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In this study, we define two types of mappings that preserve the con-
stant angle between the tangent vector field and the axis of a given helix
in Euclidean spaces. The first type generates helices in the n-dimensional
Euclidean space from helices in the same space. The second type gener-
ates helices in the (n+1)-dimensional Euclidean space from helices in the
n-dimensional Euclidean space. In addition, we give invariants of these map-
pings and study polynomial, rational, conical, ellipsoidal, and hyperboloidal
helices supported by examples.
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1 INTRODUCTION

Helices are one of the most interesting curves that have been studied researchers from varying fields like mathematics,
architecture, engineering, and biology. We can find helices from micro scales to macro scales in nature. One of the famous
examples for micro scales is DNA. According to the latest researches, the shape of DNA is a helix because it takes the
least amount of energy and takes up the least space.1 In addition to DNA, bacterial flagella, seashells, and horns can be
given as examples of helices in nature.1,2 In computer aided design and computer graphics, helices can be used for the
tool path description, the simulation of kinematic motion, or the design of highways.3 Also, we can find helical structures
in industrial products like screws and polyaniline-type polymers.1,2

A curve is called a helix if its tangent vector field makes a constant angle with a fixed direction. In the Euclidean
three-dimensional space, a necessary and sufficient condition for a curve to be a helix is that the ratio of curvature to
torsion ( k1

k2
) be constant. This result known as Lancret's theorem.4 If a helix lies on a surface, it is named by the name of

the surface, eg, spherical helix and ellipsoidal helix.
The notion of a helix in Euclidean three-dimensional space can be generalized to higher dimensions in many ways.5,6

However, we use the classical definition, ie, a curve is called a helix if its tangent vector field makes a constant angle with
a fixed direction like in the papers.7-9

Pythagorean-hodograph (PH) curves were introduced by Farouki and Sakkalis.10 We can use PH curve concept to define
helices. By means of this concept, Altunkaya and Kula7 studied polynomial helices in the Euclidean n-space. They showed
methods to construct rational helices from polynomial helices.

As we know, Klein11 described geometry as the study of invariants under certain allowed transformations, ie, special
kind of mappings. Therefore, finding invariants under mappings can be considered one of the main goals of geometry.
The methods in the Altunkaya and Kula's paper7 led us to study for finding mappings that preserve general helices in the
Euclidean n-space.

In this work, we introduce two mappings that generate new helices from related helices by preserving the constant angle
between the tangent vector field and the axis of a helix. Furthermore, we give characterizations of these mappings and
find invariants of them. Also, we generate polynomial, rational, conical, ellipsoidal, and hyperboloidal helices by using
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these mappings. To the best of our knowledge, there is no paper discussing mappings that preserve helices in Euclidean
spaces in the literature.

2 BASIC CONCEPTS

Let En denote the Euclidean n-space with the standart metric

g = dx2
1 + dx2

2 + … + dx2
n

where (x1, x2, … , xn) is a rectangular coordinate system of En.4,12

The standard inner product of real vector space Rn with the standart orthonormal basis {e1, e2, … , en} is given by

< X ,Y >=
n∑

i=1
xi𝑦i

for each X = (x1, x2, ..., xn), Y = (𝑦1, 𝑦2, ..., 𝑦n) ∈ Rn. In particular, the norm of a vector X ∈ Rn is given by ||X||2 =< X ,X >.
Let 𝛼 ∶ I ⊂ R → En be an arbitrary curve in En and {V1,V2, ...,Vn} be the moving Frenet frame along the curve 𝛼 where

Vi {(i = 1, 2, ...,n)} denotes the ith Frenet vector field. Then, the Frenet formulae are given by

⎧⎪⎨⎪⎩
V ′

1(t) = 𝜈(t)k1(t) V2 (t)
V ′

i (t) = 𝜈(t)(−ki−1(t) Vi−1 (t) + ki(t) Vi+1 (t)), i = 2, 3, ...,n − 1
V ′

n(t) = −𝜈(t)kn−1(t) Vn−1 (t)

where 𝜈(t) = ||𝛼′(t)|| and ki (i = 1, 2, ...,n − 1) denote the ith curvature function of the curve 𝛼.8,13

We call 𝛼 a regular curve of order m (where m ⩽ n) if and only if for any t ∈ I

{𝛼′(t), 𝛼′′(t), ..., 𝛼(m)(t)}

is a linearly independent subset of Rn. For m = n, we call that the curve 𝛼 is a regular curve. In this study, we work with
regular curves.

