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Bastcausuti npaxmuviHutl acnexm ouiHIO8aHHA CMAMUCTNUNHUT 8AACTNUBOCTET PI3uMHUL cucmem
CNUPAEMBCA HA EPERNUCHE NPEOCTNABAEHHA 36 A3KY MINHC PO36 AZKAMU PIGHAHD 3 YACTMUHHUMU T0-
TIOHUMU MG BUNAOKOBUMU NOYAMKOSUMU YMOSaAMU. Y Uit pobomi 00CaidNCYIOMbCsA 6AACTNUBOCTTV
mpaekmopit 6unadkosuT Npouecis, wo 3adaroms pods’asku (6 La()) dan pienanna Adpi 3 @-cyb-
20YCCOBUMYU CMAYIOHAPHUMY BUNAOKOSUMU NOYAMKOSUMU YyMmosamu. Baacmusocmi cybzayccosocmi
ma p-cyb2aycco8oCmi € BANCAUBUMY TAPAKMEPUCTIUKGMY BUNGOKOBUT NPOUECIE, OCKIALKU 60HU Ja-
0MB MOHCAUBICML OUTHUMY DIBHE PYHKUTOHAAY 610 UUT Npouecis, i, 30xpema, docaidumu nosedinky
iz cynpemymic. OCHOBHL PE3YALMAMU POOOMU — Ue OUIHKU OAA PO3NOIAE CYNPEMYMIE BUNAIKOBUL
NPOUECIs, W0 3adarms Po36 A3KY OAfA DIGHAHHA AUDI, HG 0OMEHCEHUT MHONHCUHAT. 3aCMOCYBAHHA
OMPUMAHUL PEZYALMAMIE NPOIAOCTPOSAHO HA NPUKAAIAT Y GUNAJKAT 2AYCCOBUT NOUAMKOBUT YMOE 3
DIBHUMU QONYCTNUMUMU GYHKUIAMU Ma P-CYO2aYCCOBUT NOUGMKOBUT YMOE 3 MESHUMU PYHKUIAMU O,
sokpema p(x) = exp{|z|} — |z| — 1,z € R.

Karomosi caosa: p-cybeayccosi npouecu, pisHanns Atpi, sunadkosi nowamxosi ymosu, po3nodia
CYnpemymy

In this paper, there are studied sample paths properties of stochastic processes representing solutions
(in L2(Q) sense) to the linear Korteweg—de Vries equation (called also the Airy equation) with random
wnitial conditions given by p-sub-Gaussian stationary processes. The main results are the bounds for
the distributions of the suprema for such stochastic processes considered over bounded domains. Also,
there are presented some examples to illustrate the results of the study.

Key Words: p-sub-Gaussian processes, Airy equation, random initial condition, distribution of

supremum
1 Introduction areas of physics. In its classical form
0 uft,3) + 6ult, )t 2) + -u(ta) =0
—u(t,x u(t, ) =—u(t,z) + =—u(t,r) =
It is well known that effects of dispersion play ot ' ox P ’

the important role in the description of linear and

. . t > 0, € R, this equation was derived
nonlinear wave motion.

by Korteweg and de Vries in 1895 to model

The Korteweg—de Vries equation is the one of the unidirectional propagation of small ampli-

the most popular and well studied nonlinear dis- tude long water waves in a shallow canal. Now
persive partial differential equation used in many many generalizations of this equation have been
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investigated and applied in various areas inclu-
ding fluid dynamics, acoustics, electrodynamics,
plasma physics, in modeling shock waves forma-
tion, solitons, waves in elastic media, turbulence,
traffic flows, mass transport. The above equation
with nonlinear term droped is called the linear
Korteweg—de Vries equation or the Airy equation.

The purpose of this paper is to investigate
sample paths properties of stochastic processes
representing solutions of the linear Korteweg—de
Vries equation with random initial conditions gi-
ven by -sub-Gaussian stationary processes.

The general theory of ¢-sub-Gaussian
processes is presented in the classical monograph
[4] and its further development can be found in
numerous recent studies (see, e.g., [3, 15, 19]
and references therein). The properties of sub-
Gaussianity and p-sub-Gaussianity are important
characteristics of random processes, as they make
it possible to estimate different functionals from
these processes, and, in particular, the behavior
of their suprema. The theory of p-sub-Gaussian
random processes provides us with powerful
techniques and tools suitable not only for obtai-
ning asymptotic results, but also for deriving
many useful bounds on the distributions of such
processes.

