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There is growing interest in using current and future gravitational-wave interferometers to search for
anisotropies in the gravitational-wave background. One guaranteed anisotropic signal is the kinematic
dipole induced by our peculiar motion with respect to the cosmic rest frame, as measured in other full-sky
observables such as the cosmic microwave background. Our prior knowledge of the amplitude and
direction of this dipole is not explicitly accounted for in existing searches by LIGO/Virgo/KAGRA but
could provide crucial information to help disentangle the sources which contribute to the gravitational-
wave background. Here, we develop a targeted search pipeline which uses this prior knowledge to enable
unbiased and minimum-variance inference of the dipole magnitude. Our search generalizes existing
methods to allow for a time-dependent signal model, which captures the annual modulation of the dipole
due to the Earth’s orbit. We validate our pipeline on mock data, demonstrating that neglecting this
time dependence can bias the inferred dipole by as much as Oð10%Þ. We then run our analysis on the full
LIGO/Virgo O1þ O2þ O3 dataset, obtaining upper limits on the dipole amplitude that are consistent with
existing anisotropic search results.
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I. INTRODUCTION

The direct detection of gravitational waves (GWs) from
compact binary coalescences by the LIGO/Virgo/KAGRA
Collaboration (LVK) has initiated the era of GWastronomy
[1–4]. As well as transient, individually resolvable signals
such as these, one also expects a gravitational-wave back-
ground (GWB) due to the superposition of GWs produced
by many weak, independent, and unresolved sources of
cosmological or astrophysical origin [5–9]. Once detected,
this background will provide interesting astrophysical
information about the formation of black holes and neutron
stars throughout cosmic time [10,11] and will potentially
shed light on early universe cosmology and particle physics
beyond the Standard Model [12–17].
In order to extract as much of this information as possible

from the GWB, we must study not only its mean intensity
but also the fluctuations in this intensity across the sky—
the anisotropies in the GWB. There has been much recent
interest in studying the “intrinsic” anisotropies due to

statistical clustering of GW sources, particularly for
the astrophysical GWB from coalescing compact binaries
[18–30]. However, as first pointed out in [31,32], the
relatively small number of compact binaries in the observ-
able Universe means that measurements of these anisotro-
pies suffer from very high levels of shot noise, limiting the
astrophysical and cosmological information that can be
extracted from them.
Aside from the intrinsic anisotropies, there are also

extrinsic or kinematic anisotropies due to the peculiar
motion of our GW detectors with respect to the rest frame
of the GWB [20,23,33–35]. Most notable of these is the
Doppler enhancement of the GW intensity we observe from
sources we are moving toward and the corresponding
reduction in intensity from sources we are receding from.
This generates a kinematic dipole in the GWB. This effect
is well known and has been measured with high precision
in other cosmological observables, particularly the cosmic
microwave background (CMB) [36]. As we discuss below,
a joint measurement of this dipole and of the monopole
could help us unravel the physics of the sources that
contribute to the GWB, as well as potentially shedding
light on the existing tension between the CMB dipole and
the dipole observed in source counts of quasars and radio
galaxies [37–39] (see however [40]).
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We present here a targeted search method to measure the
GWB kinematic dipole. In Sec. II, we construct a signal
model of the dipole by considering both the (constant)
motion of the solar system barycenter with respect to the
cosmic rest frame and the (time-dependent) orbitalmotion of
the Earth around this barycenter, as illustrated in Fig. 1. In
Sec. III, we develop amaximum-likelihood estimator for the
mean dipole amplitude, extending the existing data-analysis
search formalism [7,41] to allow for a time-dependent
signal. In Sec. IV, we validate our formalism on mock data,
before running our analysis on the first three observing runs
(O1, O2, O3) of the Advanced LIGO and Advanced Virgo
interferometers. We summarize our conclusions in Sec. V.
We work in relativistic units, c ¼ 1, throughout.

Following [41–46], we assume the Planck 2015 value of
the Hubble constant, H0 ¼ 67.9 km s−1Mpc−1 [47].

II. SIGNAL MODEL

A. The monopole

We characterize the isotropic (monopole) component of
the GWB in terms of its energy density spectrum [measured
in units of the cosmological critical energy density
ρc ≡ 3H2

0=ð8πGÞ],

ΩðfÞ≡ 1

ρc

dρgw
dðln fÞ : ð1Þ

We calculate this spectrum in terms of quantities describing
the GW sources by writing [48]

ΩðfÞ ¼ 1

ρc

Z
∞

0

dz
ð1þ zÞ2

Z
dϑ

Rðz;ϑÞ
HðzÞ

dEðϑÞ
dðln fsÞ

; ð2Þ

where HðzÞ is the Hubble rate, ϑ a set of parameters
characterizing the sources, R the comoving source
rate density, and dE=dðln fsÞ the spectrum of the radiated
GW energy in terms of the source-frame frequency
fs ¼ ð1þ zÞf.
For simplicity, we assume that this spectrum is well

approximated by a power law throughout our sensitive
frequency band,1

ΩðfÞ ¼ Ωαðf=frefÞα; ð3Þ

with Ωα giving the GWB amplitude at some reference
frequency fref (following [41–46], we use fref ¼ 25 Hz
throughout). LVK stochastic analyses typically focus on
three α values of particular interest:

