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Chapter

A Mapping Relationship-Based
near-Field Acoustic Holography
Haijun Wu and Weikang Jiang

Abstract

Amapping relationship-based near-field acoustic holography (MRS-based NAH) is
a kind of innovative NAH by exploring the mapping relationship between modes on
surfaces of the boundary and hologram. Thus, reconstruction is converted to obtain
the coefficients of participant modes on holograms. The MRS-based NAH supplies an
analytical method to determine the number of adopted fundamental solution (FS) as
well as a technique to approximate a specific degree of mode on patches by a set of
locally orthogonal patterns explored for three widely used holograms, such as planar,
cylindrical, and spherical holograms. The NAH framework provides a new insight to
the reconstruction procedure based on the FS in spherical coordinates. Reconstruction
accuracy based on two types of errors, the truncation errors due to the limited number
of participant modes and the inevitable measurement errors caused by uncertainties
in the experiment, are available in the NAH. An approach is developed to estimate the
lower and upper bounds of the relative error. It supplies a tool to predict the error for
a reconstruction under the condition that the truncation error ratio and the signal-to-
noise ratio are given. The condition number of the inverse operator is investigated to
measure the sensitivity of the reconstruction to the input errors.

Keywords: near-field acoustic holography, mapping relationship, integral identity,
acoustic measurement, spherical fundamental solutions

1. Introduction

To locate the position and target the strength of noise for a vibrating structure,
near-field acoustic holography (NAH) had been widely adopted as an effective tool. It
has a significant influence on the noise diagnostics, which gives a permission to get all
desired acoustic quantities, such as pressure, particle velocity, and sound power, from
a number of discrete field measurement.

It was originally developed by Willams, Manynard, etc., to reconstruct surface
velocity of a rectangular plane with Fourier transform technique [1–3]. Initially, the
Fourier-based NAH decomposes the field pressure into k-space (wave number space)
for baffled problems. In other words, the field pressure is expanded into plane waves,
and the reconstruction procedure is to obtain coefficients of the plane waves based on
measured pressure. Although different from the k-space decomposition, concept of
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Fourier transformation was inherent to the 3D cylindrical and spherical NAH prob-
lems as the in-depth discussions in Ref. [4].

Since it was proposed [1], varieties of approaches had been proposed and their
superiorities had been proven in various applications, which resulted in several cate-
gories according to their underlying theories. Statistical optimal NAH [5–7] uses the
elemental waves to approach the acoustic field, in which the surface-to-surface pro-
jection of the sound field is performed by using a transfer matrix defined in such a
way that all propagating waves and a weighted set of evanescent waves are projected
with optimal average accuracy [6]. Boundary element method (BEM)-based NAH [8–
13] is appropriate for arbitrarily shaped model in which a general transformer matrix
between the surfaces of structure and hologram is derived from the integral equation.
Among the BEM-based NAH, two types of integration equation are adopted: the
directive formulation (Helmholtz integral equation) and indirect formulation (single-
or double-layer integral equation). The quantities reconstructed by the NAH derived
from directive formulation have clear physical meaning [8–10], while the ones
obtained by NAH derived from the indirect formulation are not the real physical
quantities [11–13]. The equivalent source method (ESM) [14–19], also named as wave
superposition algorithm (WSA) [16, 20, 21], was proposed by Koopman [22] for
solving acoustic radiation problems of closed sources. ESM assumes that the field is
generated by a series of simple sources such as monopoles and dipoles, and numerical
integration is not needed in determining the source strength for a set of prescribed
positions. Despite versatility of the ESM and various successful applications, “retreat
distance” between the actual source surface and the virtual source cannot be well
defined and deserves more attention in the application [23]. The Helmholtz equation
least square method (HELS) [24–26] adopted the spherical wave expansion theory to
reconstruct acoustic pressure field from a vibrating structure. Coefficients of the
spherical wave function, the fundamental solution (FS) for the Helmholtz equation,
are determined by requiring the assumed form of solution to satisfy the pressure
boundary condition at the measurement points. Since the spherical wave functions
solve the Helmholtz equation directly, it is immune to the nonuniqueness difficulty
inherent in BEM-based NAH [27]. However, HELS works better for spherical or
chunky model than elongated model due to the specific basis function [25].

Essentially speaking, NAH is to achieve the desired acoustic quantities by the
measured physical quantities such as sound pressure in the field. Most of the methods

explicitly require the transfer operator T y, x
� �

between desired acoustic quantities

f y
� �

and measured physical quantities p xð Þ. They built a linear system of f y
� �

¼
inv T y, x

� �� �
p xð Þ in which inv ⋆ð Þ represents an inverse operator, by either a general

numerical method (BEM-based NAH) [8–13], or specific basis spaces such as a general
Fourier basis (Fourier-based NAH) [1–4], simplified monopoles, dipoles (ESM and
WSA) [14–16, 18, 20, 21], and fundamental solutions (HELS) [24–27]. The recon-
struction procedure is therefore to solve the linear system to obtain the physical
quantities on the boundary, such as pressure or normal velocity in BEM-based NAH,
the source strength of equivalent source in ESM, coefficients of basis functions in
Fourier-based NAH and HELS, and following by an extrapolation process to achieve
desired acoustic quantities.

Unfortunately, all the proposed methods are very sensitive to errors which may
cause reconstruction to fail. It is primarily due to abundant adoption of basis functions
in the transfer operator which amplifies the errors in the inverse process. That is the
reason why there have been numerous studies focusing on the development of
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regularization methods to stabilize this inverse problem, such as truncated singular
value decomposition [28] and the Tikhonov regularization [29]. Thus, construction of
transfer operator is not a trivial process but is crucial to the feasibility and accuracy of
the NAH. Concerning the theory development and practical measurement, it naturally
arises a question whether there exists a guideline to determine the number and
location of generalized basis function as well as measurement to obtain their coeffi-
cients for a given shape of source surface and prescribed tolerance.

