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Abstract

Two statistical techniques are developed to predict the statistical moments of the horizontal motion of a floating moored
dock, known as catenary anchor leg mooring (CALM), loaded by hydrodynamic random forces. The dock is represented
by a lumped mass, the mooring cables by equivalent nonlinear springs and the hydrodynamic forces are modelled by a
modified Morison equation. The model of the floating dock leads to a nonlinear ordinary differential equation. Although
the problem could be approached by a direct numerical integration, e.g. by Monte-Carlo simulations, because of the
stochastic nature of the excitation, this would imply a large number of runs to produce results of some statistical
significance. In the present paper an alternative solution is based on the development of two more efficient techniques to
predict the relevant statistical moments of the dock response.

The first method, called CPSP (conventional perturbation—statistical perturbation), is based on the application of two
subsequent perturbation techniques, the first relying on a classical perturbation method, the second on a statistical
perturbation approach.

The second method, called SLSP (statistical linearization—statistical perturbation), combines indeed a statistical
linearization approach together with a statistical perturbation approach.

The procedures allow the linearization of the cables restoring forces as well as of the hydrodynamic load and they can be
easily generalized to be applied to different dock configurations or to systems of different physical nature. The results,
compared with those obtained by a Monte-Carlo simulations, show, in terms of statistical moments of the dock response, a
satisfactory agreement.
© 2007 Elsevier Ltd. All rights reserved.

1. Introduction

The physical system analysed represents a prototype model for those structures called catenary anchor leg
mooring frequently used in marine and offshore engineering [1-4]. A buoying system, restrained by a set of
cables anchored to the sea bottom, is forced by random incoming waves [5-7]. The focus in the prediction of
some statistics of the buoying system response to wave loads [8,9]. In the model considered in the present
paper, the random wave load does not appear in the equation of the motion only as a known forcing term, but
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it affects the system dynamics by the presence of random coefficients appearing in the nonlinear equation of
the motion.

The mathematical tool to deal with this physical system belongs to a class of methods only recently
considered in the technical literature. In fact, while the case in which a deterministic dynamic system is
forced by random loads is a well-established problem in the context of random oscillations [10—12], the case in
which the system is indeed itself random due to its interaction with external random forces is more
complicated. Examples of these problems have been recently considered in engineering, especially in the
context for which a fluid-structure interaction is involved [13—-17]. Although Monte-Carlo simulations can
provide meaningful statistics for these systems, this implies time-consuming numerical computations.
Alternatively, more smart approaches can be developed in order to predict some statistical moments of the
solution (often that of second order) through appropriate techniques, as those proposed in this paper, the
classical perturbation—stochastic perturbation (CPSP) and the statistical linearization—stochastic perturbation
(SLSP) [12,18-21].

In Section 2 a model for the cable restoring forces is presented based on the static force—displacement
relationship (Section 2.1) and on a suitable reduction to a cubic nonlinearity (Section 2.2).

Section 3 describes the model used to represent the random hydrodynamic load on the buoying system. The
results of Sections 2 and 3 are combined together in Section 4 to derive a prototype equation for the
investigated system.

In Section 5 the mathematical nature of the problem is clarified to justify the development of the two
solution techniques proposed, namely the CPSP and the SLSP, illustrated in details in Sections 6 and 7,
respectively.

Finally in Section 8 several numerical simulations are presented comparing the performances of the two
techniques and their predictions, in terms of statistical moments, with those obtained by a direct integration of
the equation of motion.

2. Nonlinear cable model

The nonlinear equations of a uniform inextensible cable suspended among two fixed points are considered.
The cable can support only tensile static forces in absence of any flexural rigidity. In Section 2.1 the nonlinear
force—displacement relationship for a single cable with one end attached to the sea bottom and the other to
the buoying system is determined. In Section 2.2 a pair of cables, symmetrically attached to the same
structure, is considered, simplifying the force—displacement relationship for the restoring force by a cubic
nonlinearity.

2.1. Nonlinear statics of the cable

Some results from the theory of cables form the basis for reducing the restoring forces to a cubic
nonlinearity as illustrated in Section 2.2.
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Fig. 1. Cable configuration and characteristic parameters.
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Let s be the curvilinear abscissa, x and z Cartesian coordinates of the cable points (see Fig. 1), T the tension
along the cable and W its weight per unit length. The static equations of the cable read [5]:

0/, 0Ox
(=) =
Os ( Gs) W,

of 0, (1)
os\os)
Integration of the second equation of (1), produces
rEF, @
os

where F is the horizontal component of 7, constant when loads along z are absent.
Inextensibility along the axial direction implies

ox\*  [oz\’
— — | =1 3
(6s> + (6s> ®)
Substitution of (2) and (3) in (1) produces an equation for which the analytical solution is found:
F Wz W
x(z) = W cosh (T + 701> + c. 4)

The constants ¢; and ¢, are determined by the boundary conditions. Assuming the cable configuration as
shown in Fig. 1, boundary conditions are:

0
o g
s |, (5)
X|0 =0.
Thus
F Wz F . wx\? . Wx
X(Z) = W |:COSh <?> — 1:| Z(X) = Wsmh (T) + 27 . (6)

