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Summary.

In Chapter 1 a brief introduction to the theory of 

gravitational radiation in general relativity is presented, 

and an outline of the variety of different methods that 

have been used to study it is given.

In the second chapter, a single theoretical approach, 

upon which to base the subsequent treatment, is chosen.

This approach, developed by R. A. Isaacson (1968a,b), 

involves obtaining approximate gravitational wave solutions 

to the vacuum Einstein equations by supposing that the 

radiation is of high frequency. The work of Isaacson is 

reviewed to show how the high frequency approximation leads 

to a tensor representation of the gravitational field 

energy.

In Chapter 3> the Isaacson theory is extended, by the 

present writer, so that it may be applied to situations 

in which gravitational radiation is present in a matter 

filled manifold. The work of J. Kadore, who has also 

considered gravitational radiation in a material fluid, is 

discussed to show that his results may be found, as are 

Isaacson’s, as special cases within the proposed general 

formalism. Provided that certain assumptions are made, 

the wave energy in matter is shown to be of the same form 

as that found in vacuum.

It is in Chapter Z* that the cosmological applications 

of the general formalism of Chapter 3 are first considered. 

Radiation travelling through a cosmological 'background' 

space-time is examined, with the intention of discovering
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how this background geometry interacts with the radiation.

A Friedmann line element, with the space curvature constant 

K  = o, is used to represent the cosmological background 
upon which the radiation propagates. Employing this 

example I am able to show that test particles, located in 

a plane perpendicular to the direction of propagation of 

a monodirectional gravitational wave, experience acceler

ations due to the v/ave superimposed upon the effects of 

the model's cosmological expansion. Further, the theory, 

for constructing an isotropic gravitational radiation 

field is developed. It is shown that the energy tensor 

of such a field may be represented by a perfect fluid 

energy tensor, with an equation of state in which the 

radiation pressure is one-third of the energy density.

In Chapter the manner in which the radiation modifies 

the cosmological background is considered. The work is 

motivated by a model of the Universe, containing matter and 

gravitational radiation, proposed by Isaacson and Winicour 

(1972, 1973)» They assumed that matter was converted into 

an isotropic field of gravitational radiation. However, 

as is shown in Chapter 5> the model can lead to a negative 

mass density. This difficulty is overcome by bringing 

the conversion to an end at some pre-assigned instant 

in cosmic time. This ensures that the energy distribution 

in the model remains physically acceptable throughout the 

model's development. The cosmological equations for the 

model are solved, by numerical methods where necessary, 

and a number of examples of the resulting universes are
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given in diagrammatic and tabular form.

Finally, in an appendix, the possibility that gravit

ational radiation is generated during the ’fireball' era 

of the Universe is briefly considered.

The Mathematical Institute, 

University of Kent at 

Canterbury.

July, 1975.
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Chapter 1 .

Introduction.

The problem of obtaining a theoretical description of a 

radiative gravitational field is one that was first consider

ed by Albert Einstein in 1916. Over half a century later 

the problem still remains one of the most interesting posed 

by the general theory of relativity, since in that time it 

has still evaded a satisfactory solution. The apparently 

elusive nature of the answer to the problem has however 

inspired and motivated many researchers to explore a variety 

of different theoretical avenues in search of ways to resolve 

the difficulties. Work on gravitational waves may be 

divided into several groups, each reflecting a different 

approach to the problem.

The first of these seeks to give a rigourous definition 

of the conditions which the space-time metric must satisfy 

in order to describe a wave-like field. Pirani (1957) 

produced one of the most important studies in this group 

when he recognized that the procedure of classifying electro

magnetic fields, by an examination of the eigenvectors of 

the field’s energy tensor, could be carried over into grav

itational theory. An observer is envisaged who moves in an 

electromagnetic field in such a way that he measures no net 

energy flow due to the field (in Pirani’s original terminology 

the observer is said to be 'following the field'). The 

four velocity of such an observer may be shown to be an 

eigenvector of the field's energy tensor. In this scheme 

a null electromagnetic field is identified by the fact that 

its energy tensor has no timelike eigenvectors (Synge, 1956), 

and hence an observer following the field would need to
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attain the fundamental velocity. The eigenvectors of the 

gravitational field were defined by Pirani with the aid of 

Petrov's algebraic classification (Petrov, 195̂ +> 1969) of 

empty space-time Riemann-Christoffel tensors into canonical 

types. Of the five algebraically distinct types of gravity 

field, only three, generally denoted by II, III and N, do not 

possess timelike eigenvectors. By analogy with the electro

magnetic case, Pirani introduced the criterion that gravit

ational waves exist in a region of space-time only if the 

Riemann-Christoffel tensor there is of Petrov type II, III 

or N. Other works in this group, that contain algebraic 

or geometrical criteria for the existance of wave-like 

gravity fields, have been presented by Bel (1959) and 

Lichnerowicz (I960).

A second group is composed of investigations containing 

exact solutions of Einstein's field equations which the 

authors have interpreted as gravitational waves. Some 

examples of these may be found in the studies of Einstein and 

Rosen (1937)» Bondi, Pirani and Robinson (1959) and Robinson 

and Trautman (I960). These solutions are regarded as repre

sentations of waves with cylindrical, plane and spherical 

symmetry respectively, and have been shown to fall into the 

type II category of the Petrov classification.

In a third group of works, gravitational waves are treated 

by approximation methods. This approach was used by 

Einstein (1916) when he employed the linearized equations of 

gravity to show that, in certain coordinate systems, their 

solutions exhibited obvious wave-like characteristics. How

ever, due to the inherent nonlinearity of the equations of
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general relativity, this result was treated with some caution. 

It was not until 1938 that a method of approximation was 

devised which took account of this nonlinearity (Einstein, 

Infeld and Hoffmann, 1938). This work however did not lend 

weight to the idea that gravitational waves had any physical 

significance, since it contained no indication that freely 

gravitating particles produced gravitational emission.

Indeed there was a good deal of controversy about the physical 

existence of radiative fields until the late 1950's and this 

situation was not alleviated by the fact' that the exact 

solutions known up to that time described free wave fields, 

uncoupled from sources. New light was cast upon this question 

when Bonnor (1959) developed a new approximation technique 

also capable of examining some of the nonlinear aspects of the 

field equations. Applying this to the problem of gravita

tional waves generated by a specified source system, he was 

able to show that the energy of the radiating field, as 

calculated from the energy pseudotensor of the linear theory, 

corresponded to the amount of mass lost by the source during 

the emission process. Bonnor's method was subsequently 

developed and applied to problems of astrophysical interest 

by, for example, Bonnor and Rotenberg (1966). Many such 

studies of waves by approximation methods have been made. 

Instances of these may be found in Price and Thorne (1969) 

and Infeld and Michalska-Trautman (1969).

Investigations in a fourth category deal with the gravit

ational emission of elementary particles. This method of

attack, which is neither fully in the domain of the quantum 
nor

theorist the relativist, has proved to be a very difficult



one. Although a great deal of work has been attempted 

(Vladimirov, 196^; Carmeli, 1967; Isham, Salam and Strathdee, 

197 f̂) , fruitful results will perhaps only be forthcoming 

when the extensive problems of reconciling quantum theory 

and gravitation have been resolved.

A fifth group comprises works devoted to the experimental 

study of gravitational radiation. A comprehensive account 

of the theory and practice of wave detection may be found in 

Weber (1961). The relevant details of the present day 

observational climate in this field is set out in the text of 

this thesis.

Finally, in a sixth category, the authors arrive at a 

definition of gravitational radiation by first establishing 

a definition of the gravitational field energy. Examples 

of this approach may be found in the works of Brill (1959) 

and Isaacson (1968a,b).

The study of gravitational waves that is to follow is 

broadly based upon the technique outlined in the investiga

tions of category six, although the approximation methods of 

group three have a bearing, since approximate solutions of 

Einstein's field equations will be considered. In this 

brief introduction I have given only the barest summary of 

the efforts of some sixty years of work. It is hoped how

ever that it has been sufficient to indicate the diversity 

and ingenuity of the ideas employed in the attempt to under

stand this interesting physical and theoretical problem.
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Chapter 2.

A review of the work of Isaacson.

2.1 Discussion of approximation techniques.

A number of different approaches to the problem of grav

itational radiation have been mentioned in Chapter 1. The 

approach adopted here was first fully developed by R. A. Isaacson 

(1968a,b). The technique is one of finding approximate 

solutions to Einstein’s equations, beginning with the assump

tion that the metric of space-time takes the form

Co) CO

>
Q < C << /. (2.101)

S p *  o'/**
CD

Here is regarded as a small perturbation superim-Q Co)
posed upon • The field equations are then expanded

in terms of powers of the smallness parameter <5. Approx

imate solutions to the resulting system of equations are then 

found which may be interpreted as representing gravitational 

radiation.

The similarity between this procedure and earlier approx

imation schemes is immediately apparent, and in light of this, 

perhaps it would be prudent to ask what significant improvements 

in the theory did Isaacson propose. The essential difference
Co)

lies in the choice of ̂pj/¿.p in equation (2.101). Prior to 

1968, analyses of approximate wave-like fields dealt, in the 

zeroeth approximation, with the flat space-time metric.
(O)

That is, the components of^_Cj^ were identified with those 

of the Minkowski metric, and the gravitational field entered 

the scheme only as a small correction to flat space. This 

type of procedure is severely limited in its domain of 

applicability.
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An important step towards overcoming some of the short

comings of linearized theory, was taken by Isaacson when he<o)
proposed that the m e t r i c b e  represented by the metric 

of an arbitrary, curved space-time. His work was the first

entirely devoted to an investigation of approximate wave-like 

fields in general relativity, employing a completely general
Co)

choice of

A review of Isaacson's work is undertaken here, since most 

of what is to follow will find its origins there.

Treating gravitational waves in a curved space-time, we 

will discover a linear wave equation which will describe how 

the curved background interacts with, and modifies the 'high 

frequency' radiation field. Then, using higher order terms 

afforded us by the non-linear framework adopted by Isaacson, 

it will be possible to show how the wave acts back upon the 

geometry of the curved space-time. If it is assumed that 

energy transportation occurs in radiative gravity fields, then 

the radiation itself should be expected to act as a source 

in creating some part of the curvature of the space-time 

through which it propagates. The energy of the field in this 

case, like all other forms of energy, will have an effective 

gravitational mass. Why it is necessary to suppose that the 

radiation is of 'high frequency' will be explained later, 

as well as what is meant by this expression.

It is assumed that the total metric, ^  , takes the form 

given by equation (2.101), and this will be written as

= + 6  h ^ ,  0 <  6 << l , (2.102)

where is a slowly varying function of space-time, and fl
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is a relatively rapidly changing perturbation linearly 

superimposed upon Òjj-J. Following Isaacson, it will be 

supposed that is identified with a high frequency

gravitational radiation field, and the with the curved

"background" space-time through which it propagates.

2.2 Definition of high frequency radiation.

To formalize what has been said about the relative rates 

of change of ^  and h f̂ y>, the concept of 'characteristic

;length' is-introduced. Let ( X- )  =

be a dimensionless coordinate system, where i=l,2 ,3 are

spacial coordinates, and .X^, a time coordinate. Thus, 

in this system the components of the total metric, ^  , 

will be of zero physical dimensions. The theory will be 

developed employing a dimensionless analysis unless it is 

specifically stated otherwise. In particular, units are 

chosen such that G=c=l, where G is the Newtonian gravitational 

constant and c is the velocity of light.

Now, if a frequency S L is attributed to the radiation then 

it is possible to define a dimensionless wavelength, 7\ ~ S2. . 

Since the radiation will vary significantly over this distance, 

A is chosen to be the characteristic length of the .

This is expressed as

Q h /+'
c) X- (X A'l h^l. (2 .201)

The characteristic length L- , over which the background 

changes appreciably, may be defined in the following manner. 

Provided attention is restricted to the non-zero components 

of the background, let

7 "  ~  N 1'V'A

¿> pc*
(L",) / Ì . V .
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Then

L =
. s' , «  )

m m  ( ¿_ ̂  , ( 2 . 2 0 2 )

«
where L  , L  y.v> are pure numbers and where no summation is 

implied by repeated indices.

For those derivatives of which are non-zero, we

may write for simplicity

By consideration of the conditions (2.201) and (2.203) 

gravitational radiation is said to be of high frequency 

provided that

L 1 - (2.203)

L  > >  A .  (2.20U

It is of interest to note that if (J'ju.'J - ^  /x-v> , where

^ ^ v 7 is the metric of Minkowski, then the condition for 

high frequency radiation is fulfilled for any finite charac

teristic length A .  Thus, the results of the linearized 

theory should be expected to emerge from Isaacson’s more 

general high frequency approximation theory.

Henceforth, only radiation satisfying the definition of 

high frequency will be considered. The limitations of the 

validity of this assumption will be briefly discussed later.

In Isaacson’s treatment, the parameter £ is defined as 

follows. Let <5 =• A / [_  and choose /_ such that Z_ ~  /. 

Then, indeed, for high frequency radiation £ < < / , and it 

can be seen that the magnitude of the wavelength A  is of 

the order <5 . Further, since the frequency -Q. will now 

have an £ dependence of the form -Q~ OC <5 ' , the limiting 

process given by <£ > 0  will be called the ’high frequency

limit’.
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2.3 Notations and conventions.

The geometry of space-time will be represented by a 

four-dimensional Riemannian manifold, with fundamental form

ds2 = ^ ,

where the signature of the total metric ^ y .0  is "2.

Greek indices will, be regarded as taking the values 1,2, 

3 ,4, latin indices as taking the the values 1,2,3? and the 

convention of summing over repeated indices is adopted unless 

it is specifically stated otherwise.

Partial derivatives will be denoted thus

<9 x f
<x

and Christoffel symbols of the second kind for a metric 

tensor h>y.J will be defined by

1 «f i ' Z
Covariant derivatives with respect to the background metric 

will be indicated by a semicolon. For example

'  r ^ c x ( ^ o z )  Y'a-S ~ T y ? u (< Ç t)

All indices will be raised or lowered by the use of the 

background metric tensor, and the conventions adopted for the 

Riemann-Christoffel and Ricci tensors will be

&cr; u.'d ~~ 2Jcr; y>JLA, — fb, (foe¡3 )  ZTfo

where Vo- is an arbitrary covariant vector, and

Z  -- s '

Finally, the notation Q ( £ n)  should be read

*Jf is of the order of magnitude . If jfC*-") -

then this v/ill be taken to mean that there exists a constant
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P > o  such that

j j c * . )  /  <  P c ” as C - *  O.

2.4 Constructing an approximation scheme in vacuum.

Before continuing this review of the work of Isaacson, 

no attempt should be made to evade the critism that the 

splitting of a metric into parts, in the manner displayed in 

equation (2.102), is in general not allowable. This absence 

of a superposition principle in general relativity is, of 

course, a consequence of the notorious non-linearity of the 

field equations. The form of the metric (2.102), first 

postulated by Brill and Hartle (1964)» should rather be 

regarded as an initial assumption the adequacy of which is 

to be tested in the particular situation under consideration.

The definition of high frequency gravitational radiation 

employed by Isaacson, the basis of his work, is as follows.

A metric is said to contain a high frequency wave if and 

only if there exist a family of coordinate systems in which 

the total metric takes the form

v/here

^  = o d ) ,  V v  = 0 ( 0  ,

0 ( 1 ) ,  A ^ a - -  0 ( 6 - ' ) ,

= 0 ( 0  , O  ( t  ) .

Following Isaacson, we will use this definition to derive 

approximate vacuum field equations, and to demonstrate that 

the results thus obtained may indeed be interpreted as grav

itational radiation.

(2.401)

(2 .402 )
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In vacuum the Einstein field equations may be written

R p *  O .  (2.403)

If the metric tensor (2.401) is used, the total Ricci 

tensor may be expressed as a power series in £ given by

cxfZ ) -  n
< 0  Col

+  6 ' p C O

R
C3+)

-

+ à M M v ,

(2 .404)

/J.S ' “ > '■w /X"

where /V, is a remainder term.

After some calculation, it is found that

C°)

A ?^c  a  ; ,
< p c0

(2 )

n  - nL—1 /A.cr; ̂  L— 1 /xv1; o" ,

= 6 ^ «  o ^ ) ;r- (h£ d ^ x 

+ OXr -  4 7 Z  Ox

(2.405)

(2.406)

cr
U<r~

(2.407)

v;here

= i (h *w  + A V " V ; V .
Thus the vacuum field equations (2.403) become

” , * ¿ '« S  * ■  °  ■

(2.408)

(2.409)

The order of magnitude of each term in this expansion is

now assessed by appealing to equations (2.405), (2.406) and
. sn
(2.407), and to the definition (2.402). Since /C is

a function of the background metric only, it is argued that 

R  ps? "* ' A  (2.410)0 ( 0 ,
i p (,>

The expression A - , on the other hand, is a function
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of terms typically of the form 

supposed that

o ( 6 - ) .

h tt/3 and thus it is

(2.411)

A similar argument applied to the remaining terxas in the 

expansion (2.409) will give

= O ( ' )  > 6 3 & !% ]> =  ° ( & ) -  (2.412)

The estimates given here led Isaacson to propose that the 

vacuum equations may be decomposed in the following manner. 

To first order, equations (2.409) become

= O  , (2-W3)

and, to second order

Henceforth, equations (2.413) and (2.414) will be regarded 

as describing the propagation, in vacuum, of high frequency 

gravitational radiation through a curved background space-time.

An account of the results obtained by an analysis of 

these equations will follow. Before we do this however, 

certain preliminaries still require attention.

2.3 Coordinate conditions.

Consider the question; to what extent are the wave 

• potentials', /^v> , uniquely determined?

It is easily seen from equations (2.406), (2.407) that 

the vacuum equations, given by equations (2.413)» (2.414)» 

are very cumbersome and complex expressions. It is not 

difficult to foresee the formidable challenge they pose if 

an analysis of them is to be made. Some assistance can be 

obtained here by noting, as is well known, that the Einstein



- 13 -

equations in themselves fail to uniquely determine the metric 

tensor • This allows some freedom to impose restric

tions on the coordinate system which act to eliminate the 

ambiguity in the determinacy of .

Thus, if such restrictions are to be chosen, it would be 

natural to make the choice with a view to reducing the labour 

involved in studying the vacuum equations.

Mathematical convenience however is not the only criterion 

that must be considered when deciding upon suitable conditions. 

To illustrate another, it is of use to briefly review the 

equations of linearized general relativity. If a perturbed 

metric of the form

S x  = +

is assumed, where is the flat space metric of Minkow

ski, and powers of £  greater than one are neglected, it is 

found that the vacuum Einstein equations become

= O  ,

provided that the conditions 
fxS

(2.501)

h = O  , (2.302)

are satisfied. Although the foundations upon which this 

weak field treatment is built severely limits its applic

ability, it would never-the-less be desirable to adopt a 

correspondence principle between the linear theory and the 

theory of Isaacson. In the limit when the general background 

metric ^  , the wave equations (2.Jfl3) will be

required to reduce to the ‘flat space' equations (2.501).

To demonstrate the consequences of this principle, the explicit 

form of equations (2.^1 3) will now be derived.
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Substitution of equations (2,408) into equations' (2,406)

will give

2
/ V  A 4 /

b  l f / 0 / 3  ;  p. y ‘ t l p v ;  crp
(2.503)

"  h ^ /ju i v>cr "  h / o ^ j - ^ a r j  ?

so that the first order vacuum equations (2.413) become

3 (h CT/°i jJ.'J h); CT/O
“  ^fofj.i'^cr ~~~ H pS ;picr J -  O  .

Nov/ since

(2.504)

A aA; ü/o h, ,0b
IptSiZp fijj~\?;/o~C n  v ' /V- yo/oZ

the wave equations (2.504) may be written

A
O’

o- .nfr)

, (2.505)

L ^ -f- h4 ymv>; p /°;: ¿¿A

A  o./0r 'py> y* +  h
cr
A6

sn<°> 
/V. v’cr

? !PW-2- A - i — 0 ,

A'cr ( 2 . 506 )

v/here

ha/s; .

If the covariant forms of conditions (2,502) are adopted, 

that is
/aV

A ; 0 "  ^ ,
h = f a/r ho,a - O

(2.507a)

04/® w  » (2.507b)

as the new coordinate conditions, then indeed.(2.506) reduces 

to (2.501) in the limit ifp p  * A? ¡jjJ . The coordinate 

system in which these conditions are imposed is sometimes 

referred to as the 'transverse-traceless1 (TT) gauge, for . 

reasons which will become evident later.
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If the coordinate conditions (2.507) are now imposed upon 

equations (2.506), we observe that

Isaacson has pointed out that the conditions (2.507) and 

the equations (2.506) are consistent with one another only- 

in cases where the background geometry is of constant 

curvature. . However, he has also demonstrated that the scheme 

may be applied to cases other than this, since the terms
r 2.

comprising the inconsistency are a factor o  smaller than 

the dominant terms in the wave equations (2.506).

2.6 The ♦WKB* assumption.

In his treatment of the radiation problem, Isaacson found 

it convenient, again for reasons of mathematical simplicity, 

to analyse his approximate equations making a particular 

choice of the functions Aycc>> . A most useful and natural 

way of deciding upon a choice of h ^  is to appeal a second 

time to the linearized vacuum Einstein equations, given by 

equations (2.501), (2.502). Clearly, if cx is a constant 

null vector then these equations possess a solution of the form

In the more general case, when the background geometry is 

curved, this type of solution may be expected to be reasonable 

only within a small, locally Euclidean region of space-time.

To account for the expected deviations from the linear solutions

A ^  e (2 .601)

where the /\ are constants.

(2.601), it is assumed that the h/jL ■A are of the form

( 2 . 602 )
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where now the r \ a r e  functions of space-time, and where 

the ’phase’ has a functional dependence not necessarily

of the kind displayed in solutions (2.601). Actually, only 

the real part of (2.602) is to be used. If a correspondence 

principle is supposed between (2.602) and (2.601) in the limit 

> > then this, and the initial definition (2.^02),

will restrict (2.602) such that the A ^  should be expected 

to be slowly changing functions of space-time, and to 

be a relatively rapidly varying function of space-time.

The test solution (2.602) will be referred to as the WKB 

assumption after its chief proponents in' quantum mechanics, 

Wentzel, Kramers and Brillouin (Wentzel, 1926; Kramers, 1926; 

Brillouin, 1926).

With the preliminaries over, it is now possible to consider 

the results obtained by Isaacson.

2.7 The wave equation.

In this section the properties of the linear equations 

(2.h-13) are investigated, employing the TT gauge conditions 

(2.907) and the V/KB assumption (2.602).

The components of the vector normal to the surfaces of 

constant phase will be denoted thus

cx ~ A «  • (2.701)

Since the surfaces, = constant, define the 'wave-fronts'

of the radiation, the ray vector <f0< is locally tangential

to the path through space-time along which it propagates.

To ensure compatibility between the WKB assumption and the 

definition (2.¿*02), the /AyuV and the phase must be

restricted in the following manner.



- 17 -

il'y< o(l) , S pL
0(0 , v/f)

6 r,«
0 ( 6 " ) ,

( 2 . 702 )

The assessment of the order of magnitude of ^ c* is not, 

hov/ever, uniquely determined by the above considerations since 

equation (2.602) would still be consistent with the definition 

(2.402) in the event that

*'  ~ G

This difficulty may be overcome by noting that is

unchanging in a small, locally flat region of space-time.

This is the reason why it is asserted that the ray vector 

should vary only slowly in equations (2.702).

From equation (2.508), the wave equations (2.413)> become

per

f /°  , / cr -o  (o ) , / o~ /O  CO
/o /

=  O

ptO~ (2.703)

-  z z

for arbitrary A /aV • 11 the WKB form of is adopted,

then equation (2.703) becomes an equation in A  and 

given by
(o)
>>er

(°) r, ^  Co)
+  A % Z ' ^ r  -  

+  =  O-

This equation is assumed to be valid as a complex equation. 

Thus, it is decomposed into real and imaginary parts so that

= A ^ ;  lo +  A  £13 (2.704)



It is observed that the RHS of equation (2.70^) is smaller
c 2.than the LHS by a factor C , so to a good degree of approx

imation

( 2 . 706)

Thus, in the high frequency limit, the ray vectors of the 

radiation are null.. To show that the radiation propagates 

along null geodesics, it is admissable to introduce a 

family of curves in space-time which have the ray vectors 

as tangents. That is

GLÏC ^  _ y  ■/*
clo~ (2.707)

where CL is a non-zero scalar parameter varying along the 

curve. Since the ^c< are null vectors, the solution curves

may be identified with null geodesics of the 

background geometry. If equation (2.706) is now covariantly 

differentiated, it is found that

=  O;/3 ^  u  , (2.708)

or equivalently

£?« = o
$  (X '

since ^ot is a gradient.

