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ABSTRACT

In this thesis, we study combinatorial and dynamical questions on polynomial
progressions that are connected with the polynomial Szemerédi theorem of
Bergelson and Leibman. Some of these questions stem from additive combi-
natorics whereas others have ergodic-theoretic flavour.

Firstly, we prove upper bounds for the size of subsets of finite fields lacking
certain polynomial progressions. Specifically, we look at two single-dimensional
families of progressions and one multidimensional family. In doing so, we ob-
tain asymptotics for the number of certain progressions in subsets of finite
fields with quantitative error terms; we also get a quantitative control of cer-
tain polynomial configurations by low-degree Gowers norms. These results
are obtained using discrete Fourier analysis, a basic theory of Gowers norms,
the degree-lowering argument of Peluse, and variations of the PET induction
scheme of Bergelson and Leibman.

Secondly, we qualitatively study several notions of complexity of polynomial
progressions. One of them comes from additive combinatorics and describes
the smallest-degree Gowers norm controlling a given configuration. Another
two originate in ergodic theory and refer to the smallest characteristic factor
for the convergence of the multiple ergodic averages associated with the pro-
gression. The last one is purely algebraic, concerning the algebraic relations
between terms of the progression. We conjecture that these four notions agree
for all polynomial progressions. We show this for all homogeneous progres-
sions, a large class of progressions that includes most of the progressions for
which complexity results have previously been obtained, and many more. We
also prove a number of smaller results: the equivalence of true and algebraic
complexity for a certain family of inhomogeneous polynomial progressions,
asymptotics for the count of progressions of complexity 1 or multiple recur-
rence results for these configurations. Our proofs apply techniques from higher
order Fourier analysis and ergodic theory. In the process of deriving our re-
sults, we give new equidistribution results on nilmanifolds for certain types of

polynomial sequences.
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OUTLINE

This thesis is written in a journal format style in accordance with the univer-
sity guidelines. It consists of the introductory Chapter 1, followed by three
paper chapters, each of which is our own work, and concluded by a summary
section. Each chapter has its own bibliography, and the paper chapters also
have their own abstracts. In this section, we outline the structure of the the-
sis together with the relations of the particular chapters to our papers and
preprints [Kuc2la; Kuc21b; Kuc2lc; Kuc21d].

Chapter 1 summarises our results in the context of earlier works and gives
the taste of the most important ideas behind our results. In Section 1.1, we
discuss celebrated theorems of van der Waerden, Szemerédi, Bergelson, Leib-
man, Host, Kra and Walsh in additive combinatorics and ergodic theory. We
also list questions inspired by these theorems that have motivated our work
presented in this thesis. We then proceed to summarise the state of the art
for specific questions; this includes our own contributions. Where possible,
we give a brief explanation of the underlying ideas behind our proofs to aid
the reading of the main body of the thesis. In Section 1.2, we discuss known
bounds in the polynomial Szemerédi theorem together with our results proved
in [Kuc2la; Kuc21b]. In Section 1.3, we define various notions of complexity
of polynomial progressions, present a conjecture relating these notions, and
discuss the state of the art for this conjecture. In particular, we summarise
our contributions from [Kuc2lc; Kuc21d]. Section 1.4 contains the basic defi-
nitions related to nilmanifolds, and it provides a glimpse into our results from
[Kuc2lc; Kue21ld] on the equidistribution of polynomial sequences on nilmani-
folds. Finally, Section 1.5 briefly discusses the related problems of determining
which progressions have good lower bounds for multiple recurrence or contain
many popular common differences. This section includes some results of ours
that have been proved in [Kuc21b; Kuc2lc].

Chapter 2 contains the material from our paper “Further bounds in the
polynomial Szemerédi theorem over finite fields” [Kuc21la] that has been pub-

lished by Acta Arithmetica. It contains new upper bounds for certain cases

13
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of the polynomial Szemerédi theorem over finite fields. This chapter is very
close to the version published in Acta Arithmetica. Apart from minor changes
in notation, two deviations from the Acta Arithmetica version include a more
succinct proof of Lemma 2.4.6 and the deletion of a short concluding chapter.

Chapter 3 contains our paper “Multidimensional polynomial Szemerédi the-
orem in finite fields for polynomials of distinct degrees” [Kuc21b] and proves
some upper bounds in the multidimensional version of the polynomial Sze-
merédi theorem. The only noteworthy deviation from the up-to-date arXiv
version is a more concise reformulation of Section 3.6.

Chapter 4 contains our paper “On several notions of complexity of poly-
nomial progressions” [Kuc2lc|. It has been extended by several results from
our earlier paper “True complexity of polynomial progressions in finite fields”
[Kuc21d], published in the Proceedings of the Edinburgh Mathematical Soci-
ety. We have decided to merge these two papers into one thesis chapter to make
the thesis more concise and facilitate the examiners’ job. Chapter 4 retains
the structure of [Kuc2lc], and a far majority of the content of this Chapter
comes from this paper; all the additions from [Kuc21d] are clearly designated
as such in the body of the chapter.

Chapter 5 lists potential future directions that follow from our work, to-
gether with a brief summary of obstacles that one has to overcome to make

further progress.



ACKNOWLEDGEMENTS

PhD was not just an intellectual challenge that forced me to get out of my
comfort zone and surpass my limitations; it was not merely a fascinating learn-
ing experience during which I managed to make original contributions to the
bottomless pool of human knowledge, something that I have always dreamt
of. It was first and foremost an exhilarating journey, with many twists and
turns, from which I have emerged wiser and more mature - or at least so I
hope. Over the course of my doctoral degree, I continually felt the support of

many people, to whom I owe my deepest gratitude.

I would like to first thank my three supervisors - Sean Prendiville, Tuomas
Sahlsten and Donald Robertson. Thank you for all the trust, help and sup-
port that I have received from you in both professional and non-professional
matters. In particular, thank you for setting me on research track, guiding
me in my exploration of additive combinatorics and ergodic theory, patiently
answering my countless questions, keeping me informed about conferences
and other educational opportunities, reading my work, and helping me ob-
tain postdoctoral positions. Thank you for our numerous mathematical and
non-mathematical conversations in the last three years, during which I learnt
more than I can express. I would also like to thank all the other academics
in Manchester who supported me at various stages of my degree, and the uni-
versity itself for providing generous financial support, good working space and

friendly environment.

During the PhD, I was incredibly lucky to be supported by a number
of amazing friends, without whom the everyday experience of doing research
would have lost much of its charm. It is the time spent with you that made my
PhD unforgettable, and I cannot express how thankful I am for that. I would
like to thank my academic brothers - Jon Chapman, Ioannis Tsokanos, Joe
Thomas and Connor Stevens - for all the good time that we had together, and
for all our fascinating mathematical and non-mathematical discussions. I wish
to express my gratitude to my officemates - Vicky Torega, Phil Richardson,
Luke Webb, Alex Hiles, Xiaoxi Pang and Gabriele Incorvaia - for providing an

15



16

excellent office atmosphere and great company before the pandemic forced us
out of the Alan Turing Building. Lastly, I would like to thank all my other PhD
friends from Yale and Manchester who accompanied and supported me on this
thrilling journey - Horia Teodorescu, Dan Kluger, Ioanna Nikolopoulou, Anja
Meyer, Ricardo Palomino, Konstantin Siroki, Alex Batsis, Rudradip Biswas,
Marco Monti and many, many others.

Lastly, I would like to thank my entire extended family: my parents Agata
and Jerzy, my brother Kacper, my cousins Ania and Maciek, my aunts Bozena
and Madzia, and my uncles Marek and Robert. You may not have had a clear
idea of what is this research that I am wasting taxpayers’ money on, yet you

supported me nonetheless, in too many important ways to enumerate.



NOTATION

This section explains the basic notation used in this thesis. However, particular
chapters may introduce further notational conventions that are useful in the
discussion of the results derived in these chapters.

The labels N, Ny, Z, Q, R, C denote the sets of natural numbers, posi-
tive integers, integers, rational numbers, real numbers, and complex numbers
respectively.

The letter p always denotes a prime. The set F, is the finite field with p
elements. Z/NZ is the cyclic group with N elements.

D e N, is a fixed integer, and we denote elements of Z” or F” using bolded
letters, e.g. x = (1, ...,2p) € ZP.

Pisa polynomial progression, defined in (1.2).

Constants are denoted by 0 < ¢ < 1 < C, registering dependence on
parameters in subscripts when necessary. For instance, ¢ is a constant between
0 and 1 depending on a parameter k. Moreover, f < g, g > f, f = O(g) or
g = Q(f) means that |f(p)| < C|g(p)| for sufficiently large p, or other variable
when appropriate. Similarly, f <x g, ¢ >k f, f = Ok(g) or g = Qi (f) means
that the implied constant depends on the parameter k. We also let f = O(g)
if both f < g and g < f are satisfied. All the quantitative results that we
prove hold for a fixed progression 15, and so constants are allowed to depend
on P without this dependence being recorded explicitly.

We also say that f = o(g) if lim, ., % =0.

For a finite, nonempty set X, the label |X| and 1x denote its cardinality
and indicator function respectively. For a function f : X — C, the expression

erXf(x) = ‘71| xgxf(x) is the average of the function f on X. If X is clear
from the context, we may abbreviate IGEX f(z) as E f.

On a probability space (X, X, u), we define the inner product (f,g) =
Ix fgdp, the norms || f|lpe = (fX|f‘qd/L)é for 1 < ¢ < oo, as well as
[ fllzoe(uy = esssup{|f(z)| : x € X}. If X = F), then x is the uniform prob-
ability measure, and we write || f||z« = (Exex |f(x)|q)% whenever 1 < g < 00

and || f]leo = max{|f(x)|:x € X}.

17
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For a sub-o-algebra ) of a probability space (X, X, 1) and a function f €
L*>(u), we denote E(f|)) to be the conditional expectation of f with respect
to V. In particular, Z; = Z,(X) denotes the Host-Kra factor of X of degree s
and is defined in Section 1.4.

We let e(z) = €™ be the exponential function, and

2mix /p

ep(x) = ela/p) = ¢

The Fourier transform of f : F, — C is given by

fla)= E fl@)e,(—ax)

zcFp
for any a € Z.
We denote the multiplicative derivative of f : F, — C to be A, f(z) =
f(@)f(z+h).

C : z — Z is the conjugation operator.

For any integer vector w € Z%, we set |w| = |w| + ... + |ws].

(Z) = k,(n”ilk), is a respective binomial coefficient.

Inside a group G, we use 1 to denote both its identity and the trivial

subgroup.



1.1

BACKGROUND AND SUMMARY OF RESULTS

Introduction

Additive combinatorics studies arithmetic patterns in subsets of natural
numbers, abelian groups, finite fields, and other algebraically structured sets.
One of the key results in the field is the classical theorem of Szemerédi on

arithmetic progressions in subsets of natural numbers.

Theorem 1.1.1 (Szemerédi theorem, [Sze75]). Let t > 3 be an integer and
A C N be a subset of positive upper density'. Then A contains a nontrivial

arithmetic progression of length t, i.e. a configuration of the form
(x, x4y, .., v+ (t —1)y) (1.1)

for some y # 0.

Szemerédi theorem has been described as a “Rosetta stone” [Tao06¢| in that
its many proofs contain insights from various branches of mathematics, includ-
ing graph theory [Sze75], hypergraph theory [RS04; NRS06; Gow07; Tao06b],
ergodic theory [Fur77; FKO82; HK05b; Tao06a; Ausl0], higher order Fourier
analysis [Gow01; GT10a; GT10b] or model theory [Towl10]. As remarked in
[Aralb], its appeal to mathematicians can be judged by the fact that four
Fields medalists (Klaus Roth, Jean Bourgain, Timothy Gowers and Terence
Tao) and two Abel prize winners (Endre Szemerédi and Hillel Furstenberg)
have made important contributions to the theorem. Szemerédi theorem has
also been used in discussions of philosophical flavour as an example of “good”
[Tao07] or “deep” mathematics [Aral5].

Itself being a cornerstone of additive combinatorics, Szemerédi theorem

generalises an earlier theorem of van der Waerden which to this day is one of

!The upper density of A C [N]is d(A) = lim sup ‘Ami]\[,N“. Furstenberg showed in [Fur77]

— 00
that the statement holds more generally for sets having positive upper Banach density, which
. . . [AN[M,N)|
is defined as d*(A) = limsup ————.
N-M—ooo N—-M

19
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the major results of Ramsey theory.

Theorem 1.1.2 (Van der Waerden’s theorem, [Van27]). For any t,k € Ny
there exists N € Ny such that any k-colouring of [N] contains a nontrivial

arithmetic progression of length t.

Szemerédi theorem has been generalized in many directions. One of its
most remarkable extensions is the celebrated theorem of Green and Tao on

arithmetic progressions in primes.

Theorem 1.1.3 (Green-Tao theorem, [GTO08b]). Lett > 3 be an integer. Then

the set of primes contains a nontrivial arithmetic progression of length t.

Most of our work has been connected with the following polynomial general-
ization of Szemerédi theorem by Bergelson and Leibman. We call a polynomial
Q € R[x] integral if Q(ZP) C Z and Q(0, ...,0) = 0. For integral polynomials
Py, ..., P, € Rlyl, a (single-dimensional) polynomial progression of length t + 1

is a configuration of the form

—

P(z,y) = (z, z + Pi(y), ..., x+ P(y)) (1.2)

J*1. Throughout, we shall use the expression “polynomial progression”

inR[z,y
somewhat ambiguously to denote both an element of R[z, ]!, and an element
P(x,y) of ZH! or Fit! for some 2 and nonzero y. It will always be clear from
the context which meaning we use at a given moment. We shall also say that

a set A contains P(z,y) if P(xz,y) € AL

Theorem 1.1.4 (Polynomial Szemerédi theorem, [BL96]). Let t € N, A C
N be a subset of positive upper density, and P e Rlz,y|"™ be a polynomial

progression. Then A contains ﬁ(m, y) for some x € Z and a nonzero y € Z.

Theorem 1.1.4 follows from the following result in ergodic theory. For us,
a system is an abbreviation for an invertible measure-preserving dynamical

system.

Theorem 1.1.5. [BL96; HK05a] Let (X, X, u, T') be an ergodic system, t € N
and P € R[z,y]"™" be a polynomial progression. If u(A) > 0 for A € X, then

lim E u(ANTP™WAN...nTH™A) > 0. (1.3)

N—00 ne[N]

Theorem 1.1.4 can be derived from 1.1.5 using the following tools that allow

one to transfer results from ergodic theory into combinatorics.
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Theorem 1.1.6 (Furstenberg correspondence principle, [Fur77]). Let A C N,
and P € Rlz, y]™ be a polynomial progression. There exists an ergodic system

(X, X, 1, T) and a set B € X for which d(A) = u(B) and

dAN(A+n)N---N(A+n)) = pu(ANT"AN---NT™A)

forallt € Ny and ny,...,n; € Z.

Theorems 1.1.4 and 1.1.5 have given rise to two lines of investigation, a
finitary (combinatorial) and an infinitary (ergodic) one. Since the infinitary
methods of ergodic theory yield no bounds for the size of subsets of N lacking
(1.2), one of the outstanding problems has been to find a finitary proof for

Theorem 1.1.4 that would provide an answer to the following question.

Question 1.1.7 (Bounds over integers). How big can a subset A C [N] be if
it lacks 13(33, y) fory #07

One can ask a related question over finite fields. Theorem 1.1.4 immediately

implies the following finite-field version.

Theorem 1.1.8 (Polynomial Szemerédi theorem in finite fields). Let t € N,
0 <a <1, and P € Rlz,y]'*! be a polynomial progression. There exists
po(a) > 0 such that for all primes p > po, each subset A C F, of size at least
ap contains 13(:5, y) for some y # 0.

For nonlinear configurations }3, the question of finding bounds for subsets
lacking P over finite fields is quite different from the same question over in-
tegers. This is because F, contains ©(p) images of an integral polynomial
Q) € R[y| of degree d while [N] contains only ©(N %) images of (). Thus, there
are many more configurations P(z,y) in F, than there are in [N] for N = p.
In particular, upper bounds for sets lacking polynomial progressions that work
for [N] will automatically hold for F,; but the converse need not be true, and
some of the upper bounds in F, that we have are stronger than the respective
bounds in [N]. For instance, all subsets of [N] lacking (z, = +y, = + y?) for
y # 0 are known to be of size O(N/(log N)) for some ¢ > 0 [PP20]; in F,, a
different argument gives a bound of the form O(p!''/12) [DLS20).

Not only are bounds for nonlinear configurations likely to be different in
F, and [N], but also F, is a much nicer space to work with than [N] due to
its field properties. Finite fields are closed under arithmetic operations, and

therefore tools from Fourier analysis and higher order Fourier analysis such as
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Fourier transforms or nilsequences take simpler forms in F,. Moreover, some
of the technical issues that show up in integers do not appear in finite fields,
increasing the clarity of the arguments in F,. Finite fields serve therefore as a
good testing ground for arguments and techniques that may later be extended
to integers. This has indeed been the case with the work of Peluse [Pel19] on the
polynomial Szemerédi theorem in F, for linearly independent polynomials that
was successfully adapted to integers [PP19; PP20; Pel20]. Working in finite
fields allows us to distil the essential aspects of the problem from technicalities,
and to understand what is going on behind the scenes.

One of our goals has therefore been to derive bounds in the polynomial
Szemerédi theorem in finite fields. Letting Pbea polynomial progression, this

problem breaks down into three interconnected questions.

Question 1.1.9 (Bounds over F,). How big can a subset A C F, be if it lacks
P(x,y) fory # 07

Question 1.1.10 (Asymptotic count). How many configurations ﬁ(m, y) does

A contain?

The notion of Gowers norms mentioned in the following question is defined
in (1.7).

Question 1.1.11 (True complexity). What is the smallest-degree Gowers

norm controlling P?

The relationship between these three questions is as follows. To obtain
bounds for subsets A C F, lacking 13(:5, y) for y # 0, we first want to obtain
an asymptotic count for the number of configurations ﬁ(m, y) in A. That is,

we want to estimate the quantity
{(z,y) € Fp: P(w,y) € A}, (1.4)

If we can show that (1.4) is a sum of the main term M (a)p?, where a = |A|/p,
and an error term of size at most E(p) = o(p?), then on assuming that A lacks
p (z,y) for y # 0, we deduce that a < s(p) for some nonnegative, nonincreasing
function s satisfying s(p) — 0 as p — oo. The quantity s(p)p is therefore an
upper bound for the size of subsets of F, lacking P. Question 1.1.9 thus reduces
to Question 1.1.10.

Due to the availability of tools such as Fourier analysis, we prefer to work



23
with the analytic expression

E_1a(@)la(z + Pi(y) - - 1alz + F(y)), (1.5)

z,y€F,

where 14 is the indicator function of A, rather than with the combinatorial

quantity (1.4). More generally, we need to understand expressions of the form

E_ fol@) iz + Pi(y)) - filz + Pi(y)) (1.6)

z,ycFy

for any functions fo, ..., f; : F, — C that are 1-bounded, i.e. satisfy || f;||co < 1.
The expressions like (1.6), which we shall refer to as the counting operator for
13, can be understood with the help of so-called Gowers norms. The Gowers

norm of f : F, = C of degree s € N, is defined by the formula

1.f1

Us = ( , E H Clwlf(flf + U}lhl + ...+ wshs)> ) (17)

where C : z — Z is the conjugation operator and |w| = wy + ... + ws. It was
proved in [Gow01] that Gowers norms control arithmetic progressions, in the

sense that

E_ fo(x)filz+y) - folx+sy)| < min || fi]

z,y€Fp 0<i<s

Ul (1.8)

for all 1-bounded fy, ..., fs : F, = C. Gowers norms are also known to control

polynomial progressions in the following way.

Proposition 1.1.12 (Gowers norms control polynomial progressions, Propo-
sition 2.2 of [Pel19]). Let P € R[z,y]' be a polynomial progression. For all
0 <@ < t, there exist s € N. and ¢ > 0 such that

E_ fo(@)filz+ Pi(y)) - filz + Pi(y))| < |Ifil

z,yeF,

o +0(™)
for all 1-bounded functions fo, ..., f; : F, — C.

In the light of the monotonicity property of Gowers norms

[fllor < [ fllve < [ fllvs < ..o, (1.9)

derived e.g. in Section 1 of [GT08a], it is natural to ask what is the smallest-

degree Gowers norm controlling a given configuration. This is useful because
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lower-degree Gowers norms are easier to understand than higher-degree Gow-
ers norms. In particular, the first two Gowers norms are related to classical
quantities. The U! seminorm is just the absolute value of the average, i.e.
| fllor = | Exer, f(x)], and it is therefore a seminorm rather than a true norm.

The U? norm is a genuine norm, and is related to Fourier analysis via

N N ¢
[ flloe < 1 flloz < AN 115,

implying that having a large U? norm is equivalent to having a large Fourier
coefficient for all 1-bounded functions. More generally, having a large U® norm
amounts to correlating with an object called a nilsequence of degree s — 1
[GT08a; GTZ11; GTZ12; Manl18|, which are more complicated and harder to
work with for s > 3 than for smaller s.

We will illustrate the utility of having these simple expressions for lower-
degree Gowers norms with the following example. In [Kuc2la], we show that

the last term of
(z, v+y, v+2y, v+y°) (1.10)
is controlled by the U' norm. More precisely, there exists ¢ > 0 such that

E_ fol@)fi(z +y) fal +2y) fa(z + 4°)| < I fsllin + O(0™°)

z,yeFp

for all 1-bounded functions fy, f1, f2, f3 : F, = C. Decomposing
1A:(X+(1A—Oz),
where once again o = |A|/p, and using the fact that

It —allor = | E 1a(@) —a| =0,

we deduce that

E 1a(@)la(z +y)la(z +2y)1a(z + 1)

z,yeF,
=a B La(z)la(z +y)la(z +2y) + O(p™),
z, P
relating the number of configurations (1.10) in A to the number of 3-term
arithmetic progressions, which is well-understood.

Thus, Question 1.1.9 reduces to Question 1.1.10, which in many cases can
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be deduced from Question 1.1.11. In Section 1.2, we shall outline our results
in the direction of Question 1.1.9 that have been proved in [Kuc21a], together
with related results for Questions 1.1.10 and 1.1.11. In Section 1.3, we in
turn discuss our results in the direction of Question 1.1.11 that we proved
in [Kuc21d; Kuc2lc], together with some of their consequences for Question
1.1.10.

The second line of investigation stemming from Theorem 1.1.4 is of an
ergodic-theoretic nature and focuses on understanding the limiting behaviour

of averages of the form

ngN] TPl(n)f1 .. -TPt(”)ft (1.11)
for fi, ..., f € L>(u) defined on a system (X, X', p, T'). The strategy in dealing
with such averages, initiated by Furstenberg in [Fur77], has been to find a factor
Z (i.e. a T-invariant sub-o-algebra of X'), which is complex enough so that
the L? limit of (1.11) remains unchanged if the functions fi, ..., f; are projected
onto Z, but has an extra algebraic structure that facilitates the study of the
convergence of (1.11). We say that a factor Z C X is characteristic for the
L? convergence? of Patic [t] for the system (X, X, u,T) if for all functions

f1, - ft € L™®(p), we have the convergence

E 7Hh0) g ..M,

ne[N]

=0
L2(p)

lim
N—o0

whenever E(f;|Z) = 0. In [HK05a; HK05b], Host and Kra constructed a family
of factors (Zs)sen, , called henceforth Host-Kra factors, that are characteristic
for the convergence of polynomial progressions. These factors will be discussed

in-depth in Section 1.3.
Theorem 1.1.13 ([HK05a; HK05b]). Let Pe Rlz,y]'™™ be a polynomial pro-

gression. For every i € [t] there exists s € N such that for every system
(X, X, u,T), the factor Z, is characteristic for the L? convergence 0f]3 at 1.
Moreover, the L* limit of (1.11) ewists.

If Z, satisfies the conditions of Theorem 1.1.13, then we say that Z, is
characteristic for the L? convergence of Pati (without reference to a specific
system). It turns out that Z; is a factor of Z,,; for each s € N, and so one
wants to find the smallest s € N, that is characteristic for the convergence of

a given progression.

2We can analogously define characteristic factors for weak or pointwise convergence.
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Question 1.1.14 (Host-Kra complexity). For a polynomial progression Pe
Rlz,y]'"™ and i € [t], what is the smallest s € N such that Z, is characteristic
for the L? convergence ofﬁ?

Host-Kra factors turn out to be useful in the study of convergence of (1.11)
because they are inverse limits of nilsystems [HK05a; HKO05b], a class of sys-
tems with rich algebraic structure that we define and discuss in Section 1.3.
Consequently, the average (1.11) can be approximated arbitrarily well by an

expression

E Tfl(n)fl---Tft(n)ﬁ, (1.12)
ne[N]

where fl, ..., ft : G/T" — C are continuous functions on nilmanifolds G//T", and
T,x = ax is a nilrotation on G/T". Understanding (1.12) therefore comes down

to understanding the distribution of orbits
(aP ™z, . aPMg),on (1.13)

inside G'/T". Incidentally, understanding the distribution of the orbit (1.13)
inside G'/T" is also crucial for resolving Question 1.1.11, which shows another
deep connection between the infinitary and finitary approaches to the poly-
nomial Szemerédi theorem. The connection between these questions will be
explained in more detail in Sections 1.3 and 1.4.

We now move on to discuss another type of problems investigated with
regards to polynomial progressions. It has been proved in [BHKO05] that 3-

and 4-term arithmetic progressions satisfy the following property.

Theorem 1.1.15 (Lower bounds for multiple recurrence, [BHKO5]). Let the
system (X, X, u, T) be ergodic, and A € X be a set of positive measure. For
every € > 0, the sets

{neZ: n(ANT"AN T2”A) > ,u(A)3 — €}
and
{neZ: n(ANTrAN T?" AN T3”A) > M(A)4 —€}

are syndetic’.

3A set A C Z is syndetic if is has bounded gaps, i.e. if there exists L > 0 such that
[[n,mn+L)N Al >0 for every n € Z.
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Curiously, the property fails for arithmetic progression of length t > 5 by
a construction of Ruzsa presented in an appendix to [BHKO05]. In the light of

Theorem 1.1.15, it is natural to ask the following.

Question 1.1.16 (Lower bounds for multiple recurrence). For what poly-
nomzial progressions P e Rlz,y|'™ is it true that for every ergodic system

(X, X, u,T), every set A € X of positive measure, and every € > 0, the set
neZ: n(AnTh™WANTEMAN. .. ATHEM) > (A)H — )
is syndetic?
Question 1.1.16 has a natural finite-field analogue.

Question 1.1.17 (Popular common differences). For what polynomial pro-
gressions Pe Rlx, ]t is the following true: for each a,e >0 and A CF, of
size |A| = ap, the set

{yeFp [AN(A+ Pi(y)) N (A+ Pa(y)) NN (A+ Fi(y)| = (@ —e)p}
(1.14)

has Q- (p) elements?

An element y € F, belonging to the set (1.14) is often referred to as a
popular common difference for P.

Questions 1.1.16 and 1.1.17 are discussed in Section 1.5. The relationship
between these two question is similar to the connection between Questions
1.1.11 and 1.1.14: both pairs of questions come down to resolving similar
problems on nilmanifolds.

The questions that we have discussed so far can be generalized to multidi-
mensional progressions. For D € N, and nonzero vectors vy, ..., v, € ZP and
integral polynomials Py, ..., P, € Rly], a multidimensional polynomial progres-

sion of length ¢ + 1 is a configuration of the form

—

P(x,y) = (x, x+VviPi(y), ..., x+ Vi P(y)) (1.15)

in R[x,y]'™, where viP(y),...,viP;(y) are all distinct. If D = 1, then the
vectors vy, ..., vy are nonzero scalars, and so (1.15) reduces to (1.2). If vy, ..., vy
are all linearly dependent, then we can similarly reduce the study of (1.15) to

the study of (1.2). A nontrivial example that does not reduce to the one-
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dimensional case is

f’(xl,xQ,y) = ((z1, T2), (x1+y, T2), (z1, T2 +1%)). (1.16)

Theorem 1.1.4 has originally been proved for all multidimensional polyno-

mial progressions.

Theorem 1.1.18 (Multidimensional polynomial Szemerédi theorem, [BL96]).
Lett,D € N, A C ZP be a subset of positive upper density, and Pe Rlz, y|'™!
be a polynomial progression. Then A contains ﬁ(w, y) for some x € ZP and a

nonzero y € Z.

Questions 1.1.7, 1.1.9, 1.1.10 can be generalized to multidimensional poly-

nomial progressions as follows.

Question 1.1.19. How big can a subset A of [N]” or FD be if it lacks P(x,y)
fory #£07?

Question 1.1.20. How many configurations ]3(:13, y) does A contain?

One can also generalize Question 1.1.11.

Question 1.1.21. What norm || - || “controls” P at i € [t] in the sense that
for every € > 0 there exists 6 > 0 and py € N such that for all p > py and all
1-bounded functions fo, ..., f : F]’? — C, we have the bound

E  fo@filz+viPi(y) - fil(z+vP(y) <e

xEFE,yEFI,
whenever || f;|] <07

The multidimensional analogue of (1.11) is an expression of the form

E 17Ty, (1.17)

ne[N]
where T7, ..., T; are distinct measure-preserving transformations on a probabil-
ity space (X, X, ). A major result on the L? convergence of averages (1.17)

comes from Walsh.

Theorem 1.1.22 (Walsh’s theorem, [Wall2]). Let (X, X, u) be a probability
space, Ty, ..., Ty be measure-preserving transformations on X and Py, ..., P, € R[y]
be integral polynomials. Suppose that the group generated by T, ..., Ty is nilpo-
tent. Then for every fi,..., f; € L>(u), the L? limit of (1.17) exists.
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If the transformations 77, ..., T; do not form a nilpotent group, the limit of
(1.17) need not exist [BL02].

While Theorem 1.1.22 ensures the convergence of (1.17) for a large class of
transformations 77, ..., T}, it does not give much information about the nature
of the limit. Even when P, ..., P, are distinct linear polynomials, the limit of
(1.17) need not be invariant when fi, ..., f; are projected onto some Host-Kra
factors Z¢(T1), ..., Z5(T}) corresponding to the transformations 77, ...,T;. For
instance, if t = 2, Ty = T2, T, = T for an irrational rotation 7" on the circle
T=R/Z, and P;(n) = in, then

lim E 70 f . 1P™f = lim E T2"(f1f2):E(flfQ\I(T)):/TflfQ,

N—00 ne[N] N—00 ne[N]

and the right hand side cannot be expressed in terms of the conditional ex-
pectations E(f1]Zs(11)) = J7 f1 and E(f2|Zs(T3)) == J7 f2 for a general choice
of fi, fo € L>®(T). One therefore faces the following rather general question,
which can be viewed as an ergodic analogue of Question 1.1.21 or as a multi-

dimensional analogue of Question 1.1.14.

Question 1.1.23. Does there exist a naturally-defined factor Z of X for
i € [t] and measure-preserving transformations Ty, ..., Ty on a probability space
(X, X, p) such that for all functions fi, ..., f € L°(u), we have

E TPl(n) TPt(n)
ETDO T,

lim =0
N—o0

L2 ()

whenever E(f;|Z) =07

Upper bounds in the polynomial Szemerédi theorem in
finite fields

Having presented a general context for our research, we now delve deeper
into Questions 1.1.7, 1.1.9 and 1.1.19 on finding bounds in single- and multidi-
mensional variants of the Szemerédi and polynomial Szemerédi theorem over
integers and finite fields.

For arithmetic progressions, such bounds exist due to the Fourier analytic
work of Gowers [Gow01]. In the special case of three- and four-term arithmetic
progressions, these bounds have been improved several times [Rot53; Hea87;
Sze90; Bou99; Bou08; Sanll; San12; Blo16; Blo19; Sch20; GT09]. The current

best bounds are of the following form.
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Theorem 1.2.1 (Szemerédi theorem, quantitative version). Let t > 3 be an
integer, and suppose A C [N] lacks arithmetic progressions of length t. There

exist constants 0 < ¢; < 1 such that

N/(log N)*es ¢ =3 [BS20],
|A] <¢ { N/(log N)“, t=4[GT17],
N/(loglog N)%, t >4 [Gow01].
Fort >4, we can take ¢; = 22,

For polynomial progressions containing nonlinear terms, bounds only ex-
ist in several special cases where appropriate analytic arguments have been
found. A lot of work has been done for configurations of length 2 [Sar78a;
Sar78b; Bal+94; Sli03; Luc06; Ric19], and the best bound comes from Rice,
who showed that subsets A C [N] lacking P(z,y) = (z, x + P(y)) for any
integral P € Q[y] have size at most O(N/(log N)clegloslogloe Ny TRjc19]. For
P(y) = y?, this bound has been improved to O(N/(log N)¢legleglos V) by Bloom

and Maynard [BM20]. For longer progressions, the first bound has been ob-
tained by Prendiville; he proved that for any & € N, subsets A C [N] lacking

(z, 2 +9F .., o+t —1)y") (1.18)

for y # 0 have size at most Oy (N (loglog N)~¢*) for some ¢, > 0 [Prel7].
Prendiville and Peluse further showed that subsets A C [N] lacking

(z, z+y, z+y?%)

for y # 0 have size at most O (IN/(log V)°) for some ¢ > 0 [PP20], improving
on an earlier result [PP19]. Finally, Peluse has derived an upper bound of
the form O(N/(loglog N)¢) for subsets of [N] lacking P with distinct-degree
polynomials P, ..., P, [Pel20].

All the aforementioned upper bounds proved in the integer setting also hold

in F,. However, there have been some further results in F, for
(z, x+y, +9% .., 2+ ). (1.19)

that give strictly better bounds than what is known over integers. These
bounds have been obtained using analytic number theory [BC17], algebraic

geometry [DLS20] and Fourier analysis [Pell8], with the most general result
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being the Fourier-analytic work of Peluse [Pell9).

Whereas upper bounds are obtained by Fourier analytic arguments, lower
bounds come from explicit constructions of large, structured sets lacking given
configurations. For 3-term arithmetic progressions, the main lower bound
comes from Behrend [Beh46] and has later been slightly improved by Elkin
[Elk11] to Q((log N)iNe CVIEN) (see also [GW10b] for a more succinct ex-
position). For nonlinear configurations, known bounds are of a much worse
shape. Ruzsa constructed subsets of [N] of size Q(N°73+) lacking z, = + y?
with y # 0 [Ruz84]. This has later been improved by Younis, who proved the
existence of subsets of [N] of size Q(N%78) lacking x, = + vy, = + y* with
y # 0 [Youl9).

In Section 1.2.1, we discuss the main result of [Pell9] and present our
generalization thereof. In Section 1.2.2, we present our bounds for (1.18).
Both results are contained in [Kuc2la]. Finally, in Section 1.2.3, we state our

results in the multidimensional case from [Kuc21b].
Extending a result of Peluse

Using a Fourier-analytic argument, Peluse obtained the following bounds for

subsets of F, lacking linearly independent progressions.

Theorem 1.2.2 ([Pell9]). Let Py, ..., P, € Z]y| be linearly independent integral
polynomials. There exists ¢ > 0 such that if A CF, lacks

(x, x4+ P (y), ..., v+ P(y)),

with y # 0, then |A] = O(p'~©).

In particular, Theorem 1.2.2 gives the first bounds for the size of subsets of
F, lacking shifted geometric progressions (1.19). It can be deduced from the

following counting result, in which we set Py(y) = 0.

Theorem 1.2.3 ([Pell9]). Let Py, ..., P, € Z[y] be linearly independent integral
polynomials. There exists ¢ > 0 with the property that for any 1-bounded
functions fo, ..., fr : F, = C, we have

t t
E [[fi=+Pi(y)=1] E filz) +O(™).
z,yeFp i—0 i—0 x€Fy

It is worth noting that Theorem 1.2.2 precedes any similar results for
integers [PP19; PP20; Pel20]. Moreover, Theorem 1.2.2 is quantitatively
stronger than the results in [PP19; PP20; Pel20] in that the upper bound



32

O(p'™¢) in Theorem 1.2.2 is better than the bounds O(N/(log N)¢) [PP20]
and O(N/(loglog N)¢)) [PP19; Pel20] in integers; finally, Theorem 1.2.2 cov-
ers all linearly independent progressions while the analogous result in integers
requires the polynomials Py, ..., P; to have distinct degrees [Pel20].

We extend Theorem 1.2.2 to a larger family of progressions.

Theorem 1.2.4 (Theorem 1 of [Kuc2lal). Let t,k € N and t > 3. There
exist constants 0 < ¢, < 1 such that if A C F, lacks the progression

(x, x4y, .., o+t =1y, x+9 ..., x+y T (1.20)

fory #0, then
p/(logp)*e, t =3
Al ey p/(logp)*e, t =4
p/(loglog p)“t, t > 4.

For t > 4, we can take ¢, = 272",

The progression (1.20) is the union of an arithmetic progression and a
geometric progression, and it is the first polynomial configuration with known
upper bounds where polynomials in y are neither homogeneous of the same
degree, as is the case with arithmetic progression or arithmetic progression with
higher-power differences, nor linearly independent. Theorem 1.2.4 follows from

a more general result.

Theorem 1.2.5 (Theorem 2 of [Kuc2lal). Let t,k € Ny, t > 3, and p - s;(p)
be the size of the largest subset of F, lacking t-term arithmetic progressions

(1.1). Suppose Py, ..., Piyx—1 are integral polynomials such that
arPy + ...+ appr—1 P

is a polynomial of degree at least t unless ay = ... = aipp—1 = 0. If A CF,

lacks
(x, x4y, ... v+t —1y, x+ B(y), ..., * + Pyr-1(v)) (1.21)
with y # 0, then

Al < p-se(cpd)



33

where ¢ and the implied constant are positive and depend on t,k, and P, ...

Piik_1, but not on A or p.

As of right now, the best bounds for s; are of the form

(logp)~t7, t =3
s¢(p) <t { (logp)™, t =4
(loglogp)~“, t > 4.

for some constants 0 < ¢; < 1, where ¢, = 272 " for t > 4. From this general
result follow the bounds in Theorem 1.2.4. What Theorem 1.2.5 is saying is
that up to the values of implicit constants, our bounds are optimal in the sense
that they are of the same shape as the bounds in Szemerédi theorem.

We should note that in Theorem 1 of [Kuc21a], our bound in the case t = 3
is different from one given in Theorem 1.2.4. This is because the bound for
3-term arithmetic progressions has been improved twice since the release of
[Kuc21a] - first by Schoen [Sch20], then by Bloom and Sisask [BS20].

We prove Theorem 1.2.5 by first proving an analogue of Theorem 1.2.3,

from which Theorem 1.2.5 can be deduced easily.

Theorem 1.2.6 (Theorem 3 of [Kuc2lal). Let t,k € Ny and t > 3. Suppose

Py, ..., Piix_1 are integral polynomials such that
ar Py + o+ a1 Pryp—t

is a polynomial of degree at least t unless a; = ... = agp—1 = 0. There
exists ¢ > 0 depending on t,k, P, ..., Prog_1 with the following property: if
fo, - fr4r—1 : Fp = C are 1-bounded functions, then

- (H fj(xﬂy) (HHlfg (04 Py(y >>) (122)
:( E tHlfg :c+jy)) <t+ﬁ1$eEFp fj(l’)) +0(p™).

T yer =t
We encourage the reader to think of (1.22) probabilistically, as a “discor-
relation” result: the occurrence of the polynomials P, ..., P, ;1 takes place
independently from the occurrence of t-term arithmetic progressions up to an
error O(p~¢). This result generalizes Theorem 2.1 of [Pel19], which covers the

case t = 1. In particular, we obtain the following corollary upon taking all the



34
functions fo, ..., fi+x—1 to be the indicator function of some set A C F,,.

Corollary 1.2.7. Lett,k € N, andt > 3. Suppose P;, ..., P, x_1 are integral

polynomials such that
a Py + ..+ appk-1 Pk

is a polynomial of degree at least t unless a; = ... = a;y—1 = 0. There exists

¢ > 0 depending on t, k, P, ..., Piyp—1 such that for every A CF,, we have

H(w,y) eR:(z, z+y, ..o+ -1y, 4+ P(y), ... v+ Pr(y)) € A”k}‘

= H(x,y) € Ff) Sz, r+y, o+ (t—1)y) € At}‘ . <|;1|> +O(p*™°).

The algebraic condition imposed on the polynomials F;, ..., P11 turns out
to be necessary, as evidenced by the progression (x, z + vy, = + 2y, = + y?).
The polynomial y? has degree 2, which is less than the length of the arithmetic
progression, therefore y? is a linear combination of 22, (x+y)?, (z+2y)?. Thus,

the terms of this progression satisfy an algebraic relation
(2% +22) = 2(z +y)* + (2 +29)* — 2(z +y*) = 0

We can use this relation to construct a counterexample to (1.22) for this con-
figuration. Taking f;(u) = €,(Q;(u)) for 0 < j < 3 with

Qo(u) = u? + 2u, Qi(u) = —2U27 Qa(u) = u? Q3(u) = —2u

gives

E_ fo(z)filz +y)falz +2y) fa(z +3°) =1

z,yeFy

while

E_ fo(z)filz +y)falz +2y) xEFp fs(z) =0

z,y€Fp

because of the orthogonality of additive characters. It happens more gener-
ally that whenever a nonzero linear combination of P, Py, ..., Piyr_1 has
degree d < t, there exists a nontrivial polynomial relation of degree d be-
tween the linear terms z, = + ¥y, ..., * + (¢ — 1)y and the nonlinear terms

r+ Py(y), ...,z + Piyr_1(y). This relation prevents discorrelation from happen-
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ing in an analogous way to what we have seen for (z,  + vy, * + 2y, = + y?).
We will elaborate on the importance of algebraic relations like this in Section
1.3.

The proof of Theorem 1.2.6 involves Gowers norms. Indeed, Theorem 1.2.6

is equivalent to the following result.

Proposition 1.2.8. Lett,k e N, t > 3 and P, ..., P,ir_1 be integral polyno-

mials such that
ar P+ o+ a1 P

is a polynomial of degree at least t unless a; = ... = a1 = 0. There exists
a constant ¢ > 0 for which the following holds: if fo,..., fixx—1 : F, = C are

1-bounded functions, then

: ‘ »
S tgj%lﬁﬁ_l | fillor +O(p~°).

(H fil@+ 7y ) (H fiw+ Pj<y>>)

j=t

Theorem 1.2.6 follows from Proposition 1.2.8 by splitting each f; with
t<j<t+k—1into f; = Ef; + (f; — Ef;), applying multilinearity, and
observing that the U' norm of f; — E f; is 0.

Proposition 1.2.8 is proved by induction on the pairs (¢, k), ordered (¢, k) <
(t',k') when t < t' or when ¢t = ¢ and k < k’. The case (t,1) follows by
applying the Cauchy-Schwarz inequality and a change of variables so that

2

(H I “w) (H fj<x+Pj<y>>)

=t

< E. ([[ A, $+Jy)> filw + Pw) e + Pily + 1)

< E
heF,

(H Ajnfile+( =1y >) filz + Pi(y) = y) fule + Pyly + 1) —y)|.

In doing so, we have reduced the configuration
(.T, xz + y? R Y + (t - 1)y7 x + Pt(y))
to the configuration
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which satisfies the condition of Proposition 1.2.8 for every h # 0 (the poly-
nomial P(y + h) — y may not be integral because its constant term FP;(h)
might not be 0, but this nuisance is easy to overcome). Applying the inductive
hypothesis for the case (t — 1,2) therefore gives us the result.

This argument no longer works for £ > 1, where a much longer strategy,
similar to one used by Peluse in [Pel19], is needed. We illustrate the key steps
that one takes in deriving (¢, k) for £ > 1. We want to show that there exists
¢ > 0 such that

) | B
S t<jI£fl+I}c—1 HfJ”Ul + O(p )

WQPOJﬁ“””y)(ﬁfvﬂm+ﬂ@D)

j=t

for any choice of 1-bounded functions fo, ..., fiyx—1 : F, — C. To prove this,

we examine properties of the dual function

t+k—2

F)= & T fi+ P = Praas®),

yer

where we set Pj(y) = jy for 0 < j <t — 1. The dual function is named so

because

t+k—1

[T filz+ Pi(y)) = (F, fren-n). (1.23)

a:yEFp =0

By (1.23) and an application of the Cauchy-Schwarz inequality, we can bound

t+k—1

thx+P(D

t+k—2
< | Flr2 ZI?EF H fi(z + Py(y)) F(z + Pryg—1).
) P ]:0

x yEF,L7

Together with Proposition 1.1.12; this implies that the counting operator
(1.2.6) for P is controlled by some Gowers norm of F; that is, there exists

s € Ny and ¢ > 0 independent of fy, ..., frix_1, for which

t+k—1

H(ﬂx+P(D

< [F[[gs +O™). (1.24)

T yGFp

Normally, Gowers norms satisfy the monotonicity property (1.9). For the
dual norms, a partial converse is also true. The following lemma is a version of
a degree-lowering result, first proved in [Pell9], adapted to our dual function
F.

Lemma 1.2.9 (Degree lowering, Lemma 8 of [Kuc2lal). For each s' € N+,
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there exists ¢ > 0 independent of fo, ..., firx—1 such that

—C

[ Egrorsa <[]

e TP

Inducting on Lemma 1.2.9 and using (1.24), one can therefore show that

t+k—1
Lo I file + Bi)) < IE Il +p7°
s P =0

for some ¢ > 0 independent of the choice of fy, ..., firx—1. Finally, the definition
of the U' norm of F and inductive hypothesis in the case (¢, k — 1) implies the
bound

1Fller < _min ([ fillor +O(™). (1.25)

Splitting f; = E f;+(f; —E f;), using || f; —E f;||y1, and applying the inductive
hypothesis in the case (¢, 1) gives the (¢, k) case of Proposition 1.2.8.

The proof of Lemma 1.2.9 uses the combinatorial tool known as popularity

principle, to which we shall refer frequently.

Lemma 1.2.10 (Popularity principle, Exercise 1.1.4 of [TV06]). Let X be
a nonempty finite set and f : X — [0,1]. If E,ex f(z) = & then the set
H={xecX: f(x) > 5} has at least 5|X| elements.

Extending a result of Prendiville

Our second result in [Kuc2la] covers progressions (1.18), i.e. arithmetic pro-
gressions of length ¢ whose common difference is a k-th power. As mentioned
earlier, it has been proved by Prendiville in [Prel7] that all subsets of [V]
lacking (1.18) have size at most O (N/(loglog N)“*) for some ¢j > 0. The
constant ¢, is however not explicitly given. Prendiville’s bound holds in the
finite field setting; however, we have found a different argument that gives

superior bounds in this context.

Theorem 1.2.11 (Theorem 4 of [Kuc2la)). Let t,k € Ny and t > 3. There
exist constants 0 < ¢, < 1 such that if A C F, lacks

(z, 0 +yF .. o+ (t—1)y"
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fory #0, then
p/(logp)*e, t =3

| Al <k {p/(logp)™, t =4
p/(loglogp)®, t > 4.
— 2_2t+9

Fort >4, we can take ¢;

The bounds in Theorem 1.2.11 are once again of the same shape as in
Theorem 1.2.1. This is no coincidence, since the count of (1.18) bears a close
connection to the count of ¢-term arithmetic progressions. The result below is

a special case of Theorem 5 of [Kuc2lal.

Theorem 1.2.12. Lett,k € Ny and t > 3. There exists ¢ = ¢, > 0 with the
following property: if fo,..., i1 : F, = C are 1-bounded functions, then

E_ folx)filz+y") - ficrlz+ (t — 1)y

z,y€Fy,
:myEF Jo@) filr +y) - fia(x +(t = 1)y) + O(p™°).
Taking fo = ... = fi-1 = 14 for a set A C F,, we obtain the following

estimate.