The number of FS as well as number and position of the microphones array in the
measurement are not well studied for the category of NAH based on the FS. Thus, one
advantage of the mapping relationship-based NAH (MRS-based NAH) is the available
guideline to the determination of the number of FS and measurement configuration in
the FS-based NAH by exploring the mapping relationship between the modes in FS
between surface and hologram, and investigating approximation of the modes with a
set of locally orthogonal patterns.

As errors are inevitable in the practical measurement, it is curious to know how the
errors go through the inverse operation and what influence imposed on the accuracy
of the reconstruction results. To the best knowledge of authors, few works are devoted
to the errors analysis of the NAH by comparing with that for the regularization
methods. It is because that the NAH was usually viewed as a very ill-posed inverse
problem for which regularized solution is the primary task. Thus, it is difficult to
predict or estimate the reconstruction accuracy. Instead of a predictable way, numer-
ical simulation and experimental validation are two frequently adopted methods to
investigate the performance of NAH for different parameters [19, 30, 31]. For practi-
cal problems, it is hard to estimate the accuracy of the reconstructed results. Thus, one
merit of our approach is the availability for predicting the reconstructed accuracy for a
specific setup of the MRS-based NAH.

2. The mapping relationship-based NAH

2.1 Theorem development

As shown in Figure 1, assume that the fluid is homogenous, inviscid, and com-
pressible and only undergoes small translation movement. The time harmonic sound
pressure radiated from a vibrating structure into an infinite domain Ω is described by
the well-known Helmholtz equation:

Figure 1.
Exterior acoustic problem of a vibrating structure in free space.
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∇2p xð Þ þ k2p xð Þ ¼ 0 for x∈Ω (1)

where k is the wave number, relating to the acoustic speed c and angular frequency ω

by k ¼ ω=c, and x is a point in the domain. The time component is assumed to be e�iωt.
The fundamental solution of the governing formulation Eq. (1) in the spherical

coordinates is

Smn k, xð Þ ¼ hn k xk kð ÞYm
n θ, ϕð Þ, mj j≤ nn ¼ 0,1,2,… ,N (2)

where variables θ and ϕ are the polar angles of a point in the spherical coordinates
and N is the truncated degree in a series expansion. jn and hn are the nth spherical
Bessel function and spherical Hankel of the first kind, respectively. Ym

n is the normal-
ized spherical harmonic function:

Ym
n θ, ϕð Þ ¼ 1

ffiffiffiffiffi
2π

p �Pm
n cos θð Þeimϕ (3)

where �Pm
n is the normalized associated Legendre function [32].

Normal gradient in the direction n xð Þ for the fundament solution Eq. (3) is as follows:

qmn xð Þ ¼ ∂Smn xð Þ
∂n xð Þ ¼ ∂hn k xk kð ÞYm

n θ, ϕð Þ
∂n xð Þ (4)

which is related to the normal velocity vn by the Euler formulation:

q xð Þ ¼ ikρcvn xð Þ (5)

It should be noted that Eqs. (2) and (5) are related as a solution pair for exterior
acoustic problems, which means giving one as the boundary condition, the other will
be the solution. They form a set of pressure/velocity modes on the boundary of a
vibrating structure, which are generally independent on nonspherical surfaces and
orthogonal on spherical surfaces. To facilitate derivations, we refer the velocity modes
as the normal gradient q instead of the normal velocity vn. Assume that a structure is
vibrating in one of its velocity modes Eq. (5), and the radiated pressure must be in the
form of Eq. (2), which can be derived by making use of the equivalent source method
(ESM) and boundary integral equation (BIE) [33].

Based on the model decomposition theorem and the mapping relationship, the
boundary velocity v y

� �
and the radiated sound pressure p xð Þ on the hologram can be

expressed for a given set of participant coefficients an0 as:

v y
� �

¼ PN
0

n0¼0
an0vn0 y

� �
, y∈ S

p xð Þ ¼
PN

0

n0¼0
an0pn0 xð Þ, x∈Ω

8

>>><

>>>:

(6)

where vn0¼n2þnþmþ1 ¼ qmn and pn2þmþ1 ¼ Smn .

Eq. (6) is the basement of the MRS-based NAH but must be properly truncated.
The subscription convention in Eq. (6) is convenient for the discretized linear opera-
tion. Obviously, the truncation number N0 in Eq. (6) and N in Eq. (2) are related by
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N0 ¼ N þ 1ð Þ2. The truncation number is crucial to the pressure evaluation as well as
the number and positions of microphone array required in the NAH.

Determination of the number of most efficient modes is converted to seeking the
truncation number of radiation efficiency σn making the upper bound of the radiated
sound power converge to a given tolerance. A relative error of the upper bounded
radiated sound power caused by new added modes for degree N in Eq. (2) with
respective to the one produced by existing modes for degree less than N is defined as:

εN ¼ 2N þ 1ð ÞσN k~rð Þ
PN�1

n¼0 2nþ 1ð Þσn k~rð Þ
(7)

where ~r is the equivalent radius of the vibrating structure. The equivalent radius is
the description of the spherical source which has the same average radiated sound
power per unit area as that of the vibrating structure or holograms. Since the radiated
sound power from the equivalent source and the vibrating structure as well as the
holograms should be same, the requirement of same average radiated sound power
per unit area makes the equivalent radius satisfy

