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Abstract

Some recent studies and field experiments show that predators affect their prey not only by direct
capture; they also induce fear in prey species, which reduces their reproduction rate. Considering
this fact, we propose a mathematical model to study the fear effect of a middle predator on its
prey in a three-species food web system with harvesting. The ecological feasibility of solutions to
the proposed system is guaranteed in terms of positivity and boundedness. The local stability of
stationary points in the proposed system is derived. Multiple co-existing stationary points for the
proposed system are observed, which makes the problem more interesting compared to the similar
models studied previously. The local existence of periodic solutions through Hopf bifurcations
is additionally secured numerically in the case of both unique and multiple coexisting stationary
points. It is also observed that the system can exhibit strange attractors in the form of chaos. A
detailed numerical simulation is performed to ensure the existence of periodic solutions and period-
doubling routes to chaos. Combined effects of fear and harvesting are also discussed numerically.

Keywords: Prey-predator system; Food-web model; Fear effect; Harvesting; Linearization;
Routh-Hurwitz criterion; Stability; Bifurcation; Chaos; Numerical simulation
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1. Introduction

A food chain shows the relationship among organisms by the food they eat, and each level of a food
chain represents a different trophic level. A food chain follows a direct and linear pathway of one
species at a time. The food chain models of three or more species have been extensively studied
by researchers. One of the most pioneer work for such models with Holling type-II functional
response has been proposed and studies by Hastings and Powell (1991) where the authors showed
the occurrence of chaotic dynamics. Later, Naji and Balasim (2007) explored a food chain model
for three species with Beddington-DeAngelis functional response. The authors showed that the
model could demonstrate chaotic dynamics for biologically feasible parametric values. Lv and
Zhao (2008) proposed a three-species food chain model and observed that the system exhibits rich
chaotic dynamics. By supplying allochthonous inputs to the top predator, Sahoo and Poria (2015)
proposed a three-species prey-predator model with top predator harvesting.

A food web is an important ecological phenomenon that represents feeding relationships within a
community. It also includes a variety of food chains that connect with one another. McCann and
Hastings (1997) analyze the role of omnivory in food webs using a non-equilibrium perspective.
The authors observe that the addition of omnivory to a simple food-chain model locally stabi-
lizes the food web. [Tanabe and Namba (2005) have shown that even if functional responses are
linear, intraguild predation sometimes destabilizes food webs and induces chaos. A food web
model involving two independent preys and a predator incorporating modified Holling type-II
functional response is discussed by |Gakkhar and Naji (2005). Namba et al. (2008) have numer-
ically investigated bifurcation diagrams with all the parameters which are used in the food web
model proposed by Tanabe and Namba (2005), including self-limitation of the intermediate con-
sumer and predator. Visser et al. (2012)| proposed a model to analyze the effect of adaptive for-
aging behavior within a three-species food web with intra-guild predation. The food web models
with various ecological phenomena have been studied by several researchers (Hsu et al. (2015);
Hntsa and Mengesha (2016); Namba et al. (2018); Gupta and Yadav (2020)).

Lima and Dill (1990)| recognized various components of predation risk by evolving an abstraction
of the predation procedure. According to the literature review, the ability of an individual to ex-
amine and control one or more of such components has an important role in decision-making in
feeding animals. This also helps the animals to decide when and how to (a) avoid predators, (b) be
social, and (c) breathe air for fish. Most species, including human beings, are prone to being influ-
enced by fear. Usually, fear is produced by predators towards their prey in the process of capturing
them. Fear effects are observed in the form of several behavioral changes and adaptations that are
responsible for affecting the complete ecosystem (Brown et al. (1999); Trussell et al. (2006)). How-
ever, ecologists often ignore the role of predators to their prey because fear is mainly treated as a
psychological effect (Clinchy et al. (2013)). The fear produced by predators among their prey may
play an important role in ecology. A three-species food chain or food web model in the presence
of a fear effect has been studied by several researchers (Hossain et al. (2020); |Cong et al. (2021);
Debnath et al. (2021); Sahoo and Samanta (2021)). Panday et al. (2018)|recently proposed a food
chain model demonstrating how fear can control chaos via the period-halving phenomenon.
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2. Model Formulation

