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Abstract. In this paper, we focus on the semicommutative property of rings via idempotent elements.
In this direction, we introduce a class of rings, so-called right e-semicommutative rings. The notion of
right e-semicommutative rings generalizes those of semicommutative rings, e-symmetric rings and right
e-reduced rings. We present examples of right e-semicommutative rings that are neither semicommutative
nor e-symmetric nor right e-reduced. Some extensions of rings such as Dorroh extensions and some
subrings of matrix rings are investigated in terms of right e-semicommutativity. We prove that if R is a right
e-semicommutative clean ring, then the corner ring eRe is clean.

1. Introduction

Throughout this paper, all rings are associative with identity. Due to Bell [4], a ring R is called to
satisfy the Insertion-of-Factors-Property (IFP) if ab = 0 implies aRb = 0 for any a, b ∈ R. In [14] Narbonne
and in [18] Shin used the terms semicommutative and S I for the IFP, respectively. In this work, we say
semicommutative for this notion. In ring theory, the notion of semicommutativity plays an important role
and has generated wide interest. Semicommutativity and its generalizations have been studied by many
authors. Some generalizations of semicommutative rings are given as central semicommutative rings [2]
and nil-semicommutative rings [7]. A ring R is central semicommutative if ab = 0 implies that aRb ⊆ C(R) for
any a, b ∈ R where C(R) is the center of R. In [7], it is said that a ring R is nil-semicommutative if for every
a, b ∈ R, ab being nilpotent implies that aRb is a nil subset of R. Every semicommutative ring is central
semicommutative and nil-semicommutative.

A ring R is symmetric [11] if abc = 0 implies acb = 0 for all a, b, c ∈ R. In [13] symmetric rings are
generalized to e-symmetric rings. The ring R is called e-symmetric for e2 = e ∈ R if abc = 0 implies acbe = 0
for all a, b, c ∈ R. Every symmetric ring is semicommutative.

Idempotent elements are important tools for studying the structure of a ring. In the light of aforemen-
tioned concepts, it is a reasonable question that what kind of properties does a ring gain when it satisfies
semicommutativity by way of idempotent elements? This question is one of the motivations to deal with
the semicommutative property using idempotents. Motivated by the works on semicommutativity and e-
symmetricity, the goal of this paper is to extend the notion of semicommutativity via idempotent elements
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of the rings, namely, e-semicommutativity. We present some characterizations of this notion in various
ways. We prove that every e-symmetric ring is e-semicommutative, and give an example to show that the
converse of this result need not be true. We also discuss properties of this class of rings and give some
structure theorems. Furthermore, some applications of e-semicommutative rings are performed. In this
direction, this concept is considered for some rings of matrices. On the other hand, as an application, we
deal with the question: If R is a clean ring and e2 = e ∈ R, is the ring eRe clean? This question was asked
in [8]. Šter proved in [19] that a corner ring eRe may not be clean when R is a clean ring and e is a full
idempotent of R. We show that if R is a right e-semicommutative and clean ring, then eRe is also clean.

In what follows, Z denotes the ring of integers and for a positive integer n, Zn is the ring of integers
modulo n. Also U(R) and nil(R) stand for the group of units and the set of all nilpotent elements of R. We
write Mn(R) for the ring of all n × n matrices, Un(R) for the ring of all upper triangular matrices over R for
a positive integer n ≥ 2 and Dn(R) is the ring of all matrices in Un(R) having main diagonal entries equal.
For a ring R, P(R) and J(R) denote the prime radical and the Jacobson radical of R, respectively.

2. Properties of e-semicommutative rings

In [13] e-symmetric rings and e-reduced rings are introduced and investigated. Let R be a ring and
e2 = e ∈ R. Then R is called e-symmetric if whenever abc = 0, then acbe = 0 for every a, b, c ∈ R. The
ring R is right (resp. left) e-reduced if ae = 0 (resp. ea = 0) for each nilpotent a ∈ R. By motivated these
e-contexts, in that vein, in this section we will introduce and study the structures of right e-semicommutative
rings generalizing e-symmetric rings and right e-reduced rings [13]. Throughout this paper, e denotes an
idempotent element of a ring R which is under consideration.

Definition 2.1. Let R be a ring and e an idempotent of R. Then R is called right (resp. left) e-semicommutative
if for any a, b ∈ R, ab = 0 implies aRbe = 0 (resp. eaRb = 0). The ring R is called e-semicommutative in case R
is both right and left e-semicommutative.