(i) α ¼ 0, which corresponds to a scale-invariant back-
ground (i.e., Ω ¼ constant). This is approximately
what one expects for a GWB signal from

FIG. 1. The kinematic dipole is a superposition between a (time-independent) solar dipole and a (time-dependent) orbital dipole.
Here, we show the orbital dipole at 0, 2, 4, and 6 months from the time at which the Earth is at perihelion (reading from top to bottom),
with the amplitude of the total dipole becoming progressively smaller over this time. The resulting Oð10%Þ variation is difficult to
distinguish by eye here but has a significant impact on the search, as demonstrated in Fig. 2.

1Note that this power-law assumption is not essential to our
search and can easily be replaced with a generic spectral ansatz.
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Nambu-Goto cosmic string loops at high frequencies
[13] and is also characteristic of (single-field, slow-
roll) inflationary models [5,6].

(ii) α ¼ 2=3, which corresponds to a (slightly) blue-
tilted spectrum. This is a robust prediction for the
astrophysical GWB from inspiraling (populations I
or II) compact binaries [10].

(iii) α ¼ 3, which corresponds to a white noise strain
power spectral density SgwðfÞ ∝ ΩðfÞ=f3 ¼ const.
This has been studied as an approximation to the astro-
physical GWB from core-collapse supernovae [49].

In the following sections, we present results for each of
these three spectral indices.

B. The kinematic dipole

The Earth’s peculiar motion with respect to the GWB
rest frame induces a small, time-dependent anisotropic
contribution to the observed GWB, linearly superimposed
on the time-independent isotropic component described
above. We write this kinematic dipole as the sum of two
contributions: one due to the motion of the solar system
barycenter (which does not vary appreciably over obser-
vational timescales) and the other due to the motion of
the Earth around this barycenter (which undergoes annual
modulation). As in [36], we call these the “solar dipole”
and “orbital dipole”, respectively. Hence, the dipole density
parameter can be written as2

ΩðdÞðf; t; r̂Þ ¼ DðfÞ
�
r̂ · r̂sol þ

r̂ · vorbðtÞ
vsol

�
; ð4Þ

where r̂sol is a unit vector pointing in the direction of
the solar dipole, vsol the peculiar velocity of the solar
system barycenter in that direction, and vorb the Earth’s
orbital velocity vector around the barycenter as a function
of time.
One can show that, for a power-law monopole signal of

the kind we are considering here, the amplitude of the
dipole follows the same power law in frequency [20,23],

DðfÞ ¼ Dαðf=frefÞα: ð5Þ

In the case of CMB temperature anisotropies, the magni-
tude of the dipole is trivially related to the monopole by a
factor of vsol, due to the behavior of the thermal black-body
spectrum under Lorentz boosts. For the GWB, this is
generally not the case. In fact, one can show that [34]

DðfÞ ¼ vsol
4π

�
4 −

∂

∂ðln fsÞ
�
ΩðfÞ þOv3sol; ð6Þ

where the derivative should be understood as being taken
inside the double integral which defines the monopole
ΩðfÞ in Eq. (2).3 (We have included only the linear-order
term here, since vsol ∼ 10−3 in relativistic units. See [33] for
a recent discussion of higher-order kinematic effects in
the GWB.)
As a simple, specific example, consider the GWB

generated by inspiraling compact binaries. Here, all of
the binaries emit GWs with the same α ¼ 2=3 spectrum,
so we find

D2=3 ¼ ð5=6πÞvsolΩ2=3: ð7Þ

This relationship between the dipole and monopole ampli-
tudes is a robust and nontrivial prediction for the compact
binary GWB. A measurement of the dipole amplitude is
therefore a valuable consistency check against an observed
monopole signal: for example, if the inferred value of D2=3

were to disagree with Eq. (7), this would point to either a
deviation from the ∼f2=3 power law expected from
inspiraling compact binaries4 or a disagreement between
the true solar dipole velocity vsol and the value inferred by
CMB observations, either of which would be a significant
and interesting result.
More generally, the fact that each GW source has a

different multiplicative factor relating the monopole and
dipole amplitudes means that, in principle, a joint meas-
urement of both could reveal the physics of the sources
that contribute to the GWB. This implies that a targeted
search for the dipole is extremely useful: despite being an
“extrinsic” effect due to the observer, it contains valuable
astrophysical and cosmological information.

C. The solar dipole

We now calculate the dipole induced by the motion of
the Sun relative to the cosmic rest frame. In doing so, it is
convenient to work in spherical harmonics,

ΩðdÞ
lm ¼ ðf=frefÞ−α

Z
S2
d2r̂Y�

lmðr̂ÞΩðdÞðf; t; r̂Þ; ð8Þ

where we have factored out the frequency dependence.