This section aims to propose a mathematical model for a simple food web model that incorporates
both fear effects and harvesting. For this purpose, we first describe a simple food web model
proposed by [Tanabe and Namba (2005). The authors proposed the following mathematical model
for a simple food web, where P (t), P»(t) and Ps(t), respectively, denote the densities of the basal
resources, consumer populations, and top predators at time ¢:

AP

E:P1(7“—a11P1)—a12P1P2—CL13P1P3a (1)
%:agl Py Py — a3 Py Py — dy P, (1b)
%—aglPlpg—i-agzPQPs—dzP?n (Ic)

with initial condition
P1(0) >0, P,(0) > 0, P3(0) > 0. (2)

Here, r represents the growth rate of the resource population. The parameters d; and d,, respec-
tively, denote the mortality rate of the intermediate-prey and top-predator. a;; is the intra-specific
competition coefficient of basal resource. The parameters a2, a13 and as3 are the rates of con-
sumption, and as1, az; asze measure the contribution of the resource to the growth of the consumer.

Motivated by the literature’s works, we extend the food-web model (1) for three species by con-
sidering the fear of middle-predator on prey species with quadratic harvesting in both the predator
species. The model is developed under the following two considerations:

(1) Many researchers who have worked with three species of prey-predator models have considered
that the predator affects prey only by direct killing. But in the literature survey, we have observed
that the fear of predator species also affects the growth rate of prey species. So, this fear mitigates
the reproduction rate of the prey population. For this reason, it is relevant to include the fear term
in our model to make it more effective. As a result, the growth rate of prey population can be
modified as dézl = H(ETMEQH)' The authors of the articles (Debnath et al. (2021); Sasmal (2018);
Wang et al. (2019)) have given a detailed description of the modified growth rate of the prey

population, which indicates that such a modeling process is also valid.

(2) Several researchers (Clark (1976); Gupta and Chandra (2017); [Kaur et al. (2021); |Lenzini
and Rebaza (2010); Satar and Naj1 (2019)) have studied ecological models using various types of
harvesting. In particular, quadratic harvesting becomes relevant when the size of the population to
be exploited becomes large (Gupta and Chandra (2017); |[Kaur et al. (2021)). A number of prey-
predator models for three species with different types of predation rates have been studied by
incorporating the fear effect. As far as our knowledge goes, no researcher has studied the combined
effect of fear and quadratic harvesting.

The model (1)) in presence of fear effect and quadratic harvesting of both predators is modified as
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follows:

dP P (r—ay P

dtl = 1<1+/<;}1’2 1> —ap PPy —ai3 P Py = lel(P1;P2;P3) (3a)

dP

d—tz=a21P1P2—a23P2P3—dlpz—h1p22EP2¢2(P1,P2,P3)> (3b)

dP.

d—tg:a31P1P3+a32P2P3—d2P3—h2P32EP3¢3(P1,P2,P3), (3¢)
with initial condition

P (0) > 0, P(0) >0, P5(0) > 0. 4)

Here, k is the fear parameter of middle-predator on prey population, h; and hy are the rates of
harvesting of middle and top-predator, respectively.

For simplification of forthcoming sections, we define i, (P, Py, P3) = (7«1— f;lpfl) — a1 P —aq3 Bs,

¢2(P1,P2,P3):a21P1—a23P3—d1—h1P2 and ¢3(P1>P2>P3) = az P1 +asgy Py —dy — hy Ps.

The proposed system (3p)-(3k) is defined in the region I' = {(P, P,, P5) € R3| P, > 0, P, >
0, P; > 0}.

3. Feasibility of Solutions

In this section, we provide the results for positivity and establish the condition for boundedness of
solutions in the system (3p)-(3k), which ensures the meaningfulness of the proposed system from
an ecological point of view.

Theorem 3.1.
The solutions (P (t), Py(t), P3(t)) of system (3p)-(3c) with (4) remain positive for all ¢ > 0.

