Statistical Inference for Stochastic Processes (2022) 25:127-158
https://doi.org/10.1007/5s11203-021-09241-9

®

Check for
updates

Adaptive efficient analysis for big data ergodic diffusion
models

Leonid I. Galtchouk® - Serge M. Pergamenshchikov®3

Received: 25 May 2020 / Accepted: 10 March 2021 / Published online: 27 March 2021
© The Author(s), under exclusive licence to Springer Nature B.V. 2021

Abstract

We consider drift estimation problems for high dimension ergodic diffusion processes in
nonparametric setting based on observations at discrete fixed time moments in the case when
diffusion coefficients are unknown. To this end on the basis of sequential analysis methods
we develop model selection procedures, for which we show non asymptotic sharp oracle
inequalities. Through the obtained inequalities we show that the constructed model selection
procedures are asymptotically efficient in adaptive setting, i.e. in the case when the model
regularity is unknown. For the first time for such problem, we found in the explicit form the
celebrated Pinsker constant which provides the sharp lower bound for the minimax squared
accuracy normalized with the optimal convergence rate. Then we show that the asymptotic
quadratic risk for the model selection procedure asymptotically coincides with the obtained
lower bound, i.e this means that the constructed procedure is efficient. Finally, on the basis
of the constructed model selection procedures in the framework of the big data models
we provide the efficient estimation without using the parameter dimension or any sparse
conditions.
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1 Introduction
1.1 Problem

In this paper we consider the high dimensional diffusion model introduced in Fujimori (2019),
i.e. we study the diffusion process defined as

q
dy, = | Yo + D_Bj¥; ) | dt + b(y)dW,, 0<t<T, (1.1)
Jj=1

where (¥ j)Os j<q are known linearly independent functions, (W,);>¢ is a standard Wiener
process, (8 j)l <j<q are unknown parameters and b(-) is unknown diffusion coefficient. It is
assumed that observations are accessible only at the discrete time moments

O <jzns 1 =8, (1.2)

where the frequency § = 87 € (0, 1) and the sample size N = N(T) are some functions of
T that will be specified later and such that 67 — 0, N(T) — 400 as T — oo. We study the
model (1.1) in big data setting (see, for example, Fujimori 2019; De Gregorio and Iacus 2012;
Galtchouk and Pergamenshchikov 2019), i.e. in the case when the parameter dimension is
greater than the number of observations, i.e. ¢ > N. We remind, that for such model usually
one uses the LASSO algorithm or Dantzig selector (see, for example, Hastie et al. 2009).
But these methods can not be used if the the parameter dimension ¢ is unknown or equals to
+o00. By this reason in this paper, similarly to Galtchouk and Pergamenshchikov (2019), we
study the model (1.1) in nonparametric setting, i.e.

dy, = S(y)dt + b(y,)dW,, 0<t<T. (1.3)

The problem is to estimate the function S(-) on the basis of the observations (1.2). Indeed, such
problems are important at various applications such that signal processing (Kutoyants 1977,
1984a,b; Bayisa et al. 2019), stochastic optimal control (Kabanov and Pergamenshchikov
2003), finance (Lamberton and Lapeyre 1996; Karatzas and Shreve 1998b) and etc. We
consider the quadratic risk defined, for any estimator §, as

-~ —~ X1
Ry(S) =Ey IS —SI* and |fI* = / |f ()7 dx, (14)
Xp
where E; is the expectation with respect to the distribution of the process (1.3) for the
functions ¥ = ¥ (-) = (S(-), b(-)) and X, < X; are some fixed points.

1.2 Motivations

Nonparametric estimation problems for S were studied in a number of papers in the case
of complete observations, that is when the whole trajectory (y,)g<,~r Was observed. A
sufficiently complete survey one can find, for example, in Kutoyants (2003). It should be noted
that, for the first time, the famous Pinsker constant representing the asymptotic efficiency
property for nonparametric diffusion models was found by Dalalyan and Kutoyants (2002);
Dalalyan (2005) for a special weighted integral risk using very nice local time tool. In non
asymptotic setting Galtchouk and Pergamenshchikov (2001, 2004, 2005, 2006) developed
nonparametric sequential estimation methods for the models (1.3) on the basis of which in
Galtchouk and Pergamenshchikov (2011) they calculated the Pinsker constant for the risk
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(1.4). It should be noted that in all the cited papers the estimation problems were studied in the
case of complete observations. In practice, usually for the models (1.3), the observations are
accessible only at the discrete time moments (1.2). A natural question arises about properties
of estimators based on discrete observations. In such setting estimation problems for models
of the form (1.3) were considered firstly for estimating the unknown diffusion coefficient
b(-) on a fixed time interval, when the observation frequency goes to zero, (see, for example,
Florens-Zmirou 1993; Jacod 2000 and the references therein). Later, in Gobet et al. (2004)
kernel estimates for the drift and diffusion coefficients were studied for the reflected processes
(1.3) with the values in the interval [0, 1]. Minimax optimal convergence rates are found as
the sample size goes to infinity. As to the ergodic case, it should be noted that firstly sequential
procedures were proposed in Hoffmann (1999) for nonparametric drift estimation problems
of the process (1.3) in an integral metric. Some upper and lower asymptotic bounds were
found for the L, - risks. Later, in the paper Comte et al. (2009) a non-asymptotic oracle
inequality was obtained for a special empiric quadratic risk defined as a function of the
observations at the discrete time moments. In the asymptotic setting, when the observation
frequency goes to zero and the length of the observation time interval tends to infinity, the
constructed estimators reach the minimax optimal convergence rates. Unfortunately, in all
these papers, the efficiency property is not studied for estimation procedures on incomplete
observations.

1.3 Key ideas

Our approach is based on the sequential analysis methods developed in the papers Galtchouk
and Pergamenshchikov (2001, 2005, 2006) for nonparametric estimation problems. This
approach makes possible to replace the random denominator by a conditional constant in a
sequential Nadaraya—Watson estimator. Let us recall that in the case of complete observa-
tions the sequential estimator efficiency was proved by making use of a uniform concentration
inequality (see Galtchouk and Pergamenshchikov 2007), besides an indicator kernel estima-
tor. As it turns out later in Galtchouk and Pergamenshchikov (2011), the efficient kernel
estimate in the above given sense provides constructing a selection model adaptive proce-
dure that appears efficient in the quadratic metric. Therefore, in order to realize this program
(i.e. from efficient pointwise estimators to an efficient L, - estimator) in the case of discrete
time observations, one needs to use suitable concentration inequalities. Such concentration
inequalities are obtained in Galtchouk and Pergamenshchikov (2013) through the uniform
geometric ergodicity method for the process (1.3) developed in Galtchouk and Pergamen-
shchikov (2014) which provides uniformly over functions S(-) and b(-) non asymptotic uppers
bounds for the convergence rate in the ergodic theorem. Using this tool we can show that the
corresponding weighted least square estimator for S in (1.3) setting on the regularity param-
eters is efficient for the risk (1.4) in the Pinsker sense (Pinsker 1981). Finally, using sharp
oracle inequalities, we can estimate from above the risk of the model selection procedure
with the risk of effective estimation and obtain the efficiency property in the adaptive sense,
i.e. without using regularity properties of the function S.

1.4 Organization of the paper
The paper is organized as follows. In Sect. 2 we represent the truncated sequential point wise

method and we announce main conditions. In Sect. 3 through the above sequential estimators
we pass to a nonparametric regression model. In Sect. 4 we construct the model selection
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procedure. The main results are collected in Sect. 5. In Sect. 6 we study main properties of
the basic regression model needed to obtain oracle inequalities. In Sect. 7 we find a sharp
upper bound for the asymptotic risks, i.e. we calculate the Pinsker constant. In Sect. 8 we
prove all main results. In Conclusion we summarize all main contributions of this paper. In
“Appendix” we postpone all necessary technical results.

