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Chapter

A Dexterous Workspace
Optimization for Ten Different
Types of General Stewart-Gough
Platforms
Burak Inner and Serdar Kucuk

Abstract

In this chapter, a dexterousworkspace optimization is performed for tendifferent types
of 6-Degrees-Of-Freedom (DOF) General Stewart-Gough Platforms (GSPs). The optimi-
zation aims to find the optimum radius of the circumferential circle and separation angles
between adjacent vertices of base andmoving platforms in order tomaximize both the
dexterities andworkspaces of themanipulators subject to geometric constraints. Particle
SwarmOptimization (PSO), increasingly being applied to engineering applications, is used
as the optimization algorithm. Finally, the optimization results for ten different types of 6-
DOFGSPs are compared to each other in terms of kinematic performances.

Keywords: general Stewart-Gough platforms, dexterous workspace optimization,
particle swarm optimization, kinematic performance, stroke length, workspace

1. Introduction

Parallel robot manipulators are closed-loop mechanisms where all links are
connected to the base and moving platform at the same time. They have potential
advantages over serial robot manipulators such as high rigidity, compact size, high
load capacity, fast response, and high precision [1–4]. Basically, parallel manipulators
can be classified into two main categories, namely planar and spatial parallel manipu-
lators. The first category composes of planar parallel manipulators which have simple
structures and translate along x- and y-axes, and rotate around the z-axis, only. The
second category includes spatial parallel manipulators that have 3 to 6-DOF, and can
translate and rotate in the three-dimensional space. Stewart-Gough Platforms
included in the second group are receiving increased interest from the robotics com-
munity and industry recently. They have been used in many potential applications
such as multi-axis machine tools earthquake simulators, solar panels, radar antennas,
telescopes, walking machines, micromanipulators, and surgery operations [5–7].

Several authors provided valuable contributions to the dimensional optimization of
Stewart-Gough Platforms. Some important publications can be given as follows.
Pittens and Podhorodeski [8] studied optimizing the local dexterity of a small group of
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Stewart platform manipulators. Stoughton and Arai [9] designed a novel structure for
the Stewart Platform manipulator. They also optimized the new structure considering
both dexterity and workspace volume, and compared the novel structure with the
traditional Stewart-Gough Platform in terms of dexterity. Du Plessis and Snyman [10]
presented an optimization method for determining the dexterous workspaces of par-
allel manipulators. They applied the new method for the computation of dexterous
workspaces of both planar and spatial Stewart-Gough platforms. Su et. al. [11]
conducted a study about optimizing the structural characteristics of the Stewart plat-
form for a large spherical radio telescope using genetic algorithms. They used the
condition number of the Jacobian matrix as the objective function and radius of the
base platform, adjacent actuator attachment points, and the distance between base
and moving platforms as optimization variables. Yao [12] et al. performed the dimen-
sional optimization of the Stewart-Gough platform for a five-hundred-meter aperture
spherical radio telescope. The operability and accuracy of the Stewart-Gough platform
are the main design objectives of their optimization problem. Mishra and Omkar [13]
used different types of evolutionary algorithms (such as particle swarm optimization,
genetic algorithm, variants, and simulated annealing) to present a model for singular-
ity analysis of a 6-DOF Stewart-Gough Platform manipulator for precision and sur-
gery. Jiang [14] completed a Ph.D. dissertation about singularity analysis and
geometric optimization of two different kinds of parallel mechanisms namely, planar
3-RPR and spatial Stewart-Gough parallel manipulators. An algorithm for optimizing
the geometric parameters is developed in order to maximize the singularity-free
orientation workspace of the Stewart-Gough platform taking leg length ranges into
account. Jiang and Gosselin [15] analyzed the effects of the orientation angles on the
singularity-free workspace of the 3x3 Gough-Stewart platform in order to determine
the optimal orientation. The same authors also studied the effects of the geometric
parameters on the singularity-free workspace in order to determine the optimal
architecture for the minimal simplified symmetric manipulator 3x3 Gough-Stewart
platform [16]. Furthermore, they analyzed the maximal singularity-free total orienta-
tion workspace of the 3x3 Gough-Stewart platform [17].