Proof:
The system (3p)-(3c) along with initial condition (4) gives

Pi(t) = Pi(0)elo #r(PDP(D. BT
PQ( ) = P2( )efo wZ(Pl ) ( )PS(T)) > 0
Py(t) = P5(0 )efo s (Pu(T),Po(T),P5(T))dT <, ()
This result ensures that solutions of the system (3p)-(3c) originating from the region I' remain

inside it for all ¢ > 0. n

Theorem 3.2.

The solutions of the system )- ) with initial condition H are uniformly bounded in the re-
gion ) = {(Pl,Pg,Pg) ERI:0< x(t) = P+ %2R+ 2Py < ZIMM + ¢, for any ¢ > 0}
if 2 1213021431 (CL32G23 + 2 hl hg) > CL13CL%16L32 + CL12CL%3CL§1.
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Proof:

Let us define a function x(¢) = Py + 2P + ¢ P;. Then the derivative of x(?) with respect to
time ¢ given as

(1) _ P | 0adPs | g dPy

dt % 921 dt asy dt '

For a positive constant M, we have

dX—(t) —|—MX(t> :Pl (T —a11P1)

M —dy) P M —dy) P
- +MP1+a12< 1) 2+a13( 2) 3

— QP Py,
1+ kP 91 asy QP2 By)

where, Q(P,, P3) = %ffl P2 — <m _ %> P,P; + % Py,

asi

The expression Q(P,, Ps) is a quadratic form and will be positive definite if it satisfies the condition
2 12 13 A921 A31 (CL32 923 -+ 2 h] hg) > CL%:;CL%ICL?Q -+ CL%2 a%3a§1.

If we choose M = min(dy, ds), then under the above condition, we can write

dx(t) P+ M\? (7"+M)2
L4+ Mx(t) < — P — -
dt + X< ) = dn ! 2&11 + 4&11
This gives 2 + Mx(t) < M. Now, using the theory of differential inequality (Rota and
g dt dai g y q y
Birkhotf (1962))), we obtain
(r+ M)2 —Mt — Mt
0<y(t) < ——(1— 0 )
X < T (1= M) £ x(0)e
Therefore, 0 < lim; o x(£) < (I:ﬁa[ )

Hence, all solutions of the proposed system (3f)-(3k) with initial condition () which starts from I'
are bounded in the region (2. =

4. Existence and Stability Analysis of Stationary Points

In this section, we have investigated stationary points of the system (3p)-(3fc) and obtained suitable
conditions for their existence. We have also analyzed the local stability of all stationary points.

4.1. Existence of various stationary points

The stationary points of the system (3f)-(3f) are given as follows:

(M So = (0,0,0) and S; = (a%, 0, O) are, respectively, trivial and axial stationary points of the
system (3j)-(3k), which always exist.
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(IT) The stationary points in P; P»-plane are (Pl(l), [32(1)’ 0> and (ﬁl(Q), f’2(2), O) that are free of
top-predator species. The P-components of these stationary points are the roots of the following
quadratic equation

I (hiai1 + aipa91) Py — rag + apndy = 0. 5)

“AVA ang PP = ZAVA where, A =

2k012a21 Qk‘lllz(lm ’

The two roots of Equation H are given by ﬁél) =
(h1a11 + argaz1) and Ay = (hyayy + aipa1)” — 4k aioag) (—rag: + ayd,). The only possibility
of positive root is P, = 1%(1) if a11d; < raq;. Hence, S = (%fz”, PQ(D, 0> is only a feasible

Py Py-planar stationary point of the system (3j)-(3k).