2 Truncated sequential estimation method

First of all we describe the sequential method for the model (1.3). Note that in the complete
observations case the kernel estimation has the following form

T =2
f 0 Q (y h ) dy t

T v,—z ’
fy e ()
where Q is a kernel, i.e. a function such that Q(x) = O for |[x| > 1,and A, h > 0, is a
bandwidth. As we see in this case the estimator is non linear function of the observations
(¥ )o<r<r and, therefore, it cannot be studied in non asymptotic setting, i.e. for a fixed finite
T. By these reasons Galtchouk and Pergamenshchikov (2004) proposed some sequential

version for this estimator in which the main idea is to transform the random denominator
into a non random constant H > 0, i.e.

Sp(2) = 2.1

Jom 0 (M) av,

STH (2) = T , (2.2)
where the observations duration is defined by the following stopping time
t y, —z
tH(z):inf{tzO: / Q(”T>dqu}. (2.3)
0

It is clear, that to apply this method the stopping time (2.3) must be finite almost surely. To
do this, one needs to assume some conditions under which the process (1.3) returns to any
vicinity of the point z € [X;, X;] infinite times. A natural condition which provides such
properties is the ergodicity. Moreover, in order to develop minimax estimation methods, we
need a uniform ergodicity property with respect to S over some functional class. To do this
we use the functional class introduced in Galtchouk and Pergamenshchikov (2015), i.e. for
some fixed L > 1, M > O and x,, > |X,| + [x;] we set

Sm=15€C®) : sup (IS +IS@)]) =M,

[x]=<x,

—L < inf S(x) < sup S(x) < —l/L}. (2.4)

el=x, x|>x,

Here and in the sequel we denote by f and f the corresponding derivatives. Note, that (see,
for example, Galtchouk 1978) for any S from ¥y y; the Eq. (1.3) with a lipschitz diffusion
function b has a unique strong solution and, moreover, it is ergodic with the ergodic density
defined as

_ -1 _
qy(x) = ( / b72(z) eS(Z)dz> b2 (x) 5™, (2.5)
R
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where g(x) =2 f(f b~2(v)S(v)dv and ¥ = (S, b) (see, for example, Gihman and Skorohod
1968, Ch.4, 18, Th2). On the basis of this density in Galtchouk and Pergamenshchikov
(20006) for the estimation problems of the functions S from the class (2.4) it was proposed the
truncated sequential procedure, in which the stopping time (2.3) is replaced by the t; A T.
Obviously, that to obtain an asymptotic efficient estimation one needs to use all observations
on the time interval [0, T], i.e. asymptotically 7,; &~ T as T — oo. Moreover, as it is
shown in Galtchouk and Pergamenshchikov (2011) to obtain the efficiency with respect to
the quadratic risk (1.4) one needs to choose the kernel Q as the indicator function, i.e.

00y = 1Lyy<yy- (2.6)

Using the uniform geometric ergodicity property developed in Galtchouk and Pergamen-
shchikov (2014) one can show that asymptotically, as H — oo and h — 0,

H _H
hay @) [1 Quydu — 2h4y ()

Ty(2) & 2.7

i.e. to obtain the asymptotic coincidence of the rule (2.3) with 7' one needs to choose the
threshold H as

H ~ 2Thqy(z). (2.8)

It is clear, that this is impossible, because the ergodic density q, is unknown. Therefore,
firstly on the basis of observations (y,)o<,<7, With Ty < T we need to estimate the density
q, and then we use this estimator in (2.8) to choose the threshold H and, finally, we estimate
the function S(z) on the basis of the observations (y,)7,<,<r- In the case of complete
observations, this program was realized in Galtchouk and Pergamenshchikov (2011). In the
discrete data case, using the method developed in Galtchouk and Pergamenshchikov (2015)
we transform the sequential procedure from Galtchouk and Pergamenshchikov (2011) by the
following way. First, to estimate the ergodic density we will use the first N, observations
defined as

Ny =[N"(T)] and 5/6 <y <1, (2.9)
where [x] is the integer part of x. Later, in Remark 4.1 we will explain this choice.
To estimate the density q, we will use the following kernel estimator
1
qk) = TN ]Z_; x; (@ ho), (2.10)

where hy = ho(T) = Ty '/*, T, = 8N, and

yrjfl_z
Xj(Z,h):Q T .

We recall, that Q is the indicator defined in (2.6). Furthermore, note that to study the stopping
time we need to divide the threshold H in (2.7) by the estimator of the density (2.10) which
generally speaking may be very small. To avoid this situation we modify the estimator (2.10)
as

(w2, if G2) < (up)V/?
q(z) = @), if (vp? <q@) < )V 2.11)
(Ur)il/za if g(z) > (UT)il/z,
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where vy is a positive function of T' going to zero as T — oo.
Then to estimate the function S(z) we use the observations (y, ) No+1<j<N" To use all this
; <j<

observations in the sequential procedure we will choose the threshold H such that the obser-
vations duration in the sequential procedure will be asymptotically less than N — N, i.e.
7 < N — N, and, moreover, 7/(N — Ny) — 1 as T — oo. To do this we set

H(z) = h(N — Ny)(2§(z) — vyp) and h=T""2 (2.12)

Note, that this threshold is f,N - measurable, where F, = o{y;, 0 < u < t}. Therefore, we
0
can use it to define the following stopping time
!

t@) =inf {1 =No+1: Y F@h) =HGE7, (2.13)
j=Ny+1
where )7,‘ (z,h) = Xj (z, h)l{j<N} + H(z)l{ij}. Note, that this stopping time 7(z) < N a.s.
Now we need to define the correction coefficient 0 < s(z) < 1 as

(z)—1
D K@)+ DX (2 h) = H(). (2.14)
j=Ny+1

Finally, we define the sequential estimator for S(z) as

7(2)
> JE@T D0, =y

J=Ny+1

§*(2) = )| 1re)- (2.15)

1

8H(2)

where I'(z) = {t(z) < N} and %j (2) = 1{j<t(z)} + “/%(Z)l{jzr(z)}' Using here the model
(1.3) we can represent this estimator on I'(z) as

. b(z)
50 = 50 + 810 + 80 + e <E Q). (2.16)
where
1 7(2) tj
B@= s Y ‘/%j(z);‘(j(z,h)/ SO, du — $(2),
@ J=No+1 fj-1
1 7(2) tj
0O = s Y H@TED [ 60 - benaw,
) Jj=Ny+1 i1
and

7(2)

] ~ ~
VSH(z) 2 \/%Xj(z,h) Wy, =W, _). (2.17)
7 j=Ngtl

£(z) =

To construct the model selection procedure we need to estimate the diffusion coefficient b2(2)
for x, < z < x;. For this we will use the following truncated sequential procedure. First, we
define the corresponding stopping time as

J
ty(x) =inf {j > 1:> x(z ho) = Hy ANy, (2.18)
=1
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where Hy = hgN,/In(T + 1). Then we set

to(2)
YIS kG ho) v, =y, )
8 H,

b(z) = | (2.19)
where ' (z) = {ty < N,}. By the similar reasons as in (2.12) we choose the threshold H, so
that the stopping time (2.18) will be less that N asymptotically as T — oo. If b(z) is known,
we set b(z) = b(2).

Note that we consider the efficient estimation problem only for the drift function S, i.e. the
diffusion coefficient b is considered as a nuisance parameter for which we assume that it is
two time continuously differentiable such that

0<b,, (2.20)

n max>

< inf [b(x)| < sup max (|b(x)], [6x)], [b(x)[]) < b
xeR xeR

where b,,,;,, and b
we set

max are some fixed constants. Denoting by 5 the class of such functions,

O=S, qxB={(S.b): SeZy and beB}. (2.21)
Note, that the functions from Xy, \; are uniformly bounded on [x,, x;], i.e.

