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ABSTRACT: We establish a systematic framework for studying quantum computational
complexity of Gaussian states of charged systems based on Nielsen’s geometric approach.
We use this framework to examine the effect of a chemical potential on the dynamics of
complexity. As an example, we consider the complexity of a charged thermofield double
state constructed from two free massive complex scalar fields in the presence of a chemical
potential. We show that this state factorizes between positively and negatively charged
modes and demonstrate that this fact can be used to relate it, for each momentum mode
separately, to two uncharged thermofield double states with shifted temperatures and times.
We evaluate the complexity of formation for the charged thermofield double state, both
numerically and in certain analytic expansions. We further present numerical results for
the time dependence of complexity. We compare various aspects of these results to those
obtained in holography for charged black holes.
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1 Introduction

Quantum computational complexity provides an estimate of the difficulty of constructing
quantum states for the purpose of performing quantum computations [1, 2]. Traditionally,
complexity is defined for spin/qubit chains, using a universal set of unitary gates chosen
such that each gate acts only on a small number of spins/qubits. Appropriately chosen
sequences of these gates, i.e., circuits, are able to reproduce, to a given precision, arbitrary
target states of the spin/qubit chain, starting from a simple unentangled reference state.
The complexity of a given target state is then defined as the minimal number of gates
required for such a circuit. The problem of finding the shortest circuits is challenging if
one naively attempts an exhaustive check of all possible circuits. An alternative geometric
approach, proposed by Nielsen, translates the problem of finding the minimal circuits to
a geometric problem of finding geodesics in the manifold of unitaries equipped with the
metric that naturally arises from the algebra on its tangent space [3-5].

Nielsen’s approach was extended to Gaussian states of quantum field theories (QFTSs)
in [6], where the authors studied the complexity of the vacuum state of a free scalar QFT
(see [7] for an alternative approach based on the Fubini-Study (FS) metric). Extensions
for various classes of Gaussian states were also studied, see, e.g., [8-15]. Despite this
progress, little is known beyond the free field theory regime, see however some recent
progress in [16-19].

In holography, quantum complexity is proposed to be related to certain geometric bulk
observables by means of the complexity=volume (CV) proposal [20, 21], relating the com-
plexity to the volume of a maximal bulk slice anchored at the boundary time slice where the
state is defined, and the complexity=action (CA) proposal [22, 23], relating the complex-
ity to the action of a certain region in the bulk — the Wheeler-DeWitt (WDW) patch —
bounded by light sheets and anchored at that same boundary time slice. Complexity comes
about as part of a wider line of research studying the way in which quantum information
notions are encoded in gravity, which dates back to the relation between entanglement
entropy and Ryu-Takayanagi surfaces, see, e.g., [24, 25].

The properties of the complexity of Gaussian states of free QFTs turn out to have
surprising qualitative similarities to the properties of holographic complexity.! This is
despite the fact that these free systems are significantly simpler than the strongly coupled
theories which are of interest in holography. One similarity has to do with the structure of
divergences in complexity [6, 7]. Complexity in QFT is divergent due to the necessity of
establishing short range correlations in the QFT state. This is similar to what happens for
entanglement entropy. The divergences have to be regulated by the introduction of a UV
cutoff, for example, a lattice spacing §. It turns out that the structure of divergences of
complexity is similar when comparing the free QFT results with those found in holography,
see [6, 7, 26, 27] and the discussion of [28], with a leading divergence of the form of a volume
law. For subregions of the vacuum state, one obtains in the complexity, in addition to the
leading volume law divergence, also a subleading area law divergence proportional to the

! As is standard in the literature, we use “holographic complexity” here and elsewhere to mean the bulk
quantities (volume or action) dual to the CFT complexity in the CV and CA conjectures.



entanglement entropy, both in holography and QFT [15]. It is expected that the qualitative
comparison of free field theory results to those obtained from gravity will provide hints
toward a good definition of complexity on the field theory side applicable to the dual field
theory of holographic systems.

Despite being very well studied on the holographic side of the correspondence (as we
will explain below), the complexity of charged systems received very little attention on the
quantum field theory side and in particular no models for complexity of Gaussian states in
charged systems have been examined. The goal of this work is to fill this gap by establishing
a systematic computational framework for evaluating the complexity in charged systems
and for studying the effect of chemical potential on the dynamics of complexity in these
systems. Our formalism utilizes complex phase space operators which turn out to provide a
simpler description of Gaussian states of charged systems. We will use our newly developed
formalism to study the complexity of the Gaussian charged version of the thermofield double
(TFD) state constructed from two copies of a free complex scalar QFT.

This “charged thermofield double state” (¢TFD) is a particularly symmetric purifica-
tion of a mixed state in the grand canonical ensemble at finite temperature and chemical
potential. The purification is obtained by constructing a pure state on two identical copies
of the system on which the mixed state is defined and is given by the following expression,
see e.g., [29]?

|CTFD(tL, tR)> =

1 Z e~ B(Entpce)/2=i(Entpcs)(tL+tr) |En, co)p|En, —Co) . (1.1)

V Zﬁv“ n,o

In the above expression, the two copies of the system are denote L (the “left” copy) and
R (the “right” copy) and are both equipped with an identical Hamiltonian. t p are the
times on the left and right copies, 8 = 1/T is the inverse temperature, u is the chemical
potential and |E,, ¢,) are a basis of energy and charge eigenstates where F,, is the energy
eigenvalue and ¢, is the eigenstate of a conserved global U(1) charge. Finally, Zg, is a
normalization constant. The two states in each term were chosen to have opposite charges
such that they are CPT conjugates [29]. It is apparent from this expression that the time
evolution of the cTFD is governed by the deformed Hamiltonians Hy, g + uCg 1, where
Cr,1, are the U(1) charges on the left/right copies, respectively. The neutral thermofield
double (TFD) state is simply obtained in the g = 0 limit of the above expression.

TFD and cTFD states received special attention in holographic studies due to their
duality to (neutral and charged) eternal black holes of the corresponding temperature [30]
and chemical potential [31, 32]. Outside the context of holography, a number of works
have been written on building the TFD state in the laboratory [33-37] and these further
motivate focusing on the TFD for simple quantum mechanical systems. Since charge is
very natural in an experimental setup, we expect that the ¢cTFD state is also a natural
state to study in the laboratory.

2We have traded the traditional symbol @ for the charge in favour of C, in anticipation of using Q as
the position operator for the harmonic oscillators in the Nielsen construction. Consequently, we will use ¢
to denote eigenvalues of charge.



The complexity of formation of the cTFD and TFD states [23, 38, 39] is defined as the
additional complexity required in order to prepare the entangled (¢)TFD state compared
to preparing both copies of the field theory in their vacuum state. This quantity is UV
finite. For the uncharged TFD state, it was found that the complexity of formation is
proportional to the entropy with positive proportionality coefficient, both in free QFT
and in holography?® [11, 38]. This provides another point of similarity between holography
and free field theory. The complexity of formation in charged black hole backgrounds was
also studied in holography in [23, 39] and was found to diverge in the extremal (zero-
temperature) limit. This is a result of an IR divergence due to the infinitely long throat
of the wormhole in the extremal limit. The interpretation suggested in [39] was that of
a third law of complexity, namely that ¢TFD states at finite chemical potential and zero
temperature are infinitely more complex compared to their finite temperature counterparts
and cannot be formed by any physical process in a finite amount of time.* We will use our
formalism for charged complexity to verify the third law of complexity for simple Gaussian
states and check how universal it is.

The time dependence of complexity of the TFD and ¢TFD states using the two holo-
graphic proposals was also studied. It was found that the complexity increases (approxi-
mately) linearly as a function of the time t;, = tg = t/2, for a very long time, much longer
than the typical time it takes for other observables, e.g., the entanglement entropy [40], to
saturate. In fact, it was suggested that holographic complexity keeps growing for an ex-
ponential amount of time, until the semi-classical gravity approximation breaks down [23].
This unusual time dependence captures the growth of the volume of the wormhole/Einstein-
Rosen bridge connecting the two sides of the geometry via the behind horizon region [41]
and is also typical of complexity in spin chains of fast scrambling systems, e.g., [42, 43].5
The linear growth of complexity (for long times) served as one of the original motivations for
proposing the holographic conjectures for complexity (CV and CA). Additional evidence for
the validity of these conjectures follows from the effects of perturbations on the complexity,
and in particular from the manifestation of chaos and scrambling [21, 28, 42, 47, 48]. The
simple Gaussian states in free QFTs fail to capture the properties of complexity typical
to fast scrambling systems such as the time dependence of complexity and its reaction to
perturbations.

For charged black holes, the rate of change in complexity over time was found to vanish
in the extremal (vanishing temperature) limit at all times using both the CV and the CA
complexity proposals [39]. It is interesting to verify how generic this property is — for

3The holographic result is valid for planar black holes in d > 2 using both CV and CA, where d is the
number of boundary spacetime dimensions.

41t is worth mentioning that the gravitational setup with charged black holes is somewhat advantageous
compared to the neutral setup especially with regards to evaluating the complexity with the CA proposal
since this result is influenced by regions of the WDW patch which go arbitrarily near the singularity of
the neutral black hole. This does not happen for charged black holes due to the different causal structure
including two horizons.

5Fast scramblers are systems which spread the effects of localized perturbations in a time which is
logarithmic in the entropy [44]. Holographic systems are expected to be fast scrambling [45, 46].



example, we would like to understand whether this property would hold also for simpler
Gaussian ¢TFD states in charged systems.

To test the effect of charge on properties of the complexity in a simple setup and
as a specific example to our charged complexity formalism, we explore the complexity of
Gaussian ¢TFD states constructed from two copies of a free complex scalar QFT.% Our
motivation to focus on the free cTFD state is twofold. First, we would like to qualitatively
compare its complexity to the holographic results. Second, since charges are of experimental
relevance in various quantum mechanical systems, we expect that those results will come
to use also in the context of quantum information physics.

The complex scalar field factorizes to a set of complex harmonic oscillators with fre-
quencies wy = Vk% + m?2 where m is the mass of the complex scalar and k is the spatial
momentum. Furthermore, each harmonic oscillator can be decomposed using particle and
anti-particle modes. A very simple relation then connects the energy and charge to the
number operators for the particle and anti-particle modes, i.e., the energy is proportional
to the sum of the numbers of particles and anti-particles and the charge to their difference.
It then becomes obvious that we can regard the cTFD state of each mode as a product
of two independent TFD states — one which includes particles on the left copy and anti-
particles on the right copy and another one which includes particles on the right copy and
anti-particles on the left copy. These two TFD states are associated with effective shifted
temperatures and times given by’

Bret = B <1 + £ ) , thef =1t (1 + M) ; (1.2)

Wk Wk

respectively, see eq. (4.22)—(4.23), where wy, are the frequencies of the oscillators. Note that
we have a different effective temperature and time for each mode. It is worth emphasizing
that while the ¢cTFD state (for each momentum mode) factorizes to two uncharged TFD
states, the complexity of the ¢TFD state cannot be directly related to the complexity of
the two uncharged TFD states, see footnote 17. The effective temperatures in eq. (1.2)
imply that the ¢cTFD state is only well defined so long as |u| < wg. As g — wy, one of the
effective temperatures approaches infinity and this means that the associated mode will be

6 A previous attempt to study the complexity of cTFDs was made in [49] using the Fubini-Study approach.
However, in that work, the authors found that the complexity grows linearly for a long time for the free
complex scalar QFT. We find that this is a gross overestimate of complexity since they have not identified
correctly the optimal circuit. This is easy to see — while their control function in eq. (38) starts and
stops at the right points, it periodically tracks back on itself over the course of the circuit when t is large.
Considering the k-th mode for concreteness, when (wr + uq)t is a multiple of 27, the reference and target
states coincide for that mode (see their egs. (12) and (37)), so its complexity contribution should vanish —

eq. (38) fails this basic test as is clear from the non-vanishing integrand in the third line of (A-1) when ¢ is
27

a multiple of Hence the circuit trajectory is clearly not the optimal one.

wrtpg’
"We have set the elementary unit of charge to one in eq. (1.2). This amounts to the replacement u <> uc

where c is the elementary unit of charge in our results below.



infinitely populated. This forces us to consider only® |u| < m and prevents us from taking
the conformal limit m — 0 while holding the chemical potential fixed when studying the
complexity of the full fledged complex scalar QFT. It would be interesting to verify if this
problem can be avoided in a different setup.’ Furthermore, it would be interesting to
include the condensate explicitly in evaluating the complexity. We leave these problems
for the future.

In evaluating the complexity of the charged thermofield double state we find that the
third law of complexity is not reproduced in the free charged scalar example. We do find
however that the computation slows down as we decrease the temperature which is similar
to what happens in holography.

This paper is organized as follows. In section 2, we present our framework for studying
charged complexity in the context of quantum mechanical systems. We explain how to
generalize Nielsen’s complexity approach to circuits between Gaussian states using covari-
ance matrices defined with respect to complex phase space operators which are useful in
the presence of charge. In section 3, we review the various necessary ingredients for study-
ing the complexity of states in a QFT of a complex scalar. In section 4, we explain how
to evaluate the complexity of the ¢TFD state. We present our numerical results for the
complexity of formation, as well as a number of analytic expansions for low and high tem-
peratures. We then present numerical results for the time dependence of the complexity of
the cTFD state. In section 5, we compare our results to those obtained in holography. We
end with a summary and outlook in section 6. We have left a number of technical details
for appendices. In appendix A, we present the generators used to evaluate the complexity
as explained in section 2. In appendix B, we present an explanation for the form of the
time evolution of the ¢TFD state. Finally, in appendices C and D, we present additional
details required for evaluating the low temperature limits in section 4.5.3.