Partial differential equations with random ini-
tial conditions have been intensively studied in the
literature from different points of view, starting
from the papers by J. Kampé de Feriet (1955)
and M. Rosenblatt (1967) who introduced ri-
gorous probabilistic tools in this area. In [13,
14] solutions to PDE subject to random initial
conditions were investigated by means of Fourier
methods, representations of solutions by uniformly
convergent series and their approximations in di-
fferent functional spaces were developed.

The present paper is most closely related to
the papers [2, 5, 7, 8, 10, 11, 17]. We continue
to investigate properties of solutions to different
types of partial differential equations with random
initial conditions, in particular, we derive esti-
mates for the distribution of suprema of solutions.

The paper is organized as follows. Section 2
collects important definitions and facts on ¢-sub-
Gaussian processes needed for our study. In Secti-
on 3 we consider stochastic processes represen-
ting solutions (in L2(2) sense) of the Airy equa-
tion with random ¢-sub-Gaussian initial conditi-
ons and state the bounds for the distributions of
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the suprema for such stochastic processes. Secti-
on 4 presents some examples to illustrate the
results.

2 p-sub-Gaussian variables and processes

We present basic definitions and facts on @-sub-
Gaussian variables and processes which will be
used in the paper.

Definition 2.1. [4, 16] Let ¢ = {p(z),z € R}
be a continuous even convex function. The functi-
on ¢ is an Orlicz N-function if ¢(0) = 0, ¢(z) >
0 as z # 0 and the following conditions hold:

elx)

lim,_,q @ =0, limgzoo = 00.

Condition Q. Let ¢ be an N-function which sati-

sfies liminf,_,q Wif) = ¢ > 0, where the case

¢ = oo is possible.

Definition 2.2. [4, 12] Let ¢ be an N-function
satisfying condition @ and {2, L, P} be a standard
probability space. The random variable ¢ belongs
to the space Sub,(12), if EC = 0, Eexp{A(} exists
for all A € R and there exists a constant @ > 0 such
that the following inequality holds for all A € R

Eexp{A(} < exp{p(Aa)}.

The space Sub,(f2) is a Banach space with
respect to the norm

¢~V (InEexp(A())
Al

Tcp(o = sup
A£0

Y

which can be written equivalently as 7,(¢)
inf{a > 0 : Eexp{A(} < exp{¢(al)}, and it is
called the ¢-sub-Gaussian standard of the random
variable (.

Definition 2.3. [9] A family A of random vari-
ables ¢ € Suby(2) is called strictly ¢-sub-
Gaussian if there exists a constant Ca such that
for all countable sets I of random variables (; € A,
1 € I, the following inequality holds:

9\ 1/2
Ty (Z Az(@) <Ca|E (Z )‘zgz> . (2.1)
icl el
The constant Ca is called the determining

constant of the family A.

The linear closure of a strictly p-sub-Gaussian
family A in the space Lo(f2) is the strictly ¢-
sub-Gaussian with the same determining constant

(19)-
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Definition 2.4. [9] Random process ¢
{¢(t),t € T} is called (strictly) ¢p-sub-Gaussian
if the family of random variables {((t),t € T}
is (strictly) ¢-sub-Gaussian with a determining
constant C¢.

Let K be a deterministic kernel and suppose
that the process X {X( ),t €T} can be
represented in the form X (¢ fT (t,s)dE(s),
where £(t), t € T, is a strlctly - sub Gaussian
random process and the integral above is defined
in the mean-square sense. Then the process X (t),
t € T, is strictly ¢-sub-Gaussian random process
with the same determining constant (see [9]).

Definition 2.5. [4, 16] Let ¢ = {p(z),x € R} be
an N-function. The function ¢* defined by

" (x) = sup(zy — ©(y))
yeR
is called the Young-Fenchel transform (or convex
conjugate) of the function ¢.

For a ¢-sub-Gaussian random variable ¢ the
following estimate holds for its tail distribution:

T:éﬁ)) } - @2

For p-sub-Gaussian random processes one can
evaluate the distribution of their suprema in terms
of the function ¢* using entropy methods (see [4]).

To derive the main results in Section 3 we will
need additional notions and statements.

