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Abstract—This article proposes a pre-equalization method to
remove inter-numerology interference (INI) that occurs in multi-
numerology OFDM frame structures of fifth-generation New
Radio (5G-NR) and beyond, on the transmitter side. In the
literature, guard bands, filters, and interference cancellation
methods are used to reduce the INI. In this work, we mathemat-
ically model how the INI is generated and show how it can be
removed completely for multi-numerology systems by deploying
a pre-equalization matrix on the transmitter side. With this pre-
equalization method, the need for guard bands and filters is
eliminated and spectral efficiency is improved.

Index Terms—5G NR, Inter-Numerology Interference, Mixed
Numerology, OFDM

I. INTRODUCTION

F IFTH generation (5G) wireless communication networks
will require more flexible resource distribution to support

a variety of communication requirements. The use-cases of
5G Networks have been categorized into three main ser-
vice groups: enhanced mobile broadband (eMBB), massive
machine-type communication (mMTC), and ultra-reliable and
low latency communication (URRLC) [1]. eMBB provides
stable and high throughput to cellular users, mMTC supports
a massive number of Internet of Things (IoT) devices with
low rate and complexity, and URLLC supports low-latency
transmissions of small payloads with very high reliability [1].

In the 5G physical layer, flexible numerology is a key
enabler of supporting diverse use cases. Flexible numerology
is obtained by adjusting the subcarrier spacing (SCS) in
Orthogonal Frequency Division Multiplexing (OFDM). SCS
directly determines the OFDM symbol duration and the Cyclic
Prefix (CP). It is closely related to the frequency selectivity of
the fading channel and the channel coherence time. Therefore,
for different use cases (i.e. channel types, delay requirements,
etc.), different numerologies can be suitable. While 4G sys-
tems support only one type of numerology with SCS of 15
kHz, 5G supports multiple and flexible numerologies to satisfy
diverse requirements of a flexible radio access technology [2].

Multiplexing different numerologies (i.e OFDM with dif-
ferent SCS) adjacently in the frequency domain cause in-
band interference. This in-band interference is called inter-
numerology interference (INI) and it is caused by the out-
of-band emissions which are emitted by OFDM symbols of
different numerologies.

Inserting a guard band between adjacent numerologies on
the same frequency band is a conventional way to reduce the
INI [3]. However, inserting a guard band reduces the spectral
efficiency of the system. Scheduling the time and frequency
is also used to control INI and minimize the effect of INI
[3]. The interference between the numerologies depends on
the transmitted numerologies’ powers and subcarrier spacings.
The works in [4], [5], [6] analyze the INI that occurred
between adjacent numerologies. In these studies, it is shown
that INI is created on the transmitter side before transmission.
In the paper, [7], characteristics of the INI are exploited in
order to insert subcarriers in some parts of the guard band. In
[5], an iterative interference cancellation algorithm is proposed
on the receiver side. However, such methods on the receiver
side are disadvantageous due to increased complexity at the
mobile receivers.

In this work, we analyze the INI by using discrete Fourier
transform equations in the frequency and time domains. Then,
we model the INI on each transmitted subcarrier (i.e trans-
mitted symbols) as weighted linear combinations of neighbor
numerology’s transmitted subcarriers. These weighted linear
combinations are expressed as the INI weight matrix. Our
contribution is to eliminate the INI by multiplying the inverse
of the INI weight matrix (W) as a pre-equalizer at the
transmitter side.

Simulation results reveal that INI is completely removed in
transmitted subcarriers and theoretical minimum bit error rates
(BER) for various modulations on a Rayleigh fading channel
are achieved without using any guard band.

The rest of the paper is prepared as follows. In Section II,
the classical multi-numerology OFDM is revisited. In Section
III, the INI is analyzed by DFT and IDFT matrices, and
INI on the numerologies is mathematically modeled. At the
end of Section III, INI pre-equalization matrix is derived and
illustrated. Section IV presents the simulation results of the
proposed INI pre-equalizer. Finally, some concluding remarks
and future works are provided in Section V.