(IIT) In the P, Ps-plane, the stationary point is given by S = ( rhytaiads () _Gair—dyan > This

azi1a13+hza11’ 77 aziaizthean
becomes positive only if az;r > doay;.
(IV) To discuss the existence of Sy, = (Pl(*), Péi), ngi > and Sy, = ( 1(*), Péf), P3(*)> stationary
points of the system (3p)-(3k), we focus on the following quadratic equation in the P»-component:

B1Py* 4+ ByPy + By = 0, (6)

where, By = aiskagiasy + ajskasihy — ajgkasiags + aiokasiha, By = agsaiiaze + ajzazihy +
a13a21a32 —a13kas da+aiskasidy +aiaaz hotaihiho—ai2as1a23 and Bs = aq1dihe—agzarida+
a13a31d1 —raghy — a13a21d2 + rasiass.

— > 2— 1 - —_ 5 — 2— 1 P
The two roots of Equation (@) are PQ(i ) = 2BtV B TAB s g PQ(f) = Doy B AB s

2Bl 231

There are the following possible cases.

Case 1: B,? < 4B, B;.
In this case, the system (3)-(3k) has no feasible stationary point because Equation (6] has no real
root.

Case 2: By2 > 4B, Bs.

Subcase 1: If (i) B; > 0, B, > 0, By < 0 or (ii) B; > 0, By < 0, By < 0, then Py, = P\ is

only a positive real root of Equation (6), and hence, the system (3p)-(3k) has only one feasible co-
oy . . 1) p1) p) (1 _ PP —assds+dihothiha PLY
existing stationary point as S1, = <P1* Py Py, ) , where Py, = et et o
& _ .
and PS(i) = as1dy+asi by Py, +a32a21P2* d2a21 lf h2a21 > (<)CL316L23, a23a32P2(i) + d1h2 + hthPQ(i) >

haaz1—asziaszs

(<)a23d2, a31d1 + a31h1P2(i) + (132(121P2(i) > (<)d2a21.

Secondly, if i) By < 0, B < 0, By > Oor (ii) By < 0, B, > 0, B3 > 0, then
P, = 2(5) is only positive real root of Equation (@) and hence, S, = <P1(f), Pz(*), P( )> , where

2 P{? —ay5dy+diho+hihy P2 d hy P{? P _q .
Pl(*) _ Q23037 ha23 2tdihathihs 2* and P3 _ Q31 1+as: +asaas; 2021 is Only feasible co-
2021 —031023 21 —Q31023

2
existing stationary point of the system (3)-(3f), which exists if the conditions hsas > (<)asziass,

https://digitalcommons.pvamu.edu/aam/vol17/iss3/12
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a23a32P2(3) + dlhg + hthPQ(E) > (<)a23d2 and a31d1 + (L31h1P2(3) + CL326L21P2(3) > (<)d2a21 are
satisfied.

Subcase 2: If (i) B, > 0, B, < 0, B3 > 0or (i) B; < 0, By > 0, B3 < 0, then Equation @

has two positive roots Ps, = P2(i ) and P, = PQ(f ). Hence, the system )—3 ) has two feasible
) — 1123(132132(?—a23d2+d1h2+h1th2(i)

7
* haaz1—aziaszs

co-existing stationary points S;, = (Pl(i), Pg(i), P3(i)> , where Pl(

and P(Z) _ a31d1+a31h1P2(i)+a32a21P2(i>—d2a21
3k T

hzaz1—asiaz3

, ¢ = 1,2. These stationary points exist only when the

conditions hoag; > (<)a31a23, a23a32P2(i) +dihg + hiho Py, > (<)a23d2, and a31d1 + CL31h1P2(i) +
a32091 Poy > (<)d2(l21 are satisfied.

Subcase 3: If (i) B; > 0, By > 0, B > 0 or (ii) By < 0, By < 0, B3 < 0, then Equation (6) has
no positive real root. Hence, the system (3j)-(3k) has no co-existing stationary point.

Case 3: If B,> = 4B, Bs, then Equation @ has only one real root, P, = ;—gf, with following
subcases:

Subcase 1: If (i) B; < 0, By < 0 or (ii) B; > 0, By > 0, then Equation (6)) has no positive real
root. Hence, the system (3p)-(3) has no positive stationary point.