Eq. (6) provides the force—displacement relationship at each cable point.
The suspended length /s of the cable—depending on z—follows from Egs. (3) and (6) as

P 2
s(z) = /0 1+ (2);) dz — [i(z) = %sinh (VIZZ) (7)

and combining the two previous equations:
2F
li(x) =x\/—+ 1. 8
s(0) = x4y [+ ()

This expression permits to estimate the minimum cable length required for safety reasons. In fact, known
Fax, 1.€. the maximum expected F for the worst operating condition, the minimum cable length follows:

lsminzh %"‘1, (9)
where /i is the sea depth. For F = F,,,, the whole cable is suspended and / ,;, is the minimum length that still
warrants a zero slope of the cable line at the anchor point on the sea bottom. This implies the absence of
vertical forces on the anchor, satisfying an important safety requirement.

During the normal operation service F< Fy,,, and the length /. of the cable lies on the bottom (see Fig. 1); z
is the length of the projection on the horizontal abscissa of the suspended part of the cable. The horizontal
distance between the anchor (bottom end) and the fairlead of the mooring line (cable end at the water line) is
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given by the following equation:

d. =1+ z, (10)
where /, is determined from the difference between /; ,;, and [, z, from Eq. (7) for x(z;) = h. Thus,
Fmax F F —1 Wh

This provides the constitutive nonlinear force—distance relationship for the cable.

2.2. Reduction to a cubic nonlinearity

The mooring actions on the dock can be approximated by a simpler cubic restoring force. In offshore
structures, often, pairs of cables are anchored to the seabed acting in opposite directions, as shown in Fig. 3.
In this configuration the total restoring force of the pair of cables is given by

Fr(w)) = F(d™) — F(d®") = F, — F_, (12)

where dl?ﬂ = We + W, d?ght = w, — W, and w, is the horizontal distance between the anchor and the fairlead
of the mooring line for both the cables in the static reference configuration, while w, is the horizontal end
displacement of the cables (Fig. 2).
A Taylor series expansion of Fr up to the third-order provides
oF 7 10*Fr

Fr(w)=F Sl
T(m}) T|0+anic Ouj +2 awg

, 18°Fr

3
Owc anﬁ w (13)

c?
0

where the derivatives are calculated at w. = 0 or d,. = w,.
This equation involves the derivatives of Fpr(w.), while the force—displacement relationship is available
through the inverse displacement—force dependency w.(F7). However, because of the equation:

Ow. OF
OF ow,

the first derivative of F(w.) is obtained in terms of the first derivative of w.(F7). Using an analogous idea,
higher order derivatives are obtained recursively:

o (aw. OF\ _

OF' \OF dow.)

o (0VF) 3"VFow,

OF \ dwi | — owitl OF°

OF 1 /0w, = £0F /0ow, (15)

(14)
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Fig. 2. Moored dock configuration.
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F.(w,) F_(w.)

Fig. 3. Equivalent IDOF model.

and explicitly up to the third order:

oF 1 O°F  Ow/OF?  OF  3@w./0F?) — @ w./OF*)(0w,/OF) 16)

ow. Ow./OF’ w2  (dw./0F)’’ dw} (ow./OF) '

This implies:
Fr(we) =ywe + Vng 17
and
3 *w,. /ow, ? B *w,. /ow,
2 _ oF*/ OF OF®/ OF (18)
N dwfoFl, BT

3 (Eiwc) 3
oF .

the terms of order zero and two are void and, under the hypothesis of small displacements, a cubic dependence
of the horizontal force on the displacement of the cable end is determined (Fig. 3).

3. Random hydrodynamic load

The modified Morison equation [4,6-9] provides the wave load ¢ per unit length on a circular cylinder in
terms of the fluid—structure relative velocity (¢ — w):

q(1) = Cré + maiv + Cp|& —w|(E —w), (19)

where w = w,, &(x, z, t) is the horizontal fluid particle displacement, assumed approximately the same for each
point of the wetted surface of the dock, C;and Cp are the inertia and the drag coefficient, respectively, and m,,
is the added mass. These coefficients depend on the dimension of the dock, the water density and some non-
dimensional quantity. Namely:

2 2
prD 5 CD = %Cdwa, mg = Cq psz )
where ¢, is the non-dimensional added mass coefficient (¢, ~1), p,, is the seawater density, D is the dock
diameter and ¢, is the non-dimensional drag coefficient (0.6 <c¢;<1.2).
& represents a random process, and Eq. (19) represents a hydrodynamic random load. There are different
possibilities to characterize the random nature of &(x, z, ¢). The first is to assume it as a (Gaussian) white noise.
A more refined approach uses indeed some information on the fluid motion generated by surface waves.
The Airy theory provides

Cr=(0+4cy) (20)

E50 = Bu(@n, 0 )10, 1)

n=—00

where

B, =14,Gin ¢, +jcos ¢,), B_, =B, 1,(t)=e (22)
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are statistically independent random complex coefficients, i.e.