Definition 2.1. The curve 𝛼 ∶ I ⊂ R → En is called a helix if its tangent vector V1 makes a constant angle with a
fixed direction U, called the axis.6

Remark 2.1. All the mappings in this work are built for helices with the axis en in En. Moreover, mappings for the
helices that have different axes can also be built similarly.

3 n-HELIX MAPPING

Now, we define a mapping which maps a helix in En to another helix in En.

Definition 3.1. Let  ∶ En∖M → En∖M be the mapping defined by

 (x1, x2, ..., xn) =
c

x2
1 + x2

2 + ... + (1 − a)x2
n
(x1, x2, ..., xn)

where M =
{
(x1, x2, … , xn) | x2

1 + x2
2 + … + x2

n−1 ≠ (a − 1) x2
n
}

, c ≠ 0 and a > 1. We call  as n − helix mapping.

We note that an involution is a mapping whose inverse is itself. Thus, we have the corollary below.

Corollary 3.1. The mapping  is an involution.

In addition, we can give the following theorem for the mapping of .
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Theorem 3.1. The mapping  leaves the hypercone

K =
{
(x1, x2, … , xn) | x2

1 + x2
2 + … + x2

n−1 = b x2
n, b ≠ a − 1 > 0

}
invariant.

Proof. Let
 (x1, x2, ..., xn) = (𝑦1, 𝑦2, ..., 𝑦n)

for (x1, x2, ..., xn) ∈ En∖M. Therefore, we can write
Then,

𝑦i =
c

x2
1 + x2

2 + … + (1 − a)x2
n

xi, 1 ≤ i ≤ n,

and

𝑦2
1 + 𝑦2

2 + … + 𝑦2
n−1 =

(
c

x2
1 + x2

2 + … + (1 − a) x2
n

)2 (
x2

1 + x2
2 + … + x2

n−1
)

= b

(
c

x2
1 + x2

2 + … + (1 − a) x2
n

)2

x2
n

= b 𝑦2
n.

This completes the proof.

Now, we give fairly easy, but an important result in the Lemma 3.1, which characterizes helices with the axis en in En.
By Lemma 3.1, we show that the mapping  generates a new helix from the related helix and preserves the constant angle
between the tangent vector field and the axis of the helix in Theorem 3.2.

Lemma 3.1. 𝛼 = (𝛼1, 𝛼2, ..., 𝛼n) ∶ I ⊂ R → En is a helix whose tangent vector field makes a constant angle 𝜃 =
arccos( 1√

a
) with the axis en if and only if ‖𝛼′‖2 = a

(
𝛼′

n
)2 where a > 1.

Proof. If 𝛼 is a helix with the conditions above, then

⟨V1, en⟩ = 𝛼n
′‖𝛼′‖ = 1√

a
.

Therefore, ‖‖𝛼′‖‖2 = a
(
𝛼′

n
)2
.

Conversely, if ‖𝛼′‖2 = a
(
𝛼′

n
)2, then

V1 = 1√
a𝛼′

n

(
𝛼1

′, 𝛼2
′, … , 𝛼n

′) .
Hence, ⟨V1, en⟩ = 1√

a
.

Therefore, 𝛼 is a helix in En whose tangent vector field makes a constant angle 𝜃 = arccos( 1√
a
) with the axis en.

Theorem 3.2. Consider the curve 𝛼 = (𝛼1, 𝛼2, ..., 𝛼n) ∶ I ⊂ R → En. Then, 𝛼 is a helix whose tangent vector field makes
a constant angle 𝜃 = arccos( 1√

a
) with the axis en if and only if

𝛽 =  (𝛼) = c
𝛼2

1 + 𝛼2
2 + ... + (1 − a)𝛼2

n
(𝛼1, 𝛼2, ..., 𝛼n) (3.1)

is a helix inEn whose tangent vector field makes the constant angle 𝜃 = arccos( 1√
a
)with the axis en where c ≠ 0 and a > 1.
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Proof. If 𝛼 is a helix with the conditions above, then

‖‖𝛼′‖‖2 = a
(
𝛼′

n
)2
.

