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ABSTRACT 

The holographic system is usually used for imaging, so it can be attributed to imaging optical systems. This analogy 
allows using a well-developed computational optics technique to design and analyze real digital holographic systems, as 
well as to solve the measuring tasks of digital holography. The work presents a mathematical model that establishes a 
one-to-one correspondence between dimensional and spatial parameters of a digital holographic image and a 
holographing object for the given case of an in-line scheme. The values of the model constants used to determine the real 
size and the longitudinal coordinate of an object according to its holographic image are found through calibration. The 
described approach is used to calibrate and analyze the imaging properties of a submersible digital holographic camera 
designed to study plankton in its habitat. The paper also shows the results obtained in situ using the holographic sensor 
of plankton.  

Keywords: digital holographic system, equivalent optical scheme, calibration, holographic sensor for plankton study, 
submersible digital camera 

1. INTRODUCTION  

The methods of digital holography of particles are widely used in measuring tasks, for example, to study plankton [1-8], 
microplastics [9-10], bubbles [11-13], aerosol particles [14-17], defects in optical crystals [1, 18]. Most commonly, an 
in-line scheme is used for this purpose when the studied volume with particles is illuminated with coherent 
monochromatic radiation, and a CCD camera is placed in the area of interference of light passing by the particles 
(reference wave) and light diffracted on the particles (object wave). The interference pattern thus recorded represents a 
digital hologram and contains information on the size, shape and spatial coordinates of each particle. The particle images 
are reconstructed numerically by calculating the diffraction integral [19-23]. It is possible to determine geometric and 
spatial characteristics according to the reconstructed images of particles.  

The classical in-line lensless digital holography scheme assumes that the reconstructed images are identical to the 
particles themselves. Therefore, the characteristics of a reconstructed image relate to an object and the measuring task 
seems solved. However, such a conclusion requires a priori information that is not always available. For example, the 
curvature of the illuminating wave front or the location of an equivalent point illuminating source during recording to 
ensure its identical simulation during the reconstruction of holographic images, or the refractive index of the medium in 
which the holographic object is located [13, 24]. 

The situation with the use of the objective lens in the object beam is even more complicated, since the holographic 
experiment records the image formed by this objective lens, and the curvature of the illuminating wave front in the used 
in-line scheme also depends on the properties of the objective lens. In this case the correlation of dimensional and spatial 
characteristics of the holographic image and the object becomes even more complicated as there is no reliable data on the 
optical characteristics of the holographic scheme with a lens, such as the focal length, focal (working) segment, 
refractive index of the object-side medium and the volume of hologram recording and image reconstruction.  

In holography under stationary laboratory conditions such constants can be determined and the task of measuring the real 
sizes and coordinates of the particles under study may reach its viable solution. Under natural conditions, for example, 
when recording submersible holograms of particles of various origins (plankton, gas bubbles, settling particles, etc.) 
from the board side in the open ocean [25], similar definitions of constants and measurements of real geometric 
parameters of particles are quite difficult.  
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This paper proposes to solve these problems by considering an equivalent optical scheme of an in-line digital 
holographic system and constructing a mathematical model using a well-developed computational optics technique. This 
approach is used to calibrate and analyze the image properties of a submersible digital holographic camera (DHC – 
Digital Holographic Camera) designed to study plankton in its habitat [25].  

2. DHC EQUIVALENT OPTICAL SYSTEM 

For this description, we use the generalized equivalent scheme of a digital holographic camera (DHC) shown in Figure 1. 
According to this scheme, the imaging in such a system includes two stages. At the first real stage, the imaging lens (1) 
constructs a real image, which is considered virtual with respect to the matrix receiver (2). It is appropriate to recall that 
the digital hologram represents a two-dimensional array of discrete quantized value of the intensity distribution of the 
interference pattern of the reference and object waves recorded on the matrix receiver. The second, fully virtual stage is 
ensured by numerical reconstruction of an image from a digital hologram [19, 21-23]. Thus, the equivalent imaging 
optical system (5) of the digital holographic camera is two-stage. The main parameters of this system, i.e. the equivalent 
focal length, decentering and magnification are determined in the general case by a set of factors: characteristics of the 
lens (1), position of the receiver (2), radius of curvature of the reference beam R1, its angle of incidence θ1, radiation 
wavelength λ1 at the recording stage, radius of curvature of the virtual reconstruction beam R2, its angle of incidence θ2 
and its wavelength λ2. In general, the values of the angles θ1 and θ2 at the recording and reconstruction stages may not 
match. But in the most common in-line scheme in the holography of particles that we use in our works (Figure 2), they 
coincide and equal zero. Further, let us specifically consider the case of the in-line holographic scheme for recording 
particles of various nature in various media.  