. 0 forn#m,n>0,m=>0,
EWB:B.} =\ E(B,B} =03 forn=m,

where w,, is the wave frequency, ¢g the gravity acceleration and ¢,, a random phase (e.g. uniformly distributed
over the interval [0, 2x]). The amplitude coefficients, 4,,, are given by

_ , cosh ((w?2/g)x)
A0y, X) = \/2S(wn)7ma (23)

where £ is the sea depth and S(®,) is the nth spectral component of the Pierson—-Moskowitz spectrum [5]:

2
S(e,) = a0/ (Vo) (24)

n

with U the wind velocity, o and f are non-dimensional parameters—often o = 8.1 x 107> and f = 0.74.
4. The floating dock with mooring lines

The present model of the floating dock introduces several approximations: (i) the dock is considered a point
of mass my, (ii) the pair of cables is approximated by two nonlinear cubic springs, (iii) the hydrodynamic
force is determined by the Morison equation and (iv) energy dissipation is introduced by a viscous damping
(of characteristic constant ¢). With these assumptions, the equation of the dock motion is

myiv + 280 + Fr(we) = q(0), (25)

where w = w, is the dock center of mass displacement. Explicit form for the forces F7 and ¢ produces
(mp — ma)Vo + 285 + 91w + [=Cp|E — Ww|(E — W) + p3w°] = CrE. (26)

In this equation the effect of the cable’s drag force is not explicitly included. However, its inclusion does not
alter substantially the mathematical nature of the problem considered. In fact, as it is shown in Appendix A,
the presence of the cable’s drag force produces an additional term resulting in a quadratic form in terms of v,
with coefficients that are random processes. Therefore the cable’s drag force introduces an expression that is
similar to the dock’s drag force.

Eq. (26) is an ordinary differential equation with two nonlinear terms (the terms in square brackets on the
left-hand side) and a random input (on the right-hand side). The statistics of the displacement w can be
obtained via a Monte-Carlo technique. Eq. (26) should be solved assuming different realizations of the set of
the random phase angles ¢, (see Egs. (21) and (22)). For each realization, a numerical solution is obtained and
ensemble averages can be calculated. Alternatively, assuming an ergodic process, a single realization can be
considered but simulated for a time long enough. The statistical moments of the solution can be calculated in
this case by time averages.

With the positions:

1 Cp V3 Cr

(=¢—w, m=my+my, a1=§, ==, B=—, a4=-=, a5=— (27)
m m m m m
and substituting Eq. (27) in Eq. (26):
{4 arl + (ar + 3asE) + [asl81E = 3asél + asl’] = £(0), (28)
where
f©& = (1= as)é +aré + as& + aé (29)

is the new forcing term.

Assuming &(¢) a white noise random signal, the force f is also a white noise signal with constant power
spectral density Sy. If the Pierson-Moskowitz spectrum is considered, the force is indeed characterized by a
frequency-dependent power spectral density.
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5. Statement of the mathematical problem

Eq. (28) is a stochastic nonlinear ordinary differential equation. Instead of solving it using a Monte-Carlo
simulation, different techniques of solution are proposed here able to provide directly the desired statistical
moments of the dock displacement.

A first procedure, called CPSP, uses at a first step a conventional perturbation technique (CP) to produce a
cascade of linear differential problems with stochastic coefficients. The second step of the procedure consists
indeed in a stochastic perturbation technique (SP) to solve the obtained set of equations.

An alternative technique, called SLSP, uses at a first step a statistical linearization method (SL), followed by
a SP technique.

The CPSP method leads to reasonable results only if Eq. (28) exhibits weak nonlinearity, for which the
conventional perturbation technique is successful. The second part of the solution, based on a stochastic
perturbation technique, can be achieved if the randomness of the coefficients is small.

The SLSP method produces at the first step a linear differential equation, in a statistical sense, equivalent
to Eq. (28). The statistical linearization applies even for non-weak nonlinearities making this second
approach less restrictive with respect to the CPSP method. The new equivalent equation is still a
stochastic differential equation because of the random coefficients. However, since the second part of the
solution is still based on a stochastic perturbation technique, again the restriction of small random coefficients
holds.

6. The CPSP method

Eq. (28) is rewritten as

C+arl + B +egl, L&) = f(0), (30)
where
BE) = ar + 3448, g({, 0, &) = az|8IE — 3asll* + asl’. (31

Physically ¢ controls the cable nonlinearities and the fluid—structure interaction (drag effect) and is assumed
to be small with respect to the linear contributions at least for small oscillations of the dock. The first part of
the approach (CP) expands the solution in terms of power of ¢ up to the second order:

UE18) = L&D+ 61(E D) + 8 0(E D). (32)

{o(&, 1) is the zero-order approximation, i.e. the solution of Eq. (30) for ¢ = 0. Let expand ¢ in terms of &:

2
. &
Q(Ca é/a é) = g'z;:O + 89,3'1::0 + jg,auh:o + 0(83)
= gls—o + a(ilg,gL:O + Zlg,g\szo)
& (.
+5 (ngg

Using Eqgs. (32), (33) and (30), the following equation is obtained:

1 )
380+l 0) +0E).  (33)

. >
F oo +5b9s

&= &=

&=

Lo+ ailo + B0 + o€y + arly + PO + (& + arly + BE))
+eglomo + & (élg’é‘s:o + 819, 8:0)