2Note that ΩðdÞ is a distribution on the sky and therefore has
units of GWB energy density per unit solid angle. This amounts
to a factor 4π difference in normalization compared to the
monopole.

3The fact that the derivative is evaluated in this way means that
this term is not necessarily proportional to α. For example, in the
case of cosmic strings, the energy radiated by each string loop is
not scale invariant, so this derivative term is nonzero [20]. The
monopole is only (approximately) scale invariant due to the
interplay of the energy spectrum of each loop, the scaling
distribution of loop sizes, and the expansion of the Universe.

4Such deviations could be caused by, e.g., a larger-than-
expected contribution from massive binaries which merge within
the LIGO/Virgo frequency band [50] or perhaps additional
energy loss channels during the inspiral, such as friction effects
from the binary’s astrophysical environment [51] or coupling to
fundamental fields beyond the Standard Model [52].
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The right ascension and declination of the solar dipole
in equatorial coordinates [chosen to match the spherical
harmonic decomposition in Eq. (23)], as inferred by
Planck [36], are

ðαsol;δsolÞ¼ð167.942�0.007;−6.944�0.007Þ deg: ð9Þ

Neglecting the orbital dipole for now, this allows us to
derive the spherical harmonics associated with the solar
dipole,

ΩðsolÞ
10 ¼

ffiffiffiffiffiffi
4π

3

r
cosðπ=2 − δsolÞDα

¼ −0.24744Dα;

ΩðsolÞ
11 ¼ −

ffiffiffiffiffiffi
2π

3

r
sinðπ=2 − δsolÞe−iαsolDα

¼ ð1.40489þ 0.30011iÞDα; ð10Þ

with ΩðsolÞ
1;−1 ¼ −ΩðsolÞ�

11 and all other harmonics equal
to zero.

D. The orbital dipole

Let us now include the orbital dipole induced by the
motion of the Earth relative to the solar system barycenter.
We write the Earth’s orbital velocity as

vorb ¼
ωaffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

p ½− sinψ x̂þ ðcosψ þ eÞŷ�; ð11Þ

where ω≡ 2π=Torb is the mean angular velocity, Torb one
sidereal year, a the Earth’s semimajor axis, and e its
eccentricity. The right-handed orthonormal vectors x̂; ŷ
are defined so that x̂ points from the barycenter to
Earth’s perihelion, and the true anomaly ψðtÞ is measured
from that point. The true anomaly does not have a closed-
form expression as a function of time for general eccen-
tricity e > 0. However, since the Earth’s eccentricity is
small, e ∼ 10−2, we can perform a series expansion around
the circular case [53],

cosψ ¼ cosωtþ eðcos 2ωt − 1Þ þOðe2Þ;
sinψ ¼ sinωtþ e sin 2ωtþOðe2Þ; ð12Þ

with the time t chosen such that the Earth is at perihelion
at t ¼ 0. This gives

vorb ¼ −ωaðsinωtþ e sin 2ωtÞx̂
þ ωaðcosωtþ e cos 2ωtÞŷþOðe2Þ: ð13Þ

The spherical harmonics of the orbital dipole therefore read

ΩðorbÞ
10 ¼

ffiffiffiffiffiffi
4π

3

r
ωa
vsol

Dα½− cos θx̂ðsinωtþ e sin 2ωtÞ

þ cos θŷðcosωtþ e cos 2ωtÞ�;

ΩðorbÞ
11 ¼

ffiffiffiffiffiffi
2π

3

r
ωa
vsol

Dα½þ sin θx̂e−iαx̂ðsinωtþ e sin 2ωtÞ

− sin θŷe−iαŷðcosωtþ e cos 2ωtÞ�; ð14Þ

where θ≡ ðπ=2Þ − δ, and αx̂; δx̂ and αŷ; δŷ are the equa-
torial coordinates of the unit vectors x̂; ŷ, which we
compute as [53–55]

αx̂ ¼ 104.06721 deg; δx̂ ¼ 22.80924 deg;

αŷ ¼ 191.91063 deg; δŷ ¼ −5.11317 deg : ð15Þ

For the Earth’s orbital parameters, we take [53]

ω ¼ 1.99102 × 10−7 Hz;

a ¼ 1.49598 × 108 km;

e ¼ 0.01671; ð16Þ

and for the solar dipole velocity, we use the value inferred
by Planck [36],

vsol ¼ 369.82� 0.11 km s−1 ¼ ð1.2336� 0.0004Þ × 10−3:

ð17Þ

Note that the fractional changes in the overall dipole due to
the orbital dipole are of the order ωa=vsol ≈ 8%.
In summary, the spherical harmonics associated with the

kinematic dipole (solar plus orbital) are

ΩðdÞ
10 ¼ −Dαð0.24745þ 0.06390 sinωtþ 0.00107 sin 2ωtþ 0.01469 cosωtþ 0.00025 cos 2ωtÞ;