Corollary 1.2.13. Lett,k € Ny, t > 3. There exists ¢ = ¢, > 0 such that
for any A C F,, we have

H(x,y) € FIQ, Sz, x4y, (L= Db € At}‘
— H(x,y) € Ff, Sz, x4y, ., z+(t—1)y) € At}‘ +O(p2*0),

The argument used to prove Theorem 1.2.12 is quite different from, and
much simpler than, the argument leading to Theorem 1.2.6. For k € N, we
define

Qr={r€F,:z=1y"forsomey € F,}

to be the set of k-th power residues. We use the fact that each nonzero element

x € Qy, has ged(k,p — 1) representations of the form z = y* to rewrite

E_ fo@)filz+y") - fisi(z + (t — 1)y (1.26)

z,yeFp

—ged(k,p—1)_E_ fol@)fi(w+ )+ fralo+ (¢ = Dy)la,(y) + O™
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By a straightforward application of Cauchy-Schwarz ¢ times, we bound

E_ fol)filz +y) - fiale + (E = Dy)lo,(v)] < gyl

z,y€F,

If x is a nontrivial multiplicative character on F,, we decompose

1o, (y) = 2(1 +x() + x@)* + -+ x@W)*h

using the orthogonality of characters. An algebraic argument using Weil’s
bound (Corollary 11.24 of [IK04]) implies that ||x!||g+ = O(p~¢) for some ¢ > 0
unless ged(k, p — 1)]¢, from which it follows that

ged(k,p—1) InyFp folx)filx +y) - fici(x + (t = Dy)lo.w) (1.27)

= E_fo@)filz+y)-- fialz+ (= 1)y) +O(p™).

z,yeFp

Theorem 1.2.12 can be inferred from combining (1.26) and (1.27).
Bounds in the multidimensional polynomial Szemerédi theorem

Compared to the polynomial Szemerédi theorem in single dimension (Theo-
rem 1.1.4), few bounds are known in the multidimensional version (Theorem

1.1.18). The earliest works have focused on corners, i.e. the configuration

(w1, 22), (21 +y,22), (21,22 +y)). (1.28)

Shkredov showed in [Shk06a| that subsets of [N]x [N] lacking (1.28) with y # 0
have size O(N?/(loglog N)¢) for some ¢ > 0, improving on his earlier triple
logarithmic bound [Shk06b]. For nonlinear configurations, the first bound is
due to Han, Lacey and Yang, who showed that for distinct-degree integral
polynomials Py, P € Z[y], subsets of F2 lacking

(1, 22), (21 + Pi(y), v2), (21,22 + P2(y)))

with y # 0 have size at most O(p*~1/16) [HLY21]. In [Kuc21b], we have used
methods from [Pell9; Kuc2la; CFH11] to prove the following quantitative
version of the multidimensional polynomial Szemerédi theorem in finite fields

for distinct-degree polynomials, thus extending the aforementioned results of

[HLY21].

Theorem 1.2.14 (Theorem 1.1 of [Kuc21b]). Let D,t € N, vy, ..., v, € ZP be
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nonzero vectors and Py, ..., P, € Z[y| be integral polynomials satisfying deg P; <
.. < deg P,. There exists ¢ > 0 and a threshold py € N such that for all primes
p > po, each subset A C F}? of size at least Q(pP~°) contains

(¢, x+ v1 P (y), ..., x+ v, P(y)) (1.29)

D
Jor some x € F] and nonzero y € F,.

Once again, Theorem 1.2.14 can be deduced from a counting result in
much the same way as Theorem 1.2.5 has been derived from Theorem 1.2.6.
In the result that follows, we let vo = 0, Py(y) = 0, V; = Spanpp{vi} and
E(fi|Vi)(x) = Ener, (x + nv;) be the average of f; on the coset x + V;.

Theorem 1.2.15. Let D,t € Ny, v,....,v, € ZP be nonzero vectors and
Py, ..., P, € Z[y] be integral polynomials satisfying 0 < deg P, < ... < deg P;.
There exists ¢ > 0 and a threshold py € N such that for all primes p > py and
all 1-bounded functions fo, ..., f; Ff — C, we have

t

E T #a+upw) = E TIEAIV(@)+O06™).
z€FD, yeF, i S

In particular, Theorem 1.2.15 implies that

E  folwi, ) fi(w: 4+ y, x2) fo(z1, 22 + y°)

1 7127y€F17

= E f()(flaZUQ)fl(xllax?)f?(xle,Q) +O(p_c)

L1,T2,
x,xheF,
for some ¢ > 0 uniformly in all 1-bounded functions fy, f1, fo : FZ — C, which
has been proved in [HLY21] with an explicit constant ¢ = %. It also implies a
novel estimate

fo(x1, T, x3) f1(z1 + v, T2, x3) fo(x1, T2 + y2, x3) f3(x1, T2, 3 + y3)

z1,22,T3,
yEFp

= E  folxy, o, x3) f1(x), 2, 23) fo(m1, 25, x3) f3(21, X9, 25) + O(p~°).

L1,L2,T3,
xh xh,xh€Fy
The proof of Theorem 1.2.15 bears strong resemblance to the proof of
Theorem 1.2.6, which itself has been inspired by the proof of Theorem 1.2.3
by Peluse. One important difference is that we now use a “directional” version

of Gowers norms. For f: F” — C and v € F, we define the Gowers norm of
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f of degree s along v to be

L
25

Iflloswy=| E,— TI C"fGx+v(wihi+ ..+ wshy))
x€F  wefo,1)s
hi,...,hsEFp

This definition is an adaptation of Host-Kra seminorms from ergodic theory
corresponding to the transformation Tx = x+v on Ff . For example, if D = 2
and v = (1,0), then

N

[ fllo2v) = ( E  floy, z2) f(21 + by, w2) f (21 + ho, o) f (21 + Ry + hz,lﬁz))

Z1,22,
hi,haeF,

Directional Gowers norms can be used to control (1.29) in a way that
should be reminiscent of Proposition 1.1.12. One difference is that for certain

technical reasons, we need to be able to control the L? norm of

Gt(X): E Hfz<X+VZPz(y))

veFr i

Proposition 1.2.16 (Proposition 4.1 of [Kuc21b]). Let D,t € N., vy, ..., v €
ZP be nonzero vectors and Py, ..., P, € Z[y] be integral polynomials satisfying
0 <degP, < .. <degP,. There exist s € Ny and ¢ > 0 such that for any
1-bounded functions fy, ..., f : F, = C, we have the bound

E _[[filz+uP)| <Gl <|fi

D
zeFy, yery i—0

Us(w) T O™°)

The rest of the argument goes very similarly to the proof of Theorem 1.2.6.

By considering an appropriate dual function, we show that

1Gellz2 < [ fellorv,) +O@@™)

for some constant ¢ > 0. Decomposing f; = E(f|V;) + (f; — E(f:|V;)) and using
the identities || fy — E(f;|Vi)||v1 v,y = 0 and E(f;|V})(x + nv,) = E(f;|V})(x) for
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any n € F,, we get

E LA+ viPw)

D
xer , YEF, i—0

t—1
= oooer, (TLAx4viP ) VD0 + O™
from which Theorem 1.2.15 follows by induction on t.

One final point we want to make is that the assumption of distinct degrees
in Proposition 1.2.16 is essential. Without this assumption, one can only get
a control of the counting operator of (1.29) in terms of some box norm of
fi, and these norms are much less understood than Gowers norms. For the
same reason, Proposition 1.2.16 only gives control in terms of a directional
Gowers norm of f; rather than all the functions fy, ..., f;, which is another
difference compared to what one faces when dealing with single dimensional

configurations (Proposition 1.1.12).

Complexity of polynomial progressions

The results that we have stated in Section 1.2 show the utility of Gowers
norms in finding bounds in the polynomial Szemerédi theorem. For instance,
Theorem 1.2.6 follows from Proposition 1.2.8, which asserts that progressions
like (1.20) can be controlled by the U' norm of some of the functions. Because
of the particularly simple form of the U! norm, being able to control a counting
operator by this norm is very helpful. However, this is rarely the case, and
we usually have to resort to higher-degree Gowers norms. The monotonicity
property (1.9) of Gowers norms makes it desirable to find the smallest-degree
Gowers norm controlling a given progression, leading naturally to the following
definition, originally introduced in the works of Gowers and Wolf on systems
of linear forms [GW10a; GW1la; GW11b; GW1l1¢].

Definition 1.3.1 (True complexity). Let P € Rlz,y]"™! be a polynomial pro-
gression. We say that P has true complexity s at an index 0 < ¢ < ¢, denoted
7;(15), if s is the smallest natural number with the following property: for every
e > 0, there exist 6 > 0 and py € N such that for all primes p > pg and all
1-bounded functions f, ..., f; - F, = C, we have

E_ fo()fi(z + Pi(y)) -~ filx + Pi(y))| < ¢

z,yeF,

whenever || fi||gs+1 < 6.
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Proposition 1.1.12 guarantees that true complexity is well-defined for each
polynomial progression.

True complexity is one of several notions of complexity of polynomial pro-
gressions that have been studied. Another two come from ergodic theory and
have to do with understanding the convergence of ergodic averages (1.11). We
recall that a factor of a system (X, X, u,T) is a T-invariant sub-o-algebra.
Equivalently, it is a system (Y, YV, v, S) equipped with a surjective measurable
map 7 : X' — Y’ called factor map, where X’ C X,Y’ C Y are respec-
tively T'— and S—invariant subsets of full measure and the map 7 satisfies
7ol = Somon X' as well as pom~! = v. Lastly, a factor can be specified by

choosing a T-invariant subalgebra of L>(pu).

Definition 1.3.2 (Characteristic factors). Let (X, X, pu,T) be a system, t €
N, and P € Rz, y]"™ be a polynomial progression.

Suppose that 1 < i < t. A factor Y of X is characteristic for the L*-
convergence of P at i if for all choices of fi, ..., f; € L>*(u), we have

E 7Th0)r . 7P(n)
E T, f

lim =0
N—o0

L2 ()

whenever E(f;|V) = 0.
Similarly, suppose that 0 <1 <t. A factor Y of X is characteristic for the

weak convergence of P at i if for all choices of fo, ..., [; € L*>(u), we have

lim E /fo-TPI(")fl---TPf(")ftdpzo (1.30)
X

N—00 ne[N]

whenever E(f;|Y) = 0.

We recall from Section 1.1 that for each system, there exists a family
(Z5)sen of naturally-defined factors called Host-Kra factors introduced in [HK05a;
HKO5b].  While we work with properties of Host-Kra factors rather than
their definition, we give the definition for the sake of completeness, follow-
ing the presentation in [Hos06]. We start by inductively constructing a system
(XU Xl plsl Ty, For s = 0, this is just (X, X, u,T), and so we assume
that (X1, Xl plsl Tll) is defined for some s > 0. We let X[+ = X181 x Xl
be the product of 2°*! copies of X, and X[+ = Xl @ X[ be the product
o-algebra. We then define (X[s+U xls+1 s+l Tls+1) to be the relatively in-
dependent joining of two copies of (X[, Xl plsl Tlsl) over 719, the o-algebra

of TF! invariant subsets of X¥). That is, the measure ul**! is characterised by
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the fact that for any Fy, Fy € L>®(u)), we have
[y @) Pa(a)d g, o) = [ E(RIZ)(@) E(RITH) (@)dnt (@),

The definition of the system (X s+ xls+1 yls+1] Tls+11) Jooks rather formidable,

so it may help to unpack it in several special cases.

1. If T is ergodic, i.e. Z!¥ is trivial, then pltU = b x bl is just the

product measure of two copies of pl*).

2. In particular, if T' is weak-mixing, then every product 7" x --- x T is
ergodic, and so (X[, X5 plsl Tl is just the product system composed
of 2° copies of (X, X, u, T).

3. Let T be an irrational translation on T = R/Z. Then ul* is the Haar
measure on the subtorus of T that is the image of the (s4-1)-dimensional

space
Gl = Spang{ (Tw)we{o1}s : Tw = & +wihy + ... + wshs, x, hy, ..., hs € R}
inside Tl¥! = TIO1* | Thus, for instance, X? is the image of

G = Spang{(z, © + hy, x4+ hy, x+ hy + hy : x,hy, hs € R}

in T? = T{O1* and

Fdu? = /

s F(ZL‘, T + hl, T+ hg, T+ hl + hg)dl‘dhldhg (131)
T

X2l

for any F € L>(u).

A side of {0,1}* is a subset of the form {w € {0,1}* : w; = 0} or {w €
{0,1}* : w; = 1} for some i € [s]. The measure p! is invariant under the side

transformations

(Tf}x)w _ Try,, weEa«
Tw, w ¢ a,

where « is a side of {0,1}*. We note that there are s side transformations
which translate the coordinate indexed by 0 = (0, ...,0), and s transformations

that leave this coordinate invariant.
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For instance, the integral (1.31) is invariant under the side transformations
TXTxIdyxIdx, IdxxIdxyxTXT,TxIdxxTxIdx and Idx xT xIdxxT,
which correspond to the sides {w € {0,1}? : w; = 0}, {w € {0,1}* : w; = 1},
{w € {0,1}? : wy = 0} and {w € {0,1}* : wy = 1} respectively. Of these
side transformations, the second and the fourth leave the coordinate indexed
by 0 invariant. We let X[ = X?*~1 g0 that each point z € X[ is written
as © = (20,2) for 1p € X and & € XI*  Letting X¥I* be the product o-
algebra, pl*l* be the projection of ul¥l onto X** and T!¥* be the product of
2% — 1 copies of T, we get that (X[, X5 pls] Tl5]) is the joining of the systems
(X, X, 1, T) and (X[ xlsl pylsl« Tlsl) - Denoting the s transformations of

X5 that leave the coordinate indexed by 0 invariant as Tl[s], e Ts[s], we observe

that we can write them as TZ-[S] = Idy % Ti[S]* for some transformation Ti[sl* 0

X[ We let ZF* be the sub-c-algebra of X¥I* that is invariant under all the

[s]*

transformations 77", ..., TI*. As proved in [HKO05b], there is a bijection (up

1

to null sets) between the sub-o-algebra ZI¥1* of X[ and some sub-o-algebra
Z, of X - and this is how the Host-Kra factor Z, is defined.

Some of Host-Kra factors take up familiar forms: the factor Z; is the
o-algebra of T-invariant sets while the factor Z; is the Kronecker factor, the
largest factor of X isomorphic to rotation on a compact abelian Lie group. For
s > 1, however, the factors Z; get ever more complicated as s increases. This
has to do with the important result of Host and Kra that Z, is an inverse limit
of s-step nilsystems [HKO05b], and these are harder to understand and work
with for s > 1. The fact that Z; is an inverse limit of nilsystems implies that
a Z,-measurable function can be approximated arbitrarily well by continuous
functions on nilmanifolds. We will explain the role of nilsystems in Section
1.4.

We have mentioned in Section 1.1 that the Z, factor is a factor of Z,,; for
each s € N., and that for each polynomial progression P € Rlz,y]'™, some
Host-Kra factor is characteristic for the L? convergence (Theorem 1.1.13). In
particular, if Z, is characteristic for the L? convergence of P at some index,
then so is Z,,1, but the converse need not hold. This motivates the following
definition, variants of which have previously appeared and been studied in
[BLLOT7; Fra08; Lei09; Fral6].

Definition 1.3.3 (Host-Kra complexity). Let t € N;,0 < i < t and P €
Rlz,y|"™ be a polynomial progression. The progression P has Host-Kra com-
plexity s at ¢, denoted HKi(ﬁ), if s is the smallest natural number such that

the factor Z4 is characteristic for the weak convergence ofﬁ at i for all totally
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ergodic* systems (X, X, p, T).

Although we have defined Host-Kra complexity in terms of weak conver-
gence, the existence of L? limit (Theorem 1.1.13) and an application of the
Cauchy-Schwarz inequality imply that the weak and L? limits coincide. One
could also define Host-Kra complexity in terms of ergodic systems. However,
as shown in the proof of Corollary 4.1.14, passing from the totally ergodic to
the ergodic setting requires that the Host-Kra complexity of P at every index

is the same as the Host-Kra complexity of a related progression

=

P(z,y) = (z, :L’—l—ﬁl(y), . x+15t(y))

for every r € Ny and 0 < j < r, where Pi(y) = (Py(r(y—1)+4) — Pi(4))/r. We
have been unable to prove this statement, therefore we restrict our definition
of Host-Kra complexity to totally ergodic systems.

There is a special class of systems, called Weyl systems for which studying
complexity has been of particular interest. This is because in the early works
on Host-Kra complexity, the authors first reduced the question of finding the
smallest characteristic factor to the case of Weyl systems [FK05; FKO06; Fra0§]
or explicitly focused on studying complexity for these systems [BLLO7; Lei09].

Definition 1.3.4. A Weyl system is an ergodic system (X, X, u,T) defined by
a unipotent affine transformation on a compact abelian Lie group X. That is,
T is given by Tx = ¢(x)+a for a € X and an automorphism ¢ of X satisfying
(¢ —Idx)® = 0 for some s € N..

Studying the convergence of averages (1.11) over Weyl systems leads to

another notion of complexity.

Definition 1.3.5 (Weyl complexity). Lett € Ny, 0 < i < t and P € Rz, y]'*!
be a polynomial progression. The progression P has Weyl complexity s at
1, denoted W,(ﬁ), if s is the smallest natural number such that the factor

Z, is characteristic for the weak convergence of P ati for all Weyl systems
(X, X, u,T).

Like Host-Kra complexity, the notion of Weyl complexity has previously
appeared in several versions and under various names in a number of papers,
including [BLLO7; Lei09; Fra08; Fral6).

4A system (X, X, pu,T) is totally ergodic if T is ergodic for every r € N,.
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For f € L*®(u), we define the Gowers-Host-Kra seminorm of degree s to
be

1

AN, = ( [ c'w'f<xw>du[s1<x>)
we{0,1}s

2
= li E ... E / C\w\Tw1n1+...+wsns d )
(Nl . I ne€lNs]JX 11 Jdn

..... Ns—>00n1€[N1 wE{O 1}5

As the name suggests, Gowers-Host-Kra seminorms are seminorms on L™ (u).
However, the seminorm |||-|||s is a norm when restricted to the algebra of Z,_;-
measurable functions (cf. Proposition 4.2 of [Hos06]). The last statement,
together with the fact ||| f|||s = ||| E(f|Zs-1)]|||s, can be reformulated as

Hf1lls =0 < E(f|Z:-1) = 0. (1.32)

For the transformation Tx = x + 1 on X = F,, the weak limit (1.30) becomes

E_ fo@)filz + Pi(y)) - felz + P(y)), (1.33)

z,y€Fp

and so [|[f[[s = [|/]

of Gowers norms to more general probability spaces. Like Gowers norms, they

us. Gowers-Host-Kra seminorms thus extend the notion

satisfy the monotonicity property

LA < A2 < Tl < - (1.34)

for every f € L*(u).
Finally, we define one more notion of complexity, this time a purely alge-

braic one.

Definition 1.3.6 (Algebraic relations and algebraic complexity). Let t €
N, ,0< i<t and P e Rlz,y|'™ be a polynomial progression. An algebraic
relation of degree d satisfied by P is a tuple (Qq, ..., Q;) € Q[u]™! such that

Qo(z) + Qi(x + Pi(y)) + ... + Qu(z + Fi(y)) =0 (1.35)

and maxdeg@Q; = d. The progression P has algebraic complexity s at 1,

denoted Ai(ﬁ), if s is the smallest natural number with the property that for
any algebraic relation (Qy, ..., Q;) satisfied by 13, the degree of Q; is at most s.

For instance, the progression (z, = + vy, = + 4%, = + y + y?) satisfies one
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algebraic relation (up to scaling): the relation (u, —u, —u, u) of degree 1.

Conjecture 1.3.7 (The four notions of complexity are the same, Conjecture
1.9 of [Kuc2lc]). Let t € N.,0 < i < t and P € Rz, y]"*" be a polynomial

progression. Then
HK;(P) = Wi(P) = Ti(P) = A(P) <t — 1.

Conjecture 1.3.7 in fact consists of two statements. First, all the four
notions of complexity defined so far are the same; consequently, the smallest
characteristic factor or the smallest degree Gowers norm controlling a given
progression depend purely on the algebraic relations between the terms of the
progression. Second, complexity is bounded from above in terms of the length
of the progression. More precisely, a progression of length ¢ + 1 cannot satisfy
an algebraic relation of degree t or higher.

Various subparts of Conjecture 1.3.7 have been posed previously, and those
that have not are a part of the folklore in one form or another. The question of
finding the upper bound for Host-Kra complexity together with the conjecture
HK(P) < t — 1 for P € Rlz,y]"™ has been posed in [BLLOT; Lei09; Fra08;
Fral6]; some of these papers also state the trivial fact that Weyl complexity
is no greater than the Host-Kra complexity and surmise that they might be
equal. Additionally, some of the aforementioned papers contain the observation
that progressions with algebraic relations of high degree cannot have low Host-
Kra complexity, however the equivalence of Host-Kra complexity and algebraic
complexity is not explicitly conjectured in any of them, nor is the equivalence
of Weyl and algebraic complexity. By contrast, the conjecture relating true
and algebraic complexity has been explicitly posed and examined for systems
of linear forms in the works of Gowers and Wolf [GW10a; GW1la; GW11b;
GWllc].

It it not hard to show that T;(P) > A;(P) for any progression P and
index 7. Indeed, if .AZ(IB) = s, then we have an algebraic relation (1.35) with
deg @Q); = s, and so setting f;(u) = e,(Q;(u)) for 0 < j < t gives an example

of functions satisfying

t

E MHe+PW)= E 6 (Z@xij(m)) -1
WS P i=0 z,y€kp =0

yet || fillos = O(p~¢) for some ¢ > 0. Hence 7:(P) > s. An adaptation of this
argument to the ergodic setting gives the inequality HA;(P) > A;(P). The
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difficult part is to show that true and Host-Kra complexity are no greater than
algebraic complexity.
In Section 11 of [Kuc2lc], we prove the equivalence of Weyl and algebraic

complexity.

Theorem 1.3.8 (Theorem 1.16 of [Kuc2lc]). Let t € N.,0 < i < t and
P e Rz, y]"*! be a polynomial progression. Then Wi(P) = A;(P).

Although the argument leading to Theorem 1.3.8 comes down to unpacking
the definition of Weyl complexity accompanied by a certain amount of algebraic
manipulations, we are not aware of this result being stated before.

Conjecture 1.3.7 is known to be true for arithmetic progression. The in-
equality (1.8) tells us that ¢-term arithmetic progressions have true complexity
at most t — 2. We cannot do better than that, and the counterexample comes
precisely from analysing the algebraic relations between the terms of arith-
metic progressions. Let f;(u) = e, ((—l)j (t?)ut”). A direct computation
and standard estimates of exponential sums show that || f;||p-2 < p~¢ for

some ¢ > 0. At the same time, we have

E_ fo(x)fi(z+y)- - fia(z+ (t—1y) =1

z,y€Fp

due to the algebraic relation

(t B 1>xt—z _ (t | 1) (24 9)" 4 o+ (—1) (’; _ 1) (z+ (=1~ =0,
(1.36)

examples of which is the relation x — 2(z + y) + (v + 2y) = 0 for 3-term
arithmetic progressions and the relation 22 —3(z+y)*+3(z+2y)*—(z+3y)? = 0
satisfied by 4-term arithemtic progressions. The norm U!~2 cannot therefore be
used to control ¢-term arithmetic progressions, implying that ¢-term arithmetic
progressions have true complexity ¢ — 2. Straightforward adaptations of these
arguments to the ergodic setting show that Host-Kra and Weyl complexities
of t-term arithmetic progressions are also t — 2. The example of arithmetic
progressions thus shows that the bound in Conjecture 1.3.7 is sharp.

For more general systems of linear forms, true complexity has been studied
by Gowers and Wolf [GW10a; GW1la; GW1lb; GWllc|, Green and Tao
[GT10a], Altman [Alt21] and Manners [Man18; Man21|. The strongest results
so far come from recent preprints of Altman and Manners. While Altman

first proved that true and algebraic complexity coincide for all systems of
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linear forms [Alt21], improving on an earlier work of Green and Tao [GT10al,

Manners has recently provided a quantitative proof of this statement.

Theorem 1.3.9 (Theorem 1.1.5 of [Man21]). Let

U(n) = (¢1(n), ..., di(n)) € Z[n]'

be a system of linear forms in n € ZP. There exist s € Ny and ¢ > 0 such
that for all 1-bounded functions fi,..., fr : F, — C, we have the bound

B, A (m) - fi(w(m)| < min £l

A number of results has also been proved before with regards to Host-
Kra complexity. The fact that for any integral polynomial P and integers
0<a <...<ay, the progression

—

P(z,y) = (z, + a1 P(y), ..., © + a, P(y)) (1.37)

has Host-Kra, Weyl and algebraic complexity equal to ¢t — 1 has been proved in
[Fra08]. A straightforward adaptation of this argument to the combinatorial
setting would also show that the true complexity of such progressions equals
t—1, although this has never been explicitly carried out. If P(y) = y* for some
k € N, , then the fact that P has true complexity ¢ — 1 follows from Theorem
1.2.12 with a quantitative error term.

Conjecture 1.3.7 has been proved for linearly independent progressions, i.e.
progressions P with P, ..., P, being linearly independent. The equivalence of
Host-Kra, Weyl and algebraic complexity in this case follows from the works of
Frantzikinakis and Kra [FK05; FK06]. The equivalence of true and algebraic
complexity is a consequence of the previously cited work of Peluse [Pell9].

For progressions of the form (1.20), such as

—

P(z,y)=(z, z+vy, .., x+ (t — 1)y, x+yt, - w+yt+k—1)7

the equivalence of true and algebraic complexities is implied by Theorem 1.2.6
as well as the fact that the only relations satisfied by terms of such progressions
involve the linear terms.

The examples that we have discussed so far - arithmetic progressions with
polynomial differences, linearly independent progressions and configurations

(1.20) - all fall into the class of homogeneous progressions defined below.
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Definition 1.3.10 (Homogeneity and inhomogeneity). Lett € N and P € Rlz,y]' ™!
be a polynomial progression. An algebraic relation (Qy, ..., Q;) € R[u]'™ is ho-

mogeneous of degree d if it is of the form

(Qo(u), ..., Qi(u)) = (agu?, ..., a;u)

for ag,...,a; € R, some but not all of which may be zero. Otherwise, we call
it inhomogeneous. The progression P is homogeneous if all the algebraic re-
lations that it satisfies are linear combinations of its homogeneous algebraic

relations, and it is called inhomogeneous otherwise.

Thus, arithmetic progressions with polynomial differences, linearly inde-
pendent progressions and configurations (1.20) are all examples of homoge-
neous progressions. For instance, linearly independent progressions are homo-
geneous for trivial reasons because they satisfy no algebraic relation, whereas

(v, z+vy, v+ 2y, v+ y3) only satisfies a homogeneous relation
r—2(x+y)+ (x+2y) =0. (1.38)
An example of an inhomogeneous progression is
(z, 4y, z+2y, z+y°); (1.39)

it satisfies both the homogeneous relation (1.38) and the inhomogeneous rela-

tion
(2% +22) = 2(x + y)* + (z 4+ 2y)* — 2(z +3°) = 0

that cannot be written down as a sum of homogeneous relations.

Our main result in [Kuc2lc| is the following.

Theorem 1.3.11 (Conjecture 1.3.7 holds for homogeneous progressions, The-
orem 1.11 of [Kuc2lc|). Let t € N+. IfP e Rlz,y]'™ is a homogeneous pro-
gression, then it satisfies Conjecture 1.5.7. That is, the notions of Host-Kra,
Weyl, true and algebraic complexity coincide for homogeneous progressions,

and they are all at most t — 1.

Theorem 1.3.11 extends our Theorems 1.2-1.5 of [Kuc21d], where we prove
the equivalence of true and algebraic complexities for certain special families of
homogeneous progressions. Theorem 1.3.11 also partially extends the results of

[Fra08], where Host-Kra complexity has been determined for all progressions
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of length four, both homogeneous and inhomogeneous. In Section 1.4, we
illustrate the proof of Theorem 1.3.11. Now, we briefly explain where the upper
bound t — 1 comes from. The homogeneity of P implies that if P satisfies
a nontrivial algebraic relation of degree t, then it must satisfy a nontrivial

homogeneous relation of this degree:
apr’ +ar(x + P(y))' + ... + ar(x + Pi(y))" = 0.

Expanding each (z + P;(y))" with the help of the binomial formula, we get a
relation ag+ ... +a; = 0 by looking at the coefficient of z*, as well as ¢ relations

of the form

a P (y) + ..+ aP(y) =0
CL1P1<y)2 + ...+CltPt(y)2 =0

aPi(y) + .4+ aP(y) = 0.

The invertibility of the Vandermonde matrix implies that these ¢ equations
can only be satisfied if a; = ... = a; = 0, which also implies ay = 0. Therefore,
P satisfies no nontrivial homogeneous relation of degree t, which together with
its homogeneity implies that max A;(P) <t — 1.

In particular, Theorem 1.3.i1 resolves Conjecture 1.3.7 for progressions of
complexity 1, i.e. those progressions whose terms only satisfy linear relations.

As a corollary, we can estimate the number of such progressions in subsets of
finite fields.

Theorem 1.3.12 (Theorem 1.14(i) of [Kuc21c]). Lett € N, and P € R[z, y]'*!
be a polynomial progression of algebraic complexity at most 1. Suppose that
Q1,...,Qa € Rly| are z'ntegml polynomials such that P;(y) = Z?Zl a;;Q;(y) for
a;; € Z for each 0 < i <tandl<j<d Let Li(yr,...,ya) = Z‘j:l a;;y;. For
any 1-bounded functzons foy ooy fr o F — C, we have

E Hfzx+P y)) =

z,yeFp Y1, JMEF

Hfz + Li(y1, -, ya)) + o(1),
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where the error term o(1) is taken as p — oo over primes and does not depend

on the choice of fq, ..., fr. In particular,

{a.9) € P (2, 2+ Piy), - 2+ Ply) € AP}

1
= {(Iaylw'wyd) € F;H'l : (ZL‘7 I+L1(y17"'7yd)7 ooy x+Lt(y1a 7yd)) S At+1} +O(p2)

- pdfl

for each A C F,, where the error term is uniform in all choices of A.

One important remark is that the error term in Theorem 1.3.12 is qualita-
tive as opposed to Theorems 1.2.6 or 1.2.12, where we know the error to be at
most polynomial in p.

In particular, Theorem 1.3.12 relates the number of progressions
(z, 24y, v+ 9% z+y+y?)
to the number of linear configurations
(x, z+y, x4+ 2z, x+y+2)
via the equation

{@y) R, z+y, v+y’ v+y+y’) € A}

1
:];{(x,y,z)EF?,:(x, r+y, T+ z, x+y+z)€A4}—|—o(p2),

or the number of progressions
(z, v+ 97 x+2° o +y° o+ 2y°)
to the number of linear configurations
(x, x4y, x4+ 2y, x+ 2z, v+ 22)
by

{@y) eF2:(m, a4+ v+ 22 v 497, 2 +2°) € A%}

1
:E{(x,y,z) € Ff):(x, T4y, r+2y, r+z, x+22) €A5}—|—0(p2).

We obtain a similar result in the setting of totally ergodic systems.
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Theorem 1.3.13 (Theorem 1.14(ii) of [Kuc21c]). Let P, Ly, ..., Ly be as in
Theorem 1.3.12. For any totally ergodic system (X, X,u,T) and fo, ..., fr €
L*>(u), we have

lim / HTP ) f.dy = lim / HTL """ na) f.dp.

N—oo ne[N N—oong,..., nde [N]

In particular, for any A € X', we have

lim E (AﬂTPl JAN - TPt<”>A)

N—oo TLG[N]
= lim E (A ATl 0ma) A ... TEens nd)A)
N—oong,..., TLdE[N]

Inhomogeneous progressions are much harder to deal with for reasons that
shall be explained in the next section. We therefore have not been able to
resolve Conjecture 1.3.7 for all inhomogeneous progressions. We have, however,
proved the equivalence of true and algebraic complexity for a special family
that includes (1.39).

Theorem 1.3.14 (Theorem 1.10 of [Kuc21d]). Let t,d € N satisfy t > 3 and
2<d<t—1, and

P(z,y) = (z, v +y, .. o+ (t— Ly, 2 +y*). (1.40)

- : t—1
1. If d|t — 1, then (1.40) has true complezityt —1 at 0 <i <t —1 and “
at t.

2. Ifdtt—1, then (1.40) has true complexity t —2 at 0 < i <t —1 and

| att.

We note that Theorem 1.3.14 holds for any ¢,d € N, with d > 2, however
the configuration (1.40) is inhomogeneous precisely when ¢ > 3 and 2 < d <
t — 1. The reason for the inhomogeneity of (1.40) for these values of ¢ and d is

that the monomials
g (x )L (o (= 1)y)R (1.41)

span the space of homogeneous polynomials in  and y of degree kd whenever
kd <t —1. Hence y®* = (y%)* with kd <t — 1 is a linear combination of the
elements (1.41). It can be inferred from this that for every k € N satisfying
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kd <t — 1, there exists an algebraic relation

Qo)+ Qi(z + )+ ... + Qr(z + (t — Dy) + (z +yHF =0,

with deg Qo = ... = deg Q,_1 = kd, from which it follows that A,(P) > L%J

and A;(P) > d {%J for 0 < i <t — 1. Due to the algebraic relation (1.36),
we also have A;(P) >t —2 for 0 < i < t — 1. Combining all these bounds
with Theorem 1.3.14 and the observation A;(P) < 7;(P) mentioned before,
we deduce that A;(P) = T;(P) for all 0 < i < t. One should be able to adapt
the proof of Theorem 1.3.14 to the ergodic setting to deduce that progressions

(1.40) satisfy Conjecture 1.3.7, although we have not attempted it.

We have found three arguments to prove Theorem 1.3.14 in the special case
of the progression (1.39). The simplest one is based on a simple application
of the Cauchy-Schwarz inequality and a change of variables that lead to the
inequality

E fole)fi(e + o) fale + 20) fole + )|

z,y€Fy
<, Ep Anh@Banfolw +y)fale+y” —y)falz+ (y+h)” —y)
S hEFp z,yEFp Anfi(x)Aopfolz + 1) fa(x +9° — ) fs(x + (y + h)* —y)

For all h # 0, the configuration
(1’7 T +Y, x+y2—y, I+(y+h)2_y>

is homogeneous and has complexity 1, and so fixing such h and using Theorem
1.3.11, we deduce that the true complexity of (1.39) at ¢ = 3 is 1. Proving
that the true complexity (1.39) at i = 0,1,2 is 2 then follows from a Fourier
analytic argument described in details in Section 12 of [Kuc21d]. A similar
argument has been used by Frantzikinakis in [Fra08] to prove that Host-Kra

complexity equals algebraic complexity for this progression.

The idea behind the argument that we have just described is that by an
appropriate use of the Cauchy-Schwarz inequality and change of variables, we
want to replace an inhomogeneous progression by a homogeneous one. The
simple trick we used for (1.39) no longer works for ¢t > 3; however, we can adapt
the method just described to handle these progressions. Instead of applying
the Cauchy-Schwarz inequality once, we apply it ¢ times, getting rid of f, in the
first application, f; in the second application, etc. Applying this new method
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to (1.39), we bound

E fol@)fula + 9 fale + 29) ol + 7).

z,yeFp

< E T ™ fs(@+ nw(y, hi, o, ha)),

h1,h2,h
z,y,h1,n2, 311)6{0,1}3

where
Uw(y, ha, ha, h3) = (Z/ + wihy + wahg + w3h3)2 — wahy — 2wshs.

The progression (z + 1, (y, hi, ha, h3))wefo,133 is homogeneous, and it can be
shown to have true complexity 1 at each index by adapting the proof of The-
orem 1.3.11, or alternatively by a direct argument presented in Section 12 of
[Kuc21d].

In Chapter 4.10, we present an alternative method of proving Theorem
1.3.14 for (1.39). This method resembles more directly the proof of Theorem
1.3.11, and it seems to have a greater potential to be extended to cover all
inhomogeneous progressions. We have not been able to carry out this gener-
alisation, though. This method is already quite complicated for (1.39), and
having it extended to larger classes of inhomogeneous progressions seems to

require significant new insights.

Lastly, it is perhaps worth mentioning that Gowers norms need not be the
smallest naturally-defined norms controlling a given progression. For instance,
the first three terms of (1.39) are controlled by the u® norm given by the

formula

I/

B J@)e Q)| s des@ =}

w = max{

More precisely, for each ¢ > 0 there exists § > 0 and a threshold py € N such
that for all primes p > py and all 1-bounded functions fo, fi, fo : F, = C, we
have the bound

E_ fo(z) fi(z +y) folz +2y) fs(z + %) < e

z,yeFy

whenever || f;||,s < . The u® norms, sometimes called polynomial bias norms,

satisty || fllus < [|f]
U* norms over F,,, hence having control by the u? norm is stronger than having

vs [GT08a], and for s > 3, they are not equivalent to the

a control by the U3 norm. A similar phenomenon takes place on the ergodic
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theoretic side; there exists an affine factor As, finer than the Host-Kra factor
2,5, which is characteristic for (1.39) at i =0, 1,2 [Fra08§].

Equidistribution on nilmanifolds

We have indicated before that the proof of Theorem 1.3.11 comes down
to solving an equidistribution problem on nilmanifolds. We elaborate on this
connection in this section. The theoretical framework for studying such ques-
tions has been developed in many works, including but not limited to [Fur77;
HKOb5a; HKO05b; HK18; Zie07; Lei02; LeiO5a; LeiO5b; Lei07; Lei09; FKO05;
FKO06; Fra08; GT08a; GT10a; GT12; GTZ11; GTZ12; CS12]. We start by

defining the most important concepts related to nilmanifolds.

Definition 1.4.1 (Filtrations). Let G be a group. A filtration on G of degree

s is a chain of subgroups
G=Gy=G12G2..2G;>Gs1=Gg0=..=1
satisfying |G;, G;] < Giy; for each i,j € N. We denote it as Go = (G;)52,.

A natural example of filtration comes from the lower central series, given by
Gri1 = |G, G| for each k > 1, where the commutator of two elements a,b € G
is defined as [a,b] = a™'b'ab, and [A, B] is the subgroup of G generated by
all the commutators [a,b] with a € A,b € B.

Definition 1.4.2 (Nilpotent groups). A group G is s-step nilpotent if the

lower central series filtration has degree s.

We like to think of nilpotent groups as generalisations of abelian groups
since 1-step nilpotent groups are precisely abelian groups. An example of a

2-step nilpotent group is the Heisenberg group

@Q

Il
o o o
o o
© O O

whose lower central series is given by G; = G, Gy = , and Gz =

o O O
o O O
o © U

Gy=..=1
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Definition 1.4.3 (Nilmanifolds). Let G be a nilpotent Lie group and I' < G be
a cocompact lattice. The compact manifold X = G/T" is called a nilmanifold.
We additionally say that X is a filtered nilmanifold of degree s if G comes
equipped with a filtration G of degree s.

From now on, we assume that G is a nilpotent Lie group and I' < G is
a cocompact lattice. By replacing G with its universal cover if necessary, we
also assume that G is simply connected’. There is a special class of subgroups

of nilpotent groups that we care about.

Definition 1.4.4 (Rational subgroups and filtrations). A subgroup H < G 1is
rational if H/(H NT') is closed in G/T". A filtration G4 is rational if G; is a

rational subgroup for each v € N,.

We assume that each filtration on a nilmanifold that we discuss is rational,
from which it follows that G;/T; is a subnilmanifold of G/T" for each i € N,
where I'; = G;NI". The assumption of the rationality of filtrations can be made
for two reasons. First, the nilmanifolds that we work with in the study of true
complexity come from the inverse theorem for Gowers norms [GTZ12|, and
the nilmanifolds in this result are endowed with rational filtrations. Second,
the filtration G¢ defined below that we work with in the study of Host-Kra
complexity is rational as a consequence of the standard fact that the lower
central series filtration is rational (see e.g. Section 1 of [GT12]).

Nilmanifolds naturally give rise to a class of dynamical systems that we use

extensively.

Definition 1.4.5 (Nilsystems and nilrotations). A nilsystem is a system (X, X, u, Ty,),
where X = G/T is a nilmanifold, X is the Borel o-algebra, p is the Haar
measure, and for each v = bI' € X and a € G, the map T, is given by
T,x = ax = (ab)I'. We call T, a nilrotation by the element a, and we call a

ergodic if T, is ergodic.

The utility of nilsystems is that for each s € N and each ergodic system
(X, X, u,T), the Host-Kra factor Z is a uniform limit of ergodic s-step nil-

systems [HKO05b]. For each € > 0, this gives rise to a decomposition

f:fstr+fsml+funf (142)

5For us, simple connectedness does not imply connectedness; rather, it means that each
connected component is simply connected. This is consistent with how the term ’simple
connectedness’ is used in the literature on the ergodic theory on nilmanifolds, e.g. in [HK18].
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of a function f € L*(u). The functions faur, fomi funy € L(n) satisfy
E(funf|Zs) = 0, || fomillLr < €, and fo,(z) = F(a"n(z)), where 7 : X = Y
is a factor map onto an ergodic s-step nilsystem (Y,),r,S) and F' is a con-
tinuous function on Y. If T is ergodic, then so is S. Sequences of the form
¥(n) = F(a™y) are often called nilsequences or basic nilsequences, although
we refrain from using this term in this section since there are several related
but not equivalent definitions of nilsequences in the literature. For an ergodic
system (X, X, u,T') and an integral progression Pe Rlz,y]'™, we can use the

decomposition (1.42) to approximate limits

lim /fo ) fa( TPI(” x)-- ft(TPt x)dp(r)

N—oo nE[N

~ lim [ @) (@) o (T 2 ()

N—oon mE[N]

arbitrarily well by limits of the form

Jim nme " / fola™dD) fi (@™ DY - oo f (@™ PP (BD)  (1.43)
for continuous functions f; : ¥ — C on an ergodic nilsystem (Y, Y, v, S). Each
ergodic nilsystem is a disjoint union of finitely many totally ergodic nilsystems
Y; = a'Yy (see e.g. Section 0.6 of [Lei09]), and by splitting the domain of
the integration accordingly, we can assume without loss of generality that Y
itself is totally ergodic. For ergodic nilsystems, total ergodicity is equivalent
to connectedness (Corollary 7 and 8 in Chapter 11 of [HK18]); we therefore
assume that Y = G//T is a connected, ergodic nilsystem. We caution the reader
that the connectedness of Y is not equivalent to the connectedness of G. For

instance, the disconnected group

)
|
o O =
o ~ N

R
R (1.44)
1

induces a connected nilmanifold G/T' = T? when quotiented by I' = G N
GLs(2).

Definition 1.4.6 (Polynomial sequences). Let D € N, and G be a nilpotent
Lie group with a filtration G, of degree s. A polynomial sequence g : ZP — G



60

adapted to G, is a sequence

g9(n) = H 11 o, (1.45)

7=0 li=j

with the property that g; € Gy for each i, where (7;) = ("1>

i1

(’TD) and
D
|i| =iy + ... +ip. We denote the set of polynomial sequences from ZP to G

adapted to the filtration G, as poly(ZP,G,).

Proposition 1.4.7 (Proposition 6.2 of [GT12]). Let G be a connected, simply
connected, nilpotent Lie group with a filtration G,. The set poly(ZP,G,)is a

group with the group operation being the multiplication of polynomial sequences.

It is important for us to understand the equidistribution properties of poly-

nomial sequences, by which we mean the following.

Definition 1.4.8 (Equidistribution of polynomial sequences). Let D € N, and
G/T be a filtered nilmanifold with a filtration Go. A sequence g € poly(ZP,G,)
is equidistributed if
lim E F(g(n)T) = / F
G/v

N—o0 ne[N|P
for any continuous function F: G/T' — C.

By [Lei05b], understanding the equidistribution of a polynomial sequence

comes down to finding its closure, which itself has a nilmanifold structure.

Proposition 1.4.9 ([Lei05b]). Let D € Ny, G/I be a filtered nilmanifold with
a filtration G and g € poly(ZP,G,). There exists a finite group W, a rational
subgroup H < G, points {x, € G/T : w € W} and a homomorphism n : ZP —
W, with the property that for every w € W, the sequence (g(n))ney-1(w) 8

equidistributed on the connected nilmanifold Hx,, = (g(1)[) pey—1(w) -
In particular, if (9(n)D)pezp is connected, then g is equidistributed on
(9(n))pezp = goH/(HNT).

As an illustration, consider the sequence g(n) = an* on G/T = R/Z. 1If
a is irrational, then {g(n)I'},cz = R/Z, and Weyl’s equidistribution theorem

guarantees that g is equidistributed on R/Z. If @ = %, then g(n) =0 mod Z

when n € 3Z and g(n) = 3 mod Z otherwise, and so {g(n)I'}nez = {0, 3}

inside R/Z. In this case, Proposition 1.4.9 holds with W = Z/3Z H = {0},

1

n(n) =n mod 3, xp =0 and z; = x5 = 3.
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An important class of polynomial sequences is that of irrational polynomial

sequences.

Definition 1.4.10 (Irrational sequences). Let G be a connected, simply con-
nected, nilpotent Lie group with a filtration G4 of degree s and a cocompact
lattice I'. Fori e Ny, let
le = <Gi+17 [Giji—j] 1< ] < Z>
An i-th level character is a continuous group homomorphism n; : G; — R that
vanishes on GY and satisfies n;(T';) C Z.
An element g; € G; is irrational if n;(g;) € Z unless n; is trivial.

(%)

A polynomial sequence g(n) = [] g;" € poly(Z,G,) is irrational if g; is
i=0

irrational for every 1 <1 < s.

Irrationality is a sufficient condition for a sequence to be equidistributed by
Lemma 3.7 of [GT10a]. For instance, the sequence g(n) = ag+ain+ ... + asn’
on R adapted to the filtration Gy = ... = Gy = R, Gg41 = Ggy0 = ... = {0} is
irrational if and only if a; ¢ Q. However, it is equidistributed if and only if at
least one coefficient aq, ..., a is irrational.

To simplify the problem further, we want to express each sequence n +— a™b
on GG as a polynomial sequence on the connected component G° of GG adapted
to the filtration G2 = (G?)ien given by G¢ = G; N G°. The connectedness
of X = G/I' implies that the quotients of G and G° give rise to the same
nilmanifold; that is, G/I' = G°/I'°, where [ = I' N G°. The group G° is
a connected, simply connected nilpotent Lie group, and as a result, it can be
described more explicitly. In particular, there is a diffeomorphism ¢ : G — R™
for some m € N, called Mal’cev coordinate map, that satisfies ¢(I') = Z™ and
P(G?) = {0} ™ x R™ for some m; € N;. The connectedness of X = G/T
further implies that G = G°I" (Corollary 7 of Chapter 11 of [HK18]), and so
each element z € X can be realised as x = bl for some b € G°. Passing from

G to G° is accomplished by the following proposition.

Proposition 1.4.11 (Proposition 3.2 of [Kuc2lcl]). Let G be a simply con-
nected, nilpotent Lie group, G/T be a connected nilmanifold, a € G be ergodic
and b € G°. There exists an irrational sequence g, € poly(Z,GS) such that
a"bl’ = gy(n)I'°. Moreover, for a.e. bI' € G/T', the sequence gy is irrational.

To illustrate Proposition 1.4.11, let G be as in (1.44) with the lower central

series filtration. We write the group in a more compact notation, as G =



62

Z x R x R with the group operation given by (a, b, c) x (a/,b',c') = (a + a/,b+
V,c+d+al). Thus, ' =ZxZxZ,G°={0} xRxRand G5 = {0} x {0} xR.
If a = (k,b,c) and x = (0,y, z), then the product a"x equals

a"r = (k,b,¢)" x(0,y,2) = (kn,bn + y, kb <Z> + (c+ ky)n+ z)
= (0,bn + v, kb(g) + (c+ky)n+2) modT.

We deduce that the element a induces an ergodic nilrotation if and only if
b ¢ Q. The sequence

n n
gu(0) = 480 ) (e t2) = (0:2) + G+ R+ 0.8
in G = RxRisirrational with respect to the filtration G; = RxR, G5 = {0} xR,
Gs = G4 = ... = {0} x {0} if and only if b and kb are irrational, which - in
the face of the fact that k € Z - is equivalent to the irrationality of b. Thus,
the ergodicity of a indeed implies the irrationality of g, for every x € G°,

confirming Proposition 1.4.11 in this simple case.

The expression (1.43) therefore becomes

lim E Folgs(m)T) fi(ge(m + Py(n)T) - - fulgo(m + P,(n))0°)d(bL°).

N—oon,me[N] JGo /T

(1.46)

Through the sequence of simplifications described above, we have arrived

at the following problem.