*

sT= sup  sup $2(x) < oo. (2.22)

X)<X<X; SEX|
Moreover, it should be noted also, that

0<q,= inf inf q4(x) <sup supqy(x) =q* < +oo. (2.23)
lx|=x, V€O xeR ¥€O
To use the concentration inequalities from Galtchouk and Pergamenshchikov (2013) we need
the following conditions.
A) The frequency & in the observations (1.2) has the following form

1
§=8=——, 2.24
"= (T +niy 229
where the function ly is such that,
l
lim — = 4o0. (2.25)
T—oolnT
For example, one can take /; = (In T)H'“ for some a > 0.
A,) Assume, that
i n InT n InT 0 (2.26)
im (v =0. .
T—oo \ 1 " T(p)? ' Iy (up)

For example, one can take v = In"?(7 + 1) and [, > In!t%2 T for some a > 0.

Remark 2.1 Tt should be noted the choice of the bandwidth /4 in (2.12) is due to the following
reasons. According to the method developed in Galtchouk and Pergamenshchikov (2011) to
provide an efficient sequential estimation one needs to choose the bandwidth % as small as
possible, but to use the concentration inequalities from Galtchouk and Pergamenshchikov

(2013) the bandwidth must be greater than 7 ~!/2. Therefore, there is only one way & =
-1,
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Remark 2.2 1t should be noted that the conditions A|)-A,) provide an efficient point wise
estimation developed in Galtchouk and Pergamenshchikov (2015) for N(T) ~ Tle as
T — oo. In this paper, similarly to the complete observations case considered in Galtchouk
and Pergamenshchikov (2011), to construct model selection procedures on the observations
(1.2) we will use efficient point wise sequential estimators (2.15).

3 Regression model

To obtain an efficient estimator of the function S on the interval [x, X;], similarly to
Galtchouk and Pergamenshchikov (2011), we will use the point wise sequential estimators
(2.15) at the points (z; )<k <, defined as

kx
Zk=x0+;, X = X; — X, 3.1

where n = n(T) is an odd integer-valued function of T such that

T
~on and  tim "D
T—oo /T

For example, we can take, n(7T) = 2[\/732/4] — 1.
To develop model selection methods we shall pass to a regression model by the same way
as in Galtchouk and Pergamenshchikov (2011), i.e we set

(3.2)

S | MA<

G, =M_ T() and ¥, =S 1, . 3.3)

where the set I'(z) and the estimators $*(z) are defined in (2.12) and (2.15). Using the form
(2.16) we obtain on the set G, the following regression model

Y = S(z) + g +oréy. op =b(z)//8Hy, (3.4)

where g, = g,(z;) + 8, (21), & = &(z;) and H;, = H(z;) is defined in (2.12).
Firstnote that, Proposition 4.5 from Galtchouk and Pergamenshchikov (2015) directly implies
the following property.

Proposition 3.1 For any a > 0, under the conditions A|)-A,)

lim 7 sup Py(G) = 0. (3.5)
T—o0 Ve®

Concerning the random variables (§;);<,, we can show the following property.

Proposition 3.2 The random variables (§;),<x<, are N(0, 1) i.i.d. conditionally to G, =

ffzvo’ where F; = o{y,, 0 <u <t}.

Proof Note, that 1, 1s a stopping time for the filtration (¥, )o<,<7. Therefore, & can be
represented as

. N
%
& = / V@AW, W = D0 Vialp e

No J=No+1
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3
where ¥ , = /5;(2) X (2> h)//8 Hy.. Note here, that f,};ﬁ W2 (u)du = 1 and, moreover,
the first condition in (3.2) yields, that for k # [

IT
B, (5619) =B, | [ www g, | =o.
[NO

Thus, the time-changed Brownian motion property (see, for example, Karatzas and Shreve
1998a, p. 174) implies this Proposition. O

Now we set

gr =T max sug E, gilG*. (3.6)

I<k=<n y¢

Proposition 3.3 For any a > 0, under the conditions A|)-A,)

lim T %gk =0. 3.7
Timm Br 3-7)

We estimate the parameter Ul2 as
G, = b/(8H)). (3.8)

where 31 =D(z 1) is defined in (2.19). Note that the coefficients (o) | <, ,, are random variables
such that

0p.« < min 012 < max 012 <0y 0 3.9
’ 1<i<n 1<i<n ’
where
o — UTbmin and o — bmax
0% = SN L# ™ U 8(N — Noh

Now, we need to study the properties of the estimator (3.8). To this end we set

@i =n max E, 6, — ofl. (3.10)
Proposition 3.4 If the conditions A|)-A,) hold, then for any a > 0,
lim 77" =0. (3.11)

T—o00

Propositions 3.3 - 3.4 are shown in “Appendix A.2”.

Remark 3.1 Tt should be noted that the obtained regression model (3.4) differs from the
models considered before in the papers Galtchouk and Pergamenshchikov (2009a, b, 2011).
More precisely, in Galtchouk and Pergamenshchikov (2009a, b) it is studied the model (3.4)
with the unknown variances oy, but without drift coefficients, i.e. g, = 0, in Galtchouk
and Pergamenshchikov (2011) the coefficients o; are known, but the there are non zero drift
coefficients g;. In this paper we need to study the more general regression model (3.4) in
which the variances are unknown and there are non zero drift coefficients g;, i.e. we can’t
use the methods of those papers.
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4 Model selection

First we choose a basis (¢j)/'zl in £,[X(, X;] such that, forany 1 <1i, j <n,

v~ n

(b1, D)y = %Zdn (@) = L)) @.1)

=1
One can take the trigonometric basis defined as ¢ (x) = 1/ Vx and, for j > 2,
2 | cos2m[j/2]1y(x)) foreven j;
¢;(x) = \ﬁ o ) 4.2)
X | sinQ2n[j/2]ly(x)) forodd j,

where 1j(x) = (x — xy)/X. Note that if n is odd, then this basis is orthonormal for the
empirical inner product, i.e. satisfies the property (4.1). In the sequel, we will denote by || - ||,
the norm corresponding to the scalar product (4.1). To estimate S we use the discrete Fourier
expansion on the sieve (3.1), i.e.

IA

Sz =) 0;,6,@), 1<k<n, (4.3)
j=1

where

Gj,n = (S, ¢])n = EZS(Z[)¢](ZZ)
=1

Moreover, using the regression model (3.4) we estimate these coefficients as

v n
~ X
ej,n = (Y5 ¢/)n = ; Z Y[¢j(Z1). (44)
=1
By the model (3.4), we obtain on the set G,
5 X
ej,n = 9,/’,11 + {j,n’ {j,n = g(,‘,n + ;sj.n’ (45)

where
i n i n
Ej,n = ; Zalfl(pj(zl)a gj,n = ; Zg[¢j(zl)
=1 =1

According to the model selection approach proposed in Galtchouk and Pergamenshchikov
(2011), we estimate the values S(z;) by the weighted least squares estimators

n
S =Y M ,¢;).  1<k<n, (4.6)
j=1
where the weight vector A = (A(1), ..., A(n))’ belongs to some finite set A from [0, 1]" and

)/ denotes the transpose of A. We denote by v the cardinal number of the set A, v = card(A),
which is a function of T, i.e. v = v;. Moreover, we need the following norm of the set A

n
A, = j .
L =max Y (), (4.7)
j=1
which can be a function of 7', i.e. A, = A (T).
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We need the following condition.
A3) Foranya > 0,

AT
lim *L =0 and lim (D _

T—oo T T—oo T1/34+a (4.8)

Remark 4.1 Note that, the property (3.11) and the condition for y in (2.9) imply that under
the condition Aj3) the term w7 A, — 0as T — oo. This is one of the basic properties used
in the proof of Theorem 5.1.