ΩðdÞ
11 ¼ Dα½1.40489þ 0.30011i − ð0.02612þ 0.10422iÞ sinωt − ð0.00044þ 0.00174iÞ sin 2ωt

þ ð0.11359 − 0.02396iÞ cosωtþ ð0.00190 − 0.00040iÞ cos 2ωt�: ð18Þ

For a fixed power-law index α, there is only one free parameter, the amplitude Dα.
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E. Relationship to the angular power spectrum

The kinematic dipole generates a contribution to the
l ¼ 1 multipole of the GWB angular power spectrum,

Cl ¼ 1

2lþ 1

Xþl

m¼−l
jΩlmj2: ð19Þ

Using Eqs. (10) and (14), we calculate the size of this
contribution, allowing us to compare the results of our
search with the upper limits on C1 obtained by the LVK
directional GWB search [46].
For the solar dipole alone, the corresponding angular

power is

C1 ¼
4π

9
D2

α: ð20Þ

Including the orbital dipole gives rise to time-dependent
contributions such that C1 is no longer constant. Many of
these time-dependent terms vanish if one integrates over
one sidereal year Torb, leaving just a small enhancement to
the l ¼ 1 multipole,

C1 ≈
4π

9
D2

α

�
1þ

�
ωa
vsol

�
2
�
; ð21Þ

where ðωa=vsolÞ2 ≈ 6.4 × 10−3 (as above, we have
neglected terms of order e2).

III. SEARCH METHOD

A. Statistics of cross-correlated strain data

We search for the GWB by cross-correlating data mea-
sured by different detectors [7,56], as this allows us to
differentiate the GW signal from the noise present in each
detector. To do so, we partition each data time series into
segments of length τ (chosen such that 1=τ is much smaller
than the GW frequencies we are sensitive to), labeling each
segment by its midpoint time t. We then analyze these data
segments in the Fourier domain, with f labeling the different
frequency bins. (We can include only positive frequencies
without loss of generality.) For each pair of detectors ðI; JÞ,
we form the cross-correlation power spectrum estimator,

P̂IJðf; tÞ≡ 2

τ
sIðf; tÞs�Jðf; tÞ; ð22Þ

where sIðf; tÞ are the Fourier-domain strain data from
detector I. Assuming zero noise correlation between differ-
ent detectors [57], the expectation value of P̂IJðf; tÞ reads

PIJðf; tÞ≡ hP̂IJðf; tÞi

¼ δIJN Iðf; tÞ þHαðfÞ
X∞
l¼0

Xþl

m¼−l
γIJlmðf; tÞΩlmðtÞ;

ð23Þ

where N I is the power spectral density (PSD) of the
noise in detector I (which we allow to be nonstationary),
and Ωlm are the spherical harmonics of the GWB. The γIJlm
are the spherical harmonic components of the overlap
reduction function (ORF) for detector pair ðI; JÞ [7,56],
which describes the average cross-power coherence
between the two detectors, as determined by their separation
and relative orientations. Note that both sets of spherical
harmonics are time dependent; for the ORF, this time
dependence is due to the Earth’s daily rotation, while for
the GWB it is due to the annual modulation of the dipole.
The function

HαðfÞ≡ 3H2
0

2π2f3ref
ðf=frefÞα−3 ð24Þ

translates between the signal PSD and GWB energy density
spectrum at frequency fref.
Since we are targeting the kinematic dipole, we assume

that the spherical harmonics Ωlm in Eq. (23) are given by
those we calculated in Sec. II. In what follows, it is
convenient to define the signal template,

T α;IJðf; tÞ≡HαðfÞ
Dα

X
lm

γIJlmðf; tÞΩðdÞ
lmðtÞ; ð25Þ

which encodes the time and frequency dependence of
the response of the detector pair to a dipole with spectral
index α. This allows us to write Eq. (23) as

PIJ ¼ δIJN I þDαT α;IJ; ð26Þ

(note that there is no implied sum over α).
Assuming the data sIðf; tÞ are Gaussian, we calculate

the covariance of different correlators (22) using Isserlis’
theorem, as

Cov½P̂IJðf;tÞ;P̂I0J0 ðf0; t0Þ� ¼ δff0δtt0PII0 ðf;tÞP�
JJ0 ðf;tÞ

¼ δff0δtt0δII0δJJ0N IN JþOðDαÞ:
ð27Þ

B. Maximum-likelihood dipole estimator

The statistics of our complex strain data are defined by a
circularly symmetric normal log-likelihood function,

LðsjDαÞ ¼ −
X
f;t

�
lnðdetðπCÞÞ þ

X
I;J

s�IC
−1
IJ sJ

�
; ð28Þ

where the sum is over data segments and positive frequency
bins. Here, we have defined the covariance matrix,
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CIJ ¼ hsIs�Ji ¼
τ

2
ðδIJN I þDαT α;IJÞ; ð29Þ

whose inverse can be written as

C−1
IJ ¼ 2

τ

�
δIJ
N I

−
DαT α;IJ

N IN J

�
þOðD2

αÞ: ð30Þ

We construct an estimator for the dipole amplitudeDα by
finding the particular value D̂αðsÞ that maximizes this
likelihood function for a given realization of the strain
data. The simplest way to do this is to find the value for
which the derivative ∂L=∂Dα vanishes. Using the standard
identities,