Here &/<5(X, is the absolute derivative. Thus, the 

rays undergo parallel transport tangentially along the null 

geodesics.

If equation (2.705) is considered, then following Isaacson 

we introduce a tensor 'polarization' field CjjxJ given by .

Af.cv> (2.709)
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The tensor ¿£¿¿3 will be required to satisfy Cj '" - /

that the 'amplitude » A/ .3  3 . SC cilcU ? jf uH C t /IL GII 0 1  Sp<CC G“* t>lui0

given by

^  =  ( - A j r t A  ' )  .

Then equation (2.705) becomes 

/°
( A , ? * /°

(2.710)

^/xv^Vo “  0-
^ yUp

If this equation is multiplied by Î then

A ,  ¡r+  ur!fi + ¿a  ( u  r = o ,
so that

A *  ̂  + ¿A T/°;/0 =  O (2.711)>r u
or equivalently

( ¿ 4  ^  ) i/c ~ ^  • (2 .712)

A comparison of equations (2.710) and (2.711) implies

=  o , (2.713)

so that

£  ̂  /x2 — O .
<f a.

Thus, ^/xv^ also undergoes parallel transport along the null 

geodesics of the background.

Finally, if the WKB form of h^y> is substituted into the 

TT coordinate conditions, equation (2.507a) becomes to first 

order

r v u  = O. (2.7U)

which displays the transverse character of the radiation
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induced by this choice of coordinate system. The equation 

(2.507b) gives

a/ò 0 .
(2.715)

073
0 = O.

If the initial conditions

S'frA = 0 >
are imposed at any' event £  in the radiation field, equations 

(2.708) and.(2.715) will ensure that these conditions are 

satisfied everywhere along the null geodesic passing through 

EL . Thus consistency with conditions (2.714) and (2.715) 

is guaranteed.

In summary, it may be concluded that in the first approx

imation ’ WKB' radiation is defined locally by the equations

o ,  ( s t a ? '° ) ; r o =  O ,  

o ,
provided that the conditions

are satisfied.

(2.716)

(2.717)

2.8 The energy tensor for gravitational radiation.

In this section, an analysis of equations (2.41*4-) is 

undertaken employing the TT coordinate conditions to demons

trate the existence of a tensor representation of gravitat

ional wave energy, in the high frequency approximation.

The basis of the Isaacson scheme is the vacuum Einstein 

equations, given by equations (2.403)* However, since the
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background is assumed to be curved, the existence of an
_ /*/•£"~

effective energy distribution, U ̂  , must be postulated

to account for the creation of this curvature even though 

the space-time is by definition devoid of material sources. 

Following Isaacson, v:e express this as

-  i  ^  ^  (2.801)

In investigating the non-linear aspects of the scheme,

Isaacson interpreted equation (2.41*t) as showing how the

radiation itself "acts as a source for the curvature of the•

background". Substitution of equation (2.41̂ +) into equation
r- eJìf(2.801), gives the following expression for ¿L./U,v; ,

/. (2.802)

This demonstrates how the geometric fluctuations of the field

due to the radiation may be regarded as an effective energy

tensor, which appears on the RHS of the 'Einstein equations',

(2.801). Thus the energy cuving the background is derived
tr &from the radiation, so that L./uy' may be described as the

local energy tensor for gravitational radiation.

From equations (2.if07) and (2.^08) it is found that 
(2) — -  J- <* s- w  . /_o _ _ j_ f  _/ / <̂ <r /

2. I 2 ^

+  A  Y  ' h) (T\>j/J.ft )  (2.803)

+  /° (  h ^ i c r )

~ ( ¡ 1 *  -, ft ~ h ; Cr)(h o -/* \S  + fl ~  A/*vVcr ^ J  .

If equation (2.803) is substituted into equations (2.802),
. fT &  and L- . .0 is written as
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E f J *  = ( c 2/ H > - n ) ( U ^  + (2.801*)

then

J. I ' 00' /
2_ ; ¡j~ r) /oCT; i> f̂~) CTj

z  A; ( h e - f H *  f-la-y'i 

+  J  Ki* [  Z  A  A,o<r;

H'

c\

~~ A?¡¿.-¿¡o'')

/ Mer fo !
“  h  ; ntxfO;<r

(2.Sup)

and

Clearly the explicit form of L.^? will be very cumbersome, 

even if the coordinate conditions, (2.507), are imposed.

However, it will now be shown that equation (2.802) can 

provide a simple and elegant expression for the energy of 

gravitational radiation, provided that certain assumptions are 

made.

Of great importance in the treatment is Isaacson's 

assumption that a meaningful result is obtainable only if 

a space-time average of equation (2 .802) is considered.

The underlying idea here is that only the macroscopic properties 

of the wave, and not the fine details of the radiative 

oscillations, are considered of importance in assessing the 

gravitational field energy. This is analogous to the sit

uation in electromagnetics v/here a similar averaging process
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is carried out when the energy and momentum of electromagnetic 

radiation is determined. Indeed, the Maxwell equations them

selves are obtainable by taking the average of the micro

scopic field equations of electromagnetism over innumerable, 

non-static atomic fields. The details of the microscopic 

structure are, however, irrelevant to problems involving bulk 

matter on the laboratory scale.

Let be an arbitrary tensor field, and denote the

average of at the point P(x) by /* . It is

required that this average should possess contributions from 

all points P'(x*) in a neighbourhood of P(x). However, 

since tensors at different points have different transform

ation properties, an average cannot be constructed by simply 

integrating over a neighbourhood of P(x). Indeed

be transported along a geodesic to P(x). If we perform 

this operation for all points P ’(x') belonging to a neigh

bourhood of P(x), in effect contributions are gathered at 

one point thus making an integral average possible. The 

propagators,^^ , which transform as vectors at either P(x) 

or P ’(x'), are defined by Vfj. = Vu* where, if K '  is

a vector at P'(x'), then is the result of parallel

transport along a geodesic from P'(x’) to P(x).

The average itself is defined by

parallel propagators, g M * , * - ' )  , are introduced in order 
 
that the tensor field at P'(x’), denoted by 8/XV' , may

(2 .807)

X

where the subscript indicates that the integral is



evaluated over all space-time, and where ©  is a scalar 

function which satisfies

J  c i i ' - / , 6> £ O  . (2 g

The extent of the neighbourhood of P(x) from which contrib

utions to the average are obtained is governed by the 

function © .  Denote by oO , a region of space-time con

taining P(x), such that is sufficiently large to contain 

several wavelengths of the radiation field, and yet small 

enough to ensure that the background geometry remains approx

imately flat. The function ©  is defined such that, as 

P'(x') approaches the boundary of §3 , ©  falls smoothly to 

zero and remains so for all P‘(x') not belonging to o2 . 

Within <S5 , (© and its derivatives are assumed to be of 

order unity, and in addition a function O «  may be intro

duced such that

= vS«©. (2.809)

With an averaging technique suitably defined, we consider 

again equation (2.80if). The averaged energy tensor is 

denoted thus

(2 .810)

-  ( d  V / 6 7 T

To assist in the task of averaging this equation, Isaacson 

introduced three rules which are stated, and proved, here.

(i) . The term £ (  Vv^v> ̂  ^  , in equation (2.810)

is smaller than £ by a factor £  . In

particular, £  2 ^ *°-} ^  y> = 0 ( £ ) ‘

(ii) . To first order in £

£ 2<\ h  ^ °r; /> = “  6  <f Av> ; P cr A ^ >  .
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The factor £ is introduced for convenience due to the 

presence of such a factor outside the averaging brackets in 

equation (2.810).

(iii). Covariant derivatives of in equation (2.810)

may be commuted. That is

2 f • ,  2  L  '6 nfJL^)(ocr -  O  > °/0 .

Proof of (i).

First, it is required to show that

W V ' V )  =  o(&).
By definition

( , 2{ w ^ - , P y  -  <5 0 , $  ft. k * / /  ;r>- i

~ ̂  J s t  { _ 3 ^  >i°‘ 3 *̂ ^

! l}~ /
(r~ ÿ  CL  i f .

/4<- /oC X-

(2 .811)

The first of these terms may be transformed to a surface

integral, which will be zero due to the behaviour of ( 0  .

To assess the order of the remaining terms we consider the

modulus of the final integral in equation (2.811).
• « . /3

A/,.'»' ' /w)/ I f t » !  -  £ !  3 r -  3 ^ d ^ x .'!

x.
(2 .812)

■¥- / X

r ct*by equation (2.809). Since the propagators, Q . ’ , are
cy/h  •«'dependent only upon the background geometry, O,. ' and  ̂ .

may be supposed to be of order unity. Thus, by inspection 

of conditions (2.^02)



- 26 -

So, as <f - >  o  , there exists some constant Q. ^ (-̂ ,

such that

Hence, continuing from relations (2.812), we find that

)I^t Q.£ G><* V  = (2(5, of 6
Therefore, by definition, it may be concluded that

i X c ( 2 . 8 1 3 )

A similar argument applied to the remaining terms in equation 

(2.811) leads to the result

£ 2 k y ~ &(&).
An assessment of the order of £  I/**/'juoS ̂ ;p must now be

made.

From equation (2.806), Wv̂ «.v> £;/O is seen to consist of

terms typically of the form f l A  <x/3,¡ocr or h/jsS}/o h

Therefore, by inspection of the definition (2.¿+02), k/L̂ ,v, ̂  ̂
c “2will be of order C , so that

¿ 2 = o ( i ) .

Thus, a comparison of the orders of magnitude of £> 

and (5 yLt-2^/3 ̂  provides the desired result.

Proof of (ii)♦

Define

o.

£  2 I X  a -S °;cr ~ £ Z ( h  v> ; ̂  h^ojuu); crfx

Taking the average, and expanding the PUS of this equation
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we find
2 / — cr v 2. / / o~ j

<5 \  ; c r / “ ”  O  \  ^  v> /  (7" (O fA . ( 2 . 8 1 4 )

^  ̂  >' A ^ ;  o' /".

By a similar argument to that contained in the proof of (i), 

it is found that

whereas 
2e (hA, ' v A  + h A  o r / ; .

Thus, equation (2.814) may be written

£ 2<\ A ^  ^  In ̂ ¡ r )  = 0 ( 6 ) ,

so that, indeed, to first order

£ 2< h A f l k w < r > = - £ ' * < h A f,< r h w > -

It is stressed that both sides of this equation are of the 

order of magnitude unity.

Proof of (iii).

Here equation (2.505) is reconsidered.

h ^ ;x .p  * ~  v> "h  'R- Jn.
cr

■ fJ-cr/O-C r  / v  '  ^  ySOyoV f 'ju u  . 

If the definition (2.402) is used, it is possible to assess 

the orders of magnitude of the terms in this expression.

It is found that

£ 2(  hfjLJi-C/o— h p . J ;(0 z )  = ° ( 0 ,

whereas

£ Y +  j e t Y t  v Y  -  o ( 6 z) .

Thus, equation (2.505) may be written



- 28 -

6 2 = ¿ Z + o ( 6 2)  9

which gives the required result, that is 

6  hfxS; tyo = U.

It is noted that both sides of this equation also are of 

unit magnitude. * 1

Corollary to Rule (i).

With reference to subsection 3.3(111), it may be shown

that

Proof of Corollary.

This statement follows if W ^ c V  1 is replaced by 

Y '  L  L i°O  ri ri c<j3 ; }

in the proof of Rule (i).

These rules may now be used to simplify equation (2.810). 

From rule (i), it is observed'that

~ ° ( ‘ )  i ( à Z/ / (=>7T/) ( v y ^ ^ /o )=  ° (£ ) ,

so that equation (2.810) becomes

= ( ¿ V / ^ r r X  U ^ )  o ( & ) .  (2.815)

If the TT coordinate conditions are used, then equation

(2.803) implies that,
2./.,  \ / / / /°cr

£ >  = Ci / i b - r r ) < i h  ,/j. V

—  A b  ; C^CTjU-j/O — hp/y.; a - )

V , -  - a ' T ' a . «

(2 .816)

An examination of this equation shows that only the first
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term on the RHS can evade manipulation by the use of rule (ii) 

Indeed, it can be shown that this term becomes the only 

survivor when rules (i), (ii), (iii), and the coordinate con

ditions are further applied to equation (2.816). Thus, 

Isaacson's result for the stress energy of gravitational 

radiation is found,

E - ~  (& /32,-rr) <)/-) ;/u-h/ocr; (C J. (2.81?)

It is, of course, by virtue of the averaging process that it

is possible to reduce the equation (2.80h) lor E to

this remarkably elegant form. This, however, is not the
. C" *ff

only benefit to be derived from this treatment of 

If we recall the expression for the effective field energy, 

given by equation (2.80h)> and consider its behaviour under 

a general infinitesimal coordinate transformation
o( O L c( - oc - _ Ot 

— 2C_ ~h 6 (2 .818)

then to first order, A/xv> transforms ciS

A/^v5 > /lyx-v1 ~ A  /¿I? Z . Z .  ,
so that the effective field energy can be shown to transform 

as
££ _c £C-

(°“T i f f  r~ ^  . . A, , „ X
= E^v> ■+ H y .v  ;p  -f- O i <V.

we

On averaging this equation, Isaacson has shown that the 

divergence term, , diminishes in magnitude so

find that *C E  transforms as

= E r s> +  0 ( 6 ) '  (2.819)

Thus, a very important result is obtained. The averaged 

gravitational radiation energy tensor is invariant, in the
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high frequency limit, under the general gauge transformation 

(2.818), and is therefore given by equation (2.817) for all 

choices of coordinates.

It is of interest to investigate equation (2.817) 

assuming the WKB form of h u,\? . It will be supposed that

—  /CeoZ e }  , and that equations (2.716),

(2.717) are satisfied. Then, to first order

- C £ 2/ 3 2 t t S i n (2.820)

By inspection of the definition (2.807), to evaluate this
• • ex'

average a knowledge of the propagators, Vo, , of the 

background geometry is required as well as a suitable choice 

of the function (0 , satisfying equations (2.808)• Since a 

general choice of the background metric is being

considered, it is not possible to obtain explicit expressions 

for the^ ^  . Instead, the averaging integral is modified

to find a procedure which will provide an alternative averag

ing technique of practical use in evaluating the WKB form

o f E~ .

We recall the rigourous statement of the average given by 

equation (2.807). Since the function (0 is zero for all 

points P»(x*) not belonging to neighbourhood §5 of P(x), 

a reasonable alternative integral can be constructed by elim

inating ©  from the integrand of (2.807) and integrating 

over , instead of over the whole manifold, cX7 . Also, 

as c& is defined to be a locally Euclidean region with 

respect to the background geometry, the general propagators 

in the integral over may be replaced by the propagators

of the Minkowski metric in the integral over . Since a 

vector V ©  at P'(x') is unaltered by the operation of
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parallel transport to P(x) in the flat region cQ ,
/c*

'A* ;
because

§ f *  ( r Z ^ )  < 8

^  = 3.

. a
K . '  =  ^  ^  =  K A*

r  o<
where O ' is the Kronecker delta at P'(x’). Thus,r
equation (2.820) may be written as

= (s V & r r ) /  & SLn*<P(x: )  d ^ '

- (  6z/32n)JS 3 d t P ) ^  <fk Sid£(*■') o'tc/,.
By the definition (2.702), the amplitude and the wave vectors 

of the radiation can be seen to change at a rate corresponding 

to the rate of change of the background. Hence, as a further 

consequence of the Euclidean nature of , it may be inferred 

that the product < £ ( * ■ ' ) &  ?•*> / is unchanging over the 

region of integration. This gives

= ( cE/ZZtt) d f2 £% SV <SU,Z <f>y (

which leads finally to Isaacson’s expression

= ("fii J £/ 6 4 -rr)&.'̂, (2.821)

for the stress energy of monochromatic, WKB radiation in 

the high frequency limit. It is also of interest to note 

that the WKB form of E yd satisfies

= (&y6d-n)fcdZ? % ^
+  =  o ,

(2.822)

by equations (2.708) and (2.712).

The result (2.821), that the form of the energy tensor for 

gravitational waves is the same as the form for electromag

netic null fields, has also been found by KacCallum and Taub
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(1973) using a different method. Their rederivation of 

Isaacson's result was obtained by employing a WKB form for 

h , and using the "averaged Lagrangian" technique devel

oped by Whitham (1971). The primary difference between 

this and the Isaacson treatment is that (2.821) is arrived 

at by averaging a scalar density, therefore overcoming some 

of the above mentioned problems of tensor averaging.

In summary; it has been found that, provided the wave

length of gravitational radiation is short compared with the 

characteristic length of the background geometry, localisation 

of the energy carried by the radiation is possible. Isaacson 

has convincingly demonstrated that such 'high frequency' 

waves possess an energy tensor satisfying the local

conservation laws (2.822), which is second rank, symmetric 

and gauge invariant. Further, the inclusion of some of the 

inherent non-linearity of general relativity is an additional 

attractive feature of Isaacson's treatment. This allows 

us to display the manner in which the wave field energy 

contributes to the curvature of the background space-time 

through which the wave journeys. Thus, the 'Isaacson 

tensor' overcomes many of the difficulties which plague

the pseudotensorial representations of field energy associated 

with the linear theory of gravity.

2.9 Validity of approximation.

The scheme which has been reviewed in this chapter is 

valid for all magnitudes of gravitational field strength.

Its applicability is, however, restricted in that it may only 

be used in situations where the condition for high frequency, 

(2.20*+), is well satisfied. The severity of this restriction



is not great since radiation emitted by a material source 

will satisfy (2.20if) in the region, a sufficient distance 

from the source, usually refered to as the "wave zone".

- 33 -
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Chapter 3«

A general formalism for the treatment of high frequency. 

gravitational radiation, employing the \'/K3 approximation.

3.1 Motivation.

In this Chapter, the scheme developed by Isaacson, for 

finding approximate solutions to Einstein’s field equations, 

will again be the subject of attention. From the review of 

the previous Chapter, it is known that the solutions thus 

obtained may be interpreted as describing the propagation 

of high frequency gravitational radiation through a curved 

’background' space-time.

The tensor representation of the energy of gravitational 

radiation discovered by Isaacson has since been recognised 

as being a considerable improvement upon the inadequate 

descriptions of field energy provided by the linear theory. 

Consequently, it has attracted the attention of many writers 

since its advent, with contributions being made in either 

developing the technique further (Choquet-Eruhat, 1969; 

Madore, 1972, 1973; MacCallum and Taub, 1973; Legros and 

Madore, 197̂ f) > or in applying it to astrophysical problems 

(Price and Thorne, 1969; Rees, 1971; Jackson, 1972;

Madore, 197^). In particular, J. Madore may be regarded 

as having produced some powerful physical results employing 

a WKB analysis of gravitational radiation, and these will 

be mentioned later.

The motivation for the work in this Chapter is to devise 

a formalism extending Isaacson's vacuum scheme to one capable 

of describing radiation in the presence of matter. It is
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hoped to do this in such a way as to render the presently 

published results of Isaacson and Madore as special cases 

within the general formalism. During the discussion, it 

will become apparent that the treatments of these two authors 

contain mathematical differences and the significance of 

these will be investigated.

3.2 The approximation scheme in matter.

In this -Section, a set of field equations capable of 

describing the propagation of high frequency gravitational 

radiation within a matter filled background is developed. 

Einstein's equations for a space-time manifold containing 

a distribution of material energy may be written

where

the manifold

: “  8 rr T , (3.201)

is a tensor describing the matter content of 

, and where

C ^ j ^  ~~ j? R~ ( $  <*&')•
Observe that

K M *  3  (3 * ) ,

( 3 . 202 )

and suppose, for the moment, that the total metric ̂  is

arbitrary.

As is well known, the set of equations (3.201) is 

interpreted as relating the gravitational field, represented 

by the geometry of a Riemannian manifold, to the material 

sources 7 >  creating the field. It is important to make 

the apparently trivial observation that the components of the 

tensor contain only the energetic contributions of the

material sources, and that contributions due to the gravit

ational field energy itself do not enter into the RHS of



Einstein's equations.

The effect of introducing gravitational radiation into 

the system will be to impose restrictions upon the form of 

the total metric, 9/xvU To describe the gravitational

radiation content of the manifold, a definition similar to 

that of Section 2J+ is adopted. A metric is said to contain 

high frequency gravitational radiation if and only if there 

exists a family of coordinate systems in which the total metric 

of the matter filled region takes the form of equation (2.^01). 

That is

where the Ó/juJ again represent the background, and where 

the are identified with the 'wave potentials' of the

gravitational radiation. In the vacuum treatment of Chapter 

2, it was discovered that the effective energy of the radiation 

field was responsible for the curvature of the background.

In this case, when matter is also present, it should be 

borne in mind that will be generated by both wave and

material energy sources.

The complete definition of Section 2.4> involving detailed 

estimates of the orders of magnitude of the derivatives of

3 ^ =  +  o < £ << /.

In addition, it is supposed that

(3.203)

employed. However, some

indication of the rates at which the ^ a n d  the 

change relative to one another is necessary since it was 

concluded, in Section 2.8, that localization of the wave
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energy is only possible if the radiation is of high frequency. 

It is for this reason that the definition of high frequency, 

as stated in Section 2.2, is a common feature of the works of 

both Isaacson and Madore. Thus, instead of imposing the 

totality of the conditions (2.i|02), it will only be required 

that the radiation conform to the weaker restrictions of 

equations (2.201), (2.203) and (2.20**), when developing the 

general scheme.

It is not claimed that the following formulation is unique. 

The aim is to produce a single theoretical framework which 

encompasses the known results of Isaacson and Madore. Assump

tions are made, and the scheme is developed along lines which 

provide the desired results by the simplest means.

If the metric (2.^01) is substituted into equation (3*202), 

it is found that

(3.2 0/f)

t) 7 
J

rp> ^
where the /\. /y.y> terms are defined by equations (2.^05) to 

(2.^08), and where

Z U1 -= ,

A

<y/3

( °  -  L  P f£j X '  TPU>hu.v /V —  o hfjcj / '/̂'v> k/WV'  ̂1 1 ̂  Offi >

for i=0,1,2,3+. Hence equation (3.20 )̂ becomes

2 ^  (2)  . ¿.3 (3+)
(5 ■-/ , ¡J.Aŷ ~\J -- ‘

(3.205)

(3 .206)
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where

C V
_ sf~\ (°) 1 "2 O
~ kL,,s -  2  Oju.'jkL'O

s~o) _ 'p c o __ l yc s P
cRj pS '  2

(0 A (o)
2  ^  ^  >

,(sO(Z) — p  ̂  _ J- ' \s p fo  _ 2  a
r ~ p  p\> O-p\> o O p O  2  ^

CO

(3.207)

(3.208)

(3.209)

+ j r  h a'° R a fi ,

G (S + ) =  vp ^  _  JL X  —  O  ApO  pS  (OjuO 2  Ops 2  ^  po

2
2

■+ c &1& + &1 R'ip ).
( 3 *210 )

/3v-;
yCXX*

,r*;
^  /v. ̂ 3

Now we consider the matter content of the model. In 

what follows, matter will he envisaged as a general fluid 
characterized by a velocity ^-vector U*>p , a density jO  , 
a pressure , a temperature T  , and variables ^  »
^  and 2 C  representing the shear viscosity, the bulk 
viscosity and the thermal conductivity respectively. An 
explicit statement of this tensor appears in the next Section.

In the presence of the radiation, it  is assumed that all 

of the quantities describing the fluid will be perturbed 
from their ’ background1 values in such a way that

(pC/C /° - /°c' +  ^ (° n? (3.211)

and correspondingly for ?  • T  > n  ’ ?  and %  .

Since the radiative perturbation to the metric is small, of 
the order of , the fluid perturbations are also expected 
to be small although this will be discussed in greater detail 
later.

I f  the perturbed variables are nov; substituted into the
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functional form of i , a power series in cS will arise,

wii£ __ __ particular

forms of the / will be dependent upon the choice of / /.¿v*.