Although there have been several studies about the optimization of Stewart-Gough
platform manipulators in the literature, most of these studies have been restricted to 6-
legged 3x3, 6x3, and 6x6 Stewart platform manipulators only. The study in this chapter
presents a dexterous workspace optimization of all possible types of 6-legged architec-
tures having five different prismatic active actuator stroke lengths between the base and
moving platforms. These architectures consist of commonly used ten different types of
Stewart-Gough platforms, namely the 6-DOF 3x3, 4x3, 4x4, 5x3, 5x4, 5x5, 6x3, 6x4,
6x5, and 6x6 parallel mechanisms as shown in Figure 1. The dexterities and workspaces
of the 6-DOF Stewart-Gough platforms are used as the objective function subject to
geometric constraints. The radius of the circumferential circles and separation angle
between adjacent vertices of the base and moving platforms are considered as the
optimization variables. A Particle Swarm Optimization (PSO) algorithm which is
increasingly being applied in various engineering applications (wireless sensor networks
[18], electromagnetics [19], biomedical [20], electronics [21], control [22], and robotics
[23]), is used as the optimization tool. In general, a PSO algorithm can be implemented
easily and it is computationally inexpensive in terms of both memory requirements and
CPU time. It has been proven to be effective for especially dynamic optimization prob-
lems with multi-dimensional search spaces [24–28]. Finally, the optimization results
for ten different types of 6-DOF GSPs with five different actuator stroke lengths are
compared to each other and ranked in terms of kinematic performances.
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2. Background

Geometric description, inverse kinematics, and Jacobian matrix derivations of 6-
legged GSPs are explained in this section.

2.1 Geometric description of 6-legged GSPs

The possible structures for Stewart-Gough platform mechanisms with 6-legs are
constructed by providing six active actuators between the base and moving platforms
and 12 passive joints attached to both ends of each active actuator [14]. While the
passive joints might be selected as spherical or universal joints, the active actuators are
chosen as prismatic joints only. As stated in the introduction Section, the ten different
types of 6-legged Stewart-Gough platform mechanisms can be constructed by chang-
ing the placements of the attachment points on the fixed base and moving platforms.
For instance, in order to construct a 6-legged 3x3 Stewart platform shown in
Figure 2a, the six legs are connected to both moving and base platforms at three
attachment points while a 6-legged 6x6 Stewart-Gough platform illustrated in
Figure 2b requires six attachment points at the base and moving platforms. In general
to perform kinematic and dynamic operations, two reference coordinate frames
namely B={X, Y, Z} and M={x, y, z} are attached to the centers of the base (O) and
moving platforms (P), respectively. The passive joints are connected to Bi and Mi

attachment points (i=1, 2, 3 for 3x3 of GSP and i=1, 2 … 6 6x6 of GSP) on the fixed

base and moving platform, respectively. The Bi ¼ bix biy biz
� �T

and Mi ¼

mix miy miz½ �T are the position vectors of the points Bi and Mi in the B and M
coordinate systems, respectively. The ψbi and ψmi

illustrate the separation angles
between adjacent vertices (i=1, 2, 3 for 3x3 of GSP and i=1, 2 … 6 6x6 of GSP) of base
and moving platforms, respectively.

2.2 Inverse kinematics and Jacobian matrix

The inverse kinematics of the GSPs can be determined by using the following

equation when the positionP ¼ px py pz
� �T

and orientation matrixRXYZ α, β, γð Þ of
the end-effector in terms of base coordinate frames are given as

Figure 1.
6-DOF 3x3, 4x3, 4x4, 5x3, 5x4, 5x5, 6x3, 6x4, 6x5, 6x6 Stewart-Gough platforms.
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di ¼ RXYZMi þ P� Bi, i ¼ 1,2,⋯,6 (1)

where di denotes the active link lengths. The Jacobian matrix can be derived by
applying the loop-closure equation to each limb.

OP
�!

þ PMi
��!

¼ OB
�!

þ BiMi
��!

,i ¼ 1,2,⋯,6 (2)

where i equals the number of limbs. Differentiating Eq. (2) with respect to the time
and eliminating the angular velocity of the active actuators with respect to the base
frame in the resultant equation, the following identity is found [1].

zi ∙ vp þ mi � zið Þ ∙ωp ¼ _di,i ¼ 1,2,⋯,6 (3)

where vp, ωp and _di are the linear and angular velocities of the moving platform
and the linear velocities of active actuators, respectively. The term zi denotes the unit
vector alongBiMi. Eq. (3) can be stated as

JA ∙ _x ¼ JB ∙ _q,i ¼ 1,2,⋯,6 (4)

where _x ¼ vp ωp
� �T

¼ vpx vpy vpz _α _β _γ
h iT

, _q ¼ _d1, _d2, ⋯, _d6
h iT

, JB is

equal to the 6x6 identity matrix and JA is as follows.

Figure 2.
(a) The 6-legged 3x3 of GSP. (b) The 6-legged 6x6 of GSP.
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JA ¼

zT1 m1 � z1
zT2 m2 � z2
zT3 m3 � z3
zT4 m4 � z4
zT5 m5 � z5
zT6 m6 � z6

2

6
6
6
6
6
6
6
6
4

3

7
7
7
7
7
7
7
7
5

(5)

The overall Jacobian matrix is obtained as

J ¼ J�1
B JA (6)

3. Optimization constraints

The optimization problem is evaluated by taking some important geometric con-
straints into account. The geometric constraints include the minimum and maximum
radii of the circumferential circles and separation angles between adjacent vertices
which determine the connection points of the legs both on the base and the moving
platforms, respectively.

