we have

p({c1, c2}) =√
(1 − 2c1)(1 − 2c2)

(1 − 2c1) − e2k(L−	)(c2−1/2)
[
(1 − 2c2) e2k	(c1−1/2) + 2(c2 − c1)

] ,

(A.2)

with 	 being the location of the intermediate brane. Some interest-
ing cases are: p

({0, 0}) ≈ 1, p
({1/2, 1/2}) ≈ 1√

kL
, and p

({0, 1}) ≈
1√
2

e−k(L−	)/2, p
({1, 1}) ≈ e−kL/2.

Appendix B. Light-Yukawa couplings

The parameters appearing in the light-Yukawa couplings for-
mula (16) are

Ỹ i2
u,d =2

√
2

	

L
N yi ({c(n)

i })N yc,s ({−c(n)
c,s })

( √
k Y i2 (1)

u,d

2 − c(1)
i + c(1)

c,s

+
√

k Y i2 (2)

u,d

−2 + c(2)
i − c(2)

c,s

+
√

k3 Y ′′ i2
u,d

)
+O

(
1

kL

)
,

Ỹ i1
u,d =2

√
2

kL
N yi ({c(n)

i })N yu,d ({−c(n)

u,d})
1

2
(

M̃H ′ + 2
)

×
[√

k Y i1(1)

u,d

6 − c(1)
i + c(1)

u,d + 2M̃H ′(
2 − c(1)

i + c(1)

u,d

)2
−

√
k3 Y ′ i1

u,d

]

+O
(

1

k2L2

)
, (B.1)

where Y ij(1,2)

u,d are the 12- and 23-bulk proto-Yukawas, Y
′ i j
u,d (Y

′′ i j
u,d) 

are the first (second) brane proto-Yukawas, c(1,2)
i (c(1,2)

u,d,c,s) are the 
left-handed (right-handed) fermion 5D masses in the 12- and 23-
bulk in units of k, yi (yu,d,c,s) is the position of the brane where 
the left-handed (right-handed) fermions is mainly localized, and

N y({c(n)}) =

⎧⎪⎨
⎪⎩

√−1 + 2c(1) if y = 0√(−1+2c(1)
)(−1+2c(2)

)
2 (c(1)−c(2))

if y = 	

. (B.2)
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