II. SYSTEM MODEL

We consider a downlink (DL) multi-numerology OFDM
system. The standardized numerologies (subcarrier spacings)
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for 5G NR are [8]

∆fµ = 2µ × 15kHz, µ = 0, 1, 2, 3, 4. (1)

The parameter ∆fµ is the subcarrier spacing of numerology
µ. Among these numerologies, µ = 0, 1, 2 are allowed in the
Frequency Range 1 (FR1), which is below 6 GHz [8]. The
transmission spectrum is divided into two equal sub-bands,
where each sub-band is assigned to one type of numerology.
Assume two different numerologies, µ = 0, 1 are multiplexed
onto an OFDM frequency band In the literature usually
numerologies 0 and 1 are assumed. The same analysis can be
easily carried out for numerology pairs µ = 0− 2 or 1− 2 or
more than two different numerologies on the same frequency
band. Without using any guard band, both numerologies can
be generated as

X0(k) =
N−1∑
k′=0

X0(k′)δ(k−k′), X0(k) = 0 for
N

2
≤ k ≤ N−1

(2)

X1,q(l) =

M−1∑
l′=0

X1,q(l
′)δ(l−l′), X1,q(l) = 0 for 0 ≤ l ≤ M

2
−1

(3)
where N and M are the discrete Fourier transform and inverse
discrete Fourier transform (DFT/IDFT) sizes of the numerolo-
gies. Complex modulation symbols are denoted as X0 and
X1,q . N = Q×M , where Q = 2, q = 0, 1 and δ(.) is the delta
function. Index q = 0, 1 denotes time-multiplexed symbols of
the numerology with wider subchannels (i.e. narrower symbol
duration). After subcarrier allocation into sub-bands, CP-added
discrete-time OFDM symbols for both numerologies can be
generated by the IDFT operation.

y0(n) =
1

N

N−1∑
k=0

X0(k)e
j2πk〈n−Ncp〉N

N ,

0 ≤ n ≤ N +Ncp − 1 (4)

y1,q(m) =
1

M

M−1∑
l=0

X1,q(l)e
j2πl〈m−Mcp〉M

M ,

0 ≤ m ≤M +Mcp − 1 (5)

where Ncp and Mcp are CP duration of both numerologies
and Ncp = Q×Mcp. We denote modulo-N operation as 〈.〉N .
To create the composite numerology OFDM signal, we must
concatenate OFDM symbols y1,q(m) in the discrete-time
domain.

y1(n) =

M+Mcp−1∑
m=0

Q−1∑
q=0

y1,q(m)δ(n−m− q(M +Mcp))

(6)

Composite numerology OFDM signal is generated as,

ycomposite(n) = y0(n) + y1(n) (7)
III. ANALYSIS OF INI BY DFT AND IDFT MATRICES

Ncp-point CP-added N -point IDFT equation (4) can be
written in a matrix form in equation (8) where ω̄kn0 =
(ej2π/N )kn, is the complex conjugate of ωkn0 .
Mcp-point CP-added M -point IDFT equation (5) can be

written in a matrix form as in equation (9), where ω̄lm1 =
(ej2π/M )lm, is the complex conjugate of ωlm1 .
N -point DFT Matrix for numerology 0 can be written as


X0(0)
X0(1)

...
X0(N − 1)

=


1 1 · · · 1

1 ω0 · · · ω
(N−1)
0

...
...

. . .
...

1 ω
(N−1)
0 · · · ω(N−1)(N−1)

0




y0(0)
y0(1)

...
y0(N − 1)


(10)

M -point DFT Matrix for numerology 1 can be written as


X1(0)
X1(1)

...
X1(M − 1)

=


1 1 · · · 1

1 ω1 · · · ω
(M−1)
1

...
...

. . .
...