The first geometric constraint is the minimum and maximum radii of the circum-
ferential circles of the base and moving platforms. The minimum limits of the cir-
cumferential circles can be obtained by considering the physical dimensions of the
passive joints (such as universal and spherical joints). Figure 3 illustrates the place-
ments of the passive joints on the base and moving platform for providing the phys-
ically minimum radii of the circumferential circles. The radius of the joints and the
distance between two consecutive passive joints are denoted as ri and jm, respectively.
The minimum limits of the circumferential circles (rb minð Þ)) depicted in Figure 3 are

determined by considering the radius of passive universal joints (rj) and the distance
between two consecutive passive joints (jm). Table 1 gives the minimum limits of the
circumferential circles of the base and moving platform for 3 to 6-legged GSP mech-
anisms. The maximum radius of the circumferential circles of the base (rb,max ) and
moving (rm,max ) platforms can be chosen based on the design requirements.

Figure 3.
The minimum radius of the circumferential circles.
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The second geometric constraint is the separation angles between adjacent vertices
which determine the connection points of the legs both on the base and moving
platforms, respectively. The connection points refer to the centers of the passive joints
whose coordinates are denoted as Bi on the base and Mi on the moving platforms,
respectively. The minimum separation angle depends on the radius of the circumfer-
ential circles of the base or moving platforms. Since the radius of the passive joints is
constant, as the radius of the circumferential circle gets larger, the separation angle
becomes smaller as shown in Figure 4. The minimum separation angle for the base
and moving platform is computed by using the cosines theorem on OB1B2 and PM1M2

triangle where the radius of the base and moving platforms denotes as rb and rm,
respectively. δb,min and δm,min can be extracted as

δbi,min ¼ cos �1 1�
2rj þ jm
� �2

2r2b

 !

i ¼ 1,2,⋯,6 (7)

δmi,min ¼ cos �1 1�
2rj þ jm
� �2

2r2m

 !

i ¼ 1,2,⋯,6 (8)

The following statement can be easily written since Eqs. (7) and (8) are the
common identities for the minimum separation angles on the base and moving
platforms, respectively.

δbiþ1,min ¼ δbi,min i ¼ 1,2,⋯,5: (9)

δmiþ1,min ¼ δmi,min i ¼ 1,2,⋯,6 (10)

Number of connection points 3 4 5 6

Maximum angle (ε) 120° 90° 72° 60°

Minimum radius of the platform 2rjþjm
2 sin 60ð Þ

2rjþjm
2 sin 45ð Þ

2rjþjm
2 sin 36ð Þ

2rjþjm
2 sin 30ð Þ

Table 1.
Maximum separation angle for a minimum radius of the base and moving platforms.

Figure 4.
The illustration of the minimum separation angles.
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The maximum separation angles of the base (δbi,max ) and moving (δmi,max ) plat-
forms can be found considering the Figure 5. Table 2 illustrates the maximum sepa-
ration angles of the base (δbi,max ) and moving (δmi,max ) platforms for 3 to 6 legged
GSPs. The separation angles (δbj,δmj,) of the base and moving platforms are randomly

chosen between the minimum angle denoted by Eqs. (7) and (8), and the maximum
angle stated by Table 2, respectively where j is the number of legs that vary between 3
and 6.

4. Optimization objectives

In this optimization problem, the dexterities and workspaces of the manipulators
are used as the optimization objectives subject to geometric constraints. Dexterity is a
very important measure that directly affects the kinematic performance of robotic
manipulators. The capability of achieving small displacements in arbitrary directions
in the manipulator workspace [29] can be described as dexterity. There are some local
and global dexterity measures based on the Jacobian matrix [30–32]. It should be
noted that dexterity based on the Jacobian matrix may not directly be computed due
to the dimensional inconsistencies of the matrix elements. Therefore a characteristic
length is determined to homogenize the elements of the Jacobian matrix since the first
three columns of the matrix JA given by Eq. (5) have the units of length, whereas the
last three columns have the units of length2.

JAH ¼ JA1
1

L
JA2

� �

(11)

where JAH is the homogenized Jacobian matrix of JA. The JA1 and JA2 are the 6x3
submatrices. The characteristic length L is determined as the radius of the moving
platform. Thus the homogenized overall Jacobian matrix JH is described as

Figure 5.
The illustration of the maximum separation angles.

