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Abstract

Dirichlet characters, and their partial sums, play a fundamental role in analytic num-
ber theory. In this thesis we study various distributions of these character sums,
and find the limiting distribution as the conductor tends to infinity. We consider
the limit of two main distributions: the continuous paths of character sums mod-
ulo a prime ¢ on the complex plane, and partial sums of quadratic characters with
prime conductors in the dyadic range [@Q, 2Q)] for some @) > 0. The limiting distri-
butions are formulated as Fourier series with Steinhaus and Rademacher random

multiplicative functions as the respective Fourier coefficients.
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Notation

Symbol
f(r) < g()
f(z) > g(x)

e(0)

p|n

L(x; s)

C((0,1])

Meaning

There exists a constant C':= Cy > 0 such that |f(z)| < Cg(x).
There exists a constant C':= Cy > 0 such that |f(z)| > Cg(x).
flz) < g(2).

The principal character (yo(n) =1 for all n that is

co-prime to some modulus).

e?™ (the complex exponential with period 1).

' | nand p*tt n.

> iz, —o L (the Nth divisor function for z € N).

The Euler-Mascheroni constant (roughly 0.57721) [80].

Dirichlet L-function ) ., x(n)n~°, for Re(s) > 1.

The distinct prime factors of n e N.

The prime factors of n € N, counted with multiplicity.

The Mé&bius function (£1 for square free n with an even or

odd number of prime factors respectively, and 0 otherwise).

The counting function for all the integers < ¢ which are coprime
to ¢, known as the Euler Totient Function.

The prime counting function, counting the number of

prime numbers < n.

(m(2n) — m(n)), or counting all prime numbers in-between

2n and n.

The largest prime divisor of n

(we take P*(1) =1 as convention).

The smallest prime divisor of n

(we take P~(1) = oo as convention).

Shorthand for when n is a square number.

R/Z, or the real numbers modulo 1.

The largest integer not exceeding = € R.

The fractional part of x € R, or equivalently = — [z].

Continuous functions taking values € [0, 1].
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Chapter 1

Introduction

People often attribute the start of analytic number theory to Peter Gustav Lejeune
Dirichlet who, in 1837, introduced the world to studying primes in arithmetic pro-
gressions [22]. Analytic number theory looks into the multiplicative and additive
structure of integers, referred to as multiplicative and additive number theory respec-
tively. In this thesis we will firmly focus on the former, specifically one of Dirichlet’s
main contributions to multiplicative number theory: Dirichlet characters.

A function f: N — C is multiplicative if f(a-b) = f(a) - f(b) when a,b are co-
prime, and is called completely multiplicative if f(a-b) = f(a)- f(b) for all integers
a,b. As a result, due to the fundamental theorem of arithmetic [51], multiplica-
tive functions are completely determined by their values at the prime powers, and
completely multiplicative functions depend only on the prime numbers. Since they
interact so well with the factorisation of integers, multiplicative functions are a good
tool for studying multiplicative structures.

Multiplicative functions have been rigorously studied by mathematicians over the
past couple of hundred years, notably Dirichlet, who defined Dirichlet characters in
the early 1800s [26]. Dirichlet characters are group characters on (Z/qZ)", and are

often extended to the following definition.

Definition 1.0.1. A Dirichlet Character modulo ¢ is a function y : Z — C*

where



o x(mn) = x(m)x(n) for all m,n € Z,

e x(n+q) = x(n) for all n € Z,

e x(n) =0 for ged(n,q) > 1.

They always have size 1, unless at a factor of the period, and there are ¢(q)

Dirichlet characters for every modulus ¢q. These characters were first introduced as

a way to study primes in arithmetic progressions [27]. This is due to orthogonality

relations that Dirichlet characters satisfy:

x mod ¢q

(q) ;X = Xo,

0 ; otherwise.

P(q) ;sn=1(q),

0 ; otherwise.

(1.1)

Here g is the principal character modulo qE| This is especially useful for detecting

congruence conditions; as a result, Dirichlet characters appear in many analytic

number theory proofs.

It is also convenient to call characters odd or even, depending on whether y(—1)

equals —1 or 1 respectively. A Dirichlet character is primitive if it generates every

value e(j/q)(= e*/9) for j € [1,q]. For prime moduli, which is the only case we

are considering in the thesis, every non-principal character is primitive.

There exists a class of real Dirichlet characters that only take values {0,=+1},

with at least one —1 value. These are also known as quadratic characters as they

have order 2, and for prime modulus such a character is given by the Legendre

symbol (E) 162].

!The principal character modulo ¢ is xo(n) = 1 for all (n,q) = 1, and vanishes otherwise.
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Let us consider all non principal Dirichlet characters modulo ¢, that is x(n)
is not 1 for all (n,q) = 1. All values are multiplicative and distributed on the
unit circle, meaning the total sum )7, x(n) vanishes. To show 7 _ x(n) = 0,
and subsequently proving Equation , take a € Z such that ged(a,q) = 1 and
x(a) # 1. Using the periodicity of characters, we can rearrange the order of the

sum. Therefore, noting that n — a - n is a bijection on Z/qZ,

S xn) = x(a-n).

Dirichlet characters are completely multiplicative, meaning we can separate x(a-n)

to x(a) multiplied by x(n). As a result,

q

> x(n) =x(a) Y x(n).

n=1

Since x(a) # 1, the total sum Y ?_, y(n) must equal 0.

However, what happens to the partial sums, and how large can the partial sum
get before returning to 07 My research has centred on these partial sums of Dirich-
let characters with prime moduli, analysing how they relate to other multiplicative
functions. Character sums play a fundamental role in analytic number theory, and
I have investigated the distribution of the sums, as well as properties of the distri-

bution as the modulus tends to infinity.

For this thesis, we treat partial character sums as functions in ¢:

Definition 1.0.2. Let x be a Dirichlet character with modulus ¢. For ¢ € [0, 1], let



Sy (t) be the normalised partial character sum

Sy(t) == % S x(n).

n<qt

Partial character sums are 1-periodic in ¢, so we can also view S, () as a Fourier

series. We have

8, (1) = Zﬂk)(l—e(—k;t)), (1.2)

where 7(x) is the Gauss sum

q

7(x) = > x(a)e(a/q).

a=1

Note this is only valid where ¢ is not a discontinuity of the function, so when ¢t
is not an integer value. This is a standard result, also known as Pélya’s Fourier
expansion |22, Chapter 23]. The proof of this is shown in Appendix . Additionally,
for primitive characters the absolute value of 7(x) is /g, hence the normalising
factor of 1/,/q in our definition of S, (t).

There has been a lot of interest in the maxima of partial character sums. Since
Dirichlet characters x(n) vanish when the modulus ¢ shares a prime factor with n,

and are of size 1 otherwisﬂ we have the trivial bound [54, Chaper VIII, Section 1]

¢(q)

max |5, ()] < —=

q
t€[0,1] NGB

For prime ¢, ¢(q) = ¢ — 1, giving an upper bound of approximately ,/g. This has

2For this thesis we are only considering prime moduli. As a result, x(n) vanishes only when
the modulus divides n. As a result, for very large conductors, characters are of size 1 almost
everywhere.

4



been significantly improved, and notably the estimates hold as ¢ gets large. In 1918,

Pélya and Vinogradov independently found the Pélya-Vinogradov bound [73,[85]

Sy(t)] < logq.
mmax [Sx(H)] < logq

The implicit constant has been improved since [13]35/45], with the sharpest constant

[601[74]:

2

(3 + 0(1)) logg ;x(=1)=1,
1Sy (B)] <

(% + 0(1)) logqg ;x(-1)= -1

When ¢ belongs to certain structured subsequences of integers, the Pélya-Vinogradov
inequality can be improved. For instance, Goldmakher [31,32] showed that if ¢ is
smoothf| then |S, ()] = o(logq). In the late 1970s, assuming the Generalised Rie-

mann Hypothesis (GRH)EL Montgomery and Vaughan [65] discovered
1Sy (t)| < loglogg. (1.3)

The implied constant has since been improved by various mathematicians, but most
notably by Granville and Soundararajan [35] in 2007. This is also the best result

possiblﬂ, as proven in 1932 by Paley [69].

Theorem 1.0.1. (67, Theorem 9.24] Let x4 be a real Dirichlet character modulo d.

3More specifically, Hp‘qp < exp ((log q)3/4).

4The Generalised Riemann Hypothesis states that for s € C and s ¢ R-g, L(x,s) = 0 only if
Re(s) =1/2. For x = 1, this is the Riemann hypothesis.

5This is the best result uniformly over all characters. For fixed odd order characters, the upper
bound can be improved on GRH, with a nearly matching unconditional lower bound [35].



There exists a positive constant ¢ such that

M+N

= > )

n=M+1

max > cloglogd

for infinitely many aﬁ

A stronger form of Paley’s result was proven by Bateman and Chowla [4]. This

result was then extended to odd complex characters by Granville and Soundararajan

35).

Theorem 1.0.2. /35, Theorem 3] Let q be a large prime and C' > 0. There exists
an absolute constant Cy such that for at least ¢*~C0/1081080* characters v modulo g,

with x(—1) = —1, we have

1
ﬁ Z x(n) = C'loglog ¢ + O(1/loglog q)
n<z

for all but o(q) natural numbers x < q.

Combining the two theorems, the conditional bound in Equation ((1.3)) is opti-

mal], as

¢ log log g.
§§3§|5&<)|>> oglogq

Additionally, we can consider short character sums with prime conductor and

SHere d is a positive quadratic discriminant, which is defined in Definition and used in
Chapter

" Additionally, Lamzouri [58] found the optimal implicit constant for even order characters. For
more information, see [59].



how it exhibits cancellation as a function of ¢. Burgess |16] proved
S ()] < 126 logq,

for small values of ¢, specifically t < ¢=%®. Note the bound is trivial if you take
t < ¢~3/* [43]. The result has been subsequently slightly improved by Hildebrand
[44]. Assuming the Generalised Riemann Hypothesis, Granville and Soundararajan

[34] proved that, if z < ¢"/?*°() and log z/ loglog ¢ — oo as ¢ — oo,

> x(n)

n<x

= o(x).

This is the best possible result, as for any given A > 0 and prime ¢, there exists a

non principal character such that

>ax,

> x(n)

n<x

for x = log” ¢ [34, Corollary A.
These results are about the maximum for all Dirichlet characters of a certain
modulus. If we instead considered the average maximum of character sums, the

result is significantly smaller.

Theorem 1.0.3. (66, Theorem 1] For any real k > 0,

2k
<Lk 1a

1
mij\z}X

XFX0

| X
— ) _x(n)
Vi

where the summation is over all non-principal characters modulo q.

In other words, for all € > 0, (100 —¢)% of Dirichlet characters satisfy | S, (t)| <.
7



1. This leads naturally to the following questions: how often is the maximum of
Sy (t) large? What are the properties of the characters where the maximum of S, (¢)
is large? What is the distribution of the character sums, not just their absolute
value? What happens as the modulus goes to infinity? Additionally, Paley showed
there is an infinite class of quadratic characters which are large, so what happens
if we restrict our distribution to real character sums? The aim of this thesis is to

answer these questions.

1.1 Summary of the Chapters

In this thesis, we investigate the distribution of character sums ) x(n). In Chapter
2, we consider the sequence of distributions of all character sums over prime moduli,
and find the limiting distribution as the modulus tends to infinity. Then, in Chapter
[, we investigate properties of the limiting distribution, such as the support of the
lawﬂ of the random process used. Next, in Chapter |4}, we focus on quadratic char-
acters, of which there is only one for every odd prime conductor q. We investigate
the sequence of real character sums with moduli ¢ € [@, 2Q)] for some large @, and
find the limiting distribution as () — oco. In both cases, the limiting distribution is
an almost surely continuous random process. These random processes are defined
in Sections [4.1] and .11

However the character sum S, (¢) is a step function, with jump discontinuities at
every t € éZ. In order to circumvent the difficulties posed by these discontinuities,
it is natural to consider a continuous modification, where the steps are replaced by

straight line interpolations.

8A set C C C([0,1]) is the support of the law of F if C is the intersection of all closed sets
K c C([0,1]) such that P(F € K) = 1.



Definition 1.1.1. Character paths are paths in the complex plane formed by

drawing a straight line between the successive partial sums

for x € [0,1) and gz € Z. We parameterise character paths by the function

fult) = S (t) + %x (Tat).

where {z} is the fractional part of the number z.

Note the difference between any character sum S, (¢) and character path f,(¢) is
bounded by \/%. Character paths inherit many properties of character sums, most
notably periodicity. As such, we can approximate f, (¢) as a truncated Fourier series,
also shown in Appendix [A] Using character paths, we will define a distribution taking
values in the Banach spacd’| C([0, 1]).

The limiting distributions in Chapters [2] and [4] are formulated on Fourier se-
ries with random multiplicative functiond'| as the Fourier coefficients. Paley and
Zygmund introduced random Fourier series in the 1930’s [70-72]. Random mul-
tiplicative functions were first introduced by Wintner [87] in 1944 as a model for
the M&bius function p(n). Since then, they have been used as a model for Dirich-
let characters. The sums of random multiplicative functions have a long history.

See [12}37-39,41,42] for examples of recent work.

9A Banach space is a complete normed space. This is a vector space over a scalar field with
a distinguished norm.

10The two random multiplicative functions used are defined in Definitions and re-
spectively.



1.1.1 Summary of Chapter |2| and

When investigating the maximum of character sums, Bober, Goldmakher, Granville

and Koukoulopoulos [9] studied the distribution function for 7 > 0,

Y

O, (1) = #q)#{x mod ¢ : max |Sy (t)| > %7‘, q prime},

where v is the Euler-Mascheroni constant. The limiting distribution of ®, is
O(r) =P <mtax IF(t)] > 2e%> ,

where F'(t) is a random Fourier serie@ properly defined later in the thesis (Equation
(2.3)). In Chapter , we investigate the distribution of character sums, not just their
maxima, and find the limiting distribution as the modulus goes to infinity through
the primes. We split the characters sums depending on if they’re odd or even. We
find the limiting distribution is, unsurprisingly, the same Fourier series F'(t), albeit

also split by parity.

Theorem 1.1.1 (see Theorem [2.1.1)). Let (F, +(t)), be the sequence of the distri-

butions of character pathﬁ

Fox(t) ={f () : x mod ¢, x(—1) = =£1}.