 

 
Figure 1. Optical scheme of the imaging system equivalent to a digital holographic camera designed for measuring purposes. 
1 – lens forming an object image, 2 – CCD (CMOS) matrix plane used for digital hologram (H) recording, 3 – reference 
beam with the radius of curvature R1 for hologram recording, 4 – simulated beam with the radius of curvature R2 for 
numerical reconstruction of images from a digital hologram (H), 5 – equivalent optical system of a digital holographic 
camera with focal length F'ା.  

 

The main task of the digital holographic measuring system is reliable knowledge on the size of the object under study 
and its location in the space of objects. This requires a mathematical model that establishes a one-to-one correspondence 
between a digital holographic image and a holographing (displaying) object. For this model it is necessary to determine 
the above factors as accurately as possible.  

Due to the fact that the projection lens 1 (Figure 1) takes part in the formation of the digital hologram of particles, the 
magnification of this lens should affect the size and position of particle images reconstructed from the digital hologram. 
Let us consider Figure 2. Usually, when the Newton’s formula [26-29] is derived, it is assumed that the segments in the 
space of objects 𝑥 and in the space of images 𝑥′ are counted from the front and back focal planes, the positions of 
focuses are indicated in Figure 2, respectively: front 𝐹 and back 𝐹′. Since the position of the focus is not always known 
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in the optical experiment, as well as the values of the front 𝑓 and back 𝑓′ focal lengths of the optical system, let us write 
the formal formulas of the ideal optical system for the case of arbitrary coordinates, both in object and image spaces.  

 

 

Figure 2. On the Newton’s formula in an arbitrary coordinate system. H, H′ – front and back main planes of the optical 
system, F, F′ – front and back foci of the optical system, S୊, S′୊′ – front and back focal segments, O, O′ – tops of the first and 
last optical surface, Sୌ, S′ୌ′ – segments setting the position of the main planes in relation to O, O′ respectively, t and t' –
arbitrary planes in the space of objects and images, respectively, relative to which the positions of objects and images are 
counted, M – plane of the matrix position of the digital holographic camera.  

 

In Figure 2, the position of the reference plane 𝑡 in the object space is set by the segment 𝑥଴ set from the front focal plane 
(plane perpendicular to the optical axis and passing through the front focus 𝐹). In the image space, the position of the 
reference plane 𝑡ᇱ is determined by the segment  𝑥଴

ᇱ  set from the back focal plane (plane perpendicular to the optical axis 
and passing through the back focus 𝐹′). Let us place the recording matrix of the digital holographic camera in the plane 
M located at a distance 𝑥′଴

ெ from the back focus 𝐹′. Here we don’t take into account the details related to the conditions 
of such recording and the adjustment of dimensions of the matrix and the field of view in the object space. The position 
of reference planes 𝑡 and 𝑡′ for segments counting in the DHC is selected as follows: 𝑡 coincides with the outer surface of 
the receiver porthole, 𝑡ᇱ– with the surface of the recording matrix М.  

Let the i object with the size y୧ in the object space be given by the segment 𝑥௜
௧. Then for the segment 𝑥௜ that sets the 

position of this object relative to the front focus we can write the relation obvious from Figure 2:  

𝑥௜ = 𝑥௜
௧ − 𝑥଴. (1) 

Similar relationship is applicable for the image space:  

𝑥′௜ = 𝑥′௜
௧ᇱ − 𝑥′଴ (2) 

this is a segment setting the position of the image plane of the i object relative to the back focal plane, while 𝑥′௜
௧′ – a 

segment setting the position of this image relative to the plane 𝑡′. The size of this image 𝑦′
௜

= 𝛽௜ ∙ 𝑦௜ by determining the 
magnification 𝛽௜ of the optical system.  