PG > u} < 2exp{—¢* (

Lemma 2.1. [6/ Let Z(u),u > 0 be a conti-
nuous monotonically increasing function such that
Z(u) > 0 and = is nondecreasing for u > ug,
where ug > 0 is a constant. Then for u > 0,v > 0

U

min(;, 1) <

Z(u+ up)
Z(v+uo)

Definition 2.6. [10] The function Z(u),u > 0,
is called admissible for the space Sub,(f2), if for
Z the conditions of Lemma 2.1 hold and for some

e>0
/:W(ln (Z(_l)@) . u0>>ds < o0,

where U(v) = v > 0.

v
=D (v)’

Consider a separable ¢-sub-Gaussian process
defined on a separable metric space (T, d), where
T = {ai < t < bi, 1 = 1,2} and d(t,S) =
mfli)é ’ti - Si’, t= (tl,tg), S = (81,82).
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Theorem 2.1. [10] Assume that X = {X(t),t €
T} is a separable @-sub-Gaussian process such that

sup 7o (X (1) — X(s)) < o(h), (2.3)
d(t,s)<h,
t,seT

where {o(h), 0 < h < H_lriu2<|bi — ail} is a

monotonically increasing continuous function such
that o(h) — 0 as h — 0 and for some € >0

3
1
where ¥(v) = ﬁ)(v). Then
P{sup]X )| > u} < 2A(u,0)

forall0 <0 <1 and
QIgp(min(@so,vo))

6(1 —0) ’
where
A(u,0) = .
:exp{—¢*<€0< u(1— 9)—51 (min(@&o,ﬁo))))},
and

g0 = sup 7, (X (¢)),

Y0 = o(max |b; — a;l),
teT 1=1,2

©*(u) is the Young-Fenchel transform of the
function ¢,

1,(5) =
[ el ) G o] o
3 Results

Consider the Airy equation

ou Bu
— = , t>0, R, 3.1
% 9 >0, x € (3.1)
subject to the random initial condition
u(0,z) =n(z), z € R, (3.2)

where 7 is a stochastic process satisfying the condi-
tion below.

A n(z),z € R is a real, measurable, mean-
square continuous stationary (in wide sense)
stochastic process, which is strictly -sub-
Gaussian with the determining constant c,,.
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Let B(x),z € R, be a covariance function of
7, therefore, we have the representation
B(x) = / cos(Ax)dF(N), (3.3)
R
where F'()) is a spectral measure, and for 7 the
spectral representation holds
n(x) = / e M (dN). (3.4)
R
The stochastic integral is considered as Lo (12)
integral. The complex-valued orthogonal random
measure M is such that E|M(d))|? = F(d)).
Consider the process u(t, x),t > 0,z € R, defi-
ned by

u(t, ) = / g(tor — gy, (35)

where the function g is the fundamental solution
to equation (3.1):

1

g(t,x) = — —iaz—io®t g, (3.6)

2 R
1 o0

= / cos(ax + a’t) da
T Jo

! Ai( =), t>0,z€R

= 1 ) ) x )

VT3t \V/3t
and

1 o a?
Ai(x) = ﬁ/o oS (Oé$ + ?> do, x € R,

is the Airy function of the first kind.
Taking into account (3.4), we can write the
following representation of the process given by

(3.5):
u(t,z) = /R exp {ide + N} (). (37)

The process (3.7) can be interpreted as the mean-
square or Lo(€2) solution to the Cauchy problem
(3.1)-(3.2) (see [1]).

From the representation (3.7) the covariance
of the field u can be calculated:

Cov(u(t,z),u(s,y))
/R exp(iM(z — y) + iN(t — 8))dF(\)

/Rcos(/\(x —y) +iX3(t — 5))dF(\) (3.8)

From (3.8) we see that the random field w is stati-
onary with respect to time and space variables.
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Theorem 3.1. Let u(t,z),t > 0,2 € R, be the
random field given by (3.7) and assumption A
hold. Assume that Z(u),u > 0, is a function sati-
sfying conditions of Lemma 2.1 and the following
integral converges:

C%:/RZQ@|)\|(1+)\2)+UO)F(CZ>\) < 0. (3.9)

Then

o(h)

sup

T@(u(t, .T) _u(tlv .1171)) <
max{[t—t1],|z—z1|}<h

1

-+ uQ

i)

Proof. Since the random field w is strictly ¢-sub-
Gaussian, we have:

< eCr(2( (3.10)

sup
max{[t—t1|,|z—z1[}<h

To(u(t, ) —u(ty,21)) <

1/2

)

< ¢y

sup
max{|t—t1],|Jz—z1|}<h

(E(u(t,x)—u(tl,:z:l))2>
(3.11)
2

E(u(t,x)—u(tl,xl)) :/R|b()\)|2F(d)\), (3.12)

where

b(\) = exp{i(Az 4+ \3t)} — exp{i(Az1 + \3t1)}.