1 ω
(M−1)
1 · · · ω(M−1)(M−1)

1




y1(0)
y1(1)

...
y1(M − 1)


(11)

In equations (8) and (9), first Ncp and Mcp rows are the
CP’s of y0 and y1, respectively.



y0(0)
y0(1)

...
y0(Ncp − 1)
y0(Ncp)

y0(Ncp + 1)
...

y0(N +Ncp − 1)


︸ ︷︷ ︸

y0

=
1

N



1 ω̄
(N−Ncp)
0 · · · ω̄

(N−1)(M−Ncp)
0

1 ω̄
(N−Ncp+1)
0 · · · ω̄

(N−1)(M−Ncp+1)
0

...
...

. . .
...

1 ω̄
(N−1)
0 · · · ω̄

(N−1)(N−1)
0

1 1 · · · 1

1 ω̄0 · · · ω̄
(N−1)
0

...
...

. . .
...

1 ω̄
(N−1)
0 · · · ω̄

(N−1)(N−1)
0




X0(0)
X0(1)

...
X0(N − 1)

 (8)
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

y1(0)
y1(1)

...
y1(Mcp − 1)
y1(Mcp)

y1(Mcp + 1)
...

y1(M +Mcp − 1)


︸ ︷︷ ︸

y1

=
1

M



1 ω̄
(M−Mcp)
1 · · · ω̄

(M−1)(M−Mcp)
1

1 ω̄
(M−Mcp+1)
1 · · · ω̄

(M−1)(M−Mcp+1)
1

...
...

. . .
...

1 ω̄
(M−1)
1 · · · ω̄

(M−1)(M−1)
1

1 1 · · · 1

1 ω̄1 · · · ω̄
(M−1)
1

...
...

. . .
...

1 ω̄
(M−1)
1 · · · ω̄

(M−1)(M−1)
1




X1(0)
X1(1)

...
X1(M − 1)

 (9)

Let us choose P subcarriers of numerology 0 and K
subcarriers of numerology 1 at the neighbor boundary of
both numerologies. That is, we take the last P subcarriers of
numerology 0 from N

2 − P to N
2 − 1 subcarrier indexes, and

the first K subcarriers of numerology 1 from M
2 to M

2 +K−1
subcarrier indexes, from equations (2) and (3) to analyze and
remove the INI on subcarriers to be transmitted.

A. INI from numerology 0 to numerology 1-0 and 1-1

Fig. 1. INI from numerology 0 to numerology 1-0 and 1-1 in the time domain

The first part of numerology 0, shown in red dashed lines
in Fig 1, between time samples Ncp

2 and Ncp
2 + N

2 − 1 of
subcarriers from N

2 − P to N
2 − 1 causes INI on subcarriers

from M
2 to M

2 + K − 1 of numerology 1-0. This expression
can be modeled as a matrix form in equation (12).

Eq. (12) can be simplified as in (13). Where, INI1,0 is a
K × 1-column vector that represents the INI on the first K
subcarriers of numerology 1-0. X0 is the P ×1-column vector
of symbols to be transmitted of numerology 0 and WINI

1,0 is
the K × P matrix describing how the INI is created.

INI1,0 = WINI
1,0 X0 (13)

The second part of numerology 0, shown in blue dashed
lines in Fig 1, between time samples Ncp+N

2 and Ncp+N−1
of subcarriers from N

2 −P to N
2 −1 causes INI on subcarriers

from M
2 to M

2 + K − 1 of numerology 1-1. This expression
can be presented in a matrix form, as in equation (14), which
also can be simplified as in (15).

INI1,1 = WINI
1,1 X0 (15)


INI1,0(M2 )

INI1,0(M2 +1)

...
INI1,0(M2 +K−1)

=

︸ ︷︷ ︸
INI1,0


1 · · · ω

(M2 )(M−1)
1

1 · · · ω
(M2 +1)(M−1)
1

...
. . .

...

1 · · · ω(M2 +K−1)(M−1)
1


1

N


ω̄
(N2 −P )(

Ncp
2 )

0 · · · ω̄
(N2 −2)(

Ncp
2 )

0 ω̄
(N2 −1)(

Ncp
2 )

0
...