By taking
u = c

𝛼2
1 + 𝛼2

2 + ... + (1 − a)𝛼2
n
,

we have 𝛽 = u𝛼. With straightforward calculations, we have

‖‖𝛽′‖‖2 =
(

u′)2‖𝛼‖2 + 2uu′⟨𝛼, 𝛼′⟩ + au2(𝛼′n)2

= a
[
(u𝛼n)′

]2
.

Therefore, by using Lemma 3.1; 𝛽 is a helix in En whose tangent vector field makes a constant angle 𝜃 = arccos( 1√
a
)

with the axis en.
Conversely, if 𝛽 is a helix with the conditions above, then

‖‖𝛽′‖‖2 = a
[
(u𝛼n)′

]2
.

With straightforward calculations, we have

u2
((

𝛼
′

1
)2 +

(
𝛼

′

2
)2 + … + (1 − a)

(
𝛼

′

n
)2) = 0.

Therefore, ‖‖𝛼′‖‖2 = a
(
𝛼′

n
)2
.

This completes the proof.

The following results in Remark 3.1 and Remark 3.2 are important properties of the mapping .

Remark 3.1. By Corollary 3.1, we also have
 (𝛽) = 𝛼. (3.2)

Remark 3.2. If 𝛼 is a helix in E3 whose tangent vector field V1 makes a constant angle 𝜃 with a fixed direction d. Then,
< V1, d >= cos(𝜃). As we know k1

k2
= tan(𝜃) (see12, pp. 160). As a result of Theorem 3.2, we easily see the mapping 

preserves the ratio k1
k2

; since the curves 𝛼 and 𝛽 =  (𝛼) make the same angle 𝜃 with the same fixed direction d.

Corollary 3.2. If 𝛼 is a polynomial helix, then the curve 𝛽 =  (𝛼) is a rational helix.

Example 3.1. Consider the polynomial helix

𝛼(t) =
(
−t3 + 3t, 3t2, t3 + 3t

)
whose tangent vector field

V1(t) =

(
− t2 − 1√

2
(

t2 + 1
) , √

2t
t2 + 1

,
1√
2

)
makes constant angle 𝜃 = arccos( 1√

2
) = 𝜋

4
with e3.

Then, by taking c = 1 in (3.1), we have the rational helix

𝛽(t) =
(

3 − t2

t3 ,
3
t2 ,

t2 + 3
t3

)
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with the tangent vector field

V1(t) =

(
− t2 − 9√

2
(

t2 + 9
) , 3

√
2t

t2 + 9
,

1√
2

)
.

We can see these curves in Figure 1.

 (𝛽(t)) = 

(
3 − t2

t3 ,
3
t2 ,

t2 + 3
t3

)
= 𝛼(t).

Example 3.2. Consider the conical helix

𝛼(t) = (et cos 3t, et sin 3t, 4
5

et)

whose tangent vector field

V1(t) =
1√
266

(5(cos 3t − 3 sin 3t), 5(sin 3t + 3 cos 3t), 4) .

makes the constant angle 𝜃 = arccos(2
√

2
133

) with e3.
Then, by taking c = −9 in (3.1), we have the conical helix

𝛽(t) =
(
−e−t cos 3t,−e−t sin 3t,−4

5
e−t

)
with the tangent vector field

V1(t) =
1√
266

(5(cos 3t + 3 sin 3t),−5(3 cos 3t − sin 3t), 4) .

FIGURE 1 The helices 𝛼 (green) and 𝛽 (red) [Colour figure can be
viewed at wileyonlinelibrary.com]
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FIGURE 2 The helices 𝛼 (green) and 𝛽 (red) on the cone K
[Colour figure can be viewed at wileyonlinelibrary.com]

These curves both lie on the cone

K =
{
(x1, x2, x3) | x2

1 + x2
2 = 25

16
x2

3

}
as shown in Figure 2.

By means of the mapping , we can find the parametric equations of ellipsoidal and hyperboloidal helices which are
new for researchers.