∂

∂x
lnðdetMÞ ¼ Tr

�
M−1 ∂M

∂x

�
;

∂

∂x
M−1 ¼ −M−1 ∂M

∂x
M−1; ð31Þ

we therefore write

∂L
∂Dα

¼
X
f;t

�
−
X
I;J

C−1
IJ

∂CJI

∂Dα
þ

X
I;J;K;L

C−1
IJ

∂CJK

∂Dα
C−1

KL
τ

2
P̂LI

�
;

ð32Þ

where we have replaced the strain data sI with the strain
power spectrum estimator P̂IJ ¼ ð2=τÞsIs�J.
Note that Eq. (32) includes the autopower estimators P̂II .

In principle, these include a contribution from the dipole
signal, as well as from the noise autopower in each detector
[cf. Eq. (29)]. In practice, this signal contribution is much
smaller than the uncertainty on the noise power, so the
autocorrelation terms are not useful in constructing our
estimator. We therefore “average them out”, replacing
them with their mean values and keeping only the cross-
correlation terms. Inserting Eqs. (29) and (30) into Eq. (32),
we therefore obtain

∂L
∂Dα

¼
X
f;t

X
I≠J

T �
α;IJðP̂IJ −DαT α;IJÞ

N IN J
þOðD2

αÞ: ð33Þ

This can be written more compactly by defining an inner
product,

ðAjBÞ≡X
f;t

X
I≠J

A�
IJBIJ

N IN J
¼ 2

X
f;t

X
I>J

Re

�
A�

IJBIJ

N IN J

�
; ð34Þ

which describes the noise-weighted coherence between
two stochastic cross-power signal models, AIJðf; tÞ and
BIJðf; tÞ. (The second equality here comes from the fact
that exchanging the two detector indices I, J is equivalent

to taking a complex conjugate.) We write the associated
norm as

kAk2 ≡ ðAjAÞ: ð35Þ

Equation (33) then becomes

∂L
∂Dα

¼ ðT αjP̂ −DαT αÞ þOðD2
αÞ: ð36Þ

Setting this to zero, and keeping only the leading-order
term in Dα, we therefore obtain our maximum-likelihood
estimator for the dipole amplitude,

D̂αðsÞ≡ ðT αjP̂ðsÞÞ
kT αk2

; ð37Þ

where we have emphasised the data dependence of the
power spectrum estimator P̂IJ ≡ ð2=τÞsIs�J on the right-
hand side of the above equation.

C. Sampling distribution of the estimator

A simple calculation shows that our dipole estimator is
unbiased,

hD̂αi ¼
hðT αjP̂Þi
kT αk2

¼ ðT αjDαT αÞ
kT αk2

¼ Dα: ð38Þ

To calculate the variance of the estimator, note that

Var½ðT αjP̂Þ� ¼
X

f;f;t0;t0

X
I≠J;I0≠J0

T �
α;IJT α;I0J0Cov½P̂IJ; P̂I0J0 �

N IN JN I0N J0

¼
X
f;t

X
I≠J

jT α;IJj2
N IN J

ð1þOðDαÞÞ

¼ kT αk2ð1þOðDαÞÞ; ð39Þ

where we have used Eq. (27) in the second equality. We
therefore have

Var½D̂α� ¼
Var½ðT αjP̂Þ�

kT αk4
¼ 1

kT αk2
ð1þOðDαÞÞ: ð40Þ

[In what follows, we no longer keep track of OðDαÞ
corrections, as the leading-order term here is sufficient
for our analysis.]
Note that, in the weak-signal limit, Eq. (40) saturates the

Cramér-Rao bound, which is given here by

Var½D̂α� ≥
1

hð∂L=∂DαÞ2i
¼ 1

Var½ðT αjP̂Þ�
¼ 1

kT αk2
: ð41Þ
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This shows that D̂α is the minimum-variance unbiased
estimator for Dα (as expected for a maximum-likelihood
estimator).
We have assumed that the strain data s are Gaussian

random variables, which means that the strain power
spectrum estimators P̂ are definitively non-Gaussian
(rather, they follow a χ2 distribution). However, our dipole
estimator is a sum over

N ≡X
f;t

X
I≠J

ð42Þ

independent real degrees of freedom. For large N, this
means that D̂α is asymptotically Gaussian by the central
limit theorem. For the LIGO/Virgo O3 dataset, we have
N ∼ 1010, so the Gaussian approximation is extremely
accurate.5 This means that the mean and variance fully
specify the sampling distribution of D̂α.