)

Mz —21) + N3(t—t1)
2
and for |t —t1]| < h, |z — x1| < A

BV < 4sin2(

h 2
2 < 3 . 3
|b(A)]* < 4<m1n (2()\ + %), 1)) .
Using Lemma 2.1 we can write the bound

3
72X 4 ay)
Z%(j; + uo)

b(A)|* < 4 (3.13)

Substituting (3.13) in (3.12) and using inequality
(3.11), we obtain (3.10).

Theorem 3.2. Let u(t,z),a <t <bc <z <d,
be a separable modification of the stochastic process
given by (3.7) and assumption A hold. Assume
that Z(u),u > 0, is an admissible function for the
space Suby(Q2), and the integral (3.9) converges.
Then for 0 < 0 <1 and

N

21@(111111(91—‘, 70))
6(1— 6)

u >
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the following inequality hold true:

P{ } <2A(u,0),  (3.14)

sup |u(t,z)| > u
a<t<b;
c<z<d

= e { — ¢ ([l = 0) = ST, (min(0T, 20)) }
ofo) =
/O \I/ . (Z( 1(C"CZ)—u0)+1)><
x<d2 < < ) )+ 09
= [ P@0)" v - s
VOZZ(C}?%LO)’ 2 = max(b— a,d — );

Cz is defined in (3.9).

Proof. The assertion of this theorem follows from
Theorems 2.1 and 3.1.

Note that from Theorem 3.1 we have that
condition (2.3) of Theorem 2.1 holds with o(h) =

c,Cz (Z(% + u0)>7

sup
(t,x)€[a,b] x[c,d]

(ECutr,9?)”

=T < 0.

1
. We also have

o = To(u(t,x)) <

<c

IN

sup
(t,x)€[a,b] x[c,d]

<g¢ /Fd)\

Remark 3.1. On convergence of the integral (3.7).
Following [1], in the present paper we treat the
solution to the Airy equation with stationary
random initial condition as a mean square soluti-
on, that is, integral (3.7) is in L2(12). In the papers
[2], [10] the integral functionals (with kernels
of a particular form) of y-sub-Gaussian random
processes were studied as solutions of higher order
partial differential equations with random initial
conditions. It follows directly from the results in
[2], that under the conditions of Theorem 3.2 the
integral given by formula (3.7), that is,

u(t,x) = /Rexp {i)\x + i)\gt}M(d)\).

converges with probability 1 for |z| < A, 0 <t <
T, where A > 0 and 7" > 0 are some constants.

n
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4 Examples

Ezxample 4.1. Let n = {n(u),u € R} be a centered
Gaussian random process satisfying Assumpti-
on A. Then ¢, = 1, p(x) = "”2—2, ©*(x) =,
U(z) = %xlﬂ. Consider the following admissi-

ble function

Z(u)

In this case

=In%u+1), vw>0, a>1/2

u=e*—1, ZV(v) =exp {Ué} -1,
Z(v+wup) =1n%(v + e%),
2
C% = / In% (M + ea>F(d>\).
R 2

The above integral converges if the following
integral converges

/Rln%‘ (W + ea)F(d/\) < 00

That is, if condition (4.16) holds true, then
Theorem 3.2 holds. It follows from (3.15) that

(4.16)

b= [ (5 ({90}
)« (e (2]
—e) 1)) s
Let 43¢ e® > 1 and %5%¢® > 1, then
1,0 < -
[ e () )
S\}i/jln((d—cl(b—a))éds
)t
- (=0
W) e