To estimate the function S on the interval [X, X; ], we use the step-function approximation,
ie.,

A/S'\)L(X) = ZTS‘\A(ZZ)I{Z[_1<X§Z]}’ X € [Xo, Xl] (49)
=1

Now one needs to choose a cost function in order to define an optimal weight A € A. A best
candidate for the cost function should be the empirical squared error given by the relation

Err, (1) = [IS;, — S|I> — min.
In our case, the empirical squared error is equal to
n n n
Err, (1) = ) )\Z(j)gin =23 A8, 0, + Ze}%n. (4.10)
j=1 j=1 j=1

Since coefficients 6 j.n are unknown, we need to replace the term 6 in 0 in by some estimator
which we choose as

v v~ n

~ ~ X —~ X ~ 2
Ojn =05, — T and 0, = - Z 0$; (), (4.11)
=1

where @) is the estimator for 012 defined in (3.8). Note that if the diffusion is known, then we
take in (4.11) aj,,, =o0;,and

v n

%jn = %Z o5 (). (4.12)

=1

It is clear that the inequalities (3.9) imply

0p s < min o;, < max o;, <o} ,. (4.13)
1<l<n 1<i<n

Now, for using the estimator (4.11) instead of 6 j,né\j,n one needs to add to the cost function
a suitable penalty term that we take as

v n
~ X
P _x 20 .
W) = Z 2233, (4.14)
j=l1
if the diffusion is unknown and as

P,(0) = %Z W2()oj, (4.15)
j=1
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when the diffusion is known. Finally, we use the following cost function

n n
JnGy =Y 2267, =23 A, + p Pah), (4.16)
j=1 j=1
where the positive coefficient 0 < p < 1 will be specified later.
We define the model selection procedure as

A= argmin, _, J,(A) and 3‘; = :S‘\;. “4.17)

reA
Remark 4.2 1t should be emphasized that if in the model (1.3) the diffusion coefficient b(-)

in known, then we use the penalty term (4.15).

To obtain the efficient properties for this procedure we will use the special weight coeffi-
cients introduced in Galtchouk and Pergamenshchikov (2009a, b). To this end we consider a
2—dimensional numerical grid of the form

A=, Ky x {0y, ... 1) (4.18)

where [; = ie and m* = [1/¢?]. The both parameters k* > 1 and 0 < ¢ < 1 are some
functions of 7', i.e. k* = k’; and & = &, such that, for any a > 0,

i PR U S P (4.19)
m & —_— S— = V. .
T—00 r T“8T k;i InT

One can take, for example, e = 1/In(T + 1) and k* = k + /In(T + 1) for some fixed
k > 1. Now, for @ = (k, ) € A, we define the vector A, = (Aa(j))jzl as

Ao (J) = 1{1Sj5j0} + (l - (j/a)a)k) 1{j0<j§wa}v (4.20)
where jy = jo(@) = [w,/In(T + D], @, = & A7)+ and

(e + D2k + 1)\ /@D
k=X ke '

S«

We set
A= (), y (4.21)

Note that, in this case, the cardinal v of the set A is the function of 7', i.e. v = vy = k*m*
and the conditions (4.19) imply that, lim;_, ., 7~“vy = 0 forany a > 0.
Moreover, from (4.20) we can obtain that, for any o € A,

n T\1/3
D k() 0, <y (—) :
) Er
j=l1
Therefore, lim;_, T—1/3-a A, =0, for any a > 0, and the condition A3) holds.

Remark 4.3 Note that, in Galtchouk and Pergamenshchikov (2019) the weight vectors (4.20)
are defined on the basis of number of the points n ~ +/T and the oracle inequality is shown
under the condition which is slightly different from (4.8). Unfortunately, it turns out, that
such weight vectors do not provide the efficient estimation. By this reason we replaced in
(4.20) n by T and we modified the condition Aj).
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5 Main results

Oracle inequalities. First we study non asymptotic properties for the procedure (4.17).

Theorem 5.1 Assume that the conditions A|)—A3) hold. Then, forany T > 1,0 < p < 1/8
and U € ©, the estimation procedure S, defined in (4.17) satisfies the inequality

(14 p)*(1 +4p)

R, (S,) < min R, (S,) + Yot (5.1)
= 1—6p AeA | oT
where the remainder term Uy 1 is such that, for any a > 0,
lim 77 sup Uy r =0. (5.2)

T—o00 9e®

Theorem 5.2 Assume that the conditions A |)—A,) hold. Then, the model selection procedure
(4.17) with the weights (4.21) satisfies the oracle inequality (5.1) with the remainder term
satisfying the property (5.2), for any a > 0.

Remark 5.1 Note, that similarly to Galtchouk and Pergamenshchikov (2011), we will use the
inequality (5.1) to provide the efficiency property in the adaptive setting, i.e. without using
the regularity of the unknown function S. More precisely, through this inequality we can
estimate from above the risk for the model selection procedure by the risk of the efficient
estimator constructed on the basis of the regularity parameters of S and, as a consequence
we obtain the adaptive efficiency property for §*

Adaptive efficiency property. To study minimax properties for the procedure (4.17) we use
the functional Sobolev ball defined as

k
W, =1 feCilxexD: Y IfP1P<rt, (5.3)
j=0

where » > 0 and the integer k > 1 are some parameters, C’é([xo, x,]) is the space of k
times differentiable functions f : R — R such that f (i)(x) =0for0<i <k-—1and
x ¢ [Xo,X;]. Moreover, let S, be a fixed continuously differentiable function from Xy, py.
We set

Wi, =Sy + W]?r and Oy, =W, , xB. (5.4

Note that one can represent the class W,? . asanellipse in £,[X, X, ] with trigonometric basis
(4.2),ie.

o0
W), = 1feCiixgxD: Y ajf] <rp, (5.5)
j=0

. W\ 2i
where 6; = (f, ¢;) = fx’;l f¢jx)dxanda; = Yh_ (2m[j/21/%)™.
To study the minimal value for the quadratic risks we set

2k + Dr'= k4 X p2(x)
* = - and Jy =
(7w (k + 1)(2k 4 1)) x Qo (X)

where ( = 2k/(2k + 1). It is well known that, for any § € O, ,, the optimal rate of
convergence of estimators is 7 ' (see, for example, Galtchouk and Pergamenshchikov 2004).

dx, (5.6)
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Now we denote by E the set of all possible estimators of S which are measurable with respect
to the o-field o{y,, 0 <t < T}, i.e. based on the observations o<t

Theorem 5.3 Foranyintegerk > 1 andr > 0, the quadratic risk Ry (§) with the normalizing
coefficient v(V) = J; ““ admits the following lower bound

liminf T% inf sup v()R,(S) > L.

T—o0 ’S\EET 0E®k<r

Assume now, that the penalty parameter p in (4.16) is a function of 7', i.e. p = py such that,
for any a > 0,

lim p; =0 and lim 7%p; = oco. (5.7)
T—o0 T—o0

We can take, for example, p7 = (6 + In(T + D)

Theorem 5.4 Assume that the conditions A|)-A,) hold. Then, for any integer k > 2 and
r > 0, the quadratic risk for the model selection procedure fS‘; defined in (4.17) with the
parameter p of the form (5.7) through the trigonometric basis (4.2) and the weight family
(4.21) satisfies the following upper bound

limsup T% sup v()Ry(S,) <L,. (5.8)

T—00 ASOa
Theorems 5.3— 5.4 imply immediately the efficiency property.

Theorem 5.5 Under the conditions of Theorem 5.4 the model selection procedure :S‘; is asymp-
totically efficient, i.e.

infgez, SUPyeq, VIR ()

lim —
T—o00 Supﬁeekvr V() Ry (S,)

Remark 5.2 1t should be noted that from Theorems 5.3— 5.4 it follows that the coefficient
ngk 1, is the well-known Pinsker constant, which is calculated for the first time for the model
(1.3). In the particular case, for the model (1.3) with the diffusion coefficient b(-) = 1 the
Pinsker constant was calculated in Galtchouk and Pergamenshchikov (2011). Note also that
the parameter /, is the well-known Pinsker constant for the “signal plus white noise” model
obtained in Pinsker (1981). Therefore, the Pinsker constant for the model (1.3) is obtained
by multiplying the constant from Pinsker (1981) by the Pinsker variance (5.6) in the power

lk.