Thus, using equations (3*206) and (3*212), Einstein's 

equations become

As will be seen, these equations provide an adequate 

machinery with which to describe the propagation of radiation 

in matter. Attention is now turned to the task of gener

ating an appropriate set of approximate field equations.

Consideration of the vacuum scheme of Isaacson suggests 

that the presence of gravitational radiation in a region of 

space-time will give rise to an effective energy density 

there, which may be attributed to the radiation. Thus in 

the case now under consideration, there are two energy 

sources, that of the radiation field and that of the fluid, 

which act in creating the background curvature.

To accomodate this hypothesis, in matter it is assumed 

that

( 3 *212)

/xv> /  i (3.2H)
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F  iJ fAs before, L—^  denotes the effective energy tensor of 

the radiation field.

As emphasised previously, the equations of Einstein have 

a source term which contains all contributions to

the energy of space-time, other than that of the gravity 

field itself.

Since we have again postulated the existence of a gravity 

field energy L . ^  , the field equations should be express

ible so as to exhibit this energy amongst the material energy 

terms on the RHS of equation (3.213)- Insight into how 

to do this is provided by a reconsideration of the methods
remployed in the vacuum case. The field energy ^  is 

looked for amongst the geometrical terms in the expansion 

on the LHS of equations (3.213). If this energy is to be 

displayed on the RHS of equations (3-213)> then mathematically 

this amounts to a trivial shifting of terms from one side of 

the field equations to the other. However, from a physical 

point of view this simple operation will contribute signif

icantly in obtaining a sensible scheme to describe radiation 

in this approximation.

As a further step towards the realisation of a suitable 

formalism, another assumption is made. It is supposed that
^  C*>

the wave energy resides in the term of the field

equations. In particular that

(3.213)
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from equation (3*209). The validity of this important 

assumption will be a subject for discussion later. By 

a comparison of equation (3 *213) with its vacuum analogue, 

equation (2.802), it is immediately apparent that the

ing definition in vacuo. Despite this modification, however, 

equation (3 *215) will be shown to provide a final averaged 

energy tensor for high frequency radiation in matter, which 

has a form identical to the energy tensor derived in the 

vacuum treatment.

Having identified the energy of the gravitational rad

iation with an aspect of the geometry of the matter filled 

manifold, equations (3.213) are rewritten in the following 

manner

which provides a modification of the field equations in 

which both material and the field energy sources are clearly 

exhibited on the RHS. Finally, the substitution of equations 

(3*21/+) into the above equation gives

Then, by equation (3*215), this becomes



Thus, an approximate solution of Einstein’ s equations, 
representing gravitational radiation travelling through a 
material medium, is obtained by simultaneously solving the 

equations (3.214) and (3.216),

where the effective energy tensor of the high frequency 

field is given by equation (3 .2 1 5 ) 5

These equations, which are proposed by the present writer, 
are generalisations of the vacuum field equations (2.801),

(2.213) and (2.802) respectively.
The above field equations, which will sometimes be referred 

to as the 'general formalism', have been obtained with the 
aid of much guidance provided by the Isaacson vacuum treat
ment. One criterion that may be employed to measure the 
adequacy of this general formalism is to check to see that 
it  is, at least, consistent with the published results of 
Isaacson and Madore. This will now be attempted. In 
addition, an examination of the Isaacson method when applied 
to manifolds possessing a non-zero matter content will be 
undertaken. It will be interesting to discover to what 
extent the material medium will have a modifying influence
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upon the original results of Isaacson.

In the course of the discussion, we will endeavour to 

justify the assumptions made in developing the equations

(3 .214), (3.213) and (3.216).

3*3 The general formalism and the 'Isaacson approach1.

The approach employed by Isaacson is based upon the 

definition ’of high frequency radiation stated at the opening 

of Section 2.4, which demands that the order of magnitude of 

the quantities involved, and their derivatives, be specified 

a priori. This is expressed by the array of equations

(2.402) . The definition of high frequency given by 

equations (2.201), (2.203) and (2.204), as well as the 

equations (3 *203), are automatically satisfied by the conditions

(2.402) , since & < < / .

Other important aspects of the Isaacson method, for 

example the WKB form of and the coordinate conditions

employed, are features which are shared with the Madore 

method. Therefore, so as not to detract from the fundamental 

importance of the equations (2.402) to the Isaacson approach, 

these other characteristics will be introduced later when 

necessary.

Equation (3.216) is now considered in both the vacuum 

and matter cases, using equations (2.402) as a basis for 

the analysis.

(I). Equation (3.216) in vacuum - the Isaacson method.

In the absence of matter, equation (3.216) immediately

reduces to



- 44 -

0) _ 3 ^
£ Ai ̂ = 0

(3.301)
. c.)

Since is a function of terms the largest of which

are of the form h)jjl-J, aft , the equations (2.402) imply that
0 )

= o ( e ' ' ) . (3.302)
C? +)■

Similarly, can he shown to be a function of terms

the largest-of which are typically of the form h^h/sx:, cxhxcTjfi.

Thus, it is asserted that 
a

/xx.v; 0(&) . (3.303)

To a good degree of approximation, equation (3.301) may 

therefore be written

g Z >  =  ° -

By an inspection of equation (3.208), it can be seen that 

the appropriate treatment of equation (3.216) of the general 

formalism gives rise to the original vacuum results of 

Isaacson (1968a).

(II). Equation (3.216) in matter - the Isaacson method.

It has been emphasised throughout that Isaacson did not 

attempt to discuss radiation in the presence of material 

energy in his pioneering papers of 1968. The possibility 

that Isaacson’s method can be extended to deal with radiation 

in the presence of matter, and thus be applied to cosmology, 

will now be examined.

Consider again the equation (3.216)

* &3̂  =  -*n(€T$ +  £3T%$>),
In the presence of matter, the estimates (3.502) and (3.303)



^ CO
remain valid, so that the c5^_G term will again be

dominant on the LHS. On the RHS, it would appear that

there are no terms larger than order (5 , so that at first 
r CO

sight the c /j-0 term would seem to be larger than all the 

other terms in the equation by at least a factor G  

This implies that equation (3.216) could be written to good 

accuracy as
CO

c Q  ^
'= O . (3.30A-)

This procedure, however, does not conform to the spirit of
—j—(0

the Isaacson approach in that the term / for example

may inherently possess an order of magnitude other than

unity, There exists the possibility, which must be considered,
—7—  0)

that the order of / could become large enough to equal
CO
/j,0 during the passage of the gravitational 

waves. In this event, equation (3*30^) would certainly not 

be the case. A careful analysis is required to resolve 

this problem.

Firstly, it will be assumed that the 'potential' of the 

radiation is given by the WKB form, as introduced in Section 

2.6. That is

the order of Cj

where and represent the amplitude, the pol

arization and the phase of the radiation respectively.

Since the background metric, and its derivatives, are stated 

in equations (2.^02) as having unit magnitude it is further 

supposed that the unperturbed values of the fluid variables 

satisfy the following conditions,
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U ? ,  / O » . . .

d it%  = § J 0)=
<30 c? <p

< o r / ; ,
• = o  .

(3.305)

(3.306)

Since the M B  form of h  ju,0 has been adopted, it is reason- 

able to suppose that the passage of the radiation will induce

fluid perturbations of the form
CO ^  CO - i  <f> 

OL/t = U L ' . Q

SO

CO y^O ) L f i
/° = e (3.307)

and similarly for ^ Y""*  ̂ ^
ro

r>;
and X « where

^  0) 
u «  o r / ; .•/. > / °  > ......

This type of hypothesis, which is common in hydrodynamical 

treatments of waves in fluids, is not of course totally 

satisfactory since any full treatment of the problem must 

involve a solution of the equations of fluid motion.

However, if it is accepted for the time being, a reasonable 

evaluation of the radiation’s effect upon the fluid is possible.

Two cases are briefly considered. Firstly, when the 

material distribution may be described by a perfect fluid 

energy tensor, given by

^  -  tß/m.o'P >T,
w  — T*

(3 .308)

and secondly, when it may be described by a general dissipative 

fluid energy tensor, given by

- V S C L^U .; - o ^ p  -i- (3 .309)

J  nJix\> ( T)c/ CM*) -a  %  f  LS/U_ y, s  U-V> ' P u . )  ;
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where

n LL /

&
L

Of

^  =  n  M, T,
n  n  ' D  (Doc Lcfi +v>

(X

A

TuS(3>* 6  w >

c<
;

- f  ( D o ,  o l " ) .
~ i~T'~ -  ~fHere, the variables 6^., jO  , JD , J , ^  ^  and

are as defined in Section 3*2, and the 2^e denotes

the covariant derivative with respect to 9 -jJ3O'' For an

account of the theory of imperfect fluids see, for example, 

Weinberg (1972).

Consider the passage of the radiation through the perfect 

fluid distribution. When the hypothesis characterized by

H'
(0

equations (3.307) is accepted the following estimates arise,

(3.310)

/ o (,) *  o ( / )  ,
(!) r-p(r)

and similarly for j~> , ,

^  3  ^  fj. — O  ( 6 ~’ )  in i*16 Isaacson scheme.

When equations (3.211), (3.307) are combined and the result

u . %  ^  ° ( > )  , ^  0 ( £ ~ ' ) >

<■,o (%

X C 0 ’

•f 0)  ry (0 \> and A. since

introduced into the equation (3 *308), particular functional
~1—0) "7" 0 )  (3-f~)
I xxd5 , / and / IjLy are obtained.forms for > / /-¿v*

This straight-forward calculation shows that none of these 

quantities contain derivatives of the form displayed in equations 

(3.310).

Thus, in this rough approximation, it is possible to 

conclude that
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7 p  s< 0 ( 0 , T %  5  o ( i ) ,  (3.311)

r <3t  $  ° < o

Now consider the radiation incident upon the dissipative 

fluid. A similar procedure applied to equation (3*309)
yO (O Zy (2) OJ' 0  O

provides lengthy expressions for the / and / ,

which for the sake of brevity are not reproduced here. It 

is sufficient to indicate the result. For a dissipative 

fluid it is found that

T %  i o(e-') , 7p  .< o(c-), (3.312)

r p  $  ,
-j~ (0since the / y_.cv> , i= 1,2,3+ > are comprised of terms linear 

in derivatives of the kind contained in equations (3 *310).

Before any conclusions are drawn about the form of equation 

(3*216) treated in matter, it is desirable to justify the 

equations (3 *311) and (3 *312) by a rigourous solution of the 

approximate equations of fluid motion. This may be done as 

follows for the perfect fluid case.

Consider gravitational radiation travelling through a 

space-time manifold in which the material distribution is 

described by equation (3*308). As before, it is supposed 

that the fluid variables are perturbed in the presence of the

radiation in such a way that
(a) (/)

, O  = /o(O>-h £ /o<» (3*313)

/ P
Co) c , k/ - -A d  K/'o / ) >

,0)

where W l  ̂ -  fP ' ' +  /O ^  and v ^ C° ~ p 0 ) +

Substitution of equations (3*313) into equation (3*308) gives
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7 7 , t cz  + ¿ t * 1  +/+ 
where

)

T %  - W ^ u ^ a - y  -  f a f f *  ,

0)  _  , ,0) CO) (o) . ()
U/JL U s  +  w  u ^ i  U sT ^ =  w

CO

(3.3U a) 

(3.31^0

7-62;

(b)
w

C O Co)
Ct s

1'i

8

1

p (o) h  ̂

u (!j
C O  Co)

+
C O

( X V‘

/ CO ,  ,  CO Co) 6 / ; /
w L X IX  v>

èiK1

?

CO C O  (0
V / . L X ),3 }

(3 »314c.)

<-/v>u. f (3.31i+d)

and where the conditions (3*303) and (3*306) are valid.

The equations governing the flow of the fluid are

2 3 * 7 - ^ =  o  , (3*313)

and

TCO)/S-0
O  ,;  /j. -  • (3.316)

where represents the covariant derivative with respect

to the total metric ̂  > and a semicolon represents the

covariant derivative with respect to the background metric 

¿Tlcv’. Additionally the fluid velocity if-vector is assumed 

to satisfy
Atv> .

Cj (X ^  U s  -  / (3.317a)

and

u% - / (3.317b)
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The equation (3*315) may le written explicitly as

T
/X V->

> /-A*
w>

/U’a~V70fl T M < r=+ r £  r ,

Substitutions for ^  and ~T~y-'.} in this equation, from 

equations (2.^01) and (3*212) respectively, give an expansion 

of the following form,

r //*
/ ~ C7~' <0

(3*318)

~h ■ c 2T
<2)*

~h ¿ 3T G+) ^
= O

where
/ /-/.5 —  (O
-  o ! ,

I /J-Q—r- fo)
H  /

cf̂ Y T% + a J $ Tt
_

-t ^ e( O ^ B  T% + h\ O % T%C )
-  * " * x  O  Y  T ”  *  J ,  T Y  )

+  ^ 7  o ; _ 0 T ™  +  a j B r l l ) .

r

CJ-O) _
cy - 0 / /I / /CCV̂ ; (9

•Co;
/-¿77

cr-(2)  y 'M 0 -J-C2)  ĵ q -¡-(t)
' J  -  0 l /x.p; 0 /xv>; 0

(3*319)

(3*320)

C?~(3+)
Although the remainder term, C J  y> » is not given 

explicitly, it is discussed in the subsequent analysis to 

indicate that it is too small to be of importance in the first
o<

order fluid flow equations. The o  ju.s? terms are as 

defined by equation (2.408).

Equation (3*316) substituted into equation (3*318) gives

~r~ (0 $ <x-Q+)
=  o.¿ zT Y - t  £ 6j  \ >

Nov/ consider the first term of this equation, 

ing definition is made,

(3*321)

If the follow-



and the coordinate conditions given by equations (2.507) are 

imposed, then
» / -^  , jj.9 s  (0) (o;  <°) \

-  A ( ^  i-
ro

y  S ~ ‘--^  (, ’V * >  / ¡B  (3.322)

-  a «  f A ^ ^ V  h x y ^ ~ h A X) .

It is now convenient to introduce a useful notation. If 

X  denotes an arbitrary tensor of rank j, then let

a w , .

Thus, the covariant derivative of X  may be written as a 

sum of two parts,

X  +  V ^ X > (3.323)

where &  is defined in equation (2.701). In particular,

hotfi>;t+ = Aoi/s +  .

Since hcx/i = O { \ )  , 'v̂ oc./b<y/5 ” &C ^)  and

^  = 0 ( 6 - )  , it is possible to write

£ri cxA'/^ " <f A o/3 or <5;.
Thus, to lowest order, the covariant derivative of /)oy5 

is reduced to a partial derivative with respect to <y6 .

It is also true that X  = Vjj, X  , for all tensors 

A  satisfying X  ~ O  . For example, from equations (3*306)

u
(O)
•2 ;/><. P i  «VA

These considerations show that equation (3*323) turns 

equation (3 .322) into
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0) f  Co) v  &  (?) — <0 / — ( O ' (a)
V * cX  ̂ + ( v / U S  +  IV U,*

(/) * - ( ' )  ) (c)  
' ' ■ ¿X.v

f/; c©; « c0;/3/ Co) )
—   ̂ 1 -h X  r) c</l OX OC

2
^  , o ^

+ f v ^ -  X * V 6
(3.32**)

-  1  ^ a l ^ d ^ C + V * h x r -  Vx ) ]

„  (0
If the expression in the first bracket is denoted by 6b >>/ ,

~ (0
and that in the second bracket by iX , then equation 

(3.32^) may be written

X *  = (  a ^ > }  +  [ a ^ ]  . (3 ,325)

Suppose it is now assumed that the fluid perturbations

satisfy the following conditions,
0) 

CX yU. U
(0

= 0(1) t p (0,-p0)= o (0 ,(3.326)
(0

f°  >
0 )

= o ( 0 .

The equations of fluid motion are now investigated to discover 

whether this assumption provides a consistent solution.

By equations (2.702), (3*305) and (3.326), it follows 

from equation (3* 32**) that, at most,

■ '  (3-327)

0)
Cl b’/ ~ /'> Z' C )C ( o- / , 0 <0t-' y2.

Also, if

X (f  =
_ (2)

CL y>/ 1
„  (V 
C'yZ .

cr'((Si)
J  y =

Ù+) ,
^ V /

(3-0
^ 0 2  ,

then, by a similar argument, it may be shown that
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IIc3 0 ( 6 - ' )  ,
00  

(X  v-'p

Q % } *- 0 ( 6 " )  , y>2.

o O ) ,

o ( 0 ,

(3 .328)

since equation (3 .318) contains first derivatives only.

Hence equation (3*321) may be written

& (  X j ) +  a . %  )  +  C 2 (  +

+  * ? ? )  =  O .

By inspection of the conditions (3*327) and (3*328), to 

first order this equation becomes

¿ < X %  +  0 ( 6 )  =  O .

The approximate equation (3*321) of fluid flow may therefore

be written explicitly as

„ / (0)^O< (o) —  <0 . O — V  X? <* . Co)
£ 1  IV V  u V  u *  v> S 0 0  «

-h C /° J  — (  p

+  ■+ =

We now consider the consequences of the restrictions (3*317) 

imposed upon the velocity ^-vectors. If equation (3 .317a) 

is combined with equation (3*317b), it is found that

2 cMjui —  hex/3 u2°)CÄj 2 o ) , ß 0 ( & )  , (3 .330)
(o)

which also implies, since 60^ is assumed to be independent 

of Cjfc) , that

9  <0) T  c° )c< , / - / r  )
—  /?ay3 (X CC ~f Q (¿v . (3 .331)

Thus, under the hypothesis (3*326), the motion of the irradiated 

perfect fluid is governed, in the first approximation, by

(3*329)

o .
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equations (3.329) and (3.330). Moreover, it will be 

supposed throughout the remainder of this Section that the 

hypersurfaces of constant phase are null, to the following 

degree of approximation,

° < S ) =  o .
c  . .<p> fe u

If equation (3.329) is divided by G LL <x S

CO

w(oY r ^
( ?

then

(o)
(x i>

- /EL, ^  ^  A) c /̂3 gg
Co) ^ 9 cr (o)

S U' c< 5 ^ c r

v,- -> (3.332)
o ^ 0 ( 6 )  -  o  .v>

,(o)
The divisor satisfies G6^ ** O , because GG fx .

must be a timelike vector, whereas is null.

By contracting equation (3*332) with <5 <f , and again

using the null character of ^  , we find that 
■ oc — 0)

w &( r ^ i  ) =  -  0 ( 6 ) (3.333)

If this result is substituted into equation (3-332), then 

a slight rearrangement gives
,9 (n)— COZ  Ju, ̂

; , 3 W

W(”> h ^ u ) a,K *
6 V> (3-334)

-y-
/o/v>

/ >»« rq? 0 V>
( b ^  or

Equation (3*334) is now contracted with GC  ̂ and equation

(3.317b) applied. This gives

O Co) ~ 0) j (0) Y Co) T  . . Co) . ,(c)/5
2 w  G6  ̂ U  — W  n«/5 GC CG '

CO -  CO 7 
—Vv y +  Q ( & / -

(3.335)
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However, by appeal to equation (3.331), it is seen that the

LHS of this equation is zero in this approximation. Since
CO ■ CO'j  ̂' '  , '■V ' are assumed initially to be of order unity, 

equation (3*335) therefore implies that

F / 0> =  2 p  0> -t  0 ( 6 ) ,

or

co O  O- o ( ô ) ,  
'(0

P =■ /° 7 (3*336)

from the definition of ". Substitution of this result 

back into equation (3*33̂ f) produces

w ^ h ^ ^ u .  (°)fin  X°) -  CO 
2— W  LJ-.)

W
f o r  £

6X

2  "ex (o)
cr

(3.337)

Consideration of the equation (3*330) implies that a possible 
. , 0)

solution for CX ̂  is given by

Ut
CO

J

where

cT  =
Aof/S oc

O'

Co) &  (o)/$

(3*338)

o v<r
2  S OX c-

Substitution of this result back into equation (3*330) 

implies that Fju, must satisfy

0 ( 6 ) .  ( 3 .339)

If the result (3*338) is now substituted into equation (3.337), 

then the following differential equation in F^u. arises,

F. w
< 0 -

2  w/co; l ^  « ¿ < 0
+  0 ( C )  , (3 .3^0)

which is consistent with equation (3.339), as well as with
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equation (3*333)*

The result (3*336) can now be shown to impose restrictions

upon the functional relationship between y° and , the

unperturbed pressure and density of the fluid. Assume that 

the total pressure and density satisfy

^  ~ W ^ (3*341)

where J p  is arbitrary, and also that their unperturbed 

components are related by the same equation of state, thus

r  6 V y <3 .342)

If the expressions for 'p  and W 7 from equations (3*313) 

are used, then equation (3*341) may be expanded as a Taylor

series,
( o )  ( t )

■p w<°>) +  £ w %  +
ct iV

Now employ equation (3*342), and partially differentiate with 

respect to (p . Since is independent of <p ,

fJ"  { ¿ ^ g (^ K h d i ^ ^ W 0>+  ̂  <3-343)
Comparison of equations (3*336) and (3.343) provides a

simple linear equation in ̂  , given by

>) = -4
' z  ’

ct 1
cLv./^

so that

6
where ~p is the constant of integration, Thus

J° ) _ (o)
-  <° +  Ar (3*344)

This result ensues from equation (3.341), in which the 
arbitrary functional dependence of upon V/ is regarded
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as being of sufficient generality. The result (3*344) also 

arises in the event that equation (3 *341) is replaced by

Thus, the imposition of the conditions (3*326) has finally 

led to equation (3 .344)> whereas the relationship between
(o )  ( o )

the pressure 'p  , and the density p  of an isotropic 

perfect fluid medium is usually restricted by the inequalities.

^  ^ ~<°> s ! (o)
O  " P  " 3 / ° (3.345)

The relationship

( ¿ - 0 ,
Co)

P  , = cens tan Ù
(3.346)

has been studied by many authors, in particular, by Harrison 

(1965, 1967, 1968) and by Zel'dovich (1962). In order that 

equations (3.345) and (3*346) be consistent with one another, 

L must satisfy I ^  4 ^ ^~/3 . Moreover, given that

the sound velocity, 2/$ > in the fluid is governed by

v ?  = d f /  , i  must also satisfy L £ 2. to

ensure that ?jy does not exceed the velocity of light.

In the limit of high material densities, Zel'dovich has
¿o) __ -Xo)

that is, L -> 2 . as the densi ties become very large.
claimed that indeed equation (3*346) becomes yP) / O

Harrison (1965)> however, refutes this conclusion and rein

forces the claim that the maximum value of 6 is ^~/■ 3 .

Without entering into the controversy one thing remains clear, 

and that is that an equation of state of the form (3*344) may 

be possible, but only in matter at 'supernuclear' densities.

We do not wish to be restricted to such high densities and 

we accept Harrison's conclusion that (3*345) holds good. 

Therefore the assumptions (3*326), which led to equation
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(3 .3^ )  must be rejected.

co - co00/X , ¿ V  =  o ( ! )  , 
0) - co

A possible alternative is the set

° ( £ ) ,
CO -  0)

P > P  - (3.3^7)

= o(e).

It will now be shown that these lead to an internally 

consistent solution of the equations of fluid flow.

Substitution of the conditions (3*34?) into equation 

(3.332) gives

W Co) oc v

= w ™ 0  ot/s uf°)<x u C Q f <*, o r 6 )
( 3 - 3 k & )

£  ?  r u Mcr 0
The contraction of this equation with will give

i f  6 6  - 0 (6) , (3.3^9)

due to the null character of the ray vector, £\> ♦ If 

this result is substituted back into equation (3 *3^8), then

v/(c>a V  = +  o(c),
'C £ OO 0-

This equation, and equation (3*330), imply that

u
0;
'/*

hafi u O * I ?  Q f e )
/ V  ’

which may be seen to be consistent with equation (3 *3^9). 

This, of course, also implies that F as defined in 

equation (3 *338) satisfies

/ >  = 0,H-
which is in accord with the equation (3 *3T0) in F>j  ̂ , 

since w ° 0 o ( £ )  by definition.

Thus, the equations governing the motion of the fluid

have a solution
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(O  = +  O ( ^ ) ,

O  p ^  ) .

Further, it is possible to assert that the intuitive 

argument which gave rise to the statements (3*307) is

acceptable. In particular

y* ?

by comparison of equations (3*307) and (3*350).

In conclusion of this subsection, we return to the question 

posed at the opening of subsection 3*3(11)* What is the 

form of equation (3*216) in matter, for the Isaacson approach?