& /.
+ 5 (ngg

1 2 by
o Fab9ulo + 400y

1.2
o H 00l +500

&= &= &=l

0) =/ @. (34)
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Thus, including the terms up to the second order of ¢, the following cascade of linear stochastic differential
equations is obtained:
bo+ arlo + axly + 3as8lo = (1 — as)é + a1 & + as + axé,
O+ ady + @l +3aa8l) = 38ty — as[o|&o — auls,
O+ ails + arls + 3as8? = 6aséloly — 2as|o |8y — 3aa3i,. (35)
The second part of the CPSP approach uses a stochastic perturbation technique to solve Eq. (35).
Since ¢ = B,y,,(?) see Eq. (21) (summation with respect to the repeated index is tacitly assumed), the solution

of system (35) can be expanded in terms of the coefficients B,, provided that they are small random
parameters, as

gi = é[O(Z) + BnC[ln(t) + Ban¢[2nm(t)~ (36)
Substitution of Eq. (36) into Eq. (35) produces, the following system (see Appendix B):

Coo + arbop + axtoo = 0,

Zom + aléOln + aZCOln = (1 - aS)%n + alj{n + a2y, (37)
C02nm + alCOan + a2€02nm = _3a4XnXmC009

. . . .3

Lo+ ar1lio + a2lio = —a3|Coo|Coo — aalys

Ciin 4+ a1 + @2li1n = —2a3]00|Co1n — 3aaCooCo1n + Loon)s
Cranm + @1 812mm + @2Liomm = 3aalCo1a2n — C00Cornloim + Looloamm)]
—dajz |éOO| (i éOlnéOlm + 2&02)1m) 5

(38)

oo + arlag + artay = —2a3| oo o1 — 3aal5y 0,
Gin+ arlony + @loy, = —203’500‘ (éloéom/éoo + élln)
—3a4Coo(Cool11n + 28108010 + 281070)s (39)

Connm + @1Eq2um + @2la0um = —a3 Lol (2éloéoznm + Eotnliim + Ciinlorm + 2éooélznm)

Coo

=3as[GoC 120m + C10801nlotm + 2L00Co1nC 11w — 27000110 + Co1ali0)]-

This is a set of linear deterministic differential equations. Although their form seems complicated, if
homogeneous initial conditions are assumed, a closed form solution is readily obtained. In fact, in this case,
the first of Eq. (37), and consequently the third, have void solutions: {yo = 0 and {yy,,,» = 0. Likewise, the first
and the second equations of (38) have void right-hand terms, then {;o = 0 and {;;,, = 0. Eq. (39) has all the
right-hand terms void. Thus,

Con + arlor, + aloy, = (1 — as)i, + a1, + ar,, “0)
Cionm + a18i2mm + @28i2mm = 3aalotntm — @38o1nCo1m-
Using Eq. (36), the solution of (40) produces
CO = BnCOln([)’ é,l = Bangl2nm(t) (41)

and (see Eq. (32))
C(&s Z 8) = BnCOln(l) + 8BanC12nm(t)~ (42)
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Since the B’s are statistically independent, the second-order statistical moment of the relative displacement
(42) can be calculated as follows:

E(C) = > (E{B.B;,}o1nlh1n) + O(BY). (43)

Looking at the steady-state response and using Egs. (21) and (22), the solution of the first equation of (40) is

—oy(1 — as) + joqa1 + a

f) = / ejm,,t 44
o) = = (44)
and finally
- —wi(1 — as) + joar + a> ?
E{C}= > (E{BnB’nZ} T o+ a + O(B)). (45)
n=—o0 n nt1 2

7. The SLSP method

In this section the SLSP method is presented. In Section 7.1 some basic elements of statistical linearization
are illustrated. Section 7.2 applies the general theory to the case of the dock equation and in Section 7.3 the
case of a Gaussian statistics, for which closed form solution are found, is eventually considered.

7.1. Brief notes on statistical linearization

The basic ideas of the statistical linearization relies in replacing a nonlinear system by an “‘equivalent’ linear
one so that the difference between the response of the two systems is minimal in some probabilistic sense
[12,18-21]. More precisely, it is required that the mean-square difference between the nonlinear forces and
their counterpart in the equivalent linear systems be minimum.

Consider the equation:

L, X, )+ NL(x,x, 1) =f(0), (46)

where A" % (x, X, t) and L(x, X, t) are the nonlinear and the linear part of the system’s operator, respectively,
x(#) is the system’s response and f{(¢) an external random force. A linear operator Zq(y,7,p, t) can replace
N % in the sense of SL, where y(¢) is the system’s response of the linear equivalent system and p a vector of
unknown parameters:

LG+ Leg3,0,0) =1 (. (47)

Adding the term Zq to both sides of Eq. (46), rearranging and assuming x(f) = y() the following equation
may be written:

L(x,%,8) + Leg(x,%,0, 1) = f() + E(x, X, p, 1), (48)

where
g(xa x’ p» t) = ng(x» )-C, pa t) - Jv‘g(xa ).C, t) (49)

which is the equation error.
The unknown parameters p are determined minimizing the mean-square of &:
OE(&%)
op
The expectations in Eq. (50) should be evaluated ideally using the exact joint probability density function
(pdf) p(x,t; x, t) of the nonlinear response x(¢) and of its derivative x(z).