D. Signal-to-noise ratio and upper limits

It is convenient to define the signal-to-noise ratio (SNR)
of our search,6

ρα ≡ D̂αffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Var½D̂α�

q ¼ ðT αjP̂Þ
kT αk

: ð43Þ

Given the results above, we see that in the absence
of a signal (Dα ¼ 0) this follows a standard normal
distribution, ρα ∼ Nð0; 1Þ, which is very convenient for
interpreting the statistical significance of a given search
result. If a signal is present, then the expected SNR,
hραi ¼ DαkTαk, scales as the square root of the total
observation time, due to the increasing number of terms
that are summed over in the inner product. We therefore
recover the standard SNR ∝

ffiffiffiffiffiffiffiffi
Tobs

p
scaling from other

stochastic searches.
If we observe a SNR, ρα;obs, that is not high enough to

claim a detection, then we can instead set an upper limit by
noting that, for a given value of Dα,

Prðρα ≥ ρα;obsjDαÞ ¼
1

2

�
1þ erf

�
DαkT αk − ρα;obsffiffiffi

2
p

��
:

ð44Þ

For a given confidence level p ∈ ð0; 1Þ, the corresponding
upper limit onDα is obtained by setting (44) equal to p and
then solving for Dα, e.g., for p ¼ 0.95,

D95UL
α ≡ ρα;obs þ

ffiffiffi
2

p
erf−1ð2 × 0.95 − 1Þ
kT αk

: ð45Þ

E. Geometric interpretation

The inner product that we have introduced in Eq. (34)
defines an N-dimensional vector space, in which individual
vectors represent different possible cross-power signal
models for our detector network. In light of this, our
search SNR (43) has the simple geometric interpretation of
projecting the cross-correlated data onto the “T α direction”
in this space; i.e., the direction corresponding to our
kinematic dipole signal template.
Using Eqs. (23) and (27) we see that, in the absence of a

signal, the cross-correlated data vector P̂ has a mean square
length of

hkP̂k2i ¼ N; ð46Þ
as one would expect for a random walk of N steps of unit
length. This is because each term which is summed over in
the inner product has unit mean,

hjP̂IJj2i
N IN J

¼ 1; ð47Þ

i.e., for each of the N dimensions of the signal space, the
data vector takes a statistically independent random step
with zero mean and unit variance. The detection statistic
measures the projection of this random walk onto one of
these N directions (that parallel to the template vector T α),
which explains why ρα ∼ Nð0; 1Þ in the absence of a signal.
If a signal is present, then it causes the random walk to
travel preferentially in the T α direction and gives a positive
offset in the corresponding inner product.

F. Bias from ignoring the orbital dipole

One advantage of the method described above over
existing searches is that it allows for a time-dependent
signal model, enabling us to capture the annual modulation
of the dipole signal due to the Earth’s orbital motion. We
can calculate the bias which would be introduced if one
ignored this orbital contribution by writing

relative error ¼ D̂ðsolÞ
α −Dα

Dα
¼ ðT ðsolÞ

α jP̂Þ
DαkT ðsolÞ

α k2
− 1; ð48Þ

where Dα is the true value of the dipole amplitude, and

D̂ðsolÞ
α is the value inferred using a template, T ðsolÞ

α , which
only includes the solar dipole. Since hP̂i ¼ DαT α, we find
that

5This assumes ∼1 yr of observation with three detectors, using
τ ¼ 192 s intervals, with frequency resolution 1=32 Hz in the
band 20–1726 Hz [41].

6This is completely analogous to the standard matched-filter
SNR one usually defines for coherent GW signals—the differ-
ence here being that the inner product captures strain power
coherence over a detector network, rather than strain coherence
in a single detector.
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hrelative errori ¼ ðT ðsolÞ
α jT αÞ

kT ðsolÞ
α k2

− 1: ð49Þ

In Sec. IV B, and Fig. 2, we further investigate this relative
error using simulated data.

IV. APPLICATION TO REAL
AND SIMULATED DATA

A. Data processing

When applying our data analysis pipeline to either real or
(semirealistic) simulated data, several standard data-
processing procedures need to be performed. First, we
divide the time-domain data into shorter segments, typi-
cally of duration 192 seconds. To suppress spectral leakage,
we Hann window the data, overlapping the windowed
segments by 50% to avoid losing roughly half of the data
due to the effects of the tapering. The windowed data
are then transformed into the frequency-domain data via
the short-time Fourier transform and coarse-grained to a
frequency resolution of 1=32 Hz as described in [41–46].
Since the data have been windowed, the cross-correlation
power estimate (37) and its variance (40) need to be
multiplied by windowing factors [58]. Second, to avoid
a bias when computing the variance, we multiply σDα

by a
bias factor of 1.0504 [59]. The detection statistic and
variance of the overlapped data segments are then optimally
combined as described in [60].

B. Simulated data

We first validate our analysis method and the corre-
sponding data analysis pipeline by performing a targeted
dipole search on mock data which contain a GWB with a
known kinematic dipole. For the purpose of this exercise,
we simulate a dipole with Dα ¼ 3.1 × 10−8, 2.3 × 10−8,
and 4 × 10−9, respectively, for α ¼ 0, 2=3, and 3. These
values of Dα are chosen so that each dipole has approx-
imately the same accumulated SNR. The mock data
cover two years, with a start time equal to the start of
LIGO/Virgo’s third observing run (O3). To ensure the
gravitational-wave intensity is positive for all sky direc-
tions, we include a monopole moment with value 2

ffiffiffiffiffiffi
4π

p
Dα.