For the case of the perfect fluid, the intuitive approach 

based on the equations (3*307), bas been shown to be reasonable 

by a detailed analysis of the equations of fluid motion. 

Substitution of the results (3*350) into equations (3*31^) 

implies that

Therefore, for the perfect fluid, equation (3*216) may be 

written

. To a good degree of

approximation, equation (3 *351) may be written

0 >

which becomes
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if the coordinate■conditions (2.507) are employed. Since
•pthe background Riemann-Christoffel tensor /V. , and

the background Ricci tensor K. <x/3 have no functional 

dependence upon the /l^v5, the wave equation (3*552) is seen 

to be linear in

If an analysis similar to the one contained in Section 2.7 

is now made of equation (3*352), then high frequency gravit

ational radiation in a perfect fluid is found to obey 

equations identical in form to those discovered in the vacuum 

case. That is, equation (3*352) gives rise to equations 

(2.716) and (2.717)> provided that the Isaacson approach is 

adhered to. This should not be taken to imply, however, 

that the radiation traverses precisely similar geodesic paths 

through the background space-time regardless of whether or 

not material is present. Indeed, the background geometry 

of a manifold containing both matter and radiation would 

differ from the geometry of a space-time containing only 

radiation, s.s may be seen from equation (3*21if).

The determination of the form of equation (3*216) for the 

case of a dissipative fluid is not so straightforward.

When equation (3*216) is divided by £  , it is found that
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s-~- (0 2 ̂ -(3 ”i)on the LHS of this equation yy> is larger than £ ’ 6/

where is given by equation (3.309). Of the terms

* by a factor (5 which follows from equations (3 *302) and

(3.303)* On the RHS, the equations (3*312) imply that the
~r~ O)

leading term / dominates over the other terms by a

factor 6 . Thus, maintaining the largest terms on either

side of equation (3.216), we write
0)

q ° > = -c y  y (3.353)

The explicit form of the LHS of this equation is given in 

equation (3.352). If the WKB form ~ f \ y  0  is

employed, we find that

^  7 f  ~r j nr f-2-? t-ZTSJ 2

¿ 4  p »  ~  1 1  +  *
where

y =  - f ' ^ A p * * * *  ,

=  y  A y *  f i +  A p t }  i t  L4  ,

yLCV1
6o)O’er-  P/o -t' A  /x £

■¡of/.\,crr\ r\Lv

The equation (3*353) therefore becomes 
CO - T - C 2 J  . ^ £ 3 J

^  + i ; :  + £
ro

y
where

CO
fj.A

H-'
- - !<o 7T7 3 ^

by inspection of equations (2.702), and where at most 

y  = o ( e - ' )  from equations (3 .312). Hence, equation 

(3-353) may be decomposed into the following pair of approx

imate equations,
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}
6  = -  / G t t  £  +

(3*354)

By an examination of the definition of -hf ju.v>, the first, of

these equations implies that the ray vector 5/-t is a null 

vector in the dissipative fluid, at least to the following 

degree of approximation,

The second equation in (3*354) indicates that the solution 

for the is influenced by the presence of the fluid.

It is sufficient for the time being to indicate that equation 

(3.216) becomes equation (3*353) to lowest order for rad

iation in a dissipative fluid. The consequences of 

equation (3.353) wili be briefly discussed later, when the 

work of J. Madore is considered.

(III). The effective energy in matter - the Isaacson method.

In this final subsection on the Isaacson approach the 

effective energy of the radiation field in matter is discussed. 

By equation (3*215) we have

+  0 =  o .

where thewhere the ¿¿V , C ~ U , , are given Dy equations
^  A 0 )

(2.405) and (2.¿fC>7), and where ZA^uO is given by equation

(3*205).

If Isaacson's definition of radiation is imposed, then 

the conditions (2.402) provide a means of assessing the orders
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of magnitude of the terms of equation (3.215). Since
r p  t2 )  f t
/V contains terms of the form n>x.\>, a h /o<x, /3 , and

contains terms of the form ¡ 1 ot ft, , then equations

(2.A02) imply that

£

Similar considerations in the case of the remaining term 

gives

<<*) _  j. &  <0
■ 2  /v 2  ^
Q __ L X '  P 'O ^ U,'A A- v̂> Clip .

-- o r o .

Hence, equation (3 .2 1 5 )  becomes

2 /07t5  (" Z-j P-p:)E  £ # - (3.355)

A comparison between this equationand its vacuum analogue,

equation (2.802), indicates that £1/.<•>> in matter is

modified, to lowest order, by the appearance of the term 
A (O

m  ¿A ^  . We now wish to discover the form of the averaged 

energy tensor y  in matter.

The effect of reapplying the averaging process to the
n W

terms containing rC in equation (3.355) is known
A 0>from Section 2 . 8 .  The effect of averaging the ZA term

is now investigated. By definition,

2 ( ^ z co-
A (!)

From equation ( 2 . 5 0 8 ) ,  the leading term of ZA i s  given

by

2 ,  z ° ’ =  ±  k *(%  - f Z t r u S r  - 2 / P  v *  e2

= i  V  A>-
P

P ■



However, from the TT coordinate condition (2,507b) we

observe that this term vanishes. Moreover, by an inspection
A CO

of equation(2.508), the second term comprising lS. /̂v->

become£
otfi

= J  ^  [  A A a/5; /o

+  ¡n '/3(  h° v'fZfficr +  A  /? «o' ~ 2fc/><xfi<rh )  J  •

Then, using, the equations (2.^02), we find that

which, by a rearrangement of the covariant derivative, 

becomes

ô ZA = j  £  Y  ^  /° A  «/s ;
/°

Taking the average, and appealing to the Corollary to 

Rule (i), Section 2.8, we may conclude that

£ * < * % >  =  ° ( £> -  

Thus, the averaged high frequency energy tensor for gravit

ational radiation in matter may be written

= ( L V 3 2 r r ) [ ( E  a f i i ^

-  <  T f ^ k  " 7  a  afii P + o(s)
Moreover, if the WKB assumption is adopted, then this 

equation becomes

However, due to the null character of the ray vector Ĉ x 

in matter, we may write Ey.-A finally as
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In conclusion, therefore, the definition (5.215) provides 

an expression for the wave energy in matter which is the 

same as that found in the vacuum case.

3*A- The general formalism and the 'Hadore approach1 .

The approximation scheme discussed in this, and the previous 

chapter, has been developed employing the assumption that 

the total metric^^? may be expressed as a sum of two 

functions, and . It is now apparent that the

success of the technique is dependent upon this division of 

into two parts being quite distinct, and this has been 

ensured by demanding that the radiation be of high frequency.

To accomodate this hypothesis, the Isaacson approach introduces 

the array of magnitudes assessments (2.¿+02). The Madore 

approach, however, demands only that the radiation satisfies 

the definition of high frequency given in Section 2.2, 

together with the equation (3 .203).

Further, in contrast to Isaacson's use of one smallness 

parameter £  , Madore introduces and employs a second give: 

by

(3 .¿+01)

where a  , l  are defined in Section 2.2 and S << I by 
condition (2.20^).

Equation (3.216) is now considered, to demonstrate that 

Madore's results arise naturally from the general formalism.
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(I). Equation (3.216) - the Madore method.

First consider briefly the case when material energy 

is absent. The Madore approach applied to equation (3.216) 

gives, to lowest order, the now familiar equation
CO

c $  ^
= o  .

Thus, the vacuum results of Madore (1972) may be shown to 

be contained within the general formalism of Section 3«2.

The case of radiation travelling through a matter filled 

background requires more detailed comment.

Madore (1973) himself discussed the absorption of 

gravitational radiation by a dissipative fluid and found the 

rate of entropy production in the fluid resulting from the 

passage of the radiation. In this subsection attention is 

restricted to the absorption analysis. For this, Madore 

imposed the additional conditions

£  > > £  > ¿ L= o  f i r  ¿ * Z .  (3.if02)

Application of the Madore approach to equation (3.216), 

together with the conditions (3.402), leads to the following 

expression,
(0r co ^  _ Q.n  7 “

( y  • (3.403)

This equation is basic to Madore' s absorption analysis

(Madore, 1973* Equation (3.13))* He solves it for the

dissipative fluid and finds that the radiation is absorbed
-/

by the fluid in a characteristic time YJ , where ^  is 

the shear viscosity of the fluid, This provides verification 

of an earlier result of Hawking (1966). Thus, the general 

formalism of Section 3.2 is found to bo sufficiently versatile
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to contain this result also.

If the Isaacson approach of Section 3*3 is reconsidered 

for a moment, a comparison of equation (3 *̂ 03) with equation 

(3*353) indicates that radiation treated in a dissipative 

fluid by the Isaacson, method is also absorbed. A rigourous 

proof of this statement was omitted from the previous 

Section, since to include it would have entailed duplicating 

much of what Madore has already stated in his 1973 paper. 

Moreover, when the general formalism of Section 3*2 is applied 

to cosmology in the subsequent chapters, the matter content 

of the cosmological models will be regarded as a perfect 

fluid, rather than as a dissipative fluid.

It is now apparent that the form of the lowest order 

approximation to equation (3*216) in matter is not dependent 

upon the mathematical approach employed. However, there are 

implicit physical assumptions associated with each approach, 

as we shall now demonstrate.

In Section 3*2, it was assumed that the effective radiation

where L. M denotes the wave energy. Also, from equations 

(2.203) and (3*207), the background curvature may be estimated

field energy was proportional to Thus,

is a function of terms typically of the form h & h^v  

from equation (2.201) it is possible to write

( 3 .W)

background curvature is proportional to the total energy 

source curving the background. Hence
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L ' 2  ~  8 n  £ i*

w here represents the order of magnitude of the energy

of the material fluid. From equation (3*401), this becomes 
1(S /^ ) «  Srr —/  2.

C_ -L
A 2

£
£  / * (3*405)

If an 'order of magnitude' argument is employed, it is 

possible to interpret physically the mathematical differences 

between the treatments of Isaacson and Madore. The original 

work of Isaacson (1968a,b) involved the vacuum case only, 

so that equation (3*405) reduces to
r 2

s ~ t (3.it 06)

Comparison of equation (2.203) with the left hand column

of Isaacson's equations (2.402) implies that Z_ ~  / so

that equation (3*406) gives A  . Indeed, for simplicity

Isaacson chose

L =  / A  = £

If the extention of Isaacson's treatment to cases in which 

matter is present is considered, then this new situation is 

not inconsistent with the use of a single smallness parameter, 

since equations (3*405) and (3*406) are compatible provided

that

Ej. < ($”) <5*
A. (3*407)

Thus, from equation (3A04) , the Isaacson approach applied 

to the general formalism of Section 3*2 implies a situation 

in which the order of magnitude of the energy of the radiation
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is at least comparable with the energy of the material medium.

The work of Madore in deriving the absorption results 

mentioned previously depended upon the additional conditions 

(3.402). Consideration of equation (3.405) shows that these 

conditions, interpreted physically, imply that the radiation 

energy is regarded as negligible by comparison to the energy 

of matter.

(II). The effective energy in matter - the Madore method.

Equation (3.215) states that the effective field energy 

of the radiation in matter is given by

- j r  k  ^ + £■ J •

If the Madore approach is employed, then equations (2.201), 

(2.203) and (3.203) imply that

Z%  - i R Ci) - i à % = o (X z),

Since the definition of high frequency demands that L »  A  , 
the last terra on the RHS of equation (3.215) may be neglected 

and therefore

à % ] ,

for the wave energy in matter. The additional conditions 

(3*402) imposed by Madore in the treatment of equation 

(3.216) are abandoned here. The imposition of equations 

(2.602) and (2.507), and the definition (2.807), again gives 

the result that
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v  < ^ >  - 0 5

where ¿ 8 is a constant. This result is not derived by 

Madore (1973)• But in obtaining an expression for the rate 

of entropy production in the fluid, he assumes that the wave 

energy in matter is indeed given by equation (3 */|08), with 

the constant of proportionality taking the value 

¿Q — ¿Tl/T- ')// /( '^  / V • Using this assumption, 

Madore provides a verification of the thermodynamic relation

T  d2L =  ofH ,
for a closed system, where d L  denotes the entropy per 

unit volume supplied to the fluid in unit time, clH is 

the heat content per unit volume of the fluid, and T is the 
temperature (°K). The dependence of this result upon 

equation (3.^08) may be regarded as a justification for the 

assumption (3.215) of Section 3*2.

In conclusion of this chapter it is possible to say that 

the general formalism of Section 3*2 for the description of 

high frequency gravitational radiation in matter, is of 

sufficient flexibility to contain the results of Isaacson

and Madore.
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Chapter 4«

Gravitational radiation in cosmology: a description of 

the radiation in a Friedmann universe,

k.1 Preliminaries.

Attention will now be turned to the problems encountered 

v/hen gravitational radiation is introduced into relativistic 

models of the Universe,

To provide a basis for the following discussions, it is 

postulated that gravitational radiation exists as an active 

component of the energetic content of thè physical Universe. 

This radiation, and the effects it may have upon the large- 

scale dynamics of the Universe, will be described by applying 

the high frequency approximation scheme which has been 

reviewed and developed in the preceeding chapters. To 

demonstrate that this scheme is well suited to the task, 

it is necessary to determine what is meant by high frequency 

radiation in the context of cosmology. Recalling the 

definition of Section 2.2, radiation is said to be of high 

frequency provided its wavelength is very much smaller than 

the characteristic length over which the background geometry 

changes significantly. Thus, radiation propagating upon 

a cosmological background may still be regarded as high 

frequency even if the wavelength is of the order of, say, a 

galactic diameter. The high frequency approximation is 

therefore applicable for a large range of possible values of 

the wavelength, X  .

To describe the dynamic properties of the physical 

Universe, the general relativistic formalism of cosmological



models developed by Friedmann (1922, 192^) will be used.

Thus the background metric of the Isaacson scheme, denoted 

by ^ '¡¿s'? , will bo associated with the metric of a Friedmann 

universe. Since the material content of these cosmological 

models is represented by a perfect fluid distribution, clearly 

the theory extending Isaacson’s vacuum treatment to matter, 

discussed in the last chapter, is applicable.

For simplicity, it will be assumed that

L ~ > K  - C > (^ .lo i)

where L  , A  are as defined in Chapter 2. The physical 

situation implied by this choice of 'smallness parameter' 

is discussed in Section 3*if* The consequences of this choice 

for a perfect fluid distribution are equations (3*332),

(3*356) and (3.2Ü+). It is the intention in this Chapter 

to investigate the cosmological radiation by using the 

equations (3*352) and (3*356), employing a ÏÏKB analysis.

Then in a subsequent chapter, it is hoped to show how the 

radiation affects the evolution of the cosmological model 

using equation (3*21 ¿f), and to speculate upon possible gen

eration mechanisms for the radiation.

Work on the cosmic effects of gravitational waves has 

been tackled recently by several authors. In this Chapter, 

however, our attention will be confined to the work of 

Isaacson and Winicour (1972, 1973)* They have shown that, 

provided certain reasonable assumptions are made, the age 

of a world model containing gravitational radiation is not 

in conflict with the lower bounds set on the age of the physical 

Universe by other dating methods. To provide a starting

-  72 -
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point for their investigation, Isaacson and Winicour suppose 

that an isotropic gravitational radiation field in cosmology 

may be represented by a homogeneous perfect fluid of energy

Earlier Ehrenfest and Tolman (1930) had shown that the • 

energy contributed by 'disordered electromagnetic radiation* 

in a cosmological model, could be represented by a perfect 

fluid distribution. Since Isaacson(1968a,b) has shown 

many similarities between gravitational radiation treated 

in the geometrical optics limit, and electromagnetic radiation, 

perhaps the assumption of Isaacson and Winicour is not 

unreasonable.

However, the theory of. monoairectional gravitational 

radiation in a vacuum cannot be expected to give results 

applicable in an isotropic field situation with matter, 

without deserving some justification. Thus, the primary 

motivation in this chapter is to show that Isaacson's and 

Winicour's assumption is indeed reasonable, and this is done 

by the use of an example.

k.2 Discussion of the perturbation, and the background

metric.

Let the total metric, £7^ > he of the form given by 

equation (2.102), and let

and are as defined in chapter 2. 

To represent the physical Universe, the homogenous,

(if. 201)

isotropic cosmological models of general relativity are
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employed.

Physically, the assumptions of homogeneity and isotropy, 

which collectively constitute what is usually referred to 

as the 'cosmological principle', reflect the widely accepted 

view that macroscopically the Universe is the sane to an 

observer wherever he may be within it. Mathematical form

ulations of these concepts provide the means of deriving 

the Friedmann model line element by symmetry arguments 

alone, which was originally shown by Robertson (1929) and 

Walker (1935)* For a concise account, see also Peebles 

(1971).

So, without need of reference to Einstein's field equations, 

it can be shown that the line element of cosmological models 

whose large scale features are homogeneous and isotropic is 

given by

d c 3  = 2 -
K X t ) L .  ( d ;

where m
£. = / U.202)c2(7  + K r y ^ )

i s  a sc a le  f a c t o r  d e s c r i b i n g  the dynamics of  

the models, C  i s  the l o c a l  v e l o c i t y  of  l i g h t ,  K3 i s  the

2 = ¿ d ,  .space curvature constant and T  

Conveniently scaled, tc may take either of the values -1,

0 or +1, depending upon whether the space is said to be 

hyperbolic, flat or spherical respectively. Here <3b ; U  

have the physical dimensions of time, z .  the dimensions 

of length, and C  the dimensions of velocity.

The particular background metric, <̂ Lcv> , to be considered 

is the flat space model, characterized by 7C = 0, with 

line element
3

UUJU
c ( 6 1

U.203)
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Inherent in this choice, however, is the assumption 

that a Friedmann line element can be used to describe a 

model containing both gravitational radiation and matter.

That this is so, is apparent from equation (3*214), 'which 

displays both radiation and matter energy as sources of the 

background.

By inspection of equation (4*203), it can be seen that 
/ 2. • ?

X. , X  , X  are dimensionless coordinates. A dimension

less temporal coordinate, 'C , is introduced, as follows.

Let K  = 'Rjfco) be an arbitrary constant length. Thus, if 

t , <ZT = PC  ̂ and Y  = 'fit/fio  , then the application

of the transformation

= (*£ */c )  x c -  l, 2, 3

to the background metric (4*203) will give

(4*204)

rtoY = cLV~~ y 2(v )  f  ( d x L)
\ 2

(4.203)

where

cl = ( c /  1Z0) a

The non-vanishing components of this background metric are 

therefore given by

-  ! , ¿̂L = ~Y ; L (¿¡..206)

With this metric, the surviving Christoffel symbols are
C- r-7  ̂ ! C^.y

r . /A r 7 . =/ /t<- U r  oirC ’ (4.207)

r *  -  V  d Y  i i =  l t 2 , 3,

2 ^ 3  .-o-.with respect to the coordinates PC ,

Repeated indices in equations (4*206) and (4.207) do not
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imply summation. Moreover, the components of the background 

metric, and the Christoffel symbols, are of zero physical 

dimensions.

The choice K, — O  ±s made on the grounds of simplicity. 

Consideration of Einstein's field equations (see Section 5*1) 

implies that the results for the cases Kj — ~~ / , + / are 

essentially similar to the results for the K  ~ O  case 

provided that ( d i Z / c f t )  > >  //C/ . That is, during

the early history of the models.

4.3 Solution of the linear 'wave equation* in a Friedmann

universe.

The equation describing the propagation of gravitational 

radiation in a perfect fluid is given, to lowest order, by 

equation (3*332). In the discussion following this equation 

in Chapter 3 we observed that it gave rise to the equations 

(2.716) and (2.717), which are expressions identical in 

form to those found to describe gravitational radiation in the 

vacuum case. Thus, the problem of solving equation (3*352) 

in this section reduces to the task of obtaining solutions 

to the set of vacuum equations (2.716), using the metric 

(if.206) and heeding the conditions (2.717). The first 

equation of (2.716) is expressible as

</>,* = o  ,

which will be referred to as the *eikonal equation'. It 

will be assumed that <cj) takes the form

X  -- L s l i ^ i +  9 ( t )
6=/

) (if*301)
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where the L i are constants, and the coordinate identifi

cations
2.

PC = pc = JZ-X ^ PC , PC = ¿ f  ,

are made. This choice of , which is dictated by the 

character of the null geodesics of the particular Friedmann 

background, ensures that the wavefronts of the radiation are 

’plane' in .each of the family of spacelike surfaces, 71 ~ constant 

Substitution of the metric (4.206), and the equation (4.301), 

into the eikonal equation gives

dS> _ e H
oCv

where
X

K  -£ < 9 = ± 1.
c — /

Since it is supposed that ~~ £  )

(4.302)

(4.303)

, we define

c £  0
/ . .2 3

(4.304)

, K  -  K
(5

so that equation (4*303) becomes 
3 „ 2

Z .  ^  = / .

Then, from equations (4.3OI) and (4.302), ^5 takes the form

U i M ' + K - i f -  c) j ■ ...=»>
where (£ is a constant of integration. If the definition 

of the ray vectors given by equation (2.701) is reconsidered, 

then equation (4.305) gives

°c £  X  » ¿ r y  ' ' ' * (4.306)

Now consider the second equation of (2.716) given by

( ,A 2£ O
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From equations (4.207), this may be.written explicitly ai

( o’ ' 9 ¿>2

-+ j\ - /  ¿sfk <2sv3 _ y z

7 o  _x 0̂ 7/
¿)-r

" , 7

’O
Ov*

<Pz cy o
(4.307)7 3*. ,9̂

-  ^  r,*, 9 v . y  =  o .

This is an equation in the amplitude u?4 of the radiation,

since the eikonal equation has provided suitable expressions

for the j %  • Is it now possible to restrict the functional

dependence of c A  upon the coordinates in a manner which is

physically reasonable, to simplify equation (4*307)?

In the traditional treatments of relativistic cosmology

the important property of homogeneity, which is implicit

in the metric (4.202), is reflected in the behaviour of

the fluid density and pressure of the Friedmann models.

Einstein's equations imply that those variables must be

functions of time alone, In a situation of this type, the

energy distribution is described as being 'uniform'. This

concept can be usefully employed by assuming that c A  is a

function of V  alone. Physically, this implies that at

any instant 7T = T/ , the amplitude of the plane wave is 
on CL Su^j-uCC of c©nStCU\t ph a ifc . 

the same at- oaoh point along -ito path through th-e model

salvor00. Additionally, this assumption provides the

simplest way of obtaining a uniform energy distribution for

the radiation, which can be seen by inspection of equation

(3*336) and of the solutions (4*306) for <5/.o *

It is henceforth assumed that — *jA(7T). Further,
Vp

substitution for the from equations (4*306) and for the

Christoffel symbols from equations (4*207) into equation



l  c/
(¿1.307) gives

1  q U -  +  a /  _  q

j r  y c/v
so that

a1 S—  \j r i i Z )  =

where J f  is a constant of integration.

Now consider the polarization field tensor > which

is governed by the third equation of (2.716),
./O

U.308)

°h ^ / o  ^  -  0

subject to the additional conditions (2.717) given by

-  o -

+

ri J
(¿>Af

‘ the t h i r d  eiquation of■ (2 .7 1 6 )  i

r• y d -  r x

n  cr- 
• /d-2. -  r x

-  r 7 ^
<P M r j

x y % * * ■

r i  <T
~~ ' v>v- =

2 , 3 , 1+ and wherewhere j j^ t X? =

If it is again argued that ^  ~ Q 5 then equations 

(¿1.207) and (if.306) imply that

d Y -+• i Q(y Z. 'th 9 on ”  O ,  (¿f.309)
c / T  y  ¿ / C  £=/ /d 1

9 x ^ 1 ^  -  B r j y  q  +  y d y i  q
a'v civ r oZ «- 3 ^

.6 d Y  7 2 /

(¿+.310}
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rB Y d q u  - 2
di dr

d- d Y  t;

Lt, (^.311)

u ^¿4- ~ ^  >
d Z

QYd®Sj — 2.9 d_y q • • 
d r  d z  b J

+  y 2 ( ( t iC l d - +  t j l » )  ° >

(if.312)

where

L *  j  = <>

Moreover, if the coordinate conditions (2.717) are considered

£5 becomesit is found that

(if.313)

¿ 1  ^ k . % i  = ’ 6< = (if.31if)
fe=l \//a'v>

and that C j ^  ¿f -  O  reduces to
¿ >3 2.
k_ ^  • (if.313)

Solutions to the equations (if.309) to (if.312) will now be 

sought, employing the conditions (if.3 13) to (if.313). The

substitution of condition (if.3 13) into equation (if.309) 

gives

J - “  +

is given by

(if.316)

where a  ¡¡.if. is a constant of integration.