~r ¼
ffiffiffiffiffiffiffiffiffiffiffi

S=4π
p

(8)

where S represents area of structure in the determination of equivalent radius ~r.
Fortunately, for a specific dimensionless value k~r, the radiation efficiency σN >Nc

is a
strictly decreasing function with respective to the degree N after a certain degree Nc

which can be obtained by its closed-form expression. Radiation efficiency σN and the
relative error εN for the dimensionless size 0:1≤ k~r≤ 10 and the varying degree from 0
to 7 are presented in Figure 2a and b, respectively. It shows that σN is a monotonously
decreasing function and clearly distinguishes from each degree for k~r< 2:0. There is a
plateau on which σN starts to overlap for k~r> 2:0. It means that those degrees of modes
contribute to the radiated sound power almost equally and no one can be neglected,
which is verified by the relative errors in Figure 2b. Therefore, more degrees of modes
are needed to make the radiated sound power converge for larger dimensionless valuek~r
. The relative error εN presented in Figure 2b can be used as a reference to determine
the degree of the most efficient modes for 0:1≤ k~r≤ 10, or in other words the

Figure 2.
(a) Radiation efficiency of a sphere, and (b) relative errors of upper bounded radiated sound power, for varying
degrees and k ~r:
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truncation numberN for the FS-based NAH. However, Eq. (7) only relates to the size of
the structure and has nothing to do with the field point or size of hologram.

2.2 The NAH procedure

Suppose a set of at least independent velocity modes on the boundary, denoted as
vi x∈ Sð Þ, i ¼ 1, 2, …ð Þ, can produce a set of independent pressure modes
pi x∈Γð Þ, i ¼ 1, 2, …ð Þ on the measurement surface Γ, correspondingly, and they form
a pair of bijective mapping relationship.

Generally, the pressure patterns pi x∈Γð Þ are non-orthogonal on the hologram, and
an orthogonalization process is required, which can be done by the Gram-Schmidt
approach as:

ui xð Þ ¼ pi xð Þ �
Xi�1

j¼1

pi xð Þ, uj xð Þ
� �

uj xð Þ
�
�

�
�

uj xð Þ (9)

where the inner product p, uh i ¼
Ð

Γ
p xð Þu ∗ xð ÞdΓ xð Þ and the norm uk k ¼

ffiffiffiffiffiffiffiffiffiffiffiffi

u, uh i
p

.
After some algebraic operations, the normalized orthogonal modes ei xð Þ ¼
ui xð Þ= u xð Þk k can be expressed in the following form:

E ¼ pR (10)

where E ¼ e1 xð Þ, e2 xð Þ, ⋯½ �,p ¼ p1 xð Þ, p2 xð Þ, ⋯
� 	

and R is a real upper triangular

square matrix. As indicated in Eq. (10), the normalized orthogonal modes are actually
a linear combination of the independent pressure modes pi. It is remarkable that
evaluation of the inner produce is performed on holograms which are generally in
smooth shapes, such as the three typical holograms in Section 0. Thus, they can be
computed on exact geometries which are a void of discretization errors. Furthermore,
orthogonalization of the modes on simple shaped holograms will yield a translation
matrix R with good numerical characteristics, such as the condition number.

Assume the radiated pressure p xð Þ is decomposed into the normalized orthogonal
modes ei xð Þ on the hologram as:

p xð Þ ¼
X∞

i¼1

αiei xð Þ (11)

where

αi ¼ p xð Þ, ei xð Þh iΓ (12)

Once those participant coefficients are obtained by the measured pressure,
substituting Eq. (10) into Eq. (12) yields

p xð Þ ¼
X∞

i¼1

λipi xð Þ (13)

where the coefficients are

λi ¼
X∞

j¼i

Rijαj (14)
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Due to the unique mapping relationship between surfaces of vibrating structure
and hologram, reconstruction for the boundary quantities can be performed by mul-
tiplying the corresponding modes with the same set of participant coefficients λi on
the surface of the vibrating structure.

Thus, acoustic holography is converted to seek explicit descriptions of the mapping
relationship between the modes on the boundary and modes on the field and design a
proper experimental setup for obtaining the participant coefficients of the modes on
the measurement surface. The modes on the boundary are free of restrictions for their
form of expression, which could be in any well-studied analytical functions or in
generally numerical representations. However, it should be expected to have a capac-
ity of fast convergent ratio in the decomposing of boundary quantities and generate a
radiated pressure on the hologram which is easy to be determined by the experiment.
In the current work, the FS in spherical coordinates for the Helmholtz equation
Eq. (2) and its normal gradient Eq. (5) are chosen as the pressure and velocity modes.
Merits of choosing those forms of modes are twofold. First, the radiated modes on the
field are also the in the same form; and second, the most effective modes contributing
to the field pressure are easy to be determined. Henceforth, the radiated pressure
modes in Eq. (13) are chosen as pi ¼ pn2þmþnþ1 ¼ Smn in our analysis to facilitate

derivations. So do the velocity modes qi.

2.3 Setup of the microphone array

Since the modes are distributed on an enclosing surface, the holograms should
form an enveloping surface enclosing the vibrating structure. Otherwise, partially
measured pressure cannot represent the modes completely and consequently cannot
be applied to reconstruct the boundary information based on the mapping relation-
ship.

The distribution of a specific mode varies on different holograms. Generally, the
measurements are subject to the experimental resource such as microphones and
permissible space. How to accurately recognize the field pressure modes is one of the
crucial factors to NAH. In practice, microphones are preferred to be placed on planar,
cylindrical, or spherical surfaces which are easy to be set up but generally not confor-
mal to the vibrating structure, as shown in Figure 3.