Big data analysis. Now we apply the developed methods to the model (1.1). We assume that
the functions (ij)lgqu are orthonormal in £,[X,, X; 1, 1.e. (¥;, wj) = f;;l W (t)wj (t)dt =
l{i:j}. We use the estimators (4.9) to estimate the parameters f = (,Bj)lgqu as f, =
(:@»,j)lsqu and E\,J- = (¥, (3‘\)\ — ). Moreover, to estimate these parameters we use also
the model selection procedure (4.17) setting B;J = (Wj, (:S‘:k — ) and 3* = (E*,j)lfij'
Note that |8, — ﬁl; =20 Brj— B)* = IIS, — SI* and |B, — ﬂl; = IS, — SI*.
Therefore, Theorem 5.1 implies the following oracle inequality.
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Theorem 5.6 Assume that the conditions A|)—As) hold. Then, forany T > 1,0 < p < 1/8
and ¥ € ©,

(1 + p)2(1 + 4p)
1—06p

Uz?,T
pT’

E; B, — By = min B, |6, — I + (5.9)

where the term Uy, 1 satisfies the property (5.2).

Theorem 5.5 imply the efficiency property for the estimator ,B; based on the model selection
procedure (4.17) constructed through the trigonometric basis (4.2) with the weight coeffi-
cients (4.21).

Theorem 5.7 Assume that the conditions of Theorem 5.4 hold. Then the estimate E* is asymp-
totically efficient, i.e.

infz .z supy_q v(9)Ey|Br — B2
lim Bre&r €0y A : 1 _ 1, (5.10)
T—>00 SUPyco, . v()Ey B, — Bl

where Er is the set of all possible estimators for the vector B = Bii<j<q-

Remark 5.3 Note, that in the estimators B; j it is not used the parameter dimension g. More-
over, it can be equal to +oo0. In this case it is impossible to use neither LASSO method nor
Danzig selector. It should be emphasized also that the efficiency property (5.10) is shown
without using any sparse conditions for the parameters 8 = (B;), < <, usually assumed for
such problems (see, for example, Fan et al. 2014).

6 Properties of the model (4.5)

To prove the oracle inequalitiy (5.1) we need to modify the analytical tool developed in
Galtchouk and Pergamenshchikov (2011). To this end we need to study the following func-
tions

n ~ n
. X o~
EM) =) A(E;, and BO)= NG D ADE (6.1)
j=1 "o
. . o~ _ &2 2

where A € R", the variables §; , are defined in (4.5) and §; , = Sj’n — Eéj’n.
Proposition 6.1 Foranyn > 1 andany . = (A, ..., },) e R,

E; E2(0) < oy, A% (6.2)

Proof From Proposition 3.2, (4.1), (4.5) and (3.9) we can obtain directly that
2

v) n n x [ X <
X . X nX
By 800 = 5By 307 | o000 | < oy 3R Y ol
P i=1 =1

j=1
Hence Proposition 6.1. O
Proposition 6.2 For anyn > 1 and any . = (A, ..., 1,) € [0, 1],
Ey (B*WIGy,) < 601X P, (M. (6.3)
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Proof First we represent the variables §j, . as
i n
2,2 2
§in= - Z (Ul &5 @+ 21505 “/:,1) som =& -1,
I=1

where u; ; = 0;¢;(z;) er_:ll 0,9;(z,)§,. Using this in (6.1), we get

Y n
X
B() = PEY) Z (1 + 286 720) -
I=1
where y; ; = 012 Z;:l )»(j)d)?(z,) and y,; = ijl A(j)u; 155, Now Proposition 3.2
implies, that

X &
E (B*(M)I9y,) = 3 ) (2V12,1 +4E (V22,1|QN0>) =Myt M.
=1

Due to the Buniakovski-Cauchy-Schwartz inequality

2
n

A DIRYOUHEN N BTN DRFEHUENN B DB
j=1

j=1 j=1

n
n .
< 01,307 2 K ).
j=1
Therefore,

v3 n n
X3

My 201,53 320D Y 0 (=) =201 X P, ().
j=1 =1

Moreover, using the property (4.1), we get

2
-1 n
E(v})10x,) =07 > o2 [ D 2(0é; e, @)
r=1 j=1

< 01,07 Y Y MDA () () (2,084 (,)

r=1 jk=1
n n
_ n 2 20y 42
= 01,307 2 (N ).
Jj=1
Therefore, the term M, , can be estimated as
3 n n
My, < 401, 5 Sy (DT () = 401 X Py (1),
=1 j=1

These imply the upper bound (6.3). Hence Proposition 6.2. O
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7 Sharp upper bound

To obtain the upper bound (5.8), first we assume that the parameters k, r and the function J,
are known. In this case, we use the estimator (4.9) with the weight  from the family (4.21)
defined as

§=%; and X =4y, (7.1)

where @ = (k,1),1 =1 = [F(9)/e]le, 7)) = r/Jy ande = e = 1/In(T + 1). Now we
need to study asymptotic properties of the vector A. To this end we set

Yr@) =) (=26, + ;:2 > RG). (7.2)
. =

Proposition 7.1 Forany k > 2 andr > 0,

limsup T% sup v(9) Y, () <I,. (7.3)

T—00 VeO ,

Proof First of all, note that

0< inf Jy < sup Jy <oo. (7.4)
V€O, D€, ,
This implies directly that
lim sup |—1- — 1’ =0, (7.5)
T—o0 D0, , r(z?)

where 7 () = r/J;. Moreover, note that

I—y N
T%u() T (@) < T* v(9) Sy + (;ﬁ)L - Z (), (7.6)

where S; = Z’}:l (11— X(j))z Oin. We decompose Sy as
[@] N
Y. (A=%Gn%e;, + Z 0, =S1r +Sy7.

J=jo+1 j=l@l+1

where @ = wy = @ (TZNT)I/(Zk—H). Lemmas A.5 and A.6 yield

[@] ~
~ N2 92 ~1, @
Sir = (148 3 (A=A 0; +2r(1+F7") —,

jzjo

and ;
2 ~—1
T§(1+’5)29j+(1+8 )W
j>o
Therefore,
Sy < (1+DS;E +2r(1+5 Y yp, (7.7)
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where

=) (U =FGN* 0 =3 (A =TT+ Y 07 =S, +85 .

]>1 j<w j>u)
and yp = on~ % 4 n=25=2¢=D Note, that

[@]

v(?) 2k 2 v(?)
ThOS] = Sy Y el < T T Z a;
k T j=j0 Jj= Jo
where @, = sup._ jZk/aj. It is clear that lim,,_, ., @, = %°*/72k. Therefore, from (7.5)

we obtain that

Thow@ ST, _( k )tk

i
umsp SP Ok + Dk +

n—o0o VeO, Z[/'Zijo a; 9]2. ok d)lzk r
Further note, that for any 0 <z < 1 and for sufficiently large T,
2 4+ )Xk
ZO =(1+¥) 2k“‘2k2a = 2k (1T, )thZkZ
j>o j>o
Therefore, in view of (7.5) we get that

T v(9) S* )‘ZZk k U
- <(2k Tk + 1)m>

limsup sup =
2 = 2k
n—oco V€O , § :]>w a; 9 nzka)k rik

Note now, that in (7.7) for k > 2 we have lim;_, supSEkar Tyr =0,ie.
li T% v(9) S, < 1—y ( k )lk 7.8)
imsup sup v <r _ . .
Tooo DeOy, ! Qk + Dk + D

Moreover, we can check directly that

1—y

. le - >y
limsup sup i 2; 2(j) <uj, (7.9)
]:

T—o0 §E®k,r
where

. 1 tk2k2 . - k [
1, =-— = T ¢ - .
KXk + Dk +1) Qk + Dk + D

Using now (7.8) and (7.9) in (7.6) we obtain the limit equality (7.3) and, hence Proposition 7.1.
O

Now, we can study the estimator S. For this we need to use the mean variance
n
s =%y of, (7.10)

where the variances (0;), <, are defined in (3.4).