Subcase 2: If (i) B; > 0, B, < 0 or (ii) B; < 0, By > 0, then the two roots of Equation (6) will
coincide. Hence, the two stationary points 57, and Sa. will coincide and the colliding stationary
point is given by

g (a23a32p2 — ag3dy + dihy + hiho P p asidy + asihy Py + azpas Py — d2G21>

s L2,

hoas — aziass hoas — aziass

The coinciding co-existing stationary point exists only when the conditions hyas; > (<)asziass,
ao3a32 P + dihg + hiho Py > (<)a23d2, as1dy + asih1 Py + asgag P > (<)d2a21, are satisfied.

Example 4.1.

For a set of parameters’ values £ = 10,7 = b,a;; = 2.3,a10 = l,a13 = 0.28,a9; =
0.1,as3 = 6.8,dy = 0.1,a31 = 0.1,a3s = 0.02,dy = 0.2, hy = 1 and taking h; as bifurca-
tion parameter, we observe that the proposed system (3@)-(3c) possesses two interior stationary
points 51, = (PV, PV, P\YY and Sy, = (P2, PP PY) for hy > hi, which collide with
S (Py, P>, P3) = (2.16588,0.01180,0.01682) for critical threshold h; = h} = 0.18479 and are
mutually annihilated for h; < hj. The corresponding phase portrait and bifurcation diagram for

change in the number of interior stationary points are given in Figures [[(a)]and[I(b)| respectively.
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Figure 1. Figure shows the phase portrait of solution trajectories of the system )-) corresponding to dif-
ferent initial values in which Si, = (2.16805,0.00775,0.01696) is stable stationary point and Sa, =
(2.16231,0.01796, 0.01659) is unstable stationary point for h; = 0.19. P,—component of interior stationary
points are plotted in Figure[T(b)] which represents change in number of interior stationary points with respect
to bifurcation parameter h1.

4.2. Local stability analysis of various stationary points

The main aim of this section is to analyze the local behavior of the system (3p)-(3k) in the neigh-
borhood of the existing stationary points listed earlier.

Theorem 4.1.

(i) The trivial stationary point Sy is always a saddle point.

(ii) The stationary point .Sy is stable if the conditions 7 as; < aq; di and r as; < a7 do are satisfied
together; otherwise, it becomes unstable.

(i11) If a3y P1 + as9 P2 < dg, then statlonary point S is stable; otherwise, it is unstable.

(iv) The stationary point S is stable if ao1 P1 < a23P3 + d;; otherwise, it becomes unstable.

Proof:
(i) The variational matrix V' (Sy) has the following characteristic values: \; = r > 0, A\ = —d; <0
and A\3 = —ds < 0. Here, one characteristic value is always positive. As a result, the stationary

point Sy is always a saddle point.

(i1) To analyze the stability of the stationary point S; = (QLM, 0,0), we evaluate the following
variational matrix of the system (3j)-(3k) at the given stationary point S;

_Traiz __Trais
ai a1

V(S)=| 0@ —q 0

aii

0 0 g,

aii

-

The variational matrix V'(.S;) has the characteristic values as \; = —r, Ay =
21 — dy. Thus, the result for the stability of stationary point 57 = (a—u, 0, 0) follows.

a1
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(iii)) To know the behavior of the solutions of the system ( ‘) .c) near stationary point S =
(P1, P5,0), we calculate the signs of the characteristic values of the following variational matrix:

P, (r—au]sl)k

a11151 D D

T 1vkP, (1+kP,) — a1y —a13P

V<S) - a21]52 —h1p2 —a23f’2
0 0 a31]51+a32152—d2

The characteristic polynomial of matrix V(5) is given by

\ N \ A \ (2 k ayy agy Py + ayhy + CL12&21> P, P,
=(A- A+ _
Q:1(\) = ( 1) R E

(D

where \; = as3; Pl + aso pQ —dy andNA =M pQ + hi k 1522 + a1 f’l. This concludes the result for
the local stability of stationary point S.