For the enclosing planar holograms, as shown in Figure 3a, each pressure mode is
divided and projected onto six patches. On each patch, the measured pressure should
be able to accurately represent the projected pressure modes. However, once the
pressure is discretely sampled, the spectrum or the number of participant modes on

Figure 3.
Three typical holograms: (a) planar holograms, (b) cylindrical holograms, and (c) spherical holograms.
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that patch is truncated. Therefore, the primary task in the measurement is to set up
the microphone arrays properly with an aim to approximate all the projected pressure
modes on each patch actually. On each planar surface, the pressure modes can be
expressed by two sets of locally orthogonal polynomials such as polynomial f n xð Þ and
gm yð Þ of degree n andm in each direction, respectively. The most significant degrees in
each direction can be numerically obtained directly by approximating the analytical
pressure mode, Eq. (2), with the polynomial expansionsf ngm, as

Smn k, xð Þ ¼
XN

0

n0¼0

XM
0

m0¼0

am
0

n0 f n0 x xð Þð Þgm0 y xð Þð Þ (15)

where am
0

n0 is the coefficients. Once the polynomial degrees N0 and M0 on each planar
patch are determined, the microphones are placed at the abscissas of Gaussian quadra-
ture points on the patch, which results in N0 þ 1ð Þ � M0 þ 1ð Þmicrophone positions [33].

A closed cylindrical measurement surface, as shown in Figure 3b, has three
patches, one left circular planar patch Γl xj � b=2 ¼ xk k cos θð Þ, one right
Γr xjb=2 ¼ xk k cos θð Þ circular planar patch, and one cylindrical surface
Γc xja ¼ xk k sin θð Þ in the central portion. Similar to the planar hologram, it needs to
select a set of locally orthogonal patterns to approximate the pressure modes on each
patch. In this case, arguments θ and ϕ in cylindrical coordinates are the two indepen-
dent variables to define patches. All three patches possess a complete description for
the variable ϕ in the range 0, 2π½ �. In light of the expression for pressure modes,

Eq. (2), normalized basis gm ϕ xð Þð Þ ¼ eimϕ xð Þ=
ffiffiffiffiffi
2π

p
is selected as one set of the orthogo-

nal patterns in the ϕ direction. Thus, the determination of the truncation number for
another set of local basis function f n0 is simplified to approximate the following

function Fn k, xð Þ ¼ hn k xk kð Þ �Pm
n cos θð Þ.

A spherical measurement surface is shown in Figure 3c, which is a conformal
patch to the spherical coordinates upon which the FS is obtained. Field modes on the
spherical surface are orthogonal. Determination of the field modes on the spherical
hologram is actually to identify the spherical harmonic functions based on the mea-
sured pressure. Due to conformality of the hologram to the coordinate system of the
spherical FS, an analytical way is available to determine the number and position of
the measurement. The quadrature technique on a sphere is well studied and widely
used in the computational acoustics [34]. Therefore, the participant coefficients in
Eq. (12) can be accurately evaluated by N þ 1ð Þ point Gaussian quadrature and
2N þ 1ð Þ point square quadrature for variables of θ and ϕ on the spherical surface for
the pressure mode SmN mj j≤Nð Þ. Thus, it is free of numerical searching in the determi-
nation of the truncation number. In addition, the total number of measurements is the
smallest than that requested by the other two holograms.

3. Error analysis

3.1 Error bounds on pressure energy

The NAH is an inverse problem and thus poses significant challenges to the stable
and accurate solution. However, a practical measurement is prone to errors and
always incorporates uncertainties, such as random fluctuations, effect of rapid decay
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of the evanescent waves. Generally, the great affection to the reconstruction by the
inevitable measurement errors is largely due to over-selected number of the basis
(either in numerical or analytical form) which results in an ill-posed inverse operator.
Fortunately, the number of basis or modes can be well estimated by an analytical way
as introduced in Section 2. Thus, a pre-regularization process is embedded in the
MRS-based NAH.

On the holograms, the error included pressure is simply modeled as:

p xð Þ ¼ p0 xð Þ þ n xð Þ,or P ¼ P0 þ n (16)

where P0 represents the source pressure and n is the noise terms. Denote the
signal-to-noise ratio (SNR) on the hologram as:

SNR ¼ 10 log 10

WP0

WNoise
¼ 10 log 10

ð

Sh

P0 xð Þj j2dS xð Þ
ð

Sh

n xð Þj j2dS xð Þ
(17)

where WP0 and WNoise represent energies of source pressure and noise pressure,
respectively. Under the condition that the source pressure and noise pressure can be
completely decomposed by a set of modes, the SNR can be reformatted by the
Parseval law as:

SNR ¼ 10 log 10

α0k k22
αNoisek k22

(18)

where α0 and αNoise are coefficients of the locally normalized orthogonal patterns
on the holograms for the source pressure and noise term, and correspondingly the
coefficients for pressure P is α ¼ α0 þ αNoise.

By taking advantages of the mapping relationships, Eq. (11) is used to evaluate the
reconstructed pressure on the surface of vibrating structure after the coefficients λ of
FS are obtained on the holograms. Decompose the FS in Eq. (11) on the surface of
vibrating structure as same as that in Eq. (10) but with symbol S substituting for
pressure mode p as:

SΓ ¼ EΓR
�
Γ (19)

where EΓ is the column normalized modes on the surface of vibrating structure
and RΓ is a translation operator which is an upper triangular square matrix. In light of
Eq. (14) and Eq. (19), reconstructed sound pressure on surface of the vibrating
structure, pΓ in the Eq. (13) can be expressed as:

pΓ ¼ EΓR
�
ΓRα (20)

Therefore, it could be observed that the reconstruction process is to translate the
local coefficients α obtained on the holograms to that on the surface of vibrating
structure by the translator R�

ΓR, and then the reconstructed pressure is evaluated by
the modal decomposition method. Stability of the translation is largely dependent on
the product of the two translators R�

Γ and R which are closely related to the geometric
information of the structure and holograms, respectively.
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According to the Parseval law, the reconstructed pressure energy on the surface of
vibrating structure is

WPΓ
¼ R�

ΓRα
�
�

�
�2

2
¼ α

∗TRα (21)

where TR ¼ R∗R� ∗
Γ R�

ΓR is a Hermitian matrix. Therefore, there is an eigen dec
omposition of TR ¼ Q ∗

ΛQ in which Q is a unitary complex matrix whose columns
comprise an orthonormal basis of eigenvectors of TR, and Λ is a real diagonal matrix
whose main diagonal entries are the corresponding eigenvalues. Assume the eigen-
values are sorted in a descending order, such as Λi ≥Λj for j> i. The lower and upper
bounds of the reconstructed pressure energy are easy to be obtained

Λd αk k22 ≤WPΓ
≤Λ1 αk k22 (22)

where d is the dimension of the matrix. In practice, the relative error of
reconstructed pressure energy on the surface of the vibrating structure is more
concerned. Obviously, the bounds of the exact pressure energies WP0Γ and noise
generated pressure energies WPnoiseΓ can be obtained with coefficients α replaced with
α0 and αNoise in Eq. (22), respectively. Thus, bounds for the relative errors εWΓ

¼
WPnoiseΓ=WP0Γ are

cond TRð Þ�10�SNR=10 ≤ εWΓ
≤ cond TRð Þ10�SNR=10 (23)

where 10�SNR=10 ¼ αNoisek k22= α0k k22, and cond TRð Þ ¼ Λ1=Λd is the condition number
of the translator matrix TR. Eq. (23) can be reexpressed as:

SNR� log 10cond TRð Þ≤ SNRΓ ≤ SNRþ log 10cond TRð Þ (24)

in which SNRΓ ¼ � log 10εWΓ
is the signal-to-noise ratio of the reconstructed pres-

sure on the model’s surface.

3.2 The modified error bounds

Above analysis is based on an assumption that the pressure can be completely
decomposed by a set of modes. Otherwise, the Parseval law cannot be applied equiv-
alently in evaluating the pressure energy. However, the complete set of modes is
hardly to be satisfied in decomposing the radiated pressure of a realistic radiator, but
an incomplete set is applied to approximately decompose the radiated pressure within
a given tolerance. Therefore, a compromise on accuracy and robustness is made by

truncating the series expansion N0 ¼ N þ 1ð Þ2, Eq. (6), with a proper number N such
as that given by Eq. (7). Due to the truncation, the measured pressure energy evalu-
ated by the modal decomposition method on holograms is not equal to the true
quantities, and so is the noise energy. It is also reasonable to define SNR on the
hologram by Eq. (18), because once the radiated pressure is spatially measured by
limited number of microphones, such as the way introduced in Section 2.2, the higher
frequency components are filtered out which will not go through the inverse system.

Suppose the exact pressure on the surface of the vibrating structure is p0,Γ and the

corresponding reconstructed pressure is pΓ. Therefore, the relative error of the
reconstructed pressure energy in discretized form is
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εWΓ
¼

p0,Γ � pΓ

�
�
�

�
�
�

2

2

p0,Γ

�
�
�

�
�
�

2

2

(25)

According to the derivation in the appendix in the ref. [35], the relative errorεWΓ

can be expressed as:

εWΓ
c1, c2, c3, c4ð Þ ¼ c4 þ c310

�SNR=10 þ c1
ffiffiffiffi
c4

p ffiffiffiffi
c3

p
10�SNR=20

1þ c4 þ c2
ffiffiffiffi
c4

p (26)

It reaches the lower bound at c1 ¼ �2 and c2 ¼ 2, and the upper bound at c1 ¼ 2
and c2 ¼ �2. However, Eq. (26) is a nonlinear function for variables c3, and
constrained nonlinear optimization algorithm is sought to find the lower and upper
bounds, as the minimum of a problem specified by:

min
c3ð Þ

f c3ð Þsuch that cond TRð Þ� ≤ c3 ≤ cond TRð Þ (27)

where the objective function is

f c3ð Þ ¼
εWΓ

�2, 2, c3, c4ð Þ, for lower bound
�εWΓ

2, �2, c3, c4ð Þ, for upper bound




(28)

In the above analysis, the variables SNR and c4 are supposed to be given. The SNR
of the environment can be estimated by measurement. For the ideal cases in which
there is no noise included, equivalent to SNR ¼ ∞, the lower bound of the relative
error is easy to be obtained as:

εWΓ
≥

c4
1þ c4 þ 2

ffiffiffiffi
c4

p (29)

which is only related to the c4 and in turn related to the number of adopted
participant modes. The actual reconstructed error of a realistic problem or the case
with small SNR are not expected to have a lower bound less than that estimated for no
noise included case. Thus, the lower bound of the reconstructed pressure energy can
be estimated by Eq. (29).

The variables c4 is a crucial parameter for the error bounds estimation, which can
either be evaluated by numerical simulation for specific problems or estimated by an
analysis method. However, numerical simulation is hard to be realized for practical
problems, since the source is not clear and it is the reason why the NAH is needed.
Therefore, it is demand for developing a general analysis approach to properly esti-
mate the variable c4. Whereas, it is out of our mathematical ability as well as the range
of the current work. In the following numerical examples, variable c4 is estimated by
the numerical method, a combination of finite element method (FEM) and BEM.