The sequence weakly converges to the random pmcesﬁ Fy(t) in the Banach space

C([0,1]) as q tends to infinity through the primes.

1 The random series uses Steinhaus random multiplicative functions.

12The distribution F, 4 (t) will be further explained in Chapter

13This is the same random process as in Bober, Goldmakher, Granville, and Koukoulopoulos’
work [9], and is further explained in Chapter

10



In other words, for any continuous and bounded map
v C([0,1]) = C,
we have, for prime q,

lim E (¢ (Foz)) = E (@(FL)).

q— 00

This answers an open problem set by Kowalski and Sawin [56, Section 5.2], where
they consider the limiting distribution of ‘Kloosterman Paths’. This chapter is taken
from the author’s paper ‘The Limiting Distribution of Character Sums’ [48].

In Chapter , we investigate properties of the random process F(t). In finding
the support of the law of F'(t), we uncover interesting connections on the behaviour

of character sums.
Proposition 1.1.2. Let g be in the support of the law of the random process F' over
C([0,1]). For any e > 0,

1
liminf — > (.

4= ¢(q)

te(0,1]

%me)—g(w\ <e}

n<qt

{X mod ¢q : sup

Section looks at some examples of functions in the support, and by the

proposition we know there are e-close character sums.

1.1.2 Summary of Chapter

In Chapter [2] we investigate the behaviour of complex character sums. We have
a sequence of distributions of all character sums over prime moduli, and find the

limiting distribution of the corresponding character paths as the modulus tends to
11



infinity.

For every prime modulus ¢, there is only one (non-trivial) real character, other-
wise known as the Legendre symbol (5) Legendre symbols are used a lot in Number
Theory, and results about their sums are connected with various open problems, such
as Vinogradov’s quadratic non residue conjecture (see e.g. [33]).

We can apply the Pdélya-Vinogradov inequality to sums of Legendre symbols,
and more generally Jacobi symbold'] [20]. Let X € N. Then, representing square

numbers as [,

X ¢(n) e L
Z n .
msX O(v/nlogn) cif n #£ 0O,
and
X ¢(m) ey .
<@>: ET‘FO(X) ;1fm:D,
Z n .
nsX O(v/mlogm) ; if m # 0.

For complex character sums modulo ¢, we know the majority of character sums
\/Lﬁ >~ x(n) are bounded by 1, proved by Montgomery and Vaughan [66] and shown
in Theorem [1.0.3] Montgomery and Vaughan also showed an analogous theorem for

quadratic character sums:

Theorem 1.1.3. (66, Theorem 2/ For any k > 0,

()

n=1

2k

< 1

1
— E max
Q) 5=, N
q prime

14 Jacobi symbols () are the product of Legendre symbols (g)ai, where n is odd and n = [ p.

12



Therefore, we would naturally guess that an analogous distribution of quadratic
character sums, as was in |48|, has a similiar limiting distribution.

In Chapter [ we investigate the distribution of real quadratic character sums
for the modulus ¢ in a dyadic interval. The results of this chapter rely on the
Generalised Riemann Hypothesis, the conjecture that all non-trivial zeroes of L(s, x)

lie on the critical line, where Re(s) = 1/2. The main result follows the same format

as Theorem [LI.1]

Theorem 1.1.4 (see Theorem [4.1.1)). Let (G +(t)), be the sequence of the distri-

butions of character pathﬂ

Go+(t) ={f(t) 1 q€[Q,2Q],x mod ¢ € R, x(—1) = £1}.

Assuming the Generalised Riemann Hypothesis, the sequence weakly converges to the
random proces{| G4 (t) in the Banach space C([0,1]) as Q tends to infinity through
the primes.

In other words, for any continuous and bounded map
¢ C([0,1) = C,
we have
Jim B0 (o)) = E(¥(Gx)).

For future work, the GRH assumption will hopefully be removed.

15The distribution G, + () will be further explained in Chapter
16The random process uses Rademacher random multiplicative functions and is further explained
in Chapter @

13



Chapter 2

The Distribution of Character Sums

2.1 Introduction

Given a primitive Dirichlet character y modulo ¢, we define the normalised partial

character sum

Sy(t) = % S x(n),

n<qt

for t € [0,1]. Such character sums play a fundamental role in analytic number
theory. Our goal is to study the distribution of character sums for prime modulus
¢, and find the limiting distribution as ¢ — oo, answering the open problem set by
Kowalski and Sawin [56, Section 5.2].

Bober, Goldmakher, Granville and Koukoulopoulos [9] investigated the maxi-

mum of these character sums. Taking 7 > 0, they studied the distribution function,

1 e’
d,(7) = —#{X mod ¢ : max |9, (t)| > —T}. 2.1
o(7) o) ax[Sy(t)] > — (2.1)
The limiting distribution of &, is

o(r) =P (mtax IF(4)] > 2e%) ,

14



where F(t) is a random Fourier series defined later in this chapter [9, Theorem 1.4].
We find, through different methods, that the limiting distribution of character sums,
not just their maxima, uses the same random series. Our main theorem can also be
used to recover their result.

Recall Definition [1.1.1} continuous character paths modulo g¢.

Definition 2.1.1. Character paths are paths in the complex plane formed by
drawing a straight line between the successive partial sums. We parameterise char-

acter paths by the function

fult) = Sy(t) + %x (Tat).

where {x} is the fractional part of the number z.

Character paths, like character sums, are periodic and have the truncated Fourier

seried]]

T(x) X(h) 4 log ¢
2”\/5042% p (1—ef kt))+0(\/a>. (2.2)

See Appendix [A] for further details. Character paths are polygonal, continuous and
closed. Examples of character paths on the complex plane can be seen in Figure
21

We define the distribution of character paths by mapping a character y mod ¢

to f,(t) as a random process, choosing x uniformly at random. Let us write F, for

1
Va’

I'Note the difference between character sums and character paths is bounded by SO error

from the truncated Fourier series of S, (¢) encapsulates the difference.

15



Odd path defined by x(5) = € (1g5557)-  Even path defined by x(5) = e (15257)-

Figure 2.1: Character paths of an odd and even character modulo 10007.

this random process,

Fo(t) = {f(t) : x mod ¢}.

We also further define F, 4 (¢) by fixing x(—1) as +1 or —1 respectively, so distri-
butions of character paths are dependent on the character’s parity.

One of the main goals of this chapter is to find the limiting distribution of the
sequence (F,), as ¢ — oo through the primes. For this, we need to define Steinhaus

random multiplicative functions.
Definition 2.1.2. We define,

1. Steinhaus random variables X, to be random variables uniformly dis-

tributed on the unit circle {|z| = 1}.

16



2. Steinhaus random multiplicative functions X,,, n € N, to be

X, =[] Xz

p?|n

where X, are Steinhaus random variables for prime p. We extend this defi-
nition to n € Z by taking X_; = %1 with probability 1/2 each, so X_,,| =
X_1Xn. (Here p*||n means p® strictly divides n, so p® | n but p**' fn). Note

these random variables live on the same ambient probability space.

Steinhaus random multiplicative functions are completely multiplicative?] with
all values distributed on the unit circle. This leads to a natural question: can we
compare partial sums of characters with partial sums of Steinhaus random multi-
plicative functions, assuming similar behaviour? Sums of Steinhaus random multi-
plicative functions might be a good model for short character sums, but the period-
icity of the characters means that for long character sums the model fails. This can
be shown by considering moments of > X,, and > x(n) [9]. For sums of Steinhaus

random multiplicative functions,

2

E ~ qt.

> X

n<qt

However, for character sums the periodicity means

2
~ qt(1—1t).

1
ol

X#xo mod ¢

> x(n)

n<qt

Consequently, we must find a way to incorporate the periodicity from the char-

2Strictly speaking, for each € X, the ambient probability space, n — X, (r) is completely
multiplicative.
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1

A sample of F_(t). A sample of Fly(t).

Figure 2.2: Samples of F with 10007 terms.

acter sums. Let F'(t) be the random Fourier series

F(t) = % 3 %(1 — e(kt)), (2.3)

|k|>0

where X}, are Steinhaus random multiplicative functions for k£ # 0 and 7 is a random
variable uniformly distributed on the unit circle. Additionally, take F(t) where we
fix X 1 as +1 or —1. The infinite series is almost surely well defined, and we show
in Section that this is almost surely the Fourier series of a continuous function.
Therefore we can think of F' as a random process on C([0,1]). Examples of the
paths formed by F. are shown in Figure [2.2]

Using the random Fourier series F', we state the main theorem of the chapter:

Theorem 2.1.1. Let Fy be defined as above for t € [0,1]. The sequence of the
distributions of character paths (Fy1(t)), weakly converges to the process Fy(t) in
the Banach space C([0,1]) as ¢ — oo through the primes. In other words, for any

continuous and bounded map

v C([0,1]) — C,

18



we have, for prime q,

lim E (¢ (Foz)) = E ($(FL)).

q—0

2.1.1 Proof Outline

Theorem [2.1.1] shows that Steinhaus random multiplicative functions can be used
as Fourier coefficients of a random process F' to find the limiting distribution of
character paths. In Section we properly define the random process F' and prove
some of its properties. Theorem only makes sense if F'(t) is a function almost
surely in C'([0, 1]), which is proven in Theorem [2.2.3]

The proof of Theorem [2.1.1] can be split into two parts: proving that the sequence
(Fy+(t)), converges in finite distributions to the random process Fy (t) and that the
sequence of distributions is relatively compact. Convergence of finite distributions is
proved in Section [2.3] using the method of moments. To prove relative compactness,
it is sufficient to use Prohorov’s Theorem |7, Theorem 5.1], which states that if a
family of probability measures is tight, then it must be relatively compact. Section
proves the sequence of distributions (F, +(t)), satisfies the tightness property,

therefore proving Theorem [2.1.1]

Remark 2.1.1. As referred to earlier, Bober, Goldmakher, Granville and Kouk-
oulopoulos [9] investigated the distribution function ®,(7), defined in Equation ([2.1]).

They proved (®, (7)) converges weakly to
Prob (mtax |FL(t)] > 26”’7’) ,

as ¢ tends to infinity through the primes. Theorem can be used to obtain the
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same result.

Remark 2.1.2. The definition of character paths is motivated by similar research
by Kowalski and Sawin [56,57]. In their papers they define ‘Kloosterman paths’
K,(t), view the paths as random variables, and find their limiting distribution as
p — oo. This chapter, based on my paper |48|, continues in this vein to investigate
the analogous limiting distribution of character paths. Due to the multiplicativity of
Dirichlet characters, our random multiplicative coefficients X, are not independent.

This leads to interesting properties shown in Section [2.2]

Remark 2.1.3. Theorem is restricted to ¢ being prime, so a natural question is
to consider composite ¢ as well. Steinhaus random multiplicative functions are non-
zero so we need a high percentage of primitive characters modulo ¢q. If we take ¢ as
not being ‘too smooth’ we might be able to relax this condition, as the contribution
from imprimitive characters could potentially be included in the error terms already
produced from the method. Future work could explore the generalised case when

the modulus of the characters is not prime.

2.2 Properties of F(t)

Recall the random process F', defined by the infinite sum

o 1 — e(nt)
Py - Ly el
n#0

where X, are Steinhaus random multiplicative functions, defined in Definition [2.1.2]

and 7 is a random variable uniformly distributed on the unit circle. We define the
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infinite sum as a limit of the smooth sumfl

n 1 — e(nt)
2 Z n Xn,
n#0

PH(In))<y

as y — oo. In this section we deal with samples of the random process and prove
some of their properties. We will be using sample functions of the random process,

which we define here for ease of notation.

Definition 2.2.1. Let GG be defined as the function

G(t) - c Z 1-— e(nt)am

2w e n

where c is a sample of a Steinhaus random variable and «,, is a sample of a Steinhaus
random multiplicative function. We say G is a sample functionﬂ of the random

process F'.

The Fourier coefficients are bounded by O(1/n). This will be useful later in the
section, where we show the infinite series F' can also be defined as the limit of partial
symmetric sums.

Our main result of Section [2.2 proves that any sample function of F' is almost
surely continuous. This is non trivial and involves considering the y-smooth and

‘y-rough’ parts of the infinite sum G(t).

3Here P*(|n|) denotes the largest prime factor of |n|.
4A sample space is a collection of all possible experimental outcomes. Therefore, a sample
point /function corresponds to all possible outcomes of the experiment [55].

21



Let

Z 1—ent and R, = Z %Wan.

n#0 n#0
Pt (|n))<y Pt (|n|)>y

Note that S, + R, = ZG(t) and the two functions are not independent. We will

show that the rough part R, is almost surely 0 as y tends to infinity.

Lemma 2.2.1. For all € > 0 and sufficiently large y > 1,

independently of S,, where || - ||oc = maxycpqy| - |. Notably for all ¢ > 0, we have

Proof. For all y > 1,

Z 1—ent Z an Z mntam’

n>1 n>1 m>y
Pt (n)>y Ptm)<y  PT(m)>y

where P~(m) is the smallest prime factor of m. By setting

T,(a) == max Z 1_€T(mt)ozm ,

t€[0,1] oy
P=(m)>y

we have

1 — e(nt) T,(a)
Ryl = —a,| <2 2,
IRl = | 3 o <2 2, 2

n#0 n>1
Pt (n)>y P*(n)<y
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We then use the following result for smooth sums (see e.g. [46], |67, Theorem 2.7]),

1
Z o= e’logy + O(1).

P+(n)<y

Consequently, ||R,|/~ is bounded above by
[Rylloe < 2T(cx) (" logy + O(1)) .

Adapting [9, Proposition 5.2] for Steinhaus random multiplicative functionsﬂ, for

k >3 and y > k3, we obtain

2k

1 — e(mt) 1
E —ay, L ——.
o LU
P (m)>y

We set p, as the probability T,(a) > e(y) > 1/(logy)*°) and

o |

log y

Therefore,

E(T,(0)*) _ )™ _ ((5<y>—1 )

< <
Pr=""c(y)> (logy)*k = \ (logy)?

5We take ¢ — oo and apply a sample of a Steinhaus random multiplicative function «,, instead
of x(n).

23



Taking e(y) = j for e >0,

€
2¢7 log y+0O(1

2e2,1/3

S 3 < 2¢7logy + O(1) \ lesv@e7 oy +0(1))?
2e7logy + O(1) (logy)?°

<o (o () )

To prove the final part of the lemma, we take y — oo to show the probability

P(IR,||. > ¢) <P (Ty<a>

tends to 0,

_€2y1/3 (log y)QO
<P I log [ —08Y) 1 _0
O <FllRyllo > €) < Jig, exp (logy(logy+0(1))2 (Og (10gy+0(1)) +O<Og€))) ’

O

Lemma can be appreciated more by taking ¢ = 1/logy, leading to the

following example.

Example 2.2.2. For sufficiently large y > 1, there exists a constant C' > 0 such

that

P (HR oo > — ) { 0 (og )}
o > — | < exp oglogy) ¢ .
! log y (log y)®

This is independent of S,,.

Subsequently, defining F' as the limit of its smooth parts, we get the following

theorem.

Theorem 2.2.3. Let F be the random Fourier series



where X,, are Steinhaus random multiplicative functions and n is a random variable
uniformly distributed on {|z| = 1}. With probability 1 this is the Fourier series of a

continuous function.

Proof. We will prove this theorem by showing any sample of the random process F'
is almost surely continuous.

Consider the sequence of functions (5,), and (R,), defined by

St =~ % 1%“”%,

n#0
Pt (|n)<y

Ryt) == 3 1%“””%

n#0
Pt (|n))>y

where ¢, cv,, are on the unit circle and the sequence {«,, } is completely multiplicative.
Note that samples of the random process F' can be written as Sy(t) + R,(t) for
appropriate choices of «,, and c.

The function S, is the y—smooth part of a sample of the random process F,
which we call G(t). The sum S, converges absolutely, so S,(t) is a continuous
function (see e.g. [82]).

To prove continuity with probability 1, we use the first Borel-Cantelli Lemma
[14,/17]) to show the y—rough part of G vanishes as y — oo. Consider the sequence

{Ry : |Ryl|lsc > 1/logy},, where ||R,|/~ is the maximum of the y—rough part of G.
Using Example [2.2.2]

> P(IR,[lx > 1/logy)

< i}exp {ostony oy (o= (o) 0 osioen) ) } <o
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As a result, the probability of ||R,||s > € occuring infinitely often is zero. Conse-
quently, R, the rough part of the sample of F', vanishes almost surely as y — oo.
As a result, the sequence of continuous functions (,S,) uniformly converges to its
limit, which by the Uniform Limit Theorem [68 Chapter 2] must be continuous. By
uniform convergence we can compute the Fourier expansion, which recovers exactly
what we expect. We defined F' as the limit of its smooth parts, so therefore any

samples of F' are almost surely continuous. O]

At the start of this section, we defined F'(t) as the limit as y — oo of the smooth

sum

n#0
Pt (|n))<y

Since the Fourier coefficients are bounded by O(1/n) and F' is almost surely a Fourier
series of a continuous function, all finite Fourier sums converge to F' uniformly [47].
Consequently, we can also define the process F' as the limit as N — oo of the partial

symmetrical sums

n 1 —e(nt)
— —X,.
2 Z n

n
n|<N

Therefore for the rest of the chapter we can interchangeably use either definition for

the infinite series F(t).
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2.3 Convergence of Finite-Dimensional Distribu-
tions of F,

In order to prove Theorem [2.1.1] we will first show convergence of finite-dimensional
distributions. We take (F, +(t))q prime as the sequence of distributions of character
paths modulo ¢ dependent on the parity of the characters. We split the distribution
as odd and even character paths have different behaviour, due to the constant term
vanishing when x is even. As such, we also want two limiting distributions, for F,

and F, _ respectively. Let F (¢) be random processes defined by
F_(t) = — — sin(27kt), and F_(t) = — — (1 — cos(27kt)),
1) = 3 S sn(zni) ()= L5221~ cofenkt)

where X, are Steinhaus random multiplicative functions, defined in Definition [2.1.2]

and 7 is uniformly distributed on the unit circle.

Theorem 2.3.1. Let q be an odd prime. The sequence of the distributions of
character paths (F,+(t)), converges to the process Fi(t) in the sense of conver-
gence of finite distributions. In other words, for every n > 1 and for every n-tuple

0<t;<---<t, <1, the vectors
(Fox(tr), - Fox(tn))
converge in law as q tends to infinity through the primes to
(Fe(tr), - Fi(tn) -

We prove this by the method of moments. We will define a moment M,, of our
27



distribution F, and a moment M for the random process F'. In Section , we
prove M is determinatdﬂ Subsequently, in Section [2.3.4] we prove this sequence of
moments M, converges to M, the moment of F'. This is sufficient to prove Theorem
231

We are considering odd and even character paths separately. In this proof we
will focus on results for odd character paths as the proof is analogous for the even
character case. Where this is not the case, any changes will be addressed throughout

the section.

2.3.1 Definitions of the Moments

The Fourier series of the character path is

This results from truncating the Fourier series of the character sum S, (¢) and the

trivial inequality |f, () — Sy(¢)] < \/Lg. The paths of odd and even characters

are shown to differ greatly, exemplified in Figure 2.1 due to the constant term

T(x)
2min/q

tions of these character paths modulo odd prime ¢ separately, dependent on parity.

> X(k)/k vanishing when x is even. As such, this chapter will assess distribu-

As a Fourier series we split this into

g4q .
sm (2mkt) + O ( ) ; if x even,
Z )+0(

;("}Z ;)(1—608 2rkt)) ( > ; if X odd.

SDeterminacy is defined in Section

fx(t) =
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We define our moments M, and M. In this section we will assume x is odd as
the proof is analogous to the even case. Therefore, taking a function from the odd

distribution F, _, we will take the character path modulo ¢ as

_ ) xX(n) — cos(2mn log g
Ko =T 3 -t n)+o(2E2).

We will also be considering the odd random series

_ Z (1 — cos(2mnt)),

n>1
which for ease of notation will be referred to as F'(t) for the rest of this section.

Definition 2.3.1. Let k£ > 1 be given and t = (t1,...,), where 0 < t; < -+ <
tr < 1, be fixed. Additionally fix n = (nq,...,nx) and m = (my,...,my), where

n;,m; € Z>o. We define the moment sequence M,(n, m) as

M,(n, ZHfX ) flt)

Xoddz 1

—E (H F(ti)”immi> .

The moment M (n, m) is well defined. To show this we prove the equivalent result

and the moment M (n,m) as

that E(|F(t)|") is bounded for all n. By Fubini’s theorem (e.g. [25| III, Theorem
14.1]),

E(|F(t)]") = /00 nz" P (|F(t)| > z) dz.

0
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We then use a result by Bober, Goldmakher, Granville and Koukoulopoulos [9]: Let

c=-e "log2. For any 7 > 1,

T—Cc—2
]P’(max |F()]>2677) gexp{—e (1+O<10g7)>}.
0<t<1 T T

Therefore, combining both equations, the moment is finite and well defined. F'(t) is

a random process, defined by the almost surely converging sum

_ Z (1 — cos(2mat)).

a>1

As shown in Section we can define F' as the limit of the symmetric partial

sums. The infinite series F' is not absolutely convergent, so justification is needed

mg

to manipulate the product [[r_, F(t;)" F(t;)

We write the expansion of F'(¢;)™ as

" .

py Z H &(1 — cos(2ma; jt;)),

@i,j

@i 15e,Q5m; 21 j=1

and F(t;) ' in a similar manner. Without changing the order of summation, the

product [T, F(t;)"F(t;) " is therefore

ng Mg X

Wn+m Z Z H H H s (1 — cos(2ma; ;t;))(1 — cos(2mb; j:t;)),

a;
i=1 j=1j5'=1 'sz]

where n = |n| and m = |m| as above. The sums are over a;; > 1 and b;;; > 1,
where j € [1,n;] and 5’ € [1,m;] for i € [1,k].
The moment M (n,m) is the expectation of this multivariate sum. To simplify

the equation, we want to swap the order of expectation with the order of summation.
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Since the moment is finite, we use Lebesgue’s dominated convergence theorem |3,
Section 5.6] to bring the expectation inside the sum. Using the multiplicativity of

Steinhaus random multiplicative functions, the moment M therefore equald’]

- (1 — cos(2ma; jt;))(1 — cos(2mb; ;
2(17) s e eem [T T DL conErbgh)),

=1 j=15'=1

where
k n; ko m;
= H H ;. j and b= H H b; -

i=1 j=1 =1 1

Steinhaus random multiplicative functions X,, are orthogonal as n can always
be written as a unique prime factorisation and E(X,) = 0 for all primes p. In other

words,

1 ;ifa=0,

0, ; otherwise.

Therefore we can rewrite the moment M = M (n,m) as follows,

M = <7Tn+m> Z Z H H H (1 — cos(2ma; jt;))(1 — cos(2mb; j:t;)),

lla”,”>0 zlj 145=1
a=b=l

where a and b are the product of a;; and b; ;; respectively. Taking ﬁ = l% and

bounding (1 — cos(z)) < 2, M is clearly bounded as a function of n; and m;. These
variables are fixed and finite, and the number of such tuples is (n+m) < [ in each

case, so the moment is absolutely convergent. Therefore, we can swap the order of

"Note the moment will be different for F, where we have sin(2mat) instead of (1 — cos(2mat)).
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summation. As a result,

M(n,m) = E (”nﬁm) B () B (a) (2.4)
ﬂ— a>1
where
k
Byi(z) = Z Hﬁzvi,ti(%) (2.5)
Ty xp=c 1=1
and

Sval) = 3 [0 - costzat) 26)

Y1 YN, =T

The moment M,(n,m) can be also be rewritten using methods from Bober and

Goldmakher [8]. First, we use the Fourier expansion of f,(t), so

et I C A GO ¥ ((longtl)"ﬁmi)
St f(ts) = (/)i 1<&Z<qni X(a)X (D) Bn,.q.t:(0) By, (b) + O 7 ,
1<b<g™i

where [y 4+ is defined as

Brgulr) =+ S T[01 ~ cos(amrat)), (2.7)

xl...‘z‘N:x kzl
z;<q

for (z,q) =1 and 0 otherwiseﬂ

Continuing to expand M,(n,m), we take a product of all fx(ti)mmmi for

8For even characters, By,4,: would instead sum over the product of sin(2mzt).
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€ [1, k].Therefore,

i " _ ((logq)"+m
fo fX ( \/_)n+m7/n m 1;(1” X(a)X(0)By,q.t(@) B g1 (b) + O a
1<b<q™
for i€|1,k]

where

n=mn;+---+ngand m:=mg +---+my

and

Bygi(r) = > Hﬁmqt ), (2.8)

TLe L= =]
z;<qNi

for (x,q) = 1 and 0 otherwise. Note that By, and [y, from Equations (2.5 and
(2.6) are the limits as ¢ — oo of By, and [, 4 respectively. Furthermore, we

take the average of this product over all odd Dirichlet characters x to find

2 o o m
M,(n, m) “) n+m2n — N;q Bigt(b)) 5@ ;dqx(a)x(bﬁ(x) 7(x)
(2.9)

+0 (_(1og\%1+m> .

This form is more useful for future calculations and will be used to prove M, tends

to M as ¢ — oo through the primes.
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2.3.2 Bounding the Moments

Later in the chapter we will be interested in bounding By ,; and By ;. The inequality
we find is independent of ¢, so we can consider both bounds at the same time.

Therefore for this subsection we will work with By 4.

Recall,
k
Bﬂﬂqvé(x) = Z HBNNN@' (@3),
T1Tp=T 3=]1
z;<q"i
where

B gt (i) = Z H (1 — cos(2my;t)),

Y1YN=%; L
y;<q

for (x;,q) = 1 and 0 otherwise. Since |1 —cos(27y;,t)| < 2, we always have the bound

B gele)] < 0@,

X

where dy(z) is the Nth divisor functionﬂ > _, 1. As a result,

T1TN=T

N k
Bralr) <2 S [Jdn(r),

z;<qNi

where N = >  N; = |N|. To further bound B we next use the following lemma.

Lemma 2.3.2. Letdy, (x1),dn,(x2) be the Nith and Noth divisor function of x1, xe €

9For F; and even character paths, the 2%V vanishes in the bound of § as |sin(27y;t)| < 1.
However, since this bound is only included in error terms and the n; and m; terms are fixed, the
difference of the constant is irrelevant.
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N respectively. We have the relation

dn, (71)dn, (T2) < dny vy (71 - T2).

Proof. We apply a combinatorial argument, where we view dy(z) as the number of
ways of choosing N positive integers that multiply to x. Therefore dy,n, (71 - 22)
is at least the number of ways of choosing V| integers multiplying to z; times the

number of ways of choosing N, integers multiplying to x,. O]

Using Lemma [2.3.2] we bound By ,(x) by

2N oN ON JN+k
Bm,q,z(fﬁ)éd—N(x) Y oo1< dn(z)di(z) 27477 (x) (2.10)
x 1 Tp=T z T
;i <gNi

In parts of the proof, it is sufficient to use the looser bound By ,(z) < 2Vz°/x,
however we will mainly apply the bound from Equation (2.10)). This will be useful
in future equations. Note that this is independent of ¢ and ¢, so the bounds hold

2.3.3 Proving Determinacy

Our aim is to use the method of moments to prove the distribution of character paths
modulo ¢ converges to F'(t) in the sense of finite distributions. For this we need to
show the moment M (n, m) is determinate, or in other words show the moment only
has one representing measure. To show that M is a determinate complex moment

sequence, it is sufficient to show that it satisfies

> Mn) = o, (2.11)
n=1
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where n = (n1,...,n;) and n = |n| = Y. n;. This is also known as the Carleman

condition [78, Theorem 15.11].
Lemma 2.3.3. The moment M(n,m) satisfies Equation (2.11)).

Proof. This is shown using Equation (2.4)) and taking n = m. Setting n = |n| = |m|,

we have

M(nm) =~ 3 By(a)

a>1

We use the bound of B from Equation (2.10)), taking dy(a) < a°* for small g5, > 0,

SO

92n dn((l)2 92n dn<a)2
M(ﬂ, ﬂ) S ﬁ Z a2_25k = ﬁ a20’ )
a>1 a>1

taking 0 := 1 — g;. We can use Proposition 3.2 from Bober and Goldmakher [§],

which states for 1/2 < o <1 that,

2n)l/e n (2n)1/7
< 2o loglog(2n)/7 4+ 27 .
< exp ( no loglog(2n)"/7 + Sy— +0 (20 — log(3(2n)177 1)

=, d,(a)?
>
(2.12)

—1/2n

Here we have shown the sum Y >° , M(n,n) has the lower bound

T — (2n)V/o-1 1 (2n)1/71

_ —ol 1 2 /o _ \&%) 19, ‘

B ;exp ( o loglog (( n) ) 20 — 1 ™ 59 — 1 + 10g(3(2n)1/a—1)
The lower bound can be rewritten as

23t (e o (0 (55 + i) )

n=1
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Tending 0 = 1 — ¢; to 1, this sum divergeﬂ. Therefore

> M(nn) V= o,
n=1

and the Carleman condition holds. As a result, the claim is proved. O

2.3.4 Convergence of Moments

In this section we show the moment sequence M, converges to the multivariate
moment of F, therefore proving Theorem [2.3.1] Separating the distribution by

parity, we have two lemmas.

Lemma 2.3.4. Let k > 1 be given and 0 < t; < -+ < tx < 1 be fired. Fiz

n=(ny,...,ng) and m = (my, ..., my), where n;,m; € Z>q. Let

M, —(n,m Z fo )" fr(t:)

Xoddz 1

Then for all € > 0,

where

Importantly, M, _(n,m) — M_(n,m) as ¢ — oo through the primes.

0This is clear by comparison test (see e.g. [28]).
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Lemma 2.3.5. Let k > 1 be given and fix t,n,m as in Proposition[2.3.4]. Let

M,

q+(_7 Z fo nzfx

X even i=1

Then for all € > 0,
My (2,m) = M- (1, m) + Op (479)

where

K
M, (n,m) =E (H F+(ti)niF+(ti)mi> -

i=1
Importantly, M, +(n,m) — M, (n,m) as ¢ — oo through the primes.

In this section we only look at the F, _ case, where ) is odd. There are equivalent
propositions and lemmas for the even case, where the proofs are analogous to the
proofs shown in the section. In places where the proof differs, we will state the
results for F, + and how it does not largely affect the proof.

These lemmas are sufficient to prove Theorem showing (F;(t))q prime con-
verges in finite distributions to F'(t). We prove Lemma using a combination

of the following two propositions.

Proposition 2.3.6. Let k > 1 be given and t = (t1,...,t), where 0 < t; < --- <
tr < 1, be fizred. Fizn = (ny,...,ng) and m = (my,...,mg), where n;,m; € Z>g
and

ni=ng gt g =my -+ my.
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The moment sequence defined in Proposition can be expressed as

(log ¢)*"
Mq,— _7_ = nZBnt m; +Onmk(— )
2 a>1 \/a

where By, is defined as

Bu =t 3 H( 5 ﬁu—cos@wyjt»).

ml ‘xp=a =1 \Y1""YN,=Ti j=1

Proposition 2.3.7. Let k > 1 be given and t = (t1,...,tx), where 0 < t; < --+ <
tr <1, be fized. Fixn = (ny,...,ng) and m = (my,...,my), where nj,m; € Zg
and

n=ny+nNg+---+npg=mg+ -+ my.

Then

M ZBnt L

a>1
where By ; is defined as in Proposition [2.3.6,
Before the proof of the propositions, we will use them to prove Lemma [2.3.4]

Proof of Lemma|(2.5.4. Take n =nq+no+---4+ni and m = mq + - - - my. We split

the proof into two cases: n = m and n # m. The first case has already been shown

by Propositions [2.3.6] and [2.3.7}

10 2n
Mqﬁ _a_ = 2n ZBEL m; +Onmk ((g—Q)>

\/a
sy,

=M_(n,m) + Onm
(1, m) ( 4
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Therefore, the only case left to show is when n # m. We recall Equation ([2.4)):

M () =8 (00 S BBl

a>1

Since 7 is uniformly distributed on the unit circle, E(n"7™) = 0 and the moment M _
vanishes. Therefore, to conclude the proof, we need to show the moment M, <
q~'/%*¢ and therefore vanishes as ¢ — co. As shown in Equation ([2.9)), we can write

M, _(n,m) as

1 2 _ n
M, (n,m) :W 1@Z§qn (Bu,g,t(@)Bing (b)) @ ngX(a)X(b)TOO 7(x)

1<b<q™

+0 (—(Mg\%m) .

Assuming n > m, we rewrite 7(x)"7(x) as ¢"7(x)" ™. Therefore, taking x(a) =

Y(a/) Y

@ S @) ) T = S (@ byr (o)

Lemma 2.3.8. For N € N,

2
—| Y xla)r()N| < 2NgVI2,
20 I —

x(=1)=0o

where 0 = {—1,1}.

This lemma is a slight generalisation of a result by Granville and Soundararajan
[35, Lemma 8.3] and uses Deligne’s bound on hyper-Kloosterman sums. Below
follows Granville and Soundararajan’s proof, with a modification to include when y
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1s even.

Proof. Firstly, we rewrite the sum as exponential sums, using orthogonality of char-

acters and the definition of the Gauss sum 7(x). Taking 1,(_1)=» = (1+0x(—1))/2,

e ID IO VAED DI Ce ey

x mod g T1,...,xy mod q q
x(—1)=c z1--zy=a mod g

T+ +x
+o0o Z e(%).

T1,...,cy mod ¢
r1-xy=—a mod q

Then, using Deligne’s bound [24]

Y. (M) ‘ < NgN-D2,

max
be(Z/qZ)*
(Z/4Z) T1,...,xty mod g q
r1-xny=b mod ¢q
we have proved the lemma. O

As a result, we have the inequality

|Mq,— (n m)| <

=) ==

2(n —m) (log g+
o g Z Bugt(a)||Busgs ()] + O ( oy,

1<b<g™
We also have the bound on B, as shown in Equation ({2.10)),

Bth(:U) < M

T

Therefore, trivially bounding both divisor functions by ¢ for ¢ > 0,

1
> Bugsla)] < 2'¢ ) - = 2"q" log(q").

1<a<q™ 1<a<q™
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We get an analogous result for >, m [Bing(D)]. As a result,

22+n+m — €] ™)1 m 1 n+m
Mq,—(@7 m) < (n m)q Og(q ) Og(q ) + O (< = q) ) <<n,m q_1/2+€7

7Tn+m \/a \/a

which tends to zero as ¢ — oco. By a similar method we can show this is also the

case when n < m. Therefore Lemma [2.3.4] holds. O

Having proven Lemma [2.3.4] assuming Propositions [2.3.6| and [2.3.7], we will now

prove both results, showing when |n| = |m| both lim, ,., M, and M equal

L BE,E(CL)Bm,E(a)‘

ﬂ-Zn
a>1

Recall that we are only proving the odd character case, as the proof is analogous

for F, 4. For odd characters, By 4+(z) is defined in Section as

Z HﬁNi,q,ti(xi): Z iH Z ﬂ(l—cos(%ryjt)).

L1 Tp=T ¢=]1 L1 Tp=T =1 Y1-YN,=Ti j=1
z;<q"i z;<g"i ¥i<q

For ease of notation, in the proofs we refer to M, _ and M_ as M, and M respectively.

Proof of Proposition |2.3.60. Taking n = m, where
n::m‘:n1+..-—|—nk, m::|m|:m1+...+mk’

we rewrite Equation ({2.9)) as

M, (n,m) = # Z (Bnqt(@) Bun gt () % Z X(a)x(b) + O ((10%/%) ") |

where B,, ,; is defined as in Equation ({2.8)).
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Using the orthogonality of y, and noting we are only summing over odd charac-

terﬂ x modulo ¢, the moment sequence becomes

1 1 (log q)*"
M,(n,m) Iﬁ&(n,m) - ﬁg—(ﬂa m)+ O (T ; (2.13)
where
Yi(n,m) = Z Bygt(@) Bt (b), E_(n,m) = Z Byy.4.t(a)Bng.t (D).
1<a,b<q" 1<a,b<q™
a=b mod q a=—b mod ¢

The aim is to get the main sum independent of ¢q. Using ideas from Bober and
Goldmakher [8, Proof of Lemma 4.1], we consider ¥, and ¥_ simultaneously. First

we split the sums into arithmetic progressions mod g,

Yi(n,m) = Z Z Byg,t(@ 4+ 714) B g (b + 72)-
1<a,b<q  0<y1,72<q" !
a=+b mod g

We simplify X1 by splitting the inner sum into 14 = v, =0, 71 # 0, and v, # 0:

Z Bugt(a+71¢)Bmg (b + 7129)

0<y1,72<qn—1

2
= (Bigt(a)Bi,gt(b)) + Z Z Bygt(a@+714)Bng (b + 729).

J=1 0<yy y2<g™ ™t
7570

1 The method for the even character case would differ here. Firstly recall B involves sin instead
of (1 — cos) in the even case. Additionally, since these are even characters, we would have M, =
T;Z+ + Tr%n >_4+0 ((log q)Q”q_l/Q), where we are adding the X term instead of subtracting it.
However, the ¥_ term is eventually swallowed by the error term, so this does not affect the end
result.
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For ease of notation, we define the above latter sum as

2
Q= Z Z Bﬂ,qi(a + '71Q)Bm,q,t(b + 729).

J=1 0<y1 ,y2<g™ !
;70

We can bound €2 by using the bound of B shown in Equation ({2.10), so

Q<22n§2: S ot 0o+ 50) dafb o+ 10)dilb + 520)
- a+7q b+ 729

J=1 0<y1,72<q™ !
v 70

By bounding the divisor functions by O, x(¢%), we can further bound the sum to

2
1 1
IRRTO DS -
1 0y a1 © + 719 b+ 12q

Y3 #0

We can use the bound on partial harmonic series (see e.g. [1, Theorem 3.2]),

q n—1
W, = Z 1 < log(¢"™")
T +vq q

Y

y=1
to further bound 2. As a result,

2
1 1 1 1 1 n=1y /1 1 9] n—1
> ¥ = (S ren) ot (3 ) < PHCD (1 1, 2o )Y,
a+71qb+ 724 a b b

: a
J=1 0<y1 ,y2<g™ ! 1 1
7570

Therefore >4 can be written as

¢° log (g™ 1 1 1 2log(g"t
Bem X Bual@Bugel®) + O | TEETL ST (2 ZRB)

1<a,b<q q 1<a,b<q
a=4b mod ¢ a=+b mod g
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For ¥, we have a = +b mod ¢ and 1 < a,b < ¢q. Therefore a = b and we have

2y = Z (Brg.t(a)Bmgt(a)) + Onp (qq%@n_) Z (% + M)) :

1<a<q q

For ¥ we have 1 < a,b < ¢ and a = —b mod ¢q. Therefore b = ¢ — a and

X = Z (Bugt(a)Bgi(q —a)) + Onp (qsl%(qnl) Z <é + 1 4 210g(qn1)>) .

—a
1<a<q 1<a<q q q

We bound the partial harmonic series again by log ¢ to simplify both errors for >,

and ¥_. Consequently both error terms above can be bounded by

On.ke <M (2logq + 210g(q"_1))) .

ql—a

By combining the error terms, the moment sequence from Equation (2.13)) islﬂ

M,(n, m) 2%2427 m) — %E—(ﬂ7m) ) <(logq) ”)

TN T \/Q
1 1
:ﬁ (Bgi(a)Bmgila)) — T2n (Brgi(a)Bmgi(qg — a))
1<a<q 1<a<q
22n+2 10 n—1\2 10 2n
+On,k( (Esq ))+0(( 2q) )
q Vi

Our aim is to only have one main term,

% (But(@)Bm,i(a)) -

a>1

12Recall we are adding the ¥ _ term instead of subtracting it in the even character case.

45



Therefore, we want to first bound the term

5 Y (Bugel@Bugela — a). (214)

1<a<q

and then extend the sum

over all positive integers.
To bound Expression ([2.14]) we again use the bound of B from Equation (2.10)

to show

Z (B&q,é(a)Bm,q,;(q — a)) < 92n Z dn(a)dk(a) dn(Q - a)dk(q — a)

a qg—a
1<a<q 1<a<q
1 21o
<<n75 q8 ( — ) S qE gq
1<a<q atq a q
As a result,
1 log q) ((10g q”l)Q) ((bg q)”
MQI:MQ,Q:— Bn,, aBm,, a +On, < +On, ———— | +0
q( ) q( ) T2n 1§a§q( ,qt( ) 711;( )) k ql_a k ql_f \/a

This can be simplified, as B, ,; is equivalent to B,; when 1 < a < ¢, and we can
combine the errors. Since k,n,m are all fixed, we omit the dependencies on the

error for ease of notation. Therefore

1 (log q)*"
- , Ha)+0 (T> . (2.15)

=
E
Il
]
3
=
IS
|
5
(8]
3
|
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The final step is to extend the main sum to infinity. We rewrite the sum

1<a<q a>1 a>q

By bounding B as before, the second sum has the upper bound

> (Bu(@)Buola) <23 <M> |

a
a>q a>q

For all e, we take d,(a)?dy(a)? = O(a**n) =: Ok(af), so
a® —1+e
D (Bui(a)Bui(a)) < ) 2 < I (2.16)
This bound is clearly smaller than the error term in Equation (2.15)), so as a result,

M,(n) = # Y (Buy(a)Bu(a)) + O (%) '

]

To finish proving Lemma [2.3.4] we prove Proposition [2.3.7] showing how the

expectation also equals the sum

Proof of Proposition |2.3.7. We are interested in the expectation

M(n,m) =E (H F <u->mm”“) :

Using Equation (2.4]) from Section [2.3.1) and n :=ny + ---ng = mq + - - - + my, the
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moment is equivalent to

Therefore we have

E <H F_(t;)™ F_(t;) ) = % > Bui(a)B(a),

proving Proposition [2.3.7} O

Therefore we have shown the multivariate moment sequence

2 : .
My(n,m) = @ Z fo(tz) Jx(t)

x odd =1

converges, as ¢ — oo through the primes, to

E <ﬁ F(rfi)"immi) ;

for all k-tuples n,m and 0 < t; < --- < tx < 1. This section only addressed
the odd character case, but the proof is similar for even characters and leads to

the same results. Therefore (F, ) the distribution of odd/even character

q prime’

paths f, modulo ¢, converges to F as ¢ — oo in the sense of convergence of finite

distributions.
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2.4 Relative Compactness of the Sequence of Dis-
tributions

In the previous section we showed (F,) converges in finite distributions to the pro-
cess I’ as ¢ — oo through the primes. If we can prove the sequence of distributions is
relatively compact, then it follows that (F,) converges in distribution to F' |7, Exam-
ple 5.1]. This is much stronger than convergence of finite-dimensional distributions
and concludes the proof of Theorem [2.1.1]

Prohorov’s Theorem [75] states that if a sequence of probability measures is tight,
then it must be relatively compact |7, Theorem 5.1]. For this we use Kolmorogorov’s

tightness criterion, quoted from Revuz and Yor:

Proposition 2.4.1. [76, Th. XIII.1.8] Let (Ly,(t)):c(0,1) be a sequence of C([0, 1])—wvalued
processes such that L,(0) = 0 for all p. If there exist constants a > 0, 6 > 0 and

C > 0 such that for any p and any s <t in [0,1], and we have
E(ILy(t) — Ly(s)|*) < Clt — s**,

then the sequence (L,(t)) is tight.

For our sequence of processes (F(t)):co,1) we have f,(0) = 0 for all g. We also

have the trivial bound

[F(t) = fu(s)] < Valt = s],
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leading to

E|f () — f(s)|[" < ¢"t — s,

As a result, for k > 1 if we take |t — 5| < q%e for £ € (0, 2=L), we have

E|fy () — fy(s)|™ < |t — s = ¢ — 5|'0, (2.17)

where §; = H%g_%) Therefore if we show a similar bound for E| f,(t) — fx(s)|2k

for |t — s| > q%a then the tightness condition holds for our sequence of processes.
Various authors have found results bounding the average of the difference of

character sums [2},40,49]. For example, Cochrane and Zheng [19] prove for positive

integers k and Dirichlet characters modulo prime g,

s+t 2k

> x(n)

n=s+1

1

- I <<s,k qkflJrz-: 4 ‘t _ S’kqs.

X7X0

To prove tightness however we need the |t — s| term independent of ¢.

Lemma 2.4.2. Let q be an odd prime. For all ¢ € (0,1), there exists constants

Ci(g), Cy independent of q such that for all 0 < s <t <1,
E|fe(t) = Kls)[" < Calelt = o+ 4+ G

where 6y =1 — €.

This lemma can be applied to characters of all moduli, not just primes, but for

our work it is sufficient to look only at primitive characters. Clearly if [t —s|'*% > %,
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then the equation becomes
4
E|f (t) = fu(s)]” < Clt — [,

which, combined with Equation above, proves the sequence (F,) is tight for
all s,t € [0,1].

Lemma[2.4.2]is similar to a result of Bober and Goldmakher [8, Lemma 4.1] and
we use parts of their work in the proof. Unlike Section [2.3.3] we will consider the

odd and even case at the same time.

Proof of Lemma[2.4.3 Using the Fourier expansion of f,, the difference (f,(t) —

fy(8)) can be written as

X(n —e —s)n 0 log g .
ey 2 S ==t + (=)

Consequently,

Z X gy (1= e(—(t - 5)n))

1<n<q

4+0 ((3+logq)4) |

IxC :

Similar to Section and [8, Lemma 4.1], we define

Z H —sn;) (1—e(—(t—s)ny) ; (n,q) =1,

b(n) n%@?iqn] !

0 ; otherwise.
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Therefore,

4

S X oy (1= e(—(t — 5)m))

1<n<gq

S X(n)b(n)

1<n<q?

The sum b(n) can be bounded using (1 — e(z)) < min{2, 2x|z|}, so

2

~ @2t —s)) } (2.18)

n

|b(n)| < d(n)min {

As a result, taking n = a + mgq,

q
Z b(a + mq)

m=0

a=1

<22|b |2+22

222 a+mQ)
—~ at+mq |’

(2.19)

We are interested in bounding the latter inner sum,

q
d(a+mq) d(m)
Dy=Y ———— = -
Zl a + mq _ ;Jr 2 m
m= g<m<(a+q
m=a(q)

By Abel summation (see e.g. [83, Theorem 1]) this is

1 (a+q?)
a+q2 Z d(m) /q t? Z d

g<m<(a+e?) m<t
m=a(q) m=a(q)

In order to further bound the sum, we use the Shiu’s upper bound [79, Theorem 1],

Z d(n o(q)logx m‘logm’
n<lx q q
n=a (q)

52



which is valid for all > ¢'*° for any § > 0. Therefore,

1 a+q2>1
Da:a+q2 > dm)+ / > > d(m)

g<m<(a+q?) m<t
m=a(q) m=a(q)
1 2 (a+q?) log ¢
=0 (M) +0 / og =R / Z d(m
q qi+? m<t
m=a(q)

We bound d(a) < @°, sothesum >, _, . d(a) is bounded by O(a*(t/q+1)).

As a result,

1 1 2 1
P.=o(5t) ror () ror (1),

As a result, fixing 6 > 0, Equation (2.19) becomes

. (logq)

2) _ 4;; b(@)? + 0 (%) |

Therefore the only sum left to evaluate is 3°,, [b(a)]*.

<4Z]b ]2+O<Z

a=1

Using the bound from

Equation (2.18) and splitting the cases * > 7%(t — s)? and * < 7%(t — ), we have

Yo <2t 2t —s)* s Y d(aaQ)

a<m—2(t—s)"2 m—2(t—s)"2<a<q

We combine the two sums by Rankin’s trick. Taking x = 7 2(t — s) 72,

1 , 17 o= d(a)?
PZd(a) < 1;22 et 1 <oy <2,
a<x a=1
d(a)? o1 = d(a)? )
D Som O<o<l.
a>x a=1
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Note 01,0, are bounded so that the sums converge and tend to zero as x — oo.
These sums are addressed by one of Ramanujan’s identities (see e.g. [21]). For

Re(s) > 1,

—d(n)? ()
; ns  ((2s)

Therefore

: 2 4 1 C(Ul)4 1 <(2_02)4
2 el <2 ( (o) T <<2<2—ag>>>'

Taking o := min(2 — 0y, 03) € (0, 1) and substituting back 7=2(t — s)™2 = z,

— C7T2U<t _ 5)20’

L (o)t | 1 C@R=0y)! _C
22701 ((201) 272 ((2(2 —09)) T x°

for some C'= C(0) > 0. As a result,

Bl 0 - ) < Cle- ¥ +0 (L),

Taking 0 = 1 — ¢ and therefore 20 = 2 — ¢, we have completed the proof. O]

Lemma [2.4.2] shows that the Kolmogorov’s tightness criterion argument holds

for
151

’t _ 8‘1+62 > q_’

q

where we take o = 4 from Proposition [2.4.1f Therefore, combining with Equation
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(2.17), we have shown for constant K,

. |t — st Cif [t —s| < g0,
E|f(t) = fy(s)]” <
K]t—s|1+52 if [t —s| > g 1—e2),

Here we can choose d; and 05 in such a way that §; = % for €1 € (0, %) and and
dy = 1 — €9 where €5 € (0,1). This is possible as our initial parameter choices are
flexible enough to allow this.

For the right choice of ; and €5 we have
£9 E1
T _q
q q

Therefore taking 6 := min(dy, d2), Kolmorogorov’s tightness criterion holds for all
t,s and (F,) is tight. As a result, (F,)q prime converges in distribution to the random
process F as ¢ — oo, proving Theorem [2.1.1 This concurs with the result from
Bober, Goldmakher, Granville and Koukoulopoulos for their distribution function,

1

Pulr) = ¢(q)

-

#{X mod ¢ : m?X|SX(t)| > 6—7’},
T

weakly converging to their limiting function [9, Theorem 1.4]

O(r) =P (mtax IF(8)] > 2677) .
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Chapter 3

Further Properties of the Random

Process

3.1 Introduction

In Chapter 2, we considered random multiplicative functions and how they are used
in the limiting distribution of complex character sums. Recall the definition of
Steinhaus random multiplicative functions X from Definition We therefore

define the corresponding random series

X X

Fo(t) = g > Esinrkt) and  FL(t) = g > SE = cos(2mhkt)). (3.1)
k>1 k>1

Here X}, are Steinhaus random multiplicative functions and 7 is a random variable

uniformly distributed on the unit circle. The main result of Chapter [2] uses the

random series to show the limiting distribution of character sums.

Theorem 3.1.1 (Theorem [2.1.1)). Let g be an odd prime and Fy be defined as above
fort € [0,1]. The sequence of the distributions of character paths (F, +(t)), weakly

converges to the process Fy(t) as ¢ — oo through the primes.

The infinite sum defining the random process converges with probability 1 [9].

Theorem [2.2.3] also shows F' is almost surely continuous.
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In this chapter, we investigate the support of F'(¢) and more connections between
character sums and this random process. In Section we find the support of the
law{T] of F(¢). These are the functions of the form

g(t) = =Y~ "1 —e(=nt)),

where ¢, {a,} are on the unit circle and the sequence {a,} is completely multiplica-

tive. This then leads to the following proposition.

Proposition 3.1.2. Let g be in the support of the law of the random process F' over

In other words, there is a non zero probability that for every character sum there

C([0,1]). For any e > 0,

1
liminf —— > (.

()

1
{X mod q‘ sup] : ‘%%X(”)—g(@

telo,1

exists an e-close function in the support of F(t), and vice versa.

Remark 3.1.1. This chapter is motivated by Kowalski and Sawin’s unpublished work
‘On the support of Kloosterman paths’ [57]. They find statistical results for Kloost-
erman paths by considering the support of their random Fourier series. In this
chapter, we find the support of the law of F(¢), and use this to prove interesting

properties of character sums.

3.2 Support of the Random Process

Let F(t) be the random process defined in Chapter [2| and Equation In this

section we will consider the support of the law of F(¢).

!The support of the law of a random process is properly defined in Definition
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Definition 3.2.1. [6, Chapter VII] A set C' C C([0,1]) is the support of the law
of Fif

C=[{K cC([0,1]) closed : P(F € K) =1}

={zx € C([0,1]) : P(F € G) > 0 for any neighbourhood G of z}.

Using the definition above, we have the following theorem.

Theorem 3.2.1. The support of the law of the random process F(t), denoted S,
over C([0,1]) is the set of continuous functions g : [0,1] — C with the following

properties:

o there exists c € U such that cg(nm) = g(n)g(m) for all n,m € Zy,
o |9(&)] = 1/2n(¢] for all £ # 0,

® §(0) = =D es09(8).

Here g(&§) = folg(t)e(—gt)dt is the Fourier transform of the function g(t). Note
that these properties imply that the Fourier series of g converge uniformly to g [30].
Also note that if we take n = m = 1 then the second condition implies that unless

G(1) =0, which then implies that g = 0 identically, ¢ = g(1).

Proof. For this proof, we will define a set S, whose elements satisfy all the properties
stated in the theorem. We then show the set S is closed, contained in the support
of F, and supp(F) C S.

As in Section [2.2] for y > 1 we define the smooth and rough parts of the random
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process F' respectively by,

o 1 —e(nt) B o 1 —e(nt)
=5 Y. —X, adR,=F-S5,=- Y —2X,

n#0 n#0
Pt (|n|)<y Pt (|nl)>y

By absolute convergence, we know that the support of .S, is the closure of the set

of elements

_ c 1 — e(nt)
- ¥ o,

n#0
PH(Inl)<y

with «,, completely multiplicative and |c| = 1.
Let § = lim,_, gy, which is a convergent series, and € > 0 be fixed. Then for

all sufficiently large y we have

1-— t
D D L2 T

PE(|nf)>y

o0

Therefore g, belongs to the intersection of the support of S, and the open ball

U. of radius € around g. As a result, for all large enough y we have

P(S, € U:) > 0.

We are interested in the probability

P(|F = gll <2¢) = P(||Sy — gllec < € and [| Ryl <€)

=P[5y = gllcc < )P(|Ryllcc <€ : 1[5y =gl <e).

Note that S, and R, are not independent, which is why the probability ||R,|| < ¢
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is dependent on ||S, — g||. However, by Lemma [2.2.1, we know P(||R,||- < ¢€)
approaches 1 as y — oo independent of the value of ||S,|| and is positive for all

large enough y. Therefore
P(||F" — gl < 2¢) > 0.
Since £ > 0 is arbitrary, we have g € supp(F'). Therefore the closure of the set of

the convergent series

c 1 — e(nt)

27 o n

Op

is contained in the support of F.

As such, let S be the set

g periodic with period 1,

dc € U: cg(nm) = g(n)g(m) Vn,m € Zy,
9(6)| = 1/2m|¢] VEF#0,

L Q(O) - Zg;&o g(f)

S=49<€C([0,1])

Let g be an arbitrary function in the set S. Since §(n) = O(1/n) and g is continu-
ous, then the Fourier series of g converges uniformly to ¢ [81, Chapter 2, Question

3.b)(iii)]. Therefore,
gt) = > 9(e(Et) = 3 _(e(€r) = 1)3(&).
£€Z §#0

We claim § is closed and therefore is exactly the set of convergent functions. To

prove this, we let h be a limit point of the set §. That is, suppose there exists a
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sequence (hy) such that all functions h,(t) are in & and h,, converges uniformly to
h on C([0,1]).

For all n € N we can write h,, € S as

ha(t) = e(Et)hn(€),
ez
where h,, has all the necessary properties. The sequence (h,) is a sequence of
continuous functions and uniformly converges, so by the Uniform Limit Theorem [68,
Chapter 2| the limit A(t) is also continuous.
We claim h € §. The limit h is periodic with period 1 and h = lim,, oo izn

Clearly the second and third properties of S are preserved, so it is left to show that

(0) == lim Y h(&) == lim ha(§) = =) h(&).

£#0 £#£0
By the Dominated Convergence Theorem (see e.g. [36, Section 5.6]) we can swap
the limit with the infinite sum, therefore proving the final defining property of § is

satisfied and h € S. Since h is an arbitrary limit point, S is closed and the set of

convergent series

> (e(ét) = 1)a()

££0

is contained in the support of F.

Finally, we show all functions in the support of the law of F' are contained in S,
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therefore showing S = supp(F'). Let

. —e(k
Fit) = ig—l Ak,

be an arbitrary function in supp(F'), with ¢ on the unit circle and «; completely

multiplicative. Clearly f is periodic with period 1, so has the Fourier transform

o) = %/0 e(ct) (Z 1—76(’“)&,) =% %/0 e() (1 e(kt)) dt

k#0 k#0
2i % ; £ =0,
T 70
co_
SETE L ex0
T §
As a result, f satisfies all the properties of S and therefore supp(F) C S. m

Once we know the support, we have the following proposition.

Proposition 3.2.2 (See Proposition [3.1.2)). Let g be in the support of the law of

the random process F' over C([0,1]). For any e > 0,

1
liminf —— > 0.

mod ¢ : su
it i e

te(0,1]

%T;th(n) —g<t>\ < }

Additionally, if we assume g is not in the support of F', then there exists a § > 0

such that

te(0,1]

{Xmodq:sup % Z X(n)—g(t)‘<(5}‘:0.

1<n<qt

Proof. Recall the sequence of distributions of character paths (F,) for prime ¢. From

Theorem we know the sequence (F,) converges in distribution to F' as ¢ — 0o
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through the primes. Therefore using the standard result [7, Theorem 2.1], it is

equivalent to say that for any open set U C C([0, 1]), we have

q—0

liminf@HX mod ¢ : fy(t) € U}|>P(F € U).

Let g be a continuous sample function of F'. If U is an open neighbourhood of ¢ in

C([0,1]), then by definition we have P(F' € U) > 0. Consequently,

liggfﬁq)‘{x mod ¢ : f(t) € U}| > 0.

Now take U as the open ball of radius € > 0 around g. Thus, f,(¢) is a member of

U if and only if

sup | fy(t) = g(t)] < e,
tel0,1]

for all x modulo g. Therefore, noting the difference between the character paths f,

and character sums tends to 0 as ¢ — oo, we have

1
liminf — > 0.

400 P(q)

{X mod ¢ : sup

tel0,1]

%me) —g<t>\ <e}

n<qt

For the latter part of Proposition [3.2.2] we assume ¢ is not in the support of law

of F, for example the non continuous saw-tooth function

1 Z sin(27kt)
T ko

n>1

There exists a neighbourhood U C C(][0, 1]) of g such that P(F' € U) = 0. Therefore

for some 0 > 0, U contains the closed ball C' of radius ¢ around g. We use the
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standard result 7, Theorem 2.1] again to show

0< limsup@HX mod ¢ : f,(t) € C}| <P(F € C)=0.

q—00

Therefore by the same reasoning, we have

1
liminf ——

minf o S xn) - (1

1
\/a n<qt

{X mod ¢ : sup

tel0,1]

<6H:0.

Finally, by choosing specific functions from the support of the law of F', we find

O

some interesting arithmetic statements. This is explored in the following section.

3.3 Examples of Functions in the Support of the
Law of F(t)

Proposition states that the Fourier series is a good approximation for the
character sum. If we find examples of ¢(t), a function in the support of the law of
the random process F', then we know there exists a character sum which exhibits

the same behaviour. In this section, we will consider some interesting examples of

g(t).

3.3.1 Example 1

Let P be large and gy p(t) be defined as

)

n

g1.p(t) = 1 Z An) sin(2mnt).

64



Figure 3.1: The function g¢; 10007(f), where the sum is truncated at 10,000 terms.

Here A(n) is completely multiplicative and defined by

-1 ;p< P

» ; otherwise,

where X, are random variables uniformly distributed on the unit circle. In other
words, A(n) is the completely multiplicative Liouville functionﬂ when P*(n) < P
and is randomly distributed on the unit circle otherwise. The function, by Theorem
2.2.3], is almost surely continuous. Therefore gy p(t), for any P > 0, is almost surely
in the support of the law of F'(t) by Theorem [3.2.1] See Figure for an example
of g1,p when P = 10, 007.

Using Proposition [3.2.2] there is a positive proportion of character sums which

are e-close to gy p(t).

65



The function go(t), where ag = 1 and The function g3(t), where ag,az = 1 and
a, = —1 for all p # 2. ap, = —1 for all p # 2, 3.

Figure 3.2: The function g,,(t), truncated with 10,000 terms, for m = 2 and 3.

3.3.2 Example 2

In Example 1, we took A\(p) = —1 for all primes < P. Here we define the function

oo
a
Gm.p(t Zﬁn in(27nt),
n=1

where a, = 1 for the first m — 1 primes, —1 for all other primes < P, and randomly

uniformly distributed on the unit circle otherwise. For example, g p(f) has as =1

and a, = —1 for primes p € (2, P], and randomly distributed on the unit circle for
all p > P. Figure shows ¢2.10,007(t) and gs10007(t), and Figure shows the
case a, = —1 for all primes p < 10,007. As in Example 1, the function is almost

surely continuous for all finite m € Z and almost surely in the support of the law of
F(t). Note that as m and P tend to infinity, this tends to the saw tooth function

Joo(t) = 1/2 — {t}, which is not continuous and not in the support of the law of

2Let n = Hlepfi. The Liouville function is defined by A(n) = (—1)2%. We also define
A(1) = 1. This is equivalent to defining A as a completely multiplicative function where A\(p) = —1.
See [63] for more information on the function.
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02 04 0.6 0.8 1

0.2

0.4

Figure 3.3: The function g (z) with = € [0, 1].

It is future work to further investigate these functions in the support of the
law of our random process F', using them to discover more about the behaviour of

character sums.
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Chapter 4

The Distribution of Real Character

Sums

4.1 Introduction

Given the real Dirichlet character modulo prime ¢, otherwise known as the Legendre
symbol (;), we define the normalised partial character sum

Sy(t) = %gt (g) (4.1)

for t € [0,1]. Legendre symbols, and therefore quadratic residues modulo primes,
play an important role in many areas of number theory. Davenport and Erdos [23]

studied the distribution of a similar function,

w2 ()

z<n<a+H

as x runs through the positive integers. They found that it tends to a normal
distribution with mean zero and variance H, provided log H = o(log ¢) and H — oo
as q¢ — 00.

In a follow up to Chapter [2] our goal is to study the distribution of real character

sums S,(t) for ¢ € [Q,2Q)] with @ € Z, and the corresponding limiting distribution
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as () — oo. The notation has changed for this chapter, but the same methodology
of Chapter [2| can be used in the quadratic case.

The character sum defined in Equation is discontinuous, with jumps at
every t € %Z. As in Definition , we define a character path as the continuous
function f,(t), where we concatenate the points where the function changes. For the
rest of the chapter, we will refer to character paths f, () instead of the discontinuous
sums S,(t). Character paths are continuous, periodic in ¢ with period 1, and can be

approximated by the truncated Fourier expansion as in Appendix [A}

T((‘)) n\ 1 — e(—nt) Vqlog Q
o= 10 s (my1mdom o (aay
2mi\/q 0@ q n Q
The difference between the character sum and character path is always bounded
by \/%77 and since we are taking ¢ € [Q,2Q)], we get that |S,(t) — f,(¢)] < \/L@
This is smaller than the error in the Fourier truncation, making Equation (4.2) an
acceptable approximation of the character path. Additionally, T(<E>) is the Gauss

sum,

. " lq Vi q=1(0),
(@) =2 @em=10 e

The value of the prime modulo 4 influences the shape of the character path, as

shown in Figure [£.1] We refer to character paths as odd if ¢ = —1 mod 4, as then
— . . _ _1 _

(71) = —1, and even if ¢ =1 mod 4, as (7) = 1.

We now define the distribution of real character paths.

Definition 4.1.1. Let @) be a large integer. We define the distribution of char-
acter paths by taking ¢ — f,(t) as a random process, choosing a prime ¢q € [@, 2Q)]
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08

Character path for ¢ = 991 =1 mod 4 Character path for ¢ = 997 = 3 mod 4.

Figure 4.1: Character paths for ¢ = 991 and ¢ = 997, where the z-axis is qt.

uniformly at random. Let F(¢) denote the distribution, where

Fo(t) ={f,(t) : Q < q<2Q, q prime}.

We also define Fg «(t) by fixing the value of (’71) as either +1 or —1 for all ¢ €
Q,2Q)].

We are investigating the limit of the distribution of real character sums, i.e.

when () — oco. For this, we need Rademacher random multiplicative functions.

Definition 4.1.2. Let X, = {£1} be Rademacher random variables, indepen-
dently taking values +1 with equal probability. We define Rademacher random

multiplicative functions X,,, for n € N, as
X, =[] X5
p*ln

where X, are Rademacher random variables. We also let X_; = {£1} so the

definition extends to negative numbers.

More properties of Rademacher random multiplicative functions can be seen
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M\( W S it

Sample of F(t) with X_; = —1. Sample of F(t) with X_; =1

Figure 4.2: Samples, with 10,000 points, of F'(t), where the x axis is t.

in 18,38)30/61)

Our aim is to find the limiting distribution of Fy. To begin, we define a sum
very similar to Equation (4.2). Let FL(t) be the random functions

1 in(2 1 1 — cos(2
Pt = 1Y, WO e LY, L),

n T n
n>1 n>1

where X, are Rademacher random multiplicative functions. By defining X = {1,4},
depending on if X_; =1 or —1 respectively, we can combine the random functions

to obtain

X 1 —e(—nt)
F(t) .= — X,—.
®) 211 s n

See Figure for examples of the random process.

This infinite sum is defined as the limit of the symmetrical partial sums

E S i)

0<|n\<N
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Benatar, Nishry, and Rodgers [5] studied a similar function,

Py(t) = \/LN > Xue(nt).

Combining partial summation with [5, Theorem 1.3], for any € > 0,

3\/Tog N'loglog N Ne
mthN(t)léeXp(x/og oglog )+0(1— )

VN VN

Additionally, the function Fy(t) is clearly in L*([0, 1]), since

X,— " <9 <3 ().
n ‘ - Z n? — 6 N

0<n<N

2.

0<|n|<N

For fixed t € [0,1], the limit of the partial sums converges almost surely [53,
Lemma 1]. In the proof of Theorem [4.2.1] we will show the process is almost surely
continuous.

We can now state the main theorem of the chapter:

Theorem 4.1.1. Let Fi(t) be the random processes defined above for t € [0,1].
Assuming the Generalised Riemann Hypothesis (GRH) for all Dirichlet L-functions,
the sequence of distributions of real character paths (Fg 4(t))q weakly converges to
the process Fy(t) in the Banach space C([0,1]) as Q — oo. In other words, for any

continuous and bounded map

¢:C([0,1]) = R,
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we have

ngféo E(¢(Fq.+)) = E(o(Fy)).

The proof of the theorem is split into 2 main steps: showing convergence in finite
distributions by proving the multivariate moments of F; converge to multivariate
moments of F' as () — oo, and showing that the sequence (Fg)g is relatively com-
pact. The combination of both steps proves convergence in distribution, thereby

proving Theorem 4.1.1]

Remark 4.1.1. Theorem requires F'(t) to be a function almost surely taking
values in C([0,1]). In Section [£.2] we prove the distribution Fq(t) converges in finite

distribution to

i an —e(—nt) |
271 n
n#0

(4.3)

A priori, both the series and F'(t) are distributions on L?([0, 1]). On L?, distributions
are determined by their finite dimensional distributions |10, Corollary 2.4].

In proving Theorem 4.2.1] we will prove the limiting distribution of (Fg(t))q is
continuous and the finite dimensional distributions match those of F'(¢). Therefore,
as a random process in L?([0,1]), the function in Equation is almost surely the
Fourier series of a continuous function. Combined with the fact that the Fourier
coefficients are bounded by O(1/n), the Fourier series converges uniformly to its
defining function [47]. Therefore, by the Uniform Limit Theorem [68, Chapter 2],
the Fourier series is almost surely continuous and uniquely defines F'(¢) [88, Theorem
9.2].

Remark 4.1.2. The assumption of GRH comes from using a strong version of the
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Prime Number Theorem in Arithmetic Progressions (see e.g. [11, Chapter 7]). With-
out the Generalised Riemann Hypothesis, the error term is too large and does not
vanish as () — oo. GRH is also needed to prove the tightness condition for the
sequence (Fg). Siegel zeroes are likely to be the worst problem, but for this proof
it is not sufficient to only assume there are not real zeroes. It is a future project
to remove the dependence on GRH in both parts of the proof. Future ideas involve
changing where we truncate the Fourier series in Equation , using the zero den-
sity estimate for quadratic L-functions L(1/2, x4), and using different methods so
we are not relying on the error bound on the Prime Number Theorem in Arithmetic

Progressions.

Remark 4.1.3. Theorem follows on from Chapter [2 and the paper [48] which
Chapter [2| is based on, where we look at the limiting distribution of character sums
modulo ¢ as ¢ — oo. The sequence of distributions of complex character sums
weakly converges to a random Fourier series, with Steinhaus random multiplicative
functions as Fourier coefficients, as ¢ — oo. In this chapter, we find an analogous
result for real Dirichlet characters, which includes a similar random process. We
cannot use the orthogonality of characters in the same way, so the methods are
slightly different. Additionally, since the values are all real in this chapter, the

graphs shown are instead time graphs instead of maps of the complex plane.
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4.2 Proof of Convergence in Finite

Distributions

Recall the definitions of the real character path, which we have split into odd and

even sums,

(oo (o)

a=1 a a Q
Q
IUEESS (5) e (—ﬂ e Q) |

We do the same with the random Fourier series, where we fix X_; = +1 or —1,

1 sin(2mat) 1 1 — cos(2mat)
F+(t> = — E XGT, F_<t> = % E Xaf.
a>1 a>1

As stated in the introduction, in this section we will prove the following theorem:

Theorem 4.2.1. Assume GRH and let Q € Z and (Fg+(t))g be the sequence of

distributions of character paths, where for o = {£}
Fo.o(t) == {f0(t) : Q < ¢ <2Q, q prime} .

Then (Foa)q converges to the process Fy in the sense of convergence of finite

distributiond| In other words, for every n > 1 and for every n—tuple 0 < t; <

IThis is a weaker form of convergence. To prove Theorem we also need the sequence (Fg)
to be relatively compact.
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co- < t, <1, the vectors

(Fo£(t1),..., Foux(tn))

converge in law as @) — oo to

(Fe(ty), ..., Fi(tn)).

The behaviour of both f, and F' vary greatly depending on the values of (_71) and
X_1 respectively. For this section we will fix the sums as even, so (_71) =X_=1,
as the odd case is analogous.

Theorem can be proved by the method of moments. We define the limiting

moment and moment sequence as follows: let & > 1 and n = (ny,...,ny) for

n; € Z>o. Then the moments are

where 7*(Q) = 7(2Q) — 7(Q).

Proposition 4.2.2. Let k > 1, n = (ny,...,ng) for n; € Zso, and My(n) and

Mg +(n) be defined as above. Then, assuming GRH,

Mo+ (n) = Ma(n) + O (M) |

V@

Additionally, the moment My(n) only has one representing measure, and the mo-
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ment sequence s therefore determinate.

This proposition will be proved in 2 parts, first showing the limiting moment
M4 (n) equals a certain sum and is determinate, then proving the moment sequence
Mg +(n) equals the same sum, plus an error which converges to 0 as () — co. Since

we are only considering the even case, we will point out when the odd case differs.

4.2.1 The Limiting Moment

Using the definition of F, (¢), we can heavily simplify the moment in Equation (4.4)).
Taking n = > _ n;,

M+(E) = W_lnE Z HHX‘%JSIH 271;&1] ) a %E <Z %Bn’t(a)> ’

a1, ,aknk>01 1j=1 )

wherd?

Z H Z 1_1 sin(27b; jt;).

al-ap=a i= 1b21:' znz—azj 1

We are allowed to reorder the sums in the expectation as F'(t) converges almost

surely [53, Lemma 1].
Lemma 4.2.3. The sum By, (a) is bounded above by a° [

Proof. Firstly, we introduce absolute value signs and take |sin(27b; ;t;)] < 1. The

2For the odd case, B, t(a) is defined in the same way, but (1 — cos(27b; ;t;)) instead of
Sin(2ﬂ'bi,jti).
3The equivalent sum for M_(n) is also bounded by a. The proof is analogous.
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sum is then a product of divisor sums, so

Bui(a) < Y [ dn(a).

ay-ap=a i=1

We then use Proposition [2.3.2) showing dy, (x1)dn, (x2) < dy,+n, (21 - 22). As a

result, taking n = > n,,

Bus(a) < Y [l dnila) < dila)dn(a) < d*(a).

aj-ap=a i1=1

By bounding d(a) by a®, we have finished the proof. For later parts of the section,

we may also use the stronger bound B, ;(a) < d,(a). O

Taking the expectation inside the sum, which is permitted since F'(t) converges

almost surely,

M) = = S ) = TS B (4.6)

a>0 a’>0

This is due to E(X,) = 1 when a is a square number (i.e. a = a/*) and vanishes
otherwise. In the next section, we will show M 4 (n) equals the same sum, with an
error that vanishes as () — oo.

Additionally, we have the following lemma.
Lemma 4.2.4. The moment M(n) only has one representing measure.

Proof. In this proof we will only show the lemma is true for M (n), but the same

bounds hold for M_(n). It is sufficient to show M (n) satisfies the Carleman condi-
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tion |78, Theorem 15.11]:

> IM@2n)| 2 = +oo, (47)

n=1

forn = (ny,...,ng) and n = |n| =>_n,.

Using the definition of M (2n),

1 1 dg n+k (aQ)
M@m) = 57 > Bmala?) <3 =

a>0 a>0

We ideally want to apply a result from Bober and Goldmakher [8 Proposition 3.2]:

o

Z —dz(”zl‘;)<a> < exp (4(n + k)loglog(4(n + k)) + O (%)) : (4.8)

a=1

Our aim is to directly apply Bober and Goldmakher’s result. This follows from the

claim:

Claim. Let a, N > 0 and dx(a) to be the Nth divisor function of a. Then dyy(a?) <

dgN(CL)Q.

Proof. The divisor function is multiplicative, so for a = pJ' - - - pi*, dy(2) = [Tik dy (pl).
For prime powers [8],

dy(p') = (Nﬂ_l).

J

Therefore,
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Using the definition of binomial coefficients,

N+2j—1\ (N+j—-1 ﬁN+j+k;
27 J jH+1+k°

k=0
. N+j+k
For j,k, N > 1, ij:k < % Therefore,
(N+2j—1> - (N+j—1)ﬁ]\/+k B <N+k—1)2
2] - j it k1l j '
As a result, the claim holds. m

Therefore, we use Equation (4.8)), the result from Bober and Goldmakher [§],
and |M(2n)|"2 is bounded below by

exp (—210g log(4(n + k)) — % loglog(4(n +¥)) + O (27(1”102 ?))

> exp (—2loglog(4(n +k))) .
This can be rewritten as C(log(4(n + k)))~2 for some constant C. As a result,

o9 L o 1
2 M@ 203, qor e

The lower bound diverges, so the sum in Equation (4.7)) is therefore infinite, finishing

the proof. O
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4.2.2 The Moment Sequence

The moment sequence Mg 4 (n) sums over all primes ¢ € @, 2Q)] which are equivalent

to 1 modulo 4. Using the definition of f, 4 (¢),

Mo+(w) = S5y Do H (Z (a) mert) | o (%g@))n (4.9)

q€]Q,2Q] i=1 \a=1
q=1(4)

where n = Y n; and we define 7*(Q) as (7(2Q) — 7(Q)). As in Section [£.2.1] we

similarly define B, ¢ as

k n;
Z H Z Hsin(?wbi,jti) i (a,q) =1
Bugula) = @ T b s = (4.10)

0 ; (a,q) > 1.

Note that we included a condition that the sum B, ¢¢(a) vanishes when (a,q) > 1.
This helps us later in the proof, and comes from (g) = 0 when a and ¢ share a
factor. Also note that the major difference to B, is that the b; ; are all less than
(). Consequently, we can also bound |B,, ¢ (a)| by a°. As a result, we multiply out
the brackets in Equation ([£.9), so

Mo+(n) = o quZ2Q];<> Boou(a )+O(<lojg)n). (4.11)
=14
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The sum can be split into whether a is a square number or not. If a is a square,

then (%) =1 and

1 &
LN D DI ol () EXWIARES SE V)

20] a=1
qG[Q (4?] a=1

This is the same as Equation (4.6, the value of M, (n). If a is not a square, then

the sum is
i X (4
2 a=1
?Cf(f)g]aﬂ

Following the ideas of Montgomery and Vaughan |66, Lemma 6], we instead sum

over fundamental discriminants.

Definition 4.2.1. A fundamental discriminant d satisfies one of the following

conditions:
e d =1 mod 4 and d is square free,
e d=4D, where D = 2,3 mod 4 and D is square free.

For each non zero integer a, we can write 4a uniquely in the form dr?, where d

is a fundamental discriminant. As a result, (g) = (g), unless g|r. Let

1
fa= Z aBﬂvai(a)

a<@"
4a=dr?
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Therefore,

where z/ is a sum over fundamental discriminants. Note that the a # [J condition
is no longer needed for the main term. The error can be simplified by taking a = ¢*a’

and |B(q%a)| < Q°, so

B(a)| Z |B q a) Q€ 10%@
a q?
as<Q" a <Q"
a0 a’'#0
a?n

Therefore, taking 7*(Q) = (7(2Q) — 7(Q)) ~ ~<-, the moment sequence from

logQ?
Equation (4.11)) is

log ) il d
Mg+ (n Z —Boi(a®) + 0 o Tt D (5) (4.12)

d=1 q€(Q,2Q)]

Consider the sum in the first error,

n

, d
fa (—) |
1 q€(Q,2Q)] q
=1 ()

4

Q

&
Il

The Legendre symbol (2) is the unique primitive character modulo |d| [67, The-

orem 9.13], which we will denote as x4(¢). Using the orthogonality of Dirichlet
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characters, the sum Y x4(q) over the primes can be rewritten as

1 1
Z xa(q) <m Z X@)Zm

9€[Q,2Q)] x mod 4

> xala) (xola) + x-4(a)) ,

7€(Q,2Q)]

where g is the trivial character and y_4 is the Kronecker symbol (_74) In other

words,
n |1 2 3
Yo |1 0 1
Yoa|1 0 —1
ThereforeEL
1
> Xa(a) = 5 > o xa@+ D xal@)x-alg)
7€(Q,2Q)] 7€(Q,2Q)] 7€(Q,2Q)]

¢g=1 mod 4

Since d be a fundamental discriminant, then y4(q) = (g) is uniquely given as a prim-

itive quadratic character modulo d [67, Theorem 9.13]. Additionally, x4(q)x-4(q) =

X4d(q )H Therefore,

d 1 1
E (5) =3 E xa(q) + 5 E X4a(q)-
g%[QQ%} A q€(Q,2Q)] q€(Q,2Q)]

g=1 mo

4For the odd case where ¢ = 3(4), everything uses the same method except we have

3 m(q)zﬁ S xal@) (xo0(30) + x-4(30))

9€(Q,2Q] 9€(Q,2Q]
q=3(4)

®Note this could be imprimitive if 4|d.
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Assuming GRHﬂ, the sum 3 (590 Xa(q) is bounded by [67, Theorem 13.7]

0 (Q*1og(dQ)) .

Therefore,

4Qn 4Qn Qn
S > ()«fZ | fal log(dQ) < v/Qlog(Q) > | fal.

d=1

To bound >’ | f4], we rearrange the sum back to non fundamental discriminants:

B I D S S

0<d<4Q™ 0<d<4Qm GSQ" a<Q@"
4a=dr?

Recall the definition

Buoila) = H > f[sm(%bi,jti).

ai--ap=a i= 1b11,--b,n—aij=1

bi,j<Q

Therefore,

k n; k
Z th H (Z | sin(2mat;) ) H log Q)" = (log )",

a<Qn i=1 \a<Q

where n = > n;.

SAll bounds for 3~ xa(g) without assuming GRH are not sufficient for this case, as we are
summing over large values of d and the potential zeroes near 1 cause the double sum to explode
as @ — oo.
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As a result, the moment sequence in Equation (4.12)) is

Q Q? V@

)

Mg +(n) = — Z —Byqu(a®) + 0 (logQ - V/Qllog Q)”+1> (Qs(log Q)’ ) s ((log Q)")

Q’n
1 1 )
_FQ 1al’ant( )+O(

To finish the proof, the main term has to be independent of (). This is achieved
in 2 steps, removing the dependence from B, ¢, then showing the tail of the sum
is smaller than the error term in Equation (4.13). By rearranging the sum into

arithmetic progressions,

Z SBuoala®)= Y Y mBn,Q,t((GerQ)?)

1<a<Q 0<m<Qn—1

When m = 0, all the summands are < @), so trivially B, ¢ = B,,;. Consequently,

g
zél?n,@,t(f): > %Bn,t(aQH > m&m((ﬁm@n

1<a<Q 1<a<Q 1<m<Qn—1

By bounding B((a +mQ)?) by @Q¢, using the claim stated earlier in the proof,

1 1 QO
> > —(a+mQ)Bth((a+mQ Z > o <o

1<a<@Q 1<m<Qn—1 1<0L<Q 1<m<Q@"—!

As a result, the summands are independent of (), and

Mo.+(n) = — Z —B,.(a <%) +0 (%) . (4.13)
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The final step is to extend the sum

1 1 1
> 3Buila?) =) —Buy(a®) + 0 (Z —5Bu(a”
a<@ a>1 a>Q a

By Rankin’s trick, for any ¢ > 0

1 1 1
> ;Bm((f) < 0 > aQ,UBn,z(GQ)-

a>Q a>1

By choosing o € (1/2,1), the error term is less than the error in Equation (4.13)

and

1 1
Mg +(n) = el
a>1

B,..(a®) + O < 70

Combined with Section [4.2.1] this concludes the proof of Proposition [4.2.2]

4.3 Relative Compactness of the Sequence of Dis-

tributions F

Our aim is to prove Theorem [4.1.1] the sequence of real character paths (Fg) con-
verges in distribution to the random process F. If we can prove (Fg) is relatively
compact, then it follows from Theorem that the sequence converges in distri-

bution to F' |7, Example 5.1]. This finishes the proof of the main theorem of the

chapter.

We will prove relative compactness in the same way as in Chapter [2 (and [48|
Section 4]). Firstly, Prohorov’s Theorem |7, Theorem 5.1] states that if a sequence

of probability measures is tight then it is relatively compact. We prove tightness by
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Kolmogorov’s tightness criterion (see Proposition or [76, Theorem XIII.1.8]),

shown in the following proposition.

Proposition 4.3.1. The sequence of real character paths,

Fo(t) ={f,(t) : Q < q<2Q, q prime}

is a sequence of real continuous processes, where f,(0) =0 for all Q. Furthermore,
there exist constants a > 0, 0 > 0 and C > 0 such that for any prime q and any

s <t in [0,1] we have
E (|fy(t) = fo(s)|*) < CJt — s|'*. (4.14)

We prove Proposition in 2 parts:
Lemma 4.3.2. Let s <t in [0,1]. There exists €1 > 0 and C' > 0 such that,
E (1f,(t) = fo(s)|*) < C|t — s["=,
whenever]
1
|t — S’ > W

Lemma 4.3.3. Let s < t in [0,1]. Assuming GRH (or the weaker Generalised

"Taking Q% = (log Q)= Q=170 .
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Lindelof Hypothesiﬁ.), for any eo > 0,

E (1f,(t) = fo(s)|") < 4]t —s['*=2,
wherd)

It —s| <

1
Q%
Combining the 2 Lemmas, Proposition is true for all s < ¢ in [0, 1].

Proof of Lemma[{.3.2. In Section [4.2.2] we consider the moment sequence Mg(n).
By abusing the definition, we get results for the expectation of |f,(t) — f,(s)|. Using
Equation (4.13)) and taking n with only one element, so n = (4),

E (1£,(0) - W4Z e +0 (1220

where

Buoe®) = Y T[elwass) (1= el—at—5)).

ai-as=a? J=1

By bounding (1 — e(z)) by min{2, 27|x|},

B4,Q,s,t(a2) < d4(a2) min{24, a2(27r|t — 5|)4}. (4.15)

8The Generalised Lindelof Hypothesis states that for any primitive character modulo ¢ and any
e>0, L(1/2,x) < ¢° [64]
9Taking &) =

£2
14e2”
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As a result,

11 Lo 2 dy(a?) , )
QEEB&Q,M(@)S— > o+ 2lt—s)) Z dy(a?).

IS G—an?

The first sum can be bounded using Rankin’s trick. For o € (0, 1),

4 2 2
2_ Z dy(a®) <Clt— S|2O’Z dy(a®) _ C/|t _ S|2cf7

a2 2—0
a>1

for some constant C”. The second sum can be trivially bounded by taking dy(a?) =

O(a®) for any € > 0. As a result,

@lt—sl)t Y daa®) < CJt — 5720 = Ot — 5P
1

e Py

By choosing 0 = (1 + ¢)/2 for any ¢, then

E (1f,(t) — fu(s)l) < C'lt — s +0 (“‘%” ) |

for any € > 0,

_6
Therefore for |t — s| > Qoe@) ¢
QT+e

E (Ifo(t) = fo(s)I*) < C'lt — s

]

Proof of Lemma[{.3.3. Recall the definition of f,(¢): the concatenation of points in
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the time graph of —= x(n). We note the trivial bound
Va n<qt

|fa(t) = fo ()kicpmﬁ—%| Valt = sl.

Burgess [15] and Wang [86] proved that if |t — s| > ¢~%/%*¢ for any € > 0,

() = £y(s)] < L1 =]

9

log” ¢

for any A > 0. Using Abel Summation, we can improve this. As a result,

ZX( <]qt\1/QZX 1/22)( /q _1/QZX

n<qt n<qt n<qs n<u

By Burgess’ bound [16, Theorem 3],

Z x(n = O(g?/16+),

n<u

for any € > 0. Consequently,

Z X(n> < q1/2 . 3q3/16+5(’ﬂ1/2 . |S’1/2).

gs<n<gqt

Since s < t, (|t|'/? — |s]'/2) < |t — s|'/2. As a result,

|fa(t) = fa(s)] < ¢*15F5|t — 5|12
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In this case,

E(1f,(t) - fu(s)|*) < — -5

~7(2Q) — 7(Q) > < QY — s

q<[Q,2Q)]

Therefore for any 9,

E (lfq(t) - fq(s)|4) < |t — 't

is satisfied if

3/4+¢

it —s| <Q 5.

However for any § > 0, this covers only a small percentage of values ¢, s € [0, 1].
Let us assume the Generalised Lindel6f Hypothesis [50, Corollary 5.20], an im-

plication of GRH [29, Section 1.9]: for any ¢ > 0,
L(1/2,x) < ¢

It is a folklore conjecture (see e.g. [32]), using the Generalised Lindelof Hypothesis,

that

[fa(t) = fo(s)| < €7t — 572

As a result,

E (I£5(t) = fa(s)|") < Q°Jt — sf*.
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Consequently for [t — s| < —L—,

Q176

E (1fo(t) = fa(s)|") < |t = s[**°.

Combined with Lemma [4.3.2] Equation is true for all s < ¢ in [0, 1].
[

Therefore, assuming GRH, the sequence of distributions satisfies Kolmogorov’s
tightness criterion and is therefore tight. As a result, (Fg) is relatively compact and,
using Theorem {4.2.1} conditionally converges in distribution to the random process
F.

We have therefore proven Theorem [4.1.1] the main theorem of the chapter.
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Chapter 5

Concluding Remarks and Future Work

In this final chapter, we conclude the main results of the thesis.

We started by considering character sums

Sy(t) == % S x(n),

n<qt

and the continuous modification to character paths

fult) = S (t) + %x (Tat).

In Chapter [2, we considered the distribution of complex character paths with

prime modulus,
Fox(t) :={f(t) : x modq,x(—1)==x1}.

The limiting distribution of the complex case was a random process, formulated
as Fourier series with Steinhaus random multiplicative functions as the Fourier co-
efficients. This mirrored the work of Bober, Goldmakher, Granville, and Kouk-
oulopoulos [9], who found the limiting distribution of the maximum of character
sums used the same random distribution. In Chapter [3| we identified the support
of the law of the aforementioned random process, and found examples of functions

in the support. Future work is to further investigate the links between the random
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process and character sums.
In Chapter 4l we modified our distribution from Chapter |2 to the distribution

of real character paths with prime modulus:

Go+(t): ={fy(t) 1 q€]Q,2Q],x mod g € R, x(—1) = £1}.

Here we picked our prime conductor in a dyadic range [Q,2Q)] for some large @),
and investigated the behaviour as () — oo. By assuming GRH, a condition we
hope to remove, the limiting distribution of (Gg) is formulated as a Fourier series
with Rademacher, instead of Steinhaus, random multiplicative functions as Fourier
coefficients.

Independent to removing the condition on the Generalised Riemann Hypothesis,
further advances in this field could include removing the condition that the conductor
of the character paths has to be a prime number. There could then exist a scenario
where there are too many characters that vanish due to sharing a factor with the
modulus. As a result, the limiting distributions with Steinhaus and Rademacher
random multiplicative functions as Fourier coefficients may not provide the best
model. However, for suitably smooth conductors, where the number of prime factors

is not too large, the same limiting distributions shown in this thesis could suffice.
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Appendix A

The Fourier Expansion of S, (t)

Recall the definition

:_ZX

n<qt

for any primitive Dirichlet character y mod q. We view this as a function over
‘time’ ¢, for 0 < t < 1. We extend this domain by using the periodicity of y and

finding the Fourier expansion.

Lemma A.0.1. The normalised partial character sum has the Fourier series

Sl 27rz\/_ Z Xk (=kt),

k0

where T(x) denotes the Gauss sum

7(x) = x(a)e(a/q).

Note that this is only valid for t which is not a discontinuity of the function.

Proof. First, we find the Fourier coefficients of the periodic function S, (¢):

S (k) = /0 S (t)e(— ki)t

By splitting the integral into t € [a/q,(a + 1)/q] for 0 < a < ¢ and using the
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definition of S, (), the Fourier transform equals

Z x(n / —kt)dt =

1 —e(—kn/q)
— —F ; k#NO.
Z —2mik k7

The total sum Y2¢_ x(n) vanishes, so we can simplify S, (k). Therefore,

. 1 &
5,(0) = =73 > mx(n)
n=1

We use this for k # 0 as well, so

X(=R)T(X)
2m'k:\/§ ’

Silh) = 5 fzx (—kn/q) =

using the definition of the Gauss sum 7(x) and noting that x is primitive.

As a result, the Fourier series is

q

£ =3 8 (kelht) = —q3—1/2 S nx(n) - 2;(;36 5 Y;k)e(_kt).

kEeZ n=1

We can simplify this further by noting that S, (0) = 0. Therefore,

1 & X (k
_W X QWZ\/_Z k

n=1

leading to the desired result.

[]

In Chapters [2] and , we use the following truncation of the Fourier series [67,

97



Equation 9.19]:

T(X) X(k) ¢(q)

Sut) == Y (1 —e(—kt) + O | % log(K) | . (A.1)
2miy/q T k K.\/q

This holds whenever ¢ is not a discontinuity of the function. This equates to when-

ever tq € Z. This is particularly useful when considering character paths, a contin-

uous version of character sums, as there are no discontinuities to worry about.

The error is calculated using the following theorem.

Theorem A.0.2. [67, Theorem D.2] If f has a bounded variatiorf] on [0, 1], then
for any t,
S+ f(t7)

. S| .
’ ) |k|<Kf(k)€(kt) : /o+ i (5’ (2K + )7 sin(wx)) |df (¢ + )]

Proof. Let Dg(x) be the Dirichlet kernel,
Dg(z) = Z e(kx).
We have,
K
kZ_K f(k)e(kt) = /ﬂ‘f(x)DK(t — I)dm = /Tf(t _ x)DK(:(:)dx,

where T = R/Z. Dirichlet kernels have certain properties that can help us analyse

LA function f has bounded variation if the total variation is bounded [84]. The total variation
on an interval [a, ] is the supremum of the sum of |f(x;11) — f(x;)| over the set of all partitions
of [a,b], {P = {zo,...,znp}} [52].
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the integral. Firstly, Dy is an even function, so the integral is equivalent to

/TDK(x)f(tﬁLm)dx. (A.2)

If x € Z, Dg(x) is a geometric series and

e((K+1)z) —e(—Kz) sin((2K + 1)773:)'

D) = e(r) —1 B sin(mx)

Additionally let Ex(z) be the function

Ex(z) = s(x) + > ———,

& sin(27kx)
k
k=1

where s(z) is the saw-tooth function

1
s(x) = 2
0 ;ifx € Z.

A/
/Y

Figure A.1: The saw-tooth function s(z) for x € [0,5/2].

The function is also known as the secant coefficient, and has the bound [67,
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Lemma D.1]

1

(1
|Exc(2)] < min (5’ (2K + 1) Sin(ms)|) ' (8.3)

Since Ek is an odd periodic function, we can take z € [0,1/2]. For x € Z, this is

now just the z = 0 case. For z ¢ Z, we can differentiate Ex to obtain
K
E(z)=1+ QZ cos(2rkx) = Dg ().
k=1
Therefore, since f has bounded variation on T, Equation (A.2) equals

1-

/0 _ Ey(x)f(t + x)dx = f(t+ z)dEk(x).

+ o+

Using integration by parts (see [67, Theorem A.2] for more),

1-

flt+2)dEx(z) = Ex(17)f(t+17) = Ex(07)f(t+07) — / Ex(x)|d(f(t + ).

0+ 0+

From the definition of F, and using the 1—periodicity of f,

S F(k)e(kt) = g f(t+x)dEK(x):M—/ol Exe(2)df (t + ).

o+ 2 n

Finally, rearranging the equation and applying the bound from Equation (A.3)),

FtH) + f(t) b (] 1
‘— < /O+ min (5, ok + 1)7r]sin(7rx)\) |df (t + z)|.

]

Character sums have a bounded variation on [0, 1], notably ¢(q). We can improve
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this by using the Legendre-Eratosthenes sieve.

Theorem A.0.3. [67, Theorem 3.1] Let S(x,y;q) denote the number of integers n

such that x <n < x+y and (n,q) = 1. Then for any real x and y > 0,

S(z,y;q) = @y +0 (2¢9),

where w(q) is the number of distinct primes factonﬂ of q.

The theorem tells us that the residues are well distributed in the interval [0, ¢|.
Additionally, for y > ¢° the error term is smaller than the main term, as w(n) <
log n/loglogn for n > 3 [77, Theorem 11].

As a result, for a, 3 € [0,1] where (8 — a) > ¢~ 7=,

Var[aﬁ]SX(t) < @(ﬂ — ). (A.4)

Vi

Here Var, g) is the total variationﬂ For (8 — a) < ¢!, the variation is bounded by
O(1/,/q) or vanishes, depending on the locations of a and 3. Therefore, knowing
the variation, we apply Theorem to character sums S, (¢). When ¢ is not a

discontinuity of the function,

X(k
Sx(t) 27m\/_ Z k (=kt))

|k|<K

< /Oi min (% e 1)178111(”)) dSy(t +2)| + O (%) |

The error term is due to S, (t) being a step function, so the Fourier series could be

2In our case, ¢ is prime so w(q) = 1.
3The total variation on an interval [a,b] is the supremum of the sum of |f(x;11) — f(x;)| over
the set of all partitions of [a,b], {P = {zo,...,Znp}} [52].
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up to 1/,/q away from the character sum. We split the integral into K intervals of
equal length. For K < ¢'~¢, we can use Equation (A.4) to bound |dS, (¢t 4+ x)| by

%dm. As a result, the integral has the upper bound

K i/K
M min <1 !

a) . dx. A5
K.\/q — Jiy/x 2 (2K+1)7T81n(7m)) o (A.5)

To simplify the proof, we will take the minimum as 1/((2K + 1)wsin(wz)), except

for the first and final interval. Therefore, the integral is bounded by

6(q) dg) = [OCVE 1

—|— . dz.
K2q  nKQ2K+1)/q < Jik sin(mx)

Taking 1/ sin(mz) < 1, which holds for 0 < 2 < 1/2, we see that Equation (A.5) is

bounded by
o) o) K/2-1 ; K—2 1
- K2\/§+ K(2K+1)\/§ Z log (E)' + Z K sin (ﬂ%)

i=1 i=K/2+1

Therefore,

L) n ¢(q) <KIOgK+ |

- K2 /g K(2K+1)/4q sin (&4

)) < [Q;(\/)_logK.

Consequently, for K < ¢'7¢, as the integral bound is larger than 1/ Va

27”\/_ Z Xk (—kt)) + (%log[().

k| <EK

Sx(t)

When K > ¢'~¢, we can still split the integral into K intervals. Recalling that

character sums are step functions with ¢(q) jumps, for K > ¢(q) there must be
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intervals where the variation vanisheqd’] Therefore we say the variation is bounded
by 1 for ¢(q) intervals and vanishes otherwise. For ease of notation, we will order
the ¢(q) intervals by n; < --- < ng(q), where |n;;1 — n;| < ¢(q). Therefore for

K >q,

5.06) = o0 WEK@O )

#(q)—1

< 7 - /7;:/1( ( (2K + 1)17rsm(7f$)) 0O (%) .

As above, we take 1/((2K + 1)7sin(nz)) as the minimum except for the first and

last term. Therefore the integral is bounded by

dx.

oo L QR e
Kya 72K +1)yq - /

sin(7m x)

By bounding 1/sin(wz) by 1/z, the above equation is bounded by

#(q)—1 '
;<—j)§ + KL\/@ ; ‘log (ﬁ) ) dx.

To err on the side of caution, we take |log(n;/K)| < log K. The second term is

consequently bigger than the first, and therefore for K > ¢,

S, (t) QM\/_ZX]C kt))+0(2,(\/>_lo K)+O(%>.

k|<K

In Chapters [2] and {4} we take K = ¢ and @ respectively, where ¢ € [@,20Q)] in

the latter case. For both cases, the first error is larger than 1/,/g, so we use the

4This is shown by the pigeonhole principle.
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following formula:

Sy(t) = 2;(;5/)5 “;K Yg{) (1 —e(—kt))+0O <[q§(—j)a log K) :
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