Corollary 3.3. Let us consider the helix 𝛼(t) = (𝛼1(t), 𝛼2(t), 𝛼3(t)) where

𝛼1 (t) =
d
√

t2 + 1
(

t cos
(
𝑓 tan−1(t)

)
− 𝑓 sin

(
𝑓 tan−1(t)

))
𝑓
((
𝑓 2 − 2

)
t2 − 1

) ,

𝛼2 (t) =
d
√

t2 + 1
(

t sin
(
𝑓 tan−1(t)

)
+ 𝑓 cos

(
𝑓 tan−1(t)

))
𝑓
((
𝑓 2 − 2

)
t2 − 1

) ,

𝛼3 (t) =
e
√
𝑓 2 − 1 t

√
t2 + 1

𝑓
((
𝑓 2 − 2

)
t2 − 1

) ,
d, e ≠ 0 and 𝑓 > 1. Then, 𝛽(t) =  (𝛼(t)) = (𝛽1(t), 𝛽2(t), 𝛽3(t)) where

𝛽1 (t) =
cd

(
t cos

(
𝑓 tan−1(t)

)
− 𝑓 sin

(
𝑓 tan−1(t)

))
𝑓
√

t2 + 1
,

𝛽2 (t) =
cd

(
t sin

(
𝑓 tan−1(t)

)
+ 𝑓 cos

(
𝑓 tan−1(t)

))
𝑓
√

t2 + 1
,

𝛽3 (t) =
ce
√
𝑓 2 − 1 t

𝑓
√

t2 + 1

is an ellipsoidal helix which lies on the ellipsoid

x2

c2d2 + 𝑦2

c2d2 + z2

c2e2 = 1.
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Example 3.3. If we take c = 1, 𝑓 , d = 2, e = 3 in Corollary 3.3 and simplify the trigonometric expressions we have
the helix

𝛼(t) =

(
−

t
(

t2 + 3
)√

t2 + 1
(
2t2 − 1

) , 2√
t2 + 1

(
2t2 − 1

) , 3
√

3 t
√

t2 + 1
4t2 − 2

)

and the ellipsoidal helix

𝛽(t) =

(
−

t
(

t2 + 3
)(

t2 + 1
)3∕2 ,

2(
t2 + 1

)3∕2 ,
3
√

3 t

2
√

t2 + 1

)
.

The helix 𝛽 lies on the ellipsoid (See Figure 3)

1
4
(

x2 + 𝑦2) + z2

9
= 1.

Corollary 3.4. Let us consider the helix 𝛼(t) = (𝛼1(t), 𝛼2(t), 𝛼3(t)) where

𝛼1 (t) =
d
√

t2 + 1
(

t cos
(
𝑓 tan−1(t)

)
− 𝑓 sin

(
𝑓 tan−1(t)

))
𝑓
((
𝑓 2 − 2

)
t2 − 1

) ,

𝛼2 (t) =
d
√

t2 + 1
(

t sin
(
𝑓 tan−1(t)

)
+ 𝑓 cos

(
𝑓 tan−1(t)

))
𝑓
((
𝑓 2 − 2

)
t2 − 1

) ,

𝛼3 (t) =
e
√

1 − 𝑓 2 t
√

t2 + 1
𝑓
((
𝑓 2 − 2

)
t2 − 1

) ,

FIGURE 3 The helix 𝛽 on the ellipsoid [Colour figure can be
viewed at wileyonlinelibrary.com]
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d, e ≠ 0 and |𝑓 | < 1. Then, 𝛽(t) =  (𝛼(t)) = (𝛽1(t), 𝛽2(t), 𝛽3(t)) where

𝛽1 (t) =
cd

(
t cos

(
𝑓 tan−1(t)

)
− 𝑓 sin

(
𝑓 tan−1(t)

))
𝑓
√

t2 + 1
,

𝛽2 (t) =
cd

(
t sin

(
𝑓 tan−1(t)

)
+ 𝑓 cos

(
𝑓 tan−1(t)

))
𝑓
√

t2 + 1
,

𝛽3 (t) =
ce
√

1 − 𝑓 2 t

𝑓
√

t2 + 1

is a hyperboloidal helix which lies on the one sheeted hyperboloid

x2

c2d2 + 𝑦2

c2d2 − z2

c2e2 = 1.