According to the Newton’s formula, we can write:  

𝑥௜ ∙ 𝑥′௜ = 𝑓 ∙ 𝑓ᇱ, (3) 

moreover, in the general case 𝑓 ≠ −𝑓ᇱ since the object space may have different medium (water) and different optical 
system (a porthole and prism systems).  

For magnification, taking into account (1) we get:  
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𝛽௜ = −
௙

௫೔
=  −

௙

௫೔
೟ି௫బ

  , (4) 

and taking into account (2): 

𝛽௜ = −
௫ᇱ೔

௙ᇲ =  −
௫ᇱ೔

೟ᇲି௫ᇱబ

௙ᇲ . (5) 

By substituting the relations (1) and (2) into (3), we get the Newton’s formula at random positions of the planes 𝑡 and 𝑡′ 
indicating the reference point (origins of coordinates) in object and image spaces:  

(𝑥௜
௧ − 𝑥଴) ∙ (𝑥′௜

௧ᇱ − 𝑥′଴) = 𝑓 ∙ 𝑓ᇱ . (6) 

The relations (4), (5) and (6) may be used to calibrate the considered optical system (equivalent to a digital holographic 
measuring system).  

Let us choose four different positions for objects in the object space set by the segments 𝑥ଵ
௧, 𝑥ଶ

௧ ,  𝑥ଷ
௧ , 𝑥ସ

௧ from the random 
position of the reference point 𝑡. If the dimensions of the objects are 𝑦ଵ,  𝑦ଶ,  𝑦ଷ,  𝑦ସ, then the optical magnification for 
these objects will be 𝛽ଵ, 𝛽ଶ,  𝛽ଷ,  𝛽ସ, respectively. If the hologram of the object space volume is written on a matrix, then 
at reconstruction we determine the sizes of images 𝑦′ଵ,  𝑦′ଶ,  𝑦′ଷ, 𝑦′ସ and distances from a reference point 𝑡′ 𝑥′ଵ

௧ᇱ,  𝑥′ଶ
௧ᇱ,

𝑥′ଷ
௧ᇱ,  𝑥′ସ

௧ᇱ. Using the determination of magnification, let us calculate 𝛽ଵ,  𝛽ଶ,  𝛽ଷ,  𝛽ସ according to given 𝑦ଵ,  𝑦ଶ, 𝑦ଷ,  𝑦ସ and 
measured 𝑦′ଵ,  𝑦′ଶ,  𝑦′ଷ,  𝑦′ସ. 

For the lens, we do not know 𝑓 and 𝑓ᇱ, for the reference planes 𝑡 and 𝑡ᇱ are the segments 𝑥଴ and 𝑥′଴. Using the relation 
(4) for the first and second objects, we get the system of equations  

ቐ
𝑥଴ − 𝑥ଵ

௧ =
௙

ఉభ

𝑥଴ − 𝑥ଶ
௧ =

௙

ఉమ

     . 

By solving it in relation to unknown 𝑓 and 𝑥଴, we get the corresponding formulas to determine them:  

𝑓 =
൫௫భ

೟ି ௫మ
೟ ൯

ቀ
భ

ഁమ
ି

భ

ഁభ
ቁ
 ,  (7) 

𝑥଴ =  
௙∙ቀ

భ

ഁమ
ା

భ

ഁభ
ቁା௫భ

೟ା ௫మ
೟

ଶ
.  (8) 

Then, let us write a similar system for the image space using the relation (5):  

൜
𝑥′଴ − 𝑥′ଷ

௧ᇱ = 𝑓ᇱ ∙ 𝛽ଷ

𝑥′଴ − 𝑥′ସ
௧ᇱ = 𝑓ᇱ ∙ 𝛽ସ

     . 