Question 1.4.12. Let Pe Rlz,y]"™ be a polynomial progression and G be
a nilpotent, connected, simply connected Lie group with a rational filtration
Go and a cocompact lattice I'. Given an irrational polynomial sequence g €
poly(Z,G.), what is the limit of

F(g(m)T, g(m + Pi(n))L, ..., g(m + Pi(n))T')

m,n€[N]
for a continuous function F : G /Tt — C?

For the rest of the section, we assume that G is connected in addition to

the earlier assumptions that it is a simply connected, nilpotent Lie group.

By Proposition 1.4.9, Question 1.4.12 comes down to understanding the
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distribution of
g"(m,n) = (¢(m)T, g(m + Py(n))T, ..., g(m + Pi(n))T)

inside G**1/T*1. Thus, we want to find a rational subgroup G < G**! such
that the closure of g is a finite union of translates of G/T', where I' = G NT.
It turns out that as long as Pis homogeneous, the structure of the group G

depends only on P and the filtration G,. We define a family of vector spaces
Pi = Spang { (", (x + Pi(y))", ... (@ + P(y)*) : 2,y € R}
as well as groups
GP = (h%: heGy, G,€P;:1<i<s)

and I'" = T N GF. Our main technical result in [Kuc2lc| is the following

equidistribution theorem.

Theorem 1.4.13 (Dichotomy between homogeneous and inhomogeneous pro-
gressions, Theorem 1.15 of [Kuc21c]). Let t € Ny, P € Rlz,y]"™ be a polyno-
maial progression and G is a connected, simply-connected, nilpotent Lie group

with a rational filtration Go and a cocompact lattice T.

1. If P is homogeneous, then for every irrational polynomial sequence g €
poly(Z,G,), the sequence g¥ is equidistributed on G /T'T.

2. 1If P is inhomogeneous, then for every irrational polynomial sequence
g € poly(Z,G,), the closure of g* is a union of finitely many translates of
a subnilmanifold of GF JT'Y. For every 15, we can moreover find a filtered
nilmanifold G /T and an irrational polynomial sequence g : Z — G such

that g% is equidistributed on a proper subnilmanifold of G¥' /T'T.

We illustrate Theorem 1.4.13 with specific examples similar to examples
in Section 11 of [Kuc21d] or Section 9 of [Kuc2lc]. Let G = G; = R?, Gy =
{0} xR, G3 = G4 = ... = {0} x {0}. The sequence g(n) = (an,bn?) is adapted
to the filtration G,, and it is irrational if and only if a and b are irrational. We
identify G* with R® through the map

G* > R
(($1,y1)> (-732792), (3?3,3/3)7 ($4,y4)) = (:171,372,233,:134,y1,yz,yg,y4).
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Letting €, ..., & be the standard coordinate vectors in R® and setting

U1 =€+ € +e3+¢€, Uip=€er+26e;, Uiz=eéy,

Uy = €5 + € + €7 + €3, Uy = €5+ 2€7, Uas =€, U = €5+ 4ey,

we observe that GT = Span{¥y, U2, V13, Ua1, Tz, Va3, Uag} is a T-dimensional

subspace of R8. If

P(z,y) = (z, 4y, =+ 2y, ©+4°), (1.47)
then the sequence g is given by
(

g (z,y) = atpx + avhay + avhzy® + by x® + 2biiry + b1723(2xy3 + ?JG) + biigy?,

and the irrationality of a, b, linear independence of the polynomials
vy, v, 2% ay, 20y’ + 4 o

and Weyl’s equidistribution theorem imply that g% is equidistributed on G¥/T'F.

Now, we let
P(z,y) = (z, x +y, =+ 2y,  + 7). (1.48)
This time, g” is given by
9" (2,y) = atinz + atizy + (atiz + bay)y? + bima® + 2btaszy + bias (22y° + y*).

We observe that ¢g” is now a linear combination of 6 linearly independent

monomials
z, y, ¥, 2%, zy, 20y 4yt

In particular, the coefficient of y? is a sum of two terms which would have
been coefficients of two separate monomials for the progression (1.47). This is

a consequence of the inhomogeneous algebraic relation
(2% +22) — 2(z +y)* + (v +2y)* — 2(z + y*) = 0. (1.49)

Thus, the closure of the orbit of ¢ depends on the interactions between a

and b. If a, b and 1 are rationally independent, then ¢ is equidistributed on
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GT. If a and b are rationally dependent, then g” is equidistributed on the

6-dimensional subspace
G = Spang{¥i1, Thz, a3 + bUaa, Us1, Uaa, Tag }. (1.50)

Finally, if some rational linear combination of a and b is a rational number ¢/r
in its lower terms with r > 1, then the closure of g% is a union of at most r
translates of a 6-dimensional subtorus of G¥/T'*. For instance, if a = /2 and
b=+2+ %, then we define

G = Spang{¥h1, V12, V13 + Uau, U21, Va2, Uos }, (1.51)

and observe that the sequences g{’, g, g¥ defined by g7 (z,y) = ¢ (z, 3y+i) are
equidistributed on G//T, %1724—1—@ /T and 5024 +G/T respectively. In particular,
for inhomogeneous progressions, the group G depends not only on the filtration
G, and the progression ﬁ, but also on the interactions between the coefficients

of g.

Theorem 1.4.13 has the following consequence which plays an important

role in the derivation of Theorem 1.3.11.

Corollary 1.4.14. Let t € N, and P € Rz, y]"™" be a homogeneous poly-
nomial progression. Suppose that G is a connected, simply-connected, nilpo-
tent Lie group with a rational filtration G, and a cocompact lattice . Let
0 <i <t be an integer and A;(P) = s. If g € poly(Z,G.) is irrational and
fo, sy ft : GJT — C are continuous functions such that f; vanishes on almost

every’ coset of Gy 1/Tsy1, then

lim | E oD filg(m+ P(n))T) - fi(g(m + Fi(n))T) = 0.

N—ocomne[N

Corollary 1.4.14 follows from the observation that if A;(P) = s, then the
basis vector €; belongs to the subspace Py, 1. Consequently, the group Gf@l =
{1} x Gyuq x {1} is a subgroup of GF. We let G = GF/G%,, and I =

I'”/(G%, NTP). By the measure disintegration theorem and the assumption

SWith respect to the Haar measure on G/(G4411).
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that f; vanishes on almost every coset of Gs.1/Is11, we have

/GP/FP fo® @ fil(ug, o, u)TT) d(ug, .., u )T

< m]aX Hf]”t[;ol(y) /G fi(uistH) dUFS+1 d(UO, ceny Ut)f =0.
s+1/Fs+1

G/T

Corollary 1.4.14 follows upon combining the argument above with Theorem
1.4.13.

We now outline how Theorem 1.4.13 can be used to derive Theorem 1.3.11
through a sequence of reductions. Using the decomposition (1.42), we approx-
imate an arbitrary totally ergodic system with a connected ergodic nilsystem.
Proposition 1.4.11 then allows us to replace a dense orbit n + a™bl’ on a con-
nected nilmanifold G/T" by an irrational sequence g, on G°/I'°. The final step
is to use the fact proved by Ziegler [Zie07] that Host-Kra factors of G/T" take

a particularly simple form

G G
Gel GO T

Zs = (1.52)
and so the assumption E(f;|Z;) = 0 implies that f; has zero average over
almost every coset of G, ,/I'?,,. Theorem 1.3.11 is then a straightforward
consequence of Corollary 1.4.14. This argument can be modified to works
for ergodic systems that are not totally ergodic; in the case s = 0, however,
a minor technical complication forces us to replace the factor Z, with the

rational Kronecker factor /C,,;.

The argument sketched above is used to prove that the notions of Host-Kra
and algebraic complexity agree for homogeneous progression. An argument
showing that true and algebraic complexities also agree is very similar, except
that it is carried out in a finitary setting, with quantitative errors of which
one needs to take care. In the finitary argument, the Host-Kra decomposi-
tion (1.42) is replaced by the arithmetic regularity lemma (Theorem 1.2 of
[GT10a]), and the statement that g equidistributes on G¥ /T for a homo-
geneous progression P is replaced by its finitary analogue. In this section, we
have outlined the infinitary argument because it is notationally cleaner and can
be described without falling into too many technicalities; in [Kuc21c], however,
we prove a finitary version of Theorem 1.4.13(i), from which we deduce the

infinitary statement given in Theorem 1.4.13.
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Lower bounds for multiple recurrence and popular com-

mon differences

Results from the previous sections can be used to deduce two closely con-
nected families of results: lower bounds for multiple recurrence and popular
common differences, which fall into Questions 1.1.16 and 1.1.17 respectively.
We start by quoting once again the result from [BHKO05] that for every ergodic
system (X, X, u,T), A € X of positive measure and £ > 0, the sets

(neZ: u(ANTANT™A) > u(A)?> — &} (1.53)
and
neZ: u(ANT"ANT*"ANT*A) > n(A)* — &} (1.54)

are syndetic, i.e. have bounded gaps. Using a variant of the Furstenberg
correspondence principle (Theorem 1.1.6), one can then show that for every

set A C Z of positive upper Banach density and every € > 0, the sets
mnezZ:d(An(A+n)N(A+2n)) = u(A)? —¢} (1.55)
and
neZ:d"(AN(A+n)N(A+2n)N(A+3n)) > pu(A)* — ¢} (1.56)

are syndetic.

The ergodicity assumption is necessary; Bergelson, Host and Kra present
in [BHKO05] an example of a nonergodic system (X, X, u, T') with the property
that for every [ > 1, there exists a set A € X’ of positive measure for which

WANT"ANT?A) < —pu(A)

N | —

A construction by Ruzsa attached as an appendix to [BHKO05] gives an example
of an ergodic system (X, X', u, T') with the property that for every [ > 1, there

exists a set A € X of positive measure for which

WANT"ANT*ANTANT™A) < —p(A) (1.57)

N | —

Results (1.53), (1.54), (1.55), (1.56), (1.57) have natural analogues in the
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finite-field setting. It has been shown in [GT10a] that for every a, e > 0, there
exists ¢ > 0 with the property that for every subset A C F, with at least ap

elements, the sets
{yeF [AN(A+y)N(A+2y) > (o’ —e)p} (1.58)
and
{yeFp: [AN(A+y)N(A+2y)N(A+3y)| > (o' —e)p} (1.59)

have at least cp elements. Once again, an analogous result fails for 5-term
progressions.

"1 has good bounds for

We say that a polynomial progression P e Rlz,y
multiple recurrence if for every ergodic system (X, X, u, T), A € X of positive

measure and € > 0, the set
{n €Z:w(ANTPMAN ... AT A) > p(A)H _5}

is syndetic. We say that P has a popular common difference if for every
a,e > 0, there exists a threshold py such that for all primes p > py and each
subset A C F, with at least ap elements, there exists y # 0 satisfying

[AN(A+Pi(y))n--n(A+ By)] = (" —e)p.

Finally, P has many popular common differences if for every a,e > 0, there
exists a constant ¢ > 0 such that for every prime p and every subset A C F,

with at least ap elements, the set
{yeF : [AN(A+P(y)N---n(A+ Py)| = (@ —e)p)

has at least cp elements.

It is straightforward to see that having many popular common differences
implies having a popular common difference. In all the cases that we analyse
in this section, however, the two concepts are equivalent. In fact, we believe

the following to be true.

Conjecture 1.5.1. Lett > 2 be an integer and Pe Rlz,y]'™ be an integral
progression. Then P has good bounds for multiple recurrence if and only if it
has a popular common difference if and only if it has many popular common

differences.
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The plausibility of Conjecture 1.5.1 stems from the fact that in the known
cases, the methods that one uses to prove that a given progression satisfies any
of the three properties mentioned in Conjecture 1.5.1 are very similar, as are the
counterexamples in the cases of progressions that fail to satisfy substatements
of Conjecture 1.5.1. This is yet another example of a deep connection between
questions in additive combinatorics and ergodic theory, the common ground
for which is the equidistribution theory on nilmanifolds.

We start with linear configurations, where the question of classifying pro-

gressions having many popular common differences has been resolved in [BHKO05;
Gre05; GT10a; SSZ20].

Theorem 1.5.2. Lett > 2 and 0 < ay < ... < a; be integers. The progression

—

P(z,y) = (z, 2 + a1y, ..., T+ ary) (1.60)

has a popular common difference if and only if it has many popular common

differences, which happens precisely in the following cases:
1. for all ay,as whent = 2;
2. if and only if ay + ay = az when t = 3.

The proof of Theorem 1.5.2 in the case ¢ = 3 carried out in [SSZ20] is
computationally involved and has entailed a good deal of computer assistance.

An analogue of Theorem 1.5.2 for good bounds for multiple recurrence has
not been proved, although some special cases have been resolved in [BHKO05;
Fra08g].

We now proceed to nonlinear progressions. In [Fra08], Frantzikinakis showed

that for every integral polynomial (), the progression

—

P(z,y) = (z, 2+ a1Q(y), ..., v+ a;Q(y)) (1.61)

with 0 < a7 < ... < a; has good bounds for multiple recurrence if t = 2 or if
a; +as = ag in the case t = 3. It seems very likely that (1.61) has good bounds
for multiple recurrence if and only if (1.60) does.

It follows from results in [FK05; FKO06; Pell9] that all linearly indepen-
dent progressions have good bounds for multiple recurrence and many popular
common differences. It has been further proved in [Fra08] that all polynomial
progressions of length 4 and complexity 1 have good lower bounds for multiple

recurrence. We extend this result to longer configurations of complexity 1.
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Theorem 1.5.3 (Theorem 1.14 of [Kuc21c]). Let t € Ny and P € Rz, y]'*!
be a polynomial progression of algebraic complexity 1, satisfying the following
property: there exist linearly independent integral polynomials Q1, ..., Qr such
that

{a1Q1 4+ ...+ aka DAy, ..., 0 € Z} = {blpl + ...+ btPt . bl, ...,bt € Z}
(1.62)

Then P has good bounds for multiple recurrence and many popular common

differences.

Theorem 1.5.3 does not cover all the cases of polynomial progressions of
length 4 and algebraic complexity 1 resolved by Frantzikinakis in [Fra08] since
not all such progressions satisfy the condition (1.62). Partly for this reason,
we believe the condition (1.62) to be merely an artefact of the proof that could
be disposed of with more careful arguments, and that Theorem 1.5.3 holds for
every progression of complexity 1. Some examples of progressions that satisfy
the conditions of (1.5.3) include

(x, z+vy, z + 2, x+y—|—y2) and (z, 4+ 2y%, x4 3%, 4+ v°, .r~|—2y3).

Finally, we mention some results in the multidimensional case. Chu proved
in [Chull] that if (X7, X1, 1, 51) and (X3, &4, p1, S1) are ergodic systems and
X = X; x Xj is the product system with 77 = S; x Idx, and T, = Idx, X Sa,
then the set

neZ: W(ANTMANTA > u(A)? — &}

is syndetic for every A € X = &} ® &, with positive measure pu = puy X s
and every € > (0. However, this is no longer the case for arbitrary commuting
ergodic transformations 77, Ty on a probability space (X, X, u). In this case,

we have to allow a worse exponent, as shown by the result below.

Theorem 1.5.4 ([Chull]). Let (X, X, u) be a probability space and Ty, Ty be
two commuting ergodic transformations. For every A € X of positive measure

and every € > 0, the set
meZ: WANTPANTYA) > u(A)* — ¢}

s syndetic.
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However, for every 0 < ¢ < 1 there exists a probability space (X, X, 1),
commuting ergodic transformations Ty, Ty, and a set A € X of positive measure

for which
neZ: WANTrANTYA) < cu(A)?}.

Theorem 1.2.15 together with Lemma 1.6 of [Chull] imply the following.

Corollary 1.5.5. Lett € Ny, vy, ..., v, € ZP be nonzero vectors and P, ..., P, €
Z[y] be integral polynomials with 0 < deg Py < ... < deg P,. Then

ﬁ(m,y) =(z, x+ v P (y), ..., ¢+ v P(y))

has many popular common differences.

Under the extra assumption that yd¢Z+1 P, (y), it has been proved in
[CFH11] that the progression from Corollary 1.5.5 has good bounds for multiple
recurrence. The authors of [CFH11] conjecture that this extra assumption is

not necessary.
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2.1

FURTHER BOUNDS IN THE POLYNOMIAL SZE-
MEREDI THEOREM OVER FINITE FIELDS'

Abstract

We provide upper bounds for the size of subsets of finite fields

lacking the polynomial progression
(, x+y, .., o+t =1y, 2+, ..., z+y ).

These are the first known upper bounds in the polynomial Sze-
merédi theorem for the case when polynomials are neither linearly
independent nor homogeneous of the same degree. We moreover
improve known bounds for subsets of finite fields lacking arithmetic
progressions with a difference coming from the set of k-th power

residues, i.e. configurations of the form
(@, x+ ¢~ o x4+ (t=1)gb).

Both results follow from an estimate of the number of such pro-

gressions in an arbitrary subset of a finite field.

Introduction

Generalizing Szemerédi’s theorem on arithmetic progressions in subsets of
integers [Sze75], Bergelson and Leibman proved that each dense subset of Z
contains a configuration of the form (x, = + Pi(y), ..., « + Pi(y)), where
y € Z\ {0} and P, ..., P, are polynomials with integer coefficients and zero
constant term [BLI6]. Their proof, based on ergodic theory, does not give

IThis chapter is an adapted version of B. Kuca. “Further bounds in the polynomial
Szemerédi theorem over finite fields”. 1In: Acta Arith. 198 (2021), pp. 77-108. The
differences between this chapter and the Acta Arithmetica paper include minor adaptations
of the notation, a simplified proof of Lemma 2.4.6, and the omission of the concluding section
from the Acta Arithmetica paper.
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explicit quantitative bounds. Although no general bounds are known so far,
they exist in certain special cases, for instance for (z, z+v*, ..., v+ (t —1)y*)
with ¢ > 2 and k > 1 [Prel7] or for (z, z +y, = + y?) [PP19]. In the finite
field analogue of the question, when we are looking for bounds on the size of
A CF, lacking (z, z + Pi(y), ..., v+ P,(y)), bounds are known in the case of
Py, ..., P, being linearly independent over Q [Pel19].

In this paper, we give the first explicit upper bounds for the sizes of subsets
of finite fields lacking certain polynomial progressions. Our main result is the

following.

Theorem 2.1.1. Let t,k € Ny, and p be a prime. Suppose that A C F, lacks

the progression
(x, x4y, .., o+t =1y, 2+, ..., x+y T (2.1)

with y # 0. Then

pi=e, t=1,2,
ploglogp)t 4
A| < logp ’
p(logp)~¢, t =4,
p(loglogp)~¢, t>4

where all constants are positive, and the implied constant depends on k and t

while ¢ depends only on t. Fort > 4, one can take the exponent c to equal
c=2"2"",

It is worth noting that the exponent ¢ appearing in Theorem 2.1.1 for t > 4
is the same as the exponent that appeared in Gowers’ bounds in Szemerédi
theorem [Gow01].

One can think of (2.1) as the union of an arithmetic progression and a
shifted geometric progression. The cases t = 1 and t = 2 are in fact identi-
cal, and the bound in this case comes from the work of Peluse [Pell9]. Our
contribution is the ¢ > 2 case, for which there are no previous bounds in the lit-
erature. This is the first polynomial progression for which quantitative bounds
are known where polynomials in y are neither linearly independent nor homo-
geneous of the same degree. Theorem 2.1.1 is a special case of a more general

result, which generalizes [Pell9] and uses it as a base case for induction.

Theorem 2.1.2. Let t,k € Ny, t > 3, and P, ..., Piyp_1 be polynomials in
Z[y] such that
ar P+ .o+ a1 P
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has degree at least t unless a; = ... = ayyk—1 = 0 (in particular, Py, ..., Prip_1
are Q-linearly independent and each of them has degree at least t). Let ry(p) be
the size of the largest subset of F, lacking t-term arithmetic progressions and
St @ [po,00) = (0,1] be a decreasing function satisfying ri(p) < p - si(p) for all
primes p = py > 0, with s;(n) — 0 as n — oo. If A CF, lacks

(x, 24y, ..., v+t —=1y, x+ P(y), ..., * + Prrx_1(v)) (2.2)

with y # 0, then
Al < p - 5:(Cp°)

where the constants C, ¢, and the implied constant depend on t,k, and P;,

ceey

Piir—1 but not on the choice of s;.

The best bounds for r; currently in the literature are of the form

log log p)*
oglogp)” =, _ 3 1p101),
log p
() <\ p(log p)~°, t=4[GT17],

p(loglogp)=¢, t >4 [Gow01]

yielding the bounds given in Theorem 2.1.1. The content of Theorem 2.1.2
is that up to the values of constants, our bounds are of the same shape as
the bounds in Szemerédi theorem. One cannot hope to do better, as each set
containing (2.2) necessarily contains an t-term arithmetic progression. The
function s; plays only an auxiliary role, allowing us to conveniently express
known bounds in Szemerédi’s theorem as functions defined over positive real
numbers. For example, the aforementioned bound for r3 allows us to take
ss(p) = C’% for some C' > 0. Combined with Theorem 2.1.2, it yields
the bound

log log(C'p©))* log1 4
|A|<<p(0g 0g(Cp°)) < (log log p)
log C'p© log p
in the case t = 3 of Theorem 2.1.1.

We prove Theorem 2.1.2 by first proving an estimate for how many poly-
nomial progressions a set A C F, has. This counting result is the heart of this

paper; once it is proved, deducing Theorem 2.1.2 is straightforward.

Theorem 2.1.3 (Counting theorem). Let t € Ny and P, ..., Piiyp_1 be poly-
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nomials in Z[y| such that
ar By + ..o+ a1 Prye—t

has degree at least t unless a; = ... = ayyx—1 = 0 (in particular, Py, ..., Py

are linearly independent and each of them has degree at least t). Suppose that

fos ooy fran—1 : Fp = C satisfy |fj(x)| < 1 for each0 < j <t+k—1andz €F,.
Then
tk—1
MLt 11 fo+ 2i0) 23)
t—1 t+k—1
- ,yEFp Hf] T+ jy) ( jl:[t Efj) +O0(p™)

where all the constants are positive and depend on t, k and polynomials P, ...,

Piyr—1 but not on fo, ..., frir—1.

Using the language of probability theory, we can interpret this result as
“discorrelation”: up to an error O(p~¢), the polynomials P, ..., P,y 1 occur

independently from t-term arithmetic progressions.

The condition imposed on the polynomials P, ..., P, ;1 may seem artificial,
but Theorem 2.1.3 fails if this condition is not satisfied. As an example of
failure, consider the configuration (x, = + vy, = + 2y, = + y*). Because 3>
has degree 2, which is less than the length of the arithmetic progression, 3>
is contained in the span of 2, (z + y)?, (z + 2y)?. Thus, there exist quadratic

polynomials @)y, @1, Q> satisfying
Qo(@) + Qi(z +y) + Q2(z +2y) + (z +y*) = 0.

As a consequence, if we take Q3(t) =t and f;(t) = e,(aQ;(t)) for a # 0, then

E h@)filx+y)falz +2y) fs(e +y7) =1

while the right-hand side of (2.3) in this case is O(p~©), as E f3 = 0. More
generally, if a linear combination of P, Py, ..., Piy;_1 has degree d < t, then
there is a nontrivial algebraic relation connecting (x, x+y, ..., z+(t—1)y) with

some of P, ..., Py i1, and this relation prevents discorrelation from happening.

To complement these results, we prove an upper bound for the size of
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subsets of F, lacking progressions of the form

(z, +o~ .., 24+ (t -1y~ (2.4)
i.e. arithmetic progressions with k—th power common difference. An upper
bound on subsets of Z lacking this configuration of the form C' m, with
constants depending on ¢t and k, was proved by Prendiville [Prel7] using the
density increment method, and it naturally carries over to subsets of finite
fields. Our bound works only for finite fields, where it is of the same shape as

Prendiville’s for t > 4, albeit with a better exponent, and strictly improves on
it for t = 3, 4.

Theorem 2.1.4 (Sets lacking arithmetic progressions with k-th power differ-
ences). Suppose A C F, contains no arithmetic progression of length t and

common difference coming from the set of k-th power residues. Then

4
(oglogp)” 5
log p
Al <3 p(log p)~, t =4,

p(loglogp)~c, t>4.

The constant ¢ depends only on t, and in fact fort > 4, we can take c = 272"

More generally,
Al < p-sild - p)

where s; is defined as in Theorem 2.1.2. The constants C,c and the implied

constants are positive and depend on k and t.

Again, up to the values of constants involved, our bounds are optimal in
the sense that they are of the same shape as the bounds in Szemerédi theorem.
We derive the bounds in Theorem 2.1.4 using a simple argument that heav-
ily exploits the density and equidistribution of k-th power residues in the finite
fields. With this argument, we prove the following more general counting the-

orem which implies Theorem 2.1.4.

Theorem 2.1.5 (Counting theorem for linear forms with restricted variables).
Let Ly, ..., L; be pairwise linearly independent linear forms in x1,...,xq. Let
ki, ..., kq be positive integers. Moreover, if k; > 1, assume that no linear form

L; is of the form L;(z1,...,xq) = ax;j. If fi,..., fi satisfy |fi(x)] < 1 for each
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1 <i<tandeach x €F,, then

Hf; (et ed)) = Hfg (21,0 2a)) + O(p™°).

T1,..., xdEFp 1 :vdGFp

(2.5)

In particular,

{(@1, ..., zq) € Fi L (xlfl, ...,x];d) € Afor1 <i <t}
= (21, a) € Fy 2 Li(wy, oy xq) € Afor 1 <i <t} +0(p™°).

Known results

In this section we enumerate known bounds for subsets of F, or [N] lacking

polynomial progressions
(@, z+ Pi(y), ., z+ P(y))

where not all of Py, ..., P, are linear. There are some differences between the
integral and finite field settings. Most importantly, finite fields contain signifi-
cantly more polynomial progressions of a given form if at least one polynomial
is nonlinear. That is because a nonlinear polynomial P of degree d > 1 has
only ©(N1) images in [N], but it is a dense subset of F,, in the sense that

there are at least & images of P in F,.

The case t = 1 in natural numbers is often referred to as the Furstenberg-
Sérkgozy theorem, and it is equivalent to finding the largest subset A of natural
numbers whose difference set does not intersect the values of P evaluated at
integers. This problem has been studied, among others, by Sarkézy [Sar78a;
Sar78b], Balog, Pelikdn, Pintz, and Szemerédi [Bal+94], Slijepcevié¢ [S1i03],
Lucier [Luc06], and Rice [Ric19]. They showed that A is sparse, i.e. has
asymptotic density equal to 0, if and only if for each natural number n there
exists m € N for which n divides P(m), getting explicit bounds on the way;
such polynomials have been called intersective. When P(y) = y* for k > 1, a
lower bound of the form Q(N¢) for 0 < ¢ < 1 depending on k can be obtained
by trivial greedy algorithm, and the value of ¢ has been improved nontrivially
by Ruzsa [Ruz84]. For finite fields F,, an elementary Fourier analytic argument
gives upper bounds of the form O(p%) with the implied constant depending on
k, while the best known lower bounds are of the form (log plogloglog p) for
infinitely many primes p [GR90].
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In the case t > 1, bounds have only been known in two extremes. If P, ...,
P, are all homogeneous of the same degree, i.e. we have a configuration of the

form
(z, T4y, . x+ctyk)

then Prendiville [Prel7] proved that all subsets of [N] lacking this configuration
have size O (m)

improves this result over finite fields for configurations of length 3 and 4.

for some ¢ > 0 depending on ¢ and k. Theorem 2.1.4

The other extreme is when Pj, ..., P, are all linearly independent. This
case has recently been tackled over finite fields by Peluse [Pell9] who has
showed that subsets of F, lacking such progressions have size O(¢*~¢) for ¢ > 0
depending on P, ..., P,. In the case t = 2, a specific exponent is known due to
works of Bourgain and Chang [BC17], Peluse [Pell8], and Dong, Li and Sawin
[DLS20]. Recently, these results have been extended to the integers: Peluse
and Prendiville showed that subsets of [N] lacking (z, =+ v, =+ y?) have size
O(N(loglog N)~¢) [PP19], and Peluse then proved a bound of this form for
subsets of [N] lacking (z, = + Pi(y), ..., © + P,(y)) with Py, ..., P; all having

distinct degrees and zero constant terms [Pel20].

Notation, terminology, and assumptions

Throughout the paper, p always denotes the characteristic and cardinality of
the finite field F,, in which we are currently working.

A function f is I-bounded if ||f|| < 1. We always assume that f is a 1-
bounded function from F, to C unless explicitly stated otherwise. Sometimes,
we use an expression b(t,...,t,) to denote a 1-bounded function depending
only on the variables ty,...,t, whose exact form is irrelevant and may differ
from line to line.

We denote constants by 0 < ¢ < 1 < C. The exact values of these constants
are generally unimportant, only their relative size, therefore we shall often use
the same symbol ¢, C' to denote constants whose value changes from line to
line or even in the same expression. If there are good reasons to distinguish
between two constants in the same expression, we shall denote them as ¢, ¢ or
C, C' respectively. If we need to fix a constant for the duration of an argument,
we give it a numerical subscript, e.g. ¢q. We also use asymptotic notation f =
O(9),9 = Q(f), f < g,or g > ftodenote that | f(p)| < C|g(p)| for sufficiently
large p. The constant may depend on parameters such as the length of the

polynomial progression or the degrees and leading coefficients of polynomials
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Py, ..., P, involved. However, if the asymptotic notation is used in an expression
involving arbitrary functions fy, ..., f;, the constant never depends on the choice
of fo, ..., fr. While it is quite common in additive combinatorics to denote the
dependence of the constant on these parameters by e.g. writing C; when it
depends on t, we refrain from doing so in order not to clutter the notation.
Therefore the reader should always assume that constants depend on the shape
and length of the polynomial progression, but never on the functions fy, ..., f;
weighting the progression. We shall reiterate this in the statements of our
lemmas and theorems.

We often use expected values, which we denote by

1
E f(z) =177 2 (@)
rzeX ’X| x%):(
If the set X is omitted from the notation, it is assumed that x is taken from
F, or from another specified set.
We denote the indicator function of the set A by 14. The map C : x — T

denotes the conjugation operator. Finally, we set e,(z) := e(x/p) = e*™*/P.

Basic concepts from additive combinatorics

The purpose of this section is to describe a few basic and standard concepts
that are used extensively throughout this paper. We only introduce here ideas
that are essential for all the arguments. There are tools which shall only be

applied in specific proofs, and these will be discussed in relevant sections.
Fourier transform

Given a function f : F, = C and a € F,, we define its Fourier transform by

the formula
f(@) == E f(x)ey(az).

We also call f () the Fourier coefficient of f at . We define the inner product

on F, as well as L® and ¢° norms for functions from F, to C to be

1

v = (EIF@F) andls g

(f,q) == E f(x)g(x), [|/]

o= (i)

for 1 < s < 0o, and we set

[ lloo := [[fllzoe = |[flleme = max{[f(2)] : = € F,}.
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Gowers norms

Let Apf(x) = f(z + h)f(z) denote the multiplicative derivative of f. The U®

norm of f is defined as

1

Us 1= (z,hlE , I c"fa+w- h)) (2.6)

””” *wef0,1}s

In

where |w| = w; + ... + ws. If f =14, then ||14]

Z'. is the normalized count of

s-dimensional parallelepipeds in A, i.e. configurations of the form
(2 4+ wihy 4 ... + Wshs)wefo,1}s-

It turns out that ||f||ys is a well-defined norm for s > 1 and a seminorm for
s = 1 (for the proofs of these and other facts on Gowers norms described
in this section, including Lemma 2.2.1, consult [Gre07] or [Taol2]). In fact,
|flor = |Eq f()| = | f(0)|. Gowers norms enjoy several important properties

that are used extensively in this paper. First, they are monotone:

A o < 1oz < {1 los <o

Second, one can express a U® norm of f in terms of a lower-degree Gowers

norm of its multiplicative derivatives:

A k
2U93 = hlr-?hs—k HAhl,m,hsfkalQ]k'

171

In particular, taking k = 2 gives:

1

be = W E 1Ay Fll2:
The utility of this formula for us is that U? norm is much easier to understand
than the U® norms for s > 2. In particular, ||f||p> = ||f]|¢+, and from the
fact that maxger, 7)) < ||l < maxger, /()] it follows that having a
large U? norm is equivalent to having a large Fourier coefficient, which is the
statement of U? inverse theorem. For s > 2, corresponding inverse theorems
exist as well, but they are significantly more involved and we fortunately do

not need them.

Gowers norms, introduced by Gowers in his celebrated proof of Szemerédi

theorem, occur frequently in additive combinatorics because ||14]||ys controls
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the number of (s + 1)-term arithmetic progressions in A in the following way.

Lemma 2.2.1 (Generalized von Neumann theorem). Let fo, ..., fs be 1-bounded.
Then

| E fol)fala+y) - fula + sy)| < uin ||

. U.s .
0<i<s

Counting arithmetic progressions in subsets of finite fields

In Theorems 2.1.3 and 2.1.5, we show that a certain counting operator can be

expressed in terms of

A(fos oy fio1) = fy Jo(@)filz +y)-- fica(z + (t—1)y)

which counts t-term arithmetic progressions weighted by fo, ..., fi—1. In par-
ticular, A¢(14) = Ay(1a,...,14) is a normalized count of ¢-term arithmetic
progressions in A. Instead of giving the exact estimates for what this counting
operator is, we want to bound it from below by an expression involving N;(«),
which is the smallest natural number such that p > Ny(«) implies that each
subset of F,, of size at least ap contains an t—term arithmetic progression. The
reason why we want to have the estimate for A; in terms of N, is because the
functions N; and rj(n) := r(n)/n are essentially inverses, where r,(p) is the
size of the largest subset of F, not containing an ¢-term arithmetic progres-
sion. What we mean by this is that if 7} is bounded from above by a decreasing
function s;, then - subject to certain conditions - IV; is bounded from above by

s;'. The following lemma makes this precise.

Lemma 2.2.2. Let r4(p) be the size of the largest subset of F, lacking t-term
arithmetic progressions. Let Ny(«) be the smallest natural number such that
p > Ni(«) implies that each subset of F, of size at least ap has an t-term arith-
metic progression. Suppose that s; : [po,00) — (0,1] is a decreasing function
with lim si(n) = 0. Let M, be its inverse defined on (0, oy], where g := s¢(po)-
Then ri(p) < ps¢(p) for p = po if and only if Ni(a) < My(a) for 0 < a < ap.

Combining Lemma 2.2.2 with an averaging argument of Varnavides [Var59],

we obtain the following lemma, the precise version of which has been borrowed

from [RW19].

Lemma 2.2.3 (Averaging over progressions). Suppose 0 < oy < 1, and let

M, : (0,a0] — Ry be a decreasing function satisfying Ny < M,. Suppose that
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A CF, has size |A| = ap for some 0 < a < ag. Then [Ay(14)] > 1/M;(a/2)?,

where the implied constant depends on t.
We conclude this section with the proof of Lemma 2.2.2.

Proof of Lemma 2.2.2. Assume that s; is defined as in the statement of the
lemma and that r,(p) < s;(p)p for all prime p > pg. Fix a prime number p > py
and o € (0, o). Suppose that A C F, of size |A| = ap lacks a t-term arithmetic
progression. The assumption of p > py implies that |A| < ry(p) < s(p)p, or
a < s¢(p). From the monotonicity of s; it follows that p < M;(«).

Thus, if a subset A C F,, of size |A| = ap for 0 < a < oy lacks a t-term
arithmetic progression, it must be that either p < pg or p < M;(«a), implying
Ni(a) < max{pg, My(a)}. The definition of py and monotonicity of M, imply
that po = My(ap) < My(«), and so Ny(a) < My(a).

Conversely, suppose Ni(a) < My(«a) for 0 < a < «p. Suppose that a set
A C F, of size |A| = ap lacks an ¢-term arithmetic progression, and assume
0 <a<agp=p. Then p < Ny(a) < Mi(a), and so o < s4(p).

It thus follows that if a subset A C F, of size |A| = ap for p > p, lacks an
t-term arithmetic progression, then either av < s4(p) or @ > «p. If the latter
holds, then a > g implies M;(a) < M;(cvg) = po, and so this case is impossible

whenever p > py. Thus we must have that o < s4(p) whenever p > po. ]

Deriving upper bounds in Theorem 2.1.2

This section is devoted to the proof of Theorem 2.1.2 using Theorem 2.1.3

coupled with the notation from Section 2.2.3.

Proof of Theorem 2.1.2. Throughout this proof, all the constants are allowed
to depend on ¢,k and P, ..., P,1x_1. From Theorem 2.1.3 it follows that

$7 . . Z‘7 .
yjzo j=t yFO

E tﬁlA(fc +J’y)t+H_ La(z + P(y)) = (E tf[u(:c + jy)) af +0(p™)

If A CF, for p > pg has size |A| = ap and lacks progressions (2.2), then the

expression on the left-hand side is O(p~!), and so

(E ﬁ 1u(x +jy)) of < pe. (2.7)

Let M; be the inverse function for s; on (0, ap], where oy = s(po), and set

M = M;(«a/2). The assumption p > po and the fact that s, is decreasing
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imply that 0 < o < ap. Applying Lemma 2.2.3 to (2.7) gives o* M2 < p~.
Behrend’s construction implies that M grows faster than polynomially in «:
that is, for each C' > 1 there exists ¢ > 0 such that M > ca~° [Beh46].
Consequently, we have M3 < p~¢ which implies that M > p° for a different

constant 0 < ¢ < 1. From monotonicity of s; it follows that a < 2s(cp®). O

To illustrate the last bit of the above proof, we take Gowers’s [Gow01]
estimate
9o~ ¢

a*C’
for ¢ > 4. Combined with Ny(a/2) > p°, it gives the inequality 2290 s e,
After rearranging, it yields

1

oL —.
(loglogp)e

Note that the function s;(p) = (log, log, p)~¢ is precisely the inverse function

of My(a) = 22° " for an appropriate choice of constants.

Proof of Theorem 2.1.3

Finally, we come to the main part of the paper, which is the proof of the
counting theorem for the progression (2.2). Like before, all the constants here
are allowed to depend on ¢,k and P, ..., Pryp_q. First, we lexicographically

order the set Ni, i.e.
(t,k) < (', k) < t<tor(t=tand k < k).

We induct on (¢, k) by following the lexicographic order on N3. Let S(t, k)
denote the statement of Theorem 2.1.3 for (¢, k); that is, S(¢, k) holds iff for
all linearly independent polynomials P, ..., P, 1 of degree at least ¢ that do
not span a polynomial of degree less than ¢ there exists a constant ¢ > 0 such

that for all 1-bounded functions fy, ..., fiix_1, We have

t+k—1

ETL At +in) 11 S+ Bw)

j=t

t—1 t+k—1
= (wa I1 fi(= + jy)) IT Efi+00@™).
Vo

J=t

S(1,k) and S(2, k) follow from the work of Peluse [Pell9], and they shall

serve as our base cases. It turns out that in the inductive step, we have to
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distinguish between two cases:

1. S(t, 1), assuming the statement holds for all (¢, k") < (¢,1) (although we
shall only need to invoke S(t — 1,2)).

2. S(t, k) for k > 1, assuming it holds for S(¢', k") with (¢', k") < (¢, k).

To handle the first case, we use the Cauchy-Schwarz inequality and a change
of variables to reduce S(t, 1) to S(t—1,2). However, this argument fails in the
second case, for which we therefore employ a longer approach that resembles

more closely the arguments from [Pell9; PP19].

Throughout this section, we denote the counting operator appearing in the

statement of the Theorem 2.1.3 by A with appropriate subscripts. Thus,

t+k—1

t—1
At,Pt ..... Pt+k—1(f07“'7ft+k—1) = xEnyj(x+Jy) H f](w+PJ<y>>
7 j=0 j=t

In particular, A; denotes the counting operator for ¢-term arithmetic progres-

sions:
t—1
At(an "'7ft—1> = zEy H f](x +]y)
Y20

When t, k, and P, ..., P, ;1 are clear out of the context, we shall suppress the
subscripts and denote the operator just by A.

Proof of S(¢,1) assuming S(t — 1,2)

As advertised earlier, we first prove the inductive step for S(¢,1). Let P be a

polynomial of degree at least t. Our goal is to show that the counting operator

Aep(fo, - fr) = xl,Ey (tl_[ fi(x +jy)) fi(z + P(y)) (2.8)

is in fact controlled by an operator involving an arithmetic progression of length
t — 1 of difference functions of fi, ..., fi_1. To accomplish this, we first rewrite
(2.8) as

E fo(x)E (ﬁ file + jy)) f(z + P(y))-
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Applying the Cauchy-Schwarz inequality in x together with 1-boundedness of

fo and changing variables, we obtain that

2

|At,P(f07 LK) ft)|2 < 5

E (h filz + jy)) filz + P(y))

Y j=1

< E, (H Aty + jy>) Filw + P fule + Py +h)

Translating © — = — y and using the triangle inequality gives

Aep(for o fP < E

e (ﬁ Apnbyla+ (- 1>y>)

J=1

file +P(y) —y) fe(x + Py + h) —y)

By the pigeonhole principle, there exists h # 0 such that

|At7p(f0, ceey ft)|2 <

Ey (tH Ajnfilr+(j — 1)?9))

filz + P(y) —y)fele + Ply+h) —y)|+ O~ ")

= |At—1,Pt,Pt+1(90a ooy gt—27ﬁ7 ft)l + O(p_l)

where we set

P(y)=Ply) —y, Pyily)=Ply+h)—yand g;(t) = Aginnfii(t).

From h # 0 it follows that P, P, are linearly independent. Moreover, for any
(a,b) # (0,0), the polynomial aP; + bP,;; has degree at least ¢ — 1, attaining
this degree precisely when a + b = 0. We have thus reduced the study of A, p
to the analysis of A;_1 p, p,.,, and so we are in the S(¢t — 1,2) case. Applying

Theorem 2.1.3 for this case, we see that

|At,P(fO7 ERES) ft)|2 < |At—17Pt,Pt+1 (goa "'7gt—27ﬁ7 ft)| + O(p_l)
= [Ai-1(g0; -, Gi—2)| - | Efzt|2 +O0(p™)
<|Efi>+0(p™)
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and hence

’At’P<f07"‘7ft)| < |Eft‘ _|_O(p—0)

We have established so far that the U' norm of f; controls A, p(fo, ..., f¢) up
to a power-saving error, i.e. ||f;||p1 = 0 implies |A¢ p(fo, ..., ft)| = O(p~©). To
utilise this fact, we decompose f; = E f; 4 (f; —E f;) and split A; p accordingly.
The term involving f; — E f; has size at most O(p~¢) because E(f; —E f;) = 0,

and so

A p(fo, s ft) = Me(fo, s fim1) Efe +O(p79),

as required.

Proof of S(t,k), k > 1

Our next goal is to prove S(t, k) whenever k& > 1. The natural thing to try
would be to prove this case in a similar manner we proved S(¢,1); that is, to

apply the Cauchy-Schwarz inequality to the counting operator

At:Pt ::::: Pt+k71(f07 -",ftJrkfl) (29)

and bound it by the counting operator of

Qi(y) = Pi(y) —y, Ri(y) =Pily+h)—y and g;(t) = Agrnnfin(t).

However, this simple extension of the method used to prove S(¢,1) does not
work because there is no guarantee that Qy, Ry, ..., Q¢1x_1, Rirr_1 are linearly
independent (and in general, they may not be), nor that any nonzero linear
combination of them has degree at least t — 1. To illustrate this problem, we
look at

(z, v +y, o+2y, x+13° o +y*).
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Applying the Cauchy-Schwarz inequality and translating by = — = — y, we

control this configuration by the counting operator of the configuration
(@, 24y, v+y° —y o+ (y+ 1)’ —y, o +y' —y, o+ Y+ 1) —y)

Note that the polynomials y, v° — vy, (y +h)* — vy, y* —y, (y +h)* —y have
degree at most 4, and there are 5 of them, hence there exist ay, ..., as, b not all

zero such that

ary + asx(y’ —y) + as((y + h)° —y) + as(y* —y) + as((y + h)* —y) =b.

Consequently, one cannot apply induction hypothesis to this configuration.

One therefore needs to come up with a different method.

Throughout this section, we let

A= At,Pt,...,

Piyg_1-

Our general strategy for S(¢, k), k > 1is to gradually replace each of fi, ..., fiix_1
by additive characters. Our method follows very closely the techniques in

[Pel20; Pel19; PP19], and we shall point the reader to the relevant statements

in these papers for comparison. To replace arbitrary functions by characters,

we introduce an inner induction loop, much like in the proof of Theorem 2.1

of [Pell9]. For 0 < r < k, let S(t, k,r) denote the statement that for all poly-

nomials P;, ..., P satisfying the conditions of Theorem 2.1.3, there exists

¢ > 0 such that

At,Pt,...,PtJrk—l (fO, S P ep(at+'r")7 ey ep(atJrkfl'))

t+r—1 t+k—1
= Ne(fo, s 1) TI By II laj=0 +O(7°).
j=t j=t+r

for all 1-bounded functions fy, ..., firr—1 : F, — C. We note that S(t, k,r)
is the special case of S(t,k) restricted to the situation when f; = e,(a;-)
for t +r < j <t+k—1, and S(t,k, k) is equivalent to S(t, k). We shall
therefore deduce S(t, k) by inducting on 0 < r < k for fixed (¢, k). We start
by proving the base case S(t,k,0), which by the homomorphism property of
additive characters and assumptions on the polynomials F;, ..., P 1 reduces

to the statement in the following lemma.

Lemma 2.4.1. Let a € F and t € Ny. Suppose that P € Z[y] has degree at
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least t and that the functions fo,..., fi—1 : F, = C are 1-bounded. Then

|Aep(fo, - fio1,€p(a))| < O(p™°) (2.10)

for a constant ¢ > 0 depending on t and P but not on a or fy, ..., fi—1.

Proof. We prove the statement by induction on ¢. For t = 1, we have

| E fo(e)ey(ale+ P())] = |E fo(x)ey(an)] - |E eyfaP(y))] < p*

by the 1-boundedness of fy and Weyl differencing.
Suppose t > 1. Then an application of the Cauchy-Schwarz inequality to

remove fo followed by a change of variables gives
|Aep(fo, -, fi1,ep(a))| <| If:_LAt_LQh(ep(—a-)Ahfl, s Ay fi—1,p(ar))]
where Q(y) :== P(y + h) — P(y). For h # 0, the degree of @), satisfies
degQp =degP —1>1t—1.

By inductive hypothesis and triangle inequality, (2.10) holds for ¢t. The lemma
follows by induction. O

The heart of the proof of S(t, k) for k > 1 is thus to show that S(¢, k,r+1)

can be deduced from S(¢, k, 7). The next lemma states this more formally.

Lemma 2.4.2. Lett > 3, k > 2 and 0 < r < k be natural numbers. Assume
S(t,k,r) holds. Then S(t,k,r + 1) holds as well.

The case S(t, k), k > 1 thus follows by inducting on r and the observation
that S(t, k, k) = S(t, k).

From now on, assume (¢, k, r) is fixed. In the remainder of this section, we
outline the proof of Lemma 2.4.2. We formulate consecutive steps of the proof
as lemmas to be proved separately in the next section. Our first task in proving
Lemma 2.4.2 is to show that A is controlled by some Gowers norm of f;,,.. This
follows from the so-called PET induction scheme, which originally appeared in
Bergelson and Leibman’s ergodic-theoretic proof of the polynomial Szemerédi
theorem [BL96] and was subsequently applied in the works of Prendiville and
Peluse [Prel7; Pell9; PP19] and Tao and Ziegler [TZ08; TZ16; TZ18].

Lemma 2.4.3 (PET induction, Proposition 2.2 of [Pell9]). Let Pi,..., P, be

nonconstant polynomials in Zly| such that P; — P; is nonconstant whenever
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t # j. Then for any 1 < j < [ there exist s € N and 0 < § < 1, depending
only on the degrees and leading coefficients of Py, ..., P, such that

e+ 0 ™7).

|Am,m+P1(y),‘..,m+Pl(y)(f07 ) fl)‘ < Hf]’

for all 1-bounded functions fo, ..., fi : F, = C.