5In any dimension, taking |i| > m leads to a non-normalizable state as all modes in the range 0 < |k| <
v/ 12 —m? become infinitely populated. In d < 2, just taking the limit || — m leads to a non-normalizable
state, as can be seen from the divergence of the (vacuum-subtracted) grand canonical potential (which is
proportional to the logarithm of the normalization factor). In d > 3, when naively neglecting possible
condensation in the zero mode k = 0, the |u| — m state is normalizable, but perhaps still physically
questionable at d = 3 as it gives an infinite particle number density. Finally, in d > 4, states with
|| = m correspond to a phase with Bose-Einstein condensation where the zero mode k& = 0 makes up
a nontrivial fraction of the total (finite) particle number density. (The derivation of these facts follows
from a straightforward extension of the standard statistical mechanics treatment of a Bose gas, except here
we consider the relativistic spectrum wy = v/k2 + m?2 rather than the non-relativistic spectrum %) In
this paper, however, whenever we take the || — m limit, we shall assume that the contribution from the
condensate is negligible. We expect this to be the case, for example, when the |u| — m limit and the limit
of infinite spatial extent L are taken such that we are on the boundary of (or just inside the) uncondensed
phase, where the number density ﬁm of the condensate vanishes.

9For example, by studying the theory in a (sufficiently small) finite volume with Dirichlet boundary
conditions, one should be able to take the m — 0 limit without encountering a condensate.



2 Charged complexity from complex covariance matrices

We start by generalizing several aspects of Nielsen’s geometric approach to the quantum
complexity of Gaussian states using covariance matrices [11] to account for the possibility
of complex phase space operators. Complex phase space operators are a simple rotation
of real phase space operators as we demonstrate below, but as we will see, they provide a
much more natural framework for studying charged systems. In particular, they are very
commonly used when studying charged (complex) scalar field theory.

Gaussian states are completely characterized by the one and two-point functions of a
set of phase space operators. When working with complex phase space operators, we start

by listing the coordinates and their conjugates as follows'®

f(C = (QL QL cee 7QN/2’qzrv/27p-{7p17 ce 7pj\[/2’pN/2)u (21)

where we have specifically chosen to invert the order of the momentum operators PI and p;
compared to the order of the corresponding position operators ¢; and q;-r and where N, the
number of (real) degrees of freedom, is an even integer. The complex phase space operators

can also be re-expressed in terms of real phase space operators

{R:(q17"'7qN7p1a"'7pN)7 (22)

where here, N is the same (even integer) as in eq. (2.1). From now on we will use subscripts
C and R to refer to the cases of complex and real phase space operators, respectively.
Statements written without a subscript are correct for both types of operators. Note that
¢ and &' are not independent from each other but are rather related according to

(T = A% ¢ (2.3)

where A is the following matrix

01
Ap = lonwon,  Ac= P [ ] ; (2.4)

I=1..N 10

for the cases of real and complex operators, respectively. @ stands for a direct sum of 2
by 2 matrices acting on each pair of operators by their order of appearance in eq. (2.1).
Note that both these transformations satisfy A2 =1 and AT = A.

The phase space operators satisfy canonical commutation relations given in terms of
the symplectic form Q as follows'!

e, (=i, Q= (2.5)

—Iyxny O

0 ]leN]

10 Although we do not put hats on top of our phase space operators, here we always mean operators in
the quantum mechanical system.
"n the first equality of eq. (2.5), Q°° is implicitly multiplying a unit operator in the Hilbert space.



As mentioned earlier, we will focus on Gaussian states which are completely characterized
by the two point functions of the phase space operators

1 .
(Wle (€)' ) = 5 (G +iQ”). (2:6)
In the above expression, the anti-symmetric part is the matrix Q. and the symmetric part

G = G = (hle2 () + (£2) e ) (2.7)

is known as the covariance matriz. Note that the matrix representation of the covariance
matrix, i.e., G, is Hermitian, and therefore satisfies (GT)% = (G**)T = G%. Everywhere
in this paper, we will only focus on Gaussian states with vanishing one point functions
(¥|€%)¥) = 0 which will be completely characterized by their covariance matrices. By
restricting our attention to Gaussian states, i.e., selecting a reference and target state which
are Gaussian and only considering circuits moving through the space of Gaussian states,
we are able to make some progress in solving for the optimal circuits in the complexity
geometry. The treatment of complexity using covariance matrices was proposed in [11] as
an alternative to the wavefunction approach of [6]. This approach proves simpler in cases
where the circuit utilizes gates which are quadratic in both the position and the momentum
operators such as when constructing the TFD and ¢TFD states.

The action of a circuit moving between Gaussian states can be parameterized by the
action of Hermitian generators which are quadratic in the canonical operators &,

) =Uly), U=eK (2.8)

= S a8, (2.9)

where kg, is the matrix characterization of a given Hermitian generator K. Note that in
order for K to be Hermitian, the matrix k,;, should satisfy

k=k' (2.10)

Furthermore, due to the relation (2.3), we can assume, without loss of generality, that A-k
is symmetric, namely that the & matrices satisfy

ET=A-k-A. (2.11)

The action of the unitary in eq. (2.8) on the state can be represented directly as
an operation on the covariance matrix. To see this, we start by exploring the effect of
conjugating the canonical operators with the unitary operation (2.8)

e=uterU = Z zK , €% (2.12)

where the Taylor expansion is given in terms of the nested commutator defined recursively
by [zf(,f“](n) = [iK, [iK, € l(n—1)], where [2:¢ §%(0) = &% Using the commutation relations
in eq. (2.5), we find

[if(,ga]:%[Q.(A-kT-AJrk)]“bgb (Q- k)% 0 = K% ¢€b (2.13)



where we have defined
K=Q-k K =—k-Q. (2.14)

Resumming eq. (2.12), we obtain

€ =89¢,  §=eX. (2.15)

It is then straightforward to check that this induces the following transformations on the
covariance matrix (2.7)

G=5-G-5, (2.16)

where G is the covariance matrix associated with the state \1/3) The unitary conjuga-
tion (2.12) does not modify the commutation relations since

[€%,€% = S(iQ)ST = (i) , (2.17)

which is satisfied automatically by virtue of the identity KQ + QKT = 0, see eq. (2.14).
Note however that this last condition is less restrictive than requiring K = € - k£ for some
k satisfying (2.10)—(2.11).

The next step is to identify a basis of independent generators which span the space
of possible Hermitian generators K in eq. (2.9). Naively, we could think that taking a
basis for general Hermitian matrices kg, in eq. (2.9) would naturally induce a basis for
the independent Hermitian generators. However, due to the relation (2.3), this would be
over-counting and it is straightforward to see that the independent generators are instead
given by matrices k& which satisfy the conditions (2.10)—(2.11).

Whether the operators are real or complex, the number of independent generators for
these transformations between Gaussian states can be counted by counting the number of
constraints in egs. (2.10)—(2.11) and is equal to N (2N +1). This is due to the fact that the
group of all S in eq. (2.15), where K = Q - k and k satisfies the conditions (2.10)—(2.11),
is simply isomorphic to Sp(2N,R) = {eX € Moy yon(R) with K - Q+ Q- KT = 0}. To see
this, first note that the algebra of generators of Sp(2N,R) can be recast as the algebra of
real symmetric matrices k defined by K = € - k, since the condition that k be symmetric
is satisfied if and only if K - Q + Q- KT = 0. Further note that we may then relate the
generators k to the independent generators k satisfying eqs. (2.10)—(2.11) according to
k = k for real phase space operators and k = R - k - R, where

1 1 1
R= — 1 . (2.18)
I:el?N V2 [_Z Z]

for complex phase space operators, and these k will automatically be real and symmetric
using eqs. (2.10)-(2.11) due to the identity Ac - RT = RT.

We will label by K a complete basis of independent generators for the transformations
above and will generally assume that they are orthonormal with respect to the inner product

1
itr(K[K}) = 5[]. (219)



Explicit expressions for those generators using both real and complex operators can be
found in appendix A.

At the next step, we will want to construct circuits through the space of Gaussian
states. The circuits will act on the covariance matrices while leaving the symplectic form
invariant, i.e.,

G(o) = S(0) Gt ST(0),  S(0)QST(0) =Q, (2.20)

where o € [0, 1] is a trajectory parameter. Boundary conditions are imposed such that the
circuit G(o) moves between the covariance matrix of the reference state G at 0 = 0 and
ends at the covariance matrix of the target state Giarger at 0 = 1. Explicitly, this means
that S(o = 0) acts trivially on Gyer, while

S(0=1) Gret ST(0 = 1) = Glarget- (2.21)

The symplectic transformation S(o) can be decomposed according to
— g
S(oc)=P exp/ do’ Y1(o') K], (2.22)
0

where K are the generators of the symplectic group, assumed to be orthonormal, as in
eq. (2.19), and P denotes right to left path ordering, i.e., the product integral of infinites-
imal exponentials re-ordered from right to left in ascending order in ¢’. Eq. (2.22) may
be interpreted as decomposing the path S(o) through the space of unitary operations on
Gaussian states as a sequence of infinitesimal operations generated by K turned on by the
control functions Y7! (o). This is completely analogous to the usual quantum computation
picture mentioned in section 1, where a circuit is composed of a sequential application of
gates chosen from some set of elementary gates — here S(o) is the circuit and infinitesimal
exponentiation of the generators K produces the elementary gates (or rather, their action
on the covariance matrices).

This geometric approach was implemented in [11] using several different cost functions
F' to evaluate the length

1
d[S(U)]:/O do F(S(0),Y(0)) (2.23)

of a given circuit. The cost functions considered were:

RESP S F= > (v Do =) |V, (2.24)
1

I I

The complexity of the target state is given by the length of the shortest circuit, i.e., path
S(o) through Sp(2N, R), satisfying the boundary condition (2.21) (as well as acting trivially
on the reference state at o = 0), for a given choice of cost function,

C= rsr%(ljr)l d[S(o)]. (2.25)



Note that the result for the complexity is basis dependent, i.e., in general the choice of basis
K7 influences this result. However, the F5 and k£ = 2 cost functions remain unchanged when
the two bases are related by an orthogonal transformation on the position operators and
an identical orthogonal transformation on the momentum operators.

Before proceeding, let us comment on the dimensions of various quantities introduced
thus far. In order for Nielsen’s notion of complexity, defined in eqgs. (2.23)—(2.25), to
be sensible generalizations of gate counting, it must be dimensionless. This is achieved
by considering dimensionless phase space operators ¢ (and hence dimensionless F, Y7,
K, K, and k). In order to absorb the dimensions intrinsic to the usual phase space
operators of physical systems, it will therefore be necessary to introduce a dimensionful
scale wy, see e.g., section 2.2.3 of [11]. In section 3.2, we shall use w, to translate between
dimensionful physical operators and the dimensionless operators with respect to which
complexity is defined.

A particularly simple circuit between the reference state and the target state is the
‘straight line’ circuit, obtained by exponentiating a constant Lie algebra element multiplied
by o. The straight line circuit can be obtained as follows. Given a target state covariance
matrix Giarget and a reference state covariance matrix Ger, the relative covariance matrix
is defined to be their ratio:

Atarget EG(tau‘getC:_1 (226)

ref *

The straight line circuit is then given by

1
S(o) =eK, where K = B log Atarget- (2.27)

It was proved in [11] that, for the case of the F» and D,—2 cost functions, when the
reference state scale and the gate scale (to be introduced below in section 3.2) are taken
to be equal, the path of minimal cost is indeed the straight line circuit. With these scales
equal to each other, it was further suggested in [11] that the straight line circuit provides
a good approximation for the F} complexity. In other cases, [11] have suggested that the
straight line circuit yields a non-trivial upper bound for the complexity.

Of the cost functions considered in [11], it was found that the F} cost produces results
most similar to those obtained in holography using the holographic complexity proposals,
for the structure of UV divergences in the complexity of the full boundary state [6] as well
as that of mixed states [15]. Hence, in this note, we too will focus on the F} complexity,
evaluating it on the straight line circuit. Furthermore, since the F} cost function depends
on the choice of generators, two choices were proposed in [11]. The first choice retains
the left-right coordinate split between the two sides of the TFD, while the second choice
mixes the two into a “diagonal” basis. The first choice was found to yield properties more
similar to those of holographic complexity, in particular in reproducing the proportionality
between the complexity of formation and the entropy. We will therefore focus on this choice
in this paper.

In order to obtain the Fj complexity, we have to decompose the trajectory (2.27)
according to the expression (2.22) and extract the scalar coefficients Y/, which appear in
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the cost function. Since we have assumed that our basis of generators K is orthonormal,
see eq. (2.19), we can do this by using the inner product

1
yi=tr (KK}) . (2.28)

Finally, an upper bound C{’B for the complexity C; associated with the Fy cost function is
given by integrating Fj along the straight line circuit. Since the generator of the trajectory
is simply constant along the path, this yields

e == Y o (kK))| = 12
I I !

Before we end this section, let us mention that, in order to move between different

tr (log(Atarget) : K})) . (2.29)

bases of generators, it is possible to use a coordinate transformation
£ =R% ¢, (2.30)
where R is a general complex matrix preserving the commutation relations
Q=R-Q-R'. (2.31)
The covariance matrices, circuit (2.20) and generators (2.15) get rotated according to
G=R-G-R', S=R-S-R') K=R-K-R'. (2.32)

One such useful transformation mentioned earlier is the one moving between the real and
complex operators, i.e., ég = Rc_réc where Re_r is the same transformation as given
in eq. (2.18). Note that not all such basis transformations can be represented as unitary
transformations acting on the state [¢)) used to define the covariance matrix. Finally, let
us point out that the inner product (2.28) has to be evaluated in the basis in which we
want to compute the complexity. Alternatively, we may compute it in a different basis by
using the rotated inner product

1 e
v <KG1K}G]]1) , (2.33)

defined in terms of the positive symmetric matrix Gy = RR', where R is the transformation
matrix between the two bases.