The combination of the equations (if.310) with the conditions 

(if.31if) gives
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i  CÀt'.ti. d  /  _L

~S~- drS Y'

317)

e y 4 % i+  + 4  y d v  q = 0  > ¿ = 1, 2 , 3 .
dr dr r '

Thus, substitution for q.if from the equation (¿+.316) 

leads to

d  q uh -”—
d r

so that

^  ' d  {  +

where the &  ¿if. are constants of integration.

If this solution for the <3̂ ¿q. is now substituted into 

equation (¿j-.311) then

i  ( - % u )  = C a * * - d_/'i t  2 t i <xit . d _ ( ¿ )
d z \ y V  i dz\ is tV~ c M y / -

Therefore the ^¿C are given by

7 a~ a n  Y  -+ 2  (¡i o<ilf y  (¡,,3X8)

+  £ * ( * « +  , i

where the 0( a r e  constants of integration.

Finally, if the solution (¿+.317) is substituted into 

equation (¿+.312), then it is found that

C'l i j  4  ^  ( ^ i C<j d !' 4  ^ V y  /  /  » (¿+.319)

where

L J - j -

and the C(¿j are constants of integration.

The TT coordinate conditions (2.307) impose restrictions 

upon the constants 0 (^ 2  . The substitution of the 

polarization tensor 0 u\) , into the equations (¿+.313) to
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(4*315) provides the following conditions,

r_ o
L  = /

Z1 t:. &/XÙ “  ^  /, 2, 3 , /nL .
c =/

(4*320)

(4*321)

Moreover, further restrictions are imposed upon the C2/Lo? , 

since the polarization tensor is also required to satisfy 

¡¿ç> ̂  - / . In the background under consideration,

this condition becomes

/

1  ?
2

Kc P> -h

+  9
2.

Consideration of the solutions (4.316) to (4*319), and the 

conditions (4*320), (4*321), implies that

“ a  +  -f ;  = /. u .322)

Thus, the third equation of (2.716), and equation (2.717), 

governing the polarization field have a general solution 

given by the equations (4*316) to (4*319), subject to the 

restrictions (4*320) to (4.322).

The polarization tensor may therefore be regarded

as a 4 X 4 symmetric matrix possessing, in general, ten 

independent components. It will now be shown, however, 

that only two of these represent physically significant 

degrees of freedom, and this arises by virtue of the non

uniqueness of the coordinate system, which was briefly 

discussed in Section 2.3* To distinguish between the 

physical manifestations of the radiation and spurious 

’coordinate ripples’ due to possible non-inertial motions 

of the reference frame, the components of the Riemann-
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Christoffel tensor . £ aßiSK for the total field are

examined. Only those components of ^  which provide a 

non-vanishing contribution to may be regarded

as physically 'real', in the sense that these components can

not be made to vanish by a suitable choice of coordinate 

transformation.

Consider again the monodirectional gravitational radiation, 

and choose an orientation of the coordinate axes such that 

radiation flows in the X. direction only. Thus equation 

(4.305) becomes

9* =  +  9 ( V y  +  C )  j ,  (4*323)

where the degree of freedom provided by & — — / corresponds 

to whether the radiation is positively or negatively directed 

along the X. axis. Now since

t, =  / ,  tz = U =  O,
for radialion directed along the X. axis, then

&  = m  ’ =  £  > £  -- &  = o .

(¿f. 324)

¿ 7  ' -  6 ^ 3  ” (4.323)

Employing the equations (4.324)» we find that the conditions 

(4.321) reduce to

- O  , / X  ' !  > 2 , 3, ¿-j- , (4.326)

whereas similar considerations with respect to the condition

(4.320) imply that 

Ĉ '2.2 ~ ~ ^ 3 3 .

Now consider the Riemann-Christoffel tensor.
* o

of the total metric (2./+01) into /\.a/3o£ 

power series in C given by

(4.327)

Substitution
provides a
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-?? /'v' j. -/ 'l - - P ^ j -
/V_or'fiifS (  Cr~)/us? J  _  ¡^<y.fii>6 ' ^  oy3%

-/- < f * £
¿0 3 <d ( 2 +)

+  t * K
(if.328)

CtfiVS ,

where

/f̂ ~' c(/3 If &. 3? ^  /A  /3 ¥ j & o 1 A  c<o > fi

— h/3S;c<& ^a7r>fit>

. <p(°) / °~ , P  Co}
~t~ /C cxcrffS h ) /3> 1 r^~- / 3 cr¡f S P c ) .

Of.329)

For the sake of brevity the remaining coefficients are

not expressed explicitly. By a similar argument to that
O  ̂applied to the Ricci tensor in  Chapters 2, 3» the C AC c*y3#d

term dominates the other terms on the RHS of equation (if.,328) 
/-> “/

by a factor G . Thus the total Riemann-Christoffel 

tensor may be expressed as

<fS ~~ & Ci/3<¥£ f (if.330)

to a good degree of approximation.

Moreover, if the WKB form of hfj>? is substituted into 

equation (if.329) > and the conditions (2.702) imposed, it 

is found that equation (if.330) becomes

^  a/3 If8 ~  J  $8  h/3<f +  f / i ' l t f  / luS

“  ? a  ? V A /S S  ~  $*/3 T s  h c t X }  >

where quantities an order of (S smaller than the 

terms are ignored.

Now i f  the r a y  v e c t o r s  g iv e n  by equations ( i f .3 2 3 )  are

f f i  A vs
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employed, then of the possible twenty independen^components

of S t nine are non-zero. These are given hy

7Q- ¡¿.¿j v5 = £  ¿ A Lj , (9*331)

where

JLZV1 - I I ,  14- ,4-if-,

LJ  = 22,  23 , 33 ■
Since n ¿j is related to Cj ¿j by the equation (/¡■.201), the
only components of which contribute to the non-vanishing

components of the approximate Riemann-Christoffel tensor

are Î 22 ' 9 23 and $ 3  3 It follows that by the use

of a suitable choice of coordinates all the components of 

> with the exception of those mentioned above, may 

be made to vanish. From the equations (9*318), (9.319) 

and the conditions (9*326), (9*327) the surviving components 

Of may be expressed as

Q
h 22 os-, y2Z

y
~  ^ 3 3  -

Cl 22 = ^ 2 3

where, from equation (9*322) the 0(^2 must satisfy

t t t z  +  a zs = £  ■

To demonstrate the ‘transverse’ nature of the radiation 

reconsider the total fundamental form of the space-time 

manifold given by

d s 2 = dre^-h (tf i j  + & h i j J

= ¿ ¿ V 2 -  d .O l2'. L , j  -- 1 , 2 , 3 .

2.
The coefficient of c6'£T ±s such that a , -  X,.,. + £hn., - / , 

since a reference frame may be chosen in which = O



- 86 »

In each of the 3~spaces, 'o' = constant, the separation

of neighbouring points is given by

d o C  = y z d x . i -t- ( y z- £  H 1Z)  oUf
2.

+ + ô h

(4,332)

¿2 az 2 .6 hz3 chf d z . ,

where
i 96

-4P

h>2Z ^3% G^2.3-2’\ / 0

A  ¿3 - 0(2 3^ /  € 65
for radiation travelling in the 2C direction. Here 0T 

is a constant of integration. From equation (4.332) it 

may be seen that the separation of two events along the 

direction of wave propagation ( dx. ^  O  , cLlj -  cL z  - O  

is determined only by the instantaneous value of /  , the 

expansion scale factor. Points located in a plane perpen

dicular to 'the X. direction ( ci?C - O . Cgt/ =£ 0 } d z 1 =/- 0  ) 

however, experience maximum relative accelerations due to 

the radiation, superimposed upon the effects of the cosmo

logical expansion, thus demonstrating the transverse 

character of the waves.

4.4 The stress energy of monodirectional gravitationa1 

radiation in a Friedmann universe.

The conditions (4.101) adopted throughout this Chapter are 

characteristic of the Isaacson approach, which was discussed 

at length in Section 3*3* It was shown there that the 

Isaacson approach gives rise to equation (3*336),

£ 0  5  (  )  = (£ 2c4-z/64--rr) S% ,fy> ■+ O (£ )  ,
for the energy tensor of gravitational radiation in matter.

In this Section, the energy tensor KfjcJ of mono dir
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ectional gravitational radiation in a Friedmann universe 

is briefly considered. It is important to point out 

before doing so that the result (3*356), and the associated 

conservation laws given by equation (2.822), arise only 

in the event that the equations (2.716) and (2.717) are 

satisfied. However, employing a Friedmann background, 

we have already’found a solution to these equations in 

Section ¿p.3, which possesses all the necessary properties 

to be consistent with the derivation of equation (3*356), 

Thus, it is supposed that the energy tensor of the postu

lated cosmological radiation may be obtained from equation

(3.356).

By the use of equation (if.308), equation (3*356) becomes

JFô * *
yU-V “ y ' z  ̂F  ,  ( if • if01 )E  ̂

where

If the solutions for the ray vectors 5/^ given by 

equations (if.306) are reconsidered, the energy tensor of 

the cosmological radiation may be presented as a if X if 

array in the following manner,
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E p > = ¥ K

f  i t U t,U u.
[ y z X2 y z y 3
t A il C A siz
y z X 2 Y\ X 3

Its id* it 9 is
y z y z y£ y3
si, Biz st* /
ys y 3 x3 y y

(4*402)

V

Some points to note about this tensor are, firstly that 
c<

t  <X -  O . (Zf.Z4.0 3 )
Verification of this result is straightforward. Since

E a>> = ,

i t  follows, by inspection of equations (4.206) and 
(4.402), that

E l i =  - F K zt - / y * , ¿  = / . 2 , s .

where no summation is implied by repeated latin indices. 
By the same token

E \  = F K 2/ / * .

Thus, using equation (4.304), we have

r .  = s ' / /  - 1 3 t t ]  =  o .
y< 4- ( ¿=, u J

Secondly, it  is possible to attribute the quantities 
of radiation pressure J-* , and radiation energy density

y > r  > to the components of this tensor in the following 
way. Define
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t  1, = - . E \  5 -  P j 7 . (4. AO ¿f)

E \ ~ /~zz- >
crL-. Lf- ~

with the off-diagonal components denoted by

n  * — i— ̂ — pr 3 —-
E  -2 L— / — E * IZ 3 L- i J~?cz y (¿¡..¿|_05)

z“2- r - 3
L .  3  ~  L -  z  — 'P y 2- '

The significance of the E  ¿¡- , C = 1, 2, 3 components will 

become apparent in the course of discussion later. It 

must be emphasised that the identifications (¿¡..¿fOZf) and 

(¿l_.Ij.03) refer to monodirectional radiation only. As 

may be expected in this situation, the diagonal pressure 

components are unequal,

^  ŷ zz. ,

except in the particular case when the wave-front normal 

makes an equal angle with each of the coordinate axes.

The operation of identifying the physical quantities,
■¡P and , with the components of /lyu-v5 may be 
elucidated by consideration of the energy tensor of the 
null electromagnetic field. Although such a method of 
comparison is not, in general, adequate in bridging the 
gulf that exists between the theories of gravitation and 
electromagnetism, never-the-less it has played a useful 

role in clarifying the theory of gravitational radiation 
throughout its development.

For electromagnetic radiation propagating along

That is, when -i, =■

the PC
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direction, in a flat space-time with metric = +1,

-1, -1, -1, the surviving components of the electromag-
—j—  e.m.

netic energy tensor / ^  are
—T- ■̂rn- 1 
/ / “ -¿ (ç +HV = - p e-m-

-J- e.m. ¡4- _ 
‘ H- = p

—t— e.m.
I /if. ~

—t— e.m.
/ H-l — - Ej Hz.,

so that

„  e-m. e.m.
r  = P  •

E z )Here, E ~/-V/ and P  -

( L . ko 6 )

are the electric and magnetic field strengths respectively. 

Since the X  - axis is the direction of propagation, El 

and H  have been chosen such that

Ex - £ *  =  Hx = H;f - o ,  Eyt O, Hz. ? O.
e.m.

Note that the parameter p  is the pressure exerted

by the electromagnetic radiation in the >C direction, 
e .m .

f J  represents the energy density of theand that 

electromagnetic radiation. For a description of the

total tensor 7 >  see, for example, Tolman (193k)•

V/e return to the gravitational case. For gravitational 

radiation propagating in the X- direction, equations (k*32-k) 

are satisfied. In this event, the surviving components 

o f E.fj.0 are
/ Q -,s Z / ks4- _E , =

p *’ -c  v-

E , v. -

-  F K y y pJC*

cr"
c r ,

FL if. /

(O^
( k - m )
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so that

'px.x. ~ / O r .
(4.^07)

The similarities between the gravitational and the 

electromagnetic situations for monodirectional radiation 

are immediately apparent, by comparison of equations 

(Zf.¿f06) and (4.¿+07). This strongly suggests that the

interpretation of given by equations (4.40T) and

(¿¡..¿i09) -is acceptable.

A further point of interest, manifesting itself in 

the preceeding treatment of gravitational radiation, is 

the functional dependence of the energy density fOr , upon 

'y , the scale factor of the Friedmann model. From 

equations (/|.̂ 07)

( ° r  CO Y ~

\/~q-The factor / is what should be expected for the free 

expansion of any wave representing a massless particle.

kO The energy tensor of an isotropic gravitational 

radiation field.

In the preceeding Section, the WKB approximation has 

been employed to find an expression for the energy of 

monodirectional, plane waves in a Friedmann universe.

It should be emphasised, however, that the monodirectional 

theory is not well suited to the task of solving problems 

related to the macroscopic structure of the cosmological 

background, since its application would require the radiation 

field to be globally aligned in a preferred direction.

This unrealistic situation would be in conflict with the
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cosmological principle since the aligned field would 

introduce a degree of anisotropy into the energy distrib

ution of the resulting world model. Thus, in what follows 

an isotropic radiation field will be examined.

In this Section, the question posed in Section ¿¡..1 is. 

reconsidered. It is wished to develop the theory 

required to provide a justification for the Isaacson and 

Winicour hypothesis that an isotropic gravitational 

radiation field may be represented by a perfect fluid energy 

distribution.

Consider a field of radiation containing more than a 

single plane wave perturbation. It is assumed that if 

the field contains J  different wave components, the prin

ciple of the superposition of waves applies. That is, 

the total perturbation to the metric r) m a y  be written

of the wave equation (3 .352), then h)/jjS must also be 

a solution by virtue of the linearity of the wave equation.

It is further supposed that the energy tensor of a 

'multiple field' of this nature may be v/ritten as
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= ( £ Z/ 3 2 T t ) < £ fiVt^ +

If the equations (2.50?) and (2.702) are adopted, and the 

averaging procedure of Section 2.8 used, this becomes
.A j  r(?) „ . ; _ ; r n\ sjt ri)

Z  E'jZ> +-(£73Zrr)Z;r (A —A
t e l  k * l c

.x ¿y (;Sin î sin <p°'}) j  -h °(&)}

/or

(4.503)

E %  =  (&X/32tv)<( !nk)p ;r- A

where

(b _

It is apparent that the double summation of * cross-terms' 

in equation (4*503) prohibits, in general, the possibility 

of a superposition principle of the form

£ > =  Z J E %  +  o ( e )  , (4*504)
' k.~l r

for the total energy tensor. This result may have been 

expected by virtue of the nonlinearity of equation (3*356) 

However, there is a particular case when equation 

(4.304) is indeed valid. If it is supposed that the 

phase relations between the different wave components 

are random, then the offending double summation in 

equation (4-503) may be set equal to zero. Thus, the 

assumption that the wave components be generated by
A

incoherent sources allows the total energy tensor ElyO

to satisfy equation (4.504). Equation (4.504) may be 

written
J s  ,,(k)\2 ^(k)^(!>)-A I/ /  / W j

Ly,\> ( 6  El/- T\J J  S y  8 v>
fZ - 1

U ( c . (4.505)
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This is a result which has been obtained previously 

(Isaacson, 1968b). In the case of gravitational radiation 

in a Friedmann model, the summation in equation (4*501) 

will be identified with a sum of monodirectional, plane 

wave components, each in one of J  different directions..

It will be supposed that each component of the radiation 

is generated by one of J  independent and therefore 

incoherent sources, so that equation (4*505) may be used 

to describe the total energy tensor.

From equation (4*308), each component of the total 

radiation field will have an amplitude given by

jj- k) = Jf y  X<44> , k  = 4  •

where the j f ®  are constants of integration, 

equation (4*505) becomes

where

E u *
6 00 ?*(k)

" > J *
Hence, 

(4*506)

( j f (k)T A ^ ,
Moreover, from equations (4*306) 

be expressed as

k = 1,2,...

, the ray vectors may

v  dû _  9 K(fe) ,
à *  £ y

where C ~ ! } 2, 3 and /s = / , 2-, * - • ; J  . Thus 

the total energy tensor describing a ’j - fold1 gravit

ational radiation field in a Friedmann background is

given by
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E 6 l y k.--/
/ r J crC^Y ,/(&) j)<k)
' 2. 4 -  ¿ r ( A  i  ,

trn
y\
E

Af  .Uj

X 2

/A

L J^ ( K (k>f E Jc ,
k‘ t '

i ,  e  p e a ;  t f ,
(4.507)

£ „ ■  p  W X V t X ,
Eft

where

i  =4 rn = 1 , 2 , 3 .

If an isotropic field of radiation in a cosmological 

background is desired, the value of E  in equations

(4.507) may be allowed to run from one to infinity, each 

value of E  corresponding to a different direction of 

flow. Thus, the energy tensor of an isotropic gravitation-
r— LSO

al radiation field, L i , may be denoted by the following

expressions
GO

¿So
L .  ■ ■ ~

±  J
y z e ,

O  tSo _  

^~ cm
t y 0 0

y 2- k E i

r—  ISO
h  • ~
*— L f

0  r-
•

/  5 k f !

__ ¿Sn ! __ Oo
E  zz.

L  24. L}. y + t

sZ

( >0 / ,

(4.508)

where once again L  ^  m  ~ /, 2 ,  3 . it must be 

emphasised, however, that the infinite sum is only a 

notational device to express t!:e notion of adding over



all directions to obtain the desired isotropic field.

The sum itself cannot contain the necessary information to 

uniquely evaluate the contributions made by the summands.

In order to do this, it is necessary to express the infinite

summations of equations (¿*.508) as intern

From the eikonal equation, it is known that

z J ( / ,
c - / 00

for each value of , where the ~L • , 8 ~ ! ,  2-, 3 »

are given by 

b;■P"' a vOS OC
(k)
i ■

PO ,
(4.509)

Here 0( ¿ is the angle subtended by the direction of
/ d o  ^  i

propagation of the wave n /xS and the ^  axis, where 

the coordinate identifications employed in equation (4.301) 

are adopted.

Now consider one wave component of the total field 

which, locally and in the 3-space 73 = constant, has its

wave front normal passing through the coordinate origin.

In order to establish an integral representation of equations

(4.508), the polar angles CU~ , ft are introduced in 

Figure 1.

Each value of M, is assigned to one of an infinity 

of different directions of radiative flow. So, as k„ 

varies, the continuum variables o r  , ^  change accordingly.

The propagation vector considered in Figure 1 corresponds 

to a wave component n ^  , for a particular value of K. . 

Thus the superscript ( k.) is suppressed for convenience.

From equation (4*509)? the direction cosines of the prop- 

agation vector may be expressed in terms of the polar



Fig. 1.
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angles CcT , p  as follows,

= cgS = SinuSccsp ,

r COS C<£ = ¿"7 ̂  ̂  ^  »

^ - COci) CX'̂  •“ 60 .
3

■(4.510)

_  a?o
Finally, before • evaluating the components of ¡Z. y,u ,qucmtifc.es r̂ fe)
consider the auo.ntio& Jir', > ' ' appearing in the equations

o?"{k) u'(k)
(4.508). From Section 4* 3; 'S end A  are, of 

course, constants for any one particular value of k. . 

However, the assignment of superscripts to these constants 

implies that the values they may take are allowed to 

change, as k. varies, or equivalently, as the direction 

of radiative flow changes. That is

■(<*,#) , K (k)=

In the following, however, it will be supposed that 

90  ('^  A  p o  2 -  oC = OOTnstasxt ,
(4.511)

¿So

u - ( 

for all k ..

The components of E-^s> may now be determined by 

expressing the summations in equations (4.508) as integrals, 

and then integrating over all directions. Firstly,
r- Iso

consider t i ,, , given by

£  T  = -y-z S °  S (L)( K (k )t i k))  Z.
'  h -l

If we employ the equations (4.510) and (4.5H), this 

may be written
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t— ISO / r 71 2 2- , /  / /  /£,, 3 yX Jo J oL SincJ-ccS (/-' ( Sir) uSd '(ciosj 

=. ci,^ J ~  r  sin 3uJ~ ̂  'j ~ Z7Voco '?\/y oC^J d a T

-A
7 T

>

✓\ ?/ * 1?
<5'//o caT C-LaT  — ^  ,

/ * vy c? - v
¿c

5 /

¿so
2Z

¿̂So , r 7* r Z7V 2 0 , / , \
E 22- =• 772 / / E  Sin uS Sin ip (sin uSoLf, d<jJ )

y\ 2 ¿s’ q
- eL2J  Sin 3uS ( Jo " Sin1 tp dp J cEx

Proceeding in this way, we may express E ^  as

A £
-  7LsEr f  s i n 3u T cC u jr  -  Z±2LsE  . 

X ̂  °o 3 Y 1
Similarly

¿y0 / /-7T /2)TE.3 3 ~
/
/ r ' f  ̂ & o ✓ \
~ j2 V  o L  6ou CcT 5 £a J" Co i '  o L u j ' j

n l
O-rr j f  p7T 2. , ,
£ H £ r  /  cod CArs/n u f c C u x  =
^/2 ‘-/o o x/2.

2vJ>

5/-
¿So

The remaining diagonal component E  ¿¿¿¿. may 'oe evaluated 

in a similar fashion,

£  = i ,  / y ^ ^ X s t n u r c U t  c o a - )
w  y 1* -w/ o

=r En-cSC
7' 2

/

<\2
(  S in  uS  oClaJ~ —  ' E / ‘ o<~

J o - y ?  *

To complete the calculation, the off-diagonal components 

of £  , are given by
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CSo

tl  =  

¿SO _

/3

¿50

E 

E

r  _ 
c 23 “ /

/— ¿So
L m. —

, 7T /"27T 2.
yz f  [ Sin3oJ Sin ft cô ft cLftctoJ - O
/  <J C

/ a 5’-71' a2- 2 ,/ / / ,
~-2 / J at Sin hr osoceS ocnft cLftcLuT -  O  f
/  v / O  J  O

/ ẑ77 r2ns)2" 2J  J  o/£? <xT Sin ft O-Cftoiuj ~ O

n r 7r ^2rr n 2-
EL l I (5c  s>'nzocr o o d  ft deft ctus -  q
y 3  -2o ivo

f— *° = 9  
L~ ** ~ y s . f f o£ SinZuf 37n ft oC</ UuT —  0  , 

'-'o '-'o

o d  ¿in of cCftci.oX = 0 t

. Thus the energy tensor of 

an isotropic gravitational radiation field in a Friedmann 

universe may be represented by the following i+ X 4 array,

(h.512)

where

¿ftft —  ftirr ¿ft ~ cjcmStcu)t.

From equations (Zf.Zj.0if), we may write
¿SO

£  - - ,
¿90

E  \ »

£ t5°33 5 -  p z  z ,

¿So
£  %  = ftr  .

inspection of equation (4.512), the pressure components



ICC

for the isotropic field tensor satisfy

P**- ~ P m  ~ P 2
¿so a

/3 may be written

" ' (¿+.513)

so that the components tz 
¿60 , „ 2.

5  h  =

' Z i  "  P  Y' ,

¿so a

¿So

-

3  y *

E tv- _ If«. = 3>>' •
y

where no summation is implied by repeated latin indices.

Moreover/ from the equations (4*513) it is found that 
¿So

E *« = O ,
which implies that the radiation pressure JPV of the iso

tropic field is related to the radiation energy density

jO r in the following manner

/
Tr r (4*514)

4.6 Properties of an isotropic gravitational radiation 

field in a Friedmann universe.