(iv) The variational matrix of the system )—) evaluated at S = (]51, 0, ]53) is given by:
_allpl —ka13p1]53 - CL12]51 —G13]51
V(S) = 0 aglpl — a23153 — dl 0
a31p3 a32ﬁ3 _h2ﬁ3

The characteristic polynomial of matrix V(S ) is given as following

Q2(N) = (A= X\p) <)\2 + (anﬁl + h2ﬁ3> A+ (anrhg + aizaz) P1P3> ; (®)
where A\ = a21]51 — a23]53 — dy. This is enough for the local stability result of S, =
Theorem 4.2.

The co-existing stationary point S, = ( Py, Ps., Ps.), is stable if the conditions &5 > 0 and &; & >
&3 are satisfied.

Proof:
The variational matrix of the system (3@)-(3c) evaluated at S, = (P, Pa., P3,) is given as:

_ann P (r—a11P1.)kPi. o
1+kP,. (1+kP,,)? — @12 P —ai3 Py
V(S*) = ag1 P, —h1 Py, —ao3 o,
as1 Ps, aso P, —hoPs,

The characteristic equation of the matrix V' (S,) is given as

N+OaN+6EA+86 =0, )
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where
S = _uf + hy Poy + hoPs, > 0,
1 + kP2*
P3Py, (a11he + a13a31 + aziai3kPyy)
— hih Py, Ps,
S 1+ kD, + (h1hg + aseass) Po. Ps
PPy, (a11h1 + 2 aga12k Poy + a1 ka3 Py + a12a21)
+ )
14+ kP,
_ (a11 (hihy + aspags)  ((2a12Poy + a13P3.) k + a12) (—hoaoy + asiass)
53 - - Pl*P2*P3*
1+ kP, 1+ kP,

+ a13 (ag1a32 + asihy) PP, Ps,.

Hence, from Routh-Hurwitz criterion the result for local stability of the co-existing stationary point
S* = (Pl*, PQ*, Pg*) follows. ]

5. Hopf Bifurcation

It can be verified numerically that for the choice of a set of parameters’ values taken in Example
the co-existing stationary point Sy, is always saddle whenever it exists, whereas S1, can be
stable[d.I|or unstable depending on the parametric restrictions. Therefore, we study the existence of
periodic solution through Hopf bifurcation of the system (3ja)-(3) around the co-existing stationary
point S1.. We make use of the criterion derived by |Liu (1994) to show the existence of periodic
solutions through Hopf bifurcation. We choose fear parameter £ as a bifurcation parameter so that
S« 18 locally stable when k& > k..;; and unstable when k& < k..;;. Co-existing stationary point S,
loses its stability and periodic solutions appear at & = k..;;. We know that a simple Hopf bifurcation
occurs when the following conditions are satisfied for the matrix V (S, = Si., k = kepir):

()& > 0,8 >0, and 16 = &3 at k = ke

(2) The transversality condition % |s.=s,. kekorry 7 0.

Since the analytical finding of Liu’s criterion of the existence of periodic solution through Hopf
bifurcation for the system (3p)-(3c) is much more complicated, we verify these conditions nu-
merically. For this purpose, we consider a set of parameters: » = 5,a1; = 0.4,a12 = 1,a13 =
20,@21 = 1,@23 = 1,d1 = 1,&31 = 0.1,@32 = 1,d2 = ].2, hl = 0.1 and hg = 0.27 and
we choose fear parameter £ as bifurcation parameter. The system has a unique Hopf bifurcation
threshold k... = 1.59581. For this choice of parameters’ values the system (3p)-(3c) has unique
co-existing stationary point S, as k € (0,2.92316). The co-existing stationary point Si, is stable
for k € (1.59581,2.92316) and unstable for k& < k..; = 1.59581. The characteristic equation
corresponding to the matrix V(S = Sy, ket ) evaluated at k = k.., = 1.59581 given as:

A2+ 0.28268)\% + 2.55614\ + 0.72257 = 0. (10)

Here, we get L, = 0.28268 > 0, Ly = 0.72257 > 0, L1 Ly = Ly = 0.72257 and 2}, -~ —
—0.10259 # 0, with the characteristic values —0.28268, 1.59879/ and — 1.59879/. As a result,
all of Liu’s criterion conditions for the existence of periodic solutions via Hopf bifurcation are
satisfied, resulting in the appearance of periodic oscillations around S,.
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6. Dynamics of the System Beyond Hopf Bifurcation