Number of legs 3 4 5 6

Maximum angle (ε) 360 �(4�i)δb,min 360 �(5 �i)δb,min 360 �(6�i)δb,min 360 �(7 �i)δb,min

Table 2.
The maximum separation angles of the base and moving platforms for GSPs.
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JH ¼ J�1
B JAH (12)

The local dexterity based on the condition number (κ) of the Jacobian matrix is
given by

κ ¼ JHk k J�1
H

	
	

	
	 (13)

where kk illustrates the matrix norm as

JHk k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

tr JHnJ
T
H

� �
q

(14)

where n is a diagonal matrix. Condition number κ changes between 1 and ∞.
Inverse condition number η ¼ 1=κ limited between 0 and 1 is used in general to
measure dexterity easily. The inverse condition number illustrates the local behavior
of the manipulator. In order to measure the global property of the manipulator, Global
Dexterity Index (GDI) is used as

GDI ¼

ð

W
ηdW

ð

W
dW

(15)

where the denominator of Eq. (15) illustrates the workspace volume of the manip-
ulator. As the GDI approaches unity the manipulator gains better gross motion capa-
bility. The following identity can be used for GDI due to avoiding the troubles while
computing the integrals in Eq. (15).

GDI ¼
P

η

nmp
(16)

where the nmp illustrates the number of points in the workspace and the numera-
tor shows the sum of η values in the workspace grids.

Finally, the optimization problem for the ten different types of GSPs with five
different actuator stroke lengths can be stated as the maximization of both the dex-
terities and workspaces of the manipulators subject to geometric constraints.

Max GDI and Worksapce (17)

Subject to

rb,min ≤ rb ≤ rb,max

rm,min ≤ rm ≤ rm,max

δbi,min ≤ δbi ≤ δbi,max i ¼ 1,2,⋯,6:

δmi,min ≤ δmi ≤ δmi,max i ¼ 1,2,⋯,6:

5. The particle swarm optimization

PSO is a robust stochastic optimization algorithm inspired by the biological social
behavior of a swarm of birds or a school of fish. PSO was firstly introduced by
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Kennedy and Eberhart in 1995 [33] while they have been attempting to simulate the
motion of bird swarms. PSO is capable of finding optimal or near-optimal solutions in
shorter computation time and also suitable for searching in large search space. Poten-
tial solutions within the search space are called particles and a population-based search
is performed by considering the fitness values that are obtained from the positions of
the particles. At each flight cycle, particles fly around in a multidimensional search
space with a velocity, and the objective function is evaluated for each particle based on
its position. Velocity directing the flight of particles is updated based on the particle’s
current velocity, the particle’s own best fitness value and the global best fitness value
of any particle in the population. Thus the movement of each particle is guided toward
the local and the best-known positions in the search space. This is expected to move
the swarm toward the best solutions.

PSO is started with a random population referred to as a swarm and search optima
by updating generations iteratively. Each particle in the swarm is treated as a point in
an N-dimensional search space and keeps track of the best solution (fitness) which has
been achieved by that particle so far. The best solution is called as personal best
(Pbest). The best value achieved up to now by any particle in the population is called
as global best (Gbest). The basic concept of PSO lies in accelerating each particle
toward its Pbest and the Gbest locations. The velocity of each particle in the swarm is
updated by using the following equation. The performance and accuracy of the PSO
algorithm are mostly based on the appropriate selection of constriction factor χð ),
inertia weight ωkð Þ, and learning factors c1, c2ð Þ parameters where k denotes the iter-
ation number.

6. Simulation results

In this study, the kinematic structures of the ten GSPs are optimized for five
different linear actuator stroke lengths. Figure 6 illustrates a linear actuator whose
extended length composes of stroke and retracted lengths. Table 3 illustrates the joint
radius (rj), the stroke, retracted, and extended lengths of the linear actuators com-
monly used in industrial applications. According to Table 3 the actuator stroke
lengths change between 50mm and 250mm. In this study, the actuator stroke lengths
are selected as 50mm, 100mm, 150mm, 200mm, and 250 mm, which are the common
lengths used in industry. The radii of the passive joints that change between 13.5mm
and 30mm with respect to the Table 3 are selected as 18mm for five different stroke
lengths. Finally, the distance between two consecutive passive joints is selected as
6mm in accordance with the commercial PI M�840.PD3 6-axis hexapod.

Figure 6.
Schematic diagram of a linear actuator.
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The three-dimensional Cartesian workspace volumes are planned such that the
end-effectors of the ten GSPs with five different linear actuator stroke lengths can
easily reach their own workspaces with the reference orientation angle RXYZ α, β, γð Þ.
Table 4 illustrates the travel ranges of the orientation angles for the GSPs that have
been generally used for industrial applications. The orientation angles of the moving
platform are selected as α ¼ β ¼ γ ¼ 0 since the travel ranges of the commercial GSPs
summarized in Table 4 vary between very small intervals.

The minimum and maximum separation angles on the base and moving platform
are the variables that can be calculated by using Eqs. (7), (8), and Table 2. In addition,
Table 5 illustrates the values of the minimum and maximum radii for base and
moving platforms. The value of minimum radii for the base and moving platforms are
computed as 42 by using Table 1 while the maximum radii of the base and moving
platforms given in Table 5 are used with respect to the stroke lengths of the GSPs.