Now that we have the results (4.512) and (4.514)
- if So

the equivalence of CL and the energy tensor of a

perfect fluid distribution is easily demonstrated. Let 

the perfect fluid energy tensor be denoted by

P = ( p ^ + f 0 * )  p * >  (4.6OI)

where ¿Put is given by equations (4*206), and where JZ>̂  , 

and CLjjj represent the pressure, density and energy
—J— -7%-

flow vector respectively of the medium described by / ^  .

This is not to be confused with equation (3.308). The 
~r~ >v

components of l ^  are given by
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Tu= ( p * +  . p * X < f " +  y > ~?

t :q_ -( P̂  x x ^ T -

r *  = ( r * + f t * )  <“ *  • 

T *  =  ( p * + f i * )  6 6 ?  a t  ,

where i , j  = / 2 , 3  and C * J  If the
i>To

components of £  ^ given by equation (if.512) are
~j— -X

equated to the corresponding components of \ ^ y> , the 

following relationships result,

( u - * X =  ’
/  £ -  
! 3T 2 ‘

-/
(4.603)>

( u - * T =
/  X
l  y 'h +  p * } ( p * f

„ * ) -  
P  )  ,

(4.604)

*  * 
LL- (M ; 

0 J = O 1
(4.605)

X  < = O ; (4.606)

where again C > J  = /, 2 ,  3 and 6 Thus, if

we let

'
n
*

III

'
b

Y ' ~

3 / *  ’ (4.607)
_Pv

then equation (4.603) is satisfied provided that CM  ̂ -  CJ f

^ ~ X  -2 , 3 . This result also ensures that equations 

(4.605) and (4.606) are satisfied. From equation (4.607), 

the remaining equation (4.604) becomes



- 102 »

Finally if we set

~)(r - _ ÒÙ
i°  i° r  y q -

then equation (4.608) gives 

« )  z = / •

Thus, the energy representation given by equation (4.601) .
iso

may be shown to be equivalent to ¡Zllv> provided a comoving 

coordinate system is chosen in which

2.

LL* = i ,
* _

°  ; 6 - 1 , 2 ,  3 . ■ (4.609)

This implies that the coordinates are adjusted to ensure 

that the 'spherical1 surface "C -  constant moves with 

the radiative energy distribution as it expands in the 

cosmological model. Thus the energy of an isotropic 

gravitational radiation field may be described by a 

perfect fluid energy tensor in a comoving system, where 

the equation of state is given by equation (4*514).

A further property of the radiation field may be 

demonstrated by consideration of the gravitational 'Poynting 

vector' proposed by Isaacson (1968b),

P “ = ( S ^ - (a h ')« (ob) )  r- (°b )
(X  LX'.,  J  E- LX (4.610)

It is introduced by analogy with the Poynting vector of

electromagnetism. Here P "  describes the flow of

gravitational energy measured by an observer with a time-
(ob) rr /.¿P

like 4-vector 44 ̂  . If in equation (4.610) is

given by equation (4.512) and the observer is regarded 

as participating in the universal expansion, that is

6̂ 6 JLL -  LL A , then
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CSO
E ¿ 4 O , i = ! ,z ,  3.

Therefore at each conoving point there is no net energy 

transfer from one region of the model to another, a 

property to be expected of am isotropic cosmological 

radiation field.

The results obtained in this Chapter have been derived 

using a Friedmann background specified'by Kj ~ O  , and 

apply only to free radiation since no interaction occurs 

betv/een the radiation and the perfect fluid medium in 

this approximation, as shown in Section 3»3*

However, the conclusions drawn will be regarded as 

sufficient justification for the Isaacson and Winicour 

hypothesis.
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Chapter 5.

Gravitational radiation in cosmology: a description of 

the effects of an isotropic gravitational radiation fic-ld 

upon a Friedmann universe.

5.1 The cosmological field equations.

In the precepding Chapter a study of a cosmological 

gravitational radiation field has been attempted by consid 

eration of the equations (3.352) and (3.356). Now we 

undertake an investigation of the effects that such a 

radiation field may have upon the cosmological model 

containing it. However with our present meagre knowledge 

of the mechanisms by which gravitational radiation is 

generated, we should point out that this analysis must 

necessarily be of an exploratory nature.

The manner in which the background curvature of space-

time manifold is influenced by its material energy content 
(c) eff~ ~ r ~ p i  -/ jj.'? , ana by its radiative energy content

described by the equation (3.21/f), which is rewritten as

is

G

-o
S n  G  (  7 i - e ; ? j .

Co)
Here ^ ^  is defined by the equations (3.207) and 

(2.^05). It is convenient to abandon the dimensionless 

treatment adopted in Section 2.2. Henceforth natural 

c.g.s. units will be employed so that the Newtonian 

gravitational constant Cq , and the local velocity of

light C are given by
. , _ ~8 1 - 1 - 2 .CG — <6 - 6 (~i 8 X 10 cm o m SeeI cJ ’

c  =  Z.9J?-x /o'° cm s e c .
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To discoverthe appropriate form of equation (3.21/+), it

is necessary to discuss briefly what representations of
-T-(o') cr

the energy sources / ^  ana , and of the

background metric %̂  , are suitable in a cosmological 

model.

The matter content will again be regarded as a perfect 

fluid given by

¿Cva &T J ,  § i )  « v  -  v » # *  ' (5.101)

where m and 'jDm are the ^-velocity, density

a.nd pressure respectively of the material medium.

Now we consider the radiative energy content of the 

model. From Section 2.8 we know that it is the averaged 

effective field energy Eju.\> -  <( E/jlO ~ /> which is 

physically significant by virtue of its invariance properties 

in the high frequency limit. Therefore, the averaging 

technique defined by the equations (2.807) and (2»808) is

applied to equation (3.21/f) to give 
/ \ n __ y  - 7- Co) Zjf \

= - S n G < T % , +  E , y )

Since this average is taken effectively over a locally

Euclidean region oO of the manifold in which the 

background quantities &/jcJ , ^ ¡j.- . , and remain

approximately constant, the above equation may be written

as

= - S i r  G ( - +  <( f

or
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(°) L r- ~)
/̂.v> /  > (5 .102)

if the gravitational radiation field is isotropic. 
j— is o

The form of for an isotropic field of free radiation

in a Friedmann universe has been investigated for the case

K  = o  in Chapter 4> where is the space curvature

constant. There it was possible to demonstrate that
iso

E- fj.\> could be represented by a perfect fluid energy 

tensor in a comoving system, with the equations (4*513) 

and (4.314) describing the radiation energy density (Or , 

and the radiation pressure jP>r  . In what follows it is 

assumed that an isotropic gravitational radiation field 

which actively interacts with the matter content of a 

Friedmann model with K  = ~i, 0 or +1 may also be described 

by a perfect fluid in a comoving system. That is

^  = 0 ~  p T  ' (5.103)

where the flow 4-vectors C C of the radiation energy 

distribution, given by the equations (4.609)> correspond 

to the same comoving system as that which describes the 

material flow. For an interacting radiation field the 

cc TC relationship is abandoned for reasons which 

will become evident later, whereas it is assumed that the 

equation of state given by

is preserved.

±  2.

3 /°r C , (5.104)

For a general value of the space curvature constant
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/C , the background metric (fus? representing the cosmo

logical model is given by equation (4.202). In terms of 

spherical polar coordinates Y' , oj" , Kfj and cosmic

time U , this becomes

dou = d t z
. % r  , „ z - l (5-105)>n ClT cCfe >1<i ( t ) S - h  T ciol -A  T  Si'n'ĉ d jr ^

c * < (  / +  K ' r  2 J

where the- mean motion of energy in the model is given 

by the space-time geodesics = constant, OS' ~ constant, 

9̂  = constant. Substitution of the-equations (.‘5.101),

(5.103) and (5.105) into the equation (5.102) gives the 

cosmological field equations,

--f' $ ( p m + f ° r)  = ( h f +
t c c 2'

r , "
(5 .106)

S ttQ  -p _ _ 272. _ 
c2 * 72

_ K c 2 /  78 ) Z (5.107)782 ( 7 d )  ’
relating the scale factor , to the energy content

of the model. Here ^  - d I Z / d t  and the conditions 

T m -  O and A = Q  are assumed, 'where A  is the 

cosmical constant. If equation (5 .IO6) is multiplied 

by y differentiated with respect to time and then

combined with equation (5.107), it is found that

+ * ) « } +  f i g  • 0 .i t  / w ™  ■ m  -  - (5.108)

This will be referred to as the 'conservation of energy' 

equation.

We now introduce four parameters which will be useful 

in the subsequent analysis of the equations (5.106) and

(5.107). Let t  = t  l be some preassigned instant in 

cosmic time. The Hubble parameter at time -  1t i is
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defined as follows,

H l = 5 ^  ’ (5.109)
1 Z ( t O  TZi

where has the dimensions of sec 1 . If ,

the •Hubble time' H ?  may be regarded as an approximate 

value of the age of the cosmological model at the instant
t = t i .

The acceleration parameter at time ij — is given

by

%
£  ■„ (  £, 

R i l  £ v

2

(5.U0)

where 0)^ is a pure number. Thus if

^  °  > (5.U1)

then the expansion of the model is decelerating at time 

t - u  , whereas

% l < o >

implies an acceleration at time t = t c  .
Finally, it is convenient to introduce the following 

density parameters,

li•o
bu Z/-7 r Q  /Ori 

3 H ?  r
7 (5.112)

i fOw
3 H : 2-

7 (5.115)
where

II•o / O r ( t i )  , fO n , i
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5.2 On the origin of gravitational radiation in a 

Friedmann universe.

If the total mean density of the cosmological model 

is denoted by

/° = /°m + / V  ,

then at the present epoch ~t -  " t o , the equation (5.106) 

may be written

8 tt G 
3 <°*

Zo
Ko, ~h K C

'21 (5.201)

where a subscript zero implies that the variable to which 

it is assigned is evaluated at ~ ' b o  . Let the total 

density parameter at the present time be given by

<3 = j ÿ  Po-= e t c (5.202)

.onwhere H o is the Hubble parameter defined by equati 

(5.109)> evaluated at time t  = t a . Rearranging equation 

(5.201), we find that the sign of /'C in the model is

determined by the present value of the total density

since

* =  ( Ko He.
c < z -  0  ■ (5.203

Thus, if the density parameter satisfies CT < jp } the 

model will be an open one in which the expansion phase 

continues indefinitely. On the other hand, if the density 

parameter is such that ^ jp the resulting model will 

be closed, and will recontract after reaching some 

maximum ’radius*. The critical value that corresponds

to the /C - O  case is given by

( T  -  -L .
Uo ~ Z
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If a Hubble time of H~'= 2* IG " years (Sandage and

Tammann, 1974) is employed, this implies that the critical

density is 

/O ^ iG ritix a L j
3 Hp

S tt G
4 .x 10 Qm cm J .

(5.204)

In an effort to determine whether the observed mean 

density parameter of the Universe is larger or smaller 

than the critical value, Oort (1953) and Shapiro (1971) 

among others, have estimated its value for luminous matter 

with the result that

Q- cjoLayS&S^ prp O. O i  ■

In a more recent study however, Field (1972) concludes that 

the density parameter of inter-galactic matter could be as 

high as

6 1 ( / . C l)  - 0 . 5 ,

where

crmo = 5;Q o t o t c i u )  v- ô ÿ  (  /.a i . ;.

Further, the density parameter of the electromagnetic 

radiation content of the Universe has been estimated to 

be of the order 10 . Throughout the remainder of this

discussion however electromagnetic radiation will not be 

considered.

Thus, the evidence from observations of the galactic 

material content of the Universe alone suggests that

which implies, from equation (5 .203), that K, = ~  / •

At this point in the discussion however the so-called
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'missing mass' problem arises. This is adequately summar

ised by Partridge (1969) when he comments that "some cosmo

logies feel that the Universe is, of philosophically 

ought to be, closed". Those who subscribe to this idea 

argue that there must therefore be 'missing matter* in 

amounts sufficient to bring C£ up to a value greater than 

the critical value, to ensure that + / . The notion

that a gravitational radiation field may pervade the cosmos 

has from time to time been regarded as a way to resolve 

this 'problem', since the radiation field may be attributed 

with an energy density sufficient to ensure that CT0 s' JT 

Kafka (1970), Bertotti and Cavaliere (1971) and 

Isaacson and Winicour (1972, 1973) have presented studies 

of the cosmological effects of gravitational radiation.

In each of these, a large radiation energy density has 

been adopted although not for any reason related to the 

missing mass enigma. During the early 1970's theoretical 

models of this kind were influenced by the only observational 

evidence then available, that obtained by Weber (1967,

1969, 1970) from his system of two radiation detectors, 

one sited at the University of Maryland and the other 1000 

kilometers away in Chicago. He had reported strong 

bursts of gravitational radiation which appeared to be 

eminati^ng from the Galactic Centre, and which suggested 

that the Galaxy was being converted into gravitational
p —  /

waves at a rate of approximately fO q f j7" . Thus, 

as well as accounting for the common use of large radiation 

density parameters in models, Weber's results also provided
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stimulus to the hypothesis that the postulated Universal 
gravitational radiation field had been generated by 
processes occuring within galaxies. V.e will henceforth 
refer to this as the ’ galactic hypothesis'. I f  the 
radiation field was created in this way, contributions 
of the radiative energy to the evolution of the Universe 
can be significant only during the galactic era. We will 
have reason to consider the galactic hypothesis in more 
detail later.

An alternative to the galactic hypothesis is that of

the 'cosmological hypothesis', which supposes that the
gravitational radiation field was created during the
'fireball' phase of the Universe and has thus had an
influence upon the cosmological evolution ever since.
This alternative hypothesis has, however, been forcibly
argued against by Kafka in light of the large radiation
density parameter suggested by Weber's experiment. Adoptin
the cosmological hypothesis, and assuming that Oro •“ 5
and /\ = o  , he assessed the present age of the resulting

cosmological model to be O - 2 / J -  H o  1 . This corresponds
9to an age of approximately H~-o * 1 0  years which 

Kafka concluded was an uncomfortably short estimate. In 
further defence of the cosmological hypothesis, he then 
invoked the possibility that 0 in order to find models
with ages compatible with other dating methods. However, 
an investigation of these models uncovered further 
difficulties in that they exhibited antipoles at redshifts 
z < 0 - 5  . Assuming the large radiation density
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suggested by Weber's observations, Kafka found no way 
to reconcile the cosmological hypothesis with models 
possessing suitable age estimates, and therefore concluded 
"that a cosmological origin of gravitational radiation 
should be abandoned". This gave a further, theoretical, 
impetus to the galactic hypothesis which was later persued 
by Bertotti and • Cavaliere, and Isaacson and V/inicour.

The present observational climate suggests that Kafka's 
estimate of &~ro was undu/Ly large. Many experiments in 
gravitational radiation detection have, been attempted 
since Weber's pioneering efforts, with instruments of 
greater sensitivity, and as yet Weber's results have not 
been confirmed. In fact, null results have been reported, 

see for example Tyson (1973)* Hence i f  we abandon Kafka's 
premise that <̂'r o = &  , his objections to the cosmological
origin of gravitational radiation are overcome, and the 
question as to whether we adopt the cosmological hypothesis 
or the galactic hypothesis is again an open one.

In what follows both possibilities will be considered, 
although the galactic hypothesis will receive the greater 
attention.

3 .3 Some remarks on the Isaacson and V/inicour model
of the Universe.

The numerical analysis presented by Isaacson and 
V/inicour (IV/) in their 1973 paper was a thorough investi
gation of the consequences of the galactic hypothesis in 
a cosmological model for the range of cosmic time up to the 
present epoch. Although the results of such a treatment



will depend to some extent upon the way in which the

galactic hypothesis is expressed mathematically, the

initial assumptions of IW provide a sufficiently general 

formulation of the problem in light of the present ignorance 

of the rate at which radiative energy might accumulate in 

the Universe. To specify the 'profile' of the radiation 

energy during the expansion, IW chose the following 

functional dependence of /O, upon time,

^  / a  y-**-Pr - Pro ( , (5.301)

where the index V5 is a constant, and where fOrQ is the 

present gravitational radiation energy density. This in 

itself is not, however, a statement of the galactic hypothesis. 

If we define

to be the radiation energy content and the matter energy 

content of the model respectively, then the galactic 

hypothesis may be given expression by writing

That is, the amount of energy present due to the radiation 

at the initial instant is zero.

The equations (5.301) and (5*303) provide the basis of 

the IW model. The second of these imposes a restriction

O  as O. (3.303)

upon the value of V* in equation (5 *301) given by

V> > / , (5.30/f)

which may be regarded as a statement of the galactic hypothesis 

in these models.



-  115  -

What is the physical significance of assigning a value 

to the parameter V’ outside this range? To answer this 

we consider a mass A] of the material content of the model, 

which is contained within a coordinate volume V. Here 

v  is a time independent quantity, once the values of A  , 

ur, p  defining its boundary are specified. The physical 

volume zr corresponding to V  is given by

v ( t ) .  = Z 3(t)Y.

If a situation is envisaged in which matter energy does
$

not undergo conversion into any other forra of energy, 

then V  will always contain a mass /M of material.

Thus, consideration of the volume zr gives the density of 

matter as a function of time,

Pm ( t )  =
p i p \

v(t) Y \ t ) Y
Hence,

CoYiStoj^t .^  p  0 _ /A _
/ t w < c  - —  - * (5.3055

The substitution of equation (5.IO4) into equation (5.103)

modifies the conservation of energy equation to give

¿ u J  ^  ' R . d i { ̂  y  ~ (5.306)
If equation (5*305) is now substituted into this, then

p r  H. ^  ~ CrnStory.fr ,
(5.307)

which, from equation (4.5 1 3 )5 is the time dependence of 

the energy density of a ’free' isotropic gravitational 

radiation field. Comparing equation (5.301) with (5.307)

we may conclude that the value V*= O  corresponds to- a 

model in which there is no conversion of matter into
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radiation, and in which radiation contributes to the 

energy content throughout its entire history. Moreover,

in equation (5 *301) provides a condition representing the 

imposition of the cosmological hypothesis in an IW universe, 

since the statement (5*303) is not satisfied.

Following IW, in the remainder of this chapter we will 

restrict our attention to the galactic hypothesis. That 

is, V* is given by (5 .30if).

Some information regarding the ultimate fate of an IW 

model universe may be obtained by consideration of equation 

(5*306). If equation (5*301) is introduced into equation 

(5*306) it is found that

restricting v-5 to the range

o  $ ^  i  / , (5*308)

which becomes
v>~/

O  .

This may be integrated to give

where is a constant of integration given by

Thus
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It follows from this equation that the continued generation 

of the radiation at a rate given by equation (5*301) 

could lead to a negative matter density in the model.

To see this, we observe that there exists an instant ~b -  t  $ 

in cosmic time at which the matter density (Om falls to 

zero, provided that the scale factor satisfies

' Z ( t )  >  o  , «  t  $  t o  ,

and given that both (Orn0 , ^0ro are positive. This type 

of scale factor behaviour will certainly be exhibited by 

models in which K- =■ O  , — / , as well as in some K^= + I

cases. From equation (5*309)> the value of — /^c

is given by

■D _  P  { ( y -  O P r n o  -i- O / Q j- q y - ‘

= ' 7  V  (O-ro 7
(5.310)

By the definition of the radiation energy density (5*301), 

’generation’ will continue in the IW model for values of 

Tv s' and, provided that it continues to increase,

equation (5 *309) implies that

< o  t  t c (5.31D

So, although the model has proved to be an adequate des

cription of the situation examined by IV/, its final fate 

under certain circumstances is one of physical unaccept

ability.

If such a generation of gravitational radiation was 

occuring in the physical Universe, a situation character

ized by equation (5 *311) would be unlikely to arise in any 

case, since it would be difficult to conceive of any
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mechanism capable of 'driving' the generation as the value 

of the density of matter approached zero. In an attempt 

to account for this, and to overcome the problems outlined 

above, the following scheme is proposed to produce a model 

containing gravitational radiation which is physically 

acceptable for all values of the cosmic time.

We will envisage a point source cosmological model in

which the’ condition (5*303) is satisfied. As the model

expands, the radiation energy density will be described by
form

a 'profile' equation of the^(5 .301) until some moment 

t  = t ,  < t "  is reached. At this instant it is supposed 

that the generation of radiation ceases, and this is follow

ed by a period of time . > ~t, during which the remaining

matter and the radiation coexist in a noninteracting state. 

In IV/ models which formally suffered from problems of the 

type expressed in equation (5*311), in particular the 

/C — 0 , - 1  cases, the instant C  = ~bt would presume-

ably correspond to an epoch in the model's history by which 

time much of its material content had finally settled into 

'dead' condensations - dark dwarfs, collapsed stars, perhaps 

even collapsed galaxies. A schematic representation of 

the proposed model is given in Figure 2.

Since the energy distribution of the proposed model is 

different on either side of the time boundary ~t = "fc/ , 

correspondingly the model's behaviour on either side of this 

boundary is described by different solutions of the cosmo

logical equations (5*106) and (5*306). That is, the 

Universe is represented by two different Friedmann models, 

one describing the 'generation era' up until "6 = t/ and



R(0) = 0. 

Er(0) = 0.

TIME AT WHICH 
GENERATION 

CEASES.

FORMATION OF THE 
GALAXIES. THE 
MATERIAL CONTENT 
OF THE MODEL IS 
CONVERTED TO GRAVI
TATIONAL RADIATION, 
AS IN IW UNIVERSES.

t = 0. t

MATTER AND RADIA
TION COEXIST IN 
NONINTERACTING 
STATE.

____I___________________________

t = t., <  t . COSMIC TIME--5»1 c

Fig. 2 The proposed model.
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the other describing the 'noninteraction era' thereafter. 

Thus, before we may begin to construct the model universe 

outlined in Figure 2, it is necessary to discuss the 

continuity conditions required to 'mate' the two Friedmann 

models at t = t/ .

1 5 . k O i )

5 »k Continuity of two Friedmann models at any Instant

t  - t ,

Let the region of space-time bounded by 0  t' ^ ^  

be denoted by ,0 , and let the region for which t  > t/

be denoted by /S . We will suppose that the energy distri 

bution that specifies the geometry of 3  differs from that 

of ¿3 , and that both S  and ¿3 possess the properties

of homogeneity and isotropy. Thus, in /3 , the space-time 

interval may be expressed as

cirx 2 - c C t2'

_  d r -z-t  r 1c tu S ' +- Y zSin2c< jo i)3  i

~cF  ̂ J
where it v/ill be supposed that , "pft) represent

the total density and pressure respectively for O  $ 3 ^ 

Similarly, the metric in S  will be given by

<*&* = * * *  (5.W 2 )
_  13 2( ^ ) J  d ?  V  y  ZoL aJ~Z-h Y ̂ sinuJ- cLip 1 f

C 2- l  ( I  T  ' '
where the total density and pressure in ¡3 v/ill be 

denoted by , p  ( 3 ) .

It is assumed that, in equations (5.1-01) and (5.^02), 

the cosmic time cT is continuous. In the 'interconnecting 

three dimensional space ~C — o-/ , v/hich we shall call ¿Dj ,
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it will be supposed that each point may be uniquely spec

ified by three spatial coordinates ^ / > 9̂ / *

addition, the space curvature constant and the fundamental 

velocity will be required to satisfy

c ~ C , K* fC. (5 .4 0 3 )
We now consider a comoving observer O in the space /S 

at the point F  , « T * »  , ^  t ™ ) .  As ~t

increases, the coordinates of 0  will be given by 

(  f OJ'*'  ̂ )  so that as

t" 3  , T (  }

where 3  ) is a point belonging to S i with the coordin

ates

F cf ,

(r, , c*r,, if,, ) - ( r (°tffi»).
Now at some time - t = t (0)> t ,  , the observer o  is 

located at a point P * > ( ? * », < S r 4  t ® )

belonging to /S • 1° define a suitable continuation of
-Q C°)

the coordinate system in /O , the point / will be 

chosen such that

p  (°) ^  3 i j f r°rn S  .