=0. (50)
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If the exact probability distribution is used to evaluate Eq. (50), then the variance E{y*} would be exactly
equal to E{x*}.

However, this pdf is, in general, unknown and, a trial function is indeed considered to calculate the
statistical moment which are the coefficients of Eq. (50). The choice of this approximated pdf depends on the
input pdf and on the nonlinearities of the governing equation.

7.2. Statistical linearization of the dock equation

Applying the method described in the previous section to Eq. (28), the new governing equation is

4 (a1 + esreq)l + (az + 3a4> + kspeg)l = £(©). (51)

The parameters cgeq and kg ¢q are calculated by the solution of the problem shown in Eq. (50).
The equation error & between Egs. (28) and (51) is

& = csregl + ksLeql — [“3’“5 — 3, + a4C3] (52)

and the two following equations can be written:

aE{éaz}/acSLeq =0,
{ OE{&%}/OksLeq = 0 3)
or explicitly:
cseaEALY + ksiea EXCO) = asEQEIEY + 3aaELLCY + au B, -

esLeq EACLY + ksieq EICY = as E(LILC) 4 3aslE{CY + aa E(CY)

in the unknowns cgj¢q and kgyeq. '
Assuming the solution process {(¢) and its derivative {(¢) stationary statistically, independent and with zero
mean, then

E(Cy=0, E{0=E{CY=El)Y=0. (55)
The solution of Eq. (54) is

_ aE(U + as B
E(¢)
We can proceed further in the analysis illustrating in the next section the second part of the SLSP, under the
hypothesis of Gaussian statistics.

k SLeq (5 6)

7.3. Gaussian statistics and the statistical perturbation technique

Assumed the force on the floating buoy Gaussian, {(7) and {(7) are also normal processes, stationary and
statistically independent with joint pdf:

[ 1 —(/a?+/a?
P (1) = ————e /T2, .
0.0} 2n

The coefficients in Eq. (56) can be determined using the properties of the Gaussian processes. Hence
E(CEy =0 (58)
and by the Kazakov’s theorem [12]:
. 2D -2 PP
EQACY  E{CHE{ALI) )
2 2
E{C} E{C}

= E{(0)), (59)
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where apex indicates the derivative with respect to . Expectation in Eq. (59) may be evaluated in closed form:

E{(80)) = \/iffg- (60)

Therefore, Eq. (56) may be rewritten as follows:

8
CSLeq = 3 \/;Ug, ksLeq = 30407 (61)
Substitution for these coefficients in Eq. (51) produces
C (@ + a3/8/m0)] + (a2 + 3as& + 3asod)l = f(©). (62)

Eq. (62) is a linear ordinary differential equation with the random coefficient 3a4é?. Moreover, the
coefficients az+/8 /nat and 3a4a§ depend on the statistical moments of the solution.
The second step of the SLSP procedure, the stochastic perturbation technique, relies on the series expansion
(21). Analogously to Eq. (36), { is expanded in terms of the coefficients B,;:
C(t) = CO(t) + Bnéln(l) + BanC2nm([) (63)

that substituted in Eq. (62) produces

EO + Bnéln + BanZan + (al +as V S/RGg)(CO + Bnéln + Banéznm)
+ (a2 + 3a4BanXnXm + 36140‘?)((0 + Bn(ln + BanCan) = (1 - a5)j€n + alkn +ay, (64)

Separating the different orders of the B’s, the following set of linear independent differential equations is
obtained:

lo+ (a1 + as\/8/mn0)lo + (a2 + 3as0?)(y = 0,
zln + (al + az/ 8/n0;’)éln + (aZ + 3a4a§)C1n = (1 - aS)Zn + alkn + @)y, (65)
5211m + (al + asy 8/750@')62}1”1 + (612 + 3a40§)c2nm =0.

When void initial conditions are considered, the zero and second order give void the solutions o, = 0 and
{omm = 0. The first-order solutions, {;,, are sufficient to obtain the relative displacement:

(1) = Bulin(). (66)

The standard deviation of the relative velocity and the variance of the relative displacement are in general
unknowns, because they are nonlinear functions of the equation unknowns. When the random input is a white
noise, the force power spectral density is constant and a closed form for the variance can be obtained.

Unfortunately, thus is not true in case the power spectral density is not constant as, for example, for the
Pierson—-Moskowitz spectrum.

Let conclude with an approximate iterative solution of the problem. Egs. (21) and (22) can be considered a
rough approximation of Eq. (65). Neglecting the terms containing statistical moments, g“g(l) can be
approximated as

w%(l - 05) +jwna1 + a
—2 + jo,a; + a;

() =— o, (67)

Therefore, from Eq. (66):

2 .
O _ —w,(1 — as) + jogar + az| .,
)= |B . el 68
S [ " ol tjoa @ (68)
An estimate of the variance is obtained from Eq. (68):
(] — . 2
ag(o) — E[(9¢0) — E(B,B") w;( - as? + jonar + a 69)
_(’Un +anal + az
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This expression can be used to start an iterative procedure in which the statistical moments calculated
at the previous step allow to achieve the solution at the new iteration. Therefore, the steady-state solution of
Eq. (65) is