In this optimization problem, the individuals of a swarm are evaluated by consid-
ering the maximization of the objective functions stated by Eq. (17). For each gener-
ation, dexterities and workspaces of the ten different GSPs with five different linear

Linear

actuator

Model Stroke length

(mm)

Retracted length

(mm)

Extended length

(mm)

ri
(mm)

Oriental

motor

DRL60PA4-05G 50 133 183 30

DRL60PB4-10G 100 186.5 286.5 30

PI M�235.5DG 50 218 268 13.5

Linear-Mech LMI 02-C100 100 345 445 22.5

LMI 02-C150 150 395 545 22.5

LMI 02-C200 200 445 645 22.5

LMI 02-C250 250 495 745 22.5

LMP 03-C100 100 252 352 25

LMP 03-C150 150 302 452 25

LMP 03-C200 200 352 552 25

LMP 03-C250 250 402 652 25

Table 3.
The stroke and retracted lengths of the linear actuators commonly used in industrial applications.

Manipulator Travel range Manipulator Travel range

θx θy θz θx θy θz

Newport HXP50 �9° �8.5° �18° PI M-850KHLH �3° �3° �4°

PI H-824 �7.5 �7.5 �12.5 PI M-850KHLAH �5° �5° �5°

PI M-811 �10° �10° �21° SYMETRIE Bora �15° �15° �15°

PI M-824.3DG �7.5° �7.5° �12.5° SYMETRIE Breva �15° �15° �15°

PI M-824.3PD �7.5° �7.5° �12.5° SYMETRIE Sonora �2° �2° �2°

Table 4.
Orientation angles of GSPs used for industrial applications.
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actuator stroke lengths are computed based on the radius of the circumferential circle,
separation angles, and constant orientation angles of α ¼ β ¼ γ ¼ 0. The parameters
of the PSO algorithm are selected asχ ¼ 0:7298, c1 ¼ c2 ¼ 2:05. The population size is
selected as 40 particles. Each particle has composes of 13 elements. The objective
function is evaluated for 60 generations.

The optimization results of ten different GSPs with five different linear actuator
stroke lengths are shown in tables. Due to the page limitations, the optimization
results of five GSPs are given only (Tables 6–12). The tables include the radius of the
circumferential circles, separation angles between adjacent vertices, workspace vol-
umes (WSP), GDI values, shapes of the base and moving platforms. The base and
moving platforms are plotted in the same axes for easy comparison and illustrated as
red and blue colors in the figures, respectively. The connection points of the legs on
base and moving platforms, retracted and extracted lengths are also given in tables in
order to show the data belonging to the manipulators in a compact form.

As can be seen in Tables 6–12, the radii of the base platforms are optimized larger
than the radii of the moving platforms for each actuator stroke length of the ten
different GSPs. The optimization results show that the locations of the connection
points on the base platform form roughly a triangle. As the GSP mechanism with four
connection points is taken into account, the location of the two connection points is
optimized separately, while the locations of the last two consecutive connection points
are optimized close to each other. These two close consecutive connection points can
be considered as one connection point. Thus, a rough triangle forms with the first two
connection points and the last two close consecutive connection points. There are one
separate connection point and two close consecutive connection points for GSP
mechanisms with five connection points that form a rough triangle base platform.
Finally, the GSP mechanisms with six connection points form a rough triangle having
three close consecutive connection points.

Most of the connection points on the moving platforms of the GSPs are located
separately while the connection points on the moving platforms of the 4x4, 5x5, 6x5,
and 6x6 GSP mechanisms are optimized as a roughly triangle like in the base plat-
forms. The base and moving platforms of 6x5 and 6x6 GSPs are optimized as a rough
equilateral triangle for each actuator stroke length. As can be seen in Tables 6–12, the
GDI values of 6x5 and 6x6 GSPs are higher than the others. It can be concluded that
the rough equilateral triangle structure for the base and moving platforms can pro-
duce better kinematic performance.

It can be concluded from Tables 6–12 that as the actuator stroke lengths get longer
the workspace of the GSPs become larger. However, the GDI values of the GSPs do
not continuously increase as the actuator stroke lengths get longer. Figure 7 illustrates
the GDI values of the ten different GSPs for each actuator stroke length. As can be

Stroke 50

(in mm)

Stroke 100

(in mm)

Stroke 150

(in mm)

Stroke 200

(in mm)

Stroke 250

(in mm)

rb rm rb rm rb rm rb rm rb rm

min 42 42 42 42 42 42 42 42 42 42

max 210 210 420 420 630 630 840 840 1050 1050

Table 5.
The values of the minimum and maximum radii for base & moving platforms.
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seen in Figure 7 the actuator stroke length of 100mm has better GDI values for ten
different GSPs in general. It can be noticed that the actuator stroke length of 150mm
has very close GDI values to the actuator stroke length of 100mm. Moreover, the
actuator stroke length of 150mm has a larger workspace than the actuator stroke

