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Abstract

If a graph G admits integer cordial labeling, it is called an integer cordial graph. In this pa-
per we prove that Alternate m-triangular Snake graph, Quadrilateral Snake graph, Alternate m-
quadrilateral Snake graph, Pentagonal Snake graph, Alternate m-pentagonal Snake graph, Irregular
triangular Snake graph, Irregular quadrilateral Snake graph, and Irregular pentagonal Snake graphs
are integer cordial graphs.

Keywords: Integer cordial labelling; Alternate m-triangular snake graph; Irregular triangular
snake graph

MSC 2010 No.: 05C76, 05C78

1. Introduction

In the present work, we contemplate a finite graph which is connected and undirected. We refer
to a dynamic survey of graph labeling by Gallian (2020) for detailed survey on graph labeling.
Cabhit (1987) introduced the concept of cordial labeling and he proved that any graceful tree, any
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harmonius tree, ladder graph, or fan graph are cordial graphs. There are so many different labelings
like product cordial labeling, graceful labeling, harmonious labeling, integer cordial labeling, etc.

Nicholas and Maya (2016) introduced the concept of integer cordial labeling. They have investi-
gated that Cycle graph, Wheel graph, Star graph, Helm graph, and Closed Helm graphs are integer
cordial graphs; Complete bipartite graph with n vertices if and only if # is even; Complete graph
with n vertices is not integer cordial graph (Nicholas and Maya (2016)). Shah and Parmar (2019,
2020) have reported that Triangular snake graph, Double Triangular snake graph, Alternate triangu-
lar snake graph, m-Triangular snake graph, Quadrilateral snake graph, Double quadrilateral snake
graph, m-Quadrilateral snake graph, Pentagonal snake graph, Double pentagonal snake graph, m-
Pentagonal snake graph are integer cordial graph.

Sundaram et al. (2004) introduced product cordial labeling. A cycle graph with n vertices is product
cordial if and only if n is odd; a complete graph with n vertices is not product cordial if n is greater
than or equal to 4. All trees are product cordial graphs (Sundaram et al. (2004)). Sahaya Rani et
al. (2018) introduced the concept of product integer cordial labeling. Star graph, and path graph
are product integer cordial; Cycle graph with n vertices is product integer cordial if and only if n
is odd (Sahaya Rani et al. (2018)).

2. Main Results

Theorem 2.1.
The m-Alternate triangular snake graph m AT, is integer cordial graph form > 2 & n > 3.

Proof:

Consider uy, us, . . ., u, are n vertices of the path P, and joining wus; 1 and ug; via new vertex U§ ),

forl <¢< ("T’lw & 1 < k < m. So, the total number of vertices in mAT,, = p = m("T*l-‘ + n.
There are six different types related to the values of m and n.

Type 1: If m is even and n is odd, p is odd.

We introduce the function f : V — [ — |&], ..., [5]] as follows:

flw)=i-—"2 1 1<i<n,
f(UZ(k)):@'jL("*l)Llﬂ; 1<i<2l&1<k<m,wherek is odd,
f(vgkﬂ)):_[i-k%]; 1<i<2l &1 <Ek<m,wherek is odd.

Type 2: If m and n both are even, p is even.
We introduce the function f : V — [—Z, ..., 2]" as follows:
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FP) =4t g <

IN

5 & 1 < k < m, where k is odd,

f(vfkﬂ)):—[i—l—W]; 1<i<2&1<k<m,wherek is odd.

Type 3: If m is odd and n = 4¢ — 1, ¢ € N then p is even.
We introduce the function f : V — [—2, ..., 2]" as follows:

B .5
n+1 . n—1
1=y 1< < e
f(uZ): n—1 n—1 <
1 — 5 > T<Z_’I’L,
_ 3(n+l) ntl
f(v(l)):{ L
¢ n+1 n+1 n—1
i uE .
f(@“):—[ﬁ%}; 1 <i< 21 &1 <k <m,wherek is even,

f(v§k+1)) :@'4—%; 1 <i<2l&1 <k <m,wherek is even.

Type 4: If m is odd and n = 4¢, ¢t € N then p is even.
We introduce the function f : V' — [—2, ..., 2]" as follows:

2 ..., B
i—m2 1<i<
f(Uz)Z

N
22,2<z§n

wl:

f(vgk)):—[i—l—@]; 1 <i< 5 &1 <k <m,where k is even,
f(vgk+1)):¢+%; 1 <i<%&1<k<m,wherek is even.

Type 5: If mis odd and n = 4¢ + 1, ¢ € N then p is odd.
We introduce the function f : V — [ — |&], ..., [5]] as follows:

flw)=i="t; 1<i<n,

- 3n+1 . n—1
o) = A i S

pemly iz
f(vl(k)):_[i_FW]; 1 <i< 21 &1 <k <m,wherek is even,
f(v§k+1)):i+%; 1 <i< 21 &1 <k <m,wherek is even.

Type 6: If m is odd and n = 4¢ + 2, ¢ € N then p is odd.
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We introduce the function f : V' — [— ng, ey Lgﬂ as follows:

z—% ; §<z§n,
nt? . 1<i< 22
(o) = 0 i=r2
i+12 R
f(vgk)):—[i—i—W]; 1 <i<%&1<k<m,wherek is even,

f(UZ(kH)):iﬂLW? 1<i< % &1 <k <m,where kis even.

Table 1. Edge condition for mAT),

Sr. No. m n P Edge condition
. . _ (m+1)(n-1), _ (m+D)(n-1)
1 m is even n is odd pis odd ef(O) = —,ef(l) —
2 n is even piseven | e;(0) = L”(m“) “iep(1) = (”(mﬂ) S
3 n=4t—1,t € N | piseven m+1 _m+1
1 . W HTLicN pisodd| ¢(O=r e ()=t
m is odd -
5 n=4t,t € N pis even 0 n(m+1 1—"m+1) 1
6 n=4t+2,t€N | pisodd er(0)=[* 5= | e (1)=] |
So, we get !ef(()) - ef(1)| < 1in each case.
Hence, m-Alternate triangular snake graph m AT, is integer cordial. n
Theorem 2.2.
An alternate quadrilateral snake graph A(Q),, is integer cordial graph, for n > 3.
Proof:
Consider uy, us, . .., u, are n vertices of the path P, and joining us; 1 and wuy; via new vertices
ol and ol}), for 1 < i < |2]. So, the total number of vertices in AQ,, =p =2n — 1 or 2n, if n

is odd or n is even, respectively.
There are two different types related to the values of n.

Type 1: If n is odd, p is also odd.
We introduce the function f : V' — [— L%”J - Lgﬂ as follows:

flw)=i-"%; 1<i<n,

https://digitalcommons.pvamu.edu/aam/vol17/iss3/5
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Type 2: If n is even, p is also even.
We introduce the function f : V' — [—g, ey g] " as follows:

i 1<i<n
f<uz->={‘ |
i—(

Table 2. Edge condition for AQn

Sr. No. n D Edge condition
1 nisodd | pisodd ef(()) = L@J; 6f(1) = (5(";1“
; =

(0) = [ ] e, (1) = [

2 niseven | piseven | e

So, we get |e;(0) — ef(1)| < 1in each case.
Hence, Alternate quadrilateral snake graph AQ),, is integer cordial. n

Theorem 2.3.

The m-Alternate quadrilateral snake graph mAQ),, is integer cordial graph, form > 2 & n > 3.

Proof:

Consider uy, us, ..., u, are n vertices of the path P, and joining us; 1 and wuy; via new vertices
vgﬁl and vé’;), forl << L%J & 1 < k < m. So, the total number of vertices in mAQ,, = p =
n(m + 1) —morn(m + 1), if n is odd or n is even, respectively.

There are four different types related to the values of m and n.

Type 1: If m is even and n is odd, p is odd.
We introduce the function f : V — [ — | 2], ..., | 2]] as follows:

flu)=i—" 5 1<i<n,

FP)y =i+ 1 << (n—1) &1 <k < m, where k is odd,

f(vlgkﬂ)):—[i—l—@}; 1<i<(n—1)&1<k<m,where k is odd.

Type 2: If m and n both are even, p is even.
We introduce the function f : V' — [—g, ey g] " as follows:
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f(vz(k)):@'jL%”; 1<i1<n&l <k < m,where kis odd,

f(UZ(k-i-l)) =—li+%]; 1<i<n&1<k<m,wherek is odd.

Type 3: If m and n are odd, p is odd.
We introduce the function f : V — [ — | 2], ..., | 2]] as follows:

flu) =i—"F5 1<i<n,
z§—1

Ty =<
f(vgk)):—[iJr@]; 1<i<(n—1)&1<k<m,where k is even,
f(v§k+1)):i+M”T_l); 1<i<(n—1)&1<k<m,where k is even.

Type 4: If m is odd and n is even, p is even.

We introduce the function f : V — [—2, ..., 2]" as follows:

/) 1<i<2
g ’ - — 27
1y [—it+m+1); 1<i<3,
f(UZ) { i 3n2+2 : g<1§n,
f(Uzk)):—[Z‘i‘kﬂ, 1<i<né&l<Ek<m,where k is even

f(vgkﬂ)) :H—%”; 1 <1 <n&l<k<m,where k is even.

Table 3. Edge condition for mAQn,

Sr. No. m n D Edge condition
U e Namso| Misodd [ pisodd | ep(0) =[S ] ep (1) = [
2 niseven | piseven | e;(0) = [ME= e (1) = [HEmER2

So, we get |e;(0) — e(1)| < 1in each case.

Hence, m-Alternate quadrilateral snake graph mAQ,, is integer cordial.

https://digitalcommons.pvamu.edu/aam/vol17/iss3/5
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Theorem 2.4.

An alternate pentagonal snake graph AP.S,, is integer cordial graph, for n > 3.

Proof:

Consider wuq, us, ..., u, are n vertices of the path P, and joining wuy; 1 and wuy; to new vertices

vg) 95 vg) , and vé ), forl <i< L J So, the total number of vertices in APS,, = p = 5" 3 or 5—"
if n is odd or n is even, respectively.

There are four different types related to the values of n.

Type 1: If n = 4t — 1, ¢t € N then p is even.
We introduce the function f : V' — [ -5 g] " as follows:

_[imms lsi<rs,
f(ul)_ y ’Vl_+1. nl <
o =

- 5nd4l . ; 3n—1

1= 1< <y |
n—3 . 3n—1 . 3(n—1
T T Sist—

Type 2: If n = 4t 4+ 1, t € N then p is odd.

We introduce the function f : V' — [— ng ey Lgﬂ as follows:

flu)=i-m1 5 1<i<n,
5n—1 3(n—1)
f(“zgl)) - {Z ni ’ i(ill)ﬂ ! 3(’7171)
L= T <1s T

Type 3: If n = 4¢, t € N then p is even.
We introduce the function f : V — [ — 2, ..., 2]" as follows:

;. nt2 . <j<n
)= LT
i " no<
1 D) N D) =N,
; Sn+4 . n
f(U(l)): (i 1 1 SIJ
z i—§ s A<isR

Type 4: If n = 4¢ + 2, ¢t € N then p is odd.
We introduce the function f : V — [ — |&], ..., [5]] as follows:

OR

IA

-~
|
|3
ST
N
IAIA
S
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?: _ 5n:2 : 1 S 'l < 3n4+2’
1y _ . . 3n42
f(vi ) - 0 ’ 1= 4
s n42 . 3n+2 : 3n
[l el = <1 < 5 -

Table 4. Edge condition for APSy,

Sr. No. n D Edge condition
1 n=4t—1,t € N | piseven 31y | 31
n=4t+1,t € N| pisodd er(0) = =575 er(1) = =3

2
3 n=4t,t € N | piseven Caeet] . B 3“%
4 |n=4t+2teN| pisodd ef(o)‘{ 2 J’ef(l)—[ 5

So, we get |ef(0) — e(1)| < 1 in each case.
Hence, Alternate pentagonal snake graph APS,, is integer cordial. n

Theorem 2.5.

The m-Alternate pentagonal snake graph mAPS,, is integer cordial graph, for m > 2 & n > 3.

Proof:

Consider wuq, us, ..., u, are n vertices of the path P, and joining wuy; 1 and wuy; to new vertices

'Ugfg, vélf)_l and vgf), forl <i< |2| &1 <k < m. So, the total number of vertices in mAPS,, =

 (n=1)(3m42)+2 __ n(3m+2)
b= 2 2

or ,1f n is odd or n is even, respectively.

There are six different types related to the values of m & n.

Type 1: If m is even and n is odd, p is odd.

We introduce the function f : V — [ — |&], ..., [5]] as follows:

flw)=i-m2; 1<i<n,

f(v(k)) :i+("71)4ﬁ; 1<i<3D &1 <k <m,where k is odd,

]

f(v(k+1)) _ _[iJr (n71)1(13k71)i| L1 < 3(n—1)

2

IN

& 1 < k < m, where k is odd.

Type 2: If m and n both are even, p is also even.

We introduce the function f : V' — [ -5, g] " as follows:

n+2 .

f(ui)Z{Z:_ >

. n
SZ 92

n . ;

i—5 <1<n,

oS =
IA A

f(vgk)):i+”(%_l); 1<i<3 &1 <k <m,wherek is odd,

f(vgkﬂ)):—[i—f—@]; 1<i< 3 &1 <k <m,wherek is odd.

https://digitalcommons.pvamu.edu/aam/vol17/iss3/5
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Type 3: If misoddand n = 4t — 1,¢ € N, p is even.
We introduce the function f : V — [ — 2, ..., 2]" as follows:

_5’...75

f(u) i—tP 1<d<
U;) =4 . .

jot ecidn

- bndl . ; 3n—5
f(vzm):{ll nf?).’ inilg- 43(771*1)

LT T StsTE
f(vfk)):—[i—l—w}; 1<i< 22U &1 <k <m, where k is even,
f(v§k+1)) = NEDR2 0 <y < 3 & 1 < | <, where  is even.

Type 4: [f mis odd and n = 4¢,t € N, p is even.

We introduce the function f : V — [— LI g]* as follows:

f( ) i HTH ;o 1<i<g
u;) =
! ] ;5 <i<n

I
I

f(v,gk)):—[’i—l-%]; 1§z’§37”&1§k§m,wherekiseven,

f(vz(kﬂ)):i‘FW; 1 <i<3&1<k<m,wherek is even.

Type S: If misoddandn =4t + 1,t € N, pis odd.

We introduce the function f : V' — [— ng, ey Lgﬂ as follows:

flu) =i—"; 1<i<n,

F(o) {Z << e
v =
i . n—1 3(n—1) 3(n—1)
1 — T ’ <1 S 2 )
f(UZk)) _ [2 + (nfl)(3k*1)} 1<i< 3("2*1) & 1 < k < m, where k is even,

—

f(vz(kﬂ)) = D o < < 3D & 1 <k < m, where  is even.

Type 6: If misodd andn = 4t + 2,t € N, p is odd.

We introduce the function f : V' — [— ng ey Lgﬂ as follows:

n+2 .

f(us) = {2:_ >

<7
Ul <1

SIS

oS =
IA A
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7 — 5n;—2 . 1 S i < 3712—27
f(vz(l)) _ 0 i = 3nz-27

p-mE; w2
f(vfk)) = —[H—W] ; 1<i<2&1<k<m,wherek is even,
f( (Hl)) +w; 1§i§37”&1§k§m,wherekiseven.

Table 5. Edge condition for mAP.Sy,
Sr. No. m n D Edge condition
. . (2m+1)(n 1). _ Cm+1D)(n-1)

1 1 is ever n is odd pisodd | e;(0) = S ep (1) = S
2 n is even piseven | ¢;(0) = LMJ sep(l) = (%W
3 n=4t—-1,t€ N | piseven (2m+41)(n—1)
4 m is odd n=4t+1,te N | pisodd ef( f(l)_ 2
5 n=4t,te N p is even (0) L(2m+1 n— 1)J (1) _ "(2m+l)(n—l)"
6 n=4t+2,te N | pisodd ANV 2

So, we get |ef(0) — ef(1)| < 1 in each case.

Hence, m-Alternate pentagonal snake graph mAPS,, is integer cordial.