It follows from (3.14) that in this case for

2f<p(min(9F,'yO))
6(1—0)

u >
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we have

P{ sup |u(t,z)] >u} <
a<t<b,
c<x<d

< o { ~ 5 (3 (w1-0) = ZE(min(or,0)))) '},

Cz

P (e

If 6 is such that 0T < v (6 < 32), then for

0<f< ’YO 9( 0)

we get the estimate

P{ sup |u(t,z)] >u} <
a<t<b
c<:p<d

1/1 2. 2
< i — (= /)
< 0<1(;r1<fWTO exp { 5 <F (u(l 0) OL{,(HF))) },
and if 3 > 1 then for
> sup 2eD)
0<o<1 6(1 —6)
we get
P{ sup |u(t,z)] >u} <

a<t<b,
c<z<d

<l exp{ — 2 (5 (ut —0) - 21.00))) "}

in ——(= —6)— - )
= 029 P o\ \¥ 0%

Example 4.2. Let n = {n(u),u € R} be a centered
Gaussian random process, as in example 4.1.
Consider the admissible function Z(u) = |ul|?,

0 < a < 1. In this case

ug = 0, Z(fl)(u) =wue, u>0,

= 4-‘*/ A1+ X2)2F(d)N). (4.18)
R

This integral converges if the next integral
converges

/ MNeP(dN) < oco. (4.19)
R
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That is, if (4.19) holds, then Theorem 3.2 holds.
It follows from (3.15) that
Cz\a
7 () )
s

b =5 [ ([ (
3zt ;C<Cs> e

For 0 < g <1,z >0,y >0, we have

In((1+2)(1+ ) < ;(:cﬁ ),

therefore, in the case of 8 < a we obtain

I,(6) < \/%(cz)fa 502 _15 Kb;a)g
" (dgc)g} =: Jo (8, 3). (4.20)

It follows from (3.14) that in this case for

2j¢(min(9F,70)a B) _ a
u > 0(1_9) ) VO_CZ%

we get the estimate

P{ sup |u(t,z)| >u} <
a<t<b
c<z<d

ntesp { — 5 (5 (1 -0)
J (mm(er,%),ﬁ)))g}.

Ezample 4.3. Let y = {y(u), u € R} be a p-sub-
Gaussian random process with

a || <1, > 2
e(@) =4 e -
=z > La> 2.

<i
)
_2
0

In this case for p such that % + é =1

ax? /4, 0< |z <2/,
e (x) = |z| = 1/a, 2/a<|z| <1,
zP /p, lz| > 1,

and

)
_1
L ul a, u>é

1 1/2 1
ql(u):{aw“/ O<u<y

all/a

Let Z(u) be admissible function for this space.
Then for

2f@<min<er,70>>>

u>max<1, 61— 0)
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P{ as;;gb |U(t,x)| > u}

c<z<d

< 2exp {—11) (% (u(l—@)—%]},(min(@lﬂ 70)))>p}.

Ezample 4.4. Consider

o(x) = exp{|z|} — |z|] — 1,z € R.
Then
¢* () = (|| + 1) In(|z| + 1) — |z[.

Let us take the admissible function
Z(u) =In%(u+1),u>0,a > 1.

In this case

ug = e — 1,
ZY(v) = exp {vé} -1,
Z(v+ up) = In%(v + e%),

/Rln2a (W + e“)F(d/\).

The above integral converges if the following
integral converges

/Rlnzo‘ (|/\| + e“)F(d)\) <

That is, if condition (4.21) holds true, then
Theorem 3.2 holds. It follows from (3.15) that

i = o ([ (5% (o {(F)°)-
) e) (5 (o { ()
) +1)]) as

It follows from (3.14) that in this case for

C% =

(4.21)

2f¢(min(0F, %))

YT —9)
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we have

P{ sup |u(t,z)] >u} <
a<t<b,
c<z<d

< exp{ — [()%(u(l —0) — %Ilo(min(ef,’m))) ‘—!—

—l—l)ln(
)

where

1 2.
= (ut = 0) = 51, (min(0r, 7)) ) |+
25, .
(u(1 = 0) = 51, (min(oT,70)) ) || .
Cz
In® (% + eO‘) ’
If 6 is such that 6T < vy (# < 32), then for

sup LoD
0<6<’YO 6( 0)

| =

Yo =

u >

we get the estimate
P{ sup lu(t,z)| > u} <

c<z<d

< inf

it o { = (|5 (-0 - Gotor) +
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