. . .
...

...

ω̄
(N2 −P )(

Ncp
2 +N

2 −1)
0 · · · ω̄(N2 −2)(

Ncp
2 +N

2 −1)
0 ω̄

(N2 −1)(
Ncp
2 +N

2 −1)
0


︸ ︷︷ ︸

WINI
1,0


X0(

N
2 −P )

...
X0(

N
2 −2)

X0(
N
2 −1)


︸ ︷︷ ︸

X0

(12)


INI1,1(M2 )

INI1,1(M2 +1)

...
INI1,1(M2 +K−1)

=

︸ ︷︷ ︸
INI1,1


1 · · · ω

(M2 )(M−1)
1

1 · · · ω
(M2 +1)(M−1)
1

...
. . .

...

1 · · · ω(M2 +K−1)(M−1)
1


1

N


ω̄
(N2 −P )(Ncp+

N
2 )

0 · · · ω̄
(N2 −2)(Ncp+

N
2 )

0 ω̄
(N2 −1)(Ncp+

N
2 )

0
...

. . .
...

...

ω̄
(N2 −P )(Ncp+N−1)
0 · · · ω̄(N2 −2)(Ncp+N−1)

0 ω̄
(N2 −1)(Ncp+N−1)
0


︸ ︷︷ ︸

WINI
1,1


X0(

N
2 −P )

...
X0(

N
2 −2)

X0(
N
2 −1)


︸ ︷︷ ︸

X0

(14)
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
INI0,0(N2 −P )

...
INI0,0(N2 −2)
INI0,0(N2 −1)

=

︸ ︷︷ ︸
INI0,0


1 · · · ω(N2 −P )(

Ncp
2 +N

2 −1)
0

...
. . .

...

1 · · · ω(N2 −2)(
Ncp
2 +N

2 −1)
0

1 · · · ω(N2 −1)(
Ncp
2 +N

2 −1))
0


1

M


ω̄
(M2 )(2Mcp)
1 ω̄

(M2 +1)(2Mcp)
1 · · · ω̄

(M2 +K−1)(2Mcp)
1

ω̄
(M2 )(2Mcp+1)
1 ω̄

(M2 +1)(2Mcp+1)
1 · · · ω̄(M2 +K−1)(2Mcp+1)

1
...

. . .
...

...

ω̄
(M2 )(M+Mcp−1)
1 ω̄

(M2 +1)(M+Mcp−1)
1 · · ·ω̄(M2 +K−1)(M+Mcp−1)

1


︸ ︷︷ ︸

WINI
0,0


X1,0(

M
2 )

X1,0(
M
2 +1)

...
X1,0(

M
2 +K−1)


︸ ︷︷ ︸

X1,0

(16)


INI0,1(N2 −P )

...
INI0,1(N2 −2)
INI0,1(N2 −1)

=

︸ ︷︷ ︸
INI0,1


ω
(N2 −P )(N2 +

Ncp
2 )

0 · · · ω(N2 −P )(N−1)
0

...
. . .

...

ω
(N2 −2)(

N
2 +

Ncp
2 )

0 · · · ω(N2 −2)(N−1)
0

ω
(N2 −1)(

N
2 +

Ncp
2 )

0 · · · ω(N2 −1)(N−1))
0


1

M



ω̄
(M2 )(M−Mcp)
1 · · · ω̄(M2 +K−1)(M−Mcp)

1
...

. . .
...

1 · · · 1
...

. . .
...