Our statement differs slightly from the statement of Proposition 2.2 in
[Pel19] in that Peluse did not mention explicitly our condition that the differ-
ence between any two polynomials F;, P; cannot be constant. However, she
assumed throughout her paper that P, ..., P, were distinct polynomials with
zero constant terms, which implies our condition. In our paper, the poly-
nomials may have nonzero constant terms, in which case we replace P;(y) by
Fi(y) := Pi(y)— P,(0) and fi(t) by fi(t) := fi(t+F;(0)), so that fi(z+Pi(y)) =
fi(x + P/(y)). The facts that f; and f/ have the same Gowers norms and that
P/, ..., P/ are all distinct polynomials with zero constant terms allows us to
reduce to the case covered in Proposition 2.2 of [Pell9].

The notation has already become rather formidable, and it will become
even more so in the further part of the proof. To make it more palatable, we
let Pj(y) :=jyfor 0 < j<t—1land f;(t) :=epy(a;t) fort+r+1 < j <t+k—1
for the rest of Section 2.4.

Our next step is to replace the function f;, in the counting operator by

F@) =€ T[S+ ) = Pacs) I1 Fia+ P = Paly)

(2.11)

We do it slightly differently here than we did it in the original version of [Kuc21]
- instead of using a certain decomposition result on functions, we employ a trick

from Lemma 5.12 of [Pre]. We call F' a “dual function” because

At,Pt,...,Pt+k,1(f07 A ft-‘rk—l) = <F7 fTH>

Applying the Cauchy-Schwarz inequality and the definition of F', we see that

2 _
< ||F||%2 - At,Pt,...,Pt+k71<f07 "‘th—i-?“—laFa ft+7‘+17 "‘7ft+k—1>‘

(F i)

This gives us control over Ay p, . p., ,(fo; s fi4x—1) by the U norm of F
using Lemma 2.4.3.

In general, higher degree Gowers norms control lower degree norms but the
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converse is not true. For the special case of the dual function F', we however
show that || F|

in the lemma below which is an adaptation to our setting of the degree-lowering

vs is indeed controlled by || F||y2 for any s € N. We achieve this

technique of Peluse, first utilised in Lemma 4.1 of [Pel19].

Lemma 2.4.4 (Degree lowering). Let F' be defined as in (2.11). For each
s> 2,

223—1

[ Flfps—r = QF[l5s ) —O0(p™)

for ¢ > 0 depending on t,k, and P,, ..., P, x_1 but not on fo, ..., fran_1. As a

consequence,

(s=2)(s+2) e
|Flluz = Q||F||5- )= O(p™°).

Having a control by the U? norm of the dual function F' is important
because this norm is in turn controlled by the U! norms of the component
functions fi, ..., frar—1, frarsts -5 fiox—1, which follows from Lemma 2.4.1 cou-
pled with S(¢,k—1). Recalling that f;(t) := ey(a;t) for t+r+1 < j <t+k—1

and so || fj||r = La,—0 for these values of j, we obtain the following lemma.
Lemma 2.4.5 (U! control of the dual). Let F' be defined as in (2.11). Then

1 t+k—1
1Pl < _min (15115 TT lo-o+ O ™)

<j< —

for some ¢ > 0 depending on t,k, and Py, ..., P x_1 but not on the functions

f07 sy ft-i-k—l'

Combining the estimates of two previous lemmas with argument above
Lemma 2.4.4 gives the following bound, which differs slightly from the analo-

gous bound in the original version of the paper [Kuc21].

Lemma 2.4.6 (U' control of A, ¢f. Lemma 4.2 of [Pel19] and Theorem
7.1 of [PP19]). There exists a constant ¢ > 0 and s € N depending only on
t,k, P, ..., Pryg_1 but not on fy, ..., frix_1 such that

k-1
IA(fo, s fren—1)] < min || f;l|tn - H lo,—0 +O(p™°).

<7< —
t<j<t+r—1 imiir

Having established Lemma 2.4.6, it is straightforward to prove S(¢, k,r+1);
however, the argument is slightly different for » = 0 and r > 0. If » = 0, then
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by Lemma 2.4.6 we have

t+k—1

|A(.f07 ) ft-‘rk:—l)| < H 1aj:0 + O(p_c)
Jj=t+1
If not all of ay,1, ..., a;ys_1 are zero, then

IA(fo, -y frow—1)| <p™“

Otherwise we are in the case S(¢,1). Combining these two alternatives gives
S(t, k,1).

If > 0, we split each of f;, ..., fip,—1 into f; = Ef; + (f; — Ef;), and

decompose A accordingly. Then A(fo, ..., fi1r—1) splits into the main term

A(f()) ceey ft—17 Eft7 crey Eft—i—r—hft—i—r, ceey ft—l—k)—l)

and 2" — 1 error terms, each of which involves at least one f; — E f; for
t <j<t+r—1. Using Lemma 2.4.6, each of the error terms has size O(p~°);

hence

A(f07 ) ft+k71) :A(f07 HS) ftfla E ft7 ce E ftJrbe ft+r7 ) ft+k71)+0(pic)

t+r—1

= At7Pt+r7---Pt+k—1(f07 XD ft—17 .ft-‘r’/’a (XD ft-‘rk—l) H E f]
j=t
+O(p™).
Applying the S(t, k,r) case, we can split Ay p,, P, s
At,Pt+T,...Pt+k,1 (f07 ey ft—l) ft+T7 A ft+k—l)
t+k—1
:At(f(b'“aftfl) EftJrr H 1aj:0+0<pic)
j=t4r+1
and hence
t+r t+k—1
Afo, oo fran—1) = Me(fo, s fim) ITE S5 T] 1aj=0 + O(p™°).
j=t j=t+r+1

This proves S(t, k,r + 1) for r > 0.
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Proofs of Lemmas 2.4.4, 2.4.5 and 2.4.6

While in the previous section we outlined the proof of S(¢, k) for k > 1, here

we derive the technical lemmas which are used in this proof.

Proof of Lemma 2./.4. This proof follows the path of Proposition 6.6 in [PP19].
The main idea is to write the U® norm of the dual function F' as an average of
the U? norms of derivatives of F, extract the maximum Fourier coefficients of
Ap,...n. o, F, and show that for a dense proportion of (hy, ..., hs_2) these coeffi-
vs > p© If s =3 and ¢(h)

is the phase of the maximum Fourier coefficient of A, F', then we show that

cients satisfy certain linear relations provided || F|

¢ is constant on a dense proportion of h. For s > 3, analogous relations are
somewhat more complicated. These linear relations turn out to be sufficient to

get a control of the U® norm of F' by its U*~! norm with polynomial bounds.

Using the definition of Gowers norms, we have

ni=||F

-----

2
Uus T, 7..?}1872 ||Ah1
Let Hy = {(hi,...,hs—2) € F;*Q S VAN | P %77} To simplify the no-
tation, let h = (hq, ..., hs—2) and E;, := EEGFIS;Q. From the popularity principle
(Lemma 1.2.10) it follows that |H| > 3np*~?, and so

1
7 <ENALFIIb: - L, () (2.12)

The U? inverse theorem, stated in Section 2.2.2, implies that the square of the
U? norm of a function is bounded by its maximum Fourier coefficient. Given
ARF, let @’ (¢(h)) denote its maximum Fourier coefficient. Then the right
hand side of (2.12) is bounded by

EALF()ey(0(h)2)| 1, (B)

= E ApF(2)ApF(2')ep(d(h)(x — )1y, (h). (2.13)

7 L)
17:1: 7&

E[SLF(6(1)] 1 () = E

To simplify the already cumbersome notation, we denote ); = P; — Py, for
0 < j <t+k—1. Unpacking the definition of the dual function F', the
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expression (2.13) equals

EA|E I fie+@Qiw) A B T £ +Q)

z,x’,h T 0<j<t+k—1, Y 0<j<t+k—1,
JAt+r JFt+r
(2.14)
ep(P(h)(x — a'))1p, (B).
After writing out the multiplicative derivatives, (2.14) is equal to
E I1 I[I cfetw h+Qiy,) (215

s—2
Tyyery” 0<j<t+k—1, we{0,1}5-2
JFEt+r

ClU Ty w It Qs (4))en(d(h) (x — )1 (h).

The product in (2.15) contains 2572 copies of f; for each j and each of z and
2. In each of these copies the y-variable is different. We would like all the
copies of f; to be expressed in terms of the same y-variable. To achieve this, we
modify (2.15) by applying the Cauchy-Schwarz inequality s — 2 times. First,

(2.15) can be rewritten as

/ /
M:,hE X Eo1}s>—2 b(x,a:,hl,...,hs_g,g,g)hE H H
FLLS REE) 573g’y/€|:;{) » s—2 O§j<t+k*17ye{07]}572
j#t-’—'f‘ ws=1
(2.16)

Cllfi(ataw - b+ Qi(y, )C (@ +w - b+ QY ))ep(0(h) (w — 2)) 1, ().

By the Cauchy-Schwarz inequality and change of variables, (2.16) is bounded
by

|w]
z,2',h1,....;hs—3,hs—2,h/ E H H C (217)

-2
s—2 g,g/EF;O’l}S 0<j<t+h—1, we{0,1}°—2
jFEt+r ws=1

53 s—3
(fj (x—f—z wihi+ws—2hs—2+Qj(yw)> i <$ + Z wih; +ws_ohs_5 + Qj(i%))
i=1 - -

i=1

s—3 53
f; <$/+Z wih¢+ws—2hs—2+Qj(?/fw)> fi <:v' + Z wih; +ws_ohy_y + Qj(%)))

i=1 i=1

€p((gb(h1, ey hs—37 hs—2) - ¢(h17 SEE) h8—37 /8_2))(1’ - ZL',))
1H1 (h17 ceey h8—3a h5—2)1H1 (hla ceey hs—?n ;—2))%
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The presence of so many terms in (2.17) comes from the fact that in the pro-
cess of applying the Cauchy-Schwarz inequality and changing variables, each
expression F(hs_3) (depending possibly on other variables as well) is replaced
by E(hs_2)E(h,_,). Therefore the number of expressions in the product dou-
bles, making (2.17) rather lengthy. Applying Cauchy-Schwarz another s — 3
times to hg_s, ..., hy respectively, we bound (2.17) by

E 11 I[I Qw2 fi(z +w-h™ +Q,(y)) (2.18)

’ / ’
z,x’'y,y’ b,k 0<j<t+k—1, ﬂ6{071}572

JEt+r
1

Cllf(a' +w - h™ + Qi(y))e, ( > )Mo - x/))) B

we{0,1}52

where

=

(w) h’ivwi =0
h;,wi =1

The expression (2.18) can be simplified to

1
2 25—2
t+k—1

EE| T gie+ Piy) | & (W(B )@+ Pre (0)))] Lo (B B)

Jj=0,
JjFEt+r

gt):= T C“ft+w-n™),
we{0,1}5-2
O(A) == {(h,h') € F272 .V € {0,1}*h1®) € A}

for A C F;_z and

vhh) = 3 (~)"e(h™).

we{0,1}5—2

Recall that for t+r+1 < j < t+k—1, we have defined f; to be f;(z) = e,(a;z).
Combining this with the assumption that s > 2, we have that

9i(x + Fi(y)) = & (%‘ > (-)w- h(w)>

we{0,1}5-2
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for these values of j. This expression depends only on A but not on x or P;, and
so we incorporate gii,i1, ..., grrx—1 into the absolute value. We thus obtain

the estimate

2

El II g+ Pj(y))) ep (1(h, B)(x + Prir(y))) (2.19)

I7y .
0<j<t+r—1

T] 92s—1
tou (1) > (3)

E
h,n'

We are now able to apply the induction hypothesis. By S(¢, k,7), the ex-
pression inside the absolute values equals O(p~¢) unless ¥ (h, ') = 0. There-

fore, the set
Hy = {(h, 1) € O(H) : ¥(h,h) = 0}

has size at least

()" —ow)s

In particular, there exists h € H; such that the fiber
Hy:={} : (h,h') € Hy}

has size at least

((727)281 - 0(]9‘0)) P

Fix this h. We now show that the phases ¢ possess some amount of low-rank
structure which we subsequently use to complete the proof of the lemma. By

the definitions of Hy and Hs, for each h' € Hs we have ¢(h, h') = 0. Define

Yi(h, b)) == (1) Z (=)l (n).
26{071}5727
w=...=w;_1=1,
w; =0

Note that, (b, ') = ¢(hy, ..., o) — b1 (b, B') — ... — s o (h, B). Crucially, v
does not depend on hf, ..., h}. Thus, 1 (h, k") = 0 implies that

s—2
Qb(hllv e h,s—2) = Z ¢Z(hv h/)
i=1
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That is to say, ¢(h], ..., h’._,) can be decomposed into a sum of s — 2 functions,

each of which does not depend on A/ for a different i.

To alleviate the pain that the reader may experience while struggling with

the notation, we illustrate the aforementioned for s = 3 and 4. For s = 3,
U(h, 1) = ¢(h) — ¢(h') = 1 (h) — $(I).
Hence ¢ (h, h') = 0 implies that ¢(h') = ¢(h). For s = 4,

Y(h, W) = ¢(h1, ho) — @(hl, he) — ¢(hy, hy) + P(hY, hy)
= 1 (h, I') — Ya(h, ) + ¢(hy, )

and so ¥ (h, h') = 0 implies that

o(h, hy) = d(hy, hy) + ¢(hy, ha) — ¢(hy, he) = Ya(h, h') — Y1 (R, B).

We now estimate the expression
E | Ay [t () (2.20)

from above and below. From below, it is bounded by

() -ow) > (3 0w

The upper bound is more complicated, and it relies on the fact that we can
decompose ¢(h') into a sum of 1);’s such that v; does not depend on h. Using

UZ-inverse theorem, (2.20) is bounded from above by:

1y, (B). (2.21)

E[SaF ()| 1) = E S (S )

By positivity, we can extend (2.21) to the entire F5~?; that is, we have

2 2

(2.22)

—_— 52
1) < E | (S0t
= =1

o s—2
E ApF (Z lbi(h/))
K =1
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Rewritting, we obtain that

2 2

o [s—2
e |50 (S ua)
= i=1

~E '5 A F(z)e, Cij %(h')x)

s—2
= h/Eh Aﬁl,hsle(x)ep (Z wz<h/)h51> . (223)
sls—1 i—1

x,h —

We apply Cauchy-Schwarz s — 2 times to (2.23) to get rid of the phases 1;(h).
In the first application, we start by rewriting (2.23) as

5—2
E b(CC, h,27 ) h/s—27 hs—l) E Ahé,...,h' Q,hsle(l’ + hll)ep (Z ¢i(h,)hs—1>
1 =2

x,h,..., s
hlsfzvhs—l
(2.24)
and then we bound it by
(m,hlph,f,h/gvﬁ,hls—whsfl B h_hss (F(I + ) F(z + hll/)) (2.25)

s—2
‘. (sz-(ha, Ky B ) — a( By h;_2>>hs_1)>z.

1=2

After repeatedly applying Cauchy-Schwarz in this manner, we get rid of all
the phases and bound (2.25) by ||F|

2«—1. This proves the lemma. O
The second proof is simpler.

Proof of Lemma 2.4.5. By U?-inverse theorem, ||F|[?. < meltzx|ﬁ(a)|. By
ackp

Lemma 2.4.1, this is O(p~¢) unless a = 0, in which case

F(Oé> = At,Pt ..... Piir—1,Pigrgises Piig—1 (f07 f17 teey ft+7'717 ft+r+17 teey ft+k‘71)'

Thus,

FZ2 < lacol APy Prss 1 Prrires J (2.26)
(fos f1s s fear—1, feargts oo fran—1)| + O(0™°)
< A fo, s fim1)] H |Efi| + 0™

t<j<t+k—1,
JFEt+r

where the second inequality follows from applying S(¢,k — 1). Recalling that
[i(t) = ey(a;t) for t +r+1<j <t+k—1and combining it with (2.26), we
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get that

t+k—1
175> < _min_||fillor - [T 1a,0 +O(7™).

<J< —

Taking square roots on both sides and applying Hélder’s inequality proves the

lemma. ]
Next we prove Lemma 2.4.6 using the previous lemmas.

Proof of Lemma 2.4.6. We recall from the argument above Lemma 2.4.4 that

2 2
‘At,Pt,...,Pkal(an"'7ft+k*1)‘ < HFHL2

= At,Pt,...,PtJrk,l (f07 teey ft-i—r—la F7 ft+7‘+17 teey ft—i—k—l)'

By Lemma 2.4.3, there exist s € N, and # > 0 for which

e+ 0(™7).

At,Pt,...,PtJrk,l(fO) ceey ft+7'717?7 ft+r+17 (XS] ft+k71)‘ g HF’

Combining the above two inequalities with Lemmas 2.4.4 and 2.4.5, we deduce
that

At,Pt,---,Pt+k—1 (f07 ) ft-i—r—la F? ft+7“+17 ERRS) fH—k—l)’
t+k—1
< _min |fillin [T la=0 +O00@™),

<1< —
t<i<t+r—1 =ttt
for some ¢ > 0 independent of fy, ..., frir_1, as claimed. O]

Upper bounds for subsets of F, lacking arithmetic pro-

gressions with k-th power common differences

We now switch gears, moving away from the progression (2.2) towards
arithmetic progressions with common difference coming from the set of k-th
powers. In this section, we prove Theorem 2.1.4 assuming Theorem 2.1.5. The
argument goes much the same way as deriving Theorem 2.1.2 from Theorem
2.1.3.

First, we prove the following simple lemma which allows us to reduce to

the case klp — 1.
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Lemma 2.5.1. Let k € Ny and @y, be the set of k-th power residues in F,.
Then Qk = Qgcd(k,p—l)-

Proof. Since FJ is a cyclic group under multiplication, we can write it as
Fr= (ala’~' =1). Note that for each k € N, Q; and Qged(k,p—1) are subgroups

of F) of cardinality oL generated respectively by a* and a2d»=1 The

p—1
ng(kvp_
property ged(k, p — 1)|k moreover implies that @, is a subgroup of Qgcd(kp—1);
and so they must be equal. O]

Proof of Theorem 2.1.4. The set of k-th powers in F, is precisely @), and by
Lemma 2.5.1 it is the same as the set Qgeqxp—1). Therefore we can assume
that k divides p— 1, otherwise we replace k with ged(k,p—1). Suppose A C F,
for p > po of size |A| = ap lacks t-term arithmetic progressions with difference

coming from the set of k-th powers. From Theorem 2.1.5 it follows that

E La(@)la(z +y) - La(z + (1 = 1)y)le.(y) (2.27)
= li;yu(:c)u(x +y)-La(e+ (= 1y)+ 0 (p~°).

Since A lacks progressions with k-th power differences, the left-hand side
of (2.27) is 0, and so we have

E La(@)la(@+y) - La(e+ (t = 1)y) = O (r). (2.28)

Applying Lemma 2.2.3 to (2.27) gives M2 < p~¢ where M = Mt(%a) and M,
is the inverse function to s; on (0, o), ag = s¢(po). Since M grows faster than
polynomially in o~ by Behrend’s construction [Beh46], this gives M; > p°.
Applying s; to both sides and noting that s; is decreasing, we obtain that
a < 25,(Cp°). O

Counting theorem for the number of linear configurations
in subsets of F, with variables restricted to the set of k-th

powers

This section is devoted to the proof of Theorem 2.1.5. We will first show
that without loss of generality, we can assume that k; divides p — 1 for each

1 < i < d. This will simplify the notation in the rest of the argument.
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Lemma 2.6.1. We have

k! k!
o Exd H fj(Li(ZElfl, ceey Z'Zd)) = o E g H fj(Li(Ill, ceey Idd))
it e 2
t
— ]{?/1 k:i o Ea:d H fj(Lz(l’l, 7.I‘d)>
yeeey -1

d

[Tie, () +0(p™)

i=1

where k= ged(k;,p — 1) for each 1 < i < d.
Proof. By Lemma 2.5.1, Qr = Qgca(k,p—1) for each k € N. Therefore the set

of k;i-th power residues agrees with the set of ki-th power residues for each

1 <@ < d. Consequently, the set of tuples

{(@hr, . ahey (2, 2g) € =3

equals the set of tuples

K K
{(2}", o zg?) : (21, .., ) € FLY,

and moreover each tuple (24, ..., xfld) appears in Fz the same number of times
as the tuple (:E]fll, o mz‘/i). This implies the first equality, as the summations in
both expressions are carried over the same sets of tuples the same number of
times.

The second equality follows from the fact that each value of y € F equals
xf * for precisely k| different values of x; € F,. The error term O (p~!) corre-
sponds to the cases when at least one of the variables xq,...,z4 is 0. Using
union bound, there are at most dp®~! such cases, which together contribute at

most % to the expectation. ]

We thus assume for the rest of this section that ki, ..., kg are coprime to
p—1. With this assumption, we now describe a useful expression for 1, which
is crucial in proving the error term in Theorem 2.1.5. Let a be a generator for

the multiplicative group F. Define the map

a' v e (1).

The function yy, is thus a multiplicative character of order k;, i.e. a group

homomorphism from F to C* satisfying X’;? = 1. We extend xi, to F, by
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setting xx,(0) = 0. Then yy, picks out Q,, in the sense that xx,(z) =1 <=
z € Qg,. Using the orthogonality of roots of unity, we can write

_ 14 X, (l’) + Xk, (m)Q 4o+ in(x)’“i_l 1

Lo, (z) = i - %gl{o}tr). (2.29)

We now use (2.29) to replace each 1g, by a sum of characters in (2.5).
Using the multilinearity of the operator, we obtain a main term of the same
form as in (2.5), which corresponds to the terms in (2.29) having 1q, replaced
by k% Terms where 1¢, is replaced by k%.l{o} (z) are of size O (p~!), and there
is a bounded number of them. It remains to deal with the terms that contain

some @ with 7 > 0 but have no %1{0} (x). Each such term is of the form

! X (i)
E Hfj(Li(xla'-wxd))Hik (2.30)
i=1 i€S i
for a nonempty S C {1 <i<d:k >1}and 1 < j; < k; — 1. From the fact
that k; divides d it follows that Xﬁ is also a character of order k;, so without
loss of generality we can take j; = 1 for each 1 <7 < d.
Green and Tao proved that linear forms L (21, ..., x4), ..., L. (21, ..., 24) are

controlled by a Gowers norm [GT10; Taol2]: specifically, they showed that

E I £i(Lix, . za))| < min ||£;]

061»-~-790dj 1<5<t

e (2.31)

whenever for each 1 <4 < ¢ one can partition {L’ : j # i} into s + 1 classes
such that L does not lie in the span of each of them. The only case when such
s may not exist is if two linear forms L; and L’ are the same up to scaling.
Otherwise we can partition linear forms into such classes: in the worst case,
each of {L : j # i} forms a separate class, in which case s = t — 2. This

extreme case occurs in arithmetic progressions, for instance: the operator

E fo@)fi(e +y) - frale+ (= 1)y)

is bounded by || fi||yt-1 for each 0 < <t — 1.

We assumed specifically that no two linear forms L;, L; are scalar multiples,
and that L, is never a scalar multiple of e;. From these assumptions we obtain
the following lemma, which is essentially a restatement of Green and Tao’s

result tailored to our context.

Lemma 2.6.2. For an arbitrary collection of characters xy, of order k;, we
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have the bound

e1,Cza T fi(Li(z1, s 2a) [T in(?i)
=1 '

1 .
< (H k) min || xx,||os (2.32)

ics Ni) €9
where s — 1 is the CS-complezity of the system

{L1,....Li}U{z;:jeS} (2.33)
In particular, one can take s=t+|S|—1<t+d— 1.

Proof. By assumption, all forms in the system
{Ll, ...,Lt} U {ZL’j 1<y < d, k’j > 1} (234)

are pairwise linearly independent. Since (2.33) is a subset of (2.34), all forms
in (2.33) are also pairwise linearly independent. Therefore the CS-complexity
of this system is finite, and is at most ¢t + |S| — 2 because the system (2.33)

consists of ¢ + |S| — 1 linear forms. O

It thus follows that the error term in (2.5) is controlled by Gowers norms of
characters. The multiplicative property of characters makes it easy to bound
their Gowers norms using tools such as Weil’s bound, the following version of

which we use.

Lemma 2.6.3 (Weil’s bound, Corollary 11.24 of [IK04]). Let x be a nonprin-
cipal multiplicative character of Fy,, and let by, ...,bo. € F,. If one of them is
different from the others, then

N|=

Ex((x = b1) - (& = b)X((@ = bss) -+~ (& — byy))| < 22

With this corollary, we can easily estimate the Gowers norms of nonprin-

cipal multiplicative characters.

Lemma 2.6.4 (Gowers norms of characters). If x is a nonprincipal multi-

plicative character of F, of order k and s is a natural number, then

—9o—(s+1)

x|

The reader may also consult [FKM13] for a more general discussion of

Gowers norms of functions on F, of a strongly algebraic nature.
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Proof. By definition, the U® norm of y is given by the following expression

Ixllz-= E E I C¥x(z+w-h

we{0,1}°, wef0,1}°,
|w| even |w| odd
< E Ex| Il Grun|x| II (@+w-h)
Py hs we{0,1}°, we{0,1}°,
|w| even |w| odd

If w - h are not all equal, then by Lemma 2.6.3 we have

N|=

< 2%z,

§x( 11 (x+w~h)>x< 11 (w+w-h))

we{0,1}5,w] even we{0,1}%,[w] odd

The only possibility for w - h being equal for all w € {0,1}* is when h; =
... = hg = 0, which happens with probability p=®. Thus

i s, —= -5
o< 2p 2 +p

IB%

and so

_9—(s+1)

[Ixllos < p

O

Applying the results of Lemma 2.6.4 to Lemma 2.6.2, we see that the error
term in (2.5) is of the size O (p~¢), which proves Theorem 2.1.5.
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3

3.1

MULTIDIMENSIONAL POLYNOMIAL SZEMEREDI

THEOREM IN FINITE FIELDS FOR POLYNOMI-
ALS OF DISTINCT DEGREES'

Abstract

We obtain a polynomial upper bound in the finite-field version
of the multidimensional polynomial Szemerédi theorem for distinct-
degree polynomials. That is, if P;,..., P, are nonconstant integer
polynomials of distinct degrees and vy, ..., v; are nonzero vectors in
FD, we show that each subset of F’ lacking a nontrivial configura-

tion of the form
(x, x+VviPi(y), ..., x+ v Py(y))

has at most O(p”~¢) elements. In doing so, we apply the notion of
Gowers norms along a vector adapted from ergodic theory, which
extends the classical concept of Gowers norms on finite abelian

groups.
Introduction

We prove the following bound in the finite field version of the multidimen-

sional polynomial Szemerédi theorem of Bergelson and Leibman [BL96].

Theorem 3.1.1. Let D,t € Ny, vi,...,v, € ZP be nonzero vectors and
Py, ..., P, € Zly] be polynomials satisfying deg P, < ... < deg P,. There ez-
ist constants ¢,C' > 0 and a threshold py € N such that for all primes p > po,

each subset A C F of size at least CpP~¢ contains

(wv T+ 'Ulpl(y)7 B ZII—I—’UtPt(y)) (31)

!This chapter is an adapted version of B. Kuca. “Multidimensional polynomial Szemerédi
theorem in finite fields for distinct-degree polynomials”. In: ArXiv e-prints (2021). arXiv:
2103. 12606.
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for some x € Ff and nonzero y € Fp.

A special case of this statement is that each subset of F} of size Q(p*~)

contains a nontrivial configuration of the form

((x17 x2>’ ($1'+'y7 x2)7 (xla I2-+-y2)), (3.2)

previously proved in [HLY21], or a novel result that each subset of F;39 of size

Q(p®~¢) contains a nontrivial configuration of the form

((x17x27x3)7 <$1+y7$275€3>7 <x175172+3/275€3>7 <x17x27373+y3>>~ (33>

A configuration (3.2) or (3.3) is nontrivial if y # 0.

Theorem 3.1.1 follows from the following result and its corollary.

Theorem 3.1.2. Let D,t € Ny, vy,...,v, € ZP be nonzero vectors and
Py, ..., P, € Z[y] be polynomials satisfying 0 < deg P, < ... < deg P,. There
exists ¢ > 0 and a threshold py € N such that for all primes p > pog and all
1-bounded functions fo, ..., f; F]l)) — C, we have

E fo(x) lj file+vP(y)) = E fo(x) ﬁmgzp file+ vn;) + O(p©).

zcFD, yeF, @cFD

Corollary 3.1.3. Let D,t € N_, vi,...,v, € Z” be nonzero vectors and
Py, ..., P, € Z]y] be polynomials satisfying 0 < deg P, < ... < deg P,. There
exists ¢ > 0 and a threshold py € N such that for all primes p > py and all

nonnegative 1-bounded functions f : Ff — C, we have

£ f(w)Hf(w+viB(y))><E f<sc>) L0,

zeFD, yeFp i—1 xzcFp
A careful analysis of the proofs of Theorems 3.1.1 and 3.1.2 reveals that the
bound in Theorem 3.1.1 and the error terms in Theorem 3.1.2 and Corollary
3.1.3 can be chosen uniformly for all the nonzero vectors vy, ..., v;. Similarly,
these quantities do not depend on the specific form of the polynomials P, ..., P;,
only on their degrees. The threshold py in both theorems does however depend
on the vectors and the polynomials. We also remark that both results hold

for F, with ¢ being a prime power, provided that the characteristic of F, is

sufficiently large in terms of the vectors vy, ..., v; and the polynomials Py, ..., P;.
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As an example, Theorem 3.1.2 implies that

E _ folwy, 22) fi(wy +y, 22) fo(21, 22 + ¢°)

z1,22,y€Fp

= E  folzy, ) i@, x2) folr, 25) + O(p™°)

T1,T2,
z} ,xheF,
for some ¢ > 0 uniformly in all 1-bounded functions fy, f1, fo : Fz — C. This
particular statement has been proved in [HLY21] with an explicit constant
¢ = ¢, but its natural analogue for (3.3) is novel:

Jo(x1, o, x3) f1(21 + y, T2, x3) fo(21, 22 + v, x3) f3(x1, T2, T3 + yg)

TL1,X2,L3,
yeFp

= E fo(l'l,33'27xs)fl(%’/pl'%513'3)f2(56'1,55/27I3)f3(371,5€2;3€§,) +O(pfc)-

X1,T2,T3,
z b xh€Fy
It then follows from Corollary 3.1.3 that if A C F has size |A| = ap® for
o> p~¢/*, then

H((xl,xg, z3), (21 + 1y, To, 23), (21, T2 + Y%, T3), (21, T2, T3 + y3)) € A3H > a'p'?.

Theorems 3.1.1 and 3.1.2 extend results from [HLY21], which proves the
same statements in the special case t =2, D =2, v; = (1,0) and vy = (0, 1),

i.e. for configurations of the form

((z1, 22), (21 + Pi(y), x2), (21, T2+ Pa(y))). (3.4)

Theorems 3.1.1 and 3.1.2 also generalise results from the one-dimensional
(D = 1) case [BC17; DLS20; Pell8; Pel19; Kuc21]|. Some of the results in the
abovementioned papers also have integer analogues [Shk06a; Shk06b; Sar78a;
Sar78b; Bal+94; Sli03; Luc06; Ric19; BM20; Prel7; PP19; PP20; Pel20]. In
our paper, we develop multidimensional analogues of techniques pioneered in
[Pel19] and later used in [Pel20; PP19; PP20; Kuc21], and we use the version
of the PET induction scheme from [CFH11].

Notation

Throughout the paper, we fix D € N,. We write elements of F]? as X =
(21,...,xp) and elements of F, as .

For aset X, welet E,cx = ‘71| > wex denote the average over X. If X = Fz?
or F,, then we supress the mentioning of the set and let Ex = Exe,:g and

E. = Eser,. Given a vector v; € F?

»» we denote V; = Spang {v;}, and we
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define E(f|V;)(x) = Ext+v, f = E, f(x+ v;y) to be the average of f along the
coset x+V;. We also set vo = 0 and P, = 0, and we call a function f : le? —C
1-bounded if || f]loc = maxy |f(x)| < 1.

We begin with specifying further pieces of notation used in this paper. For
k€ Zand P € Z[y], we set 9, P(y) = P(y+k)— P(y), and for f : F’ — C, we
let Ayf(x) = f(x)f(x+v). We also let Cz = Z be the conjugation operator.
For w € {0,1}°, we set |{w| = w; + ... + w,. Finally, the letter p denotes a
sufficiently large prime, and we let e,(r) = e>™/P,

We use the asymptotic notation in the standard way. If / C N and f, g :
N — C, with ¢ taking positive real values, we denote f = O(g), f < g, 9> f
or g = Q(f) if there exists C' > 0 such that |f(n)| < Cg(n) for all n € I. If the
constant C' depends on a paramter, we record this dependence with a subscript.
All constants are allowed to depend on D, t, the polynomials P, ..., P, or the
vectors vy, ..., v¢, and this dependence is not recorded. An exception to this rule
are results in Section 3.4, where we specify all the parameters that constants

depend on.
Acknowledgments

We would like to thank Sean Prendiville for useful conversations and comments
on an earlier version of this paper, and Donald Robertson for consultations on

this project.

Gowers norms along a vector

To prove Conjecture 3.1.2, we need a notion of Gowers norms along a
vector. Let f : F]? — C, s € Ny and v € ZP. We define the Gowers norm of
f of degree s along v to be

L

HfHUs(v) = (x hlE,.. he H C|w|f(X + V(wlhl 4+ ... —|— wshs))) .

weq{0,1}¢

These norms are finitary analogues of Host-Kra seminorms from ergodic theory,
corresponding to the transformation Tx = x + v on Ff . If D =1, then the
norm U*(v) equals the 1-dimensional Gowers norm U® for any nonzero vector

v. If D=2 and v = (1,0), we have

[ fllvzv) = ( E  flxy,22) f(w1 + ha,xo) f(1 + ho, @) f (1 + Py + h2,$2)>

z1,72,h1,h2

Gowers norms along a vector satisfy a lot of the usual properties of Gowers

NI
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norms. Letting fx(n) = (x + vn), we can relate Gowers norms along a vector

to 1-dimensional Gowers norms via the formula

1.f1

1
N\ T
v = (ENSIE) T (35
The U'(v) norm is in fact a seminorm, and it is given by

1Py = E FGOFGcHvE) = E_flx+vh)f(x + vh)

x,h x,h,
2

:E xEVf

2

— e s+ vh) ~ [E(IV)IE

where V' = Span{v}. Having large U'(v) norm thus tells us that f has large
average on many cosets of V' = Spang {v}. In particular, for D = 2 and
v = (1,0), we have

2
£ i) = E

2

xEl f(xl, xQ)

The identity || fljo1v) = [ E(f|V)| r2 can be extended to higher values of s

as follows: if f is VV-measurable in the sense of being constant on cosets of V',
then || fllusv) = [IE(f V) -

For s > 2, the seminorm U®(v) is a norm and satisfies the usual mono-

tonicity property

[y < 1l < Wfllosy < -

Both of these properties can be derived from the formula (3.5) and the corre-
sponding properties for 1-dimensional Gowers norms. It is also straightforward

to deduce from the definition that U®(v) satisfies the induction property

1
25

/]

77777

We need a better understanding of the U?(v) norm. This norm can be
related to Fourier analysis as follows. For x,v € Ff and k € F,, we define the

Fourier transform of f along v as

~

fxvi k) = Ef(x 4+ vn)e,(—kn),
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so that

f(x+vn) Z f(x;v;k)ey(kn) (3.6)
F

for any n € F,.
In particular, letting D = 2 and v = (1,0), we get

F<vi k) = E a1 + n, w0)ep(—kn),

~

We observe that | f(x;v; k)| = |f(x/;v; k)| whenever x —x' € V. With these

definitions, we have

o~

£l = E1FO6vi I < ELF G5 v, o) (3.7)

whenever f is 1-bounded, where ¢(x) is an element of F, for which

o~

mex | £(x; vi k)| = |F(x;v; 6(x))].

The Fourier transform can also be used to give an alternative description

of the U'(v) norm; specifically,

~

1£1E vy = E1f (s v3 0)]

since f(x;v;0) = E(f|V)(x).
We also need the following variant of the classical exponential sums esti-

mates, which can be found e.g. in [Kow| as Theorem 3.2.

Lemma 3.2.1. Let P € Z[y]| be a polynomial with deg P = d satisfying 1 <
d <p. Then

E eyl P(y)| < (d— Dy

Y

The outline of the argument

We fix integers 0 < m < t, nonzero vectors vy, ..., v; € Z”, and polynomials
Py, ..., P, € Z]y] satisfying 0 < deg P; < deg P, < ... < deg P,.

Roughly speaking, our proof of Theorem 3.1.1 goes by induction on ¢, and it
follows the three-step strategy of [Pell9]. Like in [Pell9], we start by obtaining
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a global Gowers norm control on the operator

E T1Ax+viP). 35)

We then perform a degree-lowering argument to show that we can in fact
control this operator by a U'-type norm. Finally we use the properties of this

norm to show that

t

E T1 i+ v.P(0) ~ ETTECIVI00) <

i=0
for some ¢ > 0.

One difference between our argument and that of [Pell9] is that in con-
trast to the D = 1 case, where we would control (3.8) by Gowers norms
of each of the function fy,...,f;, in the D > 1 case we can only bound
(3.8) in terms of some Gowers norm U®(v;) of the function f;. Moreover,
obtaining such a bound is only possible under the extra assumption that
deg P, > max(deg Py, ...,deg P,_1,0), whereas the D = 1 case only requires
linear independence of Py, ..., P,. The PET induction procedure that produces
such a bound has been developed in [CFH11], and we adapt the results of this

paper in Section 3.4.

In the D = 1 case, the U! Gowers norm is of “L! type”, in the sense that
| fllor = |Ex f(z)| < || fl|pr for any f : F, — C. However, in the D > 1 case
the U(v) norm is of “L? type” for any nonzero vector v € F , in the sense
that || f|lorv) = |[E(f|V)]|2- As a consequence, it turns out that we need to

obtain a Gowers norm control of the L? norm of the function
t
Gulx) = ET[ filx + viP(y)
i=1

rather than the operator (3.8). Together with an application of the Cauchy-
Schwarz inequality, this implies the Gowers norm control of (3.8).

To be able to perform induction on ¢, we need to consider more general

operators

=E L1 A6t viP) 1T a(00aPm) )

i=m-+1

for some phase functions ¢, 41, ..., @: : FpD — F,and U C FPD . By applying a

trick from Lemma 5.12 of [Pre| and a variant of the PET induction procedure
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outlined in Section 3.4, we show that this operator is controlled by the U*(v,,)

of the dual function

Fona) = E (T £6x-+%:P0) = viPaly + 1)

fi(X + Vsz(y + k) - Vum<y + k)))fm(x + Vm(PTn<y) - Pm(y + k))

i=m-+1

( [T ep(di(x = vinPu(y + k))akl%(y))) lu(x = v Pn(y + k).

A degree-lowering argument then shows us that the U*(v,,) norm of F},,; can
be bounded from above by a small power of ||Fy,¢||v1(v,,) and an error term
O(p~°). This norm can in turn be bounded from above by the norms || f;||v1(v,)

for 1 < i < m, from which we deduce that

2 ¢
II 1s0=0lu(x)+O(p~°)

1=m+1

TTEGHIV) ()

=1

HGm,t”%2 :E

Theorem 3.1.2 follows by taking m =t and U = Ff .

The proof that the L? norm of Gy, is controlled by the norms || f;||¢1(v,)
for 1 < i < m, with all the degree-lowering arguments, occupies the entirety
of Section 3.5. In Section 3.6, we conclude the proof of Theorem 3.1.2 and use
it to derive Theorem 3.1.1.

Controlling counting operators by Gowers norms

The material in this section follows closely Sections 4 and 5 of [CFH11].
We say that two nonconstant polynomials P, Q) € Z[y| are equivalent, denoted
P ~ (), if they have the same degree and the same highest-degree coefficient;
equivalently, P ~ @ iff deg(P — Q) < min{deg P, deg Q}.

Let t,m € Zand P; = (Pj1, ..., Pjm) € Z[y]™ for 1 < j < t and assume that
at least one of Pj,..., Py, is nonconstant for each j. We want to determine

when the operator
xEy H fix+viPy(y) + ... + viPy(y)) (3.9)
=1

is controlled by a Gowers norm for some nonzero vectors vy, ...,v; € Z”, and
the tuple P = (P4, ..., P;) is a compact way of encoding information about the

polynomials appearing in (3.9).
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Let d = maxdeg P;;. We define
.]71
77]/' = {Pji : deg Py; =0 for j < j' < t},

and we let wj; be the number of distinct equivalence classes of polynomials of
degree k in P}. The type of the family (P, ...,P;) is the matrix

w11 ... Wi
w21 ... Woq
Wi ... Weg.

Given two ¢ x d matrices W = (w;;) and W’ = (w’; ), we order them in the
reversed lexicographic way; that is, W < W’ if wyy < wyy, or wyy = wy,; and
Wya—1) < wg(dfl), ooy OF Wy, = Wy, for all 1 <k < d and wi—1yq < w@q)d» and
SO On.

The family (Px, ..., P;) is nice if

1. deg P, > deg P;; for 1 <@ < m;

2. deg Py, > deg Pj; for 1 < j <tand 1 <1i<m;

3. deg(Pyn — Pii) > deg(Pjy, — Py;) for 1 < j <tand 1 <i<m.

The arguments from Sections 4 and 5 of [CFH11], after appropriate adap-

tations to the finite field setting, can be used to show the following.

Proposition 3.4.1. Let m,t,d € Ny and P = (P4, ..., P;) be a nice family
of polynomials of degree d. There exist s € Ny and C,c > 0 depending only
on m,t,d such that for any nonzero vectors vi, ..., v, € ZP and any 1-bounded
functions fi, ..., fm : Fp, = C, we have the bound

waH filz+ v P(y) + ... + v Pyu(y))| < || fml
=1

CUS(vt) + C’pfc.

Proof. Suppose first that deg P,,, = 1. By the definition of nice families
of polynomials, this means that P,;(y) = a;y for distinct nonzero integers
Qt1, ooy Qer, and Pj; = 0 for all 1 < j < t. We therefore end up with the

expression

xEy .fl (X + Vtaly) e fm(x + Vtamy)-
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We let f;x(y) = fi(x + viy), so that

‘xlj:y fi(x+viary) - fm(x+ Vtamy)'
=| &, Abctviln e Vil + an)

<E
X

nEy fl,x(n + aly) e fm,x(n + amy)‘ :

Using the standard 1-dimensional estimates together with the distinctness of

ai, ..., Gy, the relation (3.5), and the Hélder inequality, we deduce that

E L+ viany) -+ S+ viamy)| < Ellfmellon-2 < fllom-2(en.

Suppose now that deg P,,,, = d > 1. We can assume that for each 1 < i <
m, the polynomial map y +— vi Py;(y) + ... + v¢ P;(y) is nonconstant, otherwise
we incorporate f; into fy. We proceed in three steps. First, we apply the

Cauchy-Schwarz inequality to bound

E ﬁ fl<X + leu(y> + ...+ thti<y))

Vi
< Xgh H fi(x +viPy(y) + ... + viPu(y)) fi(x + viPu(y + h) + ... + v, Pi(y + h))| .
Wiy
Second, we translate x — x—v1Q1(y) —... — v, Qm(y) for appropriately chosen

polynomials Q1 ..., Q. € Z[y], set Pjin(y) = Pji(y + h) — Q;(y) and use the
Cauchy-Schwarz inequality to bound

2

E TLAx+viPl) + o+ viPuly) (3.10)

<E
h

xEy H fi(x + leli;o(?/) + .t thf’tz';o(y))fz'(x + V1151z';h(y) + ...+ thtz';h(y)) .
=1

We choose the polynomial )y, ...,Q,, in such a way that for all except at
most m — 1 differences h € Z, the family S,P = (SpP,..., Si’P;), where
SpPj = (15]-1;0, pjl;h, s ]%m;o,]%m;h), has a type strictly smaller than P. We
do this as follows. Let | = min{j : P; is nonempty}. If [ < ¢, then we take @
to be a polynomial of the smallest degree in P; and set QQ; = 0 for j # [. If
[ =t,ie. Pi, .., P_, are all empty, then we split into two cases. If P; ~ P,
for all 1 < 4 < m, then we set @); = P, for all 1 < j < ¢t. Otherwise we
;<

choose 1 < i < m such that P;; has the smallest degree of all Py, ..., P, and
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let Q; = Pj; for all 1 < j < t. The assumption that Py, ..., P/_; are empty
implies that Py, ..., P, are all nonconstant, and hence P,; has positive degree.

By Lemmas 4.4 and 5.4 of [CFH11], for all except at most m — 1 values of
h € Z, the family S,P is nice and has a strictly smaller type than P. Finally,
by Lemma 4.5 and 5.5 of [CFH11], there exists a constant M = M/(d, m,t)
independent of the choice of the polynomial family P or vectors vy, ..., vy, such
that after repeating the abovementioned procedure at most M times, we end
up with the polynomial family of degree 1. Inducting on the type of P and
applying the induction hypothesis to the right-hand side of (3.10), we deduce
that there exists cg, Cy, s > 0 depending only on m, d,t for which

[

XEy ﬁ fix+viPu(y) + ... + viPy(y))

co —co —1 2
< (Nl + Cop™ + (m = 1)p
=1

< || foml

us +Cp©

for some ¢, C' > 0 that only depend on m,d,t. O

We will amply use the following corollary of Proposition 3.4.1, which plays
the same role as Proposition 2.2 of [Pell9] in that paper.

Corollary 3.4.2. Let 1 < m <t be integers, Py, ..., P, € Z[y] be polynomials
satisfying 0 < deg Py < deg Py < ... < deg P, and ¢, ..., 01 : FY — Fp.
There exist s € Ny and ¢ > 0 such that for any nonzero vectors vy, ..., v,, € ZP

and any 1-bounded functions fi, ..., fi, g1y s Gm : Ff — C, we have the bound

t

wlyzk f[l file+ v, Pi(y))gi(x+ v, Pi(y + k)) H ep(@(m)akpi(y))

i=m+1

< MNgmllrs @y +O@™)-

Proof. By applying the Cauchy-Schwarz inequality in x, k to

t

X’E’k lnj filx+viPi(y)gi(x+viP(y+ k) [[ ep(d:i(x)0Pi(y))  (3.11)

1=m+1

in x and k£ and setting k; = k, we observe that

. 2

xEkﬁfi(x+ViR(y))9i(x+viR(y+k:)) H ep(0:(X)0LPi(y))

i=m+1

m t

< E TI I C™gilx+ viPiy + wiks + waks)) 11 €p(6i(x)0k i Pi(w))-

X7y7k17k2 ’L:1 ME{071}2 ’L:erl
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Importantly, the degree of the polynomial Jg, j, P; in y is 1 less than the degree
of Oy, P;. If d = max{deg P,,,1,...,deg P,;}, then we get rid of the phases
e, (0i(x)0kPi(y)) by applying the Cauchy Schwarz inequality d + 1 times to
(3.11). Thus,

E LA vP@ae PGB 11 a(eeane)

< E I II ™ax+viPi(y +wiks + ... + warakaso)).

x7y7k17“'7kd+2 i=1 QE{O,l}d+2

For (1 — O(p~1))p®*? values of (ki, ..., kqy2), the expressions (wiki + ... +
Wy y2kd12)wefo 1342 are all distinct. By the pigeonhole principle, there exists a

tuple (k1, ..., kay2) € FiT2 satisfying this property for which moreover

2d+2
t

X57kf[1fi(x+Vipi(y>>gi<X+ViPZ-(y—|—k)) [T en(0:(x)0Piy))

i=m+1

< xEyH H C‘w‘gi(x+vif’i(y+w1k1 + ... +wd+2kd+2)) —i—O(p_l).

P i=1we{0,1}d+2
Let Piy(y) = Pi(y + wiky + ... + wgrokays). For every w,w' € {0,1}%72 the

polynomials P, and P, are distinct and equivalent. Therefore the family

(P1, .., Pm) corresponding to the operator

E H H C|w|gi@(x + Vil (y))

Vi1 wefo,1)+2

is nice. The result then follows from Proposition 3.4.1. ]

Degree lowering

In this section, we fix integers 0 < m < t, nonzero vectors vy, ..., v, € ZP,
and polynomials Py, ..., P, € Z[y] satisfying 0 < deg P; < deg P, < ... < deg P;.
The main result of this section is the proposition below, from which we deduce
Theorem 3.1.2 in the next section. This result plays in our argument a similar

part as Lemma 4.1 of [Pell19] in that paper.