3.3 Characteristics of the translator

To investigate how much the output value of a function, such as the reconstructed
quantities, can change for a small variation, such as the errors introduced in the
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experiment, in the input arguments, condition number of the function is one of the
frequently used measure. Therefore, investigation of the condition number of trans-
lators in the NAH can somehow describe the stability of the reconstruction. Generally,
numerical approach is applied to compute the condition number. However, if both
shapes of the structure and holograms are conformal to sphere, a simple asymptotic
expression of the condition number is available. The radii of spherical structure and
holograms are denoted as rΓ and r. Translators RΓ and R are all diagonal matrices,
taking the R as an example:

R ¼ diag ⋃N
n¼0 rhn krð Þj j� ⋯ rhn krð Þj j�

zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{
2nþ1

2

4

3

5

8

<

:

9

=

;
(30)

where diag vf g means a square diagonal matrix with the elements of vector v on

the main diagonal, and ⋃N
n¼0vn returns a vector combing all the subvector vn. Thus,

TR ¼ diag ⋃N
n¼0

rΓhn krΓð Þj j2

rhn krð Þj j2
⋯

rΓhn krΓð Þj j2

rhn krð Þj j2

zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{
2nþ1

2

6
6
6
4

3

7
7
7
5

8

>>><

>>>:

9

>>>=

>>>;

(31)

According to the analysis in Ref. [36], the asymptotic expression of xhn xð Þj j for
n≫ x is

xhn xð Þj j �
ffiffiffi

2

e

r

2lþ 1

e

� l

x�nex
2=4n (32)

which is actually the absolute value of the imagine part of the spherical Hankel
function, since the real part goes rapidly to zero for n≫ x; therefore,

cond TRð Þ ¼ rΓhN krΓð Þj j2

rhN krð Þj j2
� r

rΓ

� 2N

ek
2 r2

Γ
�r2ð Þ=2N � r

rΓ

� 2N

(33)

due to that ek
2 r2

Γ
�r2ð Þ=2N approximate rapidly to one for N≫ krΓ and N≫ kr.

To investigate how much the reconstructed coefficients and in turn the pressure
can change for a small variation in the local coefficients α, condition number of the
translator R�

ΓR is the quantity needs to be studied. In light of the previous analysis, the
condition number of the translation operator R�

ΓR for spherical structure and holo-
grams satisfies

cond R�
ΓR

� �
¼ rΓhN krΓð Þj j

rhN krð Þj j � r

rΓ

� N

(34)

Actually, the condition number of translator TR is a square power of that for the

translator R�
ΓR, i.e. cond TRð Þ ¼ cond R�

ΓR
� �2

. Eq. (34) indicates that the condition
number has a geometric growth with N under the condition N≫ krΓ and N≫ kr.
Correspondingly, the larger condition number of the translator will obviously increase
the sensibility to the inevitable errors introduced in the experiment. In addition, the
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large ratio of r=rΓ could also increase the condition number for a fixed degree N. It
implies that the same distance of the measurement to a smaller size surface will result
in a reconstruction which is more prone to be contaminated. The condition numbers
of the translator R�

ΓR for a spherical model with radius being 0.1 m and spherical
holograms at frequency 601 Hz are given in Figure 4, which clearly validates the
asymptotic form Eq. (34) to the exact one, for N≫ krΓ and N≫ kr.

The asymptotic expression of the condition number of the translator R�
ΓR for

general models and holograms are hardly to be obtained. Numerical method is
resorted to get the condition number once the frequency, geometrical information of
the model as well as holograms are supplied. To explore the influence of shapes of the
model and holograms to the condition number, case studies of a cubic model with
planar holograms and spherical holograms, which are representatives as conformal
measurement and non-conformal measurement, are performed. The cubic model is
same as that used in the numerical examples in Section 4. The planar holograms and
spherical hologram also have the same configuration as that in the numerical exam-
ples. Two frequencies 601 Hz and 1333 Hz are analyzed. The condition numbers
obtained by numerical method and asymptotic are presented in Figure 5. It is notice-
able that the asymptotic condition number of the cubic model with planar holograms
are evaluated with their equivalent radii. It can be observed that the asymptotic
expression for planar holograms, which is a conformal hologram to the model,
approximates to that obtained numerically very well for the frequency 601 Hz. How-
ever, the approximation does not show up for the frequency 1333 Hz up to the degree
N ¼ 10. It is because that the larger dimensionless value k~r needs larger degree to
satisfy the condition of the asymptotic expression. The asymptotic estimation of the
condition number does not work well for the spherical holograms due to the disparity
in shapes with the cubic model. Even the ratio r= ~rΓ for the spherical hologram is
smaller than that of the planar hologram, the condition number for the spherical
hologram is inclined to be larger than that for the planar holograms as illustrated in
Figure 5. It implicates that a cubic model with spherical hologram, a representative
case of non-conformal measurement, may be more sensitive to measurement errors
than that with planar hologram.

Figure 4.
The exact and asymptotic condition numbers of the translator R�

ΓR for different ratio r=rΓ for spherical model and
holograms.
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4. Experiment study

4.1 Numerical simulation

The necessary number of participant modes is hard to be obtained exactly for a
realistic problem, and truncation error is introduced. In this case, the radiated source
pressure on holograms is generated from a vibrating cubic model driven by a har-
monic excitation. As shown in Figure 6, the cubic model is of size 0:2m� 0:2m�
0:2m and is excited by a harmonic force along z-axial at a specified position
0:4a, 0:4a, �0:5að Þ, and the four corners at the bottom are constrained. Thicknesses
of the six walls are set as 0.004 m, and the steel material is assigned to the model. The
harmonic response is obtained by a commercial finite element software at frequencies
601 Hz, which is chosen closely to the one modal frequency with an aim to obtain a
uniformly distributed velocity on the surface. Once the boundary velocities are
obtained, the radiated sound pressure at the measurement positions are computed by
the boundary element method [37] as the inputs for the reconstruction. It is to
simulate the realistic radiator whose exact number of efficient modes is hardly to be
obtained but estimated by a reasonable guideline. Both of the cases include a specific
amount of noise with prescribed SNR on the hologram. The noise is generated with

Figure 5.
The asymptotic and numerical condition numbers of the translator R�

ΓR for a cubic model with planar holograms
and spherical holograms at two frequencies.