This implies that the position of O  at all times in S  

is given by

(?, Sr, ?, *)= t),
since r  , u j -  , y, are comoving coordinates. Hence, 

a single coordinate system may be employed

to specify space-time positions for all values of the cosmic

time.
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It is now supposed that the space-time interval between 

two comoving observers O and O is given by in S '

and by £ J in s . if

a Cc> -> CL(Q/ as t t , y->crn a  ,

then the value 0f o £  in s is chosen so

(0)
Co ^

&■
a , as t  -> £ J Wi s ,

thus ensuring the continuity of CL at the boundary t  = 

Adopting these results and suppositions, we may rewrite 

equation (5.402) as

e ta 2 = cL-t2 , .
_  (5.404)

-  Y / y 1d u S 2~~h TZSm ̂ uSol<S z J
Cz~ l (I f  tcry^y^—  J '

for the metric of space-time in S  • From a comparison 

of equations (5 .401) and (5.404)> it is possible to infer 

that the scale factor is continuous at t = "t, as a 

consequence of the continuity of CL at t - . That is

/Y ( t )  -> K tP ,) a* t  -f  t,jfrcrm £  , £ (5 ,^05)

£(£) £(t,) aS ( Jrtrm £. J
For the sake of brevity, we will henceforth adopt the 

following notation. If a function i? (~t) in £  , and 

its continuation z z £ j  in O  , is continuous at ~t = "fc/ 

such that

Z - ( t )  jE ( t , )  as -t -> t ,  £  ,

Z . ( t )  ¿ ( t , )  0* t  t, jfrann £  f

then we write
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Thus, the continuity of the scale factor as expressed in 

equation (5*405) is written as

P't • (5.406)

The transition from the space /S to the space ¿¡p 

will be regarded as physically acceptable provided that 

the density and the pressure of the energy distribution 

are continuous at ~t - ~t/ . The continuity conditions at 

t = t ,  required to ensure such a transition will now be 

discussed. The cosmological field equations for the 

density are

Sir G] 
~3
8rr G\

3

¿CC
-Rj-
k c 2~

2.
7Z

o $  t  < t ,  y

y ^ W  1

(5.407)

whereas those that describe the pressure are given by

c 2-
S t tG?

?  =
2JZ ACC2!

m -
<9

p  =
- i f l  __ K C Z - / & )2

1Z V /P // >

.408)

-t > -b,

Hence, given equation (5.406), a sufficient condition to 

ensure that the density is continuous at is, from

the equations (5*407),

p  - p
■ (5.409)

Similarly, by an inspection of equations (5.408), the 

equations (5*406) and (5*409) imply that the pressure is
, . , j---f-contmuous at L ~ w

z ,  = z ,  .

provided that

(5.410)



- 123 -

Alternatively, by consideration of the conservation of 

energy equation,

^ ( p Z 3)  =
cttK‘ '

and given equations (5.406) and (5.409), another 

condition that provides a continuous pressure at "t - "6/ is 

given by

/°i ~ /°i > (5.411)

which is a statement equivalent to the condition (5.410).

Thus the continuity conditions (5.403), (5.406), (5.409)

and (5 *410) or (5*411) are those required to ensure a

physically acceptable passage from the space JS to the
c*space yO .

The problem of joining two solutions of Einstein’s 

equations across a boundary

— cemstcurt = O > Ctf = ! } 2., 3, ¿4-,

has been examined previously. For instance, Lichnerowicz 

(1955) has claimed that suitable junction conditions are 

that the metric tensor ^  , and all of its first partial 

derivatives , should be continuous at the boundary.

A similar investigation led O'Brien and Synge (1952) to 

the conclusion that the and the c< , with the

possible exception of Lf. , should be continuous at

the boundary. Robson (1972) has, however, demonstrated 

that these sets of junction conditions are equivalent to 

one another provided that the ’boundary space' is a nonnull

- £ oLkL
C 2

... £  c Æ '  
cOt

o ̂  -6 < t, } 

•6 > t ,  ,



three dimensional space defined by an equation of the 

form

ij — Constan t  — O  .

Since the transition from £  to £  is of this nature, 

we need only discuss one set of conditions, say the 

Lichnerowicz set, to describe the junction of two Friedmann 

models at L -  't, . By an inspection of the metrics 

(5.401) and (5.404), the junction conditions of Lichnerowic 

imply that

/V/ “ * (5.412)

With reference to our discussion of ’physically accept

able' continuity conditions, the equations (5 .412) show 

that the Lichnerowicz conditions require only the density 

of the Friedmann models to be continuous at ~C ~ ty .

That is, in general they do not imply that the pressure 

need be continuous at the boundary.

However, in the particular case of the model universe 

proposed in Figure 2, the imposition of the Lichnerowicz 

conditions (5 .412) are sufficient to ensure continuity of 

the pressure. To see this, we note that the radiation 

density in this model is defined by the following equations

/ 0 . r oc 7?. ^  ^ ; O $

¡ 0  r c c z - * > t >

:e, from equations (5..412) we

/°r, -

¡over the pressure in this moc

(5.415)
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equation (5.10^),

?  - Pr •= 3' /°r c * , O V t  <  t , ,

?  = P r
- / ~

3 ( ° r Ca ,
j .C > j -

w  •

Thus, from the condition (5. **13) it -L s possible bo conclude

that

?> = ? , •

Previously we have demonsitrated that -i .
u :  j.is result leads to

the condition (5.^10), or the equivalent statement (5.¿ill). 
Hence the imposition of the Lichnerowicz conditions (5.^12) 
at ~t ~~L/ in the particular case of the model proposed in
Figure 2 automatically ensures a physically acceptable

o' oftransition from /O t o  ¿ S .

5.5 Uniform models of the Universe containing matter
and gravitational radiation.

( I ) Introduction.
In this Section we investigate further the model of 

the Universe outlined briefly in Section 5*3* V/ith 
reference to Figure 2, the cosmological parameters def
ined previously are now expressed in terms of time "0 — y  , 

the instant at which the generation of gravitational 
radiation ceases. We have

rC  C tt  ) y é ,

P  ( Jc ) 1<Li

s  /rO i ( g , ) (I) 2 ?
o  ( •p // \ /V-/ /
//--(C ,— -v-7
? u  a-i !

l^ rn i ; r;
/»

3 H,
/On

(5.501)

(5.502)

(5.503)
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At the instant 't = "t/ , the cosmological field equations 

(5*106) and (5.107) become

6 (  crm, ■ , r  1 - ’ J- 3 K 'C ~+ c r „ ) = 3 2- U 2
K H ,

9
2  <yrt = l K C

which imnly that

+ / ” 3<rm , ) ,
(5.504)

“ °~rr,i +  -2°V/ • (5-505)

Substituting equation (5 .505) into equation (5.504), we 

find that

tc(.^ f =  -I +2. f  Cb),

so that the sign of /C in the model is now determined 

by the value of the total energy density

at time t  = t i  ■ ^ u s

fc = - i !f
t c  = o  ¡ f

K . =  - h ! 'J -

To describe the generation of radiative energy during 

the period 0 •$" "6 "6̂ , the IV/ equation (5«301) is expressed

in terms of the instant t  - t ,  as

~ f°r' (fit,) 9 O < t < ’t ,  , (5 ,^07)

and it is further assumed that the condition (5.304) is 

satisfied. That is, the galactic hypothesis is adopted. 

This immediately gives rise to questions as to which

C m ,

(5.506)
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sources of gravitational waves within galaxies are capable 

of generating a significant Universal energy density.

A number of astrophysical processes which are promising 

candidates in this respect have been investigated by many 

authors. Boccaletti, be Sabbata, Guaidi and Fortini 

(BSGF) (1968) have provided a review of the situation, and 

have made an estimate of the energy density of gravitational 

radiation resulting from such processes. Although many 

possible sources were discussed, including QSOs, super

novae, orbital encounters between stars in densely 

populated stellar regions and 'gravitational brernsstrahlung' 

due to thermal motions within stellar interiors, the authors 

conclude that the main contributors to the postulated 

gravitational radiation field are close binary systems. 

Working with the assumption that each galaxy contributes 

similar amounts of radiation in this way, B.SGF estimate

the mean energy density of gravitational radiation to be
-4.0 -3

approximately ¡0  gm cm for the present epoch, a value 

insignificant by comparison with the present mean density 

of matter.

It is reasonable to suppose, however, that this value 

represents only a lower bound. For instance, how reliable 

an estimate may be obtained, of the rate at which gravit

ational waves are generated within QSOs when there is no 

real appreciation of their physical nature? Further, 

other likely candidates such as neutron stars and blackholes 

have been omitted from BSGF's discussion. The former of 

these has been examined in great detail by Thorne (1969),
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who has concluded that neutron stars which pulsate in a 

nonspherical manner can give rise to considerably stronger 

gravitational emission than binary stars, It should be 

admitted however that, since there is no reliable way of 

assessing the spatial distribution of such objects within 

the Galaxy, their contribution to the Universal radiation 

field is difficult to estimate.

The latter candidate, the black hole, is predicted by 

general relativity theory, but as yet it has not been 

detected observationally. Despite this however, the 

presence of massive black holes in the nuclei of galaxies 

has been suggested many times. For example Hills (1975) 

discusses the possibility that the observed energy output 

of QSOs and Seyfert galaxies is supplied by violent astro- 

physical events associated v/ith the presence of a black hole 

at their centres. Although Hills neglects effects due to 

the emission of gravitational radiation, a crude estimate 

of the radiative power of such objects is forthcoming from 

his calculations. If the observed velocity dispersion and 

density of the stellar population at the centre of our 

own galaxy are adopted, then Hills' argument suggests that 

a 'seed blackhole' of mass 10/°?q , formed in the early 

history of the Galaxy, has had sufficient time to accum- 

ulate a mass of at least 3* 10 COo . Any massive object 

in orbit around this blackhole would be expected to spiral 

slowly inward, because of loss of energy through the release 

of gravitational radiation, before being captured.

Ruffini and Wheeler (1971) have shown that the rest mass 

of the material accreted by the blackhole would be converted
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into gravitational emission with a minimum efficiency of 

5%. Hence, the contribution to the mean energy density 

of gravitational radiation of this very modest object can 

be estimated to be at least of the same order of magnitude 

as the combined emission of all the afore mentioned binary 

star systems.

Another example cited by Hills is the Seyfert galaxy 

NGC 4151.' This object, being considerably denser than 

our own galaxy, provides an enviroment in which a blackhole 

with an initial mass of 10 fO q has had time to grow into 

a blackhole of mass 10 Again, assuming a modest

3% efficiency for the radiative process, we may conclude 

that NGC 4151 has a gravitation wave luminosity some six 

orders of magnitude larger than the binary system lumin

osity of our own galaxy.

Hence it is possible to infer that the galactic hypothesis 

may have provided an amount of gravitational radiation 

which is cosmologically significant at the present epoch. 

Moreover, during the period of time ~fcQ < , , gravi

tational radiation energy will continue to accumulate since, 

as BSGF point out, "the destruction rate of the gravitons 

is exceedingly smaller than the production rate".

(II) On the conversion of mass energy into gravitational 

radiation

As we have seen from Section 5*39 the use of equation 

(5*507) to describe the gravitational radiation energy 

density in the model implies, from equation (5 *309), that 

the matter, density is given by
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*r ) U\>~L
/ yj \ \>-t 1 ?
gbr j
f t j

(5-503)

Hence the matter energy content of the model during the 
'generation era1 is governed by the equation

v> \ rzi ; ; tp mR . = f in , +(  ̂ 7  - ( ^
/ 'p h n7

From this equation, the amount of material energy present 
initially may be expressed as

) } .  >>> !
' \ y>~l /  J  ’

since we have supposed that T^_ ( G J  ~ O  » Moreover, 
the amount present at time ~t ~  "Q , when the generation 
ceases, is given by

( p ,r , I t 3) ,  = P rn , P j  .

Hence i f  we express the mass energy lost to radiation during 

the generation era, as a fraction of the initial mass 
energy

fJb

then

- (jOm  (P rrP P P )i

( P m Z  3) ù  

P* r?

(5*509)

^  (3.510)

We note that this equation is not valid i f  /Om , , pp 

are such that

(v7- Q/Omt ^ f ° r ,  = O  •

Since v7 > / , this situation may only arise in one of

the following ways. Either (a) one density is negative 
and tne other positive, of (b) both density values are 

aero. The formel- situation we may dismiss on physical



- 13 1  -

grounds. If the latter statement is true, then equations 

(5.507) and (5.508) imply that and fd-r('t) will

be zero for all values of time O-f '6 ~fc / . This can

occur in / models only in the event that < > „  A =

Hence equation (5.510) is sound provided that we restrict 

our attention to models in which

( ( O m &  ) i  > O  .

This initial matter content acts as an energy source for 

the subsequent generation of gravitational radiation, so 

that some of it will be converted to radiation during the 

period Q  ^ ^ "6/ . Hence

> ( f i rr ,  H 3),»  °  *

which in turn implies, from equation (5*509) , that

O  < $ / . (5.5H)

The case O "  ^ ) ,  =  o  arises in the event that

t r t c , where the instant t  = t G corresponds to the epoch

in the model's history at which the matter density falls to

zero by virtue of the generation process.

Finally, multiplying equation (5.510) top and bottom

by A-TT Cj/  ( ' 3 H , )  , we may express jJ-* in its most

convenient form,
________ACJ-n _______

y  ~ [cv -  / ) crm , +  \> c r^ j (5.512)

This equation, and equation (5-505), provide a set of 

simultaneous equations in C/77/ , Or/ given by

JLL ( A -  !J 0~m/ V* ! )  CTr't — O  ,
o __

¿i. <J r j
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________

~ [2/j.( V - I )  -  ^  (f -1-- l ) J (5 .5U)

a - ... ____ ____________________  ,

where, given the conditions (5*304) and (5.511),

j\ f a Z jj- ( v> ~ 0 ~ (̂y*~1 ) > O .
If the matter and radiation densities are to be non

Their solutions are

negative at t~"t i , equation (5.505) or equations (5 .513)> 

(5.514) imply that

% ,  >' 0

in these models

at the instant 

ceases. Model

» (5.515)

. That is, the expansion is decelerating 

' t - t ,  , when the generation of radiation 

s in which

Qj < O  ,

are possible if the cosmical constant A  is nonzero.

(Ill) The scale factor 2 ( t )  of the models for O $ ̂  ^ A / , 

The cosmological field equations are given by (5.106) 

and (5.306). We have seen ihat if {Oy- is given by 

(5.507), then equation (5.306) implies that is given

by equation (5*508). Thus, the total density is given by

(y y - ( i r
We now use this result to solve equation (5.IO6) for

0 $  t  <  t / .

If the dimensionless variables

•p /pi y  / w
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are introduced, then the total density becomes

¡°m A
I

3'
P ' - f ö p - r y (5.516)

Similarly, a change of variables in the field equation 

(5.106) gives

+ K ( ê J r  -3
Introducing (5*516) into this equation, and using equations 

(5.503) and (5.504)> we find that
2 <rr,

y
CTm, 1

(V-/

($/" 5-'
- / +  Jo^,, .

A further substitution from equation (5.5-13) > (5*514) 

reduces this equation to its most convenient form,

/ h # ) 2 - ~  -/•‘A A
W X J  J V l  &  j  J  (5.517)

-  ( p-y - )  +  .

which describes the behaviour of the scale factor as a 

function of time, during the period 65 <T A  <  A/ • 

Particular models are specified by assigning a value to 

each of the parameters CQn> > A ' } ^ )  , where the permitted

ranges of values they may take axe given by (5 *515)> (5*511) 

and (5.304) respectively. The value of the space curva

ture constant hC in each model may be found by the use of 

equations (5*506), (5*513) and (5.514).

(IV) The scale factor A  r t ) of the models for t > t ,

During the period following the termination of radiation 

generation, we have supposed that the matter and radiation
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do not interact. As discussed in Section 5»3> this 

implies that

f^rr, AO “ AC , (°-n Z Ï .

These relationships rnay be seen to satisfy the field 

equation (3.306). Introducing the dimensionless variables

, X  = tH
we may write the total density as

/°m +  X r  -  iy
Hence the remaining field equation (3.106) for 'C ^
becomes

Z c inm i  - j— x l O r i  -  / C f

( d
+  K  f . ) Z

3 y
Finally, the substitution of equations (5.504), (3*513) 

and (5.514) into this equation gives

T ‘  X i  i  <>•»=>
-  +  / -

which describes the behaviour of the scale factor during 

the period ■fc > b , .

c/X

(V) Continuity conditions at t  = t, .

It was shown in Section 5.4 that a physically acceptable 

transition from S C ° ^ t < t i )  to is

ensured provided that the scale factor, and its first time 

derivative, are continuous across the boundary aS/ = t^i)•

The behaviours of m  in $  , and Z.O ') in £> ,

are described by the equations (5.517) and (5 .51S) respectively.
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Since it is supposed that the models have a point source 

origin, the constant of integration associated with the 

first order equation (5*51?) is chosen to ensure that

g ( 0 J  — O  . Then, as time increases, there will exist
V ■ o' , , . , a numoer A-/ m  kJ i sucn mat

fa ( t )  —> fa, as f  ~ti f  rom fa .

The continuity of the scale factor across c= fc, is ensured

by choosing the constant of integration that arises in the 

solution of equation (5*513) for 'R -(t) in k) , in such 

a v/ay that

fa(t) fa, cis t t, J«*” $■

Moreover, the equation (5*517) is a direct statement 

of the behaviour of dfafadt' in fa , whereas equation 

(5*518) is the corresponding statement for CtfC/^'i-t in 

fa . From equation (5*517), since fa / as "C 

from 5  , it follows that

o/fa/dt ± fa, fa, OS fa -5* t, j v o r n  fa ,

where the positive sign is taken if the scale factor is 

increasing at t = t , . Consideration of the eq U3,tiOH
A y

(^•5l8) for in jS shows that

d R L / d t  ^  H , fa , CLS fa t ,  jfro rry  fa  .

Hence, the first derivative of the scale factor is also 

continuous across S, , so that the conditions (5*^12) are 
satisfied by the models. As a consequence of this (see 

Section 5*4), both the density and the pressure in the models 

are continuous across the boundary space t  = t t .
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3.6 Solutions.

(I) Comments on the method of solution for in

S (o $ t < ti ) .
An inspection of equation (5*517)> which describes the 

behaviour o f i n  X  , shows that for general values of 

the index , analytic solutions of this equation are 

not available. Hence, the solutions will be sought 

numerically. The remainder of this subsection is devoted 

to a brief description of the iterative technique used to 

obtain these.

For the sake of brevity, let equation (5.517) he denoted

To generate the numerical solution, the Lj axis of the

X , Lf plane is divided into intervals of equal width A ,
/ tfc

so that the boundary values of the ^ interval satisfy
L+iy - y = A  ,

where Lj ** ~ ( X Now, if the values of 

on the solution curve of equation (5.517) are known for 

some value of U , then the value of A  may be found 

by the use of the following Taylor expansion,

x tH = x L+ A d x i(yi) + ,
where the value of 

L + !

(5 .601)

J  at X  - X  is given by

X +' = X  + A -
Hence, another point on the solution

curve of equation (5.517) has been obtained. By repeating
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these operations a sufficient number of times, we are able

to obtain the numerical solution of i j in $  .

Since a value of A = /O was chosen to perform the
Y L -+1

calculation, the error per evaluation of A by the use

of equation (3.601) may be expected to be of the order of 

Z\2 - /O . Moreover the range of ij in /S is 

° * 3 < l  so that the number of such evaluations made is 

of the order of /0 . Hence, we may estimate that the

. jO O .compmaximum deviation of the computed solution, 

from the true solution J < * >  of equation (5.317) will be 

given by

= y (x ) - h
Combining equation(5.517) and (5*601), we find that the 

computed solution is generated by

L + t

L + l

y ( 5 . 602 )

t l d ~
where the positive square root of equation (5.517) has 

been taken. To provide a starting point for the calcu

lation, suitable initial values ( X ' . H - )  are required. 

Although we have asserted that the models have a point 

source origin, the initial values ( X \ p ° ) = ( ° - o )  

are of no use in general since the explicit form of d f ( y )  

is not well behaved at -  O  . To overcome this problem 

it is observed from equation (5.517) that, if V5£ «2- t 

the value of y  as X  0  is governed by the differ

ential equation

¿ d - d  1

Jd  ¿ j
(
\ a x

\  2.
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which has a solution

U = /  x 2)  * .

o "vi
Hence, if we choose an initial value of jy ¡0  

and substitute it into the above equation, we obtain a 

suitable initial X value of

■9x° = ' 9 A fv X
9 v><7/r

¡0
i
I

(5.603)

If values are assigned to the parameters ( X  /"t; Cj, J),

a value for X  . is found from equation (5.603). The

substitution of ^  X ° > if° ) into equations (5.602) then
^  /* V ' 1 \gives another, subsequent point ( A  , U / on the solution 

curve. By the repeated use of equations (5.602) the 

numerical solution Lj in /S' may be generated. The 

iterative process is terminated when which, from

the definition of Lj , corresponds to the instant at which

¿/r / ' x = x t ( v > , = t , H, . (5>601t)
As indicated by the notation, the value of X  at -  I 

is dependent upon the parameters The value

of the dimensionless time variable X j  , should not be 

confused with the superscripted X  values associated with 

the equations (5.601).

(X) In S' (t>t,) .an Inalytic solutions of c/ (

The analytic solutions of equation (5.513) are readily 

available. Rearranging this equation slightly we find

;hat

y
O / ,a/'—•  ̂,2 r-/ ̂  ^
(m) ■■ x
' U y\ /
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where

a, = / -

¿ 9  -1^ ( 1 - ^ ) ,
</f .
Z ^ , u , (  v> - i )  .

3 J f
From the equations (3.313) and (5.514), 

the CL:̂  may be re-expanded in terms of

a 2 =

a

(5.605)

it is noted that 

the density para'

meters 0~m/ , G~n as follows

CX, - / - Z ( o u „  -t- )  ,

Cl  2. ~ 2  Q7rï / j V

woo
d 2  op, . J

The equation (5.518) is conveniently expressed as

f dx ■ •

(5 .6O6)

(5.607)

where the positive square root has been taken (i.e. the 

solution curves of equation (5 .607) will describe the 

expansion phase of the models). To solve equation (5.607) 

we consider two cases.

Case A . Models in which t -  0  •

This condition applies to models in which the initial 

matter content has been completely converted to gravitational 

radiation during the period O $ iZ < "fcf . From equations 

(5.503) and (5 .512), f^m /- O  implies that

^~rni ~~ O  f f •

Hence, from equations (5*605), the coefficients CL*

"b (3 corns
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a , - / - ^ / ? a, = o a 3 ' ^ / ;

so that equation (5*607) may be written

* // \ -- (5 .608)
(0-%J y 2+<L'}

This integral is most conveniently performed if the cases 

^ ~ I  ’ ^ I are considered separately.

The value of the space curvature constant /C for each 

solution is easily calculated by the use of equations 

(5.504) to (5.506). Solving equation (5.608), we find 

that for

k -  = + ! ( % ■ > ' ) ’ 9

3" )i(vtx+Xw ffy-vY'

k , = °  ( % , - > ) ,
2.

(5 .609)
a =

K  = -/ (% j  <0 >

where the constants of integration /*((hC) are arranged so 

as to produce continuity of the scale factor at ~t “ ,

X<o> = j  ~ X , ( * , i , 0  ( 5 -6l0)

x (-o . J
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Here the numbers X , ( are as defined in 

equation (5.60**).

Case B. Models in which iOrn, > o.
This condition applies to models in which the initial 

mass content has only partially been converted to gravit

ational radiation before the generation ceases at £ = t, , 

From the equations (5*503) and (5*509)j 5 65 will

imply that

Hence the conditions (5-506), combined with the equations

606) j, provide the following statement

a., < o K . = +  / .

(X, — o <-> * H 0 >•

Cl , > o / < = - / >

> o ,

(X 3 > o .

Using these conditions to solve (5-607), we find that for 

hi - -f- / ,

x + x (*,} = £  A  a/3
Ç X  S in: „ - l f  0-2.

2 (-a ; )
fC = O  ,

{ ( a . /  ¿ ^ o - . o , /

3 O' 2
- j a . /

V  (5-611)
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fC = - /

x  -f x (//}̂  ^  <fa ' y  * a s )

i
2.

>(5.611)

-,-2

2 (O u )i

where the constants of integration 

as to ensure continuity of the scale factor at ,

(5.612)

For the case /< = ■*•/ , the principle values of Sin  ̂ , 

between - n / 2  and 71'/ 2. , are to be taken.

The numbers are as defined in equation

(5.60^).
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Fig. 3. The time dependence of the scale factor for an 
IW model in which qc = \ (^ = ”1). The mass density 
satisfies pm > 0 along OP, and Pm < 0 along PQ.