Proposition 3.5.1. There exists a constant ¢ > 0 with the following property:
for all 1-bounded functions fi,..., fm : Fz? — F,, phase functions ¢pi1, ..., ¢r
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Ff — Fp, and subsets U C F]?, the function
=E[[filz+uli(y) I e(di(@)Fiy)iu(=),
=1 1=m-+1

satisfies

ﬁE(fz‘W%)(w) Lo (z) + O(p~2),

i=1

| G2 = E

where
Z/{/ = {:B eEU: ¢m+1(w) = .= ¢t($) == O}
In particular,
[Gm.tllze < lgg}n HfiHUl('Ui) +O(p™),

ift > 1, and if |Gyl = 0 > p~¢, then [U'| = Q(5*pP).

We prove Proposition 3.5.1 by induction on m. We start with the base case
m = 0. If t = 0, then the statement is trivially true, otherwise it follows from
Lemma 3.2.1. The proof for m € N, requires several technical lemmas which

concern the properties of the dual function F),, ;.

Lemma 3.5.2. Let m > 1, fi,..., fm : FI? — C be I-bounded, ¢, ..., 04
Fz? — FpandU C lea)' Let

) = E (1 e+ 0P = 0uPoly-+ )

filx+vPi(y + k) — v, Py + k) frn (@ + (P (y) — P(y + k) )

( II en(@i(z— vnPuly + k) OLily ))) Ly(@ — v P (y + F)).

i=m-+1

For each integer s > 1, there exists ¢ > 0 independent of the choice of functions
fi, &i and the set U, for which

—C

[ £

Us (vn) <K< HFm,t’

Us—1(vm) TP

Lemma 3.5.2 plays an analogous role in our argument to Proposition 6.6

of [PP19] in that paper, or Lemma 2.4.4 in Chapter 2. Multiple applications



128

of Lemma 3.5.2 and the Holder inequality give the following corollary.

Lemma 3.5.3. Let F,,; be as in Lemma 5.5.2. For every s € Ny, there exists
a constant ¢ > 0 independent of the choice of functions f;, ¢; and the set U,
for which

[2%1

Us(vm) < HFm,tHcUl(vm) —I—pfc.

Proof. The statement is trivially true for s = 1, so suppose that s > 1. Ap-
plying Lemma 3.5.2, we obtain that

[ Emtllvs i) < N Em el s v,y 07 (3.12)
By induction hypothesis, there exists ¢; > 0 for which

[ £

vsvm) < N Emillgi e,y T2 (3.13)

Combining (3.12) and (3.13) with the Holder inequality, we get the result with
C = CpCq.

]

Finally, we show that the ||F},;||1(v,,) norm is bounded by the norms

| fillorvays s [ fmllot(v,n), & result analogous to Lemma 9 of [Kuc21].

Lemma 3.5.4. Let F,,; be as in Lemma 5.5.2. There exists a constant
c¢ > 0 independent of the choice of functions f;, ¢; and the set U, for which
[ tllort v,y < min | fillr wy + O(p7).

Our induction scheme works as follows. For m € N, the (m,t) case of
Proposition 3.5.1 is used to prove the (m + 1,t) cases of Lemmas 3.5.2 and
3.5.3 as well as the (m+ 1,¢+ 1) case of Lemma 3.5.4. It follows that once the
(m, t) cases of Proposition 3.5.1 are proved for all ¢ > m, the (m + 1,t) cases
of Lemmas 3.5.2, 3.5.3 and 3.5.4 are proved for all t > m + 1. The (m + 1,¢)
case of Proposition 3.5.1 is then derived with the help of the (m + 1,¢) cases
of Lemmas 3.5.3 and 3.5.4

Proof of Proposition 3.5.1 in the case m > 1. We recall that

1Gmellze = E Hfz x +viPy(y)) fi(x + viPi(y + k)

xyk
t

1T en(9i(x)0kPi(y))1u(x).

i=m-+1
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Translating x — x — v, P,,(y + k), we observe that

||Gm7t||%2 = <Fm,t7 fm>7 (314)

where

o) = E (T Ax-4¥iP) = v Pt 1)

fi(x+viPi(y + k) = Vi P (y + k) fn (X + Vi (P (y) — Py + k) )

t

II en(@i(x = vinPon(y + £) O Pi(y) 1 (X = Vi P (y + ).

1=m+1

is as in the statement of Lemma 3.5.2. Applying the Cauchy-Schwarz inequal-
ity to (3.14), we obtain

1Gmellze < [ Fmelzo = E H filx+viPi(y)) fi(x + viFi(y + k))

xyk
t

frn(% 4 Vi P () Font (5 + Vi P (y + %)) 1T €p(3(3) 0 Pi(y)) 1 ().

i=m-+1

We thank Sean Prendiville for showing us the trick that we have just used to

bound |G| 2 in terms of || Fp, 4| 2.

By Corollary 3.4.2 applied to the sum above, there exists s € N, and
0 < ¢g < 1, independent from the choice of fi, ..., fin, Gms1, ---, ¢, U, such that

1Gmellze < [ FnillPey,) + O™)- (3.15)

We then apply Lemma 3.5.3 and Lemma 3.5.4, to bound

[ Eont]

om0 il + P (3.16)

for some 0 < ¢; < 1. Combining (3.15) and (3.16), letting ¢ = cyc1/4 and
using the Holder inequality, we get the bound

1GmellTe < min [Ifill,) +p7* (3.17)

(vi

Splitting each fi, ..., fi, into f; = E(fi|Vi) + (fi — E(fi|Vi)), observing that
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E(fi|Vi)(x+v;Pi(y)) = E(f;|Vi)(x) and using the bound (3.17), we deduce that

. 2

[Guntle = EETTEGAIVI G+ viBw) TT )R] o) + O(p~™)

=E[[TEAMG0| - B TT eesIR W) ) + 0™

As a consequence of Lemma 3.2.1 applied to the inner average over y, we obtain
Gl = E LTI ECAIV0 L) + O™)
for
U ={xelU: ¢p1(x)=..=¢(x) =0}
It follows from the 1-boundedness of fi, ..., f,,, that [U’'| > §?pP whenever
|G tllz2 = 6 > p~¢. The 1-boundedness of fi, ..., f, and the Holder inequality

further imply that

|Gmillze < 11315” | fillt(vs) +O(@™°).

We now proceed to prove Lemma 3.5.2, which contains the bulk of the

technicalities in this paper.

Proof of Lemma 5.5.2. We recall that

Fons) = & (T 564 5iP ) = Pty + 1)

KTV R =V Py F D) fn (X + Von (P(y) — P(y + K)) )
TT ey (64(% = Py + K)OP,()) (5 — Vn Py + B)).

i=m-+1

For simplicity, we set F' = F,; and fo = 13y as well as recall that vo = 0 and
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Py =0, so that

= E (mH £ 4+ ViPA(y) — Vi Pl + k))

X T VP G+ F) =V P(y D) fn (X + Vi (Pon(y) — Py + £) )

t

II ex(di(x = vinPuly + £)) 0 Pi(y))-

i=m-+1

We let 0 = || F|

From the induction formula for Gowers norms and the inequality (3.7), we
deduce that

Us(vm)- We also denote b = (hq, ..., hs—2) and Ep = Ejcp.

8 = NF U = E N Fllbeny < BB F O Vi (3 1)

Vim)

for some ¢,,(x; h) € F,. We can assume that ¢,,(x; h) is the same for all x lying
in the same coset of V,,, since |Apy,, F(X: Vi k)| = |Apy,, F (X5 Vins k + nvy,)|
for all k,n € F,. Thus, ¢,,(+; h) is V;,-measurable for each fixed h. We let

Hy = {h€F: A, Flinw,) = 6% /2}
and
Uy = {x € F + | Ay, (6 Vi () > 67 /4).
It follows from the popularity principle (Lemma 1.2.10) that

s — 2
6% < E |Apn F (5 Vini (5 12))| Leg(%) L (1)

< B Ap, F(x4nvy) Ay, F(x +n'vy,)

X7E7n7n/

ep(@m(x; 1) (n" — 1))y, (x) 11, ().

After expanding Apy,, F(x +nv,,) and Ay, F'(x + n'v,,), the right-hand side
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of the above equals

I e (T A6+ v+ v+ 8= P+ 1))

we{0,1}5-2

( w+ kw) + Vi (4w h— P (Y + kw)))
(x—l—v i ( ’w) + Vi (0 +w-h — Py, + k)

(Y + Fo) + Vi (0 +w - h — Pp(y, +k,))))
frn(x+vm(n+w-h+ Pu(yw) — Pn(Yu + ku)))

filx+v;P;

V(7 0 R 5 Pl — Pt ¥ 1)) ]

€p (%(X;h)(n' —n)+ i > (DMUix + Vi + w - b= Py + kw))) Ok, Pi ()

i=m+1we{0,1}0-2

o v w0 h— Pl + K)o, >)1uh< L (B).

It does not suit us that the expression above contains a product of many copies
of fi1,..., fm whose arguments include different y, 4/, k, ¥’ variables. We want
all the copies of fy, ..., f;, to be expressed in the same y, 1/, k, k' variables. We
shall achieve this by applying the Cauchy-Schwarz inequality s — 2 times to
the expression above. Letting b = (hy, ..., hs_s, h._,) and applying the Cauchy-
Schwarz inequality in all variables except hs_o, we bound the expression above

by the square root of

E/ E H c (H fl) €p ((Qbm(X,ﬁ) — qu(X,ﬁ))(n’ —n)
---ahs:3,7hs—2,h; N **,’ }’S 5 762()) 1_}15 2, i=0

+ Z Z (— )‘w‘((@(X‘i‘Vm(n""w h— Po(Yuw + kw)))

i=m+1we{0,1}°72
ws=1

— ¢i(x + Vip(n+w- E - Pm(yg + k@))))akﬂpi(yg)
— (pi(x+ V(0 +w-h— P (Yw + k&)))

— ¢i(x+ V(' +w - h— Pr(yu + kw)))) Ok, Pi (1)) ) Lug, (%) Lz, (1) 111, (),
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where

fix,y.k,n,n' w, by, ..., hy_g, ho_o, h._,)

= filx + viPi(yw) + Vm(n + w - h — Pr(Yw + kw)))
Fi(x 4 ViPi(yu) + Vin(n+ w - b — Py (yu + ku)))

[i(x 4+ ViPi(yw + kw) + vin(n + w - h — Poy(yw + kw)))
Fil(% 4+ ViPi (Y + kw) + V(04w b = Py + Fu)))

(
(
(
fi(x+viPi(y,,) + V(0 +w - h — P(ys, +k.,)))
(
(
(

(

(

(Y2, h
fi(x +ViPi(y,,) + V(0 + w - E_Pm(y:u—i_klg)))
fi(x +viP(yy, + ky,) + V(0

d (n

Yoy + Kl) + Vin

!/

By + )
P

h —
h — Po(yy, + k1))

+w -
fi(x + v, P, "fw-

for0<i<m—1and

/

fm(xayaﬁananlamahh"-7h8737h3727 5—2)
= fn(X+Vin(n+w- b+ Po(Yw) = Pru(Yuw + kw)))

fn(X 4 Vi (n 4w b+ Po(yw) — Pon (4 + k)
Jn(X V(' +w - h+ Po(yy,) — Pulyl, + k)
fn(X+ V(0 +w- b+ P, (Yy) = Py + Fy)))-

Applying the Cauchy-Schwarz inequality another s — 3 times, each time in
all variables except hs_3 during the first application, h,_4 during the second

application, etc., we obtain the bound

5223—2 << E

m—1
T |k <H Gi(x 4+ V;P(y) + vin)gi(x + v; Pi(y + k) + an)>
X, n,y,

=0

G5 V(14 Puy)))ey (wm<x;h, W)(n+ Py + )

Ly, ) (%) 111, (B, )

+ Z (X + vin; b, ﬁ/)akpi(y) >

i=m-+1

where
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g(x)= [[ c"™f (X+le'ﬁ@)> with 1= (1,..,1) e ;72

we{0,1}572

Hy, = {(h,}) € F272 :vw € {0,1}**h™ € H,}
u(h r') = m uﬁ(ﬂ)v

we{0,1}5-2

and

_1)|w|¢m(x;ﬁ(w)) for i —
@bi(x;h’ ﬁ,) _ we{0,1}s—2
D)l (x 4 vl - B®)  form 4+ 1< <L

wef{0,1}5—2
Applying the Cauchy-Schwarz inequality in y,n to the expectation inside
the absolute value, performing minor changes of variables and recalling that

Gm (-, h) and Uy, 1y are V,-measurable, we get the bound

m—1

/
x,h,h";ny.k i=0
t

ep | D Yi(x + Vs b, h/)akpi(y)> Lugy o () 1oy (2, 1)

i=m

gnﬁ gi(x +viPi(y))ey (— Zt: i(x; b, h’)Pi(y)>

1=0

We then use the 1-boundedness of gy and the fact that go(x+voPy(y)) = go(x)

is independent of y to conclude that

g gix £ viP())ey (—g s )P

Lty () Lty (B, ).

2
2s—2
Ly, (%) > 67}

£ £ T+ v (- X v i)R0))

has (62 "p*~4) elements. In particular, there exists h € Hy for which the
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fiber

Hy:={h'": (h,1') € H3}
has Q(6%" " p*~2) elements. We fix such h.

Applying Proposition 3.5.1 in the case (m —1,t), we conclude that for each
h' € Hy, the set

Ué/ = {X & Z/[(ﬁ’ﬁ/) : wm(xah) h,) = 0}

has 9(5228 *pP ) elements as long as 6 > p~“ for a constant ¢; > 0 given by
the case (m — 1,t) of Proposition 3.5.1.

We now show that the phases 1, possess some linear structure that we

subsequently use to complete the proof. We define

n(xh 1) = (=10 > (=)Mg(x; h™),

we{0,1}572,
wi=...=w;—1=1,
w;=0
so that
U (% 1, 1) = (=1)" (G (5 1) — m(x; b, 1) — oo = ms—a(x5 1, )

Crucially, 7; does not depend on 1}, ..., h;. Thus, ¥(x;h, k') = 0 implies that

(x; 1) = an

That is to say, @,,(x; k") can be decomposed into a sum of s —2 functions, each

of which does not depend on A} for a different i.
We illustrate the aforementioned definitions for s = 3 and 4. For s = 3,
U (X5 1, 1) = (x5 1) = G (35 B) = (35 B) — G (x5 1),
Hence ¥, (x; h, h') = 0 implies that ¢,,(x;h') = ¢p(x;h). For s =4,

@Dm(X; h, ﬁ/) = qu(X; ha, h2) - ¢m(x; ha, h/2) - ¢m(x; hlla h2) + ¢m(X; hllv h/2)
= - (X;ﬁa hl) - 772(X3ﬁ7 ﬁ/) + ¢m(X, hll? h/2)
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and so ¥, (x; b, h") = 0 implies that

gbm(x; hll? h/2> - _Qbm(x; hlv hQ) + Qbm(x; hlv h,2) + ¢m(x; hllﬂ hQ)
= m(x; 1, A') + o (x; b, 1),

To bound the U*(v,,) norm of F by its U*"*(v,,) norm, we estimate the

expression
2
E [Bue F (0o )] g, ()1, () (3.18)
from above and below. For each A’ € H, and x € L{i /, we have

S F(omls 1)) > 0%

Together with the lower bounds on the size of H, and Z/{é, whenever b/ € H,y,
we deduce that (3.18) is bounded from below by Q(§%").

The upper bound is more complicated, and it relies on the fact that we can
decompose ¢,,,(h") into a sum of 7;’s such that 7; does not depend on h. From
the definitions of Hy and U, it follows that

E |80 memﬁmwwm@»

S (zmxhh )

= E 1@{&/ (X)]-H4(h/)- (319)

By positivity, we can extend (3.19) to the entire F;’2; that is, we have

2

e s—2
Apry, F (Z ni(x; h, hl))

i=1

/\ 5—2
E ‘Ah’va <Z m(X;h,h’)>

=1

/
Ly, ()1, (B) < E

Rewritting, we obtain that

2

E,7X

P s—2
h',E |Ah’va (Zm(X;h,h’)>

=1

s—2
EA@’va(X + nvy,)e, <Z ni(x; h, h')n)
h

5—2
= E kAh v kv F (X 4+ 1V, e (Z ni(x; h, /)k) .

We apply the Cauchy-Schwarz inequality s — 2 times to (3.20) to get rid of
the phases 7;(x; h,1'). In the first application, we apply the inequality in all
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variables but A/, thus bounding (3.20) by

Ry Eh; 2 EAMQV’" """ v F/ X+ Vin (0 4 1) ey (Z o )
x,n,k
(3.21)
o ’ "
ST T (F(x+ Vin(n + 1)) F(x + Vi (n + A1)
x,n,k

s—2 ~
ep <Z<¢’L(X7ha ﬁ/) - ¢Z(X7b7 hl)>k> 3

=2

where b/ = (b, hhy ... h._5). After repeatedly applying the Cauchy-Schwarz
inequality in this manner, we get rid of all the phases and bound (3.21) by
|| F| ?]Sfl(Vm). Thus, |[F||ys-1(v,,) > 62" as long as § > p~©. Taking ¢ =
min(cy, 1/2%71), it follows that

[|F]

Us(vm) | F[|Gs=1 () +P7°

Proof of Lemma 5.5.4. We set ' = F,, ;. By definition,

2

E F

xX+Vim

Y

1 v,y = E

X

where

m—1
+EV F= EF(x—i—vmn (H fi(x +v;Pi(y) + viun)
x+Vm n,y,k

TP+ V) ) Fulx 4 vm(n 4 Poly)) (3.2

H ep(Pi(x 4+ vin) 0k Py (y) ) 1y (x + vin). (3.23)

1=m+1

We first prove the statement when m =t = 1. In that case,

10 < L E  FonX T Vom0 F P(g)) a3 + V(4 Py + ).

Replacing both instances of f,, by their Fourier transform along v,,, we observe
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”FH%]l(vm) <§Zﬁn(xa Vma )fm(x val )

E e,(n(la— 1)+ LPy+k)—LP(y)).

—~ 2

Using Lemma 3.2.1 and Parseval’s identity Y ‘fm(x; Vs l)’ = Exyv,, | f]?, we
I

deduce that

—~ 2
||F||?]1(vm) < E‘fm(xa Vm70)’ + O(p_l/Q) = ||fm||?]1(vm) + O(p_l/Z).

We assume now that ¢ > 1. Applying the Cauchy-Schwarz inequality in k

0 (3.22) and performing several changes of variables, we bound

m—1
erEVm )a ? <E |y£ I fi(x+v;Pi(y) + an>
. 2
Z 17;[+1 ep(— @i (X + viun) Pi(y)) 1y (X + viun)|
and so
m—1 t 2
”F”ZUl(vm) 1 filx +viPi(y)) ' H+1 ep(—0i(x) Pi(y))1u(x)

Applying the (m — 1,¢ — 1) case of Proposition 3.5.1 to

Gruotia) = E T[4 viR0) TT (- 0R )10,

which is where we use t > 1, we deduce that

[Fllot v,y < min ([ fillor(vi) + O(p~) (3.24)

1<i<m—1

for some ¢; > 0.

It remains to show that || F||y1(v,,) < || fmllor (Vin)+O(p~). Once again, we
look at || F||y1(v,,), splitting each fi, ..., frn—1 into f; = E(fi|Vi) + (fi —E(fs|V3))-
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Using (3.24) and the fact E(f;|V;)(x + v;P;(y)) = E(fi|Vi)(x), we get that

m—1
1150, =E| E, T IECIV G+ Vo) P f (3 4 Vil + Pr(9)))
YR =1
2
+O(p™)

t

TT ep(6i(x + Viun) 0 Pr(y) Lu(x + Vi)

1=m+1

We let g(x) =TI |E(AIV2) (%) 21 (x), so that
=1

1FNE v,y = E | E 90 + Vi) fin (% + Vin (1 + Pn(y)))

(vm n,y

2

~+

t

H ep(_¢i(x+vmn)Pi(y>)% H ep(9i(X + viun) Pi(y + k))

i=m-+1 i=m-+1

Using Lemma 3.2.1 and the linear independence of P, .1, ..., P;, the expectation

in k is of size O(p~'/?) unless ¢p1(X+ viun) = ... = ¢y(x + v,,n) = 0, and so

2

1P (v, = E|E 9% + Vi) fn (X + Vin(n + Pu(y)))| +O(p™°)

X Ny

for ¢ = min(ey, 1/2). To get rid of g, we apply the Cauchy-Schwarz inequality

in n to the inner expectation and obtain

11y < B T Vil P (% + Vi + Py + K)) + O(7)

We conclude the proof exactly the same way as in the m = ¢ =1 case.

Estimating the number of progressions from below

With all the results from Section 3.5, we are finally able to prove Theorem
3.1.2.

Proof of Theorem 3.1.2. Let fo, ..., f; : F = C be 1-bounded, Py, ..., P, € Z[y]
be polynomials satisfying 0 < deg P, < ... < B, and vy, ..., v; € ZP be nonzero
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vectors. By Proposition 3.5.1, we have

e

< min || fillr,) +OP™)

1<t

2)§

for a constant ¢ > 0 independent of fy, ..., f;. The statement follows by splitting

fu, o fras fi = E(fil Vi) + (fi —E(fiVi)), recalling that || f; — E(f;[Vi) [l (v,) = O
and noting that fy = E(fo|Vh). O

XEy H fix+v;P(y))
7 i=0

£ 1 £+ viPy)

Corollary 3.1.3 follows from the following lemma, which is a special case of
Lemma [Chull].

Lemma 3.6.1. Let vy,...,v, € ZP be nonzero vectors and f : Ff — C be

nonnegative. Then

t t+1
e > (/)
i=0 z=Fp

Proof of Theorem 3.1.1. Suppose that A C FI? has size |A| = ap”. Theorem
3.1.1 and Lemma 3.6.1 imply that there exists a constant ¢ > 0 for which A
contains Q(a'™p?) — O(pP~°) nontrivial configurations (3.1). It follows that
if o> p~/(+1) then A contains a nontrivial configuration (3.1).

]
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4 ON SEVERAL NOTIONS OF COMPLEXITY OF
POLYNOMIAL PROGRESSIONS!

Abstract

For a polynomial progression
(@, z+ Pi(y), ., ©+ P(y)),

we define four notions of complexity: Host-Kra complexity, Weyl
complexity, true complexity and algebraic complexity. The first
two describe the smallest characteristic factor of the progression,
the third one refers to the smallest-degree Gowers norm controlling
the progression, and the fourth one concerns algebraic relations
between terms of the progressions. We conjecture that these four
notions are equivalent, which would give a purely algebraic crite-
rion for determining the smallest Host-Kra factor or the smallest
Gowers norm controlling a given progression. We prove this con-
jecture for all progressions whose terms only satisfy homogeneous
algebraic relations and linear combinations thereof, as well a family

of progressions of the form
(z, +y, ..., o+ (t—1)y, x+y9).

The former family includes, but is not limited to, arithmetic pro-
gressions, progressions with linearly independent polynomials P, ..., P,
and progressions whose terms satisfy no quadratic or higher-order

relations. For progressions that satisfy only linear relations, such

IThis chapter is a merger of the papers B. Kuca. “On several notions of complexity of
polynomial progressions”. In: ArXiv e-prints (2021). arXiv: 2104.07339 and B. Kuca. “True
complexity of polynomial progressions in finite fields”. In: Proc. Edinb. Math. Soc. (2021),
pp. 1-53. Most of the material together with the structure of the chapter comes from the
former paper, however, several results have previously appeared in the latter paper. The
material from the latter paper has been clearly designated as such.
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asS
(z, 2 +y%, v +20% v + v°, 7 + 29°),

we derive several combinatorial and dynamical corollaries: (1) an
estimate for the count of such progressions in subsets of Z/NZ or
totally ergodic dynamical systems; (2) a lower bound for multiple
recurrence; (3) and a popular common difference result in Z/NZ.
Lastly, we show that Weyl complexity and algebraic complexity
always agree, which gives a straightforward algebraic description

of Weyl complexity.

Introduction

A polynomial P € R[y| is integral if P(Z) C Z and P(0) = 0. For t € N,
an integral polynomial progression of length t+1 is a tuple P € R[z, y]"*! given
by

—

P(z,y) = (z, v+ Pi(y), ..., =+ P,(y))

for distinct integral polynomials P, ..., P,. We moreover say that a set A C N
contains P(z,y) for some z,y € N if P(z,y) € A The condition P;(0) =
0 in the definition of integral polynomials can be easily disposed of if the
polynomials P; — P;(0) are all distinct, but we assume it for the sake of clarity
of the exposition.

A major result on integral polynomial progressions is the polynomial Sze-
merédi theorem by Bergelson and Leibman, which extends the famous theorem

of Szemerédi on arithmetic progressions.

Theorem 4.1.1 (Polynomial Szemerédi theorem). [BLI6] Let t € Ny and
Pe Rlz,y]"* be an integral polynomial progression, and suppose that A C N

is dense’. Then A contains f’(az, y) for some x,y € N.

Theorem 4.1.1 can be deduced from the following ergodic theoretic state-

ment using the Furstenberg correspondence principle.

Theorem 4.1.2. [BLI6; HK05a] Let (X, X, pn,T) be an invertible measure-

]t—i—l

preserving dynamical system, t € N, and Pe Rlz,y be an integral polyno-

2Meaning that lim sup % > 0, where [N] ={1,..., N}.

N—oc0
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mial progression. If u(A) >0 for A € X, then

lim E u(ANTP™AN...AnTHMA) > 0,

N—00neg[N]|
where [N] ={1,...., N} and E,ex = \71|Z$EX for any set X.

To prove Theorem 4.1.1, one thus needs to understand limits of multiple

ergodic averages of the form

E TP1(n)f1 .. .TPt(n)ft (4.1)

ne[N]
for fi,...,fr € L>®(u). By a remarkable result of Host and Kra [HKO05a;
HKO05b], there exists a family of factors® (Z;)en, called henceforth Host-Kra
factors, with the property that weak or L? limits of expressions of the form
(4.1) remain unchanged if we project any of the functions f; onto one of the

factors Z, for some s dependent on P and i.

Definition 4.1.3 (Characteristic factors). Let (X, X, pu,T) be an invertible
measure-preserving dynamical system, t € N, and Pe Rlz,y|'™ be an integral
polynomial progression.

Suppose that 1 < i < t. A factor Y of X is characteristic for the L2-
convergence of P at i if for all choices of fi,..., f; € L>®(u), the L*-limit of
(4.1) is 0 whenever E(f;|Y) = 0.

Similarly, suppose that 0 <1 <t. A factor Y of X is characteristic for the
weak convergence of P at i if for all choices of fo,.... fi € L®(un), the weak

limit of (/.1), i.e. the expression

lim B[ o TROf TP fay, (4.2)
X

N—00ne[N]|

is 0 whenever E(f;]Y) = 0.

Theorem 4.1.4 ([HKO5a; Lei0bal). Let t € N. For each integral polynomial

t1 there is s € N such that for all invertible ergodic

progression, P € Rz, ]
systems (X, X, u, T), the factor Z is characteristic for the L* convergence of

ﬁatiforall()éiét.

The utility of Host-Kra factors, as laid out in [HKO05b], comes from the

fact that they are inverse limits of nilsystems, and so understanding (4.1) for

3The definitions of factors, Weyl systems, nilsystems, and other concepts from ergodic
theory and higher order Fourier analysis used in the introduction will be provided in subse-
quent sections.
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arbitrary systems comes down to proving certain equidistribution results on
spaces called nilmanifolds that possess rich algebraic structure.Importantly,
Z, is a factor of Z,,; for each s € N, hence it is natural to inquire about
the smallest value of s for which the factor Z, is characteristic for P at i.
This leads to the following definition, versions of which have previously been
examined in [BLLO7; Fra08; Lei09; Fral6).

Definition 4.1.5 (Host-Kra complexity). Let t € N, and P € R[z, y]"™ be an
integral polynomial progression. Fizr 0 < ¢ < t. The progression P has Host-
Kra complexity s at ¢, denoted HlCi(ﬁ), if s is the smallest natural number
such that the factor Z, is characteristic for the weak convergence of P ati
for all invertible totally ergodic dynamical systems (X, X, u,T). We say P has
Host-Kra complexity s if max; HK;(P) = s.

Investigating complexity has been of particular interest for a class of dy-
namical systems called Weyl systems since early Host-Kra complexity results
relied on reducing the case of a general totally ergodic system to the case of a

Weyl system [FKO05; Fra08; Lei09].

Definition 4.1.6 (Weyl system). A Weyl system is an ergodic system (X, X, u, T),
where X is a compact abelian Lie group and T is a unipotent affine transfor-
mation on X, i.e. Tx = ¢(x) + a for a € X and an automorphism ¢ of X
satisfying (¢ — Idx)® = 0 for some s € N..

This leads to another notion of complexity, a variant of which has previously
appeared in [BLLOT7; Fra08; Lei09; Fral6].

Definition 4.1.7 (Weyl complexity). Let t € N, and P € Rz, y]"™" be an
integral polynomial progression. Fix 0 < 1 < t. The progression P has Weyl
complexity s at ¢, denoted Wl(ﬁ), if s is the smallest natural number such that

the factor Z4 is characteristic for the weak convergence ofl3 at i for all Weyl
systems (X, X, 1, T). We say P has Weyl complexity s if max; Wz(ﬁ) =s.

In previous works [BLLOT7; Lei09; Fra08; Fral6], the aforementioned no-
tions of complexity have been defined for a polynomial family P = { Py, ..., F;}
rather than for a progression P. However, we want to extend the definitions
of complexity to “index 07, i.e. the x term in ﬁ, which is why we prefer to de-
fine it for P rather than P. Similarly, complexity has previously been defined
for L? convergence rather than weak convergence. However, the existence of
L? limit (Theorem 4.1.4) and the Cauchy-Schwarz inequality imply that weak

limit exists and equals the strong limit.
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Host-Kra factors are deeply related to a family of seminorms called Gowers-
Host-Kra seminorms. For s € Ny and f € L*(u), the Gowers-Host-Kra
seminorm of f of degree s is denoted by ||| f|||s and satisfies the property

H[flls41 =0 <= E(f]Z:) =0
as well as the monotonicity property

LA < LA < AN < - (4.3)

Gowers-Host-Kra seminorms have natural finitary analogues. For the trans-
formation Tz = x4+1 on X = Z/NZ with N prime and the uniform probability

measure p, the weak limit (4.2) becomes

E _fo@)filz+ Piy)) - filz + F(y)). (4.4)

z,yeZ/NZ
The Gowers-Host-Kra seminorm of any f : Z/NZ — C is a norm (for s > 1)
called the Gowers norm and denoted by U?, and it takes the form

L

|1f] I1 Clwlf(x+w1h1—|—...+wshs)> . (45)

where C : z — Z is the conjugation operator and |w| = wy + -+ - + w,. As

a result, ||f||s = 0 for some s > 1 if and only if ||f||y= = 0 if and only if
f =0, and so inquiring about the smallest characteristic factor of this system
in the sense of Definition 4.1.3 makes little sense. We can however ask which
Gowers norm “controls” P in a more finitary way, and this leads to another
notion of complexity, originally introduced in the works of Gowers and Wolf on
systems of linear forms [GW10; GW1la; GW11b; GW1lc] and subsequently

investigated in [GT10; Alt21; Man18; Man21].

Definition 4.1.8 (True complexity). Let t € Ny and P € R[z,y]"! be an
integral polynomial progression. Fix 0 < ¢ < t. The progression P has true
complexity s at i, denoted 7}(15), if s is the smallest natural number with the
following property: for every € > 0, there exist 6 > 0 and Ny € N such that
for all primes N > Ny and all functions fo,...,fy : Z/NZ — C satisfying

max; || filleo < 1, we have

E _Jo(@)file + Pi(y)) - flz + Bi(y)) < e

z.yeZ/NZ
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gst1 < 6. We say P has true complexity s if max; ’7{(13) =s.

whenever || f;|

We have so far defined three notions of complexity, that of Host-Kra, Weyl
and true complexity. They are all defined in terms of ergodic theory or higher
order Fourier analysis and have to do with “controlling” expressions like (4.1)
and (4.4) by characteristic factors, Gowers-Host-Kra seminorms and Gowers
norms. We shall now introduce one more notion, defined purely in terms of
algebraic properties of polynomial progressions, and conjecture that all four

concepts of complexity are in fact the same.

Definition 4.1.9 (Algebraic relations and algebraic complexity). Let t € N
and P € Rlz, y]'™ be an integral polynomial progression. An algebraic relation
of degree (jo, ..., j;) satisfied by P is a tuple (Qo, ..., Q;) € R[u]"* such that

Qo(z) + Qu(z + Pi(y)) + .. + Qu(P(y)) = 0, (4.6)

where deg Q); = j; for each 0 < ¢ < t. The progression P has algebraic
complexity s at i for some 0 < i < t, denoted Ai(ﬁ), if s is the smallest
natural number such that for any algebraic relation (Qo, ..., Q:) satisfied by ]3,

the degree of QQ; is at most s. It has algebraic complexity s if max; Az(ﬁ) =s.

Conjecture 4.1.10 (Four notions of complexity are the same). Let t € N

and P € Rlz,y]'™™ be an integral polynomial progression. Fiz 0 < i <t. Then
HIC(P) = Wi(P) = T{(P) = A(P) <t — 1.

The heuristic for Conjecture 4.1.10 is as follows: evaluating expressions
like (4.2) and (4.4) comes down to understanding the distribution of certain
polynomial sequences on nilmanifolds, and the only obstructions to equidistri-
bution come from algebraic relations of the form (4.6).

Several substatements of Conjecture 4.1.10, such as the equivalence of Weyl
and Host-Kra complexity and the upper bound on complexities, have previ-
ously been conjectured in [BLLO7; Lei09; Fra08; Fral6]. Similarly, the equiva-
lence of true and algebraic complexity has been studied and proved for linear
configurations [GW10; GW1la; GW1lb; GW1lc; Alt21; Manl8; Man21] as
well as certain subclasses of polynomial progressions [Pell9; Kuc2la]. How-
ever, we have not seen the full statement of Conjecture 4.1.10 anywhere in the
literature. In particular, we have not found a conjecture relating Host-Kra
and Weyl complexity to algebraic complexity, even though the aforementioned

papers researching the topic mention that algebraic relations form a source of
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obstructions preventing a progression from having a characteristic small-degree
Host-Kra factor.
Before we state our main result, we have to distinguish between two large

families of progressions.

Definition 4.1.11 (Homogeneous and inhomogeneous relations and progres-
sions). Let t € N. and Pe Rlz,y]'™ be an integral polynomial progression.
An algebraic relation (Q, ..., Q) € R[u]"*! is homogeneous of degree d if it is
of the form

(Qolu), ..., Qu(u)) = (apu?, ..., au®)

for some ay,...,a; € R (some but not all of which may be zero), and inho-
mogeneous otherwise. The progression P is homogeneous if all the algebraic
relations that it satisfies are linear combinations of its homogeneous algebraic

relations, and it is called inhomogeneous otherwise.

An example of a homogeneous progression is (z, * +vy, = + 2y, = + y?),

which only satisfies a homogeneous relation
r—2x+y)+ (v+2y) =0. (4.7)

Other examples include arithmetic progressions, progressions with P, ..., P,
being linearly independent such as (z, x +y, x + y?), or progressions whose
terms satisfy no quadratic relations, such as (z, z+y?, z+2y?, z+y>, +2y°).
By contrast, the progression (z, x+y, z-+2y, x+y?) is inhomogeneous because

it satisfies both (4.7) and the inhomogeneous relation
2?4+ 22 -2 +y) + (z+2y)?* - 2(x+9%) =0 (4.8)

that cannot be broken down into a sum of homogeneous relations. These two
progressions will accompany us as running examples throughout the paper.

Our main result is the following.

Theorem 4.1.12 (Conjecture 4.1.10 holds for homogeneous progressions). Let
t € N+. If P e Rlz,y|"™ is a homogeneous polynomial progression, then it
satisfies Conjecture 4.1.10.

Having defined Host-Kra complexity using totally ergodic systems, we
would like to extend our results to ergodic systems. We have however en-

countered an algebraic obstacle in doing so that prevents us from performing
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this generalisation for all homogeneous progressions. We introduce a subfamily
of homogeneous polynomial progressions for which this extension is possible,

borrowing the terminology of Frantzikinakis from [Fra08|.

Definition 4.1.13 (Eligible progressions). A homogeneous polynomz'al pro-

gression P € R[z,y]'*! is eligible if for every r € Ny and every 0 < j <r—1,
the family

P(z,y) = (z, x+ Py(y), ., @+ Pry(y)),
where P, (y) = Hl= 1);”) B0 s homogeneous, and A;(P) = Al(ﬁ) for

every 0 <1 < t.

The condition in Definition 4.1.13 may seem artificial at first glance, but
this turns out to be the condition that we need to pass from totally ergodic to
ergodic systems. While we believe that all homogeneous progressions satisfy
this condition, we have not been able to prove this.

We now state the corollary that gives us the smallest characteristic Host-
Kra factor for eligible progressions on ergodic systems The main difference is
that if a system has complexity 0, then the Z, factor has to be replaced by

the rational Kronecker factor IC, ;.

Corollary 4.1.14. Lett € Ny and Pe Rlz,y]'™ be an eligible homogeneous
polynomial progression, and suppose that A;(P ) = s for some 0 < i <t and
s € N. For all invertible ergodic dynamical systems (X, X, u,T), the factor Z
is characteristic for the weak or L? convergence 0f]3 at i if s >0, and K,y is

characteristic for the weak or L? convergence of Pati if s =0.

Since all polynomial progressions of algebraic complexity at most 1 are

homogeneous and eligible, the following corollary follows.

Corollary 4.1.15. Let t € Ny and P € R[z, y]"™ be polynomial progression
of algebraic complexity at most 1. For all invertible ergodic dynamical systems
(X, X, u,T), the factor Z, is characteristic for the weak or L* convergence of

Pati if Al(ﬁ) =1, and K,q is characteristic for the weak or L* convergence

of P ati if Ay(P) =0

We also include here the following result on a certain family of inhomo-

geneous progressions. This result originally appeared as Theorem 1.10 in

[Kuc21b).
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Theorem 4.1.16. Lett,d € Ny satisfyt >3 and2 < d<t—1, and

—

P(z,y) = (z, z+vy, .., v+ (t— 1)y, x—i—yd). (4.9)
Then

max(t — 2,d [5t]), 0<i<t—1
|5, i=t.
Theorem 4.1.12, Corollary 4.1.14 and Theorem 4.1.16 can be viewed as

extensions of [HK05a; HK05b; FK05; FK06; Fra08; BLLO7; Lei09], which find

characteristic factors for linear configurations, linearly independent polynomi-

Az(ﬁ) :7:(13) =

als, progressions of length 4, examine Weyl complexity for arbitrary integral
polynomial progression, and give an upper bound for Host-Kra complexity
for general integral progressions. Theorems 4.1.12 and 4.1.16 also partly ex-
tend [GW10; GW1la; GW11b; GW1lc; GT10; Alt21; Man18; Man21; Pell9;
Kuc21a], which among other things determine true complexity for certain fam-

ilies of linear forms and integral polynomial progressions.

From the fact that all progressions of algebraic complexity 1 are homoge-

neous and eligible, we deduce the following counting result.

Corollary 4.1.17. Let t € N, and P e Rlz, y]"™" be an integral polynomial
progression of algebraic complexity at most 1. Suppose that Q1, ..., Qq € Ry]
are integral polynomials such that P;(y) = E?Zl a;;Q;(y) for a;; € Z for each
0<i<tandl<j<d LetLi(yy,..yq) = Z?:1 a;;yj. Then the following is

true.

1. For any fo,.... fr : Z/NZ — C with max; || f;||cc < 1, we have

E ﬁfi(ﬂerPi(y)) = E ﬁfi(93+Li(yl>---ayd))+0(1)>

z,yeZ/NZ i—0 Y1, Y4 €EZ/NZ =0

where the error term o(1) is taken as N — oo over primes and does not
depend on the choice of fo, ..., fi.

2. For any invertible totally ergodic dynamical system (X, X, u, T) and foy, ...
L*>(u), we have

7ft€
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t t
lim E / 177 fdy = lim  E / [ 75 ema) £y,
1/X 52 X i=0

N—ocone[N N—ocony,...,ng€[N]

We shall illustrate Corollary 4.1.17 for the specific example of
P(x,y) = (z, 2+ 1% 2+ 2% z4+9°, z+ 2.

Taking Q1 (y) = y* and Qz(y) = y> as in the statement of Corollary 4.1.17, we
let E(x,yl,yQ) = (z, z+y1, x4+ 2y1, T+ Yo, v+ 2y3). Forany A C Z/NZ,

we then have

{(z,y) € (Z/NZ)?: (z, v +y*, = +2y°, v+ x+2y°) € A%}
={(z,vy1,92) € (Z/NZ)* : (z, x + y1, T+ 2y1, T+ Yo, T+ 2y2) € A°}|/N + o(N?)

upon setting fo = ... = fy = 1a. If (X, X, pu,T) is a totally ergodic system and
A € X, then we similarly obtain that

lim E pu(ANTYANT*ANT" ANT?* A)

N—00ng[N|

=1lim E pu(ANT'ANT™"ANT™ANT*™A).

N—00 n,me[N]

For progressions of algebraic complexity 1, we also prove the following
result, which generalises Theorem C of [Fra08], Theorem 1.12 of [GT10], and
results from [BHKO05]. In additive combinatorics, problems of this type are
known as finding popular common differences; in ergodic theory, one speaks of

establishing lower bounds for multiple recurrence.

Theorem 4.1.18. Let t € N, and Pe Rlz, y]'™ be an integral polynomial
progression of algebraic complexity at most 1, with the following property: there

exist linearly independent integral polynomials Q1, ..., Qi such that

{a1Q1+ ... + arQr : a1, ..,ap € Zy ={bj P+ ... + Py : by, ....b, € Z}.
(4.10)

Then the following is true.

1. Let (X, X, 1, T) be an ergodic invertible measure preserving system and
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A€ X. Suppose that u(A) > 0. Then for every e > 0, the set
fneN:u(ANTP™AN...ATHMA) > p(A)F — ¢}

s syndetic.

2. Suppose that A C N has upper density a > 0. Then for every e > 0, the

set
meN: wWAN(A+P(n))N---N(A+ P(n)) > o't —¢}

s syndetic.

3. For any a,e > 0 and prime N, and any subset A C Z/NZ of size
|A| > aN, we have

{n€Z/NZ:|AN(A+P(n)N-- N (A+Pn)| > (' —)N}| >a. N.

The definition of homogeneity (Definition 4.1.11) is equivalent to a certain
linear algebraic property that will be described in details in Section 4.4; this
property makes it possible to explicitly describe closures of orbits of nilse-
quences evaluated at terms of homogeneous polynomial progressions, from
which we deduce Theorem 4.1.12. Homogeneous polynomial progressions are
moreover the largest family of integral polynomial progressions for which such
an explicit description is possible, and even the simplest examples of inhomoge-
neous progressions lead to complications absent in the homogeneous case. The
following result makes this precise. As with all other results in this section, all

the concepts in Theorem 4.1.19 are explained in subsequent sections.

Theorem 4.1.19 (Dichotomy between homogeneous and inhomogeneous pro-
gressions). Lett € Ny and P € R[z, y]'*! be an integral polynomial progression.
Suppose that G is a connected, simply-connected, nilpotent Lie group with a ra-

tional filtration Go and I" is a cocompact lattice. There exists a subnilmanifold
GY /TP of GHY /T with the following property.

1. If P is homogeneous, then for every irrational polynomial sequence g :

Z — G adapted to G,, the sequence

9" (x.y) = (9(2), g(z + Pi(y)), ..., g(z + Pi(y)))

is equidistributed on GT JT'T.
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2. If P is inhomogeneous, then for every irrational polynomial sequence
g € poly(Z,G,), the closure of g* is a union of finitely many translates of
a subnilmanifold of G¥ /TT. For every P, we can moreover find a filtered
nilmanifold G /T and an irrational polynomial sequence g : Z — G such

that g% is equidistributed on a proper subnilmanifold of G¥' /T'F.

While we have not been able to prove full Conjecture 4.1.10 for inhomo-
geneous progressions, we are able to say a bit more about the relationship

between various notions of complexity in the general case.

Theorem 4.1.20. Let t € N, and P e Rlz, y]'™ be an integral polynomial
progression. Fix 0 <1 <t. Then

Wi(P) = Ai(P) < min(T;(P), HK.(P)).

Of the various statements made in Theorem 4.1.20, it is the equivalence
of Weyl and algebraic complexities that is a new statement here. The fact
that Host-Kra complexity bounds Weyl complexity is a simple consequence of
definitions and shall be explained in Section 4.12. We now show that the fact
that algebraic complexity is bounded from above by true complexity. This

result has originally been stated as Theorem 1.13 in [Kuc21b].

Proof. Suppose that A;(P) = s for some 0 < i < t. We claim that T;(P) > s.

By assumption, there exists an algebraic relation

Qo(z) + Qi(x + Pi(y)) + ... + Qu(z + Fi(y)) = 0,

for some Qo, ..., Q; € Z[u], where @; has degree s + 1. Let f;(u) = en(Q;(u))
for each 0 < j < t, where ex(u) = €>™/N. The functions f; are clearly

1-bounded. It follows from the properties of additive characters that

E _fo@)file+Pi(y)) - filzr+ F(y))

z,yeZ/NZ

— E Q@) + Qula+ Pu(y)) + . + Qi + P(y))) = L

z,ye€Z/NZ

To prove the result, we want to show that || f;||ys — 0 as N — oo, which will
imply that the U® norm cannot control the i-th term of the configuration. The

definition (4.5) of Gowers norms can be restated as

255: E A ' 411
U T b heez/NZ e o fi(z), ( )

Ifi
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where Ay f(x) := f(z+h)f(z) and Ay, p, = Ap, -+ Ap,. Since Q; has degree
. fi(x) is of the form

en(Q(hy, ..., hy)) for a nonconstant polynomial Q). By properties of exponential

s and ey is an additive character, the function Ay,

-----

sums, the sum in (4.11) is of size O(N~%), and so

/i

Us << N_Cs.

Thus U® norm does not control the i-th term of the configuration, implying
that T;(P) > s. O

Outline of the chapter

We start the chapter by introducing basic ergodic theoretic definitions and
results concerning nilsystems in Section 4.2, and we explain why analyzing
expressions like (4.2) comes down to answering equidistribution questions on
nilmanifolds. We then show in Section 4.3 that in studying equidistribution
on nilmanifolds, we can restrict ourselves to nilmanifolds that are quotients of
connected groups at the expense of replacing a linear sequence by a polynomial
one.

Section 4.4 explains key differences between homogeneous and inhomoge-
neous progressions, and in particular it shows the upper bound on algebraic
complexity for homogeneous progressions in Theorem 4.1.12. Definitions intro-
duced in this section allow us to state in the infinitary version of an equidistri-
bution result for homogeneous polynomial progressions on nilmanifolds (The-
orem 4.5.3) in Section 4.5, from which we deduce that for homogeneous pro-
gressions, Host-Kra complexity is bounded from above by algebraic complexity
(Corollary 4.5.4). We further use Theorem 4.5.3 to deduce Corollaries 4.1.14
and 4.1.17(ii).

In Section 4.6, we introduce finitary analogues of tools from Section 4.2.
These are needed in Section 4.7, in which we show that proving the equivalence
of true and algebraic complexity for homogeneous progression comes down to
proving Theorem 4.6.9, a finitary version of Theorem 4.5.3. We also explain in
Section 4.7 how to prove Corollary 4.1.17(i). Theorem 4.6.9, the main technical
part of this paper, is derived in Section 4.8. Unfortunately, Theorem 4.6.9 fails
for inhomogeneous progressions, as explained in Section 4.9. In Section 4.10,
we propose a method to handle inhomogeneous progressions. While we succeed
in proving an analogue of Theorem 4.5.3 for the inhomogeneous progression
(v, *+vy, =+ 2y, ¥+ y*) in Proposition 4.10.1, we have been unable to

extend this construction to all inhomogeneous progressions. In Section 4.11,
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however, we give an alternative argument that allows us to prove Theorem
4.1.16. Subsequently, we show in 4.12 that Weyl and algebraic complexity are
always equal, which is the main statement of Theorem 4.1.20. We conclude

the paper by proving Theorem 4.1.18 in Section 4.13.
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Infinitary nilmanifold theory

Basic definitions from ergodic theory

Let (X, X, i, T) be an invertible measure-preserving dynamical system (hence-
forth, we shall simply call it a system). The background in ergodic theory that
we need can be found in [HK05b; HK18], among others; here, we only reiterate

the most important definitions.