3 Complex scalar field theory

In this section, we establish our notation for the complex scalar QFT and explain how
to put it on a lattice. This translates the problem of studying the complexity of charged
states in this QFT to a problem of studying the complexity of charged states of a set of
coupled harmonic oscillators, which can then be addressed using the tools of section 2.
In subsection 3.3, we present a useful choice of basis which decouples the contributions
of the particles and anti-particles to the Hamiltonian and charge. This basis is generally
useful for studying the complexity of charged states, which are typically defined in terms
of eigenstates of these two operators. We will demonstrate how to use all this machinery
to study the specific example of the complexity of the cTFD state in the next section.
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3.1 Preliminaries

We will focus on a theory consisting of a complex scalar field in d spacetime dimensions.
The Hamiltonian of the system is given in terms of the fields ¢, ¢’ and conjugate momenta,
7, w! according to

H_/dd_lac (WTH%T-%er%%). (3.1)

The field and momentum operators obey the equal time commutation relations
[6(@), 7(9)] = [¢"(@), 7" ()] = i6"~(¥ — §). The charge is given by

C :i/dd_lx (ot — o). (3.2)

In the above expression, we chose our convention such that the fundamental unit of charge
is set to one, but of course, this dependence can be recovered later by redefining the
chemical potential appropriately. The complex scalar field can be decomposed in terms of
the following Fourier modes
dd_ lp 1 o i E ) R,
— —iwpt+ip: =1 t—ip-
¢($)—/(2ﬂ_)d_1 (aﬁe ZUJP lpx+aﬁele ’Lp.Z‘),

2wp

d*p Wp iwpt D jwpt—if-E
_ R — DT T iwpt—ip-T
m(@) = Z/ @2ma1Y 2 <ape ’ e’ ) )

and ag, EL;; are annihilation and creation operators for particle and antiparticle

(3.3)

1

where a, ay
modes, respectively, satisfying the following commutation relations

L) = lag al] = 2m) o —p"), (3.4)

lag, a
and where w, = \/p? +m?. In terms of those creation and annihilation operators, the

Hamiltonian and charge are given by

dd 'p (al : dlp b
H = / wp ayag+ aza ﬁ), C= / 2} (aﬁaﬁ—_ﬁﬁﬁ). (3.5)

This reflects the fact that particles and antiparticles contribute to the energy of a given
state according to the sum of their number operators while contributing to the charge with
opposite signs.

3.2 Normal mode decomposition on the lattice

As explained in section 1, the complexity is divergent and has to be regularized. This was
done in [6, 11] by placing the theory on a spatial periodic lattice. Hence, we will start
by briefly reviewing how to place the free complex scalar on such a lattice. The resulting
theory will be a sum of harmonic oscillators for the different momentum modes.

We will use a periodic lattice of size L in each space direction with N4~1 sites and
lattice spacing 6 = L/N. For convenience, we assume that N is odd. The different sites

will be labelled by indices
- N -1

~ d—1
az(al,...,ad,l)e{—N,...,N} . where N==_—. (3.6)
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The discretized versions of egs. (3.1) and (3.2) take the form

where we have defined
Qz=6%¢(5-a), P;=06¥*"1x(5-a), (3.8)

€j denotes the unit vector in the j-th direction and we have written the position and
momentum operators with hats in order to keep the symbols P, Q) free for later use. These
coordinates and momentum operators satisfy the commutation relations

Qa, By} = idy (39)
We see that, on the lattice, the field theory reduces to a theory of coupled harmonic
oscillators. To decouple these oscillators, we move into Fourier space by defining
2min-ad A

QﬁEN_%Ze_QW??@ @, PﬁEN_%ZGTPd’7
a a (3.10)

Note that we have chosen opposite signs for the phases in the Fourier transforms of the
position and momentum operators. These operators satisfy the commutation relations

[Qr, ] = 16, 1. (3.11)

n
The Hamiltonian and charge then read!?
Pl p 1070 4 . njm
H:Z(‘SP%PFL"‘W?L(S 1Q;Qﬁ), wZEmQ—l—(sQ;smz (ﬁ)’
n

e en o (3.12)
C=i) (QLPL—QuPy).

In order to gain physical intuition, it is also instructive to consider the decomposition

of the scalar field in terms of creation and annihilation operators. On the lattice, the

complex scalar field and its conjugate momentum have mode expansions '

2ni-a

o 1 j ; 2n7i-a
o(0-a,t)=L""2 I (a_,efz(wnt—T) + C_Ltel(w"th)) ’
050 =1 F (o '
6 000) = 0L 3 [ (e R — gl
ﬁ

2Throughout the following, we will stick to the convention where Ql; is the complex conjugate of Qs,

(3.13)

rather than being the Fourier transform of the coordinate QJ; with conventions as in (3.10).

13The creation and annihilation operators in this section are dimensionless and are related to the ones in
d—1

continuous — L T a

. . . lattice = 27 =
the previous section according to aj B where p'= 7.
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where @, 71 take values as indicated by egs. (3.6) and (3.10), wy, is defined in eq. (3.12), and
las, al] =[az, al,] = S (3.14)

with other creation and annihilation commutators vanishing. Using egs. (3.13), (3.10)
and (3.8) we can deduce

O = 2:; (an +al ) Py = —i ;’g (a_ﬁ . aT) (3.15)

The aj, az can be regarded as annihilation operators for particles and anti-particles respec-
tively since the Hamiltonian and charge of the field are given by

H=>) wn(Ng+ N5+1), C=> (Ni—Nz), (3.16)
= =
where the number operators are defined to be

Ng Ea;aﬁ, Nﬁ Edj?@ﬁ. (317)

Note that one usually normal-orders the Hamiltonian, removing the last term of the sum-
mand in the first equation of (3.16) representing the zero point energy.

As already mentioned in the discussion below eq. (2.25), the gates used in constructing
quantum circuits for studying complexity in this paper and also those used to construct
the TFD state in [11] consist of quadratic combinations of the coordinate and momentum
operators. Since these are dimensionful operators we will have to introduce an additional
scale wy (with inverse length dimensions) in our complexity model. This scale is used to
rescale the position and momentum operators in such a way that they become dimensionless

. ] ) P
Gi=wy Q=g (e+aly),  Ba==—iy/(aa-df),  (19)
n g

where we have defined
w

Ap = —2, where [y = ow? (3.19)

and we refer to u, as the gate scale.
Using these new dimensionless operators, we can express the Hamiltonian and charge
in eq. (3.12) as

H =Y o (0 Bl + Madldn) . C =i Z ~ Gaa)- (3.20)
7
For later reference, we denote this basis of complex operators by:

T
& = |an dt. L Ba | - (3.21)

Recall from eq. (2.5) that the unusual ordering of the operators and their conjugates was
chosen such that [£5, (£5)1] = i€
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3.3 Decoupling the particles and anti-particles

So far, we have reframed the theory of the complex scalar field as a theory of decoupled
harmonic oscillators in the complex “C” basis defined in eq. (3.21). Since many states in
this field theory are defined in terms of eigenvalues of the Hamiltonian and charge, it will
be useful to perform an additional transformation to identify degrees of freedom associated
with positive and negative charges. This transformation decouples the contributions of
particles and anti-particles to the Hamiltonian and charge operators simultaneously. This
transformation is given by the explicit expression

? qr

_ _ | _ =
f}; = R(C—Hng: fg = j[l ) £§ = " 3

Py Pr

D Dri

(3.22)

R L1 T —int ot
CREZ o min, i, 1 1
iy —iA, 1 1

This transformation of phase space operators does not modify the commutation rela-
tions (2.5) since it satisfies the condition (2.31). It is also easy to check explicitly that
this transformation generates real operators X = (¢8)1.14 By substituting this coordinate
transformation into eq. (3.20), we obtain

o= an Yp2 + 52) + (a2 + )]
1 (3.23)
C =3 N PE— P2 + Malaz — )]

—

n

Here, we see that the oscillators remain decoupled in the expressions for the Hamilto-
nian and the charge, where the oscillators (gz, pi) have positive charge while (g, pr) have
negative charge, cf. eq. (3.16).

In order to gain physical intuition for this decomposition, it is instructive to consider
the above transformations in terms of creation and annihilation operators. Written in terms
of creation and annihilation operators, the phase space operators introduced previously read

An

1 .
7 = . —(az + at) D =—1 ?(aﬁ — al%), (3.24)
_ 1, _ A,
0 =\ 55 ——(am +ak), P =—1 f(aﬁ —al). (3.25)

Thus, (g7, p7) and (gs, pi) correspond to the real phase space operators for particles and
anti-particles of the field theory, respectively. This explains the signs of the charge contri-
butions in (3.23) from (g7, p7) and (G, pi). Furthermore, the transformation in eq. (3.22)

“Here, when we write &', we mean that we simply Hermitian conjugate the contents of ¢ without
additionally transposing £ between being a row vector and a column vector.

~15 —



can be decomposed into a rotation of the complex phase space operators to real phase
space operators as in (2.18), followed by a symplectic transformation which separates the
particles’ and anti-particles’ creation and annihilation operators. The set of operators &X
in eq. (3.22) will allow us to directly utilize certain covariance matrices from [11] which we
review in section 4.1 below, while the use of £€€ will allow us to more naturally evaluate the
covariance matrix for the reference state, see eq. (4.27) below. Finally, the transformations
between these two bases will allow us to freely move between the different bases as we
evaluate the complexity.

Before moving on, let us take a moment to compare the transformations introduced in
this section and those introduced for the uncharged TFD problem for a real scalar field [11].
Due to the lack of charge and the reality of their field, the authors of [11] were content
to stop at (3.20) after performing the Fourier transform — note that, modulo Hermitian
conjugation, H is decoupled in the tilde phase space operators there.!> It is the second
part of the symplectic transformation (3.22), which splits the particles and anti-particles
degrees of freedom, which was not needed for the case of the uncharged TFD. We will
find this transformation crucial later to the decomposition of charged oscillator TFDs to
uncharged TFDs.

3.4 The reference state

The complexity problem involves a reference state, see discussion around eq. (2.21). The
reference state serves as the starting point for our quantum circuits and is usually chosen
to be simple in the sense that it is unentangled. It was proposed in [6, 7] that a natural
reference state for complexity in QFT's is the ground state of some Hamiltonian

Hyot = / 41z (nTw+m§ef¢T¢), (3.26)

given in terms of a different frequency my.f, known as the reference state scale.' Note
that, due to the lack of the derivative term compared to eq. (3.1), this Hamiltonian only
couples the various position and momentum degrees of freedom — ¢(z),m(z) — at the
same spatial point x rather than introducing a more complicated structure where the
degrees of freedom at different points are coupled to each other. Hence, the vacuum state
for the Hamiltonian (3.26) is spatially unentangled — a desirable property for a ‘simple’
reference state.

Note that, in the absence of a UV regulator, e.g., a lattice, the energy of the reference
state of the QFT diverges in the UV (with respect to the physical Hamiltonian) and
therefore resides outside the ‘physical’ Hilbert space of states whose energy is UV-finite.
The motivation behind this definition of the reference state in [6, 7] stems from the fact
that physical states in QFT have correlations down to arbitrary short distance scales, and
therefore it is expected that those states are infinitely more complex than the unentangled

!5 Actually, the Hamiltonian of [11] had a very similar form to (3.20), but with n and —n modes mixed.
This is because for the case of a real field we have qu =q_7 and p; = p_7. These can be decoupled as in
appendix D of [11] by performing a coordinate transformation of the type (2.18).

16m,ef was denoted w in [11], which we have changed in order to reserve u for the chemical potential.
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reference state. It is therefore sensible to have a reference state which is “infinitely far”
from our target states. A finite notion of complexity can only be defined in the presence of
a UV-regulator (e.g., on the lattice). This is similar to what happens for the entanglement
entropy which is also a UV-divergent quantity in the continuum QFT. Once a lattice
regulator is introduced, our reference and target states both live in the same Hilbert space.
As discussed in the introduction, UV-divergences in the complexity can be regarded as a
constant overhead which cancels when comparing the complexity of different states in the
physical Hilbert space (e.g., when evaluating the complexity of formation).

The Hamiltonian in eq. (3.26) can be discretized and expressed in terms of the opera-
tors (3.18) yielding

Hyor = Z Myef [A;}ﬁ%ﬁﬁ + Aref@%qﬁ] (327)
7
where above we have defined
_ Meyef

Aref = (3.28)
g

Recall from the discussion around eq. (2.27) that the straight line trajectory is optimal
with respect to the F5 norm and provides a good approximation for the optimal trajectory
with respect to the F1 norm when the reference state scale and the gate scale are equal, i.e.,
when A = 1 [11]. Applying the extra coordinate transformation (3.22) decoupling the
particles and anti-particles unfortunately does not preserve the simple form of the reference
Hamiltonian but rather yields:

Href = Z Mref [A];%ﬁjﬂas,ﬁ + )\ref‘ﬁgq}i}

7

1 _ _ )\r f
= 1 Z mref{Are} (pﬁ + pﬁ)Q + )\;
7

n

(P — Di)? (3.29)

B A2 _
+ Aref(‘]ﬁ + %7)2 + A\ (Qn - ﬁ)2}
ref

We will therefore be mostly using the complex coordinates €€ when discussing the reference
state.

4 Complexity of the cTFD state

Having separately discussed complexity and the complex scalar field theory in sections 2
and 3, respectively, in this section, we combine the machinery developed thus far, in order
to compute the complexity of the ¢TFD state of two copies of a complex scalar field
theory. We begin in subsection 4.1 with a review of the properties of the uncharged TFD
state of two harmonic oscillators [11], specifically noting the expression for its covariance
matrix. In subsection 4.2, we next consider the ¢TFD state of two complex harmonic
oscillators, finding that this state factorizes to two uncharged TFDs. The upshot is that we
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may reuse the covariance matrix of the uncharged TFD for the ¢TFD, by merely shifting
the temperatures and times according to the chemical potential — we explain this in
subsection 4.3.!” In subsection 4.4, we use the decomposition of the complex scalar field
into harmonic oscillators, as discussed in subsections 3.2-3.3, to argue that the complexity
of the complex scalar ¢TFD is simply the harmonic oscillator answer summed over the
modes of the scalar. Finally, in subsections 4.5 and 4.6, we use these results to compute
the complexity of formation and the time evolution of complexity for the complex scalar,
respectively.