Figure 6.
Configuration of the cubic model excited by harmonic force F (denoted by the red arrow) along the z-axis.
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n ¼ γSλNoise (35)

where λNoise is a Gaussian random vector, and γ ¼ 10�SNR=20 R�1
λNoise

�
�

�
�
�
2

ffiffiffiffiffiffiffiffiffiffi
WP0

p
is

an energy-related variable to make sure the generated noise n can form a specified
SNR.

In this section, investigations are devoted to the reconstructions of the NAH with
spherical holograms. To use the MRS-based NAH, the primary task is to determine the
number of necessary modes. According to the method introduced in Section 2.1, the

equivalent radius of the cubic model is ~r ¼
ffiffiffiffiffiffiffiffiffiffi

3=2π
p

a which results in dimensionless
variables k~r equal to 1.53. The energy criteria Eq. (7) are adopted to determine the
necessary number of FS due to its reasonable compromise on the accuracy and effi-
ciency in the reconstruction. The tolerance is set as εT ¼1E-1, and it yields the neces-
sary number of FS being 3 by referring to the diagram in Figure 2. The number and
position of microphones are consequently determined by the approach in Section 2.3.
To investigate the influence of the necessary number to the final results, reconstruc-
tions are performed for the necessary number ranging from 3 to 6 for each case.

There are errors due to the truncation of the participant modes. Therefore, recon-
structions are firstly performed for the pressure pnum obtained numerically by the
FEM and BEM which are also treated as the exact source pressures. The reconstruc-
tions are considered as the references of no-noise included measurement. Contour
plots of the reconstructed pressure for reference cases are given in Figure 7. In spite of
a slight disparity in the quantity, it can be observed that the reference reconstructions
are very satisfied with the simulated pressure, because the significant pressure distri-
butions are well reconstructed. Later on, different SNRs ranging from 4 dB to 28 dB
with the increment being 4 dB are added to the simulated pressure to validate the
robustness of the NAH to the noise which is unavoidable in the realistic experiment.
The noise is obtained by Eq. (35).

Relative errors of reconstructed pressure energy on the model’s surface is defined
as:

εWΓ
¼

precon � pnum

�
�

�
�2

2

pnum

�
�

�
�2

2

(36)

Figure 7.
The reconstructed pressure on the boundary based on the no-noised included measurement on (a) the spherical
holograms with the necessary number of modes N ¼ 3 for (b) the simulated results at frequency 601 Hz.
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where precon is the reconstructed pressure based on different SNRs. To estimate the
error, variable c4 is required to be supplied by:

c4 ¼
precon

�
�

�
�2

2

precon � pnum

�
�

�
�2

2

(37)

based on the simulated results. According to bounds Eq. (26), normalized relative
errors of pressure energy are defined as:

~εWΓ
¼ 10SNR=10εWΓ

� cond TRð Þ�
� �

cond TRð Þ � cond TRð Þ� (38)

for different SNRs and holograms, which should satisfy ~εWΓ
∈ 0, 1½ �.

The errors are plotted in Figure 8. Figure 8a depict that the most necessary
number of modes for the boundary pressure reconstruction is N ¼ 3. However, the
reconstruction withN ¼ 4 is superior to that ofN ¼ 5 in the sense of stability. Because
the condition numbers of translators for N ¼ 5 are larger which results in an inverse
operation sensitive to errors. Actually, condition number for N ¼ 5 is more than six
times of that for N ¼ 4 which reduces the reconstruction accuracy by the amplified
errors. It is also the reason why the results obtained with N ¼ 5 is worse than N ¼ 4
for SNRs smaller than 20 dB even that it has a smaller radiation efficiency error in
Figure 2. The decreased results for the reconstructed pressure with increased number
of necessary modes illustrate that over-selected number of modes may result in accu-
racy loss, especially for models with irregular shapes as well as small SNRs. It is
because that over-selected number of modes will yield translators with larger condi-
tion numbers which are likely to amplify the errors in the reconstruction. It is also
observed from Figure 8 that the two types of holograms can deliver the same level of
accuracy with proper selected number of modes. However, the spherical hologram is
more preferable since it requires the smallest number of microphones as compared
with others.

The normalized errors are presented in of Figure 8b. The normalized errors are all
less than 1 and increase along with the SNRs. The small errors for small SNRs and
participant number of modes are due to the fact their lower bounds are

Figure 8.
Errors of the reconstructed pressure energy with spherical holograms at 601 Hz for (a) the relative errorεWT

and
(b) the normalized error ~εWT

.
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underestimated, while the upper bounds are overestimated by the approach in Section
3.3. The extreme small normalized errors for case N ¼ 3 are due to the dominated
truncation errors for small number of adopted participant modes. As indicated for the
reference cases, also the no-noise included cases, the reconstructed errors are closer to
1, or in other words more approximated to the estimated upper bounds. More impor-
tant than the cases with small SNRs for which the estimated lower bounds are almost
0, the no-noise included cases (with infinity large SNR) can supply more reasonable
lower bounds by the approach in Section 3.3. The numerical examples clearly demon-
strated the validity of the proposed bounds estimation.