2 .
i — (1 - (,Z5) + joya) + ay ‘ot
SHOES . : = __glont, (70)
" —w?2 + jou(ar + azy/ S/naif 1)) + (ar + 3a40§(’ 1))
Eq. (66) provides:
2 .
i — (1 - a5) + Jwya) + ay ;
C(l)(t) = |B, ' n = - Wnt (71)
-2 + jou(ar + azy/ 8/7w(g )+ (ar + 3a4a§(’ Dy
and the second statistical moment:
2
i i) (i « —oy(l — as) + joya1 + a
O'g() = E{é’( )C*()} = E{B,B,,} T n — N (72)
—wy +]0)n(a1 + a3 8/750& ) + (Cl2 + 3(140’: )
This procedure can be repeated for i=1, 2, 3,..., until the convergence is reached. The adopted

convergence criterion involves the calculus of the relative difference between the results at iteration i and i+ 1:
when this value is less than 1% the convergence is considered reached.

8. Numerical results and comparisons

The buoy considered for the numerical simulations has diameter 10 m and mass 12,000 kg. The sea depth is
50m. The buoy is anchored by two steel cables with suspended lengths equal to 150m. The
Pierson—Moskowitz spectrum characterizes the wave spectrum, and six different wind velocities are
considered: 5, 8, 10, 15, 20, 25m/s. The corresponding spectra are represented in Fig. 4, respectively.

To check the validity of the proposed methods, a reference solution of Eq. (28) is determined by a direct
numerical integration. By taking advantage of the ergodicity of the phenomenon, the statistical moments of
the solution are determined by long time numerical simulations.

Figs. 5,7,9 and 11 show the phase space, the pdfs of the relative displacement and of the relative velocity and
the comparison between these pdfs and the corresponding normal probability (having same mean and
variance) for the wind speed 5, 10, 20 and 25m/s, respectively. The pdfs are obtained by calculating the
histogram of two perpendicular cuts of the phase space: one parallel to the displacement axis and one parallel
to the velocity axis. Figs. 6,8,10 and 12 show the normal probability plot for the same quantities in order to
quantify the deviation from the corresponding normal probability distribution. It appears that all the
considered processes are almost Gaussian. In fact, also for large values of the wind speed, the relative
displacement has a distribution that is close to be Gaussian.

Fig. 13 shows the power spectral density of { for the considered wind velocities. The first peak corresponds
to the natural frequency of the rough linearization, f, = \/a>/2n = 0.036 Hz, the second is related to the
maximum of the Pierson—-Moskowitz spectrum.

In Table 1 the autocorrelation R; for 1 = 0 is compared with the variance determined by Eqgs. (45) and (72),
associated with the SLSP and CPSP methods, respectively, and a good agreement is observed up to a wind
speed of 10m/s. A number of iterations sufficient to guarantee the convergence of the procedure are
performed. For the wind velocities 5, 8, 10, 15 and 20m/s, seven iterations were sufficient to reach the
convergence of the procedure. On the contrary for U= 25m/s the variance of the displacement does not
converge regularly as shown in Fig. 14. Moreover, for this last speed, the predicted variance does not match
the value obtained by numerical integration of the equation of motion (see Table 1). This means that the
methods are reliable at least for moderate nonlinearities and that the wind speed, i.e. the waves amplitude,
should be small. The results are in acceptable agreement with the theoretical predictions with an error up to
14% at the wind speed of 10 m/s (in practice acceptable results are obtained for wind speeds less than 10 m/s).
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Fig. 4. Pierson—Moskowitz spectrum: (a) U= 5m/s, (b) U= 8m/s, (c) U= 10m/s, (d) U= 15m/s, (¢) U= 20m/s, (f) U= 25m/s.

Looking at Figs. 5-12, it appears that the results obtained by the SLSP are a little better than those obtained
by the CPSP when increasing the wind speed. The reason for this relies on the double use of the perturbation
technique in the CPCS method that is more sensitive to the effect of strong nonlinearities.

9. Conclusions

This paper presents two different techniques for the analysis of differential equations with stochastic
coefficient. The example of application concerns the prediction of the wave-induced oscillations of a moored
vessel, but systems of different physical nature can be analysed with the same methodology.

Both methods are based on stochastic perturbation techniques. The first classical perturbation—statistical
perturbation (CPSP) consists of a sequential application of a classical perturbation technique to reduce the
nonlinear stochastic differential equation to a linear equation with stochastic coefficients, and of a stochastic
perturbation approach to provide the statistical moments of the solution. The second technique, statistical
linearization—stochastic perturbation (SLSP) is based on a statistical linearization of the nonlinear problem
leading to a linear differential problem with stochastic coefficients that is eventually treated by a stochastic
perturbation approach.

Both the techniques reveal their advantage in terms of computational costs with respect to direct
Monte-Carlo simulations.
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Fig. 6. Normal probability plot of relative velocity and displacement, wind velocity Sm/s.