Example 3.4. If we take c, d = 1, e = 3, 𝑓 = 1∕3 in Corollary 3.4, we have the helix 𝛼(t) = (𝛼1(t), 𝛼2(t), 𝛼3(t)) where

𝛼1 (t) =
9
√

t2 + 1
(

sin
(

1
3
tan−1(t)

)
− 3t cos

(
1
3
tan−1(t)

))
17t2 + 9

,

𝛼2 (t) = −
9
√

t2 + 1
(

3t sin
(

1
3
tan−1(t)

)
+ cos

(
1
3
tan−1(t)

))
17t2 + 9

,

𝛼3 (t) = −
54
√

2 t
√

t2 + 1
17t2 + 9

and the hyperboloidal helix 𝛽(t) = (𝛽1(t), 𝛽2(t), 𝛽3(t)) where

𝛽1 (t) =
3t cos

(
1
3
tan−1(t)

)
− sin

(
1
3
tan−1(t)

)
√

t2 + 1
,

𝛽2 (t) =
3t sin

(
1
3
tan−1(t)

)
+ cos

(
1
3
tan−1(t)

)
√

t2 + 1
,

𝛽3 (t) =
6
√

2 t√
t2 + 1

.

The helix 𝛽 lies on the one sheeted hyperboloid (See Figure 4)

x2 + 𝑦2 − z2

9
= 1.

Corollary 3.5. Let us consider the helix 𝛼(t) = (𝛼1(t), 𝛼2(t), 𝛼3(t)) where

𝛼1 (t) =
d
√

t2 − 1
(

t cos
(
𝑓coth−1(t)

)
+ 𝑓 sin

(
𝑓coth−1(t)

))
𝑓
((
𝑓 2 + 2

)
t2 − 1

) ,

𝛼2 (t) =
d
√

t2 − 1
(

t sin
(
𝑓coth−1(t)

)
− 𝑓 cos

(
𝑓coth−1(t)

))
𝑓
((
𝑓 2 + 2

)
t2 − 1

) ,

𝛼3 (t) =
e
√
𝑓 2 + 1 t

√
t2 − 1

𝑓
((
𝑓 2 + 2

)
t2 − 1

) ,
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FIGURE 4 The helix 𝛽 on the one sheeted hyperboloid [Colour
figure can be viewed at wileyonlinelibrary.com]

d, e ≠ 0. Then, 𝛽(t) =  (𝛼(t)) = (𝛽1(t), 𝛽2(t), 𝛽3(t)) where

𝛽1 (t) =
cd

(
t cos

(
𝑓coth−1(t)

)
+ 𝑓 sin

(
𝑓coth−1(t)

))
𝑓
√

t2 − 1
,

𝛽2 (t) =
cd

(
t sin

(
𝑓coth−1(t)

)
− 𝑓 cos

(
𝑓coth−1(t)

))
𝑓
√

t2 − 1
,

𝛽3 (t) =
ce
√
𝑓 2 + 1 t

𝑓
√

t2 − 1

is a hyperbolodial helix which lies on the two sheeted hyperboloid

x2

c2d2 + 𝑦2

c2d2 − z2

c2e2 = −1.

Example 3.5. If we take c = 1, d = 3, e = 2, 𝑓 = 5 in Corollary 3.5, we have the helix 𝛼(t) = (𝛼1(t), 𝛼2(t), 𝛼3(t)) where

𝛼1 (t) =
3
√

t2 − 1
(

t cos
(
5coth−1(t)

)
+ 5 sin

(
5coth−1(t)

))
135t2 − 5

,

𝛼2 (t) =
3
√

t2 − 1
(

t sin
(
5coth−1(t)

)
− 5 cos

(
5coth−1(t)

))
135t2 − 5

,

𝛼3 (t) =
2
√

26 t
√

t2 − 1
135t2 − 5

7403
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FIGURE 5 The helix 𝛽 on the two sheeted hyperboloid [Colour
figure can be viewed at wileyonlinelibrary.com]

and the hyperboloidal helix 𝛽(t) = (𝛽1(t), 𝛽2(t), 𝛽3(t)) where

𝛽1 (t) =
3
(

t cos
(
5coth−1(t)

)
+ 5 sin

(
5coth−1(t)

))
5
√

t2 − 1
,

𝛽2 (t) =
3
(

t sin
(
5coth−1(t)

)
− 5 cos

(
5coth−1(t)

))
5
√

t2 − 1
,

𝛽3 (t) =
2
√

26 t

5
√

t2 − 1
.