4.1 Properties of the uncharged thermofield double state

Before we consider the ¢TFD state, let us briefly summarize some useful results from [11]
about the uncharged TFD state of two harmonic oscillators. The state is a purification of a
mixed thermal state on a system with two copies, just like eq. (1.1), but without chemical
potential and charge. More explicitly, it is defined as

1 .
|ITFD(t1,tRr)) = 7 Z e BEn2e=En(tLHR)| B Y 1B, ) R, (4.1)

n

where t;, and ¢t are the times on the two identical copies, 8 is the inverse temperature
and |Ey,)r and |E,)r are energy eigenstates of the left and right harmonic oscillators
respectively, with energy eigenvalues E,.'® We will consider a single mode/oscillator in
the left system with (dimensionless) position and momentum denoted (g, pr,) and a single
harmonic oscillator in the right system with position and momentum denoted (qg,pr),
both taken to have the same frequency w. The Hamiltonian for this system is given by

W, 1
H= Y 5(/\ PG = D) w<a1a5+2> (4.2)
s€[L,R] s€[L,R]

where A is a parameter encoding the mass of the oscillators and where here the phase space
operators are real and are related to the creation and annihilation operators according to

1 A
_ T — T
s = al +as), s = 1 al —as), s € |L, R]. 4.3
q /72)\( ) p 2( ) [ ] ( )

From now on, we will use a subscript s € [L, R] on our variables, indicating which copy we
are referring to. Note that eq. (4.1) depends on the combination of times ¢, + tg and so
the full time dependence can be captured by setting, e.g., t;, = tg = t/2 as we do in the
following. The time dependent TFD state of the two harmonic oscillators is given by the

'"Note however that while we are able to adapt the TFD covariance matrices from [6] to the case of
the ¢TFD by using the particle anti-particle factorization, the result for the complexity cannot be adapted
directly from the uncharged case due to the non-trivial structure of the reference state of the charged system
in the particle anti-particle basis, cf. eq. (3.29).

8Here again, we follow the common nomenclature of referring to the two harmonic oscillators as the
“left” and “right” copies.
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following explicit expression

ITED(t)) :Zgl/Q Z 6—67“(n+%)6—iw(n+%)t|n>L|n>R
=0 (4.4)

o0
:Z/;l/Qe*%w ezt Z exp [676“’/267“”5aJrLaif12 |0)£|0) R
n=0

where the normalization factor is defined as Zg = e™#/2 (1 — e=#@)~1.
The TFD state takes a simpler form in the “diagonal” 4+ basis mentioned below
eq. (2.27), mixing the two sides, defined according to

1 1
=——(qr *+ , = + , 4.5
q+ 7 (qr £ qr) P+ NG (pL £ pR) (4.5)
ie.,
q+ qr D+ PL _ 11
=R =R R =— . 4.6
[q_ LR—+ QR] ’ [p_ LR—+ [pR] ’ LR—+ \/i [1 _1] ( )

In this basis, the TFD state can be written as follows (see egs. (35), (36) and (77) in [11])

ITFD(t)) = e+ O0) © O~ ®]0)

@

. (4.7)
O(t)

N |

1 . _
cos(wh) (qps + pras) + 5 sin(wt)(Agz — A7 'pd)

! 14 e Pw/?

The covariance matrix of the TFD state in the £ basis is given by eq. (76) of [11], i.e.,

where we have defined

A~ Ycosh(2ar) % sinh(2a) cos(wt)] F sinh(2a) sin(wt)

G%FD (t7 a) = F sinh(2a) sin(wt) A[COSh(QOz) F Sinh(QOé) COS(OUt)] '

(4.9)

This TFD state consists of a single Harmonic oscillator of frequency w.

When studying the uncharged TFD state of a real scalar QFT, [11] have shown that
the problem factorizes to evaluating the complexity of a product of different one-mode TFD
states, each with a different frequency wy = vk2 +m? where k is the spatial momentum
of the different modes and m is the QFT mass.

4.2 cTFD of two complex harmonic oscillators

Next, we consider the charged thermofield double consisting of two complex or four real
harmonic oscillators. We will label each oscillator as right or left (R or L) and particle or
anti-particle (no overbar or overbar). The complete Hamiltonian is given by

H=Hr+Hp; H,= % AN 'p2+p) + M2+ 3], se[L,R]. (4.10)
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This is to be representative of a single mode in eq. (3.23). Alternatively, in terms of complex
phase space operators we have Hy = w <)\71ﬁlﬁs + )\c];rq}). We may use similar creation
and annihilation operators to those in eq. (3.24) to expand the Hamiltonian and charge,
i.e., we take!

1 .
qs = ﬁ(as + al), ps = — i\ =(as —al), (4.11)

1 A
7s =\ =~ (as +al ps = — i\ = (a5 — al 4.12
QS 2)\(0’8 +as)7 pS 1 2(&3 as)? ( )

and define the number operators as in (3.17)

N, = aias, N, = dlds. (4.13)

In terms of creation al, Zzl, annihilation as, as, and number Ny, Ny, operators, we have

Hy =w (Ng+ N, +1). (4.14)

Similarly, the total charge of a given side is given by

1 _ . R —
Cs =5 NHa5 = @) + A0S = B5)] = Ny = N (4.15)
Alternatively, in terms of complex phase space operators we have Cs = i( ~lﬁl — qsps). We

denote eigenstates of the number operators by |n, n)s, satisfying
Ng|n,n)s =n|n,n)s, Ng|n, i) =ni|n,n)s. (4.16)
The creation and annihilation operators raise and lower number eigenvalues according to

o (ahr@hm
N, M) :W|070>87 (4.17)

which have energy and charge eigenvalues given by

wn—

Hs’na ﬁ>s = En,ﬁ|n’ﬁ>57 En,ﬁ

Cs’na ﬁ>s = Cn,ﬁ|n7ﬁ>5a Cn

(n

+
3

1) (4.18)

w
n

3
I
;I

)

The ¢TFD state, is defined in general by eq. (1.1). As in the uncharged case of
subsection 4.1, let us again set t;, = tg = t/2. Then, specializing eq. (1.1) to the present
theory of harmonic oscillators, with energy and charge eigenstates and eigenvalues given
in eq. (4.18), we find, in analogy to eq. (4.4),

CTPD(, st ) = 25 3 exp{ = (5 +it) (Bus -+ ) f In o
L (4.19)
= Zﬁii/z e—w(g-kit) exp {— (g + it> [w(n+n)+ un — ﬁ)]} |n,n)r|n,n)R.
n,n=0

YHere a, is identified with as,7 while a, is identified with as,_z from the previous discussion around
eq. (3.24).
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Note the ordering of 7, n in writing |71, n) g; by this, we mean the n-th eigenstate of Ny and
the n-th eigenstate of Ni. This was done in order to recover the structure in eq. (1.1) with
opposite charges on the left and right sides. The normalization constant Zg , is given by

Zg = e P Z exp{—0[w(n+n)+ u(n—n)l}
n,n=0
— e Bw {1 — 67’8(“’7“)} ! [1 — efﬁ(wﬂi)] ! (4.20)

—1
= [1 + e 2w _ 9ehw cosh(ﬁ,u)} .

Comparison of (4.19) with (4.4) shows that this ¢cTFD is just a product of two uncharged
TFD states

[cTED(8, s t,w)) = [TFD(Brg, i tpr)) ir @ [TFD (B, i trr)) LR (4.21)

at temperatures and times shifted by the chemical potential?’

ﬁiRzﬁ(l—g), tith(l—g), (4.22)
5LREB(1+5), tLth(lJrg). (4.23)

Thus, we see that we can use the covariance matrices of the uncharged TFD from refer-
ence [11], to study the complexity of the ¢cTFD.

From egs. (4.22) and (4.23), we already see something interesting. As |u| — w, one of
the effective temperatures ,6’511%, ,BZ]%L blows up; further for |u| > w, we have an ill-defined
negative-effective-temperature state in either LR or LR. In particular, notice that, for |u| >
w, the ¢TFD state (4.19) becomes ill-defined since the normalization factor (4.20) diverges.
This will force us to take all frequencies in our field theory construction, see eq. (3.12), to
be at least as large as the chemical potential and, in particular, this implies that in our
field theory setup we must have m > |u|.?! This means that we will not be able to reach
the conformal limit for fixed p # 0 in this work. Moreover, note that in general replacing
@ <+ —pu is equivalent to swapping LR «+ LR, under which the complexity is invariant.

4.3 Complexity of the cTFD of two complex harmonic oscillators

We now have the necessary ingredients to compute the complexity of the charged ther-
mofield double state (4.19) of the two complex harmonic oscillator system. Recall from
the paragraph above eq. (2.28) that the complexity depends on the choice of basis, and

2ONote that this cannot be rephrased purely as a shift in the frequencies w;z = w + p, Wigr = W — p
since the states |n,7)s used to construct the ¢TFD in eq. (4.19) are created from the vacuum state of
each side |0,0) with the creation operators defined with respect to the Hamiltonian containing the original
frequency of the theory. Therefore, in (4.9), it is the case that, while o becomes shifted due to the modified
temperatures in eq. (4.22)—(4.23), the parameter A is defined with the frequency of the original theory
rather than with the shifted frequencies.

*'The case m = |u| is rather singular, however as we explained in footnote 8 and revisit below in
footnote 27, this limit can be taken smoothly in the field theory in sufficiently high dimensions.
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that it was found in [11] that the F} cost function with a choice of basis which does not
mix the left and right degrees of freedom was the one which reproduced best a number
of qualitative features of complexity in holography. We have chosen to focus on a similar
choice of bases below. We will consider two different bases, the complex left-right basis
LR¢ corresponding to operators

L S I U R -
5 fe = |:qL7 qza qR, Q}Lga pTLa pL, pTRa pRi| ) (424)
and the real left-right basis LR corresponding to the particle and anti-particle degrees of
freedom
gLR = |:qu dr; 4R, 4R, PL; PL; PR, pRi| 3 (425)

where ¢1F¢ is related to €17 by eq. (3.22).22 (To reuse the results of subsection 4.1, we
will also need to relate the above to a “diagonal” + basis (cf. eq. (4.5)), as we do below;
however, we will always transform back to the £¢X5¢ or ¢F bases to compute complexity.)

For the reference state, we take the vacuum of a single mode of the complex scalar
reference Hamiltonian (3.27):

HR,ref =Mref ()\;%]5]];]513 + Aref‘ﬂ{‘jﬁi) . (426)
The covariance matrix of the reference state in the L R¢ basis can be evaluated directly from
the definition (2.7) by using creation and annihilation operators adapted to the reference
state as in eq. (3.18) with the replacement A\, — At which yields

GEe =GR = diag(Ah, A=L, Avet, Avet), (4.27)

ref ref ref > “‘ref

where we have used the superscripts L¢c and Rc to denote the complex operators for the
left and right copies (according to the order in eq. (3.22)), respectively. The full covariance
matrix for the reference state will simply be the direct sum of those two 4 by 4 matrices
according to the order of operators in eq. (4.24).

Using the decomposition (4.21) of the ¢cTFD into uncharged TFDs, we can deduce the
(target) covariance matrices of the cTFD. It is helpful here to define the symbol & to mean
direct sum, followed by reordering rows and columns so that positions are listed before
momenta. With this, the covariance matrix of the ¢cTFD is given by

G?FD (tER,n7 aZR,n)éG:_FFD (tLR,rN aLR,n)éG%FD (tiR,n’ aiR,n)éG’EFD (tLR,rw aLR,n)
(4.28)

where GEpp is the uncharged TFD covariance matrix (4.9), with the shifted times
tLRn> tLRny and app,app from eq. (4.8) defined in terms of the shifted temperatures
Bir, Bk given in egs. (4.22)—(4.23). The covariance matrix obtained in this way will be
given in the following basis of operators

+ _ _ _ _
£ = [q{R,qu,qER,qLR,p{R,pZR,piR,pLR] ; (4.29)

220f course, here we mean that the operators are related by a matrix constructed as a direct sum of (3.22)
for the left and right copies.
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obtained from eq. (4.25) by the equivalent change of coordinates to the one in eqs. (4.5)—
(4.6), which mixes the LR operators and the RL operators separately, i.e.,

1 1
q%:R = E(QL + qr), pij = 72(” + pr),

1 1 (4.30)
q%' = E(QL:I:QR% prE 72([)[, ﬂ:ﬁR)

The relevant circuits will consist of 8 X 8 matrices acting on covariance matrices accord-
ing to (2.20)—(2.21) where S(o) € Sp(8,R). In particular, we shall consider the straight
line circuit described around egs. (2.26)—(2.27). We can compute the relative covariance
matrix (2.26) for the ¢cTFD state in, say the LR basis, as follows

LR  __
AcTFD -

Riir [Ghep(tips arr)BCGep (tr, 0p5)DGrpp (tr, L ) BGrrp (trrs aLR)] Rl—)LR
—1
L - R
' |:(RLC—>LGre?RE@—}L)@(RRC"RGre(f:chéR) ’

(4.31)
where
01 0 1
1 |10 1 0
LR +

=R R =R, ®R Ry=— SO(4 4.32
3 +5LRET, +LR =R4 @ Ry, 1= 10-1 0 €50(4)  (4.32)

01 0 —1

inverts the transformation (4.30) and Ry . = Rp.—g is given in eq. (3.22) applied to
the left and right operators, respectively. We can easily transform A(%%FD to another basis,
say the LR¢ basis as follows

AL =(Ri 1 ®Rpope) A (RL— e O RR-R) (4.33)

where Ry, = Rr— R, is given by inverting eq. (3.22). It only remains to compute (the
upper bound for) the F} complexity via eq. (2.29) with an appropriate basis K for sp(8),
see appendix A. We reiterate this equation here for convenience

: (4.34)

CYB — %Z ‘tr (log(AcTFD) : KD
I

where UB stands for “upper bound”.

We have not written the explicit expression here, since this expression arising from
the product of the 8 x 8 matrices above is cumbersome and not particularly illuminating,
but it is easily obtained by substituting into eq. (4.34) the generators in the complex basis
given in appendix A and the relative covariance matrix (4.33) given explicitly in terms
of egs. (3.22), (4.8)—(4.9), (4.22)—(4.23), (4.27) and (4.31)—(4.32). We will study various
properties of this (upper bound on the) complexity analytically in certain limits as well as
numerically.
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4.4 cTFD states of the complex scalar

The ¢TFD state for the complex scalar theory is defined according to eq. (1.1). As in
section 4.1 we will set t;, = tg = t/2 (but the full time dependence can easily be recovered,
given that the time dependence is simply dictated by the sum of the two times). The
relevant state for our construction is therefore given by

1 .
Z e*%(En+#CG)*1(E”+“C”)t|En, CU>L|Em —CU>R’ (4.35)

vV Zﬁw n,o

with |E,,c,) denoting the Hamiltonian and charge eigenstates with eigenvalues FE,, c,,

[cTFD(B, ;1)) =

respectively. The time evolution in eq. (4.35) is motivated in appendix B. The goal of this
section is to calculate the complexity of this state for free complex scalar field theory.

The decomposition (3.12) together with the commutation relations (3.11) teach us that
the ¢TFD state in the complex scalar field theory factorizes into ¢TFD states of each of
the momentum modes, i.e.,

cTED(B, ;1)) = Q) [cTFD (B, 415 £, wn)), (4.36)

where the frequencies w;, were defined in eq. (3.12). Due to the mode factorization (4.36) of
the complex scalar ¢cTFD, the circuit constructing it will similarly factor into circuits which
act separately on each mode 7i. As described in sections 3.2-3.3, each of the momentum
modes of the complex scalar is equivalent to a complex harmonic oscillator. Therefore, we
may compute the complexity of the complex scalar ¢TFD by summing the complexities
of harmonic oscillator cTFDs — the calculation of which was described in section 4.3 —
according to

C(|cTED(B, pi;1)) ) = ) C(IcTFDy (B, i twn)) ) - (4.37)

n
Eq. (4.37), with the sum over discrete and finitely-many 7i-s, gives the complexity for
the discretized and compactified theory of the complex scalar, see eq. (3.6) and the text
above it. Recovering the continuum limit and decompactified space amounts to taking § —
0 and L — oo respectively. The latter is implemented by replacing sums with integrals:?

N L\t pm/o
> %/ d¥tn = () / d1k (4.38)
= N 2m -y

where we have switched from the discrete label 7 to the continuous label &
271t
L bl

cf. footnote 13, and N was defined in eq. (3.6). In this construction we also have to replace

k

(4.39)

the frequency by the continuous frequency wy = v'k? + m? (see the discussion in section 5.1
of [11] for more details). Similarly, the parameter A, in eq. (3.19) will be replaced with
N = WV k% + m?
k= —=—-—.
Hg Hg

Z3There appears to be a typo in (188) of [11] in that the r.h.s. is missing the prefactor we have in (4.38).

(4.40)
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Furthermore, taking the continuum limit amounts to extending the domain of integration
in eq. (4.38) to be the full R?~1. As already mentioned in the introduction, the complexity
in QFT has UV divergences and needs to be regularized. This was the reason why we
regulated the theory on the lattice in the first place. The divergences of the complexity for
the ¢cTFD state will be the same as those for a product state constructed from two copies
of the vacuum state since the UV structure is similar in these two states. When working
in the continuum limit, without a lattice, it is possible to regulate the UV divergences by
introducing a momentum cutoff |k| < A as the limit of integration in eq. (4.38). For our
calculations however, we will focus mostly on differences of complexities which yield finite
quantities and therefore we will be able to simply take A — oo.

4.5 Complexity of formation

Following along the lines of section 5.3 of [11], we will now investigate the complexity of
formation [38] of the complex scalar field in the charged thermofield double state

ACctrp(t = 0) =Cerrp(t = 0) — Ciac(zaR) » (4.41)

where Cy,c(zor) 18 the complexity of two copies of the vacuum state of the same complex
scalar field theory. This UV-finite quantity compares how much harder it is to prepare the
c¢TFD state at ¢ = 0 compared to preparing two copies of the vacuum state in the same
complex scalar theory. We will evaluate this complexity difference using equation (4.34)
which provides an upper bound for the F; complexity. However, similarly to what was done
in [11], we will everywhere assume that the values of A are such that the bound (4.34) is
approximately saturated (see discussion below egs. (2.26)—(2.27)), in particular, in all our
numerical analysis below, we select Ar = 1.%4

By setting ¢t = 0 to compute the complexity of formation, it is possible to analytically
diagonalize the relative covariance matrix (4.31), or (4.33), of each mode. We begin by
noting that at ¢ = 0, (4.9) simplifies significantly:

G%FD’k(t =0,q) :diag()\gleﬁo‘, ApeT22) (4.42)

where we have appended subscripts k, indicating that (4.42) gives the covariance matrix
of the k-th momentum mode, and A is given in eq. (4.40). Further, transforming the
covariance matrix of the reference state (4.27) also to the £ basis, we find

Grap = Glefe = (Rres.ORpe—r) Grigy (RrerORpe—r) = COC @ D@ D,

1 )‘ref 1 _ )\ref A2 )\2 443
C = 1 Aref + AR Aref A7 — 1 Aref + )\rkf Aref — ’\rgf ( )
2 1 _ )‘rcf 1 >\rcf ) _ Ak >\k ’
Aref )\% Aref + )\z >\ref Mot /\ref + Nrof

where the covariance matrix here is given in the ¢* basis from eq. (4.29) and Rp 1 =
Rp.—r is given by eq. (3.22) with the replacement \,, — Ay, applied to the left and

24We keep however the general Awof dependence in some of the analytic expressions below, since [11]
have shown that there exist some other values of A;ef for which the straight line circuit provides a good
approximation of the optimal circuit. A full analysis of the range of Aef 7# 1 for which the straight line
circuit provides a good approximation for the optimal circuit is beyond the scope of this work.
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right operators, respectively. The first equality is due to the fact that the reference state
covariance matrix is stationary under the change of basis Rpr—+, given in (4.32). We can
then obtain the relative covariance matrix in the + basis as follows

+ _
A (4.44)
~ ~ ~ N + -1
[GJTFFD,k(tERa arp)OGTpp 1 (trr L R)OGTpp 1 (tir @2 R)OCGTpp 1k (t s L R) | (Grapr) ™
As we show in appendix D, we can in fact analytically diagonalize Acrpp  at t = 0.
To evaluate the complexity of formation (4.41), we must also evaluate the complexity of
the vacuum, which takes a relatively simple form in the LR¢ basis, in which the covariance

matrices of both the vacuum and the reference state are diagonal, cf. eq. (4.27):%°
Gfeii = diag (Aot Laxa, Arerllaxa), (4.45)
Grons, = diag(Ay s, Mellaxa), (4.46)
. Aref A
Aéﬁick = diag < ;e Tgxa, /\k]l4x4> . (4.47)
k ref

Transforming (4.44) and (4.47) to the LR and LRc bases, we are then able to evaluate the
complexity of formation (4.41) for each mode using the methods described in subsection 4.3,
then integrate over all modes, as described in subsection 4.4, to obtain the complexity of
formation for the full complex scalar ¢TFD.

In [11, 38], it was found that the complexity of formation is proportional to the entropy
in several cases (see discussion in section 1). Therefore, [11, 38] have argued that it is natu-
ral to consider the ratio of complexity of formation of the TFD state over the entanglement
entropy between the two sides, or equivalently the thermal entropy of the thermal state
obtained on each side after tracing out the other. The entropy for the uncharged TFD is
obtained from the partition function with Bose-Einstein statistics by differentiating it with
respect to the temperature (cf. egs. (201)-(202) of [11]) and reads:

ddilk &uk —Bw
Strp = Vol/ om)i (eﬂwk - log(1 —e™” k)> ’ (4.48)

where wy, = VA2 + m?2 and vol = L% ! is an IR regulator for the volume of the field theory.
For the cTFD state, we are dealing with two sets of modified temperatures and times, as
indicated in eqgs. (4.22)—(4.23). We therefore suggest that it is natural to normalize our
result with respect to the following sum of entropies

Setrp = STFD (B — Brg) + StED(B — BLR)- (4.49)

This, of course, coincides with the entanglement entropy between the L and R sides of the
c¢TFD. The entanglement entropy between the two sides of the ¢cTFD of the complex scalar

25The vacuum covariance matrix is obtained by replacing Aref — Ak in the reference covariance matrix,
as is clear by comparison of the physical and reference Hamiltonians (3.20) and (3.27).
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field can be expressed as

vol

SCTFD — W[S(Bm’ /BM) + S(Bm) _/BM)}
(4.50)

Qg9 o d—2| 9(u,z,y) —g(u,zy)
s(z,y) = @m)iT /0 du u columy) — 1 log(1—e )

where g is given by

g(u, z,y) =V u? + 22 —y. (4.51)
In most plots below, we will consider the ratio

AC(|cTFD(t = 0)))

4.52
SeTFD (452)

However, since at low temperatures the entropy goes to zero, in order to study the low
temperature limits we will sometimes present un-normalized plots.

4.5.1 Vanishing chemical potential

As we shall numerically verify (see figure 1 below), taking the limit of vanishing chemical
potential S — 0 in either the LR or LR¢ bases yields a complexity C(t = 0) which matches
with the complexity of the real scalar uncharged TFD [11], up to additional proportionality
factors. In the LR basis, there is an extra overall factor of 2, which can be attributed to
the fact that each complex field decomposes into two real fields. For the same reason, we
see from eq. (4.50) that entropy is similarly doubled for the complex scalar. In the LR¢
basis, we find that complexity instead receives a factor of v/2 compared to the result in [11],
which can be attributed to the fact that the straight line circuit is better aligned with the
elementary gates of this basis so that the circuit can be generated with fewer gates, see
detailed discussion in footnote 41 below.

4.5.2 High temperature limit

Taking S — 0, the dimensionless parameters of the theory gm, Bu — 0 vanish. Hence, we
expect to recover results proportional to those of the uncharged TFD for a massless scalar
in eq. (206) of [11] and indeed we find

ACi(cTFD) 241 {1 LR basis (Bm = B = 0). (4.53)

ScTFD d 2-1/2 LR¢ basis

Recall that the relative factor of 2722 in the LR¢ basis can be attributed to the fact
that the straight line circuit is better aligned with the elementary gates of this basis, as
described above in subsection 4.5.1, see also footnote 41 below.

—97 —



4.5.3 Low temperature limit

Here, we consider the low temperature (large ) limit. Focusing first on the neutral case
with p = 0, and taking fm > 1, gives the uncharged TFD at low temperatures, which was
already treated in [11], see eq. (208) there,

(d+1)/2,8m/2 1 LR basi
ACy(cTFD) 2 e y { asis (4.50)

SetFD pm 2712 L Rc basis .

As in (4.53), we have an extra factor of 271/2 in the LR¢ basis.

Next, we consider the low temperature limit with positive chemical potential, i.e.,
fm > 1 and Bu > 1, where without loss of generality we have chosen p > 0.26 We
are able to obtain analytic expressions for the low temperature limits in the case where we
further assume 3(m—p) > 1. For the complexity of formation we obtain (see appendices C
and D for the detailed derivation):

d—1
m \ 2 d—1\ _gim—u)/2
AC1(cTFD) ~ vol Q4o - (7%) T <2) e Blm=—p)/

2max{m2,mfef}log( e )

T LR basis (4.55)
ref
X ot ™ .
1 MMyef (Aref+)\ref ) 10g ( Mo ) i
7 [1 it | PHe basis

In that same limit, the entropy (4.50) of the ¢TFD is given by

d—1
= 1 _
Seonpn ~vol Qs - <2gﬁ> r <052> o Blm—p) <5(m2/~6)> ' (4.56)

Taking the ratio between complexity of formation (4.55) and entropy (4.56), we have

m

4max{m?m2 ,}log

AC(cTFD)  2(d=1)/2¢B(m—p)/2 " el LR basis W
~ tret (hrer-+Ar b log - 4
SeTrD Blm = n) V2 [1 + : m;,n;;ff) - mmf] LRc basis

We will often be selecting Ajef = Myef/ftg = 1, see comments around egs. (2.26)—(2.27)
and (3.28). Note that, in the low temperature limit, both the entropy and the complexity
are suppressed by exponential factors, but the complexity goes to zero slower than the
thermal entropy. Of course, as we go away from the large § (low temperature) limit, this

conclusion may change, as we will see in the numerics below.

4.5.4 Numerical results

In this section, we present numerical plots of the complexity of formation (4.41) of the
complex scalar ¢TFD. In all the plots below, we have chosen A = myet/1g = 1, see
related comments around egs. (2.26)—(2.27) and (3.28). All our results here are invariant

26 As noted at the end of subsection 4.2, our results are symmetric under the change p — —p.
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ACHRe(t

Bm Bm

(a) LR basis (b) LR basis

Figure 1. Complexity of formation, scaled by the entropy, as a function of 8m, for the complex
scalar ¢TFD in the special case p = 0. Various dimensions d are shown. The results for the LR
and LR¢ bases are proportional to each other and to figure 9 in [11].

under the symmetry p — —p of the ¢TFD and will recover the neutral results (up to
possible constants of proportionality) when p = 0.

We begin with figure 1, where we plot the case of vanishing chemical potential 4 =0
in both the LR (figure 1a) and LRc (figure 1b) bases. Recall that the LR¢ basis was
the original basis of complex operators (4.24) while the LR basis is the set of operators
adapted to the particle and anti-particle degrees of freedom (4.25). Note that the vanishing
of u reduces the cTFD to two uncharged TFDs. For this case, we see that the LR and
LRc bases give proportional results, with a relative factor of v/2 — see explanation in
subsection 4.5.1 and footnote 41. In [11], the same figure (figure 9 therein) was produced
for the uncharged TFD state of a real scalar field, using a basis analogous to LR¢c. The
fact that figure 1b is proportional to figure 9 of [11] provides a check of our numerics.

In figures 2 and 3, we consider the complexity of formation for u # 0. We also present
results for the complexity normalized by the entropy (4.50). We have added to these
figures the low temperature approximations presented in subsection 4.5.3. As can be seen,
moving left to right, in the right panels of subfigures 2a, 2b, 3a and 3b, in this large
limit, the ratio (4.52) between complexity of formation and entropy diverges exponentially
for |u| < m and appears to vary relatively slowly in the special case?” |u| = m. The
corresponding left panels show that, for all |u| < m, the complexity becomes smaller
in the low temperature limit; on the other hand, for the case |u| = m, it appears to
increase. The latter case best resembles what happens in holography, where the complexity

2"In the limiting case |g| — m, the zero mode in either LR or LR becomes infinitely populated due
to an unbounded effective temperature, cf. eqs. (4.22)—(4.23). However, as explained in footnote 8, in
sufficiently high dimensions d, the full state of the scalar field may nonetheless be normalizable and have
a finite particle number density. Indeed, in d > 3, the suppression by the low frequency density of states
is sufficient to render the entropy integrals (4.48)—(4.50) finite as |u| — m, which is reflective of our earlier
claim that the grand canonical potential remains finite in the |p| — m limit for d > 3, at least when
neglecting condensation. To have a physically reasonable |u| — m state with finite particle density would
further require d > 4. In general, condensation in the zero mode k = 0 may occur as |u| — m, but we shall
assume the condensate makes a negligible contribution such that the integral approximation (4.38) is exact
in the L — oo limit.
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(c) Fixed Bmyes and various Sm; complexity versus p/m.

Figure 2. Complexity of formation in the LR basis for the complex scalar ¢cTFD in d = 4. The
curves are plotted as functions of Sm and p/m for various fixed values of /m and Sm, respectively
(recall that |u| < m). The dashed curves in subfigures 2a and 2b mark the low temperature
limits given in subsection 4.5.3. The conformal neutral limit is obtained at the left-most points in
subfigures 2a and 2b since keeping p/m fixed and sending m — 0 means that we are also decreasing
the chemical potential. We see that, in this case, the dependence on the ratio pu/m disappears and
all the curves approach the same point (alternatively, this can be seen as a large temperature limit,
where the chemical potential becomes negligible).

diverges in the low temperature limit at finite chemical potential, a phenomena known as
the “third law of complexity” [39]. In the scalar theory, we see that this effect is not
reproduced for |u| < m, as noted above and can also be seen from eq. (4.55). In general,
moving from lower to higher curves in the left panels, we observe that the unnormalized
complexity of formation increases as |u|/m increases for fixed values of fm and fmyer. Some
intuition for the behaviour of the complexity of formation as a function of the chemical
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Figure 3. Complexity of formation in the LR¢ basis for the complex scalar ¢cTFD in d = 4. The
curves are plotted as functions of Sm and u/m for various fixed values of u/m and Sm, respectively.
The dashed curves in subfigures 3a and 3b mark the low temperature limits given in subsection 4.5.3.
Note that although subfigure 3a fixes Sm.e while subfigure 3b fixes m/m,ef, the two figures are
nearly identical — this is because, as shown below in figure 4b, the dependence on Sm,es in the
LRc basis is very weak.

potential and temperature can be developed by considering the particle number density,
which also increases with the temperature and chemical potential. Although the detailed
dependence does not precisely match complexity (as to be expected), this perhaps suggests
that states become more complex with increasing particle density. We leave it for future
work to explore this correlation in greater detail. Figure 4 explores the dependence of the
complexity of formation on the reference scale Smye for general |u| < m. This dependence
is weaker in the LR¢ basis than in the LR basis. We observe an approximate symmetry
Bmyes — 32/ (Bmye) for some constant s in these figures.
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Figure 4. Complexity of formation, scaled by entropy, as a function of the reference scale Sm e,
for the complex scalar cTFD with fm = 1in d = 4. Various values of Su are shown. The complexity
of formation is independent of the reference scale when Sp = 0 as found in [11]. With non-vanishing
1, the dependence is weaker in the LR¢ basis than in the LR basis. Note that these figures obey
an approximate symmetry Smyes — 3/(8myer) for some constant s.
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Figure 5. Time dependence of the complexity, scaled by the entropy, for the complex scalar cTFD
in d = 4 with fm = Bu = 0. The curves for various fixed values of fm.cs are plotted as functions

of /.

4.6 Time dependence

Next, we consider the time dependence of complexity for the complex scalar ¢TFD. To
calculate complexity at arbitrary times, we integrate eq. (4.34) over all modes, cf. eq. (4.38).
At general times, it is cumbersome to write analytic expressions for these relative covariance
matrices, so we immediately resort to numerics. We plot the complexity against time in
the neutral limit (for both the LR and the LRc bases) in figure 5 and for general |u| < m
in the LR basis in figures 6-7 and in the LR¢ basis in figures 8-9.

Starting with the neutral g = 0 limit in figure 5, we observe that the complexity in the
LR basis (figure 5a) does not recover the results for the time dependence of the uncharged
TFED of a real scalar given in [11]. In particular, note that the late time complexity becomes
arbitrarily large as Smy.s is taken to be very small or very large. This discrepancy with [11]
is due to the fact that the ‘LR’ basis used for the real scalar there is more analogous to
the LRc basis of the original complex operators here. On the other hand, the complexity
evaluated in the LRc basis (figure 5b) recovers v/2 times the time dependence of the
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Figure 6. Time dependence of the complexity in the LR basis, scaled by the entropy, for the
complex scalar ¢cTFD in d = 4. The subfigures correspond to Smyes = 1 with different fixed values
of fm. Curves for different fixed values of p/m are plotted as functions of ¢/3.

complexity of one uncharged TFD,?® as given in the ‘LR’ basis of [11]. In particular, we
see that taking extreme values of Smyer gives a finite limit for the complexity at all times
in the LR¢ basis.

In figures 6-7 and 8-9, we plot the time dependence of the complexity in the LR and
LR¢ bases respectively for general values of |u| < m and for various values of Sm > 0.
Moving between the subfigures corresponding to different Sm, we see that the complexity
develops oscillations with a frequency proportional to m. This is naively to be expected: in
order for the integral over single-mode (vacuum-subtracted) complexities to be convergent,
the contribution of high-frequency modes must necessarily be suppressed. Hence, we expect
the oscillations of the total (vacuum-subtracted) complexity to result from modes of low
frequency, which are bounded from below by wi—g = m.

In general, we note that, in the LR basis, the complexity plotted in figures 5a and 67
always initially increases and peaks at a global maximum, never drops below its initial
value, and always saturates to a value fairly close to its global maximum. In the LR¢
basis, on the other hand, the complexity does not typically stay above its initial value for
all times and indeed sometimes saturates below its initial value, as shown in figures 5b
and 8-9, in contrast to holographic complexity.

28We have consistently used d = 4 across all our time-dependence plots. We have, however, separately
verified that the d = 2 analogue of the right panel of figure 5, upon subtracting off the initial value, matches
figure 16 of [11] with an additional factor of %7 see subsection 4.5.1 and footnote 41. Recall that the
entropy of the complex scalar here is double that of the real scalar in [11].
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Figure 7. Oscillatory time dependence of the complexity in the LR basis for the complex scalar
c¢TFD in d = 4 for large fixed values of fm and even larger fixed values of Bmyes. Curves for
different fixed p/m are plotted as functions of ¢/8. Note that the vertical axes and values of p/m
here differ from those in figure 6.

Similarly to what was found for the uncharged TFD in [11], we observe that the time
dependence of complexity deviates significantly compared to the results in the holographic
systems. In fact, the complexity for our Gaussian cTFD exhibits damped oscillations
around some final value after times of the order of the inverse temperature. This is perhaps
not surprising, since the free systems we consider here are not chaotic.

In the left panels of figures 7, 8 and 9, we observe that, in both bases, the time depen-
dence of the (unnormalized) complexity decreases in the low temperature limit (moving
between subfigures),?? keeping all the other parameters fixed, for all |u| < m. This effect
is similar to the one observed in holography where the rate of computation comes to a
halt as the temperature decreases. A precise comparison of the rate at which computation
stops with the decrease of temperature is numerically challenging and we leave it for the
future. Further, moving between the curves in each of the right panels, we observe that

29We expect that this will be the case for values of fm larger than the value for which the unnormalized
complexity of formation in the left panels of figures 2—-3 starts decreasing. For instance, going from the
left panel of figure 8a to the left panel of 8b, we see that only the blue, yellow and green curves appear to
decrease as fm goes from 2 to 8, cf. figure 3a. Moreover, the change in complexity compared to its initial
value in the limiting m = u case does not appear to decrease with temperature, as shown by the top curves
in the left panels of figures 7 and 8, as well as the right panels of figure 9 (this last case was not included
in the left plot because of the very different orders of magnitude and it has to be rescaled with a factor of
ACTEe(t = 0), cf. the left panel of figure 3b, which increases with 8m).
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the amplitude of the fluctuations in complexity as a function of time, scaled by the initial
complexity, increase as the chemical potential decreases.

5 Comparison with holographic results

As discussed in section 1, there are several conjectures for the gravitational dual of com-
plexity in holography and it is expected that the qualitative comparison of free field theory
results to those obtained from gravity will provide hints toward a good definition of com-
plexity on the field theory side, applicable to the dual field theory of holographic systems.
Therefore, in this section, we perform such a comparison. We start by reviewing known
holographic results for the complexity of ¢cTFDs for QFTs with holographic duals. We then
compare those to our results in the previous section.

In holography, the cTFD state is dual to a charged eternal black hole, see,
e.g., [29, 31, 32, 50]. The complexity in this background was studied in holography
in [23, 39] and we provide here a brief summary of those results.

The complexity of formation in the limit of small chemical potential u/T < 1 was
studied for four boundary spacetime dimensions and was found to obey3°

ACA=5<C1+C2 (%)%(%) +) ACV:S(51+62 (;)ZJF) (5.1)

where c1 2 and ¢; 2 are order one positive constants, .S is the thermal entropy of each side
(or the entanglement entropy between the two copies) and the subscripts A and V refer to
the CA and CV proposals (see section 1), respectively. These expressions reproduce the
neutral results (obtained for neutral eternal black holes) in the limit g — 0. While this
statement may seem obvious, checking it in holography is non-trivial, since neutral and
charged eternal black holes have very different causal structures.

Furthermore, the complexity of formation of charged eternal black holes was found to
be divergent in the opposite limit when the temperature is sent to zero, i.e., for T/p < 1
(using both the CV and the CA proposals)3!

ACay ~ Sln (%) T (5.2)

30In the result for the CA proposal, we have neglected a term of order (u/T)®. The coefficient of this
term was found in [39] to depend on the normalization constant a of the null-normals to the boundaries
of the WDW patch. Our recent understanding, however, is that one should include a counter term [51] to
remove this parametrization-dependence on the null-normals of the WDW patch. It would be interesting
to examine the effect of this addition. In the CV result, we have neglected a term of order (u/T)*. In the
setup of [39], the chemical potential was assumed to be positive; however, since the definition of the cTFD
state is invariant under changing u© — —pu as well as interchanging the left and right sides, we know that the
result for negative chemical potential should take the same form with p — |u| in all the equations below.

31Tn these expressions, we have neglected a constant term. For the case of the CA complexity, this constant
term depends on the normalization constant « of the null normals. It would be interesting to examine the
effect of including the counter term restoring reparametrization invariance [51] on this constant. Note
that this result is not valid for the case of spherical black holes with chemical potential below a certain
critical value. In this case, for a sufficiently small chemical potential, pure AdS with a background gauge
field is recovered in the zero temperature limit rather than an extremal black hole. As a consequence, the
entanglement entropy and the complexity of formation, using both CV and CA, vanish.
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where again the proportionality coefficients in these relations are order one positive con-
stants. This curious behaviour is a result of an IR divergence due to the infinitely long
throat of the wormhole in the extremal (zero-temperature) limit. The interpretation sug-
gested in [39] was that of a “third law of complexity”,3? namely that cTFD states at finite
chemical potential and zero temperature are infinitely more complex compared to their
finite temperature counterparts and cannot be formed by any physical process during a
finite amount of time. Note that S remains finite as 7' — 0 in the holographic setup.

A number of results concerning the time dependence of complexity for charged eternal
black holes are also available [23, 39]. Just like for neutral eternal black holes, also here
the complexity exhibits a linear increase at late times. The authors of [23] have proposed
that the late time rate of change in the CA complexity should obey a modified version of
Lloyd’s bound

dCa 2

CA < 2 (M = pC) — (M = 1)), (5.3)
where M is the black hole mass and C' is its charge and where the subscript ground state
(gs) indicates the thermodynamic quantities associated to the state minimizing (M — uC)
for a given value of the chemical potential.?® It was found that large or intermediate charged
black holes®® violate this bound at late times, while small black holes only exhibit smaller
violations in the approach to late times. In any event, the time evolution of complexity for
charged black holes was found to behave more regularly than the neutral time evolution
using the CA proposal. It was also found to approach the correct uncharged limit using both
the CA and CV proposals. Furthermore, using both CV and CA, holographic complexity
was found to grow quadratically C ~ t? at early times due to the time-reversal symmetry
of the charged black hole geometry.?® Finally, the rate of change in complexity was found
to vanish at all times in the extremal (vanishing temperature) limit using both the CV and
the CA complexity proposals.

Our analysis of the ¢TFD in the previous section resulted in the following features
which can be tested for consistency and qualitatively compared to the holographic results.
First, all our results obey the symmetry u — —u of the ¢TFD state. Furthermore, for the
complexity of formation in both the LR and LR¢ bases as well as for time evolution in
the LR¢ basis, we were able to demonstrate that the neutral results are recovered upon
setting the chemical potential to zero, as is the case for holographic systems. On the other
hand, we found that the complexity of formation increases with the chemical potential, see
figures 2a, 2b, 3a and 3b. This is unlike what happens in holography, cf. figure 26 in [39].

32Note that the third law of thermodynamics takes a slightly different form for the free theory compared
to the holographic system; the value of the entropy approached at zero temperature is zero for the free
theory, while the entropy approaches a finite constant for the zero temperature limit of the holographic
system.

33For the case of spherical black holes with small chemical potential, this is the vacuum state with a
constant gauge field while, for spherical black holes of larger the chemical potential or planar and hyperbolic
block holes, this is an extremal black hole at the same value of p [23, 39].

34L.e. charged black holes whose horizon radius is much larger, or of the same order as the AdS scale.

35The charged case smoothly interpolates to the neutral case, where CA interestingly gives a neighbour-
hood around ¢ = 0 where the rate of change in holographic complexity is exactly zero, then discontinuously
becomes infinitely negative, only to quickly grow to a positive value in a short time [39].
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Figures 2a, 2b, 3a and 3b, further supported by an analytic low-temperature expansion,
also demonstrate that only in the special case m = |u| do we possibly have a “third law
of complexity” for our simple scalar system — that is, when m = |u|, the complexity of
formation appears to diverge with decreasing temperature. Note that, in the case of the
complex scalar, we have to keep the relation |u| < m and hence we never really approach
the conformal limit at fixed chemical potential, which would be the most relevant limit for
comparison with holography.

We further evaluated the time dependence of complexity and observed that the max-
imal (and average) change from the original value of the complexity increases with the
chemical potential. Furthermore, we observe that this change decreases as the temper-
ature decreases (except possibly for the limiting case |u| = m). This can be seen from
figures 7 and 9. This effect is similar to the holographic observation that the rate of change
in complexity vanishes when we approach the zero-temperature limit, i.e., the computation
comes to a halt in this limit.

Similarly to previous works in the neutral case [11], we find that the time dependence
of complexity deviates significantly compared to the results in the holographic systems.
This is perhaps not surprising, since the free systems we consider do not enjoy the chaotic
behaviour expected of holographic systems. Specifically, we find that complexity exhibits
rapid changes followed by damped oscillations after a time of order the inverse tempera-
ture B, and seems to converge towards some final value either below or above the initial
complexity. Furthermore, we find that the frequency of the damped oscillations scales
approximately linearly with the field mass m.

It is easily verified (at least numerically) that the complexity of the complex scalar
c¢TFD presented here is time-reversal-invariant, as in the holographic complexity conjec-
tures. However, the complexity of the complex scalar ¢cTFD does not have a vanishing
rate of change in the early time limit; rather, it appears to vary linearly as ~ |t[, as in
the uncharged case [11]. We would like to suggest that the contrast between this and the
quadratic growth of holographic complexity may be due to the orientation of the basis of
elementary gates chosen for evaluating the F} complexity.

For visual simplicity, let us consider a subset of elementary gates which mutually
commute. Naively considering these gates alone, the F} complexity may be visualized as
measuring lengths along grid lines denoting the action of these gates — see figure 10. In
this picture, states of fixed F} complexity relative to the reference state live on a ‘diamond’

6 running diagonally with respect to the grid.

centered on the reference state with faces?
Our result C; — Cy(t = 0) ~ || then suggests that we have chosen elementary gates, so that
the initial time evolution of the complex scalar ¢TFD has a component orthogonal to such
a diamond. In particular, requiring ‘smooth’ time evolution and time-reversal invariance
around t = 0, this analysis would seem to require a trajectory of the ¢cTFD under time
evolution to intersect the diamond in the non-tangential manner shown by the red curve
of figure 10. On the other hand, the initial quadratic growth of holographic complexity

C1 —Ci(t = 0) ~ 2 (if it is indeed identified with an F} type complexity) seems to indicate

36In the case illustrated in figure 10 with two commuting elementary gates which act non-trivially on the
reference state, the “faces” of the diamond are one-dimensional segments.
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Figure 10. Tllustration of the C; complexity measuring distance from a reference state |tyf) and
various trajectories of target states under time evolution. (While points in this figure correspond
to states, the notion of “space” here is borrowed from the circuit group manifold.) Here, the
action of a set of commuting elementary gates induce motion in the north-south and east-west
directions along paths shown in light blue. The dark blue diamond marks a surface of constant C;
from the reference state. Taking the target state to lie on this diamond at the initial time ¢ = 0,
we show three possible time-reversal-invariant trajectories: a trajectory touching the diamond at
t = 0 non-tangentially, giving a ~ |¢| growth in complexity (red); a trajectory tangential to and
touching the diamond (locally) only at ¢t = 0, producing a quadratic growth in complexity (green);
and a trajectory which runs along a face of the diamond until a critical time t.,i; when it smoothly
continues past the boundary of the face, producing a discontinuous rate of complexity growth shown
in the inset plot (purple).

a time evolution that is initially tangential to the diamond, resembling the green curve.
This picture may also partially provide a mechanism for the discontinuous rate of change
in the CA holographic complexity of neutral black holes described by footnote 35 — see
purple case in figure 10.37

While we have discussed commuting elementary gates for simplicity, we expect qualita-
tive features of this discussion to also hold for a complete non-commuting set of elementary
gates; for instance, we expect each surface of constant complexity to take the shape of a
diamond with possibly warped faces and with vertices obtained by the action of single
elementary gates on the reference state. It would be interesting to check whether an alter-
native set of gates to those chosen in this paper might be able to reproduce the quadratic

growth exhibited by holographic complexity — we leave this for future work.®

3"However, note that an explanation for the brief transient period where the complexity decreases, cf. foot-
note 35, is still lacking.

38Note that this discussion is reminiscent of the ‘first law of complexity’ [52] where variations of the
target state tangential to surfaces of equal complexity lead to a vanishing first order variation in complexity.
In [52, 53], the normal to such a surface is interpreted as the ‘momentum’ of the optimal circuits. The
leading variation of complexity is then of first (second) order in a perturbation of the target state which is
parallel (orthogonal) to this momentum.
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6 Summary and outlook

In this paper, we presented a systematic framework for studying the complexity in charged
system using the idea of complex phase space operators. We demonstrated how to use
this machinery for the charged thermofield double state of two copies of a complex scalar
field theory. We discovered that, by an appropriately chosen change of coordinates, the
state can be brought to the form of a product of two uncharged thermofield double states
at shifted temperatures and times. We evaluated, numerically and analytically in certain
limits, the complexity of formation of the cTFD state and demonstrated that this system
does not obey, in general, a third law of complexity. Hence we suggest that this rule might
not hold generally outside the holographic setup. Furthermore, we presented numerical
evaluations of the time dependence of the complexity and explored the effect of temperature
and chemical potential. We found that the rate of change in complexity vanishes in the
limit of vanishing temperature and at finite chemical potential, similarly to what happens
in holographic systems. Finally, qualitatively drawing upon the early-time linear growth
of complexity for the complex scalar ¢cTFD and the quadratic growth of complexity for
holographic ¢TFDs, we have speculated on the orientation of the early time evolution of
these states relative to the elementary gates used to compute complexity.

There are a number of open questions which we leave for future studies. One direction
is to conduct an analogous study of the complexity of ¢TFDs for fermions, which provide
a setup more relevant for experimental studies. In particular, it would be interesting to
explore if, in this setting, one can probe the conformal limit. Other obvious generalizations
include studying the same problem using different measures of complexity, using e.g., dif-
ferent cost functions, the F'S metric, or including penalty factors. Furthermore, it would be
interesting to perform an analysis of the entanglement entropy in the cTFD state, similar
to the one that was conducted in [11] for the uncharged TFD, and compare the dependence
on the various parameters — size of the subregion, chemical potential and temperature —
to that found for holographic systems [29, 50]. It would be interesting to explore if the
factorization of each ¢TFD mode to two uncharged TFDs can be used to define a MERA
tensor network prescription [54-56] for constructing ¢TFD states. In particular, one may
consider combining ideas similar to those proposed in the context of the uncharged TFD
state, e.g., see comments in [57] and appendix E of [38], with ideas on the incorporation
of symmetries in MERA tensor networks, as in [58]. Finally, it would be interesting to
evaluate the complexity in the presence of non-abelian charges.
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A Basis of sp(2N,R) for real/complex phase space operators

Supplementing the discussion in section 2, we present here expressions for bases of sp(2N, R)
used for real and complex phase space operators.
Let us begin with real phase space operators (2.2):

gR:(QI""aQN’pla"'apN)' (Al)

For these operators, we will use the same basis of generators as in [11]. Namely, written in
terms of the operators K from eq. (2.9), we have

- 1 ..
q? if .

. £ if ¢ =

Veij =4 V2 . (1<i<j<N) (A3)
2 . .

. Z if g =

Tpij =4 V2 o (1<i<j<N) (A4)
DiPj 1fZ<j

where, {q,p} = qp + pq denotes symmetrization. These provide a choice of elementary
gates which each contain as few operators as possible, while being Hermitian and bilinear
in the operators. In terms of the 2N x 2N matrices k, related to the above by eq. (2.9),

we have
kay(Wij) = 0aidb i+ N + 0bida N, (1<4,j<N) (A.5)
X % if i =j
Kab(Viij) = (0aidb; + 0pidas) § V2 ; (1<i<j<N) (AS6)
1 ifi<j
L .f .
. J5 ifi= o
kav(Zrij) = (0a,it NObj+N + Ob it NOaj+N) A (1<i<j<N) (A7)
m <y

Here and below, 1 < a,b < 2N are matrix indices. Finally, we may multiply the above by
Q, as in eq. (2.14), to obtain the corresponding K:

(Wrij)% = — 6% 4 NObj+N + 0pi0"j, (1<4,j<N) (A.8)
a a a % ifi=j ; ;
(Vrij)% = — (0% nObj + 0% N) T (1<i<j<N) (A.9)
1 ifi <j
. . o)z ifi=7 o
(Zrij)" = (0%0b 54N + bt N6%;) T (1<i<j<N) (A.10)
1 ifi <y



Wrep Wryp Wrap Wrap
2 qp+pg = = qp+pq
K 3 q qp 3
0010 0001 0000 0000
k 0000 0000 0010 0001
1000 0000 0100 0000
0000 1000 0000 0100
1000 000 0 0100 000 0
K 0000 100 0 0000 010 0
00-10 000 —1 0000 000 0
0000 000 0 00-10 000 —1

Vqu VRqé VR(E ZRpp ZRPﬁ ZRﬁﬁ
A~ 2 =2 2 =2
. 5 q . = P
K 3 49 V2 V3 p V2
2000 0100 0000 00 00 0000 000 0
k \0[000 1000 0v200 0000 0000 000 0
0 000 0000 0000 0020 0001 000 0
0000 0000 0000 0000 0010 00042
0 000 0 000 0 0 00 000 0O
0 000 0 000 0 0 00 00v20 88% V2
K 00 0 0 0002
—v/2000 0 -100 0 0 00 00 0 0 0000 000 0
0 000 -1 000 0—-v200 00 0 O 0000 000 O

Table 2. Basis of V- and Z-type generators in sp(4,R) for &g = (¢, G, p, P)-

In tables 1 and 2, we list as an example the K , k, and K representations of W, V, and Z
for real phase space operators in the case of N = 2, i.e., sp(4,R), where we have chosen
&r = (q,q,p,p) as the basis of operators. In sp(8,R), one repeats the exact same process
to obtain the elementary generators written in terms of the real phase space operators in
eq. (4.25):

gLR = |4qL, CYL7 qR, qRa pL, pL) PR, pR ) (All)
in which we are interested in the main text.
Let us now consider the case of complex phase space operators (2.1):
_ T T T i A12
&C*(qlvqla"'7QN/27QN/27p17p17'"7pN/27pN/2)' ( . )

For these operators, we will use the following basis for sp(2N,R), written in terms of the
operators K from eq. (2.9):

i{a},pi} — {ai0})
i({a).p1} — {aip;})
{a},pj} + {a: pl}
{a},p}} + {a: ps}

if =0
if0=1
ifr=2"
if 0 =3
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Z'({Q;'rv%} - {qi,q;f-}) iff{=0andi<j
Veli =474 1 Z j,x Z({qu’qy} {quTqJ}) 1 : <1<z‘<j<N>
{qj,q;}Jr{qz-,qj} if ¢ =3
(A.14)
i({pl, 0} — {pipl}) if£=0andi<;
Zehy=4% 7% Z({Tp“pj} w ,ij}) e . <1§i§j§N>
» ti<i [{pipi}+{pip;} i L=2 2
(0] 00} + {pinps} i £=3
(A.15)

These provide the simplest possible set of elementary gates (‘simplest’ in the sense de-
scribed below eq. (A.4)). The corresponding 2N x 2N matrices k, related to the above by
eq. (2.9), are

- 1 /74
kas(We ') = 7 (Zl L¢/2] [64,2i—10b 2/ —1+n+(£ mod 2) + 06.2i04.2j+n—(¢ mod 2) ]
+ (=)t [64,2605,2n— (¢ mod 2) + 06,2i~104,2j— 1+ (¢ mod 2) ) ;
(1<z’,j<];7and0<£<3> (A.16)

1 ep - .
5 ifi =
2 j><

U (il_WQJ [60,2i-105,2j— 14 (¢ mod 2) + 06,2042/ (¢ mod 2))
ifi<y

(—i) 2] 84,2025~ (¢ mod 2) + 0b,2i—104.2j— 1+ (¢ mod 2)] ) :

1<¢<3 ifi=4
1§i§j§Nand{ =r= ‘7> (A.17)

2 0<0<3 ifi<j
kab(ZA(Cém) 1 . X (il_ /2] [5a,2i—1+n5b72j—1+n+(£ mod 2) +5b,2i+n6a,2j+n—(€ mod 2)]
ﬁ lf 1< ]
(=) 2] 80,2400, 2 1 (¢ mod 2) + 0b,2i—14n0a.2j 1 £nt (¢ mod 2)) ) :
N 1<¢<3 ifi=j
1<i<j<—~and{ — —° "'7Y (A.18)
2 0<0<3 ifi<y

Here, |z] denotes the floor function (which rounds = down to an integer) and (x mod 2)
means x modulo 2 (taking values 0 and 1 for integer x). Finally, multiplying the above by
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Q as in eq. (2.14), we find the corresponding matrices K:

a 1 -1— a a
(Weh;) b= s (Zl /2] [—5 2i—14n0b,2j—1+n+(¢ mod 2) T 05,210 (4 mod 2)}
+ (=)L [—5a2i+n5b,2j+n—(z mod 2) T 05,2i-16%,_14 (¢ mod 2)} ),
<1§i,j§];7and0§€§3> (A.19)
¢ % iti=j 1—1¢/2] [ sa a
(V(C ij )ab == 1 e X (Z |:6 2i—1+n6b,2j—1+(€ mod 2) + 61),22'5 2j4+n—(£ mod 2)]
ﬁ lf 1< ¥

(_i)liw/2J [5a21+n6b,2j7(£ mod 2) + 5b,2i715a2j71+n+(5 mod 2)] ) P

N 1<0<3 iti=j
1<i<j<Zana{d = =% B'7J (A.20)
0<(<3 ifti<j

+
¢ % ifti=j 1—1¢/2] [ 5a a
(Zcij)w =" ... X <Z {5 2i—10b,2j—1-4n+(£ mod 2) T 06,2i4+n0%2;_ (¢ mod 2)]
+

(—i)t= Lo/ [5a2i5b,2j+n—(€ mod 2) + 06,2i-14n0%;_14 (¢ mod 2)] )

N 1<i<3 ifi=j
1<i<j<Zand ! =" J (A.21)
2 0<e<3 ifi<j
In tables 3 and 4, we list these generators in sp(4,R) in the forms K, k, and K. Note in this
case that the subscripts 7, j above always take the value 1 and have therefore been omitted
from the table. On the other hand, for the case of sp(8,R) in which we are primarily
interested in the main text, with phase space operators given by (4.24),
LRe — [~ ~t ~ 4 4 ~ 4 =
§M = 1Gr, @Y, dr. Qs Py, BL. Dy DR (A22)
the subscripts 7, j can take values 1,2 corresponding to the two sets of complex phase space
operators {qL,qz} and {qR,q}%} (and their conjugate momenta). The operators listed in
tables 3 and 4 may then be interpreted as a subset of the full basis of sp(8,R), upon
appending subscript L or R to the phase space operators. All the matrix generators in this
section are orthonormal with respect to the inner product (2.19).

B Time evolution of the ¢cTFD state

The time evolution in eq. (1.1) might, at first sight, look strange due to the inclusion of
the chemical potential. However, this is easily understood by coupling the uncharged TFD
to an external U(1) gauge field capturing the effect of the chemical potential

Aydat = pdt. (B.1)
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0 1 2 3
We We We We
K| cap—pa+d pT+5Td)  iv2A=ap'+a'p)  qptpi+d pT s V2(ap' +4'p)
2v2 2 2V2 2
00z O 000 2 0010 0001
k 1[0 00—z} 1[0 O—iO} 1[0001] 1[0010}
—00 0 0¢ 00 1000 0100
2 0700 \/5 -0 00 \/5 0100 \/§ 1000
-0 00 0200 10 0 O 01 0 O
K 1[01'00} 1[—1‘000} 1[8(1)018] 1[588 01]
00—-:0 0 00— — -
V21600 V218070 V21000 1) Y2 loo-1 0
Table 3. Basis of W-type generators in sp(4,R) for &c = (¢, 4", p', p)
1 2 3 1 2 3
V(C V(C V(C Z(C Z(C Z(C
| (= +(G)?) ~ q +(qT i(p? (pT) ) = P+(ph)?
K 5 qq' pp! 5
0700 1000 0100 00 00 0000 0000
k —2000 0100 1000 00 00 0000 0000
0000 0000 0000 00 0 ¢ 0010 0001
0000 0000 0000 00—20 0001 0010
0000 0 000 000 00 0 ¢ 0010 0001
K 0000 0 000 O 000 00—0 0001 0010
0-i00 ~1000 0 -100 000 0 0000 0000
i 000 0 —-100 -1 0 00 00 00 0000 0000

Table 4. Basis of V- and Z-type generators in sp(4,R) for &c = (q, 47, pf, p).

In holography, this would be interpreted as a turning on a source in the boundary field
theory dual to a gauge field in the bulk. As a simple example, let us consider the effect of
coupling the U(1) gauge field (B.1) to a free complex scalar field

— (Duo) D g — m?¢To,

where we have set the elementary charge to one and the metric is in the mostly plus

£ = D, =0, —iA,, (B.2)

convention. Expanding out, we have

L == 00" ) +ipd'd — iug'o — (m® — 1*)¢'o, (B.3)
which yields the conjugate momenta
0L 0L
™= o ¢ — iud 99 o' +ipg (B.4)
and the electric charge density
€ =i(¢'r! — ng). (B.5)

We thus find that the effect of introducing the coupling to the U(1) gauge field is to deform

the Hamiltonian density by —u%:

H

45 —

o+ Vol - Vo + (m? — 2)o'¢
i+ Vel - Vo —iue'rt +iurd + m2ete
wir + ﬁqu . ﬁqb +m2plp — ué.

(B.6)



Finally recall from eq. (1.1) that the two copies were selected to have opposite charges such
that they are CPT conjugates. The time evolution in eq. (1.1) is obtained by evolving each
copy according to . above, but with opposite values of the chemical potential, due to
(once again) CPT invariance, see discussion below eq. (2.2) in [29].

C Derivation of the low temperature limits

In this appendix, we present the derivation of the low temperature limits for the complexity
and entropy in eqs. (4.55)—(4.57). It will be helpful in what follows to work in terms of a
set of dimensionless variables x,y, u, 7, defined by

1

ﬁ Myef '

x =Pm, y =L, u =0k, y= (C.1)
In terms of these dimensionless variables, the low temperature limit is given by = > 1
and y > 1. Without loss of generality, we focus on positive chemical potentials y > 0
(cf. comment at the end of subsection 4.2). We will see that further assuming z —y > 1
allows us to derive the low temperature limits for complexity analytically.

First, note that, for large x, a;p, which is defined in eq. (4.8) using the modified
temperature (4.23), is exponentially suppressed for all values of u

1
arm zexp{—zg(u,x, —y)} < 1, (y>0and x> 1), (C.2)
where g is defined in eq. (4.51). For z —y > 1% (e.g., when there is a finite difference
between m and p while 3 is large), az p is also suppressed for all values of u

aip %exp{—;g(u,x,y)} < 1, (x —y>1). (C.3)
When y > 1, the suppression in (C.2) is far stronger than the suppression in (C.3), so
arp < app. Utilizing the diagonalized form of the relative covariance matrix at ¢ = 0
obtained in appendix D, an analytic expression for the generator (2.27) of the straight line
circuit for the ¢TFD can be obtained. Taking oz — 0 and expanding to linear order in
ag g, we find, for a single mode of the cTFD,

CFR(¢TFD 1 mode)

>\k max{)\z, )\2 £ Ak
~2|log K| 4 4 s p e Wk Aret S 0 M
ref LR A% - )\?ef Aref

(y>landz—y>>1)
CH (¢TFD 1 mode)

Ak M(+A20) N
~v2|1 207 p |1 + ———-F log ——
V2 |log " + \[aLR [ + N2, og >

(C.4)

39Note that this does not necessarily imply = > y. For example = 2y can satisfy  — y > 1 but not
x > .
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The complexity of (two copies of) the vacuum is obtained in the limit*® a; p, ;5 — 0 and
is proportional to what was found in [11]:

A
CER(vac 1 mode) =2 , cHe (vac 1 mode) =v/2 log)\—k , (C.5)

ref

lo ﬂ
&)

ref

where the proportionality factors of 2 in the LR basis and /2 in the LR¢ basis were
explained in subsection 4.5.1.4! By subtracting these vacuum contributions, we find the
complexity of formation for each mode

max{\?, )\Ee Ak
AC%R(CTFD 1 mOde) ~4 O‘ZR/\Q_—)\zf 10g m,
F /\re(f1+A2) \ (y>1landz—y>>1)
ACHFE(CTFD 1 mode) mv2app |1+ o 2retl Jog 25|
)\k - )‘ref Aref

(C.6)

To obtain the total complexity of formation of the cTFD state, we integrate over all modes
(with u given by (C.1)):
vol Qdfg > d—2
AC;(cTFD) = (277)d_1/0 du u*"*AC1(cTFD 1 mode). (C.7)
Note that the convergence of the integral is guaranteed by the exponential suppression of
AC;(cTFD 1 mode) by afp. To continue, we apply the expansion

u? ut
g(u,z,y) =r —y + % +20 <x4> (C.8)
to ajp in eq. (C.3) and use it to approximate eq. (C.7). We find that, in the large x
limit, the suppression of AC;(cTFD 1 mode) due to ajp implies that the integral receives
dominant contributions only when w is of order at most ¥/ with ¢ a large constant smaller
than any positive power of z.*? Since

A =Aret YV u2 + 22 (C.9)

“ONote that, when m > p, the 8 — oo limit of the cTFD (4.19) of each complex scalar mode reduces to
the vacuum |0,0)2|0,0)r; in the same limit, oy and aj z vanish, see egs. (4.8) and (4.22)—(4.23).

4n fact, the vacuum complexity allows us to explain more explicitly what we meant in subsection 4.5.1
by saying that the relative factor of 1/4/2 in the LRc basis is due to the fact that straight line circuit is
better aligned with the elementary gates of this basis; indeed, the straight line circuit for the vacuum is
generated by two elementary gates, as opposed to the four used in the LR basis. Specifically, in the LR¢
basis, the straight line generator K for the vacuum is given by f% log %’;f times the sum of the Wg?2
element in table 3 written for L and R. In the LR basis, the straight line generator K for the vacuum is
f% log %’:f times the sum of the Wrqp and the Wrg, generators in table 1 written for both L and R.

42This is since, for u > vz, the integrand becomes exponentially suppressed relative to its value for
u < /x. Moreover, there is no further significant contribution in the UV, u > x, where the integrand
decays exponentially as e “.
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is an approximate constant A & A|,—9 = Aoty (with 4 given by (C.1)) in this region, we
obtain at leading order

vol Qd72 > d—2
ACl(CTFD) Bd 1° W <A du u arp

4maX{((;ﬂgfc);{}110g(W) LR basis (y>Tland z—y>1)
_ 1 _
V2 [1 + w(Aref(:;\)rQef_)llog('yx)] LR¢ basis .
(C.10)

We can evaluate the remaining integral using the approximation (C.3) with (C.8). The
integral is simplified to a Gaussian moment;:

- d—2 - -2 —%(e—y+%)
/ duuaiR%/ du u® ‘e 2 2 (x—y>1)
0 0

1 d—1
~ir (2) (42) @D/ 2 ~(=)/2. (C.11)
Upon reverting to the dimensionful physical quantities of the theory (cf. eq. (C.1)) we
obtain the result in equation (4.55).

We can apply a similar strategy to approximate the integral giving the entropy (4.50)
of the ¢TFD. Inserting (C.8), then integrating the logarithmic term by parts, we obtain

Qa4 1 o w2\ (d+1)u?+2(d - Dz(z —y)
o =gt ), @ (T) 2

(27T)d*1 e;‘—x—l—x—y -1

, 2> 1) (C.12
Q42 (451) (20) D Pemlomn) (258) i —y > 1 ( H

I
T () TER) () @@V e =y

where, in the case x = y, the integral was performed directly; and in the case x —y > 1,
after selecting the leading contribution. Note that, in the y > 1 limit, s(x,y) > s(x, —y)
is the dominant term in the entropy (4.50); on the other hand, if y = 0, then the two terms
of (4.50) are equal. In the limits y > 1 and x — y > 1, we obtain (4.56) upon reverting to
the dimensionful physical quantities of the theory (cf. eq. (C.1)).

Finally, taking the ratio between complexity of formation (C.10) and entropy (4.50),
using the approximations (C.11) and (C.12), we have

AC; (¢TFD)
ScTFD
4 max{(7z)?,1} log(yx .
9[- /2e(e)/2 {%x)) }1 () LR basis b ey 1)
z—y ¢P+V““ggﬁfdm) LRc basis’ '

(C.13)

This yields eq. (4.57) when using eq. (C.1) to revert to the dimensionful physical quantities
of the theory.
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D Diagonalization of the relative covariance matrix at t =0

Below, we present an additional coordinate transformation, used to derive the low tem-
perature limits in appendix C and section 4.5.3. In this appendix, we have suppressed
subscripts k£ for simplicity of notation, though we still have in mind that we are treat-
ing the k-th momentum mode of the complex scalar (or alternatively, the ¢TFD of two
complex harmonic oscillators). The reference and target state covariance matrices can be
diagonalized by a transformation R4 A rpp, € Sp(4,R) to a basis which we shall call the
ACTFD basis

Ac _
GrefTFD = R Acrep G;tef : (Ri%AcTFD)T
1 . _ _
= Do diag | (a® 4 dt)eFT2@Lrtorr), (D.1)
(aF — dt)eF2erntorn) oF _ gt o* +di],
Ac _ _
GCTE]IBD = Rt A rep GzETFD : (Ri‘)AcTFD)T =1, (D'2)

where*? G;tef is given in eq. (4.43), GfTFD =GEop(tip = 0,01 p)BGEp (tL e = 0,0, ) is

obtained from eq. (4.42), and

2 2 —
RiﬁAcTFD = (RSELACTFD @ RSI:LACTFD> ’ (G(::tTFD) 1/2

+ : +
(2) _|cosfF —sind
Rissnaen = sin 6t cosf* ] €50(2), (D-3)
with
a:l: — eiQQER +6:|:2a“§) ()\2 + )‘?ef)v
bi — eizaiR _ eiQaLR) ()\2 + )‘?ef)y

ot = 2()\2 _ )\?ef)ei(aiR+O‘LR),

& = VI + ()

Gi:tan_1< ¢t )
bi—di :

Using egs. (D.1)—(D.2), it is straightforward to demonstrate that we in fact have a diagonal

(D.4)

relative covariance matrix (2.26) in this basis

ADERED = (Ghg™™) 7, (D.5)

ref

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

“3Note that, unlike in eqs. (4.29) and (4.43), where + simply specifies the complete basis, here it enu-
merates two possibilities, i.e., Ry A ppp transforms the operators [qJE’R, qu,p%R,sz] to the new basis,

while R A ppp, transforms the operators | to the new basis. Note that the covariance

92r 9RPLr Prr)
matrices of these operators in the reference and ¢TFD states already factorize to + and — coordinate blocks
G, Gy and Glrpp, Goppp, see egs. (4.28) and (4.43), and therefore it is possible to transform each of the

ref?
blocks of the covariance matrices separately.
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