We estimate the dipole moment for each spectral index
using both the full time-dependent dipole template (18) and
the time-independent solar dipole template (10).
Figure 2 shows the relative error of the point estimate,

ðD̂α −DαÞ=Dα, as a function of observation time, as
obtained using the full dipole template (solid blue line)
and the solar dipole template (solid red line). The shaded
regions show the 1σ uncertainty in each case, 1=kT αk.
From Fig. 2, we can draw the following two conclusions:

First, the relative error using the full dipole template
converges to zero very rapidly. This suggests that our data
analysis pipeline can accurately and swiftly recover the
injected value of Dα for all three spectral indices. Second,
the expected errors predicted using Eq. (48) (dashed red
lines) are consistent with the measured errors within ∼1σ,
which suggests that the measured relative errors are as
expected. Thus, our analysis method can accurately and
efficiently measure the dipole moment using the full time-
dependent template, avoiding the bias that would result if

FIG. 2. Relative error of our targeted kinematic dipole search as
a function of observing time for simulated data containing a
kinematic dipole signal Dα ¼ 3.1 × 10−8 for α ¼ 0 (top panel),
Dα¼2.3×10−8 for α ¼ 2=3 (middle panel), and Dα ¼ 4 × 10−9

for α ¼ 3 (bottom panel). The blue and red traces correspond to
analyses using the full (time-dependent) dipole template and the
(time-independent) solar dipole template, respectively. While the
relative errors for the full dipole template analyses converge to
zero rapidly, those obtained using the solar-dipole template show
a relative error consistent with the expected error (48) (dashed
red line).
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we ignore the orbital dipole, which can be as large
as Oð10%Þ.

C. LIGO/Virgo data

Having validated our data analysis method and pipeline,
we apply the formalism described in the previous sections
to search for evidence of the kinematic dipole using data
taken by the Advanced LIGO and Virgo detectors during
their first three observing runs (O1, O2, and O3) [41–46].
To avoid data contamination due to narrow-band noise
sources (harmonics of the 60 and 50 Hz power mains,
resonances due to mirror suspensions, calibration lines,
etc.), the frequencies corresponding to instrumental lines
[61,62] are notched. Data segments which contain non-
Gaussian noise artifacts (such as glitches) or resolvable
signals from individual GW events are also excluded from
the analysis (see also [63–66]). For simplicity, we neglect
the impact of calibration uncertainty in the LIGO/Virgo
interferometers in this analysis. However, for future appli-
cations of our pipeline, it is straightforward to perform a
Bayesian marginalization over this uncertainty using
existing tools [41,46]. This marginalization typically
increases the final uncertainty (and associated upper limits)
by at most a few percent.
Table I summarizes the results of our search. The

columns show the three spectral indices α of the GW
energy-density spectrum searched for, the observed signal-
to-noise ratio ρα;obs, the corresponding point estimates for
the dipole amplitude D̂α and their uncertainties σDα

, and the
95% confidence upper limits (ULs) for C1 calculated for
our kinematic dipole search and (for comparison) the
standard LIGO/Virgo spherical harmonic search. Since
jρα;obsj is significantly less than unity, we conclude that
we have not detected a kinematic dipole signal, which is
consistent with the nondetection of a GWB reported in
[41,46]. Our results for Dα can be converted to an UL on
the dipole-angular power spectrum component C1 by
simply using Eq. (20),

C95UL
1 ¼ 4π

9
ðD95UL

α Þ2: ð50Þ

[This is consistent with using Eq. (21) to less than 1%.]
These 95% confidence ULs can be compared to similar
ULs calculated using the spherical harmonic decomposi-
tion (SHD) method (right-most column) [46].7 We see that
our results are consistent with the existing measurement of
anisotropies in the GWB.

D. Forecasts for third-generation interferometers

Given the null results reported above, it is interesting to
ask how much we can expect our sensitivity to improve
with next-generation gravitational-wave observatories such
as the Einstein Telescope [67] and Cosmic Explorer [68].
(For the Einstein Telescope, we assume an L-shaped
geometry and use the sensitivity curve available at [69].)
It is straightforward to forecast the expected upper limits
obtained by a given interferometer network using Eq. (45).
In Fig. 3, we compute these forecasts as a function of
observing time for a third-generation network consisting of
one Einstein Telescope and two Cosmic Explorers. For the
purposes of computing the overlap reduction functions, we
assume that the Einstein Telescope is located at the current
Virgo site, while the two Cosmic Explorers are located at
the current sites of the two LIGO interferometers; however,
we do not expect our results to be overly sensitive to
this choice. We find that this network will be sensitive to
D ≈ 3 × 10−14 after one year of observations, with some
slight variation between different spectral indices—an
improvement of three orders of magnitude over our current
constraints from LIGO/Virgo.
In Fig. 3, we also show the predicted dipole from

inspiraling compact binaries (7), whose amplitude we take

TABLE I. Results of searching for the kinetic dipole using data from the first three observing runs of the Advanced LIGO and Virgo
detectors. Columns from left to right are (i) spectral indices of the GW background energy-density spectrum, (ii) observed values of the
detection statistic ρα;obs, (iii) point estimates of the kinematic dipole moment D̂α, (iv) measurement uncertainties of the kinematic dipole
moment σDα