The methods are reliable at least for moderate nonlinearities. In the present application this means that the
wind speed, i.e. the waves amplitude, should be small. The results are in acceptable agreement with the
theoretical predictions with an error up to 14% at the wind speed of 10 m/s (in practice acceptable results are
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obtained for wind speeds less than 10 m/s). This is indeed a consequence of the perturbation approach that is
valid only in the limit of small nonlinear perturbations. The SLSP method in this respect is more robust than
the CPSP because the first statistical linearization approach (SL) does not need for its application small
nonlinearities, while this condition is required by the second part of the method (SP) based on a stochastic

perturbation.
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Appendix A

Potential water waves can be described by the Airy theory. The spectral component of the velocity potential
¢ at frequency o is
gH cosh[k(x + h)] cilkz—on)
2w cosh(kh) '

o(x,z,1) = (73)
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The related fluid particles velocity components along the x and z axes are:

0p
U = ox

Op
Uf: == & .

. Gaussian pdf.

(74)
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Table 1
Comparison between the numerical results for different wind velocities
Wind velocity (m/s) P.-M. spectrum freq. peak (Hz) R:(0) a2, CPSP ¢%. SLSP
5 0.275 0.0098 0.01 0.01
8 0.17 0.064 0.075 0.075
10 0.135 0.153 0.202 0.201
15 0.09 0.792 1.759 1.747
20 0.07 2.77 19.23 18.77
25 0.055 11.56 828.5 67.2/34.8

These components at x = x(s) and z = z(s), i.e. along the cable line, are:

_ kgH sinh[k(x(s) + h)] elks=on)_

U/ ..\'

ur.

2w cosh(kh)

—j gH cosh[k(x(s) + h)]

ej(szwt) (75)

2w cosh(kh)
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or more concisely:

vy, = f s, k)l J-(5,k)

The free surface waves represent a random process described by the superposition of harmonic components:

v, = f (s, k)edkz=on (s, k)] ‘
S f ( ) ou = [f ( )‘| e](k:—(})[) ZZ(S’ k)e](szwr)_ (76)

+00
ve= Y Apf(s. k), (77)
n=—o00 -
where the A,, coefficients are random complex (amplitude and phase) variables.
The velocity of the cable’s points can be expressed in terms of w.(z) using the shape functions (s) and ()
(e.g. determined on the basis of the static catenary solution) as

[ lrb),( ) C(t) lp}c( )
ey <= M) ] ive(t) = Y. (78)
Thus the fluid-cable relative velocity is
(s, 1) = v — vy = Y(he(r) — f Anf (s, ) rz=e. (79)

Assuming the cable’s drag force components along x and z proportional to |v,|> produces
Fa'x = ax(s)lyr|2a Fdz - az(s)lyr|2s (80)

where the coefficients o, (s) and «.(s) depend on the angle of attack of the fluid velocity with respect to the
cable’s local tangent that is a function of the location s.
Thus, the total drag cable force component along the z-axis is

/
Ro= [ o) 0P d 81
_ /0 2.0l (s, D ds (81)
1.e.:
1 +00 ) 2
R. = / W) — S Anf (s, k)b ds. (82)
0 n=—o00
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That, with obvious meaning of the symbols, becomes:
R.(1) = Ci(1) + Ca(t). + C3()W?. (83)

This drag force can be introduced into the dock’s equation of motion. It is a quadratic form of
the dock’s velocity and its mathematical expression is similar to the dock’s drag force appearing into
Eq. (19).

Finally, the effect of a uniform current can be readily introduced by an additional potential term
¢(z) = U,z in Eq. (73). Expression (83) remains in this case identical except a different value for the
coefficient Cj.

Appendix B

In this appendix are shown the remarkable relationships necessary to obtain Eqgs. (37)-(39) of
Section 6.

Before, a set of general relationships are presented which are necessary for the following developments (Egs.
(84)—(88)). After, two Taylor’s series expansions which appear in the second and third equations of Eq. (35)
are developed (Egs. (89)—(96)). Last but not the least, Eq. (35), by considering Eqgs. (21) and (36) and all those
developed in the appendix ((84)—(96)) are written in order to obtain Egs. (37)—(39).

B.1. General relationships

o o . ) . ) )
0B, = E(Cio + BnC[ln + BanCian) = Ciln + ZBmCQnma (84)
o [d o . . .
ﬁ (63 > = W(Ciln + 2Bm€i2nm) = ZC[ana (85)
0 ’io’ 0 . . 0 ‘éo‘
— (&) =52 - ([Gld) =2/6), (52 ] =0, (86)
aCO (’ 0‘) C() aC() (‘ 0| 0) ’ 0 aC() C()
é’lz = (CiO + BnCiln + BanCz‘an)2
= é/120 + 2£iOBn€i1n + BanCilné/ilm + 2Ci0BanCi2nm +ee (87)
C? = (é’iO + BnCiln + Bané’i2nm)3
= C?[] + 3C?UBngi1n + 3€iOBanCiln£ilm + 3C?OBI1B}7’!Ci2n}11 + (88)