In this section, we discuss the different complex dynamical behaviors of the system (3p)-(3c) nu-
merically for the parameters k, h, and hs. First of all we examine the dynamics of the system
(3)-(Bk) in the absence of fear effect & and harvesting h; and h,. We consider a set of parameters’
values as: k = O,T = 5,&11 = 0.4,(112 = 1,&21 = 1,&23 = 1,d1 = 1,h1 = 0,(131 = 0.1,(132 =
1,dy = 1.2, ho = 0 and choosing a3 as bifurcation parameter from the research article Tanabe and
Namba (2005). For these parameters’ values system (3j)-(3c) has unique Hopf bifurcation thresh-
old (a13)erit = 0.79634 and corresponding bifurcation diagram is shown in Figure which
agrees with the diagram given in [Tanabe and Namba (2005). From Figure 2(a)] it is clear that
increase in value of bifurcation parameter a3 results in chaotic system behavior.

Now, we want to see the effect of a;3 on the dynamics of the system (3p)-(3c) in the presence
of harvesting (h; and hs). To check the effect of a;3, we choose a set of parameters’ values as:
k=0,r=5a11 =04,a15 = 1,a91 = 1,a03 = 1,dy = 1,hy = 0.1,a31 = 0.1,a3; = 1,dy =
1.2, hy = 0.27. If we choose a3 as bifurcation parameter, then we get a unique Hopf bifurcation
threshold (a13)q¢ = 1.39875. The corresponding bifurcation diagram is shown in Figure
which confirms that if we increase the values of a3, then the system (3p)-(3f) remains chaotic for
a smaller range of values of aq3. It gives us a hint of control the chaos of the proposed system.

9 o
T T

P)min & (Py)max =
&

Figure 2. (2) and (b) show variation in the top-predator species (P3) with respect to (a13). Left panel shows the dynamics
in absence of both fear effect and harvesting whereas right panel shows the dynamics in absence of fear effect
but in presence of harvesting.

To investigate the effects of harvesting on the dynamics of the system (3p)-(3f) in the absence of
fear effect, we fix a set of parameters’ values as follows & = 0,7 = 5,ay; = 0.4,a12 = 1,a13 =
15, o1 = 1, a923 — ]_, d1 = ]_, asy — 017 asy — ]_, dg = 12, hg = 0.027. We choose hl as
the bifurcation parameter. For these parameters’ values the system (3p)-(3k) has Hopf bifurcation
threshold as (A1) = 1.04111. In similar manner, if we choose a set of parameters’ values as:
k= O,T == 5,&11 - 0.4,@12 == 1,CL13 == 25,@21 == 1,CL23 == 1,d1 = 1,h1 = 0.1,(131 == O.l,(LgQ ==
1,d; = 1.2 and taking hs as bifurcation parameter. The corresponding chaotic bifurcation diagrams
are shown in Figures [3(a)] and [3(b)| respectively, which show that chaos can be controlled by
harvesting an appropriate number of middle and top predator species.

To know the effect of a;3 on the dynamics of system (3)-(3k) in the presence of fear effect &
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Figure 3. (a) and (b) represent change in the top-predator species (P3) in absence of fear effect with respect to bifurcation
parameters hi and ha, respectively.

and harvesting (h; and hs), we choose parameters’ values as: £ = 0.25,7 = 5,a1; = 0.4,a15 =
1, 91 = 17 93 — ]_, d1 = 1, hl = 01, aszy = 01, a3y = 1, d2 = 12, hg = 027, by varying
the values of a3, we check the effect of consumption rate of prey by top-predator on the system
dynamics. We notice that the increase in a;3 makes system dynamics chaotic through period dou-
bling routes, which can be seen from Figure d(a)] Next, we study the impact of fear effects on the
dynamics of the model system (3p)-(3c) by choosing = 5,a1; = 0.4, a12 = 1,413 = 20,09 =
l,a03 = 1,dy = 1,hy =0.1,a31 = 0.1,a3, = 1,ds = 1.2, hy = 0.27, and varying the value of k.
We observe that the increase in fear effect & stabilizes the system (3)-(3k) from chaotic instability,
which can be seen by a bifurcation diagram plotted in Figure 4(b)l The system remains chaotic
because of the low cost of fear in prey growth. It shows that prey species become more aware and
save themselves from their predators.