Optimized design variables Stroke lengths (in mm)

50 100 150 200 250

Radius (in mm) rb 130.79 203.35 42.05 404.34 515.41

rm 45.12 42.31 52.91 54.56 58.66

Separation angles of the

moving platform (in degrees)

δm1 0.00 0.00 172.60 92.54 93.93

δm2 121.13 118.83 293.20 211.15 212.92

δm3 239.13 238.69 105.57 314.73 318.05

Separation angles of the base

platform (in degrees)

δb1 36.16 38.85 105.57 0.00 0.00

δb2 159.30 158.09 224.28 113.46 113.97

δb3 275.31 279.59 345.77 230.19 231.21

Retracted Length (in mm) 150 250 280 592 740

Extended Length (in mm) 200 350 430 792 990

GDI 0.918 0.829 0.821 0.784 0.785

WSP (in cm3) 116.28 328.23 1133 1344.4 1550

Connection points of the legs on base and moving platforms

Legs L1 L2 L3 L4 L5 L6

Base B1 B1 B2 B2 B3 B3

Moving M3 M1 M1 M2 M3 M1

Table 6.
The optimization results for 3x3 GSP.
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length of 100mm. Thus, the designers can select the actuator stroke lengths of 100m
or 150mm considering the workspace requirements to construct GSPs with higher
kinematic performances.

Optimized design variables Stroke lengths (in mm)

50 100 150 200 250

Radius rh 154.75 200.28 231.15 411.20 520.90

rm 42.81 42.11 42.02 42.54 42.15

Separation angles of the

moving platform (in

degrees)

δm1 113.76 72.44 67.90 67.28 64.34

δm2 207.78 185.25 185.13 187.36 184.83

δm3 301.16 300.18 300.03 300.84 300.22

Separation angles of the

base platform (in degrees)

δb1 0.00 0 0 0 0

δb2 112.55 110.98 108.54 114.77 114.45

δb3 208.72 235.65 233.95 236.84 236.28

δb4 344.40 347.96 349.57 354.14 355.38

Retracted Length (in mm) 150 250 280 592 740

Extended Length (in mm) 200 350 430 792 990

GDI 0.745 0.829 0.821 0.784 0.785

WSP (in cm3) 55.66 328.23 1133 1344.36 1550

Connection points of the legs on base and moving platforms

Legs L1 L2 L3 L4 L5 L6

Base B1 B2 B2 B3 B3 B4

Moving M1 M1 M2 M2 M3 M3

Table 7.
The optimization results for 4x3 GSP.
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The kinematic performances of the ten different GSPs are compared by their
actuator stroke length. The GDI values of GSPs for each actuator stroke length given
by Table 13 are sorted out from the highest to the lowest. Comparisons show that the
best manipulators for each actuator stroke length are 6x5 and 6x6 GSP mechanisms

Optimized design variables Stroke lengths

50 100 150 200 250

Radius rb 157.13 204.43 234.16 406.02 528.65

rm 45.85 42.13 42.08 42.00 42.08

Separation angles of the

moving platform (in

degrees)

δm1 123.13 70.68 70.18 64.01 64.48

δm2 216.98 190.25 189.85 185.09 186.00

δm3 305.48 300.19 300.12 299.97 300.12

Separation angles of the

base platform (in

degrees)

δb1 0.91 0.00 0.00 0.00 0.00

δb2 114.22 104.85 107.22 114.38 117.46

δb3 129.58 116.64 117.51 120.31 122.01

δb4 217.21 234.90 230.17 237.56 240.87

δb5 343.54 348.20 349.71 354.07 355.36

Retracted Length (in mm) 150 250 280 592 740

Extended Length (in mm) 200 350 430 792 990

GDI 0.705 0.820 0.811 0.772 0.785

WSP (cm3) 58.20 290.20 1094.99 1399.52 1466.90

Connection points of the legs on base and moving platforms

Legs L1 L2 L3 L4 L5 L6

Base B1 B2 B3 B4 B4 B5

Moving M1 M1 M2 M2 M3 M3

Table 8.
The optimization results for 5x3 GSP.
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whose lower and upper bounds of GDI values change between 0.883 and 0.928,
respectively. The physical meaning of these values is that the 6x5 and 6x6 manipulator
structures provide better dexterous maneuverability and kinematic performance than
the others. These manipulators have also larger workspaces than those of the same

Optimized design variables Stroke lengths

50 100 150 200 250

Radius rb 129.45 210.49 234.74 414.76 524.13

rm 42.18 44.12 42.31 42.17 42.02

Separation angles of the

moving platform (in

degrees)

δm1 100.90 80.31 72.75 68.69 64.91

δm2 167.76 194.47 189.30 187.28 185.40

δm3 298.10 303.15 300.47 300.26 300.02

Separation angles of the

base platform (in degrees)