Definition 4.2.1. A factor of a system (X, X,u,T) can be defined in three

equivalent ways:
1. it is a T-invariant sub-o-algebra of X;

2. it is a system (Y, Y, v, S) together with a factor map m : X’ — Y’ i.e.
a measurable map defined for a measurable T-invariant set X' of full

measure, satisfying Som =moT on X' and pon~! = v;

3. it is a T-invariant subalgebra of L™(u).

For r € N, we let K,. be the factor spanned by all T"-invariant functions in
L>(u). In particular, Iy = Z is the factor spanned by T-invariant functions,

and the rational Kronecker factor K., = \V K, is the factor spanned by all
reN

the functions in L*(u) that are T"-invariant for some r € N. A system is
ergodic if Iy = Z is the trivial factor spanned by constant functions, and it is
totally ergodic if K, is the trivial factor.

Of particular interest to us is a sequence of factors (Z;)sen defined in
[HKO05b], which we refer to as Host-Kra factors. In accordance with Definition
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4.2.1, we shall sometimes think of Z; as a sub-c-algebra of X, and at other
times we will consider a factor map ms : X — Z; and a factor (Zs, Z;, A, S)
of (X, X, pu,T). If we concurrently talk about Host-Kra factors of two distinct
spaces X and Y, we may write Zs(X) and Zs(Y) to mean Host-Kra factors
of X and Y respectively. We do not explicitly use the definition of Host-Kra
factors anywhere in the paper, and so we leave the interested reader to look it
up in [HK05b; HK18]. Instead, we rely on two properties of this family of fac-
tors that concern their utility and structure respectively. First, these factors
are characteristic for the convergence of polynomial progressions, as proved in
Theorem 4.1.4. Rephrasing Theorem 4.1.4 in terms of Definition 4.1.5, we can
say that each integral polynomial progression has a finite Host-Kra complexity.
Second, each factor Z, is an inverse limit* of s-step nilsystems [HK05b], which

are objects of primary importance to us.
Nilsystems

Let G be a Lie group with connected component G° and identity 1. A filtration

on G of degree s is a chain of subgroups
G=Gy=G12G,>2..2G;,>2Gs11 =Gs0=...=1

satisfying [G;, G| < Giy; for each 7,5 € N. We denote it as G, = (G;)52,.
A natural example of a filtration is the lower central series, given by Gjy1 =
|G, Gy| for each k > 1, where the commutator of two elements a,b € G is
defined as [a,b] = a~'b~'ab, and [A, B] is the subgroup of G generated by all
the commutators [a,b] with a € A,b € B. The group G is s-step nilpotent if
Gsi1 =1, where G4, is the s-th element of the lower central series of G. The
only 0-step nilpotent group is the trivial group, and 1-step nilpotent groups
are precisely abelian groups.

For the rest of the paper, we let G' be a nilpotent Lie group and I' < G
be a cocompact lattice. We call the quotient X = G/I" a nilmanifold. The
group G acts on X by left translation, and for each a € G, we call the map
T.(g') = (ag)T" a nilrotation. Setting G/T" to be the Borel o-algebra of X and
v to be the Haar measure with respect to left translation, we call the system
(G/T,G/T,v,T,) a nilsystem.

A subgroup H < G is rational if H/(H NT) is closed in G/T". A filtration

G, is rational if G; is a rational subgroup for each i € N. We shall assume

4The system (X, X, u,T) is an inverse limit of a sequence of factors (X, X;, u, T) if X;

form an increasing sequence of factors of X’ such that X = \/ X; up to sets of measure zero.
ieN
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throughout the paper that each filtration that we discuss is rational. The
reason for making this assumption is twofold. In the study of true complex-
ity, we use nilmanifolds coming from the inverse theorem for Gowers norms,
which are endowed with rational filtrations [GTZ12]. While studying Host-Kra
complexity, we work with a filtration whose rationality is equivalent to the ra-
tionality of the lower central series filtration, the latter fact being justified e.g.
in Section 1 of [GT12].

In the case when (G/T',G/I", v, T,) is an ergodic nilsystem, which will always
be our case anyway, we can make two simplifying assumptions about the group
G. By passing to a universal cover, we assume that G is simply connected.
Replacing the nilsystem with several simpler nilsystems, we further assume
that G is spanned by G° and a. These assumptions, justified in Chapter 11 of
[HK18], hold for the rest of the paper.

We also denote I'; = G; NT" and I'> = G° N I". The rationality of G; in G
means that I'; is cocompact in G;.

Since our argument in the proof of Host-Kra complexity relies on reducing
to the case of the system being a totally ergodic nilsystem, we now state several

equivalent conditions of total ergodicity for nilsystems.

Proposition 4.2.2 (Conditions for total ergodicity of nilsystems, Corollary 7
and 8 of [HK18)). Let (G/T',G/T',v,T,) be an ergodic nilsystem. There exists
r € Ny such that TI(G°/T°) is totally ergodic with respect to T for all 0 <
g<r.

Moreover, the following are equivalent:
1. T, is totally ergodic;

2. GJT is connected;

3. G=GT.

Nilsystems allow a particularly simple description of factors. If G, is the

lower central series filtration, then

G
Ly = 4.12
S G8+1F ( )

for all s € N, (see Chapter 11 of [HK18]). For s = 0, we have Zy = G/(G°T") =
(Z/rZ), where r is the smallest positive integer for which a” € G°. It follows
from Proposition 4.2.2 that Zj is trivial if and only if the nilsystem is totally

ergodic.
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Let P € Rlz,y]'™ be an integral polynomial progression. By Theorem
4.1.4, there exists s € N such that for every ergodic system (X, X, u,T) and
all choices of f, ..., fi € L*°(u), we have

lim E / fo- TR . TR0 £y,
X

N—o00 ne[N]

— lim E /E(f0|Zs)-SP1(”)E(f1|ZS)-...~SPt(")E(ft|Zs)d)\, (4.13)

N—ocong[N]Jz

S

where (Z;, 25,5, \) is the appropriate Host-Kra factor of (X, X', u,T'). Using
the fact that Z, is an inverse limit of ergodic s-step nilsystems, we can approxi-
mate the average (4.13) arbitrarily well by projections onto ergodic nilsystems.
Hence we are left with understanding averages of the form

lim E [ fo@D) - fila” ™) - fia”b0)d(br 4.14

Jm B[R A @O r)
where f; is the projection of f; onto an ergodic s-step nilsystem (G/I", G /T, v, T,)
for all 0 <7 < t. If T is totally ergodic, then so is the nilrotation T,.

Polynomial sequences

Let G, be a filtration on G of degree s. A polynomial sequence g : Z — G

adapted to G, is a sequence
g(n) =11 g, (4.15)
i=0

with the property that g; € G; for each 7. Such sequences form a group
denoted as poly(Z,G,) by Proposition 6.2 of [GT12]. One may ask why we
define polynomial sequence as (4.15) rather than in the seemingly more natural

form
g(n) =TI a" (4.16)
i=0

The reason is that if g is written in the form (4.15), then we have the following

nice statement.

Lemma 4.2.3 (Lemma 2.8 of [CS12]). Suppose that g € poly(Z,G,). The

(%)

sequence g(n) =[1;_y9; " takes values in H < G if and only if go,...,gs € H.

Proof. The converse direction is straightforward, and we prove the forward
direction by induction on 0 < k£ < s. For k = 0, we observe that gy =

g(0) € H. Suppose that the statement holds for k, i.e. go,...,gx € H. Then
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k
glk+1) = (Hf:o gi(i)> gk+1- Since g(k + 1), go, ..., gx are all in H, it follows
that gp.1 € H. O

Lemma 4.2.3 is not true if g is written in the form (4.16); for instance,
g(n) = (g) = in® — In takes values in Z even though 3, —1 ¢ Z.

In a similar manner, we define for any D € N, the group poly(Z?,G,) of
D-parameter polynomial sequence g : Z” — G adapted to G,, i.e. sequences

of the form
5 n1)...("D
g(nl, ...,nD) = H H gil,‘..,z‘D<11) (ZD)
i=0i1+...+ip=i
for gil,...,iD E Gi1+...iD'
Infinitary equidistribution theory on nilmanifolds

For the rest of Section 4.2, we assume that G is connected. For D € N4, a
polynomial sequence g € poly(Z”,G,) is equidistributed on G /T if
E F r— Fd
e Fl(T) o L
for any continuous function F': G/I" — C. The following notion from [GT12]
is useful when discussing equidistribution because it allows us to formulate

Theorem 4.2.5 below in a way that makes it easy to state its quantitative

version (Theorem 4.6.7) later on.

Definition 4.2.4 (Horizontal characters). A horizontal character on G is a

continuous group homomorphism n: G — R for which n(T') < Z.

In particular, each horizontal character vanishes on [G, G].
Equidistribution on nilmanifolds was studied by Leibman, who provided
a useful criterion for when a polynomial sequence is equidistributed on a nil-

manifold.

Theorem 4.2.5 (Leibman’s equidistribution theorem, [Lei05b]). Let D € N
and g € poly(ZP,G,). The following are equivalent:

1. g is equidistributed in G/T';
2. the projection of g onto G/|G, G| is equidistributed in G/|G,G]T';

3. if n: G — R is a horizontal character for which no g is constant, then n

1s trivial.
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We shall also need a stronger notion of equidistribution, that of irrational

sequences, coming from [GT10].
Definition 4.2.6. Suppose that G, is a filtration on G and i € N, and let
Gy = (Gi1, (G}, Giy], 1 < <)

An i-th level character is a continuous group homomorphism n; : G; — R that
vanishes on GY and satisfies n;(T;) € Z. An element g; of G; is irrational if

(%)

i

ni(g:) & Z for any nontrivial i-th level character n;. A sequence g(n) = ]§[ g
i=0

is irrational if g; is irrational for all v € N,.

All irrational sequences are equidistributed (Lemma 3.7 of [GT'10]), but not
vice versa. For instance, let g(n) = ain+...+asn® be a real-valued polynomial.
It is a polynomial sequence in R adapted to the filtration G; = ... = G, = R,
Gsyr1 = 0. With respect to this filtration, the i-th level characters of degree
1 # s are all trivial because G; = G, = GiV while s-th level characters are
precisely the maps 7,(x) = kz for some k € Z. Thus, g is irrational iff a, ¢ Q,
and ¢ is equidistributed iff there exists 1 < i < s with a; ¢ Q. It is clear in
this case that irrational implies equidistributed, but not vice versa.

We want to emphasise that whether a sequence is irrational or not depends
on what filtration we are using, whereas the notion of equidistribution does

not depend on the filtration.

Reducing to the case of connected groups

The expression (4.14) indicates that to understand Host-Kra complexity of

a polynomial progression ]3, we have to understand the distribution of orbits
o, a™™pr, ..., a"™p0) (4.17)

inside a connected nilmanifold G**'/T**!. The point of this section is to
show that we can replace linear orbits (a"bI"),en on G/T" by polynomial orbits
(gp(n)°)pen on G°/T° for some irrational polynomial sequence g, : Z — G°
with respect to a certain naturally defined filtration G¢ on G°. This way, we
want to reduce the question of finding the closure for (4.17) inside (G/T)**!

to finding the closure for

(gp(m)T°, gy(m + P (n))L°; ..., go(m + Py(n))[) (4.18)
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inside (G°/T°)"™'. The connectedness of G then allows us to use tools from
Section 4.2.4. We start with the following simple lemma that allows us to

introduce another variable.

Lemma 4.3.1. Let (G/T,G/T,v,T,) be a nilsystem and F : (G/T)1 — R.
Then

E / F(, aP ™, ... a0 du(bD)
ne[N] Ja/T

= E F(a™bT, a™ ™0, o™ PP dy(bT).
m,ne[N] G/T

Proof. Since T, is measure preserving, we have

/ F(T, aP ™0, ... a0 du(bT)
a/r

= F(a™T,a™ D, o™ P dy (00)
G/T

for any m,n € N. Consequently,

/ F(T, aP ™0, .. a0 du(bT)
G/r

- E / F(a™bT, a™POpD | gm0 dy (bT),
me[N] JG/T

from which the lemma follows. O

The main result of this section is the following.

Proposition 4.3.2. Let (G/T',G/T',v,T,) be a totally ergodic nilsystem and
b € G°. Suppose that G4 is the lower central series filtration on G and G =

Ge N G°. Then there exists an irrational sequence g, € poly(Z,GS) such that
gp(n)I' = a™0r.

We observe that with this filtration on G°, we have G¢ = Gy, for k > 2.
That follows from the fact that the groups Gy are connected for k£ > 2 (Lemma
5 of [HK18]), and hence are contained in G°.

We lose no generality in assuming that b € G°; Proposition 4.2.2 and the
connectedness of G/I" imply that for all b € G there exists ¥’ € G° such that
bl = b'T.

Proof. The connectedness of G/I" implies that G = G°T’, and so there exist
a € G° and v € I such that a = ay~*. Then

a"bl' = (ay )"0l = (ay™1)"by"T.
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It follows from the normality of G° and the fact that o and b are elements of G°
that the sequence gy(n) = (ay~1)"by" takes values in G°. Since the sequences
hi(n) = a"b and hy(n) = 4™ are adapted to G,, and the set poly(Z,G,) is a
group, we deduce that g, = hihs is adapted to G¢ = G, N G°.

We want a more precise description of g, and for this we shall use some
results from Sections 11-13 of [Lei09]. Let g = g, for the identity b = 1; that
is, g(n) = (ay~1)"y". Leibman showed in Section 11.2 of [Lei09] that

g(n) _ H (Ak—1a>Qk1 (n) H [Ak1—1a7Akg—la]qklh(n)m’ (4‘19)
1<k1<s 1<ko<ki<s
where Az = [z,7] and ¢, k. are integral polynomials with degqk,  x, <

ki + ... + k.. More explicitly, we have

g(n) = a(Aa)®) (420)5) ... [Aa, o)(B)[A%, a](0) (4.20)
(A2, A7) (A3, AaP(E) . (4.21)

The coefficients of g can be analysed using a family of subgroups of G° in-
troduced in Section 12 of [Lei09]. For ki,...,k € Ny, we let G7 ) be the
subgroup of G° generated by all I-fold commutators® of elements of the form
AR=tp, o ARy for kg, ..., by € G°. We then define

z,l = < ?kly'-wki) ) 2 l, kl + ...+ kl 2 k>

for integers 1 < [ < k and set G}, = G, whenever [ > k.
The following lemma lists some basic properties of the groups Gy, ; that we

shall use.

Lemma 4.3.3. For any integers 1 <[ < k,
1. GY, is normal in G;
2. [GR1, G751 < GRuigyy for any integers 1 < i < j;
8. AIGY, <GPy for any j € N;

4. Gy and GY .y are subgroups of GF, and the quotient groups G,/ G4

o o y .
and G /G,y are abelian;

5. fork =22, Gy = Gg =Gy, = (Ak_lGOa %2> = (AszuGz,ﬁ;

5A 1-fold commutator is any element h € G. For [ > 1, an I-fold commutator is an
element of the form [h;, h;], where h; is an i-fold commutator, h; is an j-fold commutator
and i+ j = 1.
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0. (GO)X :< %,2’ IZ+1>

Proof. Properties (i)-(iv) are proved in Lemma 12.2 of [Lei09]. For k > 2, the
statement G, = G} in (v) is true by definition, and the statement G, = G7,,
is proved in Lemma 12.3 of [Lei09]. To finish the proof of (v), it remains to
show that Gy, = (A" 'G° Gy ,) = (AGY_,,Gy,) for k > 2. For k = 2, this
is true by definition of Gf ; and the fact that G}, > G} 3 = ..., which follows
from part (iv). We assume that the statement is true for some k& > 2. That
G4, contains (AGY, Gy, ,) follows from the fact that both AG} and G7,,
are contained in the (k + 1)-th element of the lower central series of G, which

is precisely G ;. For the other direction, we observe that

Z+1 = [Gk7G] = [ Z? <G077>] < <[ 27G0]7[ 277]>
< ([AF1G°, G, [GR,, GO, AGR) < (GRyy 0, AGY).

A similar argument shows that G, = (A*¥G°, G, ,).

Before we prove property (vi), we recall that (G°)Y = (Gyi1, (G, Gr—j] :
1 < j < k). That (vi) holds for k = 1 can be verified by inspection. For k > 2,
we observe that [A/7~1G°, AF771G°] < [GY, GY_], and so

Z,Q < <[G?a Z—j] 1< g <k);

when coupled with property (v), this implies that (G°)y > (G},,Gy,,). For

the converse, we have
(G5, G = (ATTIG?, G5 o), (AMTTIG2, GR_0)] < (GRa, GRs, GRa) < GRa,
for each 1 < j < k, from which it follows that (G°)) < (G5, G741)- O
Letting g(n) = Hlegi(?), we observe from (4.19), (4.20) as well as parts
(v) and (vi) of Lemma 4.3.3 that

g =A"'a mod (G°). (4.22)

For an arbitrary b € G°, we have gy(n) = a"by™ = b(ayy™)"y", where a;, =
afar, b]Ab, as observed in Section 11.3 of [Lei09]. Letting gy(n) = IT;_, glgz), it

is therefore true that

@i =A""ay = A" a mod (G°)Y (4.23)
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for all © € N

For i = 1, we have g, = a mod (9, and we claim that g,; is irrational.
The ergodicity of a implies that for almost every b, the sequence n +— a™b is
equidistributed in G/T", and so the same is true for the sequence g, in G°/I"°.
Consequently, the projection 7(g,) : Z — G°/(G35I"°) is equidistributed as well.
Since 7(gp(n)) = 7(b) + m(a)n, it follows that m(«) is an irrational element of
G°/G%, and so g is an irrational element of G°.

Before proving that g,; are irrational for 7 > 1, we discuss some properties
of the map A : G — G. From the definition of the filtration G¢ we observe
that AGY < G9,, for all i > 1 (this is also a consequence of parts (iv) and
(v) of Lemma 4.3.3). Therefore the map A; := Alge takes values in G7,,,
and moreover A;(T;) < I';;;. We also observe that the projection 4; : G¢ —

2,1/(G°)Y.; is a (continuous) group homomorphism because

A(zy) = [vy,7] = [2,9][[7, 7], ylly, 7] = Az[Az, y|Ay = ArAy mod GY;,

for any z,y € G and G9;,,, < G?,15 < (G°)Y, by parts (iv) and (vi) of
Lemma 4.3.3. From part (v) of Lemma 4.3.3 it follows that A; is surjective.
Finally, we note using parts (iii) and (v) of Lemma 4.3.3 that A;((G°)Y) <
()5

Suppose that g ; is irrational but g4 is not for some 1 < ¢ < s. Then
there exists a nontrivial (7 + 1)-th level character 7,41 : G¢,; — R such that
Ni+1(gpiv1) € Z. From (4.23) and the fact that 7., vanishes on (GO)Z-V_H, we
deduce that 1;11(gpi+1) = nis1(Aa). We also let 7, : G2, /(G°)Y.; — R be
the induced map.

Let n; :=n;41 0 A; : G = R. It is an i-th level character as a consequence
of four facts: the vanishing of ;41 on (G°)Y,,, the inclusion (G?,,,) < (G°)¥,,
(both of which imply that n; = 7, 0 A; is a continuous group homomorphism),
the inclusion A;((G°)Y) < (G°)Y.1, and the fact that n;(I';) < Z. It moreover

satisfies
m(gb,i) = ni(Ai_loé) = 77i+1(AiCY) = 77¢+1(9b,¢+1),

implying that 7;(gy;) € Z. The nontriviality of 7,41 implies that 7,,, and
A; are surjective maps onto nontrivial groups; hence 7; is nontrivial. This
contradicts the irrationality of ¢;,;. By induction, g1, ..., g s are all irrational,

implying that g, is irrational. This finishes the proof of Proposition 4.3.2. [

Proposition 4.3.2 is vaguely reminiscent of Proposition 3.1 of [FK05] in that

we replace a linear sequence by a polynomial object on a simpler space. These
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two results are not equivalent, however, in that in Proposition 4.3.2, we end
up with a polynomial sequence on a nilmanifold of a connected group whereas
in Proposition 3.1 of [FKO05], one obtains a unipotent affine transformation on

a torus.

Lemma 4.3.4. Let G, and G¢ be as given in Proposition 4.3.2. Then Z;(G/T") =
Z;(G°/I'°) = G° /(G2 41°) for each i € N.

Proof. We do the cases ¢ = 0 and ¢ > 0 separately. For ¢ > 0, we recall from
(4.12) that Z;(G/T') = G/G;;1I". Since G/T" = G°/T'° by connectedness of
G/T', and G; = G for j > 2, it follows that

Z,(G°JT°) = Z,(G/T) = G/GiyT = G°/G2,,T°.

For i = 0, we have Z;(G/T") = G/G°T =1 = G°/G°T° = Z;(G°/I"°). O
Homogeneous and inhomogeneous polynomial progres-
sions

The central message of this paper is that homogeneous polynomial progres-
sions satisfy certain linear algebraic properties that make them pliable for our
analysis. In this section, we explicitly describe these properties.

Let P € R[z,y]"™ be an integral polynomial progression. Let Vj be the
subspace of R[x,y] given by

Vi = Spang{(z + Pi(y))’ : 0<i<t, 1<j<k}

P . .
:spanR{<x+,<y>>; 0<i<t, 1<]<k},
j

and similarly let

Wk—SpanR{<x+§i(y)> : ogigt}.

We also set

V* = Spang{(Qo, -, Q1) € R[u]"" : Qo(0) = ... = Q,(0) =0,
Qo(@) + Qu(z + Pi(y)) + ... + Qu(x + Fi(y)) = 0}

to be the space of all algebraic relations with zero constant terms satisfied by

P. We recall that an algebraic relation (Qo, ..., Q;) is homogeneous if there
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exists d € Ny and ag, ..., aq € R not all zero such that Q;(u) = a;u for each
0<i<t Wecal P homogeneous if V* is spanned by homogeneous algebraic
relations, and inhomogeneous otherwise.

The concepts of integral polynomial progression and homogeneity, as well
as our results in this paper, could be extended to multiparameter polynomial

progressions of the form

(ZE, Jf‘f'Pl(yla "'7y7")a tey x+Pt(y17""yT));

however, we do not pursue this generalisation so as not to obfuscate the nota-
tion.

Some important examples of homogeneous progressions include:

1. linear progressions (x, = + a1y, ..., * + ayy) for distinct nonzero integers

ai, ..., ar, as well as their multiparameter generalizations;

2. progressions of algebraic complexity 0, i.e. progressions where the poly-

nomials P, ..., P, are integral and linearly independent;

3. progressions of algebraic complexity 1, such as (z, z+vy, z+y%, z+y+

y?), which satisfy no quadratic or higher-order algebraic relation.

Another, less obvious example of a homogeneous progression is (z, = +
y, T+ 2y, x+1?), already mentioned in the introduction, which only satisfies

the homogeneous relation
r—2(x+y)+ (x+2y)=0. (4.24)

This progression should be contrasted with (z, x +vy, =+ 2y, = +y?), which is

inhomogeneous because it satisfies both (4.24) and the inhomogeneous relation
22 +22 -2 +y)*+ (z+2y)* - 2(x +9°) =0 (4.25)

that cannot be written down as a sum of homogeneous relations. More gener-

ally, progressions of the form

are all inhomogeneous whenever 1 < deg P, < t.
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For k € N, we define

We=W,N> W; and W°=> W,
Jj#k k
as well as the family of quotient spaces
W, = Wy/W¢ =W,/ (Wk N ZW])
i#k

The space W¢ captures all the polynomials in W}, that “participat” in inho-
mogeneous algebraic relations, an intuition made more precise by the result
below and the examples discussed below Proposition 4.4.2. The notation W}
is supposed to signify the fact that W is a complement of the subspace W}
inside W,

Proposition 4.4.1 (Equivalent conditions for homogeneity). Let t € N and
Pe Rlz,y|'™ be an integral polynomial progression. The following are equiv-

alent:
1. P is homogeneous;
2. W¢ is trivial for each k € Ny ;
3. Wi = Wy for each k € N..

Proof. The equivalence of (ii) and (iii) follows trivially from the definition of
W/, and we focus on showing the equivalence of (i) and (ii) instead. The
inhomogeneity of P implies the existence of a nontrivial algebraic relation
(Qo(uw), ..., Q(w)) = () agru®, ..., ) ageu®) that is not a sum of homogeneous

algebraic relations. What this means is that there exists £ € N for which
R(x,y) = apex” + ap(z + Py(y))* + ... + aw(z + P(y))* # 0.
Since

Qo(z) + Qi(z + Pi(y)) + -+ Qu(z + Fi(y)) =0,

we have

R(z,y) = — Zzt:aij(w+ Pi(y)) € > W,

J#k i=0 J#k
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and so W¢ = WiNY, ., Wj is nonempty. Thus (ii) implies (i) by contrapositive.

The argument can be reversed, and so (i) and (ii) are in fact equivalent. ]

For homogeneous progression, it is quite straightforward to obtain an upper

bound on algebraic complexity.

Proposition 4.4.2. Let t € N, and Pe Rlz,y]"™ be a homogeneous polyno-
mial progression. Then Al(ﬁ) <t—1 for each 0 <i < t.

This bound is sharp, as evidenced by the example of arithmetic progres-

sions.

Proof. By homogeneity of 13, the only algebraic relations of degree ¢ that P

could satisfy are of the form

ao (f) +ay (”T“Lfi(y)) + ot oay <x+ft(y)> ~0. (4.26)

A relation (4.26), together with the formula

()= () (2o« () () = ()

implies
() 1 (P -

for 1 < k < t. From the invertibility of Vandermonde matrix it follows that
this is only possible when a; = ... = a; = 0, in which case ay = 0 as well.
Hence P satisfies no nontrivial relation of degree t.

m

Proposition 4.4.1 implies that homogeneous progressions satisfy
Vi =W, =pw,. (4.27)

In the inhomogeneous case, we instead have

Vi = f:WZ- = (é W{) ® (WenVy) (4.28)

=1
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for some nontrivial subspace W¢ N V,. The nontriviality of this subspace is
the main source of difficulty preventing us from generalising Theorem 4.1.12

to inhomogeneous progressions.

Given the rather abstract nature of the spaces Wy, W/ and W¢, we illustrate
their definitions with concrete examples. For the homogeneous progression

(x, v +y, v+ 2y, x+1y°), we have

Wl, = Wl = SpanR{'xa y7y3}

3
and W, :W2:SpanR{<§>,xy+ <g>792’xy3+ (%)}’

while for the inhomogeneous progression (z, = + ¥y, = + 2y, = + y*), we have

2

Wy = Spang{z,y,y°} and W, = Spang { @)xy i <g> Wy + <y2 >}

but

, ) x v\ o, (¥
W] = Spang{z,y}, W, = Spang i , Y + 5 TR 5
and W= Spang{y*}.

The nontriviality of W€ for the latter progression is intrinsically related to the

algebraic relation (4.25).

The spaces Vj, and W, are subspaces of R[x, y]. We also need an analogous

family of subspaces of R, Let

P = SpanR{<<j,>, <x +51(y)>,..., <x i J;t(y»)) 2,y €R, 1<) < k:}
(O e e

= Spang { (2", (z + Pi(y))", ..., (v + Pi(y))") : 2,y € R}

We shall also use the notation

ﬁk(x, y) = (2", (x + Pi(y))*, ..., ( + Pi(y)")

—

()72

The equivalence of three formulations of P, may not be obvious at first glance.

The first two formulations are equivalent because if (aq, ..., a;) is the coefficient
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of (f) (7‘;) in (P (j’y)), then it will be the coefficient of (1 +ij> (ll’) in (P (2’3/))
whenever j < k. The equivalence of the last two formulations follows by
induction on k.

Let t;, = dim W}, and ¢}, = dim W}, for each k € N. The spaces W}, and Py

can be related as follows. Let {Qg 1, ..., Qr+, } be a basis for Wy. Then

<<2>7 <ac + JZ1(?J))> . (m - ]]:t(w)) = ;éﬁk,ij,j(l’a Y)

for some linearly independent vectors ¥y 1, ..., Uk, € R+ We let Te(Qkj) =
Uy,j, and extend this map to all of W}, by linearity. This map depends on
the choice of the basis for Wy. It is surjective by the definition of P, and
injective by the linear independence of ¥y 1, ..., Uk, . Hence it is an isomor-
phism. In particular, Proposition 4.4.1 implies that W/ = P, whenever Pis
homogeneous.

For instance, for (z, x+vy, =+ 2y, +1?), the isomorphisms 7, and 7 are

given by

n(z) = (1,1,1,1), 7(y)=(0,1,2,0), 7 (y*)=(0,0,0,1)

T ((Z)) —(1,1,1,1), m (xy+ <g>> = (0,1,2,0),

m(y?) = (0,0,1,0), 7 (xy3 + (y;)) = (0,0,0,1).

and

We treat R'*! as an R-algebra with coordinatewise multiplication @ - @ =
(v(0)w(0),...,v(t)w(t)) for v = (v(0),...,v(t)) and W = (w(0),...,w(t)). We
similarly let A- B ={@-b:d € A,b € B} be the product set of A and B for
any A, B C R With these definitions, we observe that P;;; < P; - P;, but
the converse is in general not true. We also set €; to be the coordinate vector

with 1 in the i-th place and 0 elsewhere.

Relating Host-Kra complexity to algebraic complexity

Having introduced the notation for the spaces P;, we are ready to show
precisely how determining Host-Kra complexity for homogeneous progressions
can be reduced to a certain equidistribution problem on nilmanifolds. We start

by defining a group which contains the orbit (4.18). Groups of this form have
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previously been defined in [Lei09; GT10; CS12; Kuc21b], among others.

Definition 4.5.1 (Leibman group). Let t € N, and G be a connected group
with a filtration G4 of degree s. For an integral polynomial progression Pe

Rlz,y|"™, we define the associated Leibman group to be
GP = (g7 : g, € Gy, 0, € P11 <i < s),

where h? = (h*© ... h*®) for any h € G and 7 = (v(0),...,v(t)) € R We
also set TP = GP NG, If g € poly(Z,G.,), then we denote

9" (z,y) = (9(2), g(x + Pi(y)), ..., g(x + Pi(y)))

and observe that g* takes values in GF .

Lemma 4.5.2. Lett € N, and G be a connected group with a filtration G of
degree s. Suppose that Pe Rlz,y|"™ is an integral polynomial progression with

Az(ﬁ) = s’ for some s' € N and 0 < i <t. Then GF contains 1° x Gyq x 1177,

Proof. The assumption A;(P) = ¢ implies that (z 4+ Pi(y))**" is lincarly
independent from (z + Py(y))**" for k # i, hence Py, contains &. The
Lemma then follows by the definition of GF. O

We are now ready to state an infinitary version of the main technical result

in the paper. This result constitutes the first part of Theorem 4.1.19.

Theorem 4.5.3. Lett € N, and G be a connected group with filtration G,.
Suppose that g € poly(Z,G.) is irrational and that P € Rlz,y]™! is a homo-

geneous polynomial progression. Then g% is equidistributed on the nilmanifold

GP /TP,

Importantly, Theorem 4.5.3 fails for inhomogeneous progressions in that for
each inhomogeneous progression ]3, we can find a nilmanifold G/T, a filtration
G., and an irrational sequence g € poly(Z,G,) for which the orbit of g¥ is
contained in a proper subnilmanifold of G /T'Y. An example of this is given
in Section 4.9.

We have all the tools to prove Theorem 4.5.3 by now. However, we will
later need a finitary version of Theorem 4.5.3, and so instead of proving twice
what is essentially the same result, we shall only give the finitary proof later
on and deduce Theorem 4.5.3 from it. For now, however, we can show how
the HK;(P) < A;(P) part of Theorem 4.1.12 follows from Theorem 4.5.3.
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Corollary 4.5.4. Lett € N, and Pe Rlz, y]"™ be a homogeneous polynomial

progression. For any 0 <1 < t, we have
HK(P) < Ay(P).

The converse inequality will follow from showing that algebraic complexity
equals Weyl complexity, and that Weyl complexity is less than or equal to
Host-Kra complexity, both of which are done in Section 4.12.

Proof of Corollary 4.5./ using Theorem 4.5.5. Let Az(ﬁ) =s. Let (X, X, 1, T)
be a totally ergodic system, fo, ..., fi € L°(u), and suppose that E(f;|Zs) = 0.
By Theorem 4.1.4, the expression

A}E%o”el%zv]/xfo'Tpl(n)flmTPt(n)ftd'“ (4.29)
remains unchanged if we project the functions fo, ..., f; onto the factor Zj,
for some sy € N. If 59 < s, then E(fi|Z2s,) = 0 and the limit (4.29) is 0, so
we can assume that sy > s. Since the factor Z, is an inverse limit of sy-step
nilsystems, we can approximate X arbitrarily well by sqo-step nilsystems. More
precisely, there exists an increasing sequence of factors A} satisfying Z, =
Vien Xk, and such that (X, Xy, p, T) is isomorphic to an sg-step nilsystem.
Therefore, for every ¢’ > 0 there exists k& € N and Xj-measurable functions
fi € L>(p) satisfying ||f; — fillbw < €. Letting M = sup; || fi|| Loy < 00
and ¢ = ¢/ M!, and using the triangle inequality together with the fact that
T is measure preserving, we deduce that up to an error term O(g), the limit
(4.29) is equal to the same limit with the functions f; replaced by functions f;

defined on a sg-step nilsystem.

Let (G/T,G/T',v,T,) be a totally ergodic nilsystem, and G, be the lower
central series filtration on G. Using (4.12), it suffices to show that if fy, ..., f; €
L*>(v) and f; vanishes on each coset of G 1I', then

lim E [ fo0) fi(a” D) fi(a”0T)dv(br) = 0.
Jm B[R - A - fia ()
Let G¢ be the filtration on G° given by G = G, N G°, and let g, €

poly(Z,G?) be the irrational sequence defined in Proposition 4.3.2 for which
a"bl’ = gy(n)I". The irrationality of g,, Lemma 4.3.1 and Theorem 4.5.3 imply
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that

lim E /G . Fo(BT) - fo(aP B - -+ fo(aP B0 du (BT

N—00 ne[N]

= lim E fo(gb( )T?) - filgs(m + Pr(n))L?) -+ fe(gy(m + Fi(n))I?)dv(01°)

Go/To N—o00 m,ne[N

B (Go)P /(Te)P fo@:-® fudv”,

where (G°)” is the Leibman group for P and v* is the Haar measure on
(G)P /(T9)".

The assumption that f; vanishes on each coset of G411 in G/T" together
with Lemma 4.3.4 imply that f; vanishes on each coset of G2, ,I'” inside G°/I"°.
By Lemma 4.5.2, the group (G°)” contains H = 1¢ x G2, x 1'% therefore

‘/(G")P/(F")P fo TS Jigoye avoye fosrwn 7 I
5l ) Lo oo =0
(jl;lz H JH p/H(Fo) ZiGg+1FO
implying that Z, is characteristic for the weak convergence of P at i. O]

Corollary 4.5.4 implies that if a progression P satisfies Al(ﬁ) = s, then Z;
is characteristic for the weak or L? convergence of P at i for any totally ergodic
system. We now prove Corollary 4.1.14, which extends this result to ergodic
systems for eligible progressions, with a slight modification in the s = 0 case.

The proof is almost identical to the proof of Proposition 4.1 in [Fra08].

Proof of Corollary 4.1.1/. Let P € R[z,y]"™ be an eligible homogeneous pro-
gression with Az(ﬁ) =sand (X, X, u,T) be ergodic. By Theorem 4.1.4, there
exists a Host-Kra factor that is characteristic for the weak and L? convergence
of P. Since each Host-Kra factor is an inverse limit of nilsequences, we can
approximate X by an ergodic nilsystem (G/T',G/I",v,T,). The compactness
of G/T" and the assumption that G is generated by the connected component
G° and a imply that " € G° for some r € N ; and hence

t

]‘[ Thrn=D+3) £, (4.30)

z 1

E HTP ™ f; =

ne[rN Jj€ r] ne[N

JEr] n€[N] i—1
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where P, ;(n) = Pi(r("*l)jj)fpi(j). This is where we use the fact that P is

eligible. The definition of eligibility implies that for any 0 < j < r, the

progression

Y

Pj(xay) = (QT, $+P17j(y), ) x_‘_pt,j(y))

— 5

is homogeneous and that A;(P;) = A;(P) for every 0 < i < r.

If s > 0, suppose that E(f;| Z5(1,)) = 0. Then the equality Z,(7;,) = Z,(17)
and the T,-invariance of Z, imply that E(TF0) f;| Z,(T")) = 0. We deduce from
Corollary 4.5.4 and the total ergodicity of 7] on each connected components
of G/T" that the expression in (4.30) converges to 0 as N — o0.

If s = 0, suppose that E(f;|KC.a: (7)) = 0. The total ergodicity of 77 implies
that KCoar(T,) = Zo(T7), and so E(TFU) £;| Z5(T7)) = 0. Again, it follows from
Corollary 4.5.4 and the total ergodicity of 7, on each connected components

of G/T" that the expression in (4.30) converges to 0 as N — oo.
O]

We now show that progressions of algebraic complexity at most 1 are eligi-

ble, which together with Corollary 4.1.14 immediately implies Corollary 4.1.15.

Lemma 4.5.5. Let P € R[z, y|"™ be an algebraic progression with max; A;(P) <

1. Then P is homogeneous and eligible.

Proof. From the definition of inhomogeneous relations it follows that each
inhomogeneous relations must have degree at least 2. Thus, the fact that P

has algebraic complexity at most 1 immediately implies that it is homogeneous.

To prove that Pis eligible, we fix r € N; and 0 < j < r. We show that

the progression

=

Plz,y) = (z, 2+ Pi(y), ..., v+ P ()

also has algebraic complexity at most 1, from which the eligibility of P will
follow easily. Indeed, suppose that P satisfies an algebraic relation of degree
2:

gam(l’ + P(r(y—1) = j) — Bi(j))* + an(z + P(r(y — 1) — j) — Bi(j)) = 0.
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Setting u = r(y — 1) — j for brevity and rearranging we deduce that

Z (%2 z 4 Py(u)? + (an — 2P(5))(z + Pi(u)) + ainPy(j)* — ailHU)) = 0.

=0

The homogeneity of P implies that

Z ain(x + Pi(u))* =0,

and the fact that P has algebraic complexity at most 1 further implies that
age = ... = ai = 0. Thus, P satisfies no algebraic relation of degree 2. It
follows by induction that P satisfies no algebraic relation of degree d > 2 since

each such relation

Qo(z) + Qi(x + Pi(y)) + ... + Qu(z + Fi(y)) =0 (4.31)

would induce an algebraic relation of degree d — 1 by partially differentiating
(4.31) with respect to z. This establishes the claim that P has algebraic
complexity at most 1. Thus, every algebraic relation satisfied by P is of the

form
aor + ay(z + Pi(r(y —1) +j) = Pi(j)) + . +a(z + B(r(y — 1) +j) — P(J))
and corresponds to an algebraic relation

aox + a1(x + Pi(y)) + ... + as(z + P(y)) =0

satisfied by P. This one-to-one correspondence between the algebraic relations
satisfied by P and P implies the eligibility of P. O

Theorem 4.5.3 allows us to prove the second part of Corollary 4.1.17.

Proof of Corollary 4.1.17(ii). Let (X, X, u, T) be a totally ergodic system, and

suppose that P € R[z, y]™

is an integral progression with algebraic complexity
at most 1. This implies that P is homogeneous since each inhomogeneous
algebraic relation must have degree at least 2. For each 0 < i < t, let P,(y) =

Z?Zl a;;Q;i(y) and L;(y1,...ya) = Z?:1 a;;y; for some a;; € Z and integral

polynomials @)1, ..., Q4. Letting

L(z,y1, o ya) = (@, 24 Lyt oy Ya)s s @4 Li(yr, s ¥a)),s

=0
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we observe that ]3(.7:, y) = E(x, Q1(y), ..., Qaly)). It follows that L also has an
algebraic complexity at most 1, since each algebraic relation of degree (jo, ..., j;)
between terms of L would immediately imply an algebraic relation of the same

degree between terms of P after substituting y; = Qi(y).

Using the same argument as in the proof of Corollary 4.5.4, we reduce the

question of understanding

t
i Fi(n) ¢.
dm & J T s 432

to understanding

lim E F(¢"(z,y)) (4.33)

N—o00 z,y€[N]

for each Lipschitz function F : (G/T)"' — C and an irrational sequence
g € poly(Z,G,) for some filtration G4 on G. Following the same method to

analyse

I / TEvd) £y, 4.34
im yde[N] H fidp (4.34)

-----

we deduce that understanding (4.34) comes down to estimating

lim E F(gL(:anl?"'vyd))? (435)

N—oo TyYLyeees yde[N]

where

9" (@ y1, - ya) = (9(@), 9@+ Li(yr, - 9a))s -y 9@+ Li(yr, - ya))).

By Theorem 4.5.3, the limit in (4.33) equals [,r srp F'. Similarly, an ergodic
version of Theorem 11 of [GT10] states that

. L -
hm E F(g ('raylv"’Jyd)) - /GL/FL F7

N—00 z,y1,...,ya€[N]

where

GL:<gfi:1<i<8,gi€Gi7ﬁiE£i>
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is the Leibman group originally defined in [Lei09], ' = GE NI, and

Ei _ SpanR{<<f>, (x—i_Ll(:Zla"wyd)), " <x+Lt(ilvayd)>> ST UYL e Yd c R} )

From the fact that max; Al(ﬁ) < 1 we deduce that P, = P3 = ... = R} and
so G = <hf1, G5 hy € G1, 0, € Py). Similarly, the fact that L has algebraic
complexity at most 1 reveals that GT = ( ?HGQH chy € Gy,0) € Lq). We
moreover observe that P; = £;; from this it follows that G = G, and so the
limits in (4.33) and (4.35) are equal. This implies that (4.32) and (4.34) equal
as well.

]

Finitary nilmanifold theory

Before we can prove a finitary version of Theorem 4.5.3, we need to intro-
duce necessary finitary concepts required for this task. Most concepts and defi-
nitions in this and next section are taken from [GT10; GT12; CS12]. Through-
out this section, we assume that G is connected, and that each nilmanifold G /T"
comes with a filtration G, and a Mal’cev basis x adapted to G,. We call a nil-
manifold endowed with filtration and a Mal’cev basis filtered. A Mal’cev basis
is a basis for the Lie algebra of G with some special properties; since we do not
explicitly work with the notion of Mal’cev basis or its rationality in the paper,
we refer the reader to [GT12] for definitions of these concepts. What matters
for us is that each Mal’cev basis induces a diffemomorphism ¢ : G — R™,

called Mal’cev coordinate map, which satisfies the following properties:
L) =2m
2. Y(G;) = {0} ™ x R™, where m; = dim G;.

Thus, v provides a natural coordinate system on G that respects the filtration
Go and the lattice I'. Similarly to v, we define maps v; : G; — R"™~™i+1 by
assigning to each element of Gz; its Mal’cev coordinates indexed by m —m; +1,
woey m — myy1. With this definition, we have ¢;(x) = 0 if and only if x € G4,
and ¢;(x) € Z™~™i+ if and only if x € T);.

Definition 4.6.1 (Complexity of nilmanifolds). A filtered nilmanifold G /T’
has complezity M if the degree s of the filtration G, the dimension m of the
group G, and the rationality® of the Mal’cev basis x are all bounded by M.

A Mal'cev basis x = {X1,..., X} is M-rational if the structure constants c;;, in
[X:, Xj] = >, ciji Xk are rationals of height at most M.
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We remark that complexity of nilmanifolds has nothing to do with the four
notions of complexity of polynomial progressions that we examine. Neither
does complexity of nilsequences defined below.

We endow nilmanifolds with the following metric.

Definition 4.6.2 (Metrics on G and G/T", Definition 2.2 of [GT12]). Let G/T’
be a nilmanifold with Mal’cev basis x and Mal’cev coordinate map 1. Then
d(z,y) is the largest metric on G satisfying d(z,y) < ||Y(zy™) |, and the
metric on G /T is given by d(«I',yI') = inf{d(xvy,dv') : v,7 € T'}.

We will control the size of functions on nilmanifolds with the following

norm.

Definition 4.6.3 (Lipschitz norm, Definition 1.2 of [GT12]). For a function
F :G/T" — C, we define its Lipschitz norm to be

|F(yl) — F(2T)
d(yl’, 2T)

1Fllup = [ Flle +sup{ g ze G},

and we say that F' is M-Lipschitz if || F||Lip < M.

Definition 4.6.4 (Nilsequences). A function f : Z — C is a nilsequence of
degree s and complexity M if f(n) = F(g(n)l'), where FF : G/T' — R is an
M -Lipschitz function on a filtered nilmanifold G /T of degree s and complexity
M, and g € poly(Z,G,).

We note that although the complexity of a nilsequence bounds its degree
from above, we usually work with nilsequences having fixed (small) degrees
and bounded but large complexities, therefore it is important for us to keep
account of both the degree and complexity of the nilsequence when working
with it.

The notion of a M-Lipschitz function F': G/I' — C is taken with regards
to the following metric on G/T .

Definition 4.6.5 (Quantitative equidistribution). Let D € Ny and § > 0. A
sequence g € poly(ZP, Q) is (5, N)-equidistributed on G/T" if

< O Flip

E_Fgn)T) - /G/FF

ne[N]P

for all Lipschitz functions F: G/T' — C, where ||F||Lip, s the Lipschitz norm
on F with respect to the metric from Definition 4.6.2.
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It has been shown in Theorem 4.2.5 that equidistribution is related to
horizontal characters. Given the Mal’cev coordinate map ¢ : G — R™, each
horizontal character can be written in the form n(x) = k- (z) for some k € Z™.
We call |n| = |k| = |ki1| + ... + |km| the modulus of . Similarly, each i-th level
character n; : G; — R is of the form 7;(x) = k - ¢;(x) for some k € Z™i—mi+1,
and we define its modulus to be |n;| = |k| = k1| + ... + |[Kmi—maiy |-

We shall also need to quantify the notion of polynomials that are “almost
constant” mod Z, using a definition from [GT12]. In what follows, ||z||r/z =

min{|z — n| : n € Z} is the circle norm of x € R.

Definition 4.6.6 (Smoothness norm). Let

i=0 i1 4..4+ip=i 1 (25)

be a polynomial in Rny,...,np|. For N € Ny, we define the smoothness norm

of Q) to be
||QHCOO[N] = maX{NilJr“'JriDHaihn_’iDHR/z . il, ...,iD c N, 1 < ?;1 —+ o+ iD < d}

In particular, ||Q||cen] is bounded from above as N — oo if and only if
() is constant mod Z.
With these definitions, we are ready to state a quantitative version of The-

orem 4.2.5

Theorem 4.6.7 (Quantitative Leibman’s equidistribution theorem, Theorem
2.9 of [GT12]). Let 6 >0, M > 2 and D, N € N with D < M. Let G/T" be a
filtered nilmanifold of complexity M and g € poly(ZP,G,). Then there exists
Cy > 0 such that at least one of the following is true:

1. g is (0, N)-equidistributed in G/T';

2. there exists a nontrivial horizontal character n of modulus |n| < §~M

for which ||n o gl|ceen) < 6™,
We now need to quantify the notion of irrationality.

Definition 4.6.8 (Quantitative irrationality). Let G/T" be a filtered nilmani-
fold of degree s, and suppose A, N > 0. An element g; € G; is (A, N)-irrational
if for every nontrivial i-th level character n: G; — R of modulus |n| < A, we
have ||n(g;)||lrjz = A/N*. 1t is A-irrational if for every nontrivial i-th level
character n : G; — R of modulus |n| < A, we have no g; ¢ Z. We say that a
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sequence g € poly(Z,G) is (A, N)-irrational (respectively A-irrational) if g;
is (A, N)-irrational (respectively A-irrational) for each 1 < i < s. Similarly,
we say that the nilsequence n — F(g(n)T') is (A, N)- or A-irrational if the

polynomial sequence g 1is.