(a) (b)

Figure 4. (2) and (b) describe change in the top-predator species (P3) with respect to bifurcation parameters a3 and k
in presence of both fear effect and harvesting respectively.
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Figure 5. (a) and (b) represent change in the top-predator species (P3) with respect to bifurcation parameters h; and ho
in presence of fear effect respectively.

We are also interested in understanding the effect of harvesting (h; and hs) on the dynamics of
the system (3p)-(3k) in the presence of fear effect. For this purpose, we first check the effect of
harvesting h, on the system dynamics. We fixed a set of parameters’ values as: £ = 0.25,r =
5,&11 = 0.4,0,12 = 1,@13 = 20,&21 = 17(123 = 1,d1 = 1,@31 = 0.1,@32 = 1,d2 = 12, h2 = 027,
by varying hq, we investigate the effect of harvesting of middle predator on dynamics of the system.
The corresponding bifurcation diagram is shown in Figure [5(a)l Similarly to check the behavior
of proposed system with respect to harvesting hy of top predator, we choose parameters’ values
as: k = 0.25,7“ = 5,@11 = 04, a1 = 1,(113 = 25,(1,21 = 1,@23 = 1,d1 = 1,h1 = 0.1,&31 =
0.1,a32 = 1,dy = 1.2 and vary h,. The corresponding bifurcation diagram is shown in ﬁgure
From Figure [5(b)}, it is clear that the system becomes stable for increasing values of h..

(a) (b)

Figure 6. (a) represents change in the top-predator species (P3) with respect to two bifurcation parameters k and h1. (b)
represents change in the top-predator species (P3) with respect to two bifurcation parameters &k and ho.

Finally, to observe the combined effect of both fear and harvesting, bifurcation diagrams [6(a)] and
are plotted for the pairs (k, k1) and (k, he). These bifurcation diagrams clearly indicate that
there are several chaotic bands for various values of £ with respect to ~; and ho, respectively.
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7. Conclusion

In this manuscript, we analyzed a food web system for three species by incorporating fear effects
on prey species in which middle and top-predators are being harvested. The positivity as well
as the boundedness of solutions of the proposed system are analyzed by using suitable differential
inequalities. We have shown analytically the existence of ecological stationary points and observed
that the proposed system has multiple co-existing stationary points. Furthermore, the local stability
analysis of each stationary point of the system is performed with the help of characteristic values
of the variational matrix.

It is numerically observed that in the case of two co-existing stationary points, one of them is
always a saddle, whereas the second one may change its stability through Hopf bifurcation. We
have obtained a periodic solution through Hopf bifurcation for the proposed model in the case
of a unique co-existing stationary point. A similar result can be produced in the case of multiple
co-existing stationary points.

The effects of fear and quadratic harvesting of middle and top-predators in a food-web model
are analyzed in detail. We observe chaotic behavior of the proposed system in absence of middle
predators’ fear, middle predators’ harvesting and top-predator harvesting for increasing values of
prey consumption by top-predators. To study the effects of fear on prey species and the harvesting
of middle and top-predators in the system, we have plotted the bifurcation diagrams with respect to
each of these parameters. From the bifurcation diagrams, we observe that increase in either of the
parameters middle predators’ fear, middle predators’ harvesting and top-predator harvesting can
control chaos. The combined effect of both fear and harvesting is also observed numerically, in
which more chaotic dynamics are obtained. In the case of multiple stationary points, the dynamics
becomes more complex in the form of saddle-node bifurcation and bifurcation of periodic solutions
in the future.
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