Fig. 4. The time dependence of the scale factor for 
three IW models. The points A, B, C mark the instants 
at which the density falls to zero, for each curve.



Fig. 5. The time dependence of the scale factor for a 
model in which K  = -1 (qp = \ ) . The mass density satis
fies (°m > 0 along OP, pm = 0 along PQ, and p m^< 0 along 
PB. The curve PQ tends asymptotically to y = X//Z\

Fig. 6. The time dependence of the scale factor for a 
model in which K = 0 (qp = 1). The mass density satis
fies pm > 0 along OP, Pm = 0 along PQ, and p m^< 0 along 
PB. The curve PQ tends asymptotically to y =s/2X.



Fig. 7. The time dependence of the scale factor for a model 
in which /C = +1 (qq = 2). The mass density satisfies > 0 
along OP, pm = 0 along PQ, and Pm < 0 along PB.



Fig. 8. The time dependence of the scale factor. The points A, B, C mark the 
instants at which the radiative generation ceases for each curve.



Fig. 9. The time dependence of the scale factor. The points A, B, C mark the instants at 
which the radiative generation ceases for each curve.



Fig. 10. The time dependence of the scale factor. The points 
A, B, C mark the instants at which the radiative generation 
ceases for each curve. The curve OBP has a maximum at y = 3.408, 
X = 10.188.



Fig. 11. The time dependence of the scale factor. 
The points A, B., C mark the instants at which the 
radiative generation ceases for each curve. The 
curve OBP has a maximum at y = 2.647, X = 6.032.



(IV) Discussion.

In the proceeding subsection, I have set out a number of 

solution curves of the equations (5*517) and (5*518) to 

exhibit the difficulties that can arise if the IW models of 

the Universe are temporally extrapolated, and to demonstrate 

how the new formulation of the models can overcome these.

Figures 3 and each of which is labelled by the appro

priate value of the radiation index v5 , show the behaviour 

of the scale factor as a function of cosmic time for IW 

models. Figure 3 displays the nature of the 'negative 

mass' difficulty associated with these models, in that the 

curve represents an acceptable solution, in which 3 O

only for values of X  ^  X j . A similar situation occurs 

in Figure h. The solution curves exhibited there indicate 

that the IW model universes may be 'closed' independently 

of whether the space curvature constant K  takes the value 

+1, 0 or -1.

In contrast to these results, Figures 5 to 7 provide 

examples of IW models in which the generation of radiation 

has been terminated at the instant "6 - t c when the matter 

density has fallen to zero. The continuous lines describe 

the behaviour of the scale factor for the physically 

acceptable models in which /Om 3* O  for O  ̂  fc < t  c 

and //Um - O  for The dotted lines, on the other

hand, exhibit the behaviour for the models if the radiative 

generation is sustained beyond the instant ~t = ~tn . The 

acceptable solutions now possess the open or closed behav

iour appropriate to the value assigned to K, in each case.



The remaining graphs, Figures 8 to 11, are each labelled 

by values of V1 and . These figures represent the 

behaviour of the scale factor for models in which the rad

iative generation is terminated at some arbitrary time ~t = 

where O < C/ ^ . The energy distribution in these

models is such that radiation is created during the period

O < is < isj # -Thereafter the generation ceases, and the
fD 3remaining, material energy, content of the models, /Om rC , 

is conserved.

Y/e would now like to demonstrate how a particular model 

may be specified by inserting numerical values of the para

meters ̂  , V* into the formulae. Moreover, by assigning 

values to (7~mo, 0 ~ro and H 0 , we will be able to show how 

the present epoch U = , is related to the future time

t “ "£/ at which the postulated conversion of matter into 

gravitational waves ceases.

From equations (5-508) and (5-510), the matter density 

in the models may be expressed as

If the value of cj at is~i3o is denoted by

¿/a ~  >

then the present mass density is given by

Multiplying both sides of this equation by ¿~fTT Gi/ ( 3n0 / ,

we find that
-3
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(5.613)

which becomes, from equation (5 .5 1 4),

cr = ( 8/k.'* " / )  o f /  - M ? - ' ]
m o  ( J i  h :  /  L-

A similar procedure applied to equation (5*507) leads to 

the following expression for the radiation density parameter 

at t = t(
/■ ~3 . , 2- \ _ \> -  i

(5.

If the equations (5.613) and (5.614) are now combined, 

by the elimination of the expression in round brackets 

from each, then
f _/ / _______V 7 0~ro______ \ 7 - /

< y °  ~ 1  ( * - O c r m o  +  V5 ( T y o J  ■ (5.615)

A rearrangement of this equation expresses /? f t p  in 

terms of I Z ( i o )

-P = P  / /x[(̂~/)CTmo +
A '°( p o a 0 /

which is a generalisation ox the equation (5 .3 1 0 ). 

Furthermore, as a consequence of the equations (5.504) 

and (5.505)} we find that

H o 2 = i  /  ¿/era, -/-q-;,;- /

H t l 2. ((Jrno OCT-ro) ~~ /
and if equation (5.614 ) is rearranged, then

(5.616)

43
H c a v oa

2 (5.617)

Now, by choosing values for the parameters ̂ L , V* , O 0 

and 0/ ,  , the equation (5.615) allows us to calculate a 

value for 0 . The system of equations (5*513)} (5*514),

(5.616) and (5.617) then provides a means of evaluating the 

unknowns Ho/ H ,2 , O, ; £ncj . After some

straightforward manipulation we find that
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a , = ,
h

where

U  = 2 , (^ -f + )G ~ r e

~t- I )̂jQ l̂ ~~ 2 (Cmt5 _r" J

(5.618)

( 5 . 19)

From this result, equations (5.513) and (5*514) then give 

OfYn ~ C ro  ^  ! ~ f ^ )  /  CM , (5.620)

<73r0 /x ( ^ "  ' ) / ^  > (5.621)CJV/ ~

so that equation (5.616) becomes

H

H,
l  = H - ^ - O ^ ' V l L  • ( 5 . 6 2 2 )

These results, however, are mathematically and physically 

acceptable only in the event that

U  > (5.623)

An inspection of equation (5.619) reveals that this 

condition is automatically satisfied for models in which 

K; =0,-1, and also for models in which K> = +1 provided 

that the inequality

cr + O ' <
m o  ro

<rro ( v> - A<0 /
3-2 + 2 . ’

holds. When considering particular examples we will 

suppose that the cessation of the radiative generation 

occurs at some future time in the model's history, so that

y Ho .
Hence, fro.;, equation (5.615)? we will restrict our nttentio 

to ^  = 0, -1 models the parameters of which satisfy
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cr + crr>mo
C~rO (  ^  " f t )

0
and to ft- = +1 models In which

O~ro f t )  / (y- _j_ (ftn K ~ ftJ< ^mo _/
z

We will now consider some examples. If a Hubble time 

of Ho = 2 * io ‘° years is used, the value of h ; '  is 

easily computed from equation (5.622). This provides a 

means of evaluating l£/0 and ~t/ for a particular model, 

since
-/

to = X 0 H,~, t ,  = X H i

where x 0 is the value of /\ corresponding "  ¿Jo »

and ft/ is again the value of f t  corresponding to -  / 

on the solution curve of equation (5*517). Tables 1 

and 2 set out examples of models in which the present epoch 

( t - t z j  is specified by the values assigned to the para

meters In Table 1 a value for CTrno that

corresponds to Oort’s and Shapiro’s observational estimates 

of luminous material in the Universe is used, whereas in 

Table 2 a value of ten times this is employed. In both 

cases the density parameter for gravitational radiation at 

l - - b o  is /O . This value, which incidently is of a 

similar order of magnitude to the contributions due to 

electromagnetic radiation, has been regarded as reasonable 

in light of the discussion contained in Section 5*5(1).

It is however very much smaller than the values considered 

by IV/.
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Table 1.
H : ~'= 2 * /o'°Ljr, (Xra = o-oi , a:0 = o-oooi.

v> crmi* io~* CTr, X ¡0 'H- , 10 
to* 10 ur

/ -/O

0.1 3 35-36 2.63 1.93 5.15
4 ¿+6.86 3.91 1.93 3.37
5 54.47 4.84 1.93 3.31

10 71.52 7.15 1.93 2.49

0.2 3. 22. ¿+1 3-73 1.93 7.31
4 33.14 6.21 1.93 4.89

• 5 40.80 8.16 1.93 3-95
10 58.94 13.26 1.93 2.69

0.3 3 16.03 4.58 .1.93 8.98
4 25.36 8,15 1.93 5.62
3 32.29 11.07 1.93 4.38

10 49.34 19.03 1.93 2.82

Table 2.

Ho ' = Z x I0'°yr, CTrna - O-! 0^= 0-OOOI.

O a;,x / ■0 H' Cp, X  10* / , „/Otox/° 3r t,*/0'yr
0.1 3 133.95 9.92 1.69 17.18

4 252.46 21.04 1.69 8.52
5 348.07 30.94 1.69 5.87

10 593.94 59.39 1.69 3.02

0.2 3 84.97 14.16 1.73 24.66
4 180.35 33.82 1.69 10.91
5 263.69 52.73 1.69 7.09

10 494.19 111.19 1.69 3.29

0.3 3 60.96 17.42 1.73 30.41
4 133.75 44.59 1.69 12.59
5 210.02 72.01 1.69 7.91

10 416.09 160.49 1.69 3.47
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lx indeed the matter content of the Universe is under

going a process of conversion into gravitational radiation 

by the acretion of material into black holes at galactic 

centres, then the efficiency of the process would lie in 

the range 3w to ¿.Of' (Puffini and '.’.'heeler, 1971) . From 

equation (5*5C9) the value of in the model would be 

numerically equal to the efficiency of the emission process. 

Hence, vie- have considered models in which yOG takes the 

values 0.1, 0.2, 0.3«

In conclusion of this chapter, I would like to point 

out that the technique of joining two Friedmann models 

may also be of use in situations other than that examined 

here. Indeed, if the equations of state describing the 

energy distribution in a model universe change at some 

instant 1t in its history, for any reason, then the

cosmological equation may be solved on either side of 

the time boundary. The models that result from this 

procedure may then be 'joined* together by the use of the 

junction conditions set out in Section 3»^*
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APPENDIX

Comments pr* Ihs "crime val or imin of rrravitstioral radiation 

in a Friedmann universe.

A.l. Introduction.
In this Appendix the cosmological hypothesis is briefly 

considered. That is, a situation is envisaged in which the 
postulated universal gravitational radiation field is g e n e r 

a te d  during the early, pre-galactic era of the Universe, as 
opposed to the view, investigated throughout Chapter that 
the radiation was galactic in origin.

Although the subsequent analysis is broadly based upon 
that contained within Chapter a number of differences in 
detail are imposed upon the model. The primary differences 
between this and previous work may be summarised as follows. 
Firstly, it  will be supposed that the radiative generation 
takes place during the period in the model's history usually 

referred to as the prestellar of 'fireball' era. Secondly, 
to describe the energy field in the model a particulate des
cription of matter will be adopted, and finally it  is assumed 
that the pressure of matter may no longer be regarded as 
negligible during this phase. An examination of the result
ing model leads us to draw conclusions about the rate of 

entropy production, and the particle number density.
Although the analysis of the model is not fully developed 

here, a check is made to ensure that it  satisfies the criteria 
of physical acceptability, which were introduced in Chapter

5.
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A.2. The description of energy in the model.

A model of the Universe is considered in which gravit

ational and electromagnetic radiation and matter are present. 

For simplicity, the material content will be envisaged as a. 

distribution of a single species of particle of mass nl 

and of its corresponding antiparticle. The number densities 

of the particle arid antiparticle populations are denoted by 

D ~ ( t )  and. r  +( t )  respectively, where the total number 

density ox the matter field is given by

n (t) - ft + ft* • (A.201)

Although this arrangement does not rule out the possibility 

that the particle gas may possess a net charge per unit 

volume, we will henceforth neglect the small gravitational 

effect due to the electromagnetic energy of such a charge 

distribution (see Eddington, 1923).

The electromagnetic and gravitational radiation components 

of the energy field will be taken to be isotropic. The 

energy of the gravitational radiation will again be represented 

by a perfect fluid of density ^Or and pressure , where

equation (5.101) is assumed valid. In addition, we define

~ i 3  / 0  > (A.202)

so that

g r  = ¿ $ ( ± )  •

where m  is a general function of the cosmic time i j • 

Similarly, the electromagnetic radiation will be described by 

a perfect fluid of density , pressure p 2 and blackbody

temperature , where
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Pe ~ 3  P°e i  o P  T t
H-

3 (A.203)

cc
x 7' 56-46' x /O cm  ̂ d 'tj

The specific energy of the material particles, that is 

their energy per unit mass, is given by

- C -h &Lnt > (A.2 0/f)
where denotes their specific internal energy in ergs

per gram. We will assume that each particle possesses an 

internal energy of

k T n / ( * - ! )  ,

-  !(o -I
-  l. 3 S ! x  ¡ 0  e r j  dz<]

where /\L is Boltzmann's constant, T ^  is the temperature 

of the matter in 0IP , and (f is the ratio of the specific 

heats of the particle gas. Then, since there are numerically 

¡T) ' particles per unit mass, the specific internal energy 

may be written

£i T „
m ( X - l )  (a .205)

The matter energy density is related to the specific energy 

of the particles by the following equation,

f um % c1 ,
(A.206)

where X  is the specific volume, given by
J C  -  ( m n ') . (A.207)

Thus, introducing equations (A.20^), (A.205) and (A.207) into 

equation (A.206), we find that

n k. TP.
/O -  m n  -h — -----— •
r m c z ( i f  -  I )

(A.203)
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Moreover, the pressure of matter will be given by

p m  ~ n P T m . (A .209)

Since the early history of the Universe is to be examined, 

it will further be assumed that the electromagnetic radiation 

and matter contents of the model are in thermal equilibrium 

with one another. As a consequence ox this, we are able 

to write

Te - Tm 5  T  . (A.210)

Hence, by the substitution of this condition into the equations 

(A.203), (A.208) and (A.209), the total pressure and density 

in the model are given by

*

?

P

= n k T ' +  ¿ o T T

= mn + - 3 3 L  +

H- / J
3 P , (A.211)

(A.212)
c z(  t f - i )  c 2- C

Finally, if the metric (5.105) is assumed valid, the 

equations governing the model are given by equations (5.106) 

and (5.108), where the pressure and density contributions 

are now given by (A.211) and (A.212).

A.3* The conservation of energy equation, and the particle 

number density.

By an arguement similar to that following equation (5.30^),

it may be shown that if particles are neither created, nor

destroyed, during the history of the model the particle

number density satisfies 
3 to 3

(A .301)

mere
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= 72(^2.) . n 2 = .

are the values of the scale factor and the number density 

respectively, at some arbitrarily chosen instant 17.“ t  

in cosmic time.

In what follows we wish to consider a model in which the 

gravitational radiation content interacts with the particle 

content. In this situation the equation (A.301) is not 

valid, since we require the material particles to act as a 

source to enhance the energy of the gravitational radiation.

We shall now investigate how the time dependence of ’ i (^) is 

modified in this situation.

The introduction of the new pressure and density equations, 

(A.211) and (A.212), into the conservation of energy equation 

(5 .508) gives

+/0€ + /Or)  R 3 J (A.302)

~h ( p ™  + Pe +  P<-) Pj? = O
r  2 d t

Since it is wished to examine the interaction between the 

material and gravitational radiation components of the energy, 

it is assumed that the electromagnetic radiation field is 

noninteracting. This assumption may be expressed as

+  Ep  = O .
ctt d t (A,303)

When (A.203) is substituted into this equation, it is found 

that the temperature has a time dependence given by

T R  = T (A .304)

Now, if the following definition is made,
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y - R(W/ fez i

then the equation  ( A . 303) i m p l i e s  th a t  ( A . 302) reduces to

x / A ’v W  + +/°r + 1?-:) = o .
Q// // 0 ' C"

From the equations ( A . 211) and (A.2 1 2 ) ,  t h i s  equation become;

c L  f
d>y L

+  3  f m n  +  n k T  +  Jg, +  n k T  +  1 $  }  = o ,
............ ~ C r  3  e V

S u b s t i t u t i n g  f o r  .L from equation ( A . 30*+), we f i n d ,  a fte j  

some c a l c u l a t i o n ,  t h a t  the number d e n s i t y  has a time depen

dence o f  the form

n T 'y / + b ,\ 3 *’ t - k y/
(»+ $ )

3V-3
( A , 305)

where

4 -

d W  ~i'~ b .

4. = ( r n c Z )  ,

h —  constan t of1 integration.

M oreover, s in c e  i t  i s  reasonable to suppose th a t  the 

'p r i m e v a l  gas' was extrem ely  r e l a t i v i s t i c ,  we may assig n  the 

value

d = 4 -/ 3 , (A.506)

to  the r a t i o  of  the s p e c i f i c  heats (seeV/einberg, 1572a)

Thus equation (A.305) reduces to
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n y/--k .
+ b , ) c t r (A.307)\ — //

where h>t now becomes

b, = 3kTz/ ( ^ o z ) .

The equation (A.307) therefore provides a relationship 

between the density of the gravitational radiation and the 

particle number density in the early history of the model. 

Although it is difficult to make a physically significant 

choice of the function , which describes the radiation

density, we may impose restrictions upon it by introducing 

thermodynamical considerations.

A.A* Entropy production through the mechanism of 

gravitational radiation generation.

For a change from one thermodynamical state to an 

immediately neighbouring one, we have

T c i L  -  d e  +  p  d , U.ZfOi)
y  *

where /— and 6 are the specific entropy and the total 

specific energy in the model respectively. Since the total 

density and the total specific energy are related by

e  = p ^ f C o 2-,

the equation (A.¿+01) implies that

(A. ¿+02)

However, the conservation of energy equation (A.302) implies

that



d o  „ _
dyft ft

If this equation is now combined with equation (AJ+02), it

3 f  n  i p  \
t O  ■

.s found that
rj~r .Vd \ / cr r 2'\ / /
-t c/Z. "‘ = -  / ^  i/ J kL.. / ,j2_ )

{ t C. J \  kS /9 * \ '/O'- a  >/

^  O  , (A.frO/|)

/ c ^ i  y/z/dYA^cy (A./403)
5“*Since the specific entropy Z- must satisfy

d l *

d 'O
the equation (A.i+03) implies that

fit/ -Af*) 4  0  ,
d'//\3C/

provided that [ / °  + ( p / c Z) ]  ?' O  is satisfied.

Hence, from equation (A.207) the condition (A.^04) is 

satisfied provided that

<2̂  I n  y / s)  4 0 . ,
K 7 ( A , W )

Also, by inspection of equation (A.307), the function 

governing the gravitational radiation density must satisfy

a o ,
in order that the entropy be constant or increasing.

If the equality holds in the condition (A*¿fOif), then 

correspondingly the equalities in the conditions (A.403) 

and (A.¿+06) also hold. Thus, a model in which the entropy

remains constant has, by an inspection of equation (A.301),

particle conservation, and a radiation energy density of 

the form ^  A  1 . On the other hand, if the entropy

is strictly increasing, then there will be an annihilation 

of particles accompanied by a corresponding enhancement in 

the density of the radiation.
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The reactions that are envisaged as taking place in the 

model are the annihilation ox particle - antiparticle pairs, 

which result in the production of gravitons (gravitational 

radiation). This category of event has been considered by 

Vladimirov (see Vladimirov, 196 )̂ on the basis of a quantiz

ation of the weak (linearized) gravitational field. Although 

this framework is-not well suited to examine the situation 

under discussion, it does provide some indication of the 

probability of such reactions occuring. Vladimirov concludes 

that the reaction cross section of, say,, the annihilation of 

an electron - positron pair, to produce two gravitons, is 

very small indeed. However, the reaction rate may still be 

significant since the probability of such an event occurring 

is considerably amplified by a very high number density, 

which is to be expected during the early ’fireball phase’ of 

the model. Other reactions, such as particle annihilation 

to produce a photon - graviton pair, have a considerably 

higher probability of occuring, but the assumption, expressed 

in equation (A.303)» of the non-interaction of the electro

magnetic radiation with the other energy components forbids 

any consideration of these in such a greatly simplified 

model.

However, despite its shortcomings in this inspect, the 

model dictates that particle annihilation must take place 

provided that entropy increases. This result is valid 

independently of the extent to which the three energy fields, 

matter, electromagnetic radiation and gravitational radiation, 

are allowed to interact with one another.



In conclusion of this Section it is interesting to examine

we write

/ • ' ' 2. (A.407)

where

so that v>-/

Thus, with a radiation 'profile' of the form (A,407)} it 

can he seen from equation (A.406) that the model possesses 

a satisfactory thermodynamical behaviour provided that

A.5. The termination of radiation generation.

In a situation, envisaged in the preceeding Section, when 

gravitational radiation is generated by the mechanism of 

particle annihilation, it can be foreseen that the particle 

number density v/ill ultimately fall to zero if the process

take a continuum of physically unacceptable negative values, 

which may be demonstrated by the following simple example. 

Suppose the radiation density is described by equation (A.407)» 

where the index takes the value unity. Then

v  >y o  .

is allowed to continue indefinitely. Thereafter, will

so that equation (A.307) becomes
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n//J' ~hAJ(y/'+b,) + b
Integrating this equation, vre find that

3 , n o ' f r / L + bn YY -■ b

y

y/ - a ,\ // ‘ i\s/ /

Thus, as // becomes greater than unity the logarithmic 

term on the RHS becomes negative. Indeed, as Y continues 

to increase' there exists a range of YY given by

Y/> ¿ n z -<- 4 , ^ 6 7 4/ >

for which

n < O .

The difficulties encountered here are similar to those found 

in Chapter 5> and we use the techniques developed there to 

help overcome them. It is supposed that at the instant 

characterised by )/~ / , the generation of gravitons in the

model ceases. Hence for Y/<. / , when there is particle

destruction, we impose a number density of the form (A.307) > 

whereas for y >  / , when there is particle conservation,

we impose equation (A.301).

By an appeal to equations (A.211) and (A.212) it can 

be appreciated that the cosmological equations will give rise 

to different models of the Universe on either side of the 

boundary 3-space t  = -62.. V/e will conclude this Appendix

by briefly demonstrating that the description of a universe 

in which the 'cosmological hypothesis’ is adopted satisfies 

the necessary continuity conditions at the boundary

The pressure p> , and the density p  , are now shown to 

be continuous at u = . If the quantities in the soaces



t  < ~t 2_ and ~t 7 1̂ 2. a2,0 distinguished from each other by 

the use of a tilde, for example

y  = y / f Z z  , t  }

X  = r / R z , t  >  >

ana if the notation of Section 5•k is used, then the density
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for t  < t 2. is given by

/O = n (  y/) j r n  + A £ 9 ±
1 (  (< r -i )c ~ y / 7

? X T *  !7 -y- G-y 1 2. f) '
C*~

Here H( )/ ) is chosen arbitr arily provided that equation

(A./|05) is satisfied, and y'V is the corresponding radiation 

profile satisfying equation (A.307)* At ~t- X  , the constant 

of integration Oj in equation (A.307) is chosen such that

n ( t z ) =■ .

Thus, as Ü ^ 2. from the space *6 ^'¿2 ?

/O - n z f m  + Jy z 3 . }  Ĉ y :L 2?*- • (A.501)
( ( i r - i ) y J c C2

Now, in the space > Oz., the number density and radiation

profile are given by

so that equation(A.212) becomes

O ' _ .0.7- -fm  -/- —  j  4. R - -h JL .
< ~ y/H (v-i)c2- W  c 2- y/H' G

Hence, as t  ->  t z  from the space i j  > X ,

S'*
/ ° 1  ” /°z. • (A.502)

Moreover, a similar argument, based upon the equation (A.211) 

leads to the result that
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p z = p 2. . (A.503)

Upon substituting the new pressure and density distributions 

(A.211) and (A.212) into the cosmological equations (5.106) 

and (5.107), we find that the conditions (A.502) and (A,503)

1 2.

imply that

-  . f t 2. ,

given that the scale factor satisfies

'fL z  ~ 2- • (A. 50 A)

The condition (A.504) may be arranged by a suitable choice 

of the constant of integration associated with the solution 

of equation (5.106).

Hence the transition from "6 N 02 to U ̂  L2. is physically 

acceptable in the sense discussed in Section 5*4*