By solving it in relation to unknown 𝑓ᇱ and 𝑥′଴, we get  

𝑓ᇱ =
௫ᇱయ

೟ᇲି௫ᇱర
೟ᇲ

ఉరି ఉయ
 . (9) 

𝑥′଴ =
௙ᇲ(ఉయା ఉర)ା ௫ᇱయ

೟ᇲା௫ᇱర
೟ᇲ

ଶ
.  (10) 

Having thus determined the values of the Newton’s formula constants for the random reference of the position of an 
object and its image 𝑓,  𝑓ᇱ, 𝑥଴, 𝑥′଴ from (7), (8), (9) and (10), we can write the following for the size of an arbitrary object  

𝑦௜ =  
௬ᇱ೔

ఉ೔
= − 

௬ᇱ೔∙௙ᇲ

௫ᇱ೔
೟ᇲି௫ᇱబ 

, (11) 

and for its position  

𝑥௜
௧ =

௙∙௙ᇲ

௫ᇱ೔
೟ᇲି௫ᇱబ

+ 𝑥଴ . (12) 

The relations (11) and (12) are universally applicable and can be used for various purposes of digital holographic 
systems.  
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If we neglect the problem of determining the position of cardinal points and the segments of the optical system, then the 
simplest method of calibration is the interpolation of dependencies  

𝑥௧ = 𝑥௧(𝑥′௧ᇱ) и 𝛽 = 𝛽(𝑥ᇱ௧ᇲ

). (13) 

The exact view of the interpolation polynomial from (12) to describe the dependency 𝑥௧(𝑥′௧ᇱ) is written as follows:  

𝑥௧ = А +
஻

௫ᇱ೟ᇲି஼
. (16) 

The exact kind of polynomial to describe the dependency 𝛽 ቀ𝑥ᇱ௧ᇲ

ቁ follows from the formula (11):  

𝛽 = −
௫ᇱ೟ᇲି஼

஽
.  (17) 

where the coefficients А, 𝐵, 𝐶, 𝐷 – values having an optical interpretation. А = 𝑥଴ – a segment set from the front focal 
plane, which specifies the position of the reference point in the object space (plane 𝑡). 𝐵 = 𝑓 ∙ 𝑓ᇱ – product of the front 𝑓 
and back 𝑓′ focal lengths of the optical system. 𝐶 = 𝑥′଴ – a segment set from the back focal plane, which specifies the 
reference position in the image space (plane 𝑡′). 𝐷 = 𝑓ᇱ – value of the back focal length of the optical system.  

In general, in a real holographic experiment, for various reasons, the wave front shape (beam convergence) does not 
coincide at the hologram recording stage and at the image reconstruction stage. This means that the digital hologram at 
the image reconstruction stage will play the role of another optical system with optical properties that depend on the 
divergence mismatch of the recording and reconstruction beams. As a result of the composition of two optical systems, a 
new optical system is formed with characteristics determined by optical forces of used components and the distance 
between them [29]. Therefore, the relations (16) and (17) may also be applied to this equivalent optical system. Thus, 
when determining the coefficients А, 𝐵, 𝐶, 𝐷 from a digital holographic experiment, the difference in the shape of 
recording and reconstruction beams will be automatically taken into account. This is important, since when using a lens 
(for example, in the DHC), a converging reference beam with unknown convergence is used during recording, while the 
flat one is used in numerical reproduction for ease of calculation.  

The problem of finding coefficients is solved by calibration in both laboratory and real conditions. For calibration, we 
use test particles (Figure 3) in the form of opaque squares with a side of 500 μm, placed photolithographically on a glass 
plate with a thickness of 2.65 mm (calibers). The DHC design provides the fixation of four calibers (Figure 4).  