δb1 8.39 0.00 3.34 0.00 0.01

δb2 110.98 108.50 115.52 115.16 116.84

δb3 129.65 119.95 125.79 120.97 121.43

δb4 228.59 229.40 232.40 238.17 238.17

δb5 247.26 240.85 242.66 243.98 242.81

δb6 340.51 348.53 349.67 354.04 355.40

Retracted Length (in mm) 150 250 280 592 740

Extended Length (in mm) 200 350 430 792 990

GDI 0.642 0.811 0.791 0.771 0.776

WSP (cm3) 56.88 250.09 1099.23 1309.14 1514.48

Connection points of the legs on base and moving platforms

Legs L1 L2 L3 L4 L5 L6

Base B1 B2 B3 B4 B5 B6

Moving M1 M1 M2 M2 M3 M3

Table 9.
The optimization results for 6x3 GSP.
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Optimized design variables Stroke lengths

50 100 150 200 250

Radius rb 168.19 263.47 304.97 494.46 741.16

rm 144.04 239.37 268.54 399.81 687.17

Separation angles of the

moving platform (in

degrees)

δm1 63.16 65.25 50.65 56.58 47.02

δm2 157.35 167.07 160.31 166.37 155.03

δm3 260.59 282.24 276.55 283.37 272.38

δm4 343.04 349.76 350.91 353.90 344.17

Separation angles of the base

platform (in degrees)

δb1 0.00 16.74 1.91 1.45 2.86

δb2 109.09 121.81 114.27 113.35 111.73

δb3 198.28 208.17 201.04 215.69 195.59

δb4 212.63 217.31 208.93 220.56 198.88

δb5 227.02 237.11 228.21 227.64 227.19

δb6 322.44 330.06 326.60 339.69 317.50

Retracted Length (in mm) 150 250 280 592 740

Extended Length (in mm) 200 350 430 792 990

GDI 0.864 0.822 0.822 0.781 0.786

WSP (cm3) 62.56 651 1415 1502 1586

Connection points of the legs on base and moving platforms

Legs L1 L2 L3 L4 L5 L6

Base B1 B2 B3 B4 B5 B6

Moving M1 M2 M2 M3 M4 M4

Table 10.
The optimization results for 6x4 GSP.
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Optimized design variables Stroke lengths

50 100 150 200 250

Radius rb 209.95 256.18 334.88 561.02 635.39

rm 154.31 173.90 168.87 379.88 365.68

Separation angles of the

moving platforms (in

degrees)

δm1 58.48 51.26 101.75 70.04 58.29

δm2 83.37 65.95 117.10 76.40 64.93

δm3 180.54 172.20 131.39 188.63 178.31

δm4 196.26 186.10 231.68 195.02 184.91

δm5 308.59 300.46 345.71 308.83 300.66

Separation angles of the

moving platform (in

degrees)

δb1 10.56 2.32 1.24 22.79 3.56

δb2 129.96 114.27 119.10 123.07 119.67

δb3 141.44 123.93 232.00 141.77 123.65

δb4 247.00 235.64 239.19 242.34 239.74

δb5 258.49 250.94 256.19 262.16 245.06

δb6 346.24 350.59 351.80 355.45 356.21

Retracted Length (in mm) 150 250 280 592 740

Extended Length (in mm) 200 350 430 792 990

GDI 0.928 0.922 0.915 0.884 0.886

WSP (cm3) 106.9 741.2 1531.6 1620.0 1805.1

Connection points of the legs on base and moving platforms

Legs L1 L2 L3 L4 L5 L6

Base B1 B2 B3 B4 B5 B6

Moving M1 M2 M3 M4 M5 M6

Table 11.
The optimization results for 6x5 GSP.
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Optimized design variables Stroke lengths

50 100 150 200 250

Radius rb 205.81 290.40 320.49 599.12 688.71

rm 153.73 225.11 226.68 434.32 443.86

Separation angles of the

moving platform (in degrees)

δm1 0.00 13.00 56.05 68.94 11.88

δm2 85.69 104.95 68.70 75.73 115.77

δm3 104.87 133.14 175.54 186.96 130.05

δm4 209.34 224.86 187.82 194.65 235.77

δm5 225.38 252.24 296.01 306.33 251.01

δm6 338.46 343.85 307.00 312.08 354.55

Separation angles of the base

platform (in degrees)

δb1 35.13 54.63 10.02 24.72 62.18

δb2 46.84 62.92 113.89 119.63 65.82

δb3 156.76 174.66 130.56 143.06 180.36

δb4 168.89 183.27 233.35 239.03 185.53

δb5 269.71 294.13 250.63 262.41 300.64

δb6 284.75 302.43 351.92 355.88 304.74

Retracted Length (in mm) 150 250 280 592 740

Extended Length (in mm) 200 350 430 792 990

GDI 0.918 0.923 0.918 0.891 0.893

WSP (cm3) 116.47 777 1558 1552 1738

Connection points of the legs on base and moving platforms

Legs L1 L2 L3 L4 L5 L6

Base B1 B2 B3 B4 B5 B6

Moving M1 M2 M3 M4 M5 M6

Table 12.
The optimization results for 6x6 GSP.
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actuator stroke lengths in Tables 14. The GDI values of 5x5 GSP mechanisms for each
actuator stroke length vary between 0,645 and 0,678 which is the worst kinematic
performance among the others. In addition, these manipulators have also smaller
workspaces that might not be preferred by the designer for constructing their GSPs.

7. Conclusions

Ten different types of 6-DOF GSPs with five different actuator stroke lengths are
optimized in this chapter. Dexterities and workspaces of the manipulators are consid-
ered as optimization objectives in order to obtain the radius of the circumferential
circles, and separation angles between adjacent vertices of base and moving platforms.
The PSO is used as the optimization algorithm. The optimization results of ten differ-
ent GSPs with five different linear actuator stroke lengths are illustrated as tables that
include the radius of the circumferential circle, separation angles between adjacent
vertices, workspace volumes, GDI values, shapes of the base and moving platforms,
retracted and extracted lengths of the linear actuators, and connection points of the
legs on the base and moving platforms in order to show the data belonging to the
manipulators in a compact form.

The optimizations produced the following important results. The radii of the base
platforms are obtained larger than the radii of the moving platforms for GSPs with
each actuator stroke length. The locations of the connection points on base platform
form a rough triangle. The rough equilateral triangle structure for the base and mov-
ing platforms can produce the best kinematic performance like 6x5 and 6x6 GSP
mechanisms. These manipulators have the best dexterous maneuverability and kine-
matic performance, and also the largest workspaces for each actuator stroke length.
The actuator stroke lengths of 100mm and 150mm produce the best GDI values for
ten different GSPs. The 5x5 GSP mechanisms for each actuator stroke length have the
worst kinematic performance and smaller workspaces.

In practice, the designers and researchers can use the optimization results given in
Tables 6–14 to construct the optimal GSP mechanisms for the given specific tasks.

Figure 7.
The GDI values of the ten different GSPs for each actuator stroke length.
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Stroke length 50 Stroke length 100 Stroke length 150

Order GSP GDI Workspace (in cm3) Order GSP GDI Workspace (in cm3) Order GSP GDI Workspace (in cm3)

1 6x5 0.928 106.88 1 6x6 0.923 777.34 1 6x6 0.915 1558.02

2 6x6 0.919 116.47 2 6x5 0.921 741.16 2 6x5 0.914 1532.00

3 3x3 0.883 75.58 3 3x3 0.862 511.59 3 3x3 0.844 1346

4 6x4 0.827 87.23 4 4x4 0.830 131.88 4 6x4 0.821 1415

5 5x4 0.813 96.91 5 4x3 0.829 328.23 5 4x3 0.820 1133

6 4x4 0.767 48.26 6 5x4 0.823 669.90 6 5x4 0.818 1426

7 4x3 0.745 55.66 7 6x4 0.821 651.22 7 4x4 0.815 747

8 5x3 0.705 58.2 8 5x3 0.820 290.20 8 5x3 0.811 1095

9 5x5 0.648 30.69 9 6x3 0.810 250.09 9 6x3 0.791 1099

10 6x3 0.642 56.88 10 5x5 0.673 644.96 10 5x5 0.678 653

Table 13.
GSPs with stroke lengths of 50, 100, and 150.
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Stroke length 50 Stroke length 100 Stroke length 150

Order GSP GDI Workspace (in cm3) Order GSP GDI Workspace (in cm3) Order GSP GDI Workspace (in cm3)

1 6x5 0.928 106.88 1 6x6 0.923 777.34 1 6x6 0.915 1558.02

2 6x6 0.919 116.47 2 6x5 0.921 741.16 2 6x5 0.914 1532.00

3 3x3 0.883 75.58 3 3x3 0.862 511.59 3 3x3 0.844 1346

4 6x4 0.827 87.23 4 4x4 0.830 131.88 4 6x4 0.821 1415

5 5x4 0.813 96.91 5 4x3 0.829 328.23 5 4x3 0.820 1133

6 4x4 0.767 48.26 6 5x4 0.823 669.90 6 5x4 0.818 1426

7 4x3 0.745 55.66 7 6x4 0.821 651.22 7 4x4 0.815 747

8 5x3 0.705 58.2 8 5x3 0.820 290.20 3 5x3 0.811 1095

9 5x5 0.648 30.69 9 6x3 0.810 250.09 9 6x3 0.791 1099

10 6x3 0.642 56.88 10 5x5 0.673 644.96 10 5x5 0.678 653

Table 14.
GSPs with stroke length of 200, 250.
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