Theorem 7.2 For any k > 2 and r > 0, the estimator S Sfrom (7.1) satisfies the inequality

limsup 7% sup v() El,||§— S||ﬁ <. (7.11)

T—o00 VeO, ,
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Proof First note that, in view of Proposition 3.1, to prove this Theorem it suffices to show
that

limsup T'% sup v(@) Ey xg, IS — S|| <l,. (7.12)
T—00 90,

Indeed, note that due to (4.3)—(4.6) on the set G, we obtain that

n
5= 812 = 3 (PO + 8107 = DO+ 6,005, +62,)
=1
n
= Z((Mj) — 1’07, +20(DC(G) = DE;46;, +A2(j>cf,n), (7.13)
=1
where % is defined in (7.1). Taking into account the definition ¢; , in (4.5) and using the
inequality
2xy < ex? o+ s_lyz, (7.14)

we get that on the set G,

n v
~ ~ . X 2
IS —SI2 < (1+¢) § (1—x(j))29j,”+;191 + (1+7> B,

&

+2f Zm)(x(;) D8, & o (7.15)

where B; = )" IZ(j)ézn and By = Y"_, %2(j)g? ,-Since E§; , =0, we get
j Js J j. j

n
E; IS —Slhxe, = I+ | D (1 =%())%0;, +E, By
j=1

2 X
+ (1 + g) E; B, XG, — 2\/;E0 BSXGQ’ (7.16)

where By = Y"_ X(j)(A(j) — DE; ,0; ,. Note that
S, X <& —
XE, (;in|gN0) =24 > o, (@) 7.17)
=1

wheres,, is defined in (7.10) and aj (z) = id)/z. (z;)—1. Moreover, settingnows,, =s,, —J /X,
we can represent the term E, B; as

1 Ny "
E, B = —FE, PO (s,, + iZaﬁqu(x,))

j=1 =1

=5 sz(]) LBy XB” (7.18)
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where By; = Y i, 7%2(j)Egs, and B, = E, z;%:l?(j) >0 07 ;(x). Now from
(7.16) and (7.18) it follows that

3 2 By, | XBj,
EyllS =Sl xg, = (1+#) TT-l-f-i- p
2

The bound (7.9) and Proposition A.3 yield

. 1
limsup T*% sup n—zl B, = 0.

T—o0 4SO

As to the term B),, due to Lemma A.7, one has

v v n n

X X ~y = S,

1Bl = By 3 of |30 32| < 2, . (7.20)
=1 j=1

Therefore, in view of Proposition A.3, we obtain that

B
|B,| —o.

limsup T*% sup 5

T—00 ve®,, N

. . n 2 2 :
Moreover, taking into account that B, < ijl g, = ligll;;, we obtain that

X *
Eylg B, <Ey IG*”g”i = ZEﬁ 1g, g < 7T

where g7 is given by (3.6). Therefore, in view of Proposition 3.3

lim 7% sup E, 1g, B, =0. (7.21)

T—o0 Z?EOk'

Now through Proposition 6.1 we estimate the last term in (7.16), i.e.

v n v
2 X 2 91X a2
E, B <o, Zem = —=|ISI%.
j=1

U]y*i c
E, lGi|B3|S\/T||S”nP19 (G9)

and by Proposition 3.1, we get limy_, . T SUPy e, E; 1Gc | B3| = 0. Therefore, using

Therefore,

Proposition 7.1 in (7.19) we obtain Theorem 7.2. O
Note that Lemma A.4 implies the following upper bound.

Theorem 7.3 The quadratic risk for the estimating procedure §fr0m (7.1) has the following
asymptotic upper bound

limsup T% sup v(®)R(S.S) <1,. (7.22)

T—o0 VEDy
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Remark 7.1 1t should be noted that the inequality (7.22) through Theorem 5.3 means that the
estimator S is efficient. Unfortunately, we can’t calculate this estimator, since it depends on
unknown parameters k,  and J,. But, this estimator belongs to the family (fS‘;) rea With the
weight vectors defined in (4.21). Therefore, through the oracle inequality we can estimate
the risk of the model selection procedure with the risk of the estimator (7.1) and, therefore,
using the property (7.22) we can provide the efficiency property for the procedure (4.17).

8 Proofs

8.1 Proof of Theorem 5.1

First of all, note that on the set G, we can represent the empirical squared error Err, (1) in

the form

n
Err, (4) = J,(0) +2 ) 2())6; , + ISI; — p Pa()
j=1

~ -~

with§; , =8, ,—6,;,0

j.n Jjn

From (4.5) and (4.11) one obtains

j.n:

; X~ X )
Oj’n = j,né‘j,n + Z(Ej’n — Gj,n) + 2\/;€j,ng_j,n + gj,n’

=0, — 0}, Setting now

where §; , = Sj,n o;j,ando; , J

M) =) 20,8, DO)=) 1i)5;,
Jj=1 j=1

v n
- o~ X 2, o~
and P, (1) = P,(1) = P,0) =~ ;A ()5} s
]=

we obtain from (8.1), that

Err,(X) = J,(A) +2M (A) +2M; (L) — Zn—XD()\)
+1ISI2 = p P,(1) — pP, (M),

where M, (1) = n~2B(A) + A(X), B() is defined in (6.1) and

n

AV = Z A(j)g?)n + 2\@2 M Ej p8j 0 = A1 (M) + Ay ().
j=1

j=1
In view of Proposition 6.2, for any A € [0, 1]",
E; (B°(V)|Gy,) < 60,% P, ().
To estimate the first term in (8.4) note that

n
sup Ay <) g = el

Ael0, 17" P

8.1)

8.2)

(8.3)

8.4)

(8.5)

(8.6)
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Moreover, using the inequality (7.14), we get that, forany 0 < ¢ < 1,

gl B gl
— =P, (A r
€ eh () te Jn + €

v n
X .
[Ba <6~ 3 W2GE, +
j=1

where the vector A2 = (kz(j))lfjfn. Thus, for any A € [0, 1]",

AW <P, (A IBG2) 27 1gl?
[AM)| <eP, (M) +¢ NG +2e7 gl -
This implies
21, (| < 2B 2|B(A2)| 2eP, () + 47 |g)?
M ()] < 7—1— NG +2eP, (1) +4e7 igll;,-
Since Pn(Az) < P,(A), we get that, forany 0 < e < land A € A,
[B(A)] IB(.2)] 2 (B*(0)  B2(W)
2 2 <eP (A — .
N AT A VXA R X0

Note that the inequalities (3.9) imply that
Py, (0) < P,(1) < Py, (),

where s 5
0 X[\ oy X|A
Py, () = 22 M and P00 = M
From the inequalities (8.8) and (8.9) it follows
BV IB(A2)]
2 2 <eP, (1 B*()),
\/ﬁ+ N _8”()4—800’*)2 @)
where B*(1) = (B2(1)/|A|* + B*(A?)/|»%|?). Choosing & = p/3 in (8.7), we get
6 B*(1) 5
2IM )] = pP, (M) +=T,R), T, = - + 2ligll;,-
p 0p, X

Now we study D* = max, ., [D(A — A()|. One can check directly that

20A,
o

E;D* <2 ) E; D) <
reEA

where @ is defined in (3.10). Similarly, denoting P* = sup; ¢ , [P,(M)], we get

v n
=y X . o~
Ey P* <) By [PaMl =D~ A2y [5;, — 0l

reA reA T j=I1

X X
2% *
< N —
= E n2|k| Tp = nzA*va.
rEA

From (8.3) we obtain that, for some fixed A € A,

Err, () — Err,, (Ao)

Py 2X
= 7,00 — J, (k) + 2 M(T) — ;"D@
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+2(M () — My () — p(P,(R) — P, (M) — p(Pn(h) — Pr(R0)),

where 71 = A — Ag- By the definition of & in (4.17) we obtain on the set G,

~ 6 ~
Err, () < Brr, Gho) + 2M(@) + -, ()

2% o
+ 71)* +2pP,(10) — p(Pn(2) — Pyr(R0)). (8.14)
To study the term Y, (A) note, that the bounds (8.5) and (8.9) imply

B%()) Bz(A2)>

B to. 80 <E, (T + T

2 2
1,%

X

P, 0 in)) 1

<0058, (3 +

n

Moreover, as to the norm ||g||i note that g; g, = O0forl # k, i.e.

v2 n n
X
E, 1 ligly = By ) (Z gz¢j(lz)> fEﬁ Zé’z <
j=1 \i=1

where g; is given by (3.6). Therefore,

ﬂ\ﬂ*

602
v 1,% gT
Egle ¥, <2x | ——+ —/ . 8.15
0G*n_x<naoy*+T> (8.15)
Let us study now the term M in (8.3). For any A € A, we represent it as

M(u) = Z(u)+ V(u) and p=x— A, (8.16)

where

Z(w) = \/g S ()08, and V)= 1) 6,8
j=1

Jj=1

We begin with the weighted discrete Fourier transformation, i.e. we set

n
=D 1) b;,8;. (8.17)
j=1
Due to the definition of Sj’n in (4.5), we can estimate the term Z (1) as

Eylg Z%(w) < DX 5 12, (8.18)

Moreover, using the inequality (7.14) with ¢ = p, we obtain

n 2
. - gl
V() =2 1)) 6,8, < oIS, + —2 (8.19)
j=1
Therefore, on the set G,
z* gl nz>
2M() < 201,17 + e 2= al (’?. (8.20)
P HEA—L, ”S,L”n
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It is clear, that the upper bound (8.18) yields

nEy lg, Z2(w)

Eylg 2" < > - <ok (8.21)
HEA—Lg ”SM”n
To estimate the norm ||§M ||i note that in view of (4.5) on the set G,
n n
IS, 17 = IS, 02 = D~ w? (D67, —67,) <=2 1?16,
i=1 j=1
= 27, (1) — 2V, (). (8.22)
where
)2 n n
Zy () = \/; D w0,k and Viw) =Y 1)) 6; ,8; -
j=1 j=1
Taking into account that [ (j)| < 1, similarly to the inequality (8.18), we find
E, lG*
Moreover, similarly to (8.21) we estimate Zi‘ = SUP,ca_y, nZ%(u)/Hf# ||i as
E,; Z} IG* < vop X (8.23)
Furthermore, similarly to (8.19) we estimate the second term in (8.22) as
- gl
2IVi(wl < plIS, 112 + —2.
Therefore, on the set G,
= 2 im0 - zZy IIglli
IS, 12 < IS, 12 + 201,112 + + )
i.e.
1 ~ 1 A
S,? S+ —(= 2. 8.24
IS, < T || ull + 1= 2pp < -t lgll, (8.24)
Using this inequality in (8.20) and putting Z; = Z* + ZT yield on the set G,
M@ = LB+ 4y gl
M= T2 T (1 2p) g
4p(Err, () + Err, (A0)) 1 z;
< . . 2+ igl?
1—2p p(1—2p)
Using this bound in (8.14), we obtain that
~ 142, 2p(1 = 2p) 1 Z; 2
Err, (A) < A _ A —_— | =+
i, () = g B (o) + T 0= PuGo) + oo ( S+ lely
1-2p (6_ ~ 4x o~
=Y,(%) + —D* — p(P, () — Pn(}0)) | -
1—6p \p n
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Using here, that 1 — 6p > 1/4 for p < 1/8 we obtain that for some I > 0

~ 1+2p 2p(1 — 2p)
i (o, 0+7,) g5 vA, o
4+ — <¥ 4+ 2T 4 *2 T ,
0 n T n

where o, = 0} /0y .. From Proposition A.1 with ¢ = p it follows

v

~ 14+4p 1
El,Enn(k)lG* < - 6IOEﬂErrn()»O)IG* + p—TUﬂ,T,

where

*

To, ,(v+0o,) TvA, w’ T|S|,./0

P g Lot T
Replacing here E;Err, ('):)1(;* and EErr, (9)1g, by E,§.||:S‘:k — S||i — ||S||iPl9 (GS) and
E, ||§AO — S|I2 — IIS|I2P 4 (GY), respectively, and using Lemma A.4 with & = p, we obtain
the inequality (5.1). Moreover, Propositions 3.1 and 3.3, the condition (2.9), Proposition 3.4
and the condition A3) imply the property (5.2). Hence Theorem 5.1. O

Uz?,T =

8.2 Proof of Theorem 5.3

First, we introduce the auxiliary class ©) = {9 =(S,by): Se€ W, . by=1}. Itis
clear that @2] C ©, and Sup%@k,,- v(P) R(g, S) > sup%@g’r v(%) R(g, S). Using here
Theorem 5.2 from Galtchouk and Pergamenshchikov (2011) we obtain Theorem 5.3. ]

8.3 Proof of Theorem 5.4

Taking into account that for sufficiently large T the estimator (7.1) belongs to the family
(S;)5ca indexed by the set (4.21), we obtain that
limsup T*Ey [|S, — S|> < limsup T*E, || S; — S|%.

T— 00 T—o0

So, Theorem 7.2 implies immediately Theorem 5.4. O

Conclusion

In the conclusion we emphasize that in this paper we develop an adaptive sequential model
selection method for the drift estimation problem of stochastic differential equations with
unknown diffusion coefficients observed at the discrete fixed time moments. It should be
noted that in this case we can’t use model selection methods developed for such problems
(see Remark 3.1 for details). To study the proposed estimation procedures, we find the
constructive sufficient conditions A;)-A5) on the observations frequency and the model
selection procedures under which we obtain the sharp non asymptotic oracle inequality
(5.1). Then, through this inequality using the weighted least squares estimators providing the
efficient estimation we show in Theorem 5.5, that the constructed model selection procedure
is efficient in adaptive setting, i.e. when the drift regularity is unknown. To this end, for the
first time, the sharp upper bound for quadratic risk (5.8) (i.e. the celebrate Pinsker constant)
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is calculated in explicit form for the the model (1.3) (see, Remark 5.2 for details). Moreover,
on the basis of the developed model selection procedures we provide in Theorems 5.6 and 5.7
the non asymptotic optimal (in sharp oracle inequalities sense) and asymptotically efficient
estimation methods for the high dimension diffusion models (1.1) without using the parameter
dimension or any sparse conditions.
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A Appendix
A.1 Property of the penalty term

Proposition A.1 Forany 0 < ¢ < 1/2,

LB Er ol +7g‘g;
rr,
1—2¢ 25006 T S oo

2Xo 2”S”n\/ial,*
+ "t VP (G5,

where the term g; is given in (3.6).

E, 1 Pu(ho) <

Proof Note that on the set G,

Err, (1) = ) ()8}, — 0,07 =Y A ()ET,
j=1 j=1

=23 (U= 2GRN Gy + D (= RN,

j=1 j=1

Taking into account here that

52_2_1_%52_%2%‘5,
j.n _gj,n noin ngjq" J.n’

2, X X
> a DEjn + 20 =2
j=1

where I, = Z,}:l M8 nEjp and I = Z;f:l(l = A(NA()E; 4} - Moreover, note
that, forany 0 < ¢ < 1,

we obtain

Err,(A) >

S| A<

X 1 ,  EX " 2
2\/;11 =< g||g||n+;2}~ (J)Ej,,,-
j:
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Therefore N
(I—8)X e 5, .., 2VX 1,
Br, (o) = ——— Z;x D&} =~ b= el
Jj=
and
(1—e)% o 27X 1
E,1g Bir, (o) > ———F,1g, Z}A%min ~ Eole b= (Eylg, lgll?.
/:

Taking into account here the definition of B(-) in (6.1) and that E, I, = 0 we can rewrite the
last inequality as

1—c¢
E,lg Err,(h) = (1 - )Eylg P,00) + !Eﬂ IG*B(AZ)

Jn
2V/x 1
+ —=Eylg ) Ih - gEﬁlG* ||g||i-

N

Now Propositions 6.1— 6.2 imply that

25(01 %
E,l¢ Err,(v) = (1 — 26)Eylg P,(0) —
* * ne

211811, /%oy

1
N VP (G = “Eylg gl

Hence Proposition A.1. O

A.2 Asymptotic analysis tools

Proposition A.2 Assume that the conditions A1)—A2) hold. Then, for any xy < X, anda > 0,

lim 79 max sup Py(|gr(x) — qy(x)| > vy) =0.
T—oo  X)=X¥=X| yc@®

The proof is the same as for Lemma A.3 in Galtchouk and Pergamenshchikov (2015), so it
is omitted.

Proof of Proposition 3.3 First, note that, to show the limit (3.7) it suffices to check that, for
any a > 0,

lim 7'° sup sup (E,g/()lr +E;g@)1p) =0. (A1)

T—o0 X)<z<X; V€O

Indeed, using the definition of g;(z) in (2.16) we represent it on the set I'(z) as g;(z) =
g.1(2) + g »(z), where

1 %
8,12 = —— (1 = /@@ Ke 0 20 h) / © $(y,) du
I3

SH(Z) T(z)—1

and o
(2 t,—
6.0 =—— 3 Z@xah / S(v,) dit — S(2).
o,

SHG) | 4=
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To estimate the term g, ,(z) note that

‘IJ‘[(Z) (Z)
SH2(z)’

769)
W, (@) = Xe o) @0 h) / S*(y,) du.

L (5)-1

g, <

Moreover, note also here, that for some constant C > 0

max max sup Ey (Sz(yu)w:tj_l) <Cc( —|—yt2H).

No<j=<N t; | Su<t; e

From the definition (2.13) it follows that {t(z) = j} € }',H , l.e.

E, (‘I’A/(Z)IJ’,H) =éC+ y,zj_l)x‘,-(z, h) < 8C.

Therefore, for some C > 0

N
Ey (‘I’r(z)(z)|-7:zN0) = Y E (l{t(z):j}Eﬂ (\I/j(z)|ftj71) |}—tNo) =sC

Jj=Ny+1

and c
2

B, (&1.017,,) = g2
Using the definition (2.12), the conditions A | )—A, ), and Propositions 4.1-4.2 from Galtchouk
and Pergamenshchikov (2015) we obtain the property (3.7). Hence Proposition 3.3. O

Proof of Proposition 3.4 Note that

Ey |6, —o}| < Eylb, — b*(z))].

1
vp8(N — Ny)h
Taking into account the definition of N, in (2.9) we obtain through Proposition 3.1 from
Galtchouk and Pergamenshchikov (2019) the limit equality (3.11). Hence Proposition 3.4. O

Now, we study the heteroscedastic property in the model (3.4). To this end we study asymp-
totic properties of the average variance s, defined in (7.10).

Proposition A.3 Assume that the condition A1) holds. Then

lim sup Ej|s, — J%y
X

T—o0 Ded,,

=0. (A2)

Proof Using the definition of o; in (3.4) and taking into account the form of / givenin (2.13),
we can represent the term s,, as

QUL
Si =3 Zbﬁ(zl)(zl =z + Ri(@) + Ry(D), (A.3)
I=1

where by (x) = b2(x)/qy (x),

R\ (¥) =

M| —

2 no
<5(Nn_NO) - 1) ; by () (2 =21
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and
n

B nb?(x;) 1 1
= g §h (N — No) <25T(Z1) —vup 2(119(Z/)> G a0

First of all note, that the function bﬁ() and its derivative are uniformly bounded, i.e.
SUPy @, , MAXy <z<x, (by(2) + 1B, (2)]) < oo. Therefore,

> by ) — ) = Jy| = 0.

=1

lim sup
T—o0 P€0, ,

As the second term (A.3), note that, in view of the condition (3.2),
. n?
Iim —————— =
T—o00 & (N — NO)
Therefore, limy_, o sup; . |R;(#)] = 0. Moreover, taking into account that 247 (z) —

vy > U}/ 2, we obtain, for sufficiently large 7', that for some C > 0

IRy(¥)| = C (Z v |‘IT(ZI) qzy(Zz)D (7 =z + M) .

=1

Note here, that for any 1 </ < n and for sufficiently large T,

—1/2 ~ _ ~
Ur / Ey 197(z) —qy(z)] < 2UT1P19(|11T(11) —qy(z)] > vp) + Jur

and, therefore, Proposition A.2 implies limy_, ., sup,, o, |R,(¥)| = 0. O

LemmaA.4 Let f be an absolutely continuous [Xy, X;] — R function with ||f|| < 00 and
g be [xy,x1] — R a step-wise function g(z) = Z;’ 1€)Xz 1(z), where c; are some
constants and the sequence (2;)o< <, is given in (3.1). Then for any € > 0, the function

A = f — g satisfies the following inequalities

TIIP o IAIP _
T n? 1+7%

LA 112 2.

< A2 = 1 +DAI*+ <+)

The proof is given in Lemma A.2 from Konev and Pergamenshchikov (2015).

A.3 Properties of the trigonometric basis

LemmaA.5 Foranyl < j < nandany€ > 0, the discrete trigonometric Fourier coefficients
(9/-’”)15/5,, introduced in (4.3) for S € W, are bounded as

oL 2r(m? 4+ DX

07, < (1+D0] + A +E D 5, 7= (A4)

T2k ’
where the coefficients 6; are defined in (5.5).
Proof First we represent the function S in L[x,, X;] as
n
S() =" 60,¢(x)+A,(x) and A, (x) =) 6¢x). (A.5)

=1 I>n
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Since 9]»7,, = (S, d)j)n = 9j +(4,, ¢>j)n, we get, that forany 0 < % < 1,
67, < (1+D07 + 1+ H]A,l7.

Moreover, through Lemma A.4 and the definition (5.5) we deduce

AP 2r 2IA,1%X2
||An||§§2§j9f+2” 'l <22 ”2” :
n a n
I>n n+1

Taking into account here that 2[//2] > [ — 1 forl > 2, we get

a2 < 25 I
nlly = 3,k 2

Similarly, for any n > 1,

2k=1) 0,6}

. 27)?
14,17 = 25 32 6 upap =

I>n
- x2(k=1 a6} F2k=1)
= 72G—1) (I — 2k=D = 72G=D,26=D)
I>n

n2(k71) ‘ (2[1/2])2(k71)
>n

Hence Lemma A.S.

(A.6)

O

LemmaA.6 Foranyn >2,1 <m < nandr > 0, the coefficients 0 )1<j<n of functions

S from the class Wy, satisfy, for any € > 0, the following inequality

n v
2 2 ~—1 A
Y0, =+ Y 0+ UH+ED
j=m+1 jzm+1

where | = riZk/ﬂz(k_l).

Proof First we note that

m

n
2 = 1 — . . 2 2
> 0= min IS > xiilE < 1AL

Jj=m+1 j=1

(A7)

where the function A, (-) is defined in (A.5). By applying Lemma A4 with f = A, g =0,
and taking into account the inequality (A.6), we obtain the bound (A.7). Hence Lemma A.6

LemmaA.7 Foranyk > 1,

sup nk sup

n>2 x€[xg,x]

> ) < 2,

=2

where al(x) = )V(gblz(x) -1

[m}

(A.8)

Proof of this result is given in Lemma A.2 from Galtchouk and Pergamenshchikov (2009a).
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