 

 
 

(a) (b) 

Figure 3. (a) Caliber: a test particle placed on a glass plate (indicated by an arrow) in the design. (b) Digital hologram of 
four calibers recorded at the station No. 6939 and their holographic images. 1-4 – images of test particles of four calibers 
reconstructed from one hologram, 5 – images of the plankton particle reconstructed from the same hologram.  
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Since the refractive indices of the medium where the test particles (fresh water, sea water or air) are located differ from 
the refractive index of the glass, it is necessary to take into account the refractive index of the medium 𝑛௪௚ relative to the 
glass of calibers and prisms. Then,  

𝑥௧ = 𝑥௪
௧ − 𝑥௚

௧(𝑛௚௪ − 1),    (18) 

where 𝑥௪
௧  – geometric coordinate of the particle in the medium (design factor), 𝑥௚

௧  – thickness of the optical elements of 
the working volume. Let us define 𝑛௚௪ with 𝐸 coefficient, then the expression (16) looks as follows:  

𝑥௪
௧ − 𝑥௚

௧ (𝐸 − 1) = А +
஻

௫ᇱ೟ᇲି஼
. (19) 

Thus, in order to obtain the values А, 𝐵, 𝐶, 𝐷, 𝐸 for the considered digital holographic system, it is necessary to solve the 
system of equations:  

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧𝑥ଵ௪

௧ − 𝑥ଵ௚
௧ (𝐸 − 1) = А +

஻

௫భᇱ೟ᇲି஼

𝑥ଶ௪
௧ − 𝑥ଶ௚

௧ (𝐸 − 1) = А +
஻

௫మᇱ೟ᇲି஼

𝑥ଷ௪
௧ − 𝑥ଷ௚

௧ (𝐸 − 1) = А +
஻

௫యᇱ೟ᇲି஼

𝑥ସ௪
௧ − 𝑥ସ௚

௧ (𝐸 − 1) = А +
஻

௫రᇱ೟ᇲି஼

𝑦ଵ = − 
௬ᇱభ∙஽

௫ᇱభ
೟ᇲି஼ 

. (20) 

The system (20) contains 5 nonlinear equations, of which the first four can be solved by a numerical method thus finding 
a solution for independent coefficients А, 𝐵, 𝐶, 𝐸. The last equation in (20) allows defining the coefficient 𝐷 by 
substituting the found values in the expression, and without the need for a fifth caliber, just simply using the measured 
values for the first caliber. Thus, the optimal number of calibration experiments is 4, and they can be fulfilled by 
simultaneous recording of four calibers per one hologram. Such calibration requires no reliable knowledge on the optical 
properties of components and media (in this case, water, glass and air) included in the equivalent optical scheme.   

In the present work, the calibration was carried out during the field experiment of plankton study using a digital 
holographic camera as part of the Arctic expedition in October 2020. The digital holograms of calibers (a square of 
𝑦ଵ = 500 µm on side) were registered by submerging on two stations – No. 6935 (74°22'57.2"N 72°53'04.3"E) in the 
Kara Sea (Ob River estuary) on October 2 and No. 6939 (77°17'04.4"N 122°05'44.7"E) in the Laptev Sea. The positions 
of the best focus planes of caliber images 𝑥′ଵ

௧ᇱ = 𝑥ଵ
ெᇱ,  𝑥′ଶ

௧ᇱ = 𝑥ଶ
ெᇱ, 𝑥′ଷ

௧ᇱ = 𝑥ଷ
ெᇱ,  𝑥′ସ

௧ᇱ = 𝑥ସ
ெᇱ in relation to the position of a 

matrix and the size (square side) of a caliber 𝑦′ଵ were determined from the reconstructed images of calibers (Table 1).  

For the considered DHC, the following values are known: 𝑥ଵ௪
௧ = 𝑟ଵ = 57.5 mm, 𝑥ଵ௚

௧ = 0, 𝑥ଶ௪
௧ = 𝑟ଵ + 𝑑 + 𝑟ଶ = 180.65 

mm, 𝑥ଶ௚
௧ = 𝑑 = 2.65 mm, 𝑥ଷ௪

௧ = 𝑟ଵ + 2𝑑 + 𝑟ଶ + 2𝑟ଷ + 3𝑙 + 2𝑟ସ = 816.3 mm, 𝑥ଷ௚
௧ = 2𝑑 + 3𝑙 = 305.3 mm, 𝑥ସ௪

௧ =

𝑟ଵ + 3𝑑 + 2𝑟ଶ + 2𝑟ଷ + 3𝑙 + 2𝑟ସ = 921.45 mm, 𝑥ସ௚
௧ = 3𝑑 + 3𝑙 = 307.95 mm, defined at the design stage. They are 

shown in Figure 4.  