, (v) 95% confidence-level upper limits on the dipole angular power spectrum component C1, converted from the
measurement of Dα as described in the main text, and (vi) 95% confidence-level upper limits on C1, as determined using the spherical-
harmonic decomposition (SHD) approach [46,61].

α ρα;obs D̂α σDα
C95UL
1 C95UL

1 (SHD)

0 0.0579 6.58 × 10−11 1.14 × 10−9 5.23 × 10−18 1.88 × 10−18

2=3 0.442 3.32 × 10−10 7.51 × 10−10 3.43 × 10−18 1.38 × 10−18

3 0.426 4.09 × 10−11 9.58 × 10−11 5.50 × 10−20 7.22 × 10−20

7The values of C95UL
1 (SHD) listed in the last column are not

the square of C1=2
1 from Fig. 4 of [46], which take into account

detector calibration error. Since we do not include the effect of
calibration error in our measurement, we also do not include it for
the SHD analysis. Instead, we use

C95UL
1 ðSHDÞ ¼ Ĉ1 þ

ffiffiffi
2

p
erf−1ð2 × 0.95 − 1ÞσC1

¼ Ĉ1 þ 1.64σC1
;

where Ĉ1 and σC1
are taken from [61].
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as D2=3 ≈ 4 × 10−13 [34]. (This value is based on our
current understanding of the likely amplitude of the
monopole component and is therefore subject to some
modeling uncertainty but should be robust to within an
order of magnitude.) We see that our third-generation
network is expected to detect this dipole extremely quickly,
with less than two days of data. This shows that future
gravitational-wave observatories will be capable of meas-
uring this particular dipole with very high precision,
enabling robust tests of our understanding of the source
population and of cosmology more broadly (i.e., by testing
whether the dipole direction and amplitude are consistent
with that of the CMB or whether they exhibit anomalies
similar to those discussed in [37–39]).8

V. CONCLUSION

In this paper, we have constructed a targeted search
pipeline for the kinematic dipole of the gravitational-wave
background induced by the motion of the Earth relative to
the cosmic rest frame, accounting for both the motion of the
solar system barycenter and the Earth’s orbit with respect to
this. The former is the main contribution to the induced
dipole, while the latter gives rise to an annual modulation,
which we incorporate by generalizing the existing search
formalism. By applying our pipeline to mock data, we have
shown that we can accurately and efficiently measure the
simulated dipole moment, whereas the existing methods,
by neglecting the orbital dipole of the dipole signal, result
in a bias as large as Oð10%Þ. A further advantage of our

method over existing searches is that, by constructing an
explicit signal template on the sky, we avoid various
regularization issues associated with generic spherical
harmonic searches due to effective “blind spots” in the
response of the detector network. Instead, our search
returns a single, unambiguous measurement of the dipole
amplitude. Our analysis can also be straightforwardly
adapted to perform a targeted search for any time- and
frequency-dependent stochastic signal with a known sky
pattern, e.g., GW emission from the Galactic Center
[70,71]. It is also straightforward to replace the Planck
values we have assumed for the dipole magnitude and
direction with any other desired values, which may be
relevant given the claimed tension between Planck and
various lower-redshift surveys [37–39].
We have applied our pipeline to data from LIGO/Virgo’s

first three observing runs and find no evidence for a dipole
signal. However, looking forward to upcoming third-
generation interferometers, we have shown that our search
will be sensitive to dipoles as small as Dα ∼ 10−14,
providing a novel probe of cosmology and gravitational-
wave source physics. In particular, for GWB signals with
unknown source physics, a joint measurement of the
monopole and the dipole will allow us to extract informa-
tion about the emission spectra of the sources, whereas for
GWB signals that are well understood (e.g., the signal from
inspiralling compact binaries), we can instead attempt to
provide an independent measurement of our peculiar
motion with respect to the cosmic rest frame, allowing
us to weigh in on the “dipole tension” discussed above.
We have not considered here the impact of shot noise,

which will be important for the kinematic dipole from
compact binaries [31]. However, in the context of third-
generation interferometers, it is expected that many of the
binaries which make up this “stochastic” signal will in
fact be individually resolvable, allowing us to coherently
subtract them and search for underlying cosmological
signals [72,73], to which our dipole search can be applied.
Alternatively, it may be possible to mitigate the effects of
shot noise by optimally combining data from different time
segments [32] and frequency bins [35]. We leave a fuller
exploration of these issues for future work.
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