The helix 𝛽 lies on the two sheeted hyperboloid (See Figure 5)

1
9
(

x2 + 𝑦2) − z2

4
= −1.

4 (n+1)-HELIX MAPPING

In this section, we define a mapping which maps a helix in En to another helix in En+1.

Definition 4.1. Let  ∶ En∖N → En+1 be the mappping defined by

 (x1, x2, ..., xn) =
c

d2 + x2
1 + x2

2 + ... + (1 − a)x2
n
(d, x1, x2, ..., xn)

where N =
{
(x1, x2, … , xn) | d2 + x2

1 + x2
2 + … + x2

n−1 ≠ (a − 1) x2
n
}

, c ≠ 0, d ≠ 0 and a > 1. We call as (n+1)−helix
mapping.

Theorem 4.1. Let us take the cone

K =
{
(x1, x2, … , xn) | x2

1 + x2
2 + … + x2

n−1 = bx2
n
}

in En. Then,
(K) = N1 ∩ N2

where
N1 =

{
(𝑦0, 𝑦1, 𝑦2, … , 𝑦n) | (

𝑦0 −
c

2d

)2
+ 𝑦2

1 + 𝑦2
2 + … + 𝑦2

n−1 + (1 − a) 𝑦2
n = c2

4d2

}
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and
N2 =

{
(𝑦0, 𝑦1, 𝑦2, … , 𝑦n) | 𝑦2

1 + 𝑦2
2 + … + 𝑦2

n−1 = b𝑦2
n
}

are two hypersurfaces in En+1.

Proof. Let,
 (x1, x2, ..., xn) = (𝑦0, 𝑦1, 𝑦2, ..., 𝑦n)

for (x1, x2, ..., xn) ∈ En∖N. Similar to Theorem 3.1, we can write

𝑦0 = c d

d2 +
n−1∑
i=1

x2
i + (1 − a) x2

n

,

𝑦𝑗 =
c

d2 +
n−1∑
i=1

x2
i + (1 − a) x2

n

x𝑗 , 1 ≤ 𝑗 ≤ n,

Therefore, we have
n−1∑
𝑗=0

𝑦2
𝑗 + (1 − a) 𝑦2

n = c
d
𝑦0

and also
n−1∑
𝑗=1

𝑦2
𝑗 − b 𝑦2

n = 0.

This completes the proof.

Similar as Theorem 3.2, we may prove that Theorem 4.2 holds.

Theorem 4.2. Consider the curve 𝛼 = (𝛼1, 𝛼2, ..., 𝛼n) ∶ I ⊂ R → En. Then, 𝛼 is a helix in En whose tangent vector field
makes a constant angle 𝜃 = arccos( 1√

a
) with the axis en if and only if

𝛽 = (𝛼) = c
d2 + 𝛼2

1 + 𝛼2
2 + ... + (1 − a)𝛼2

n
(d, 𝛼1, 𝛼2, ..., 𝛼n) (4.1)

is a helix in En+1 whose tangent vector field makes the constant angle 𝜃 = arccos( 1√
a
) with the axis (0, en) where c ≠

0, d ≠ 0, a > 1 and d2 + 𝛼2
1 + 𝛼2

2 + ... + (1 − a)𝛼2
n ≠ 0.

Corollary 4.1. If 𝛼 is a polynomial helix, then the curve 𝛽 =  (𝛼) is a rational helix.

Example 4.1. Consider the polynomial helix

𝛼(t) =

(
−

t
(

t2 − 3
)

3
√

2
,

t2√
2
,

t
(

t2 + 3
)

3
√

2

)

which makes constant angle 𝜃 = 𝜋

4
with the tangent vector field

V1(t) =

(
− t2 − 1√

2
(

t2 + 1
) , √

2t
t2 + 1

,
1√
2

)
.

Then, by taking c = −1∕6, d = 1 in (4.1), we have the rational helix

𝛽(t) = (𝛼(t)) =

(
1

t4 − 6
,

3
√

2t −
√

2t3

6
(

t4 − 6
) ,

t2√
2
(

t4 − 6
) , √2t3 + 3

√
2t

6
(

t4 − 6
) )

7405



ALTUNKAYA AND KULA

with the tangent vector field

V1(t) =

(
12t3

t6 + 9t4 + 18t2 + 18
,

−t6 + 9t4 − 18t2 + 18√
2
(

t6 + 9t4 + 18t2 + 18
) , 3

√
2t
(

t4 + 6
)

t6 + 9t4 + 18t2 + 18
,

1√
2

)
.
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This research has been supported by Kırşehir Ahi Evran University (Grant No. EGT.A4.18.018).