To solve the system of nonlinear equations (20), the Levenberg-Marquardt algorithm [30, 31] is applied. The results are 
shown in Table 1.  
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Figure 4. Scheme of the working volume of the digital holographic camera. 1 – portholes, 2 – prisms, 3 – calibers (test 
objects placed on a glass plate).  

 

Table 1. DHC calibration results under different conditions.  

Station No. 6935, Kara Sea, 2 October 2020) No. 6939, Laptev Sea, 6 October  2020) 

𝑥ଵ
ெᇱ, mm 52.4 52.4 

𝑥ଶ
ெᇱ, mm 72.2 72.9 

𝑥ଷ
ெᇱ, mm 168.05 170.05 

𝑥ସ
ெᇱ, mm 187.25 189.91 

𝑦′ଵ, µm 241.5 241.5 

А -46765 -44537 

𝐵 -354206934 -333016226 

𝐶 7617 7519 

𝐷 15661 15661 

𝐸 1.1044 1.1472 

 

Thus, using the obtained coefficients А, 𝐵, 𝐶, 𝐷, expressions (16) and (17) and data (coordinates and size) obtained from 
reconstructed holographic images of particles it is possible to determine the true coordinates of the particle and its size.  

Figure 3 (b) shows the digital caliber hologram recorded at the station No. 6939 (Laptev Sea) at a depth of 23.8 m and 
the reconstructed images of test caliber particles and a plankton particle. The size of particles without any consideration 
given to the coefficients А, 𝐵, 𝐶, 𝐷 are determined by counting the number of pixels and multiplying by the pixel size of 
the digital camera used (3.5 μm). The correction of dimensions taking into account the coefficients А, 𝐵, 𝐶, 𝐷 from Table 

1 for this station is made according to formula 𝑦௜ = − 
௬ᇲ

೔∙஽

௫೔
ಾᇲ

ି஼ 
  and is presented in Table 2. Thus, the measured size of test 

caliber particles taking into account the correction factors is equal to 500±8 μm.  
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Table 2. Size of particles, which reconstructed images are shown in Figure 3 (b), determined without taking into account 
coefficients А, 𝐵, 𝐶, 𝐷 (𝑦′௜) and corrected with respect to coefficients А, 𝐵, 𝐶, 𝐷 from Table 1 (𝑦௜).  

For i particle in 
Fig. 3 

1st caliber 2nd caliber 3rd caliber 4th caliber 
5 - plankton 

particle 

𝑦′௜, µm 241.5 238 234.5 231 388.5 

𝑦௜, µm 506.54 500.57 499.73 493.60 815.64 

 

It shall be noted that the coefficients А, 𝐵, 𝐶, 𝐷 characterize the optical system of the DHC camera automatically taking 
into account the medium in which the holograms are recorded.  

Besides, the obtained results show that the 𝐸 coefficient for the two stations differs by ~ 3.9%, which means that the 
refractive index of water in the Kara Sea and in the Laptev Sea is different, which is associated with different water 
salinity in these water areas.  

3. CONCLUSION 

The study utilizes a two-stage equivalent imaging optical system of a digital holographic camera: optical imaging at the 
stage of digital hologram recording and fully virtual, calculated reconstruction of images. Such an equivalent scheme 
allowed constructing a mathematical model for an in-line scheme that establishes a one-to-one correspondence between 
dimensional and spatial parameters of the digital holographic image and the holographing object. The calibration makes 
it possible to find the values of model constants to determine the real size and longitudinal coordinate of the object using 
its holographic image.  

The paper shows that the optimal number of calibration experiments (or calibers used with simultaneous registration per 
one hologram) is 4. This does not require data on the optical properties of the components and media (in this case, water, 
glass and air) included in the equivalent optical scheme. Besides, the difference in the curvature of the wave fronts of 
recording and reconstruction waves is automatically taken into account.  

The in situ experiments showed that for the developed mathematical model one calibration is quite sufficient within the 
same water area, since the values of coefficients change slightly. Moreover, by changing the calibration coefficients, we 
may face the change in the optical properties of the medium in which the measurements are taken. 
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