ω̄
(M2 )(M−1)
1 · · · ω̄

(M2 +K−1)(M−1)
1


︸ ︷︷ ︸

WINI
0,1


X1,1(

M
2 )

X1,1(
M
2 +1)

...
X1,1(

M
2 +K−1)


︸ ︷︷ ︸

X1,1

(18)

B. INI from numerology 1-0 and 1-1 to numerology 0

Fig. 2. INI from numerology 1-0 and 1-1 to numerology 0 in the time domain

Part of numerology 1-0, shown in red dashed lines in Fig. 2,
between time samples 2Mcp and Mcp +M − 1 of subcarriers
from M

2 to M
2 +K−1 causes INI on subcarriers from N

2 −P
to N

2 − 1 of numerology 0. This expression can be modeled
as a matrix form in equation (16), which can be simplified as

INI0,0 = WINI
0,0 X1,0, (17)

where, INI0,0 is a P × 1 column vector represents the INI
created by numerology 1-0 on the last P subcarriers of
numerology 0. X1,0 is the K × 1 column vector of symbols
to be transmitted of numerology 1-0 and WINI

0,0 is the P ×K
matrix describing how the INI is created.

The whole part of numerology 1-1, shown in blue dashed
lines in Fig. 2, between time samples Mcp +M and 2Mcp +
2M − 1 of subcarriers from M

2 to M
2 + K − 1 causes INI

on subcarriers from N
2 − P to N

2 − 1 of numerology 0. This
expression can be modeled as a matrix form in equation (18),
which can be simplified as

INI0,1 = WINI
0,1 X1,1 (19)

We should combine the equations (17) and (19) to get the
whole INI on numerology 0.

INI0 = WINI
0,0 X1,0 + WINI

0,1 X1,1 (20)

C. INI Modelling and INI Pre-Equalization Matrix

From equations (13), (15), (17), and (19), K × P matrices
WINI

1,0 , WINI
1,1 and P ×K matrices WINI

0,0 , WINI
0,1 are derived,

respectively. By using equations (13), (15), and (20), the
transmission symbols exposed to INI for each numerology can
be written as

XINI
0 = X0 + WINI

0,0 X1,0 + WINI
0,1 X1,1

XINI
1,0 = X1,0 + WINI

1,0 X0

XINI
1,1 = X1,1 + WINI

1,1 X0

(21)

Equations in (21) can be shaped into a matrix form as
XINI

0

XINI
1,0

XINI
1,1

 =


IP WINI

0,0 WINI
0,1

WINI
1,0 IK 0K

WINI
1,1 0K IK



X0

X1,0

X1,1

 (22)

where IP and IK denote P × P and K × K size identity
matrices, respectively. OK denotes the K×K size zero matrix.
Therefore, equation (22) can be written as

XINI = WINIX (23)

where XINI is a (P + 2K) × 1 column vector denotes
transmission symbols exposed to INI. WINI is the (P+2K)×
(P + 2K) matrix that models how INI is created at each
numerologies’ transmission symbols and X is the (P+2K)×1
column vector of transmission symbols that are exposed to
INI. In other words, INI-free transmission symbols. Therefore,
equation (23) models how transmission symbols are to be
exposed to INI that occurs in the generation of the multi-
numerology signals at the transmitter.
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To remove INI on the transmission subcarriers (i.e symbols)
completely, the transmission symbol vector, X, should be pre-
equalized. To do that, the inverse of WINI should be used.

Xb = (WINI)−1X (24)

Here, (WINI)−1 denotes the pre-equalization matrix, and Xb

becomes a pre-equalized transmission symbol vector. In multi-
numerology signal creation, using Xb instead of X will remove
the INI on X as

X = (WINI)Xb (25)

Briefly, to eliminate INI on transmission symbols in multi-
numerology creation, transmission symbols need to be pre-
equalized by (WINI)−1. Note that, this is a fixed matrix and
does not depend on instantaneously transmitted data. Therefore
it is computed only once and used for all OFDM symbols.

In the simulations, the pre-equalization method is derived
for numerology 0 (15 kHz) and numerology 1 (30 kHz). The
2 consecutive symbols of numerology 1, independent of each
other, create an INI to numerology 0. Numerology 0 creates
an INI to numerology 1-0 and numerology 1-1. These INI
matrices can be formed into equation (22). In addition, this
approach can be extended to other numerology pairs, such as
numerology 0 (15 kHz) and numerology 2 (60 kHz). In this
case, the 4 consecutive symbols of numerology 2, independent
of each other, create an INI to numerology 0, and numerology
0 creates INI to numerology 2-0, 2-1, 2-2, and 2-3. In a similar
way, the pre-equalization matrix in equation (22) could be
derived.