CONFLICTS OF INTEREST

There are no conflicts of interest to this work.

ORCID

Bülent Altunkaya https://orcid.org/0000-0002-3186-5643
Levent Kula https://orcid.org/0000-0002-8208-9728

REFERENCES
1. Snir Y, Kamien RD. Entropically driven helix formation. Science. 2005;307(5712):1067.
2. Forterre Y, Dumais J. Generating helices in nature. Science. 2011;333(6050):1715-1716.
3. Yang X. High accuracy approximation of helices by quintic curve. Comput Aided Geom Des. 2003;20(6):303-317.
4. Struik DJ. Lectures on Classical Differential Geometry. New York: Dover; 1988.
5. Hayden HA. On a general helix in a Riemannian n-space. Proc London Math Soc. 1931;2:37-45.
6. Romero-Fuster MC, Sanabria-Codesal E. Generalized helices, twistings and flattenings of curves in n-space. Mat Cont. 1999;17:267-280.
7. Altunkaya B, Kula L. On polynomial general helices in n-dimensional Euclidean space Rn. Adv Appl Clifford Algebras. 2018;28(4).
8. Camci C, Ilarslan K, Kula L, Hacisalihoglu HH. Harmonic curvature and general helices in En. Chaos Solitons Fractals.

2009;40(5):2590-2596.
9. Özdamar E, Hacisalihoglu HH. A characterization of inclined curves in Euclidean n-space. Comm Fac Sci Univ Ankara, Ser A1: Math and

Stat. 1975;24:15-23.
10. Farouki RT, Sakkalis T. Pythagorean hodographs. IBM J Res Dev. 1990;34(5):736-752.
11. Klein F. Vergleichende Betrachtungen über neuere geometrische Forschungen. Math Annalen. 1893;43(1):63-100.
12. Guggenheimer HW. Differential Geometry. New York: Dover; 1977.
13. Gluck H. Higher curvatures of curves in Euclidean space. Am Math Monthly. 1966;73(7):699-704.

How to cite this article: Altunkaya B, Kula L. Helix Preserving Mappings. Math Meth Appl Sci. 2021;44:
https://doi.org/10.1002/mma.60567395–7406.

7406

https://orcid.org/0000-0002-3186-5643
https://orcid.org/0000-0002-3186-5643
https://orcid.org/0000-0002-8208-9728
https://orcid.org/0000-0002-8208-9728
https://doi.org/10.1002/mma.6056

	Helix preserving mappings
	Abstract
	Introduction
	Basic concepts
	n-HELIX MAPPING
	(n+1)-HELIX MAPPING
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends false
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage false
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /PDFX1a:2001
  ]
  /PDFX1aCheck true
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError false
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (Euroscale Coated v2)
  /PDFXOutputConditionIdentifier (FOGRA1)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <>
    /CHT <>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF che devono essere conformi o verificati in base a PDF/X-1a:2001, uno standard ISO per lo scambio di contenuto grafico. Per ulteriori informazioni sulla creazione di documenti PDF compatibili con PDF/X-1a, consultare la Guida dell'utente di Acrobat. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 4.0 e versioni successive.)
    /JPN <>
    /KOR <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die moeten worden gecontroleerd of moeten voldoen aan PDF/X-1a:2001, een ISO-standaard voor het uitwisselen van grafische gegevens. Raadpleeg de gebruikershandleiding van Acrobat voor meer informatie over het maken van PDF-documenten die compatibel zijn met PDF/X-1a. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 4.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENG (Modified PDFX1a settings for Blackwell publications)
    /ENU (Use these settings to create Adobe PDF documents that are to be checked or must conform to PDF/X-1a:2001, an ISO standard for graphic content exchange.  For more information on creating PDF/X-1a compliant PDF documents, please refer to the Acrobat User Guide.  Created PDF documents can be opened with Acrobat and Adobe Reader 4.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /HighResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice




