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Abstract We study dislocation dynamics with a level set point of view. The
model we present here looks at the zero level set of the solution of a non local
Hamilton Jacobi equation, as a dislocation in a plane of a crystal. The front has a
normal speed, depending on the solution itself. We prove existence and unique-
ness for short time in the set of continuous viscosity solutions. We also present
a first order finite difference scheme for the corresponding level set formula-
tion of the model. The scheme is based on monotone numerical Hamiltonian,
proposed by Osher and Sethian. The non local character of the problem makes
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it not monotone. We obtain an explicit convergence rate of the approximate
solution to the viscosity solution. We finally provide numerical simulations.

Mathematics Subject Classification (2000) 65MO06 - 65M12 - 65M15

1 Introduction

The object of this article is to prove the convergence for a first order finite
difference scheme that approximates the solution of a non local Hamilton
Jacobi equation, describing a model for dislocation dynamics.

The model looks at a dislocation (see [4] for a physical presentation of the
model for dislocation dynamics) in a 2D plane as the zero level set of a contin-
uous function u, solving the following equation:

w(x,y,0) = (O * [u](x,y,0) [Vux,y,n] R?x (0,T), )
u(x,y,0) = u’(x,y) R?,
where [u] is the characteristic function of the set {u > 0}, defined by
1 ifu>0
- = 2
L] [0 if u < 0. @)

Here V indicates the gradient with respect to the spatial variables, the kernel
c%(x,y) depends only on the space variables and * denotes the convolution in
space. Another level set model that allows for dislocation loops and intersec-
tions of dislocation lines (operation of FrankRead sources, cross-slip and climb)
was proposed in [13].

The equation

/Ot(X,y,t) = (CO*P(X,Y»t)) |V/0(X,y,t)| Rz X (O’T)s
p(x,.0) = p’(x,y) R?,

has been studied in the case of discontinuous viscosity solutions p in [1,4], where
short time existence and uniqueness results are proved under certain conditions.
This equation is related to (1) since one expects that p = [u] for p° = [u”].

The paper is organized as follows. In Sect. 2 we present the approximation
scheme for the problem (1). In Sect. 3 we present our main results: existence
of continuous solution of the problem (1) and convergence of the correspond-
ing approximation solution. These results are respectively proved in Sects. 6
and 7. In Sect. 4 and 5 we establish auxillary regularity results respectively for
the continuous and discrete problem. In Sect. 8 we propose some numerical
simulations.
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Non local Hamilton Jacobi equation modelling dislocation dynamics 415

2 Setting of the problem

We build a first order finite difference scheme that uses a monotone numerical
Hamiltonian for the norm of the spatial gradient, the discrete convolution for
the non local speed and forward Euler scheme for the time derivative.

Given a mesh size Ax, Ay, At and a lattice Qg = Q4 x{0,..., (A N5} where
Qaq = {(iAx,jAy) : (i,j) € Z*} and N7 is the integer part of T/At, we will
denote with (x;,y;,t,) the node (iAx,jAy,nAt) and with v"" = (vl’.f].),-,j the val-
ues of the numerical approximation of the exact solution u(x;,y;,t,). We set
AX = (Ax, Ay) so that its Euclidean norm |AX]| is the space mesh size. We
shall assume throughout that |AX| <1 and Af < 1.

The main difficulty with (1) is clearly due to the dependence of the veloc-
ity on the solution itself. This requires the availability of the solution we are
intending to approximate. We solve this problem by fixing the solution on each
time step [#,,t,+1] and we apply a monotone scheme S:

S)

0

+1
v?] = S(V"'1,V", L)) n=0,...,Ny—1,
Vij=u O(xi,yj).

The scheme S is an explicit marching scheme:

SV V")) = Vi AtHa (V') DY v, Dy v, Dvi, DYvEsi g, (4)

where

1 ifvt>0
ny.. Ly — 7 5
vy [o if v <0, )

and the discrete numerical Hamiltonian reads:
cij(W'DE*T if ¢;j(v"]) = 0,
cij(W"DE™ if ¢ (V'] < 0.

(6)
Here E*,E~ are numerical monotone Hamiltonians that approximate the

Euclidean norm. For concreteness, we shall take those proposed by Osher
and Sethian in [10]:

Ha(V"), DY vy, Dy v, Dyvi, DY v i j) = [

ST

Et= {max(Dx Vijs 0)2 + max(Dv 0)2 + min(D, v 0)2 + mm(D l], 0) }

y l/’ x ll’

D=

E™ {mm(Dx l],O)Z + mln(Dy ”,0)2 + max(D l],O)z + max(Dy l],O) }

Dl ; and D v/, are the standard forward and backward first difference, i.e.

for a general function f; ;:
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Dty = ﬁ+1]Ax fz/,
D fiy =T _A];i_l’j’
Dy fij = f"’“Ay L,
Dy fij = By = figm _A];i’jl-

The non-local velocity in (6) is the discrete convolution

iD= D el iV lmAxAy, (7
LmeZ
with
~0
cl. = c’(x, y)dxd 8
0 QulQ/ (x, y)dxdy ®)
Ly

where Q;; is the square cell

Qij = [xi — Ax/2,x; + Ax/2] x [y; — Ay/2,y; + Ay/2].

3 Main results
3.1 Notations

To state our result, we need some notations.
BV(R?) is the space of functions on R? with bounded variation:

BV(R?) = {u:R* - R : |ulgygz, < 0},

for lulgy g2y = ul 12y + 1Duly w2 where |ulp g2y = || (R?) designates the
total variation of the measure . We also denote by Lip(R?), resp. Lip(R? x
[0, 7)), the set of the globally Lipschitz functions in space, respectively in space
and time. The functions can be unbounded, but they will have at most linear
growth.

Following [3], given a function u € L} (R?), we define the quantities

loc(

el ;1 (B2 = SUP / lul, [l ®2) —/IMILOO(Q(xy)),
uni (x,y)e]Rz
Qx.y)
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Non local Hamilton Jacobi equation modelling dislocation dynamics 417

where Q(x, y) is the unit square centred at (x, y):

1 1
Ox,y) = l(x’,y’) eR?:|x—x| < 71y -y < Z]’

We denote respectively by Lllmif(Rz) and LS (R?) the space that consists of the

nt
functions for which these quantities are finite.

We will make use of the following inequality (see [3] for the proof):

Lemma 3.1 (Convolution inequality) For every f € L (R?) and g € L} if(Rz),

wnt
the convolution product f * g is bounded and satisfies

lf *g|L00(]R2) = |f|L§>n°,(R2)|g|L,1Wf(R2)-

For a function u(x, y,t), we denote with L, the Lipschitz constant of u with
respect to (x,y) and with L), the Lipschitz constant of u with respect to ¢, i.e.

e,y ) —u@x',y', 1) < Lul(x,y) — ()0 + Ly lt — 7'

forall x,x',y,y',t,t.

Functionsin (x, y, t) on the lattice QdT (withnodes (x;,yj,tn) = (iAx,jAy,nAb))
are written indifferently fl’; or f".

We denote by L the spatial Lipschitz constant of f:

i = Homl < Lo |is y) = (51, ym)

for all x;, y;, X1, ym. We will also use the discrete 1-norm defined by:

flr = D If (xin yj)| AxAy.

ij
3.2 Existence and convergence
We state our existence and uniqueness result for the problem (1), whose natural

framework is the theory of continuous viscosity solutions (see for instance |5,
6,8]).

Theorem 1 (Short time existence and uniqueness) Let u® € Lip(R?) satisfying
9 0

%(x,y) >b>0 inR>ae. 9)
y

Let ¢ verify

A e Ly

(R?) N BV(R?). (10)
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Then there exists

1 b b 1
T* — min —1n(1+_)’ I
[ |C0|BV(R2) 2Lu0 Luo 16|C0|LOO(R2)

int

for which there exists a unique viscosity solution u(x, y,t) € Lip(R? x [0, T*)) of
the problem (1) in R? x [0, T*). The solution verifies

|Vu(x,y, 0| <2L,0 onR?x[0,T*) a.. (11)

d
a—u(x,y, H>b/2>0 onR>x[0,T ae. (12)
y

Our second main result is a convergence result for the scheme (3) to the
solution of the problem (1), with an estimate of the rate of convergence. It
turns out that we can obtain the same rate as the one for fronts with a velocity
that is independent of u.

Theorem 2 (Numerical error estimate) Let us consider the viscosity solution
u(x,y, 0 of (1) on R? x [0, T*), with initial condition u° satisfying the assump-

tions of Theorem 1. Let vf‘]. be the numerical solution of the scheme (3). Assume

that the time step At satisfies
At = heAx, At =LryAy (13)

with Ay, Ly positive constant such that

0< Ay, Ay < ———.
T 2V21e0

Then there exist a time 0 < T; < T* and a positive constant C, depending

only on iy, Xy, |C0|L§’n°x’ 105y, VUl L, b (where b is defined in Theorem 1) such
that

sup |u(x;,yj, nAt) — vf‘jl <C IAtI% , n=0,...Np. (14)
ijeZ |

Remark 3.1 We could actually use the CFL estimate

1

0<hy, Ay =
2v/2 sup; ; [cij([v'])]

(15)

that corresponds to a non uniform time step or the estimate

1

0<hy, Ay<—-—
T T V210,
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that is uniform in time but still depends on the mesh. This CFL conditions are
weaker than the one given in the statement of the Theorem by virtue of the
inequalities

%I

- 0
sup [cij (V' DI < [€7h < Ic”[ 1.

L]

Our numerical schemes will freely use these refined conditions.

Remark 3.2 We can choose Hg as any monotone and consistent numerical Ham-
iltonian; for instance you can replace the Osher—Sethian with the one proposed
by Rouy and Tourin [11].

Remark 3.3 F. Sabac has proved in [12] that the rate of convergence 1/2 in
L' of monotone finite difference schemes for hyperbolic conservation laws is
optimal. From this result the convergence rate 1/2 in L* for Hamilton Jacobi
equation seems sharp.

Remark 3.4 From the proof of Theorem 2, it can be easily seen that we do not
only get an error estimate between the continuous and the numerical solutions,
but also get an error estimate between the position of the continous and of the
numerical level sets.

4 Preliminaries for the continuous problem

Lemma 4.1 (A priori regularity for the eikonal equation) Consider the eikonal
equation

w=c,y,0lVul in RZ2x0,7T), u-00=u’ inR>. (16)

Suppose that the velocity c is bounded and continuous with respect to all the
variables and is Lipschitz continuous in space with Lipschitz constant L.. Sup-
pose also that the initial data is Lipschitz continuous and satisfies

au .
— > p° a.e in Rz,

\vul| < B,

for some constants B > 0 and b° > 0.

Then, the eikonal equation (16) has a unique viscosity solution u with at most
linear growth in space. Moreover, u is Lipschitz continuous and we have the
estimates

< C@), > b(t) ae inR*x (0,7),

Vu(.0)| < BQ), ‘8”;; )

ou(-, 1)
dy
for the functions

B(t) = B%L,  C(t) = |c|~B L, b(r) = b — B (ech - 1) .
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Proof The solvability of the eikonal equation (16) in the set of the continuous
functions with at most linear growth is classical (see e.g. Barles [5] for a proof).
The Lipschitz bounds in space and time are also standard (see e.g. Crandall and
Lions [7]; see also [4] for a complete proof that is more adapted to the present
equation).

To establish the lower bound on du(-,¢)/dy, we simply consider for » > 0,
the function

W (x,y,0) = ux,y + i, 1) — Ab(0).

We check easily that this is a supersolution satisfying w*(x,y,0) > u(x,y,0). The
comparison principle shows that we have

ﬁlzu

ie.
ulx,y + i, t) —u(x,y,t) > Ab(t) forevery A > 0.

This is the integral form of the differential bound in the statement of the lemma.
o

The next lemma concerns the estimate of the distance of the level sets of two
functions u! and u?, which are assumed to be increasing in one direction as a
function of |u! — u?|7~. We measure the distance of two level sets as the area
of the difference of the two characteristic functions associated.

Lemma 4.2 (Estimate on the characteristic functions) Let u' € C(R?) satisfy

in the distributions’ sense for some b > 0 and u e LZ?C(RZ). Then, we have the
estimate

S%‘uz—ul‘ . 17)

Proof We fix (x,y) € R? and we set Q = Q(X,y). We set M = |u? — ul|;~ and
we redefine u? on a set of zero measure so that [u? — ul| < M everywhere. We
fix x € [Xx — 1/2,X + 1/2] arbitrarily. Since u! (x, y) — by is nondecreasing in y and
continuous, there is a unique y, so that ul(x, vx) = 0. We claim that

Ay =1{y e[y —1/2,5 + 1721 | [21(x,y) # [u'1(x, )}
C [yx — M/b’YX + M/b].
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Indeed, if yy + M/b < y <y + 1/2, we have that
W (,y) = ul () = M = u' (x,yx) + b(y — yx) — M > 0.

So, both u?(x,y) and u'(x,y) are positive; hence, L2(x,y) = [, y).
Similarly, whenever y — 1/2 < y < y, — M/b, both u?(x,y) and u'(x,y) are
negative, hence [u?](x, y) = [u!](x, v). The required inclusion follows.

For every x € [x — 1/2,X + 1/2], we deduce from the inclusion that

y+1/2
[ 116 ~ i1 dy < measia) < 2M 7.
y—1/2
Integrating with respect to x, we deduce that I[u?] = [u!]] 11 ( 0 (Y&)) < 2M/b.
Taking the supremum over (X, y) yields the bound of the lemma. O

Finally we will use the following result which is a simple adaptation of a result
in [4]:

Proposition 4.3 (A stability result, [4]) Let us consider for p = 1,2 two different
equations

[ uf =cP(x,y,0) |[VuP| onR?x (0,7T), (18)

wP (x,y,0) = u’(x,y),

with initial condition u® and velocity cP satisfying the assumptions in Lemma 4.1.
Then we have for every t € [0, T):

WP Cyont) — U G D) oo )
t
2 1 1
S / |C (',S) —C (,S)lLoo(RZ) max (|Vu (',',S)|LOO(]R2),
0

Vi2C,9) o)) ds

5 Preliminaries for the discrete problem
Let us consider the equation
ur=c(x,y,nVul
and the monotone scheme
VZ]-H = vffj + At H™M™ (V4L )) (19)
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with

dLEY if " >0
num , A, : -~ _ Lj L] ’
H (V ,h]) = {671E if C?, < 0, (20)

where ET and E~ have been defined in Sect. 2. We assume throughout that
the CFL condition (15) holds with c?j instead of ¢;j([v"']). We establish in this

section several estimates that are the discrete analogues of the results obtained
previously.

Lemma 5.1 If for some M" > 0 we have

Yoy Yo — oyt
i+1,j b , ij+1 L < Mn’ Vl,] c7
Ax Ay
and
“ — . noo o
M = (14 20 sup Civ1j ~ Cij| |Cij+1 — Ciy
ijeZ Ax Ay
then
V?:-rllj B V?JJr ' n+1 .
—— > -M""", VijeZ. (21)
Ax

Exchanging i and j and changing sign, we obtain the following corollary.

Lemma 5.2 (Discrete gradient estimate) If for some M° > 0 we have

0o _ .0 0 _ .0
Vierj = Vij| |[Vij+1 ~ Viy <M, Vijez
Ax ’ Ay -7 ’
and
n n N 1n
C. . —C. . C.. —Cv.
+1, . J+1 5
MrH-l _ M}’l 1 + IAL sup 1) L , Ly L]
ijeZ Ax Ay
then
n 1n 1 n
V. L — V. V. — V.
Bl WL ) oy e Z Yne N
Ax ’ Ay - ’ ’
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Proof of Lemma 5.1 We consider the function

n __ .n n
Wij = Vig1; T+ M" Ax.
By assumption, we have
7 7 ;g
wij = vy VijeL

We will check that w is a discrete supersolution, i.e.

Wil - (w;j]. + ALHMM (W j)) > 0. (22)

Since the scheme is monotone and vf‘j is a solution, (22) will imply that

n+1 n+1 .
Wi Z Vi Vi,jeZ,

which is exactly (21).
Let us show that w" is a discrete supersolution

Wil (w;f]. + ACH™™ (. j))
= VL M A - (v;‘w + M" Ax 4+ ACH™™ (", j))
= (M — M) Ax o A (MO0 1)) — HP 0 )

_ (M"+1 - M”) Ax + At (Hnum(v";i+ Lj) — H™ 0", i, j)) :

n

n
Assume that cij and iy

Then,

have the same sign, e.g. that they are nonnegative.

n+1 n num;,. n.: :
Wij (Wi,j + At (w ,l,]))

c’.zl.—c’?. ct. 1—c(l.
= 2M" AtAx sup | [ | Ty (o - ) AET
ijez Ax Ay i

% — . noo . noo ot
> om Arax( sup (|2 S| |Gt TG 1) G = G
- ijeZ Ax ’ Ay Ax
> 0.

If ¢

iy and c;.’]. do not have the same sign, the conclusion prevails because of
the estimate for a,b > 0:
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|c?+1?ja - CZjb| < max(a, b) max(|cl'-’+1,j|, |CZ/|)
< max(a, b)|c;‘+1’j - ch|
o — .
1, )
< max(a, b) % Ax.
X

This ends the proof of the lemma.

In the same way we can prove:

Lemma 5.3 (Discrete gradient estimate from below) If for some b° >

have
0 0
v =V
L H S 0 e
Ay -
and
gt — o —
bn+1 — b _DAf sup i+1j i ’ ij+1 i M"
ijeZ Ax Ay
then
vito — it
L H g vijeZ  Wnel.
Ay

Proof We consider the function

n __.n n
Wi =Viji1 + b" Ay.

By assumption, we have

n n ..
Wij < Vij Vi,j € Z.

One can check easily that w is a discrete subsolution, i.e.

w;f]_“ — (wff]. + AzH““m(w";i,j)) <0.

Since the scheme is monotone and vl'?]. is a solution, (24) implies that

n+1 n+1 P
Wi < Vij Vi,jeZ,

which is exactly (23).

(23)

(24)

O

Proposition 5.4 (A numerical stability result) Let us consider two numerical
solutions V' and w" of the corresponding monotone scheme (with the same

initial condition)
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Non local Hamilton Jacobi equation modelling dislocation dynamics 425

VI = VL b AL (0 ) (25)

and

w;f]?fl = W, + AtH" (W' i) (26)

with HJMm

1lnp-tr .0 1n
oy E lfcl.J. >0,
cME- ife <0,

HM (Vi) = [
ij

where E* and E~ are defined in Sect. 2 and H5"™ defined similarly as H{*™ .
Then there exist a positive constant C, depending on the discrete gradients
estimate on v and w, such that

1.n 2n
C.. —C

n+l _ _ n+l
' i ij

Wij < CTsup

of

sup |v;;
- |k
d

(27)

Proof We follow the proof of the Proposition 4.3 in [4]. We look at the numer-
ical solution v"* in the scheme (26):

ntl Vit
L] L] _Hnum( n. : )
2 v al’]

o = [H™ 00 ) — HE™ 0 )|

2.n

< max(ET,El_) ¥

1.n _
c; —¢

We set K = sup |cl.1}.” — cl.z}."| max(E, E) (K can be bounded by a quantity that
ijn h
only depends on the estimates for ||c||;~ and on the bounds of the discrete

gradient of v) and we define f/?j = v?j + nKAt. This discrete function verifies

sn+1 an num  sn. ;s
Vij Z vij+ AtH (VY 0L )).

Since the scheme (26) is monotone, this implies

Vi Z Wi
i.e.
wl’-f]- — V?,j < nKAt.
Exchanging the role of v" with w” we finally obtain (27). o

We prove an estimate on the discrete characteristic functions.
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Lemma 5.5 (Estimate on the discrete characteristic functions) Assume that for
some b > 0, we have

1 1
Vij+1 — Vij

>b, Vijel.
Ay

Then, for all i, we get
2 1
sup; i |V~ .=V |
S (2] - [ o =2 (— uT vl Ay).
jez
for every vizj.
Proof For each ! € Z, let m; € Z such that

1 1
Vim < 0, Vi1 = 0,

i.e.

1 1
[Vl,ml] =0, [Vl,m,H] =1.
Let

2 1
Vl,m - Vl,m’

M := sup
(I,m)eZ?

and fix P € N such that M < bPAy < M + bAy. Then, for all p > P, we have
2 1 1

Vimap+l = Vipapt1 — M =V, 0 +bPAy =M = 0.

Similarly,
Viwnp < Vimp + M < Vi, —bPAy +M < 0.

Therefore,

2 1 2 1

[vl,ml+p+1] =1= [vl,m,+p+1] > [vl,ml—p] =0= [vl,ml—p] .

This implies:

> ‘[vﬁm] - [v,{m]‘ Ay < > Ay <2PAy <2 (];—4 v Ay).

meZ my—P+1<m<m;+P
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6 Proof of Theorem 1
Proof We define the set

[Vu(x,y,t)| <2L,0 a.e.

u
E={ue L3R x[0,T")), @(x,y,t) = 5 ae.

loc

ou
N, W at
‘at(xy )

0
< 2LuO|C |Li0[<13l(R2) a.e.

where T* is to be defined later. We endow E with the topology of uniform

convergence, e.g. with the distance

. b
d(ul,uz) = min (|u2 - I/ll |L°O(RZX(O,T*))’ Z) .

We note that E is a complete metric space.

We fix p € E. Then, the convolution c(x, y, ) := (cO *[p(,-, t)]) (x,y) satisfies

the following properties.
Bounded in space and time:

sup (& xlp,01) ()
R2x[0,T%)

0
= sup |[p(77t)]| 1 2 |C |L°o R2
0,T%) Lunif(R) it (R%)

0
<lc |L?§1(R2)’

because |[p]| < 1.
Lipschitz in space: let x,y,x',y" € R,t € [0, T*)

(@ 1pC01) @) = (L x10C,,01) ()

< 1 gy (I — X + 1y — D).

Continuous in time. For all p € E, for all t1,6, € [0, T*),x,y € R
(@ tpCrratn) (0 = (" w0201 @)
=< |C0|L?&(R2)|[p(’ ,tl)] - [10(9 '9t2)]|L11mif(R2)
0 4
<lc |L§>§t(R2)B|P('a S0) = pCs )| LR

8
0,2
< ELu()'C |Li0§t(R2)|t1 - [2|'
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We have used Lemma 4.2 for the second inequality, and the definition of the
set E for the last inequality.
From Lemma 4.1, we can therefore define w as the unique viscosity solution of

w = (" [p]) [IVw| onR2? x (0,T%),
wi,- 0 =u’(,").

We have that w € E as long as b(f) > % and B(f) < 2L,p on [0, T*) (where the

expressions of b(¢) and B() are given in Lemma 4.1 with BY = L,o,and b0 = b).
This holds true if

1 b In2
T*Smin[o—ln(l—i- ), On ]
| |BV(]R2) 2Ly ¢ |BV(]R2)

Since b < L 0, the min reduces to the first term:

1 b
T* < min 0—ln(1+—> .
c |BV(]R2) 2Ly

The operator ® defined by ®(p) = w therefore maps E into E. Furthermore,
from the stability result (Proposition 4.3) and the estimate on the characteristic
function (Lemma 4.2), we get for w' = ®(p')

2 1
W™ — W oo ®2 % (0,7%))
<2L0T*" % [p%] = P = [p]]
= aby p P Lo [R2x(0,T%))

< 2L T e @2y sup [10°1C,.0) = [011C, 0111 @)
(O’T*) unt

. (4
< 2L p1c’ | g 2y T min (ghoz = P Lo @ (0.7 1)
8L 0

u

0 2 1
= b | |L§§(R2)T*d(ﬂ) P7)-

Choosing

1 b b 1
T* = min —ln(1+—), —_—
[ |C0|BV(R2) 2Lu0 Lu() 16|CO|LiO:t(R2)
we conclude
1
dw?, wh) < W =Wl ey < 5 d0%0")

1.e. & is a contraction. By the fixed point theorem, we conclude that there exists
a unique viscosity solution on (0, 7*). This ends the proof of the theorem. O
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7 Proof of Theorem 2
7.1 The abstract convergence theorem of Alvarez et al. [2]

In this section, we recall the abstract convergence result of Alvarez et al. [2] for
the discretization of the non local eikonal equation

w=clu] |Vu| in R®x (0, 7)), uC,00=u’ in R> (28)

We suppose that the equation has a solution u € Lip(R2 x [0, T**)) and that
clu] € W (R2 x [0, T*)).

Let E% — RZ*x10.-N7} be the set of discrete functions defined on the mesh
Q! and EA = E5... We denote by G* : EA — E* the operator that associ-

ates to a given discrete velocity ¢® € E” the discrete solution v of the finite
difference scheme

3 A
V;H—l =V} + At A (X1, tn) Ezlgn(c (Xl’t”))(D“Lv”,D_v”), (29)
v? =u'(X)).

Here Eif = Eéc(pj, p;r, Py -Py) is a suitable approximation of the Euclidean
norm that is Lipschitz continuous, consistent with the Euclidean norm (i.e.
ES (Px.Py:Px:Py) = |(px, py)|) and monotone

IES IES IES IE]
> O’ _+ > 0’ — =< 0’ D =< 07
apx apy apx apy
oE oE~ oE~ oE~
Opx apy dpx dpy

One readily checks that the Osher-Sethian Hamiltonian recalled in sect. 2
satisfies these properties.

For every mesh A and every T < T**, we consider two subsets U* and V4
of EA andset U2 = U NEL and VR = VAN ER. Forall T < T**, we assume
that GA(V4) C U and that (w4 € U%, where (1)% is the restriction to Q] of
the continuous solution u of (28).

We also assume that the sets U» and V2 are respectively equi-Lipschitz and
equibounded in the sense that there is a constant K so that, for every mesh A,

IDTw| <K, |c| <K, forallw € U” and c € V2. (30)

In addition, we suppose that the following uniform CFL condition is satisfied
L

At < X Ax, At< — Ay (31)
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L1=2 max( )
LOO

for

IEg
apy

IEq

‘ IE,
Lo 10px

E)p;L

oEq
pr_

b
L>® Loe

and

K = sup sup |c® |-
A yA

For the Osher—Sethian Hamiltonian, one computes easily that L = 1/2+/2. This
guarantees that the scheme defined by (29) is monotone.

These assumptions imply the following stability of the operator G* (see
Proposition 5.4): there is a constant K so that, for every mesh A satisfying the
CFL condition (31), forall 0 < 7 < T** and all ¢1,¢; € V2,

sup |G2(c2) — G*(c1)| < KT sup ez — cil. (32)
0% 07

Finally, we approximate the nonlocal velocity mapping ¢ : U — V by a map
c® 1 UM — VA so that ¢®(U%) C V4 forall T < T**. We make the following
two assumptions.

Consistency for the discrete velocity ¢®: There is a constant K such that, for
every mesh A, for every T < T**, we have

sup |c[u] — c®[u?]] < K|AX] (33)
of

(where u is the solution of (28) and u® = ()% is the restriction of u to Q%).
Stability property of the velocity ¢®: There is a constant K so that, for all
meshes A, forall0 < T < T** and all wy, w, € UR,

sup [c®[wa] — c®[w1]] < K(sup [wa — wi| + |AX]). (34)
0% 0%

We also suppose that c2 is stationary, i.e. that there is a mapping ¢ such that
AW, ty) = ¢®[w(-,1,)]. This implies that the explicit non-local scheme

1 _ A sign(c® (X7.tn)) -
[v7 = V1 4+ AL AVI(X 1) E H) (Dt Dy, 35)

vy = u’ (X))

has a unique solution for all time, which we denote by v.
The convergence result of Alvarez et al. [2] is as follows.
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Non local Hamilton Jacobi equation modelling dislocation dynamics 431

Theorem 3 Assume that T < T** A 1. Then, under the previous assumptions,
there exists a positive constant K’ such that, forall0 < T < T** A1,

VTIA
sug lu —v| < (1——K|’T)+| provided |AX| < T/K'.
Q4

The constant K’ only depends on the constants K, L, T**,
|elu]l oo g2 [0, 7++) and on the Lipschitz constants of E, E~ and ul.,

7.2 Application of the abstract convergence result: proof of Theorem 2

In this part, we verify that the scheme presented in Sect. 2 satisfies the assump-
tions of the preceding subsection for 7** = T*/2. Theorem 2 will then follow

from Theorem 3 with T} = inf (T** A, 2K/)
When

clu]l = A % [u]

the solvability of the non-local eikonal equation (28) is guaranteed by
Theorem 1. Moreover, since |[i]| < 1, we have the uniform estimate

|elullwrco 210,74 = ‘CO‘

BV(R?)
We set
0
U% = [W € E* | IDiwl,|Dfw| < Loe?TI8v,
wh.  —wh
i+l Hoop_ Luo(eZT\c0|BV —1
Ay -
and

A A 0 0
Vi =lee B2 el = I, 1Dl IDFl < 1By ] .

By Lemmas 5.2 and 5.3, we see after a straightforward computation that
GA(VR)c U% forall T < T*. Moreover, by Lemma 4.1, (u)4 € U% forall T < T*.
By definition, the sets U* and V2 are clearly equibounded in the sense of (30).

Now consider the non-local discrete velocity given by Egs. (7) and (8)

cf]-[v]: Z E?_Lj_m[v]l,mAxAy, Egj 0; |/c (x,y)dxdy
ImeZ L i

It is clearly stationary.
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In order to verify the remaining properties, we first note that ¢® can be

written as the continuous convolution
A 0
cijlvl =" [vel(xi, y),

where vy is the piecewise constant lifting of v
Vi = Z Vi,jXQiJw
Lj
where x,; is the indicator function of Q;;. Indeed,

vl = > E?_l’j_m[v]Z,mAxAy

LmeZ
1 0
_ Z o c’(x,y)dxdy | [Vl nAxAy
LmeZ i=lj—m i
= > /co(xi—x,y;—y)[V#](x,Y)dxdy
l’mEZQl,m

= (% [va]) (xi, yp).-
Since |[v#]] < 1, we deduce that for all u € U% we have
AW < 1P, IDFA ] < IV * [vgllzs < |By.

This implies in particular that ¢ (U%) C V%. Moreover, since

1
At = M Ax, At =AyAy, withO < Ap, Ay < ————,
X y X5 /vy 2ﬁ|CO|L1

(36)

(37)

we see that the CFL condition (31) is satisfied (we recall that L = 1/2+/2 for

the Osher-Sethian Hamiltonian).
As concerns consistency (33), we deduce from Lemma 4.2 that
sup A
i

IA

0 4 A
<lc |Li°§t(R2)B|u# Cstn) = u(tn)| o2y

8L o
<1 e m2) b” |AX].

@ Springer

S, 1) — clul (i, yjs ) < sup e x [ug1Co ) — € % [l C, 1)

12,2y |14 10 ) = ] Gt 1 oy



Non local Hamilton Jacobi equation modelling dislocation dynamics 433

Finally, to prove the stability (34), we note that

leisw' ] — 5wl
= 1% % [whlCxi,yp) — < % Wil (xi, )|

0 1 2
<lc |Li°r?t(R2)|[W#] - [W#]lL"m»f(Rz)

< 1% g m2) Sup / I[wi] — [wil|dx'dy’
xeR
[x—%,x—ﬁ—%]xR
Setting I¥ = [x — %,x + %] N [xi — %,xi + %], we deduce from Lemma 5.5
that for allx e R

/ ‘[W%‘] - [Wﬁ]‘ dr'dy’ < > [wij] = wisl| 1] Ay

-1 x+1IxR K

2
<2{ Ay+ —su ’w1-—w2-
- ( y b L.JP i i

)Zu;ﬂ

s
Wij+1~

for T < T*/2 which garantees that A—yw” > b/2 for everyw € U %. Combin-
ing the two estimates, we obtain (34).

2
<2y Ay+ —su ’wy—w;
= ( y b i,jp i ij

8 Numerical tests and applications

Let us first recall that the numerical error estimate given in Theorem 2 shows
that the scheme (3) gives accurate numerical solutions when the gradient in the
direction y of the initial data is supposed bounded from below. In particular this
implies that the dislocation line described by the set of discontinuity of [u] is a
graph in the y direction.

From a computational point of view, the evolution of a graph is not very con-
venient to implement. For this reason, we only consider here the case of initial
datum which are assumed to be /;-periodic in the x direction and /,-periodic in
the y direction. This will allow us to work in a periodic box

and to compute numerically the convolution using Fast Fourier Transform. Our
simulations will show that our scheme seems reasonable for these numerical
tests.
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From the physical point of view, a natural kernel ¢ = cg is proposed in
Alvarez et al. [4] for the Peierls—Nabarro model. Its Fourier transform is given
by:

R 2 (1 \g2
D) = -+ [ ETTDS | o/ (38)

2\ Je+e

where v is the Poisson ratio that takes values in (—1,0.5), and § is a constant
proportional to the size of the core of the dislocations. In our simulations we
considered cases with § = C|AX| and 1 < C < 10). Figure 1 represents the set
{(x,c) e R?: 3y e R, s.t.c = "(x,y)}, where the kernel ¢’ = cg is the discrete
Fourier transform of expression (38) with § = 0.5,v = 0.3.

8.1 Computation of the discrete convolution

Our method to compute the convolution is simply to take the inverse Fou-
rier transform of the product of the Fourier transform of ¢” with the Fourier
transform of

w=["].

This procedure is much less expensive from the computational point of view
than the trivial direct discrete convolution. The main result of this subsection is
Lemma 8.1 which shows explicitely how to compute the convolution in Fourier
space.

We divide the interval [0, /[ in m, intervals of length Ax = [ /m, and do the
same for [0, /y[ in my intervals of length Ay = [,/m,. We introduce the notation

M and L for the matrices M = (mx 0 ), L = (l(")‘ ZO) We set Qy =
y

0 ny

Fig. 1 Anisotropic kernel in 0.2
the Peierls—Nabarro model 0
0.2
-0.4
-0.6
-0.8

1.2
1.4
-1.6
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[0, 1,[x[0, y[ which is discretized in Qqp = Qa N Om = {(xi.y), (i) € Z3;}
with Z3, = {0,...,my — 1} x {0,...,m, — 1}.
From Eqgs. (36) to (37), we see that the discrete velocity ¢4 is given by

e = (@ xwi) (X)),

where wy is the piecewise constant lifting of w; = [v}] defined by

Wy = Z WIxo;-

1e72

We recall that we assume that vj satisfies the following periodic conditions

n

_.n
Vi+mx,j =V

_.n
ij = Vijtmy:

(39)

As a consequence we see easily that w and ¢ are also periodic, i.e. satisfy (39)
and then are characterized by their values for I € Z?W.
On the one hand, for a general discrete function f = (f) Jez2, We define its

discrete Fourier transform by

~ sy 7T 11
Pp = Z fre 2T MP  peg2
JEZ%,I

and the inverse Fourier transform is given by

1 -~ ; T -1
fr= > (e M pery,. (40)
Mt Mty JeZ?
M

On the other hand, we take the following definition for the Fourier transform
of ¢V (using the notation X = (x,y)):

A(S) = L / IS X O x)dX.

Then we have the following result

Lemma 8.1 (Computation of the discrete convolution by discrete Fourier trans-
form) We have

(EZ)P =wp- ((;6)13 forevery P e ij\,l (41)
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where

()p = S g e ST o RS

(E=(&.8y)=nL~1-(P+M-K), K72} (éx ) (EY 2

and  is the Fourier transform of the kernel c°.

From the numerical point of view, the main interest of this lemma is to
compute the convolution as a simple multiplication in the Fourier space. This
computation is very quick, using first the Fast Fourier Transform to compute
(Vp)p, and then the inverse Fast Fourier Transform to compute (cy)y in the real
space. R

In our model, we see from expression (38) that the coefficients c0(¢) with
£ =nL7!. (P+ M- K) decrease cexponentially with K. In particular when
8/|AX| is large enough, we see that c¥(£) is quite well approximated by the first
term in the serie (42). The choice of this first term depends on the values of P
and provides the following approximation

SIU(éx ) Sln(sy 2)
&S G

T0p ~ D(g) (43)

withé = 7L~' - (P+ M - K) and K = (k,, ky) is defined by (for the subscripts

a=uxy)

ko= 0 if0 < Pa < My /2,
ke =—-1 ifmy/2 <py <my — 1.

. o, 2 .
Proof of Lemma 8.1 Using definition (8) we get for P € Zj,:

(% wy)(Xp) = Z wK/c (Xp — X)dX

KeZ7?

= > wkch_glQol
KeZ7?

= Z wis Z EOP—J+M.K|Q0|
JeZ3, KeZ?

= 2 witp
]erzw

where we define:

~0 -0
¢p=10Qol Z CP+M K-

KeZ?
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o~

Then an easy but tedious computation shows that the coefficient (c 0 p) isrelated

to ¢ by relation (42). This ends the proof of the Lemma. ]
8.2 Numerical simulations
In all our simulations, we take Ax = Ay and we plot the level sets each N

iterations. We refer to the table for the values of the parameters used for Figs.2,
3,4,5,6,7and 8

Fig. v 8 Ax = Ay At N

2 0 0.5 0.04 0.05 160
3 0.33 0.5 0.04 0.05 160
4 0 0.5 0.04 0.05 100
5 0 0.02 0.04 5x1073 160
6 0 0.5 0.03 0.05 20
7 0 0.5 0.03 0.025 40
8 0 0.5 0.03 0.03 40

8.2.1 Isotropic/anisotropic collapse of a circle

We propose two tests regarding the shrinking of a circle: the isotropic and the
anisotropic case. The problem (1) is approximated in [—3,3]% with u(x,y) =
(max(2 — x% —y?, 0)% — 0.5). In the isotropic case (Fig. 2 with v = 0) the circle
shrinks in a self similar way. In the anisotropic case (Fig. 3 with v = 0.33) the
circle shrinks changing shape like an ellipsoid elongated in the direction of the
physical Burgers vector (see for instance [4] or the references quoted therein
such as Hirth and Lothe [9] for more explanation).

Fig. 2 Isotropic shrinking of -3 T T T T T
a circle
2L .
Ak i
ok J
1L J
Al J
3 1 1 1 1 1
-3 2 1 0 1 2 3
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Fig. 3 Anisotropic shrinking -3 ; T T T T
of a circle
2L i
1k .
ok i
1L i
5| i
3 1 1 1 1 1
-3 2 1 0 1 2 3

8.2.2 Convex/non-convex evolution depending on the core size §

We consider the problem (1) in [—3, 3% with

LS5 — (& —nl+1E+nD) 16 —nl+I&+nl <3, In| < 1.5,
W, =1-15 & —nl 4 1& + ] = 3,1&],In] < 1.5,
~15 €], In] > 1.5,

where & (x,y) = %(ﬁx +y),n(x,y) = %(ﬁy + x). Here, we are looking at the
collapse of a non smooth front: the square.

In Fig. 4 we show a non-convex evolution of the square. This non-convex
evolution is possible here, because we chose the size § of the dislocation core

Fig. 4 Non convex shrinking -3 . . . . .
of a square
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large enough with respect to the size of the square. At these scales, the disloca-
tion is so small, that its non-convex evolution has not really a physical meaning.
In Fig. 5, we decrease § by a factor 25, such that the new size § of the core is
now less than the size of the square. Here we recover a convex evolution. In
fact the corners get smoothed and the square evolves approaching the shape of
a circle. This is coherent with the fact that when § goes to zero, it is physically
expected that the limit evolution is decribed by mean curvature motion.

8.2.3 Non fattening evolution for relatively large §

For mean curvature motion, it is known that fattening occurs if the starting
shape is an eight curve with a double point. In that case, the normal vector at
the double point is not well defined, and this leads to the phenomenon of fatten-
ing which corresponds to the development of a zone with non-empty interior
where the associated viscosity solution has constant value, i.e. to a level set with
non-empty interior. This is related to the non-unique evolution of the front.
From a numerical point of view, it can be observed from the change of topology
of the level sets close to the double point.

It turns out that for small enough §, fattening also occurs for dislocation
dynamics.

On the contrary, for relatively large enough §, we do not observe fattening
and the evolution of the front seems uniquely defined. On Figs. 6, 7, 8, we
have considered different shapes of curves with a double point, more or less
elongated in the x-direction or the y-direction. These simulations correspond
respectively to the following initial data: u%(x,y) = y* — y? + x2, uO(x,y) =
y* —2y? +x2, u(x,y) = y* — y? 4 5x°. In each case, we have represented the
three level sets corresponding to the values —0.01, 0, 0.01. We observe that
these level sets have the same behaviour even at the double point which seems
to indicate that there is no fattening.

Fig. 5 Shrinking of a square ; ; ; ; ; -3
approaching a circle, with
§/Ax = 0.5
L 4-2
- 41
- 1o
- 41
- {2
1 1 1 1 1 3

@ Springer



440 O. Alvarez et al.

A5} { st ]
RN i ERN i
.05} 1 .05} ]
ot i ol ]
05} { os} 1
1t 1 1t 1
151 1 15t ]
2 45 1 05 0 05 1 15 2 2 145 1 05 0 05 1 15 2
151 4 st 1
4Lk ] qF i
.05} 1 o5} ]
ot 1 of 1
05t 1 ost 1
1t 1 1t 1
151 4 15t 1
22 75 4 05 0 05 1 15 2 -2 45 4 05 0 05 1 15 2
5L 1 st 1
4Lk ] qF i
-05} S { .05} N 7 1
of Y . of N .
Y/ \\\ //\\

051 / : e 0.5+ / \ i
1t 1 1t 1
1.5} : 1.5+ ]
2 15 -1 05 0 05 1 15 2 2 15 -1 05 0 05 1 15 2

Fig. 6 Non fattening propagation, § = 0.5 (level sets —0.01,0,0.01)

8.3 A numerical difficulty

In our model, the dislocation line is represented by the zero level line of the
solution u. Numerically the level lines are well defined when

|Vu| > C > 0.
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15

2 2
2 -15 -1 05 0 05 1 15 2 2 -15 -1 -05 0 05 1 15 2

Fig. 7 Non fattening propagation, § = 0.5 (level sets —0.01,0,0.01)

We have seen in the proof of Theorem 2 that for nAf < T;:

n _n
Vij+1 — Vij

_ 0
N Z b — Lo(e 2Ty _ 1),
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-2 - : T T T T T -2 T T T T T T T
451 {1 -5}
Ak i a4k 4
-0.5 E -0.5 E
ot - o} R
05} . 0.5} g
1t R 1t R
15} g 15} g
2 15 -1 05 0 05 1 15 2 2 -15 -1 05 0 05 1 15 2
15} 1 5}
qb 4 qb i
0.5} {1 -05} 4
0Fr E 0t 4
0.5 E 0.5} E
1t 1 1} R
15 R 15} |
2 15 -1 05 0 05 1 15 2 2 15 -1 05 0 05 1 15 2
-2 T T T T T T T -2 T T T T T T T
15} 1 15}
qb 4 q b i
0.5+ Q 1 05} Q 4
0+ i ot A i
0.5} 6 E 0.5} 6 E
1t 1 1} R
15} . 15} E
2 15 -1 05 0 05 1 15 2 2 15 -1 05 0 05 1 15 2

Fig. 8 Non fattening propagation, § = 0.5 (level sets —0.01,0,0.01)

For times larger than 77, the gradient may vanish, and then we may loose any
control on the level line, and the solution given by our scheme may be wrong.
In these situations, we observe numerically some oscillations of the level line,
which indicate that the numerical gradient is too small to ensure a good locali-
zation of the level line.
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The numerical difficulty comes from the fact that the time 7} may be very
small. We now show formally how this time scales with the size § of the core.

We consider ¢V = cg, whose Fourier transform is given by (38). We will now
follow the dependence on the small parameter §. First we remark that cg can
be rewritten as

Gy) = 5136? (%%)

where ctl) is a function undependent of §. We deduce that

1914
Y = ——
)

and the Lipschitz constant of the velocity ¢s = cg * [u] is estimated by

0
1.0 - |C1|BV
Les ~ |eslBv = 52

This scaling is crucial for the critical time T = T} 5, defined in Theorem 2, since

1
* ~ 8§27
Tas = 57— =06Tg,
les BV

where T3, is independent on §. Similarly the CFL condition reads (see
Theorem 2)

At - 1 . 8
Ax T 2V21¢, 0 2V2IAC, 00

Ignoring all the constants independent on §, we express the final time and CFL
condition only with respect to §:

At~5Ax, T8

In conclusion if we choose the parameter § such that § >~ Ax, then T >~ At.
This implies that the gradient can get too small and in the worse case, one may
have to reinitialize the gradient at each time iteration.

From our numerical simulations we have observed that if the ratio:

T/At
8/ Ax

for final time 7 is small enough, (less than 15) then we are in the case where the
gradient is far from zero and we are able to follow the evolution of the front.
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Otherwise, for smaller § or larger 7', the numerical zero level set presents some
oscillations, as it is the case in Fig. 5.

Acknowledgements The authors would like to thank G. Barles, P. Cardaliaguet, A. Finel,
C. Georgelin, P. Hoch and Y. Le Bouar for stimulating discussion concerning physical, numeri-
cal and mathematical aspects of the problem.
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