B.2. Taylor’s series expansion

Taylor’s series expansion of |éo|éo appearing in Eq. (35) about B, = B,,=0 (B, =0 and B, = B,, =0 are
indicated with the subscript 0)

o - 0l&lE 1 &l
|Z01Z0 = |Z00|C00 + Ba ’5;!1 0 0 +§Bn3maB‘n g’BZ 0, (89)
where
dlollo|  9léoléo 0t L . o
L}%L of _ |ag(|) 0 a—B(; 0 = 2[Zo|Cotn + 2Bmlozmm) |y = 2|Z00|Co1n (90)
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_ 0 (3hlbak | _, 0 ‘59@
" 0B\ 0, 0B,)| 0B, \'"'0B,)|

oldo| 8l 2t o (a ¢
=2 El—éﬂﬁ@; {CO (aBi) ‘ B <|CZZ|ColnC01m+2|C00|C02nm>a 1)

therefore Eq. (89) can be written as follows:

and
0*|&olCo
0B, 0B, o

s . . . 1
}CO |€0 = |C00| |:C00 + 2B,{o1n + BuBnm (C_

00

éOlnéOlm + 2502nm>:| . (92)

Taylor’s series expansion of |C0|C | about B, = B,, = 0:

AP . 6|C0|Cl az‘éOMI
|Z0| &1 = |oo| o1 + Ba 3B,

n maBn 6Bm 0,

1
2
0

93)

where

a|éo|él

%@o
0B,

1 ag; ag
ot, 0B,

a(l 0B,

_a|éo|- o,
_aBnCI> + |C ’63

|50|

0

+1d

(COln + 2BmC02nm)(ClO + BnClln + B BmCl2nm)

0

+ |éo‘(énn + 2B;nélznm)’0 ‘Coo| (Cw Coin + Clln) %4)

(B )
Z, 0B .

|C0| oy 3 ; |éO| o’y |éo| oty ot
= o, ( ¢, ) 38,38, T ¢, 8B, 0B, " 7, 38,38,

0ld| o, 2,
aéo 0B,, 0B,

|€O| COanCl |€0| (COln + ZBmCOan)(Cl Im + 2BnCl2nm)
Co lo

LGl

0

and

Poolli |
aBn aBm 0

. 0%
%l 0B, 0B, |

0

(COlm + 2Bné’02nm)(éllln + 2BmCl2nm) + 2’(0‘C12nm

0

= |COO| < CIO C02nm '_COInCllm + '_COImCIIn + 2(12nm> (95)
COO éOO (00

therefore Eq. (93) can be written as follows:

{o1 + By <§10 Cotn + C11n>

Lio ; 1
+= B Bm é/ nm +— C n{ m 7( nC m + 2€ nm . 96
2 ( Co() 02 C()() 01n511 4,00 11n501 12 >‘| ( )

’io|é1 = ’éoo‘
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B.3. Mathematics developments of Eq. (35)

By considering Eq. (36), left-hand terms of (35) can be written as follows:

zi +arl + arl; + 3asd(
= ZiO + Bngiln + Banzanm + al(éiO + Bnéiln + BanéIQnm)
+ aZ((iO + aniln + BanCian) + 3a4BanXnXm(§i0 + BnCiln + BanCanm)

by ordering Eq. (97) the following set of relationships can be written:
Cio + arlio + axlio
Citn + a1t + @ity
Cian + alCian + aZCian + 3a4XnXmCi0-

By remembering Eq. (21), right-hand terms of (35) can be written as follows.
First equation:

(1 - aS)E + alé + a4é3 + Clzf = (1 - aS)anen + aanZn + a4BanBanXmX1 + ClanXn
and by ordering:

0

(1 - aS)Xn + al;.{n + axy,
0.

Second equation:

3a,08 — a3|éo|@o —al}

= 3a4B,%,(Loo + Buloin + BuBimlorm)

T . 1. . )
— a3|Coo [ oo + 2Bulo1n + BuBim <€ Cotnlotm + 2502nm>]
00

.3 ) . . . . ) .
- a4(C()() + 3COOBnC01n + 3COOBanCOln€01m + 3(()()Ban£02nm)

and by ordering:
. . .3
—as|oo|Co0 — aalyy
. . .
—2a3|Loo| Cotn — 3aa(Coplotn + Cooxn)
3a3Co1nm — Co0Cornlorm + Loolomm)] — a3|éoo‘ (ﬁ Cornloim + 2éoznm)-

Third equation:

644 (o0t — 2a3|Lo|E1 — 3aaliy
= 6a4Ban(é’00 + BnCOln + BanCO2nm)(C10 + BnClln + BanCUnm)

— 2a3|Coo| | Lot + Ba <~10£01n+€11n
oo
1 o : 1. . 1. . )
+§Ban 222 ¢+ Lotnliim + —Ciinborm + 2L 12mm
Coo Coo Coo

— 3as((5y + 2Lo00Buloin + BuBuloinlitm
+ 2COOBanC02nm)(C10 + BnClln + BanCIan)
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O7)

(98)

99)

(100)

(101)

(102)

(103)
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and by ordering:
—203‘500‘501 — 3aslGl1o

—2a3 |8y gﬂéom + & | = 3aa(oliin + 2L00C10801m + 28008 10%)
00
(104)

) £10: 1. . 1. . )
—das ’COO{ 2'ﬂ602nm + '_COInCI 1m T+ '_CHnCOlm + 2512nm
00 C,OO COO

=3aa[C3oC 120m + C10801nlotm + 2L00Co1nC 11w — 22000110 + Co1ali0)]-
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