4.2 A practical experiment

An experiment is set up to explore the performance of the MRS-based NAH in this
section. The source is in the same size and possesses the same material property as the
one in the Section 4.1. Reconstruction is only preformed on the spherical hologram,
since it requires the minimum number of microphones by comparing with the other
two types of holograms.

An equipment is designed to facilitate the measurement. As shown in Figure 9a,
the measurement on a spherical hologram is realized by rotating a half circular album
arm, on which the microphones are mounted, around an axial which is the z-axial. The
cubic model is placed at the center of the spherical hologram by hanging in a portal
frame with a rigid hollow rod. A single-point drive is applied to the model by a small
exciter on the top surface, as shown in Figure 9b. To make sure a uniform velocity
distribution is generated on the surface, the analyzing frequency is selected closely to
one of modal frequencies, which is 634 Hz. The model has an equivalent radius
~r ¼ 0:138m, and the measurements are performed on a spherical hologram apart from
the equivalent sphere by Δ ¼ 0:1 m. In light of Eq. (13), the necessary degree of the FS
is adopted as N ¼ 3. Correspondingly, the minimum required microphones along the
θ and ϕ direction are 4 and 7, respectively. Here, we made an oversampling by placing
five microphones along the θ direction and taking nine sequential measurements along
ϕ direction

To validate the reconstructed results, the same 5 by 9 measurements are performed
on a spherical validation surface Ω with radius being 0.18 m. In light of Eq. (13), the

Figure 9.
The experimental setup: (a) overview of the configuration and (b) details of the model.
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relative difference of reconstructed pressure with respective to the measured one on
the validation surface is denoted by:

εWΩ
¼

P Nþ1ð Þ2
n¼0 λn � λn,Ωð Þpn k, xð Þ

�
�
�

�
�
�
2

P Nþ1ð Þ2
n¼0 λn,Ωpn k, xð Þ

�
�
�

�
�
�
2

(39)

where λn and λn,Ω are coefficients obtained on the hologram and validation sur-
faces, respectively. Figure 10 depicts a comparison of the radiated pressure distribu-
tion on a spherical surface between the one reconstructed from the hologram and the
one measured directly on the validation surface. It is clearly observed that the
reconstructed pressure has a very satisfactory distribution agreement with the mea-
sured one for which the εWΩ

is 4.5% and the relative error of the maximum pressure is
21.8%.

The experiment is done in a semi-anechoic chamber which can reduce the influences
of the environmental noise. Even that, positional errors and some other uncertainties
are inevitable to be included in the measured signals which in turn affects the recon-
struction results. The error analysis in Section 3 ascribes them to the SNR. How those
relate to the SNR is crucial to the error estimation, which needs more investigation.

5. Conclusions

A NAH based on the mapping relationship between modes on surfaces of structure
and hologram is introduced. The modes adopted in the NAH are FS of the Helmholtz
equation in spherical coordinates which are generally independent and not orthogonal
except on the spherical surface. The NAH framework provides a new insight to the
reconstruction procedure based on the FS in spherical coordinates. The modes on the
surface of structure and hologram form a bijective mapping. Number of modes pre-
scribed in the MRS-based NAH is crucial to total number of measurement as well as
the final reconstruction accuracy. An approach is proposed to estimate the necessary
degree of effective modes. It is built on the energy criteria by exploring the radiation
efficiency of the modes on the equivalent spherical source. An upper bounded error is
derived for the radiated sound power of a vibrating structure with degree of modes up
to a specific value. A relatively small value of degree is given by this approach.

Figure 10.
The radiated pressure distribution on a spherical validation surface for (a) reconstructed from the hologram and
(b) obtained from the direct measurement.
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Once the necessary degree of modes is determined, the number and position of
microphones, which are also very crucial to the NAH, are investigated. Techniques to
approximate the modes on three types of holograms by a set of locally orthogonal
patterns are developed. A numerical algorithm is needed to determine the tight
bounds for two locally orthogonal patterns on the planar patch. Due to the complete-
ness of polar angles on cylindrical holograms, the algorithm is reduced by one dimen-
sion and the number of degree and positions are analytically determined for the local
patterns along the polar direction. The number and position of measurement on the
spherical hologram are determined by a purely analytical method because of its con-
formity to the coordinates of modes.

Errors are inevitable to be encountered in the NAH experiment. It is found
that the reconstruction accuracy is subjected to two kinds of errors, one is the SNR
and another one is the truncation error due to the limited number of participant
modes adopted in the MRS-based NAH. An error model is built, and the relative
error of the reconstructed pressure energy on the surface of the vibrating structure
is derived. The lower and upper bounds of the relative error can be achieved
numerically by a constrained nonlinear optimization algorithm. However, the
approach generally yields underestimation of the lower bound and the
overestimation of the upper bound, especially for MRS-NAH with large condition
numbers. Alternatively, a reasonable lower bound is obtained by considering the
case without noise or equivalently with positive infinite SNR. It eliminates the
influence of the condition number of the inverse translator and is only related to
the truncation errors. Thus, it is feasible to predicate the lower error of a recon-
struction with the MRS-based NAH once the truncation error is given, which is
validated by numerical examples. Proper estimation of the truncation errors is
highly related to the reasonable estimation of the lower bound, which deserves
more investigation.

Numerical examples are set up to validate the error analysis of the MRS-based
NAH. It clearly demonstrates that the reconstructed results agree well with the simu-
lated results. Physical experiment is designed to further demonstrate the feasibility
and performance of the MRS-based NAH. The reconstructed results demonstrate a
very satisfactory agreement with the direct measured one with respective to the
quantities as well as the distribution on the validated surface. However, to estimate
the performance with respective to the actual quantities by the proposed approach, it
is desirable to investigate the influences of positional errors and other uncertainties on
the SNR.
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