Therefore, the INI pre-equalization method can be extended
to all numerology pairs. The pre-equalization method elimi-
nates all the INI that occured in those P and K values of
subcarriers, and achieves theoretical BER performance.

IV. NUMERICAL RESULTS AND DISCUSSION

In this section, the performance of the proposed INI pre-
equalization technique is evaluated in additive white Gaussian
noise added to Rayleigh fading channels via Monte Carlo
simulations. In the simulations, we consider P = 96 and
K = 48 to give equal bandwidth for each numerology and
only these bands will be considered for INI pre-equalization.
Channel coding introduced in 5G and beyond is not considered
throughout the simulations because the aim is to remove the
INI that occurred on the transmission symbols. The total
frequency bandwidth is divided equally for numerology 0 and
1. For this scenario, 256 and 128-point IDFT/DFT sizes are
assigned to numerology 0 and 1, respectively. The guard band
is not used between the numerologies and numerologies’ CP
lengths are chosen as 18 and 9, respectively. We consider 64-
QAM and 256-QAM modulation levels for simulations.

First, generated multi-numerology OFDM signals via INI
pre-equalization are directly demodulated without any noise
and channel effect. After demodulation, it has been observed
that the EVM values of the transmission symbols are 0 dB.

In Fig. 3 and 4, performances of INI pre-equalizer tech-
niques are depicted by circle and triangle markers. Theoretical

Fig. 3. BER results of 256-QAM for numerology 0 and 1

Fig. 4. BER results of 256-QAM and 64-QAM for numerology 0 and 1

BER performance (assuming no INI) is considered as the
benchmark and the cases where the INI is not pre-equalized
are shown with square and diamond markers. In Fig. 3 and 4,
the BER performance of both numerologies is aligned with the
theoretical BER in Rayleigh fading channel for both 64-QAM
and 256-QAM.

We didn’t compare our scheme with the guard-band-based
schemes, since those methods result in a significant decrease
in throughput. Besides, the performance of the pre-equalizer
achieves the theoretical BER limits, which is already the best
possible performance.

In Fig. 5, the PAPR analysis of INI pre-equalizer is in-
vestigated. Complementary cumulative distribution functions
(CCDF) is taken into account. CCDF PAPR of pre-equalized
multi-numerology signal is depicted by a circle and CCDF
PAPR of non-pre-equalized multi-numerology signal is de-
picted by a triangle markers. The pre-equalization technique
makes almost no changes to the PAPR while removing the
INI.

Please note that only one (WINI)−1 square matrix of size
(P + 2K) × (P + 2K) from (24) is used as a pre-equalizer
to remove INI for any modulation scheme. This matrix only
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Fig. 5. PAPR CCDF results of 256-QAM for numerology 0 and 1

depends on the IDFT/DFT sizes, CP length, adjacent P and
K subcarriers, and chosen numerology indices. After the pre-
equalizer matrix is created once for a system, then the same
matrix can be used for any modulations. Similar INI pre-
equalizer matrices could be derived for other numerology pairs
as µ = 0, 2 and µ = 1, 2 for any P and K values.

V. CONCLUSION

In this work, a pre-equalization solution for the removal
of Inter numerology Interference (INI) in multi-numerology
OFDM systems is proposed. The INI is mathematically ex-
pressed as a weighted linear combination of the transmitted
symbols and the INI creation matrix is derived. Then, using
an inverse of the INI creation matrix as a pre-equalizer we
can completely remove the INI on the transmitter side for
both numerologies. In future work, it is possible to further
investigate to implement the proposed technique in multi-
antenna systems and windowed-OFDM signals.
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