Theorem 2.6.

Irregular triangular snake graph /7, is integer cordial graph, for n > 4.

Proof:

Consider uq, us, . . .,
vi(l),forl <i<(n-—

There are two different types for the values of n.

Type 1: If n is odd, p is even.
We introduce the function f : V — [ =2, ..

() —i o 1<i<nE
Uu =
' - <<,

Type 2: If n is even, p is also even.
We introduce the function f : V' — [— B

[N14S]

https://digitalcommons.pvamu.edu/aam/vol17/iss3/5

2). So, the total number of vertices in I7,, = p

2] " as follows:

] * as follows:

u, are the n vertices of the path P, and joining u; and u;, - to a new vertex
=2(n—1).

10



Shah and Parmar: (S110-089) Integer Cordial Labeling of Alternate Snake Graph And

AAM: Special Issue No. 10 (October 2022) 69
i — n+2 : 1<i<
fu)=4' 20 T
t—5 5 5<i<mn,
. n—2
f(v(l)): t—=n, 1§21§Tv
(2 . — .
i+1; = <i<(n-2)
Table 6. Edge condition for I7),
Sr. No. n D Edge condition
1 n is odd

3 —even piseven | e;(0) = [252];e4(1) = [222]

So, we get |ef(0) — ef(1)| < 11in each case.
Hence, Irregular triangular snake graph /7, is integer cordial. n
Theorem 2.7.

Irregular quadrilateral snake graph /@), is integer cordial graph, for n > 4.

Proof:

Consider uq, us, .. ., u, are the n vertices of the path P, and joining u; and ;.5 to a new vertices

vép_l and vg), for 1 <i < (n — 2). So, the total number of vertices in /(),, = p = 3n — 4.

There are two different types for the values of n.

Type 1: If n is odd, p is also odd.
We introduce the function f : V' — [— ng, ceey Lgﬂ as follows:

flu) =i—"s 1<i<n,

Type 2: If n is even, p is also even.
We introduce the function f : V — [— B

_ n+2. :
f(u): Z_nT’ ]-S/ngv
! ] ;5 <i<n,

o) -{iE S

14
*

o
7]
=
o
—
=
o]
3
z

2) <i<2n—2).

So, we get |ef(0) — e(1)| < 1 in each case.

Published by Digital Commons @PVAMU, 2022
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Table 7. Edge condition for IQ»,

Sr. No. n D Edge condition

1 nisodd | pisodd  lan7].  rant
2 nis even | p is even er(0) = |5 Jier (1) = [*57]

Hence, Irregular quadrilateral snake graph /@), is integer cordial. n

Theorem 2.8.

Irregular pentagonal snake graph I P.S,, is integer cordial graph, for n > 4.

Proof:

Consider uy, us, . . ., u, are the n vertices of the path P, and joining u; and ;. » to the new vertices
USZQ,USEI and vé?, for 1 < i < (n—2). So, the total number of vertices in IPS, = p =

2(2n — 3).
There are two different types for the values of n.

Type 1: If n is odd, p is even.

We introduce the function f : V — [ — 2, ..., 2]" as follows:

Type 2: If n is even, p is also even.

We introduce the function f : V — [ — 2, ..., 2] " as follows:

- n+2 <G LN
=i s
i—% ; %<i§n,
. . 3(n-2)
py =g s s ET T
i—(n—3); =52 <i<3(n-—-2).

Table 8. Edge condition for I P.Sy,

Sr. No. n D Edge condition

1 n is odd . — e
2 niseven | V15N er(0) = {¥J;€f(1) - [5 2 ﬂ

So, we get |ef(0) — e(1)| < 1 in each case.

https://digitalcommons.pvamu.edu/aam/vol17/iss3/5
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Hence, Irregular pentagonal snake graph [ PS,, is integer cordial. n

3. Conclusion

This paper concluded that m-Alternate triangular snake graph, Alternate quadrilateral snake graph,
m-Alternate quadrilateral snake graph, Alternate pentagonal snake graph, m-Alternate pentagonal
snake graph, Irregular triangular snake graph, Irregular quadrilateral snake graph, and Irregular
pentagonal snake graph are integer cordial graphs.
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