Clearly, (A, N)-irrationality is stronger than A-rationality, but for some of
our applications the latter notion will be sufficient.
We are now ready to state the finitary version of Theorem 4.5.3, which is

the main technical result of this paper, and derive Theorem 4.5.3 from it.

Theorem 4.6.9. Let t € N, and A,M,N > 2. Let G/T be a filtered nil-
manifold of complexity M. Suppose that g € poly(Z,G,) is (A, N)-irrational,
F : (G/T)*Y — C is M-Lipschitz, and P € Rz, y]"*" is a homogeneous poly-

nomaial progression. Then

E PO @l = [Pt On(am)

z,y€[N]

for some cp; > 0.

Proof of Theorem /.5.5 using Theorem /.6.9. Let F': (G/T')"™ — R be a con-
tinuous function. By the Stone-Weierstrass theorem, Lipschitz functions on a
compact set form a dense subset of the algebra of continuous functions. Ap-
proximating F' by a sequence of Lipschitz functions if necessary, we can assume
without loss of generality that F' is Lipschitz. We let M be the maximum of
the complexity of G/I" and the Lipschitz norm of F'.

Let g € poly(Z,G,) be an irrational sequence. For each N € N, we let
An be the maximal real number A for which g is (Ay, N)-irrational. We claim
that Ay — oo as N — oo. If not, then there exists some number A > 0 and an
index ¢ € N, with the property that g; is not (A, N)-irrational for all N € N..
We fix this 7. It follows that there exists a sequence of nontrivial i-th level
characters ny : G; — R of modulus at most A such that ||ny(g;)||[rz < A/N".
Since there are only finitely many ¢-th level characters of modulus bounded by
A, we conclude that there exists a nontrivial i-th level character n of modulus
at most A such that ||n(g;)||r/z < A/N* for all N € N;. Taking N — oo, we
see that n(g;) € Z, contradicting the irrationality of g;.

It therefore follows from Theorem 4.6.9 that

E F(g"(x,y)I"") = /GP/FPF+OM(AJ_\ICM)

z,y€[N]
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Since M is constant, letting N — oo sends the error term to 0, implying that
g% is equidistributed on G /Tt as claimed. O]

Reducing true complexity to an equidistribution question

In Sections 4.3-4.6, we have shown how the question of determining Host-
Kra complexity for homogeneous progressions can be reduced to showing that
g% is equidistributed on G¥/T'Y. Determining true complexity for homoge-
neous progression comes down to the exact same equidistribution question.
All the arguments in this section can be viewed as finitary analogues of argu-
ments in previous sections.

Since we are now primarily concerned with functions from Z/NZ to C, we
shall need an N-periodic version of certain previously defined concepts. In

this section, N is always a prime, and the group G is connected. A function
f:Z/NZ — Cis called 1-bounded whenever ||f||s < 1.

Definition 4.7.1 (Periodic sequences). Let G, be a filtration on G. A sequence
g € poly(Z,G.) is N-periodic if g(n+ N)g(n)~* € T for eachn € Z, and it is
periodic if it is N-periodic for some N > 0. A nilsequence n — F(g(n)I") is
N-periodic (resp. periodic) if g is.

Given a homogeneous polynomial progression P € Rlz,y]'™, we want to
show that A;(P) = T;(P) for each 0 < i < t. The forward inequality has been
derived in Section 4.1; it is the reverse inequality that poses a challenge. We

thus want to prove the following.

Theorem 4.7.2. Let t € N, Pe Rlz,y]"™™ be a homogeneous polynomial
progression, 0 < 1 < t, and suppose that Al(ﬁ) = 5. For every e > 0, there
exist 6 > 0 and Ny € N such that for all primes N > Ny and all 1-bounded
functions fo, ..., fr : Z/NZ — C, we have

E _fo@)filz+ Pi(y)) - filz + Pi(y))| <e¢

z,y€Z/NZ

whenever || fil|gs+1 < 9.

We know that each progression is controlled by some Gowers norm. The
result below plays the same role in deriving Theorem 4.7.2 as Theorem 4.1.4

plays in the proof of Corollary 4.5.4.

Proposition 4.7.3 (Proposition 2.2 of [Pel19]). Let P € R[z, y]'™! be an inte-

gral polynomial progression. There exists s € N with the following property:
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for every e > 0, there exist 6 > 0 and Ny € N such that for all primes N > Ny
and all 1-bounded functions fy, ..., fi : Z/NZ — C, we have

E _fo@)fi(z+ Pi(y) - filr + P(y))| < e

z,yeZ/NZ

whenever ||fil|ys+1 < 3 for some 0 < i < t.

Next, we want to perform a finitary analogue of the approximation-by-
nilsystems argument. This can be achieved with the help of a periodic ver-
sion of celebrated arithmetic regularity lemma from [GT10] in which the same
polynomial sequence ¢ is used in the decomposition of several functions. This

lemma has originally appeared before as Lemma 2.13 of [Kuc21b].

Lemma 4.7.4. Let s,t € N+, € > 0, and F : Ry — Ry be a growth function.
There exists M = O, z(1), a filtered nilmanifold G/T" of degree s and complez-
ity at most M, and an N -periodic, F(M )-irrational sequence g € poly(Z,G,)
satisfying g(0) = 1 such that for all 1-bounded functions fy, ..., f : Z/NZ — C,

there exist decompositions

fi - fi,nil + fz',sml + fi,unf

where

1. fina(n) = F;(g(n)T') for M-Lipschitz function F; : G/T' — C,

2. Hfi,smlHQ < g,

1
3. Hfi,uanUs+1 < F(M)’
4. the functions fini, fismi and fiuns are 4-bounded,

In the proof we follow closely the argument leading up to Theorem 5.1 of
[CS12], but we take extra care to ensure that for every ¢, the nilsequences f; i

are defined in terms of the same polynomial sequence g.

Proof of Theorem 4.7.2. Fix ¢ > 0 and a growth function 7 : R, — R,. We
pick another growth function Fy that grows sufficiently slowly with respect
to F. By Theorem 3.4 of [CS12], there exists 0 < My = O, 7, (1) such that
for each i there is a filtered nilmanifold G;/T'; of complexity M, and degree
s, a p-periodic sequence g; € poly(Z,(G;).), and an My-Lipschitz function
F!: G;/T; — C for which f; decomposes into

fi = fi,m'l + fi,sml + fi,unf
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where the properties (ii), (iii), (iv) in Lemma 4.7.4 hold with M, in place of
M and Fjy in place of F, and moreover f;,i(n) = F;(g;(n)I';). By redefining
F! and increasing its Lipschitz norm by a factor Oy, (1) if necessary, we can

also assume that ¢/(0) =1 for all 1 <7 < ¢.
We let

G=G x..xG, TI'=T;x..xIy, and g(n)=(g1(n),...,g(n)),

and we define Fj(zqTy,...,2,0) = F!/(x;I';). With this definition, we can
realize each f;,; as a p-periodic nilsequence f; ,u(n) = Fi(g(n)I') of degree s
and complexity Myt on the same nilmanifold G/T" using the same p-periodic
sequence ¢ for all 1 < < ¢.

The next step is to obtain irrationality on the nilsequences fi i, ..., ftnil
In doing so, we apply the proof of Theorem 5.1 of [CS12|, which we rerun
here for completeness. Given a growth function F; to be chosen later, we use
Proposition 5.2 of [CS12] to obtain M; € [My, Oper (1)] and a p-periodic
polynomial ¢’ € poly(Z, G,) on some nilmanifold G’/I"” of complexity Oy, (1)
satisfying ¢'(n)I" = g(n)I'. By abuse of notation, we let F; denote now its
restriction to G’/I" for each 1 < i < t. It is Oy (1)-Lipschitz on G'/T".
Therefore the nilsequence f; ,,; has complexity M < Fa(M;) for some function
Fy. Letting Fi(x) = F(Fo(x)) thus guarantees that ¢’ is F (M )-irrational. To
guarantee || fi nillos < ﬁ, we pick Fy so that Fo(My) > F(M) using M =
O, (1) = Opg . 7(1). Combining all the bounds, we have M = O, #(1), as
desired.

In their statement of Theorem 3.4 of [CS12], the authors only considered
functions from F, to [0,1]. However, the statement works for arbitrary 1-
bounded functions from F, to C by splitting them into the real and imaginary
part, and the positive and negative part. This way, we split a 1-bounded
function from F, to C into four 1-bounded functions from F, to [0, 1], implying

the 4-boundedness of f; i1, fismu and fiuny-
O

The last piece that we need is a finitary, periodic version of Theorem 4.6.9.

Proposition 4.7.5. Lett € Ny and A,M,N > 2. Let G/T" be a filtered nil-

manifold and complexity M. Suppose that g € poly(Z,G,) is an A-irrational,
N -periodic polynomial sequence, F : (G/T)™' — C is M-Lipschitz and 1-
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bounded, and Pe Rlz, y]"™ is a homogeneous polynomial progression. Then

E  F(g"(z,y)T") = / F + Oy (A7)

z,y€Z/NZ GP /TP

for some cpr > 0.

Proof of Proposition 4.7.5 using Theorem 4.6.9. Let g € poly(Z,G,) be A-
irrational and N-periodic. We claim that g is (A, Nk)-irrational for all suffi-
ciently large £ € N,. If not, then there exists 1 < ¢ < s such that for each
k € Nj there exists an i-th level character 7,5, : G; — R of complexity at
most A satisfying |[7;x(9:)|[r/z < A/(Nk)". The N-periodicity of g; implies
that g € I'; mod GY,; (Lemma 5.3 of [CS12]); hence 7;4(g;) € ++Z. Thus,
nik(9;) € Z whenever k' > A. In particular, since we can take k arbitrarily
large, there exists a nontrivial i-th level character 7, ; of complexity at most
A for which n;(g;) € Z, contradicting the A-irrationality of g. Hence g is
(A, Nk)-irrational for all sufficiently large k € N.
Applying Theorem 4.6.9, we deduce that

E Fg"(z,y)I"") = E_ F(¢"(z,y)I""") + O(1/k)

z,yeZ/NZ z,y€[Nk]
= Jor oo F+Op(A™M)+O(1/k)
for all sufficiently large k£ € N. Taking k& — oo finishes the proof. ]

We now proceed to prove Theorem 4.7.2. The proof that we give here is
an adaptation of the proof Theorem 8.1 of [Kuc21b], and is analogous to the
derivation of Corollary 4.5.4 from Theorem 4.5.3. Its logic is very similar to
the proof of Theorem 7.1 in [GT10], with minor modifications that allow us
to get a control of weights on different terms of the progression by different

Gowers norms.

Proof. Fix ¢ > 0. By Proposition 4.7.3, there exists an integer sg > 1, a
threshold Ny € N, and a real number § > 0 such that for all primes N > N,

E _fo@)filz+ Pi(y) - filz + P(y))| < e

z,y€Z/NZ

for all 1-bounded functions fy, ..., f; : Z/NZ — C, at least one of which satisfies
173

be fixed later. If s > sp, then we are done, so suppose s < sg.

vsott < 0. We let F : Ry — R, be a growth function depending on ¢ to
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Suppose that fy, ..., f : Z/NZ — C are 1-bounded functions, and suppose
1 < 0. We use Lemma 4.7.4 to find M = O, (1),
a filtered nilmanifold G/I" of degree sy and complexity M, an N-periodic,

moreover that || f;]
F(M)-irrational sequence g € poly(Z,G,) with ¢(0) = 1, and decompositions

Ji = Jimit + fijsmi + [iung (4.36)

satisfying the conditions of Lemma 4.7.4. Decomposing each f; this way, we get
3" terms. All the terms involving f; s can be bounded by O(g). By choosing
F growing sufficiently fast depending on J, we can assume that || f;unfllso+1 <
ﬁ < %, which together with 4-boundedness of f; .,y implies that terms

involving f; ..y contribute at most O(e).

This leaves us with

E _fo@)filz+ Pi(y)) - filz + Fi(y))

z,yeZ/NZ

= E  foru(®) frna(zx+ Pi(y)) - frna(z+ Piy)) + O(e)

z,ye€Z/NZ
_ P P
- x,yEE/NZ F(g (ZE, y>F ) + 0(5)7

where F((ug, ..., us)T'T) = Fy(uel) - - - Fy(u,T). By Proposition 4.7.5, we have

P P
') = / F sonre(1).
x,yEE/NZ F(g ('ru y) ) GP/FP + 0]—‘(M)_> ,M,e( )
By the assumption of algebraic independence, the polynomial (z + P;(y))*™! is
not a linear combination of 5™, ..., (z + P_1(y))**!, (z + Piyi(y))* T, .., (@ +
Pi(y))*™. Consequently, the space P,,; contains the vector €; that has 1 in

the i-th coordinate and 0 elsewhere. This implies that the group
b= (h% h e Ge) = {1} x Gopy x {1}

is contained in G”. In fact, GfﬁH is a normal subgroup of G¥ due to the

normality of G,.1 in GG. Therefore,
/ F= Fe,
GP /TP GF /TP

where Fey((ug, ...,u)TT) = | T F;j(y,[') | F;<s(wD) and Fj < is the average
0<j<t,

JF#i
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of F; over cosets of G411:
F; <s(ul) :/ F;(uvwT)dw.
Gs+1/Fs+1

It is straightforward to see that F; <, is O(1)-bounded and M-Lipschitz. We

moreover have the bound
| Fes (g, ooy un) 7)) < | F s ()|

which implies that

1

3
/P F‘ S |Fiv<3| < (/ | Z,<S|2>
Gr/re G/T G/T

by an application of the triangle and Cauchy-Schwarz inequality.

The function Fj <, is a conditional expectation of F; with respect to the
o-algebra of sets that are preimages of Borel subsets of G/(Gs11I") under the
canonical projection, and is therefore invariant on G, 1-cosets. It follows from

the standard properties of conditional expectations that

/ ’ l,<5‘2 / —/ Fz 1,<s"
G/T G/T

By the F(M)-irrationality of g, we have

L Bz = | B J(BE2)(000)T) 4 0ran e an (1)

nEZ/NZ

We let ¥(n) = F, <s(g(n)l'). By the Gg;i-invariance of F; <,, this is a nilse-
quence of degree < s and complexity M. By (4.36), we have

E(g(n)l') = fi(n) — fism(n) = fiung(n).
We then split E,cz/nz Fi(g(n)I"))(n) into three terms. Using the Cauchy-

Schwarz inequality, the term involving f; s, can be bounded as

E _fism(n)v(n)| <e.

neZ/NZ

vs+1 < 0 and the

converse to the inverse theorem for Gowers norms (Proposition 1.4 of Appendix

To evaluate the contribution coming from f;, we use || fi|
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G of [GTZ11]) to conclude that

E _Jin)y(n)

nez/Nz = 05-s0.0.¢(L).

Similarly, we use || f; uns||so+1 < 9 and sp > s to conclude that

= 1).
neZINZ O.F(M)ﬁoo,M,s( )

Combining all these estimates, we have

E Jo(@) iz + Pi(y))--- filz + Pt(y))‘ = O(¢) + 07 ()00, M£(1) + 0550, 01(1)-

x,ye€Z/NZ

By choosing F growing sufficiently fast and ¢ sufficiently small depending on

£, we obtain

E @)@+ Pi()) ---ft<x+a<y>>| <e,

z,y€Z/NZ
which proves the theorem. 0

Finally, we use Proposition 4.7.5 to derive part (i) of Corollary 4.1.17. This
result has originally appeared as Theorem 9.1 in [Kuc21b].

Proof of Corollary 4.1.17(i). We set

-

L(xayla "'>yd> = (il?, T+ Ll(yl: "'7yd)7 vy X + Lt(yla 7yd))
and
ﬁi = Span{[ji(x,yl, "'7yd) DT, Y1, Yd € Z}

to be the analogues of P and P; for the progression L. We observe from the
definition of L, ..., L; that

P(y) = L(Q1(y), .-, Qa(y)) (4.37)

for some linearly polynomials Q1, ..., Q4 € R[y]. We also let
Gh=(h: hi€GylieLl:1<i<s)

denote the Leibman group for L.
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From the assumption of algebraic complexity 1 it follows that the squares
22, (v + Pi(y))? ..., (z + P(y))* are linearly independent, implying that
P, = R From (4.37), it follows that P, = £y and P; C L; for i > 1.
Together with the fact that P, = R this implies that £; = P; for all

i € N4, and so the groups G = G* are in fact the same for any group G.

Given € > 0, we take 0 > 0 and Ny € N as in Definition 4.1.8 for both P
and L, and we let F : R, — R, be a growth function to be fixed later. We

moreover assume from now on that N > N,.

By Lemma 4.7.4, there exist M = O, #(1), a filtered nilmanifold G/I" of
degree 1 and complexity M, and an N-periodic, F(M)-irrational sequence
g € poly(Z,G,) with g(0) = 1 such that there exist decompositions

fi = fi,m'l + fi,sml + fi,unf

satisfying the conditions of Lemma 4.7.4. By taking F growing fast enough
with respect to d, we can assume that || f; uns||v2 < ﬁ < 0/4 for each i.
By applying the aforementioned decomposition to fy, ..., f;, each of the

operators
Aplfof) = B fole)ilw+ Pi(y)- - fule + By))

Ar(fo, . fr) = E fo(@) fi(x + Liyr, s 9a)) - - - fe(w + Le(y1, -, Ya)

Y1, Yd €Z/NZ

splits into 3! terms. The expressions involving at least one fi.smi can be
bounded by O(e). All progressions of algebraic complexity 1 are homogeneous,
and hence P has true complexity 1 by Theorem 1.3.11. Because of this and the
way we picked 9§, the expressions involving at least one f; s can be bounded
by O(e) as well. We thus have

Ap(fo, -y f) = Ap(fomit, s frma) + O(e),

and similarly for Az (fo, ..., ft). By Proposition 4.7.5, we have

Ap(fonits s frmit) = /GP/FP F + or(m)—oome(1),

where F'((ug, ..., u)T'T) = Fy(ugl) - - - Fy(u,T"). Likewise, Theorem 4.1 of [CS12]
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implies that

Aufomits oo Font) = [, F o+ 0ransmeie(1).
Using the fact that GF = G* and combining all the estimates so far, we obtain

the equality

Ap(fo, ceey ft> = AL(f07 ey ft) + O(€> -+ 0]~'(M)—>oo,M,a(1>‘

The result follows by letting F grow sufficiently fast with respect to e, and by
taking e =+ 0 as N — oc. O

Note that the only facts that we use in the proof above is that the pro-
gressions P and L are controlled by some Gowers norm (so that we can apply
the regularity lemma), progressions of algebraic complexity 1 are homogeneous
and the Leibman groups G and G* are the same. It is the last two facts that
follow from the algebraic independence of degree 2 of P. We do not strictly

require the information that P and L are controlled by the U? norm.

The proof of Theorem 4.6.9

To complete the proofs of Corollary 4.5.4 and Theorem 4.7.2, it remains
to derive Theorem 4.6.9. Before we prove Theorem 4.6.9 for an arbitrary
homogeneous progression, we want to deduce the theorem in the special case
of P = (z, z+vy, x+2y, v+y>). This will help illustrate the method, and we
will later compare this progression with (z, z+vy, + 2y, x+3?) to see what
is failing in the inhomogeneous case. The method is an adaptation of the proof
of Theorem 1.11 from [GT10], however the linear algebraic component coming
from the fact that we are dealing with polynomial progressions is much more

involved.

Proposition 4.8.1. Let A, M, N > 2. Let G/T" be a filtered nilmanifold of
degree 2 and complezity M. Suppose that g € poly(Z,G,) is an (A, N)-
irrational sequence satisfying g(0) = 1, F : (G/T)""' — C is M-Lipschitz,
and P = (z, x4y, v+ 2y, ©+y®). Then

P 4\ —c
E PO @) = [ F+Ou(a™)

z,y€[N]

for some cpr > 0.
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The assumption that G has a filtration of degree 2 is made to simplify the
exposition, and because all the difficulties that emerge in higher-step cases are
already present here.

We shall need the following lemma.

Lemma 4.8.2. Let t € Ny and P € Rlz,y]'*! be a homogeneous polynomial
progression, € > 0, and s, N € N,. Let W; < R[z,y| be as defined in Section
4.4, and for each 1 <1 <'s, let Q;1,...,Qiy, be a basis for W; composed of in-

tegral polynomials. Suppose that a;; are real numbers such that the polynomial

s t;
Qz,y) = Z Z a;;Qi (. y)
i=1 j=1
satisfies ||Q||cony) < €. Then there exists a positive integer ¢ = O(1) with the
property that ||qas;||r/z < eN7° for all 1 < j < ts.

Proof. For s € Ny, we let W, V; be as in Section 4.4. We also define

W, = Spang{(z + P,(y))* : 0 <i <t} and U, = Spang { (f) <y> g < 3} :
J

We want to show first that dim Wy /U, = dim W = g, i.e. that the polynomials
@s1, -, Qst, remain linearly independent when we subtract from them the
monomials in the Taylor basis of degree less than s. While this claim may
plausibly hold for any polynomial progression, we prove it for homogeneous
progressions since this is the only case in which we need this result. The
homogeneity of P implies that W, = V,/V,_; = W,. Therefore W, /Us =
ViUV = I/T/s JUs = Ws, where the last isomorphism follows from the fact
no polynomial in W, has a nonzero monomial of degree less than s. The claim
dim W, /U, = t, follows.

Let Q(z,y) = Y, Ckl(z) (3,’) and Q(z,y) = X Ckz(i) (l{) Thus, @ = Q

k+l>s
mod Uy, and it satisfies ||C~2||COO[N] < e. Setting Qi j(x,y) = 2 brij (i) (Zl/), we
kol

similarly let Qi,j(x, y) = > by (i) (ll’) We deduce from dim Wy, /Uy = t;, =

k+i>s
dim Wy, that Qs1, ..., Qs are linearly independent.

From the definitions of () and by;; it follows that ci = > bryjaij, and that
,J

l|cki|lr/z < eN~k+) < e N=5 whenever k + 1 > s.
Let u be the number of pairs (k,l) with £k + 1 > s for which ¢ # 0.
The fact that dim W,/U; = tg implies that u > t;. Indexing these pairs

as (ki,01), ..., (ky,l,) in some arbitrary fashion, we obtain an u X s matrix
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B = (bk,u,ij)r as well as a t-dimensional column vector a = (ay;); and a u-
dimensional column vector ¢ = (¢, ) such that Ba = ¢. The linear indepen-
dence of @8,1, - Q&ts implies that there exists an invertible ¢, x t;, submatrix B
of B and a t,-dimensional column vector ¢ such that Ba = & Since the entries
of B are integers of size O(1), the entries of B~! are rational numbers of height
O(1). Therefore, there exists a positive integer ¢ = O(1) for which the entries
of the matrix ¢B~! are integers of size O(1). The equality a = B~'¢ and the
condition ||cy||r/z < eN~° whenever k +1 > s imply that ||gas;||r/z < eN~*
for 1 < j < tg, as claimed. O

Proof of Proposition /.8.1. Let P = (v, v +vy, v+ 2y, +y>). We set
0 =(1,1,1,1), ¥,=1(0,1,2,0), v3=1(0,0,0,1) and @ = (0,0,1,0)
and observe that

ﬁ(% y) = 0 + Uy + AT

()5 e ) ol () o

Thus, we have
P, = Spang{th,¥s, U3} and P, = P3 = ... = Spang{y, U2, U3, U4} = R*
as well as
GP = G"GG%GY,

where H” = (h% : h € H).

We shall prove Proposition 4.8.1 by applying Theorem 4.6.7. Suppose
that g is not (cyy A=“M, N)-equidistributed on GF/T'F for some constants
0 < cpy <1< Cyy. By Theorem 4.6.7, there exists a nontrivial horizontal
character n : G — R of modulus at most cA, for which |[no g”||cen) < ¢A for
some constant ¢ > 0 that depends on c¢); and C);. The constant C), is chosen
in such a way as to match the exponents in the case (ii) of Theorem 4.6.7.
We however have control over how we choose the constant c;;, and we shall
pick it small enough to show that g’ not being (cpr A=“M, N)-equidistributed
contradicts the (A, N)-irrationality of g.
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Rewriting the expression for 1 o g*’, we see that

no g (z,y) =nlgi"z + n(g?*)y + n(gi*)y’

+1(g5") (g) +1(95°) (xy + @)) +1(g5*) (ry3 + <y;>> + Uy

Applying Lemma 4.8.2 and the assumption || o g¥'||cen) < ¢A, and choosing
¢y in such a way that ¢ > 0 is sufficiently small we deduce that there exists

a positive integer ¢ = O(1) such that ||qn(g; )HR/Z < AN for all pairs

(,5) € {(1,1),(1,2),(1,3),(2,1),(2,2),(2,3), (2,4)}.

We aim to show that n is trivial by showing that it vanishes on all of
G". First, we want to show that 7 vanishes on G5. Suppose that 7|gs # 0,
and define &, : Go = R by &1(ha) = qn(hg’l’l’l)). We claim that &, is a
2" Jevel character. To prove this, we need to show that & is a continuous
group homomorphism, it vanishes on Gj, it sends (I'y) to Z, and it vanishes
on [Gy,Gy]. The first statement follows from the fact that n is a continuous
group homomorphism, the second is true since Gj is trivial, and the third
follows from the fact that ¢ € Z, n(I'Y) < Z and (1,1,1,1) € Z* To see the

last statement, we note that for any hy, h] € Gy, we have
(AT BT = [, 1)
Since A, h’l771 are both elements of G¥, we have
Ea ([l ]) = ([, 1)) = ([, 1)) = 0,
implying that & vanishes on |G, Gy]. Thus, & is a 2-rd level character.

Performing a similar analysis while looking at the coefficients of (”;) , LY +
( ) xy —|—( ) and y? respectively, we conclude that for all 1 < j < 4, the maps
&2,i(he) = qn(h ') from Gy to R are 2" level characters. The nontriviality of n
on G and the fact that 0y, ¥, 03 and ¥, span P, = R? imply that for at least
one value 1 < ¢ < 4, the character n does not vanish on G”l We fix this .
From ||§21(gl)||R/z = |gn(g; )HR/Z < AN7" and the (A, N)-irrationality of gy
we deduce that |£2,;] > A. Together with the bounds ¢ = O(1) and |v;| = O(1),
this implies that |n| > ¢’ A for some constant ¢ > 0. Choosing cj; in such a

way that ¢ < ¢ gives the desired contradiction. Hence 7 vanishes on G35.
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This leaves us with

nog”(z,y) =n(g{")z + n(gP*)y + n(gi*)y’.

By analysing the coefficients of x,y and y> as above, we see that 1 vanishes
on elements of the form h? with hy € G; and 1 <@ < 3. Thus, n vanishes on
all of GF. This contradicts the nontriviality of 7, and so g is (cpy A=M, N)-
equidistributed on G¥/T'F. O

We now prove Theorem 4.6.9 in full generality.

Proof of Theorem 4.6.9. Let P € R[z,y]"*! be an integral polynomial progres-
sion, G, be a filtration of degree s and g € poly(Z,G,). By (4.27), we can
find a family {Q;,; : 1 <i<s, 1< j <t} of linearly independent integral
polynomials such that Q;1, ..., Q4 is a basis for W; = W/ for 1 <i < s. It
is crucial that these polynomials are linearly independent, which follows from
homogeneity of P. For each 1, let 7, : W; — P; be the map associated with
Qins .., Qiy, as defined in Section 4.4. We also let 7; ; € Z*1 be the vectors
such that 7,(Q; ;) = U ;.

As in the proof of Proposition 4.8.1, suppose that g% is not (cpy A=, N)-
equidistributed on GF/T'" for some constants 0 < ¢y < 1 < Cyy. We apply
Theorem 4.6.7 again to conclude that there exists a nontrivial horizontal char-
acter 7 : G¥ — R of modulus at most cA, satisfying || o ¢¥'||ce[n] < ¢A for
some constant ¢ > 0 that depends on ¢;; and C)y;. The constant C'; is chosen
in such a way as to match the exponents in the case (ii) of Theorem 4.6.7,
but the choice of cj; is up to us again. We shall pick it small enough to
show that the failure of g¥ to be (cpr A=M, N)-equidistributed contradicts the
(A, N)-irrationality of g.

Thus,

S ti

nog(z,y) =33 n(g")Qi (. y).

i=1j=1

Using Lemma 4.8.2 and the assumption |[n o g¥'||c=[n] < ¢4, and choosing ¢y
in such a way that ¢ > 0 is sufficiently small, we deduce that there exists a
positive integer ¢ = O(1) such that ||qn(gfi’j)||R/z < AN "forall1 <i<s
and 1 < j <t;.
Our goal now is to show by downward induction on ¢ that n vanishes on
the group
H; = <h1'7i’j thi € Gy 1< j < ty)

i .
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for all © € N;. This is trivially true for + > s + 1. Suppose that 1 vanishes
on H; 1 for some 1 < ¢ < s but that it does not vanish on H;. We define the
maps & ; : G; = R by & (h) = n(qh?’j) and claim that they are i-th level
characters. They are continuous group homomorphisms because 7 is, and they
vanish on G;4; by induction hypothesis. Since ¢ € Z and #;; have integer
entries, we also have & ;(I';) € Z. It remains to show that ¢;; vanishes on
(G, G;y] for all 1 <1 < i. The fact that P; C P, - P;_; implies the existence
of u; € P, and u;_; € P;—; for which v} ; = 4 - @;_;, and so we have
GG = (G Gin) ™ mod G,
from which it follows that & ;|ic,.c,j = 0. Therefore each & ; is an i-th level

character.

The nontriviality of n on H; and the fact that P; is spanned by the vectors
U1, ..., Uiy, imply that for at least one value 1 < j < ¢;, the character n does not
vanish on G}/, and so & ; is nontrivial. From 1&,5(9:)|lr/z = an(gfi’j)HR/z <
AN~ and the (A, N)-irrationality of g; we deduce that |&; ;| > A. Together
with the bounds ¢ = O(1) and |v; ;| = O(1), this implies that |n| > A
for some constant ¢ > 0. We choose c¢j; in such a way that ¢ < ¢; this
contradicts the nontriviality of n on H;. This proves the inductive step; hence
n vanishes on all of G, contradicting the nontriviality of n. It follows that g”

is (cprA~M | N)-equidistributed on GF/T'F. O

The failure of Theorem 4.6.9 in the inhomogeneous case

Having derived Theorem 4.6.9, we want to show why an analogous state-

ment fails in the inhomogeneous case. We let
P(x,y) = (z, 2 +y, z+2y, =+, (4.38)

with a square instead of a cube in the last position. It is an inhomogeneous
progression because of the inhomogeneous relation (4.8). Suppose that g €
poly(Z,G,) is an irrational polynomial sequence with ¢g(0) = 1 on a connected
group G with a filtration G, of degree 2. We shall try to show that ¢ is
equidistributed on G¥/T'Y the same way as we argued in Proposition 4.8.1,

and we indicate where and why the argument fails.
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Once again, we let
o =(1,1,1,1), v,=1(0,1,2,0), v3=1(0,0,0,1) and @ = (0,0,1,0),

and we observe that P; = Spang{¥, Vs, U3} and Py = Spang{t, v, s, U4 }.
Hence G = GG G%G4. Suppose that g* is not (¢ A=M | N)-equidistributed
on G¥/T'P for some constants 0 < ¢y < 1 < Cyy. Theorem 4.6.7 once again
implies the existence of a nontrivial horizontal character n : G — R of mod-
ulus at most cA, for which || o g¥'||cen < ¢A for some constant ¢ > 0 that

depends on ¢y, and C)yy.

Rewriting the expression for 1 o g*', we see that

nog”(z,y) =nlgt")z + n(g?*)y + n(gi*)y’

+n(g5") (;) +1(g5°) <:vy + (g)) +1(95") (xy? + (‘f)) + gy

=gz + n(g?*)y + (n(gi*) + n(g5))y>

4_n(g?)<§>-+7xg§ﬂ (my—+ <g>>-+7ﬂggﬁ (ny%—<z;>>.

Applying Lemma 4.8.2 and the assumption ||[no g”'||cen] < ¢A, and choos-
ing cjs in such a way that ¢ > 0 is sufficiently small, we deduce that there exists

a positive integer ¢ = O(1) such that
llan(g;")llrjz < AN (4.39)
for all pairs
(4,7) € {(1,1),(1,2),(2,1),(2,2), (2,3)}-

By looking at the coefficient of (g), xy + (g) and zy? + (y;), we deduce
that the maps

hy = qn(h3Y), qn(h32), qn(h3?)

are trivial 27¢ level characters; the argument goes the exact same way as in
the proof of Proposition 4.8.1. Thus, n vanishes on all elements of the form
hY? with hy € Gy and

— / - - =
Wy € Py = Spang{vy, v, U3 }.
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By looking at the coefficients of x and y, we similarly show that n vanishes on
all elements of the form hfl with h; € G and

wh € Py = Spang{t, v2}.
We are left with
nog”(x,y) = (n(g?) +n(g5")) v*.

We would like to be able to say that n vanishes on all elements of the form
R and hY? with h; € G; and @; € P;; this would imply that 7 is trivial. For
this to be case, it would suffice to show that both 1(gi*) and n(g5*) satisfy
an estimate (4.39), and then use (A, N)-irrationality of ¢g; and ¢» to conclude
that the characters hy — ¢n(h?®) and hy — qn(h3) are trivial. Alas, this need
not be true. In Proposition 4.8.1, the number n(h?) was the coefficient of ¢3
while 7(h3") was the coefficient of y2, from which it followed that they both

satisfied (4.39). Now, however, all we can show is that

lg(n(g®) +n(g5")llrjz < AN (4.40)

because 1(gi*) + n(g5*) is the coefficient of 42. But it need not follow that
either of 1(gi*) and n(g5*) satisfies (4.39); in particular, ¥ may take values in
a proper rational subgroup of G*.

We illustrate this with a specific example. Suppose that G = G; = RZ,
G2 = 0x R, G3 = 0 x 0. The sequence g(n) = (an,b(g)) is adapted to the
filtration G,, and it is irrational if and only if a and b are irrational. We
identify G* with R® via the map

G* - R®

((xla yl), ($2, 92)7 (I37 1/3)7 (‘T47 y4)) = ('rlu Lo, T3,T4,Y1,Y2,Y3, y4)

Setting

Un = €1+ € +e3+ €y, Uip =€+ 2€e3, Uiz= ey,
Uy = €5 + € + €7 + €8, Uag = € + 267, oz = €3, Uy = €7,
we observe that GP = SpanR{ﬁn, 1712, 1713, ?721, 1722, 1723, 1724}.

With these definitions, the coefficient of 32 in ¢g” becomes a3 + by =

aéy + bé;. If a,b,1 are rationally independent, then the closure of g© is the
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image of the 7-dimensional subspace GF in (R/Z). If a and b are rationally
dependent, then the closure of g* is the image in (R/Z)® of the 6-dimensional
subspace

G = Spang{¥h1, V2, aths + by, Uay, Uag, Tz }.

Finally, if some rational linear combination of a and b is a rational number ¢/r
in its lower terms with r > 1, then the closure of g% is a union of at most r
translates of a 6-dimensional subtorus of G /T'¥'. For instance, if a = v/2 and
b=+2+ é, then we define

G = Spang{¥i1, V12, V13 + Uaa, Ua1, Va2, Uas }, (4.41)

and observe that the sequences g{’, g7, ¥ defined by g7 (z,y) = g% (z, 3y+i) are
equidistributed on G//T, %17244—@ /T and %77244—@ /T respectively. In particular,
for inhomogeneous progressions it is not true that the group G depends only
on the filtration GG, and the progression P.

While annihilating the coefficients of 1 o g*’, we were able to deal with the
coefficients of z and y as well as (‘;), xy + (g) and xy? + (y;), which span
the spaces W{ and W) respectively. The problematic coefficient was that of
y?, belonging to the space W¢. We have remarked below (4.28) in Section 4.4
that the nontriviality of the subspace W€ prevents us from running the same
argument as in Proposition 4.8.1 and Theorem 4.6.9 for inhomogeneous pro-
gressions; the problem with the coefficient of 4% that we have encountered here
illustrates this point. The reader should see from here how to generalise the
aforementioned example to other inhomogeneous progression; this generalised

construction proves part (ii) of Theorem 4.1.19.

Finding closure in the inhomogeneous case

Section 4.9 shows that we cannot always hope for the sequence ¢g* to
equidistribute in G¥/T'" for an inhomogeneous progression P. Here, we pro-
vide an inductive recipe for finding the closure of ¢* in the case of ]B(x, y) =
(r, 4y, v+ 2y, x+y?). We believe that this argument could be generalised
to an arbitrary inhomogeneous progressions; while trying to do so, however,
we have encountered significant technical issues of linear algebraic nature that
we have not been able to overcome.

Since the argument that we present here is already complicated enough, we

prove it in an infinitary setting so as to avoid confusion coming from various
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quantitative parameters. In effect, we show the following.

Proposition 4.10.1. Let G be a connected group with filtration Go of degree
s, and ﬁ(x,y) = (z, z+y, v+ 2y, x+y?). Suppose that g € poly(Z,G,)
is irrational. There exists a subgroup G < GF and a decomposition g* = g,
where § takes values in G and is equidistributed on G / T whereas v is periodic.

Moreover, the group G contains the subgroup
K= (h¥:h; € Gy € P,1<i<s),
where

P; = Spang{(1,1,1,1),(0,1,2,0)},
’Pé = SpanR{(L 11, 1)7 (07 1,2, 0)7 (07 0,0, 1)}7
Py="P;=..=R"

We will need the following lemma, which is similar in spirit to Lemma 4.8.2.

Lemma 4.10.2. Let ay, ..., as be nonzero real numbers. Let Q1, ..., Qs € Q[z, y]
be linearly independent polynomials, and suppose that () = a1Q1 + ... + a, Qs
takes values in Q. Then a; € Q for all 1 < i < s.

Proof. Let by; be the coefficient of (i) (@l’) in ;. Then

ekt = arbrn + ... 4 agbys

is the coefficient of (z) (%’) in @, and so it is rational. Indexing the pairs
(k1,11), ..., (ku, l,) in some arbitrary fashion, we obtain an u X s matrix B =
(bk,1,i)ri as well as an s-dimensional column vector a = (a;); and a u-dimensional
column vector ¢ = (¢j, ) such that Ba = c¢. The linear independence of
Q1, ..., Q, implies that B has full rank, and so there exists an invertible s x s
submatrix B of B and an s-dimensional column vector ¢ such that Ba = ¢.
Since the entries of B are rational, so are the entries of B~1. The equality

a = B~¢ then implies that a; € Q for each 1 <17 < s. O

Proof of Proposition /.10.1. For eachi > 3, we find a basis {Q; 1, Qi 2, Qi 3, Qia}
for W;. The absence of an inhomogeneous algebraic relation of degree 3 or

higher implies that

=3 =3
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from which it follows that the polynomials intheset {Q;;:3<i<s, 1<j<
4} is linearly independent. For 3 <i < sand 1 < j < 4, we let 7, ; = 7,(Q5)-
We also set

= (1,1,1,1), @ =(0,1,2,0), @3 =(0,0,0,1) and = (0,0,1,0).

We want to find a subgroup G of G on which we can guarantee equidis-

tribution. Starting with
HY = (h% % : hy € Gy, hy € Gy),
we inductively define a chain of subgroups
HO > H®? > H® > .

as well as groups G® = (K, H®) and T™® = '’ 0 G, We note that
GV =GP,

We also 1nduct1vely define sequences g and h*), starting with h()(y) =
gi’?’y gg“y? and g = g, If g™ is equidistributed in G® /T'®) then we ter-
minate the procedure. Otherwise Theorem 4.2.5 implies the existence of a
nontrivial horizontal character n*) : G*) — R that vanishes on all of G**) ex-
cept H® | and for which n® o gt = n®) o h(*) takes values in Z. We then take
G*+) = ker n®) and H**Y) = ker n®| ;) , and we factorize h(¥) = pk+1(k+1)
using an infinitary version of Proposition 9.2 of [GT12], where nf+toh*+1) = (
and v+ is periodic. We define

" (@, y) = g™z, y) (Y (y) !

and observe that

B4D( ) = ghotiavp i) () i G) Pl () (! H H 9799 mod [Gy, o]
=3 j=1

9

The sequence ¢g**1 takes values in G*+Y. We also write
KO (y) = o™ (y)" ™ (y)™,

with a® being Gy-valued and b*®) being G1-valued. Letting a®(y) =
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and similarly for b*), we claim that aék) and bék) are irrational elements of Gy
and G respectively with regard to the filtration G4 on G. Finally, we claim
that

H® =@G% mod G* and H® =G% mod G

First, we observe that all these properties hold at £k = 1. We assume that
they hold for some k > 1, from which we aim to deduce that they also hold at
(k + 1)-th level.

If g is equidistributed in G /I'®) then we are done. Otherwise there
exists a nontrivial horizontal character n® : G®) — R for which n*) o g® is
Z-valued. We have

n*) o g™ (z,y) =™ gz + 0™ (g7*)y + 0™ (P (y))

(g0 (;’) + 25 (g22) <:Cy + (g)) + 0 (gl <:cy2 + (y;))

ko4 o
+3° 3 0™ (g)Qi (2, y).
i=3 j=1
By looking at the coefficients of @);; for 3 < i < s, applying Lemma 4.10.2,
and following the same method as in the proof of Theorem 4.6.9, we see that
n*¥) vanishes on elements of the form h{*’ for h; € G;, 3 <i < sand 1 < j < 4,

and so n®) vanishes on all of G5 x G5 x G5 x G3. This leaves us with

n* o g™ (z,y) =™ (g + 1™ (g7?)y + 0™ (P (y))

o () o o () o 1)

We now carry on. By looking at the coefficient of (g) and xy + (g), we see that
n®) (g5t) and n™)(g5?) are both integers, and so n* vanishes on all elements
of the form h3' and h3? with hy € G,. By looking at the coefficients of z and
y, we can similarly show that 7*) vanishes on all elements of the form A% and

h? with hy € G;. We are thus left with

2

a )
%05 o) =P ) + (a5 (9 + (1))

We first deal with the last term. Since H®) = G% mod G%, we have
[H®) H®] = [G%, G¥] mod Gi. Using the fact that n®) vanishes on both
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G4 and [H®, H®)], we deduce that it also vanishes on [G7*, G%]. Hence the
function &3 1 Go — R given by &3(h) = n®)(h%) is a 27 level character. By
irrationality of g, it follows that &, 3 is trivial, and so n*) vanishes on G%. We
have thus proved that n*) vanishes on all of G*) except H®, and consequently
that n® o g® — p) o J®).

We now show that

H*Y = % mod G (4.42)
Suppose not; let U be a proper rational subgroup of G3* such that
H*Y = U mod G%.
Then
H* Y <cugnH® < H®,

We know from the rank-nullity theorem that dim H**Y = dim H® — 1, and
we have H®) = G5 mod G from the inductive hypothesis. These two facts,
together with the assumption that U is a proper rational subgroup of Ggo’o’l’o),

imply that H*+D = UG% 1 H® . It follows that

n*) o g® (z,y) = n® (a® (y)™) + 7™ (B*) (y)) = n® (a® (y)™)

We have already shown that n®) vanishes on G3. From the facts that
H @
a®(y) =118 a(k)(l) with al®) € G, we deduce that ®) (a® (y)™) = n® (a'")y+

i=1 G
n('“)(agk))(g). The map &.4(he) = n™(h5*) is a continuous group homomor-
phism on G that vanishes on G5 and sends 'y to Z. Since Uy = (U - Uy — U5) /2,

we also have

Ea([hn, P]) = Sn® ([, B2) = Sn® (e, 1AT™),

for any hy, b} € Gy, and so &4 vanishes on [G, G1]. Thus &4 is a 27 level
character on Gy with respect to the filtration G, on G, and since agk) is an
irrational element of G5 with respect to this filtration, it follows that n®) is

trivial, a contradiction; hence (4.42) holds. The argument that

H*D = % mod GP*
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is similar.
Finally, we factorize h*) = A0~ EFD where 1) is periodic and h*+1

k+1) Tt remains to show that aé’”l) and békﬂ)

takes values in H*+1) = ker n
are irrational elements of Gy and (7 with respect to the filtration G, on G.

We observe that

a® — kD kD) g pk) — b(k—l—l),yék-*-l)

Va
for some periodic sequences v, and 7, taking values in G5 and G respectively.
Suppose that & : G5 — R is a 27¢ level character with respect to the filtration
G,, for which & (aékﬂ) ) € Z. The sequence 7**+1 is periodic, hence & o y++1
is Q-valued, and so it follows that & (aék)) € Q as well. Therefore there exists
an integer [ > 0 such that lf(agk)) € Z. Since & = 1- ¢ is also a 2"? level
character, it follows from the irrationality of agk) that & is trivial. This implies
that ¢ is trivial as well, and hence agkﬂ) is irrational. The argument showing
that bgkﬂ) is irrational is identical.

We have thus shows inductively that ¢*), h®) G®*) and H® satisfy all
the properties we want them to satisfy for all £ > 1. Since 0 < dim G+ <
dim G®), the procedure eventually terminates, at which point the sequence
g™ takes values in G®) and is equidistributed on G*) /T*®) . Letting G=aGgW
for this value of k and v = vy*) .. 4 "and observing that a product of periodic

sequences is periodic, we finish the proof. n

True complexity of (z, z+y, ..., o + (t — 1)y,  +y?)

Throughout this section, we let

—

Q(x,y) = (1'7 Tty .., $+(t_ 1>y7 $+yd)

We present an alternative argument that allows us to prove Theorem 4.1.16,
which gives true complexity for the progression Cj whenever 2 < d <t — 1.
If d > t, then Q is homogeneous, and this has been handled quantitatively in
[Kuc2la]. A special case includes the already discussed progression (z, x +
y, T+2y, x+4*). The method discussed in this section comes down to making
the progression more homogeneous by replacing it with a longer progressions
involving a higher number of variables using several applications of the Cauchy-
Schwarz inequality. The content of this section has been adapted from Section
12 of [Kuc21b].

We start by proving true complexity for the nonlinear term at index ¢.
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Proposition 4.11.1. Let t,d € N satisfyt > 3 and d > 2. Then

- = t—1 t
fry = _— — J— J— 1
We note that one cannot get a control by a lower-degree Gowers norm here;

this follows from the fact that the the space of polynomials in x and y of degree

at most ¢ — 1 is spanned by polynomials in x, z + v, ..., z + (t — 1)y of degree

t—1
d

at most t — 1, so in particular it contains the { J—th power of z + y.

Proof. We only prove the case 2 < d <t — 1, as the case d > t follows from
the results of [Kuc21al.
We apply the Cauchy-Schwarz inequality and translate x — x — y exactly

t times to remove fy, f1,..., fi_1, so that

2t
B @@t ) - fiaa+ (= Do+ o)

< E IT cfilew),

z,y,h1,....,ht €Z/NZ we {01}t

(4.43)

where

t d
gw(x7y7 h17 "'7ht) =T+ <y+ szhz> - Z(l - ]')wzhz

i=1
for each w € {0,1}". We moreover let

—

P(I‘,y,hl, ...,ht) = (Ew(ﬂj,y,hl, ---7ht))w€{0,1}t~

The crux of the proof is to show that although the original progression
Cj is not homogeneous, the progression Pis homogeneous and has algebraic
complexity Aw(ﬁ) < [ﬂ —1= {%J at every index w € {0,1}*. One then ap-
plies the multiparameter version of Theorem 4.7.2 to deduce that the 7,,(P) =
[ﬂ —1= {%J at every index w € {0, 1}, and hence T;(Q) = [ﬂ —1= {%J
as well.

Given w € {0,1}!, we let €, denote the basis vector in R{®}* of the form

The next lemma gives the structure of the polynomial spaces P;.
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Lemma 4.11.2. For each i € N, the space P; is spanned by the set

X, = { Z Cw: {k1y sk} CH{L, .t} by < oo <k, 0<m < n} ,
WiWgy =... =Wy =1

where n = min(id, t).

For instance, for d = 2, t = 3, we have

P,y b hoyhy) = Cu(@+y2) + Y. Eu(2hiy + 13)

wiwi=1

+ Y Guhoy +hE—ho)+ Y Eu(2hay + h3 — 2hs)

wiwz=1 w:wz=1
+2 S Guuha+2 S Guuhs+2 S Guhohs
wwy=wo=1 w:w]=wz=1 w:we=w3z=1

and an even longer expression for 13(:5, y, hi, ha, h3)?.

Proof. To see that each vector of the form > €, is contained in P;
wklz...:‘wkmzl

for 0 <m < nand ky, ..., k, € {1,...,t}, we observe that the coefficient of

yidfmhkl . hk

m

in ﬁ(w,y, hi,...,h)" is a nonzero multiple of > €y. To deduce the
wklz...ziwkmzl
converse, we note that the coefficient of a monomial of ]3(93,3/, hy, ...,ht)z is

a nonzero multiple of > €, for 0 < m < n if and only if the
Wiy =... =W, =1

monomial contains the variables hy, ..., hg, but does not contain hy for k €
{1, .t} \{k1, .., kn }- O

Corollary 4.11.3. Ifi > %, then P; = RIOU".

Proof. The set X;, which spans P; by 4.11.2, consists of linearly independent
vectors. If id > t, then X has 2¢ elements, implying that P; = RO ag
required. ]

Although the progression Cj is not homogeneous, P is.

Lemma 4.11.4. The progression Pis homogeneous.

Proof. 1t follows trivially from the definition of a homogeneous relation that

every relation of degree 1 is homogeneous. We show that every algebraic
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relation

0=> Qulcw(z,y,h1,.... hy)) (4.44)

of degree ¢ > 1 satisfied by the terms of Pis a sum of a homogeneous relation
of degree 7 and an algebraic relation of degree at most i — 1, and then use the
induction hypothesis to deduce that (4.44) is a sum of homogeneous relations.

Let a, be the coefficient of (), of degree :. We observe that for distinct
ki,...;km C {1,...,t}, the coefficient of y'=™h,, --- hy,
the right of (4.44) is a nonzero multiple of > a,,. Hence

Wiy =... =Wk, =1

L( 5 ) ~o,
Wiy =... =W, =1

where L((2y)w) = X awry. By Lemma 4.11.2, L vanishes on all of P;, and as

in the polynomial on

m

a consequence, we have
_ i
0="> aucl,
w
as claimed. O

We infer from the homogeneity of P and Corollary 4.11.3 that Aw(ﬁ) <
[ﬂ —1= {%J for any w € {0,1}*. Since this is also a lower bound on the
algebraic complexity of P, we deduce that A, (P) = [ﬂ -1 = {%J An
analogous statement for true complexity follows from the homogeneity of P

and a version of Theorem 4.7.2 for multiparameter homogeneous progressions

(«177 .T+P1(y17 "'7y7’)7 RS T+ Pt(yl""’yr)>'

The proof of the multiparameter version of Theorem 4.7.2 follows the same
sequence of steps as the proof of the single-parameter version and encounters
no additional difficulties; our decision to give the single-parameter proof of
Theorem 4.7.2 has been motivated purely by the desire to enhance the clarity
of the argument which would deteriorate by taking multivariable polynomials
instead of polynomials of single variable in all the arguments leading up to
Theorem 4.7.2. We could just conclude the proof of Proposition 4.11.1 here,
but to satisfy the curious reader, we briefly summarise how one would use the
homogeneity of P directly to prove that T,,(P) = A, (P) for every w € {0, 1}".
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First, a multiparameter version of Proposition 4.7.3 implies that there exists
s € N and ¢ > 0 such that

E IT ™) <IIfd

z,y,h1,....,ht €Z/NZ we{01}t

cUs+1 + O(p_c)

for every 1-bounded function f; : Z/NZ — C.

Second, we use the arithmetic regularity lemma (Lemma 4.7.4) to decom-

pose all the instances of f; in

II C"filew).

z,y,h1,....,ht €Z/NZ we{01}t

For a growth function F : R — R4 to be fixed later, there exist M = O, #(1),
a filtered manifold G/I" of degree s and complexity at most M, and an N-
periodic, F(M)-irrational sequence g € poly(Z,G,) with ¢(0) = 1, for which

there exists a decomposition

ft = fnil + fsml + funf

such that f,;(n) = F(g(n)I') for an M-Lipschitz function F' : G/I" — C,

[ fomull2 < & and | funy]
fast, we can assume that || funs|

Ust1 < ﬁ By picking F to be growing sufficiently
s+l < ez. Assuming that N is large enough

with respect to £, we have

I[I c™F(g(eu)T) + O(e).

we{0,1}¢

H C'wlf(ew) =

z,y,h1,....,ht €Z/NZ wel01}t

@,y,h15ehe €Z/NZ

Third, the homogeneity of P and a multiparameter version of Proposition
4.7.5 imply that the sequence g*' (,y, b1, ..., he) = (g(€w) (2, Y, b1, oy ht) Jweio1)t
is Oy (F(M)~eM)-equidistributed on the nilmanifold G¥ /T'? for some cy; > 0,
where G* is the Leibman group associated with g”. The proof of a multipa-
rameter version of Theorem 4.6.5, from which the multiparameter version of
Proposition 4.7.5 would be deduced, goes completely analogously to the proof
of the single parameter version - it is the homogeneity that matters, not the
number of parameters.

Fourth, we employ the fact that g is well equidistributed on G /T'* to-
gether with the same argument as in the proof of Theorem 4.7.2 to conclude

the proof of Proposition 4.11.1.
O
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The control by a low-degree Gowers norm of the nonlinear term = + y¢ is
useful in that when combined with the regularity lemma (Lemma 4.7.4), it
allows us to replace the function f; by a low-degree nilsequence 1. Proposition

4.11.5 shows how we can deal with ¢ if it has sufficiently low degree.

Proposition 4.11.5 (Twisted generalized von Neumann’s lemma). Let 2 <
t < M. There exists cpr > 0 such that for any 61,62 > 0 and any 1-bounded
functions fo, ..., fi—1 : Z/NZ — C satisfying

ogr?gi?q | fillpe-—+ < 61 and ogl?gi?_1 [ filloe < 02,

the following holds:

1. if Y(x,y) = F(g(x,y)') is a 1-bounded, N-periodic nilsequence of com-
plexity M and degree t — 2, then

E _fol@) - fima(z + (t = Dy)b(z,y) <ar 075

z,yeZ/NZ

2. if Y(x,y) = F(g(z,y)T) is a 1-bounded, N -periodic nilsequence of com-
plexity M and degree t — 1, then

x,yeE/NZ fo(x) - ficr(x 4+ (t = Dy)(z,y) Kur 05M.

Before we prove Proposition 4.11.5, we state several definitions and lemmas
from Section 3 of [GT12] that we need in the proof. We start with the notions

of vertical characters and vertical oscillations.

Definition 4.11.6 (Vertical characters). Let G/T" be a filtered nilmanifold of
degree s. A vertical character is a continuous group homomorphism £ : G, — R
that sends £(T'y) C Z.

Definition 4.11.7 (Vertical oscillation). Let G/I' be a filtered nilmanifold of
degree s. A function F : G/T" — C has vertical oscillation if there exists
a vertical character £ © Gy — R such that F(gsxl') = F(xI")&(gs) for every
gs € Gj.

We observe that when s = 1, the nilmanifold is a torus, and vertical charac-
ters correspond to usual characters on the torus whereas functions with vertical
oscillations are scaled versions thereof. For higher values of s, one can approx-

imate an arbitrary Lipschitz function on nilmanifolds by linear combinations
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of Lipschitz functions with vertical oscillations in much the same way as one
approximates Lipschitz functions on tori by trigonometric polynomials. This
is made precise by the following lemma, the proof of which forms a part of the

proofs of Lemmas 3.1 and 3.7 of [GT12], to which the lemma is applied.

Lemma 4.11.8. Let G/T" be a filtered nilmanifold of degree s and complexity
M, and F : G/T — C be an M-Lipschitz function. There exists cpy > 0 such
that for every § > 0, there exists QQ = Op(0~M) and a function

i Q
F(al') = 2 a; Fy(«l)

such that |F — F|le < 6, and for each 1 < i < Q, the coefficients a; satisfy
la;| < 1 while F; is an M-Lipschitz function with a vertical oscillation and
1Filloe < [1F oo

Finally, we state the following lemma which is used in the inductive step

in the proof of Proposition 4.11.5.

Lemma 4.11.9. Let ¢(z,y) = F(g(z,y)I") be a nilsequence of degree s and
complexity M, where F : G/T' — C has a vertical oscillation. For every h, the
function ¥y (x,y) = Y(x,y + h)(x,y) is a nilsequence of complexity Opr(1)

and degree s — 1, where the complexity bound is uniform in h.

A statement similar to Lemma 4.11.9 has been proved in Sections 5 and
7 of [GT12], and it played a crucial role in the argument of that paper. Our
proof uses very closely the ideas of [GT12].

Proof. Since the proof uses some of the most technical lemmas of [GT12], we
will at times cite relevant lemmas from that paper without stating them here
in full form. Without loss of generality, we can assume that dim G = M.

First, we reduce to the case when ¢g(0,0) = 1 at the cost of worsening the
Lipschitz norm of F' from M to Op(1). This can be done as follows. By
Lemma A.14 of [GT12], each element of G can be split as x = {z}[z], where
the Mal’cev coordinates of {z} lie in [0,1)™, and [z] € T' (this decomposition
generalises the decomposition of each real number into its fractional and integer
part). We then define F(2T') = F({g(0,0)}T") and

g(x,y) = {9(0,0)} gz, )g(0,0)~{g(0,0)} = {g(0,0)} " g(z, )[g(0,0)] "

We observe that §(0,0) = 1 and F(§(z,y)T') = F(g(x,y)I"). The last thing to
check is the Lipschitz norm of F. By Lemma A.5 of [GT12], the metric d on
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G/T is approximately left-invariant”, which in our case implies that

F(2T) = F(yD)| = [F({g(0,0)}2T) = F({g(0,0)}yT)|
< Md({g(0,0)}zL, {g(0,0)}yI') < d(zL, yI'),

the last step being precisely the consequence of the approximate left-invariance
of d and the bound on the size of the Mal’cev coordinates of {¢g(0,0)}.

We thus assume from now on that ¢g(0,0) = 1, so that g can be expressed

as

1,520,
1<i+j<s

We define gs(x,y) = g(z,y)g0 919" and observe that g, takes values in G

because

g2(z,y) = gfogglgo_f/gl_ox mod Go.

We rewrite

g(x,y+h) = {931}{931}_192(% y+ h)gfoggl{ggl}[g&]
9(z,y) = 92(%, ¥) 910961 -

Defining Fj, (2T, yT) = F({gt, }2T')F(yI') and

gh(xa y) = ({931}7192(*%7 Yy + h)gfoggl{gglh 92(337 y)gfogil)ﬂ)a

we observe that

U@, y) = Fu(gn(z,y)I?).

The bound on the complexity of 1, approximate left-invariance of the metric
on G/T" (Lemma A.5 of [GT12]) and the fact that the Mal’cev coordinates of
{gh} lie in [0,1)™ imply that Fj, is Op(1)-Lipschitz. Since the size of the
Mal’cev coordinates of {gf} is bounded uniformly in %, the bound on the

Lipschitz norm of Fj, is uniform in A, too.

The crucial observation that makes ¢, a nilsequence of degree s — 1 is that

"Meaning that if G/T" has complexity at most M and the Mal’cev coordinates on u are
bounded by M, then d(uzT, uyl’) < s d(zT, yI).
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the sequence g;, takes values in the subgroup

G” =G xg, G ={(u,v) € GxG:u™ e Gy}
This follows from the identity

{gt} aa(z,y + h)glogbi {aby g2 (z, v)giogtn)
= {gb} " gtegti{gb 90’ 9:¢ mod G2 =1 mod Gs

which uses the facts that go takes values in G5 and that G/G; is abelian; the

latter allows us to commute the terms in the expansion above modulo Gb.
Following the notational convention of [GT12], we set F' = Fj|go. From

the fact that F' has a vertical character £ it follows that for any element g, € G,

we have

Fy (952, gsyT) = €(95) F ({901 }aT)E(gs) F(yT) = F({ggi }aT)F(yL) = F, (2L, yD).

The function F} is thus invariant under G2 = {(gs,9s) € G2}, and so it
induces a function F2 on G& = GP/G2. We set TP = I'?/(G2 NT?). Tt is the
content of Proposition 7.2 of [GT12] that GZ/TU is a filtered nilmanifold of
degree s — 1 with filtration G7, given by G¥ = G, x¢,,, Gi/G*. Lemma 7.4
of [GT12] further states that the nilmanifold GZ/TP has complexity Oy (1)
and the function FT‘? is Oyps(1)-Lipschitz. Letting E be the projection of g,
onto GB/TT, we conclude that v, (z,y) = F(gFT0) is indeed a nilsequence of

degree s — 1 and complexity Op,(1) uniformly in h. O
We now have all the tools necessary to prove Proposition 4.11.5.

Proof of Proposition /.11.5. Proposition 4.11.5 is a variation of Lemma 4.2 of
[GT10], and our proof follows very closely the proof of that resuls. We proceed
by induction on t. For t = 2, the first statement of Proposition 4.11.5 is trivial
since 1, being a 0-step nilsequence, is just a constant.

To prove the second part for ¢ = 2, we let 4 > 0 be a parameter to be
fixed later. The function ¢ takes the form i (z,y) = F(ax + PBy) for some
1-bounded, M-Lipschitz function F' : RM/ZM — C and o,f € (%Z/Z)M.
Using Lemma 4.11.8, 1-boundedness of F' and the fact that functions with
vertical oscillations on the tori are scalar multiples of characters, we can find
a 1-bounded trigonometric polynomial F : RM /ZM — C of degree Oy (6=M)
satisfying | F — F||oc < 6. It then follows from the triangle inequality and the
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pigeonhole principle that

B g a4 phen(an + 1) 4

E  fl@) e+ )b, y>\ pr 500

z,y€Z/NZ

for some a,b € Z. Applying the Cauchy-Schwarz inequality in z allows us to

remove fo(z)ey(ax)

’ 2
<
x,yGE/NZ fo(@) fi(z + y)en(az + by)| < :rEZE/NZ yeZE/NZ Filz +y)en(by)
N r,y,hEZ/Nz Ap, fi(z + y)en(—bh1),

and translating x — x — y followed by an application of the Cauchy-Schwarz

inequality in h; allows us to bound

2

< E Ah1,h2f(‘r);

x7h17h2

E EN(—bhl) E ZAhlfl(l’)

h1€Z/NZ z€Z/N

thus,

fo(z) fi(z +y)en(ax + by)| < || f1llve,

E
z,y€Z/NZ

and analogues maneuvers also give a bound by || fo||p2. It follows that

$7y€|§/NZ Jo() fi(z +y)¥(z, y)’ < 679Gy + 0.

Letting § = d5M for a sufficiently small 0 < ¢j; < 1, we obtain the claim.

We now assume t > 2, and we let ¢(z,y) = F(g(z,y)") be a nilsequence of
complexity M and degree s = t—2 (the argument for s = t—1 goes identically).
Let 6 > 0. Using Lemma 4.11.8, we can find a 1-bounded function £ : G/T" —
C that is a linear combination of Oy;(6-™) functions with vertical oscillations
and satisfies |F — F||o. Using the triangle inequality and pigeonhole principle,
we can find a 1-bounded, M-Lipschitz function F; : G/T" — C with a vertical
character £ : G4/I's — C satisfying

z,yeZ/NZ

E  fol@)- frlat (- 1>y>¢<x,y>\

< 5—CM

E  fola) - fralo+ (= 1>y>w1<x,y>\ 5

z,yeZ/NZ
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where ¢y (z,y) = Fi(g(z,y)T).

By the Cauchy-Schwarz inequality and change of variables, we have

2

E _fol@) - fisa(z + (t = Dy)i(x,y)

z,yeZ/NZ

< E _Anfile+y)- Ag—pnfir(z + (= Dy)vu(x, y + h)bi(z,y)|,

x,y,h€Z/NZ

where we recall that Ay, f(z) := f(z+h)f(x). By Lemma 4.11.9, for every h €
Z/NZ, the function ¥y, (x,y) = ¢y (x,y+ h)ir (z, y) is a 1-bounded, N-periodic
nilsequence of complexity Oys(1) and degree s—1, where the complexity bound
is uniform in h. Picking § = 67 for an appropriate value of 0 < ¢j; < 1 and

applying the inductive hypothesis, we obtain

CM

£ ﬁ@»~ﬁ1@+@—nwwuwﬁ<M 1A fil

z,y€Z/NZ 1<z<t 1 hGZ/NZ

An application of the Holder inequality and the recursive definition of Gowers

norms give

Us+1

ﬁ<>~ﬁ1@+@—nwwuyﬂ<M1mnum

a:yEZ/NZ 1<i<

for some 0 < ), < 1. A slight modification of the argument gives the same
M g

bound in terms of || fo||ys+1, completing the proof of the lemma. O

Proposition 4.11.5 tells us how to proceed when f; is a nilsequence. We

now prove the general case.

Proposition 4.11.10. Let t,d € Ny satisfy 2 < d <t—1. Given any € > 0,
there exists 6 > 0 and Ny € N s.t. for all primes N > Ny, we have

acyGZ/NZfO( )fl(SCer)"-ft,l(:ch(t—1)y)ft(g;+yd) <L e

uniformly for all 1-bounded functions fo, ..., fi : Z/NZ — C such that || f;
d for some i € {0,....,t — 1}, where

Us <

¢, if dlt—1
t—1,if dtt—1.

S =

Proof. We fix ¢ > 0, and we let 6 > 0, Ny € N, and a growth function
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F : Ry — R, be chosen later. Suppose that 0<m<itn ) | fillvs < 6. By Lemma

4.7.4, there exist M = O, z(1), a filtered nilmanifold G/T" of degree sy = [ﬂ -1
and complexity at most M, and an N-periodic sequence g € poly(Z, G,) with

g(0) = 1, for which there exists a decomposition

ft = fm'l + fsml + funf

such that f,i;(n) = F(g(n)I') for an M-Lipschitz function F' : G/T' — C,

| fsmill2 < € and || funsllpsorr < f&w). Using the bound on f,,,;, we crudely
evaluate its contribution by

vz vz 0@ AT+ y) - fa(@ 4 (= Dy) fom(r + y') <e  (4.45)

To bound the contribution of f,, s, we choose §' > 0 and N, that work for e
as in Proposition 4.11.1. We then pick F to be growing sufficiently fast so that

| funfllso+1 < 0'. Assuming that N > Ny and applying Proposition 4.11.1, we
have
E _Jo@filz+y) fial + (t = 1)y) funs(z + yd)’ <e  (4.46)
z,y€Z/NZ

Finally, we observe that f,;(z + y?) is an N-periodic nilsequence of com-
plexity M and degree d {%J = s — 1. Using Proposition 4.11.5, we choose

0 > 0 in such a way as to guarantee that

E _fh@h@+y) - fialr+ =Dy faalzr +y")| <o (447)
z,yeZ/NZ
The Proposition follows from combining (4.45), (4.46) and (4.47). O

In the case of (z, z+vy, x+2y, x+y?), Proposition 4.11.10 gives us control
by the U2 norm of the first three functions. It turns out, however, that for
this specific example we can get control by the u® norm instead. This curious
fact shows that Gowers norms need not be the “smalles” norms controlling a

given configuration.
Proposition 4.11.11. Given any € > 0, there exists 6 > 0 and Ny € N s.1.

for all primes N > Ny, we have

wegﬂvz Jo(@) i@+ y) falz + 2y) fs(z + )| < &
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uniformly for all 1-bounded functions fo, fi1, fo, fs + Z/NZ — C satisfying
| fills < 6 for some i € {0,1,2}.

Proof. Let

F(z) = seEnz folw =) file +y =) fo(z +y — )

be the dual function corresponding to this progression. Then

2 2

E _F(z)fs(x)

x€Z/NZ

E _fol@)filz +y) falz + 2y) f3(z + °)

x,ye€Z/NZ

z,yeZ/NZ

<UFIE =, 5y Vile + )+ 2)F (o 47
This trick has allowed us to replace f3 by the more structured dual function
F. From the U? inverse theorem and the definition of F, it follows that

11 < 1Pl = | B 0 e+ 9) oo+ 200w (80 4270

for some 8 € Z. Using the algebraic relation (4.25), we can rewrite the expres-

sion above as

x,yEE/NZ fol@) fi(z + ) fo(x + 2y)

Y

1F 5= <

where f;(z) = fi(z)en(Qs(z)) for some quadratic polynomial Q;. Since the
counting operator for the 3-term arithmetic progression is bounded by the

maximum Fourier coefficient of the weights, we deduce that

1Pl < min, 17l < in, il

where the last inequality follows from the fact that

E _filz)ex(ax + Ba?)

©€Z/NZ

E _filz)en(ax)

2€Z/NZ

= ||fz||u3

< max

Il = max ma

ae”Z

Let € > 0. Using Proposition 4.11.1, we choose § > 0 and a threshold N,
such that for all primes N > Ny, we have

E _fo@) filz+y) falz+29)F(z + )| < €7

©,y€Z/NZ
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whenever ||F||y2 < §2. Combining everything above, we deduce that if min | filluz <
1= 1y

d, then ||F||?. < 6%, hence

E _fo@) file +y)folz +2y)F(z+y*)| < &

z,y€Z/NZ

Y

and therefore

E _fol@) fi(z +y) falx + 2y) f3(z + y°)

z,y€Z/NZ

< €.

4.12 The equivalence of Weyl and algebraic complexity

While we are not able to show that Host-Kra and true complexities equal
algebraic complexity for inhomogeneous progression, we can show the equiv-
alence of Weyl and algebraic complexities for all integral progressions. We
recall that an integral polynomial progression P € R[z,y]""! has Weyl com-
plexity s at 0 < ¢ < t if s the smallest natural number for which the factor
Z, is characteristic for the weak convergence of P at i for any Weyl system.
The relative easy with which we can study Weyl complexity as compared to
Host-Kra complexity has to do with the rich algebraic structure possessed by
Weyl systems, especially the fact that the underlying spaces are abelian Lie
groups.

Every disconnected Weyl system can be written as a finite union of isomor-
phic tori that are cyclically permuted by the transformation 7', much the same
way as each disconnected nilsystem is a union of connected nilsystems (cf.
Proposition 4.2.2 and the remark below Theorem 3.5 of [BLLOT7]). Therefore
we can restrict our attention to connected Weyl systems. These can in turn be
reduced to standard Weyl systems, which are totally ergodic by Proposition
4.2.2. Throughout this section, we let T =R/Z.

Definition 4.12.1 (Standard Weyl system of order s). Let s € N and X =
T*. A standard Weyl system of order s is a system (X, X, u,T), where X is

the Borel o-algebra on X, u is the Lebesque measure, and
T(ay,...,as) = (a1 + ag,as + a1, ...,a5 + as_1)

for some irrational ay.

Proposition 4.12.2 (Lemma 4.1 of [FKO05]). Each connected Weyl system is
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a factor of a product of several standard Weyl systems.

Determining Weyl complexity therefore amounts to analysing standard
Weyl systems. Since each standard Weyl system is totally ergodic, we im-

mediately deduce the following.

Proposition 4.12.3. Lett € N, and Pe Rlz,y]'™™ be an integral polynomial
progression. Then Wi(P) < HI;(P) for all 0 < i < t.

We now fix a standard Weyl system (X, X, u,T) of order s with some

irrational ag. Then

. n n
T"(ay,...,as) = <a1 + nag, ag + na; + <2>a0, ey (g + N1 + ...+ <S>ag>

(4.48)

n
:904‘9177/—1‘---‘1‘95(8),

where g; = (a1_4,...,as—;) and a_, = 0 for k& > 0. For almost all points
a = (ay,...,as) € R®, the numbers 1, ay, ..., a5 are rationally independent, and
we fix a point a € R® for which this is the case. The sequence g(n) = T"a is
adapted to the filtration G; = {0}*"! x R*™! for 1 < i < s and G; = 0 for
1> son G=Gyg=R?® and it is irrational due to the irrationality of ag. Since
the Z; factor of X consists of all the functions whose values depend only on
the first ¢ coordinates, we have Z; = G/G; 1" =T x {0}*7, where I = Z°.

What we aim to show is therefore the following.

Proposition 4.12.4. Lett € N, (X, X, u,T) be a standard Weyl system of
order s and P € Rlz, y]™™ be an integral polynomial progression. Fiz 0 <i <t
and suppose that A;(P) = s'. Then the image of the group {0} x Gy x {0}

is contained in the closure of g* inside (G/T)"+.

If P e Rlx,y]"*! is a homogeneous progression, then the sequence g is
equidistributed in G¥/T'Y by Theorem 4.5.3, and Proposition 4.12.4 follows
immediately; we want to say something about the closure of g% in the general
case. We fix an integral progression P for the rest of this section. For each
1 <4< s, we pick linearly independent integral polynomials Q;1, ..., Qi that
form a basis for W/. We also let {Ry, ..., R} be a basis for W consisting of

integral polynomials. Thus,

Py & u
< ) =D UiQig + Y WisR
v j=1 j=1
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for some vectors ¥ j, w; ; € Z*!, which follows from (4.28). Consequently,

S t; T S
9" =g+ gy TQis + Y (Z giwi,j) R; (4.49)
=1 j=1 j=1 \i=1

We explain the notation used in (4.49). For h € G and v € R we
interpret hv' as the element of (R*)'™! of the form (hv(0),..., hv(t)), where
hv(i) = (hiv(i), ..., hsv(i)) is an element of R® for each h = (hy,...,hs) € R®
and ¥ = (v(0),...,v(t)). Thus, h¥ is the same as what we previously called
hY. We use the additive notation h#' now since we are working in an abelian
setting. We also denote I = (1, ..., 1).

We let A;; = Spang{g;7;;} and B; = Spang{>_;_; ¢;w; ;}, and we denote
the closure of their images in (G/I')'*! as A, ; and B, respectively. From the
rational independence of a; and the rationality of the entries of 7; ; and j; ;, we
deduce that nonzero entries of ¢;7;; and >7;_, g;w;; are irrational; therefore
the sequences (x,y) — ¢;0;;Qi;(z,y) and (x,y) — >;_, g0 Rj(x,y) are
equidistributed on A, ; and B; respectively. The linear independence of Q; ;, R;

then implies the following.

Proposition 4.12.5. The closure of g* is the image of go1+G inside (G /T,

where
s

G = ZZAM —i—ZBj.
j=1

i=1j=1
In particular, the group G contains
s

K = ZZAi’j = SpanR{hiUi,j : hz € Gi7 1 g ) < S, 1 é j < t;}

i=1j=1

We observe that K = G = GF whenever P is homogeneous.

—

Corollary 4.12.6. Fiz 0 < i < t and let A;(P) < s. For k < s, we have
{0} x G}, x {0}~ < K if and only if k > A;(P).

Proof. For each 1 <k < s, we let Py = Spang{tU,1, ..., U }. Thus
K = Spang{hity, : 1 <k <s, hy € Gy, Uy € Py},

and so for k < s, we have the inclusion {0} x Gj, x {0}~ < K if and only if the
vector €; with 1 in the i-th position and 0 elsewhere is contained in Pj. The

statement e; € P, is equivalent to the inclusion (”1,? (y)) € Wj. This is in turn
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equivalent to the statement that there are no algebraic relations of the form
(4.6) with deg Q; = k, which is precisely the condition that k > A;(P). O

Corollary 4.12.7. Let t € N, and P e Rlz, y]"™" be an integral polynomial
progression. Then Wi(P) < A;(P) for each 0 <i <t

We finish this section by showing the converse.

Proposition 4.12.8. Lett € N and Pe Rlz,y]'™ be an integral polynomial
progression for which Az(ﬁ) = s for some 0 < i < t. Then for any standard
Weyl system (X, X, u,T) of order s there exist smooth functions fo,..., f; :
X — C such that E(f;|Z5_1) = 0 but the expression (4.29) is 1. In particular,
Wi(P) = s.

Before we prove Proposition 4.12.8, we define 0Q(z) = Q(z+1) — Q(x) for
@ € R[z]. From the identity 8(@ = (”1) - <x> = ( * ) we deduce that

k k k—1

oot o sad)) o) v,

Proof of Proposition 4.12.8. Let T be as in (4.48) for some irrational ag. From
A;(P) = s it follows that P satisfies an algebraic relation (4.6) with deg Q; = s.
For each 0 < k < t, we let Qi (u) = bpu+ .. +bks( ) We define £(u) = e(au)

for some irrational «, and we let

fk(al, ceey CLS) = f(bk,lal + ...+ bk,s@s)-

Thus, we have
fk(TerPk(y)a) = g(CIOQk(iU -+ Pk(y)) -+ Glan(l' + Pk(y)) + ...+ asast(x —+ Pk(y)))’
and so

Hf(Tm+P(y (Z a]aj ZQk’ x4 Pk( ))) -1

=0 §=0 k=0

On the other hand, we have

| (fz|Zs 1) ai,...,a | - ‘/ fz afla---aas)das

= ‘/Tﬁ(bmas)das

for Lebesgue-a.e. as. m
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4.13 The proof of Theorem 4.1.18

We conclude the paper with the proof of Theorem 4.1.18; this is the state-
ment to the effect that all progressions of complexity at most 1 satisfying the
algebraic condition (4.10) possess many popular common differences and have
good lower bounds for multiple recurrence. Throughout this section, we let
t € Ny and P € R[z,y]"*! be an integral progression of algebraic complexity
at most 1. We also let @1, ..., Q) be integral polynomials as in the statement
of Theorem 4.1.18. Thus, P; = ¥, aQ; and Q; = X2; aj; P; for a;;,a;; € Z.
The second part of the theorem follows from the first part and the Furstenberg
Correspondence Principle. We therefore proceed to prove part (i), followed by
part (iii). Our argument for part (i) follows closely the proof of Theorem C of

[Fra08].

Proof of Theorem /.1.18(i). Suppose that (X, X', u, T) is a totally ergodic sys-
tem with the Kronecker factor (7, Z1,v,.5). The space Z; can be assumed to
be a connected compact abelian group with an ergodic translation Sz = x +b.
For each 6 > 0, let By be the d-neighbourhood of the identity in Z;, and let

Eg = {TL eN: Ql(n)b, oo Qk(n)b S B(g}

It follows from the ergodicity of S and linear independence of )1, ..., Q that

- [BsN[M,N)| _ K
N—l%?l—mo w = V(Bg) >0
for any & > 0. In particular, By is syndetic for any § > 0, otherwise we would

[BsnMN)| _
No— = 0.

We aim to show that for any A € X with p(A) > 0 and any € > 0, we have

have lim inf y_ 37— 00

li E ANTPWAN...ATEM A) > (A — ¢ 4.50
Mﬁgwwmmmmﬂ( ) = u(A) (4.50)

for all sufficiently small § > 0. This implies part (i) of Theorem 4.1.18 as
follows: if there is a sequence Ky of intervals in N of length converging to

infinity, with the property that
pANTPWAN ... QTP A) < (A — ¢ (4.51)

for all n € Uyen KN, then the sets Ky = Ky N Bs are nonempty for all
sufficiently large IV due to the syndecticity of Bs (in fact, their cardinalities also
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converge to infinity). Since (4.51) holds for all n € Upyen Ky, the inequality
(4.50) fails, leading to a contradiction.

We first show that if E(f;|Z1) = 0, then

t
i . Pi(n) £
N_ljl\/I[ILoo ne[J\E/l,N) 1B§(n)i:1_[1T fi=0 (4.52)
in L? for any fi,...,f; € L>®(n). From the measurability of Bs it follows
that we can approximate 15 (n) = [1{_; 15,(Q;(n)b) arbitrarily well by linear
combinations of TI¥_; &(Q:(n)b) for some characters &1, ..., & on Z;. Using the

fact that each (); is an integral linear combination of Py, ..., P;, we can rewrite
15, &(Qi(n)b) = [T'_, &(Py(n)b) for some characters &, ..., &.
In effect, it suffices to show that

Pi(n) £ _
N lzl\/r[goone[MN H& i( i:l_[lT Ji=0. (4.53)
We can rephrase the limit in (4.53) as
t
i c(_ Pi(n)
N}i?iooizﬂl@( v) ne[]\E4,N) H RPO(fy(2)& (), (4.54)

where R = T'xS. Let (R;); be the ergodic components of R and (f;®¢;)(x,y) =
fi(z)&(y); then E(fi®&|Z1(R;)) = 0 whenever E(f;|Z,(T)) = 0 for (uxv)-a.e.
t. It thus follows from Corollary 4.1.15 that if E(f;|Z1) = 0 for some i, then
the limit in (4.54) is 0, which proves the claim.

We therefore deduce that

lim /HTP("l d,u— lim / HSP T adv
z

N-— M—><>0neBgm[MN) M—><>OneBmMN 1520

= lim E /HSZ a”Q’n)lAdV
z

N—=M—00neBsn[M,N) J Z1 ;

(4.55)

where 14 = E(14]2;). Due to the ergodicity of S and the linear independence
of Q1, ..., Qk, the limit in (4.55) equals

y(Blé)k /Bk /21 1:[ La(z + 3 aiy;)dv(x)dv* (y). (4.56)

In the limit § — 0, the expression in (4.56) converges to [, (14)"™; hence for
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every £ > (0 and sufficiently small 6 > 0, we have

V(Blg)k/Bg / zHolA o () 0) > [ aort—e @)
Using Hélder inequality, we obtain that [, (14)™! > ([, 1a)"" = p(A)™,
which implies (4.50).

This finishes the totally ergodic case; the derivation of the ergodic case from
the totally ergodic one proceeds in the same way as in the proof of Theorem
C of [Fra08]. The identity (4.52) still holds as its proof only assumes the
ergodicity of the map. We therefore still have

N lll\/IIrLooneB(;m[MN / HTP M 4dp = _lzl\?l_wo neBmMN /Z1 H)SP {0 Ladv

like in (4.55), except that now the Kronecker factor (73, 21, v, S) is assumed to
be ergodic rather than totally ergodic. Since a Kronecker factor is isomorphic
to a rotation on a compact abelian Lie group, we can take 7, = Z x Z/rZ
for some r € N, where Z is a connected compact abelian Lie group. Since
the map S" is a totally ergodic rotation on each connected component of

Z x ZJrZ, we consider every connected component Z x {j} separately, with

Pi(T(”71)+j)*Pi(j)' An

the polynomials P; replaced on each Z x {j} by P, (n) =

easy-to-verify fact that the progression

Y

P]<x7y) = (Z‘, x+p1,]<y)7 ) 37“‘]515,](1/))7

still satisfies the condition (4.10) ensures that we can now employ the argument
in the totally ergodic case to each f’j in place of ]3, and this finishes the proof
of the ergodic case.

O

We now proceed to the proof of part (iii) of Theorem 4.1.18. The argument
can below can be seen as a finitary version of the argument above, with all the
necessary modifications coming from working in the finitary setting. It follows

the proof of the 3-term arithmetic progression case in Theorem 1.12 of [GT10].

Proof of Theorem /J.1.18(iii). Let ,e > 0, and suppose that A C Z/NZ has
size |A] > aN for a prime N > Ny(a,¢). Let F : Ry — Ry be a growth
function to be specified later. By Theorem 5.1 of [CS12], the irrational and

periodic version of the celebrated arithmetic regularity lemma of Green and
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Tao (Theorem 1.2 of [GT10]), there exists a positive number M = O, #(1) and

a decomposition

1A = fnil + fsml + funf (458>

into 1-bounded functions such that

L. foi = F(g(n)l") is an F(M)-irrational, N-periodic nilsequence of degree
1 and complexity M;

2. ||fsml||1 < €]

||funf||U2 }‘(M)

Moreover, f,; takes values in [0,1]. Unpacking the definition of f,;, we see
that F': (R/Z)™ — [0, 1] is M-Lipschitz, 1 < m < M, and g(n) = bn for some
F(M)-irrational element b € (xZ/Z)™.

Our strategy is as follows. We shall define a weight i : Z/NZ — R-, which

satisfies
yezE/NZ iily) =1+ O(e) (4.59)
and
: 1
i - > ottt — } )
B PO T 1+ P 2 0 = 0(0) (460)

Using pigeonhole principle and (4.59), it can be deduced from (4.60) that for
Qa.c(N) values of y, we have

t+1

er/Nzl_IlA z+ P(y)) > « O(e),
which proves part (iii) of Theorem 4.1.18.

We shall prove (4.60) by splitting each 14 using (4.58) and showing that

terms involving fem; or funs have contributions at most O(e) while the term

Hfml z+ Pi(y)) (4.61)

x yEZ/NZ

has size at least a'™' — O(e). Showing that the terms involving femu or funy
make negligible contributions to (4.60) is akin to showing (4.52) for all func-
tions with E(f;]Z1) = 0 in the proof of part (i) of Theorem 4.1.18. In doing
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so, we shall use the idea that while we fix € > 0, we have control over how fast
we choose F to grow - and we choose it to grow fast enough depending on «

and ¢ to ensure that all the estimates work.

Let 6 > 0 be fixed later. We define ¥ : (R/Z)™ — R, to be a nonnegative,
1-bounded, Oy;(6~")-Lipschitz function that is 1 on [—$d, 16]™ and 0 outside
[—50,50]™. We let ¢ = [(g/zym ¥; thus (50)™ < ¢ < ™. We then let u(y) =
@. Since b can be picked without the loss of generality from [0, 1]™, the

function g is Opr(6~M~1)-Lipschitz.

We let fi(y) = p(Q1(y)) -+ - 1(Qx(y)). It is a weight that picks out all the
values y for which Qi(y)b, ..., Qx(y)b are close to being an integer, and it
plays a similar role as the function 15 in the proof of part (i) of Theorem
4.1.18, except that it is constructed using a Lipschitz function rather than an

indicator function. To show (4.59), we observe that

1
E alyy=— E bQ:(y)). 4.62
sz ") = B T 0(0Qi(w) (4.62)
Using the F(M)-irrationality of g, linear independence of @y, ..., Qr as well
as Theorem 4.2.5, we deduce that (4.62) equals

Clk (( / w)k + OM((SIHM)CM)) = 1+ Oy (§ M LF (M) M)

for some ¢y > 0. The estimate (4.59) follows from choosing F growing fast
enough depending on d and picking § = ;¢ for an appropriately chosen

chy > 0.

We decompose each 14 in (4.60) using (4.58) and split (4.60) into 3" ac-
cordingly using multilinearity. We first estimate (4.61), and subsequently we

bound contributions of f,,; and fy,¢.

Taking F growing fast enough, we assume that || fu.s||o2 < €, and thus
|Evez/nz fung(T)] = || fungllvr < || fungllvz < €. From Hélder inequality and
the bound on the L' norm of f,,;, we obtain a bound |E,cz/nz fom| < €.
From these bounds and (4.58) we deduce that Eycz/nz fra(z) > a — 2¢.

We observe that by M-Lipschitzness of F' and the definitions of u, fi and
Qj, we have fuu(z + Pi(y)) = foalz + X2;05Q;(y)) = fra(z) + On(0) =
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fra(z) + O(e) whenever fi(y) > 0. It follows from this that

H fml T+ ZaZJQJ

x ng/Nz

(er/NZ Fra(x) ™t + 0(8)> yeZE/NZﬂ(y). (4.63)

Using the estimate for (4.59) and Holder inequality, we deduce that (4.63) is
bounded from below by

t+1
<x€Z/NZ fml( )> B 0(6) = Oét—’_l B O(€>’

where the last inequality follows from Holder inequality:.

We now bound terms involving fg,,;. Suppose without loss of generality
that fen is in the ¢ = 0 position, and let fi, ..., fr € {fuit, fsmis funs}. Then

t

<>fsml<>Hfi<x+ﬂ<y>>|<||fsml||1 E Ay <e  (46)

ey yeZ/NZ

x ng/Nz

where the first inequality follows from Holder inequality, positivity of fi and
1-boundedness of f1, ..., f;.

It remains to bound the contributions of f,,s. Using a standard argument
(see e.g. the proof of Proposition 3.1 of [GT12]), we want to approximate
funs by a trigonometric polynomial, which allows us to essentially replace f,¢

by additive characters. Let K € N, be fixed later. Since u is an Oy (e™M)

Lipschitz function, there exists a trigonometric polynomial p; : Z/NZ — C
such that ||p — p|ee < e=Cil K= for some 0 < ¢, C\Y). Moreover, i has
degree at most K™ and its coefficients satisfy ||1|co < ||1t]|oe <ar €7,

Let fo, ..o fr € {fnits fsmi, fung}, With at least one of them being fy,.r. We

then bound

yezinzl Hfl @+ Py | ez/NzHN ))il;[()fi(x+f’i(y)>|

(4.65)
k t

< hmax({| oo, [l loo) ™ i = pulloe + ‘ Eo LLm (@) TL fite + Pi(@/))"
ve i=1 i=0

The first term has size at most C’](\Z)g_cﬁ)l( —¢ for some C](\? > 0. The second
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term is bounded by

€z /NZ

KMIIﬁ\llloo- HSZ Qiy l:[fi($+1%(y)) (4.66)

for some characters & on Z/NZ. Since each @; is an integral linear combination
of P’s, we can rewrite [[*, &(Qi(y)) = [T, &(z + Py(y)). We let f; = fi&.
Since each &; is a linear character, we have ||f;||p2 = ||fi||v2 for each .

We recall from Theorem 4.1.12 that P has true complexity 1. Combining
this fact with (4.65), (4.66) and the bound ||f;||y2 < 1/F(M) for some i, we
deduce that there is some increasing function w : R, — Ry, depending only
on ]3, such that

HflirP )| < CPe=C K= 1 @M kM (1) F (M),

GZ/NZ

(4.67)

increasing the constant C](\? if necessary. We note that the existence of w is
equivalent to the statement that P is controlled by U? at i. We now show
that we can choose K large enough and F growing fast enough so that the
right-hand side of (4.67) is bounded by O(e).

For any given M, we find a constant Cﬂi such that (C’](\i))C > C](VQI) and
CCJ(\Z) — C’](\? > 1. We then let Ky, = C®e=Ci | so that

(2) —¢ () _ ()
Ce O Kyf = OO e = < e,
Picking F growing sufficiently fast depending on ¢, we can ensure that
CPe MK (1) F(M)) <e.

We thus set K = K for the value of M induced by £ and F, and so

Hfzaz—l—P y))| < 2e.

yGZ/NZ
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CONCLUSION

In Chapter 1, we have stated known results for questions listed in Chapter
1; in Chapters 2-4, we presented in detail our own contributions. Yet these
questions are far from being resolved. In this concluding chapter, we indicate
possible future research directions together with some obstacles that need to

be overcome for future advances.

A significant portion of our results are composed of new bounds in the (mul-
tidimensional) polynomial Szemerédi theorem over finite fields. All known re-
sults for nonlinear configuration [Pel19; Pel20; PP19; PP20; Kuc2la; Kuc21b]
make essential use of the fact that progressions studied in these papers have
complexity 0, i.e. at least some polynomials in these progressions are linearly
independent from others. Obtaining any reasonable bounds for an arbitrary
polynomial progression, whether over finite fields or over natural numbers, is
well outside the scope of existing methods and likely requires significant new
ideas. Given that higher-degree Gowers norms are closely linked with higher-
step nilsequences, it is rather plausible that to get anywhere close to the general
case, one has to generalise arguments from [Pell9; Pel20; PP19; PP20; Pre;
Kuc21a] by replacing purely Fourier analytic tools with more robust methods
based on the higher order Fourier analysis. This seems unavoidable even for

simply-looking configurations such as the progression
(z, 2 +y, v+2y, v +y°),

discussed on so many occasions in this thesis. This progression is a natural
starting point for such efforts, and it is one of the projects to which we hope

to return in the future.

Conjecture 1.3.7 is another challenging problem towards which partial an-
swers have been provided in this thesis. While trying to resolve this conjecture
for inhomogeneous progressions, it has become clear to us that one either has
to come up with a very different method of handling such questions, or one

needs to obtain a much better understanding of the algebraic relations of the

229
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form

Qo(x) + Q1(z + Pi(y)) +... + Qu(z + P(y)) =0

for inhomogeneous progressions than we currently possess. Because of the
many intricate ways in which these relations show up in the problem, we find it
likely that any attempt at resolving this conjecture might require a significant
amount of algebraic geometry; this is something that we have successfully
avoided for homogeneous progressions.

Finally, there remain the open problems related to the multidimensional
version of the polynomial Szemerédi theorem: finding bounds in the multidi-
mensional polynomial Szemerédi theorem on the combinatorial side of things
(Question 1.1.19) and understanding the multiple recurrence properties and
convergence of ergodic averages of several transformations on the ergodic side
(Question 1.1.23). There are a number of technical issues that arise when
dealing with multidimensional configurations but do not appear in the single-
dimensional case. We present one of them here. We recall that our bounds
in Chapter 3 hold under the assumption of polynomials having distinct de-
grees, whereas the analogous single-dimensional result of Peluse [Pell9] only
requires polynomials to be linearly independent. This has to do with the fact
that whereas single-dimensional progressions are controlled by Gowers norms,
multidimensional progressions are in general only controlled by a broader class

of box norms, such as the norm

1
1

x1,T2,
h1,h2€F,

HfHZ( E f(mhxz)f(ml+h17$2)f($1,$2+h2)f(1’1+h1,x2+h2))

More generally, a box norm of f : F]? — Cin the direction of vectors vy, ..., v, €

ZP is given by

2%
Il = E 11 Cf(x + hyvi + ...+ hyvy)
xeFy, we{0,1}s
hl,...,hser
If vi = ... = v, = v, then this is a directional Gowers norm along v defined in

Chapter 3, but if not all the vectors are identical up to scaling, then we get a
rather different object.
Multidimensional polynomial progressions with polynomials of distinct de-

grees can still be controlled by (directional) Gowers norms, but if some of
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the polynomials have the same degrees, then one likely cannot avoid dealing
with box norms. Whereas the inverse theory of Gowers norms is relatively
well developed in the many works of Gowers [Gow01]|, Green, Tao, Ziegler
[GTO08; GTZ11; GTZ12] and Manners [Man18], only few results are known for
box norms [Mil21], and therefore the necessity to deal with box norms is a
difficulty in its own right.

A similar obstacle appears while trying to find a “nice” characteristic factor
for the convergence of ergodic averages of several transformations. The main
idea behind the study of ergodic averages of single transformations is that one
can reduce the question of convergence of an average over an arbitrary ergodic
system to an equidistribution problem over nilsystems. This is a consequence
of two facts thoroughly explained in previous chapters: that Host-Kra factors
are characteristic for the convergence of such averages, and that Host-Kra fac-
tors are inverse limits of nilsystems. We have indicated how this reduction
is done in Chapter 4 when deriving the Host-Kra complexity of homogeneous
progressions. The reduction-to-nilsystems argument is however in general not
possible in the study of ergodic averages of several commuting transforma-
tions. This has to do with the fact that Host-Kra factors are in general not
characteristic for the convergence of averages of several transformations, which
is closely connected with the fact that Gowers norms do not control arbitrary
multidimensional polynomial progressions.

Our knowledge is suboptimal even for the averages of several transforma-
tions for which we expect Host-Kra factors to be characteristic. We briefly

consider averages of the form

E T f T (5.1)
ne[N]

where T, ..., T; are commuting transformations on a probability space (X, X', 1),
the polynomials P, ..., P, € Z[n] have distinct degrees, and fi, ..., fi € L>®(u).
We expect the L? limit of (5.1) to be 0 whenever E(f;|K,4(T;)) = 0 for any
1 <@ < t; yet only weaker versions of this statement have been proved before
[CFH11]. Proving that K, (T;) is characteristic for the L? convergence of (5.1)
at the index 7 seems to be the most accessible open problem in the study of
convergence of averages of several commuting transformations, and we hope

to attack it in the future.
The abovementioned list by no means exhausts research directions that one
can take to further our understanding of the polynomial Szemerédi theorem;

nor does it exhaust all the pitfalls that await a mathematician willing to take
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up the challenge. But it does give a taste of stumbling blocks that prevent

us from making significant progress towards answering the questions listed in

Chapter 1, and it gives examples of problems that should be within the reach

of existing methods. We hope to tackle at least some of these problems in the

future.
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