The following example shows that the notion of e-semicommutativity is not left-right symmetric, that is,
there are left e-semicommutative rings which are not right e-semicommutative and vice versa. Moreover,
any right (left) e-semicommutative ring may not be semicommutative and the concept of right (left) e-
semicommutativity depends on the idempotent.

Example 2.2. Let R be a semicommutative ring and e =

[
0 −1
0 1

]
∈ U2(R). Then e2 = e. Let A =

[
a b
0 c

]
,

B =

[
x y
0 z

]
∈ U2(R) with AB = 0. Then ax = 0, ay + bz = 0 , cz = 0. Then aRx = 0 and cRz = 0.

For any C =

[
u v
0 r

]
∈ U2(R), we get ACB =

[
0 auy + avz + brz
0 0

]
. Hence eACB = 0 for all C ∈ U2(R).

So U2(R) is left e-semicommutative. Let A =

[
1 1
0 0

]
∈ U2(R). Then Ae = 0. For any B =

[
a b
0 c

]
∈

U2(R), (ABe)e =

[
0 −a + b + c
0 0

]
. We may find elements a, b and c ∈ R such that −a + b + c , 0. Then

(ABe)e =

[
0 −a + b + c
0 0

]
, 0 for some a, b, c ∈ R. Hence U2(R) is not right e-semicommutative. This yields

U2(R) is also not semicommutative. Now consider the idempotent f =

[
1 1
0 0

]
∈ U2(R). Let A =

[
a b
0 c

]
,

B =

[
x y
0 z

]
∈ U2(R) with AB = 0. As in above discussion, ACB =

[
0 auy + avz + brz
0 0

]
, and so ACB f = 0

for every C =

[
u v
0 r

]
∈ U2(R). Therefore U2(R) is right f -semicommutative. But U2(R) is not left f -

semicommutative because for A =

[
1 0
0 0

]
, B =

[
0 0
0 1

]
∈ U2(R), we have AB = 0, but f A f B , 0.
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Proposition 2.3. Let R be a ring, 0 , e2 = e ∈ R and n > 1 an integer and E = (ei j) ∈ Un(R) where e1 j = e and
ei j = 0 for i , 1. Then R is right e-semicommutative if and only if Un(R) is right E-semicommutative.

Proof. First note that E2 = E ∈ Un(R). Assume that R is right e-semicommutative. Let A = (ai j),B = (bi j) ∈
Un(R) with AB = 0. Then a11b11 = 0. By assumption, a11Rb11e = 0. Let C = (ci j) ∈ Un(R). Then a11c11b11e = 0.
This yields ACBE = 0. Thus Un(R) is right E-semicommutative.
Conversely, suppose that Un(R) is right E-semicommutative. Let a, b ∈ R with ab = 0. Consider the matrices
A = (ai j),B = (bi j) ∈ Un(R) where a11 = a, b11 = b and other entries of A and B are zero. Then AB = 0. Hence
AUn(R)BE = 0. It follows that aRbe = 0. Therefore R is right e-semicommutative.

An idempotent e is called left (resp. right)-semicentral if (1− e)Re = 0 (resp. eR(1− e) = 0). So e is left (resp.
right)-semicentral if and only if re = ere for all r ∈ R (resp. er = ere for all r ∈ R). We now characterize right
e-semicommutativity of a ring R in terms of e being left-semicentral and semicommutativity of the corner
ring eRe.

Theorem 2.4. Let R be a ring and e2 = e ∈ R. Then the following hold.

(1) R is right e-semicommutative if and only if e is left-semicentral and eRe is semicommutative.
(2) R is left e-semicommutative if and only if e is right-semicentral and eRe is semicommutative.

Proof. (1) Assume that R is right e-semicommutative. Then (1 − e)e = 0 implies (1 − e)Re = 0. So e
is left-semicentral. Let eae, ebe ∈ eRe with (eae)(ebe) = 0. By assumption eaeRebe = 0. It implies that
(eae)(eRe)(ebe) = 0. Hence eRe is semicommutative. Conversely, let a, b ∈ R with ab = 0. Then eabe = 0. Since
re = ere for each r ∈ R, eabe = 0 implies (eae)(eRe)(ebe) = 0. This and re = ere for each r ∈ R yield aRbe = 0.
This completes the proof.
(2) Similar to the proof of (1).

We now present an e-semicommutative ring with 0 , e2 = e ∈ R, but not semicommutative.

Example 2.5. Let k be a field, A = k < x, y, z > be the free algebra with indeterminates x, y, z over k where
x commutes with both of y, z, and y, z are noncommuting. Consider the ideal I =< x2

− x, xy, y2, xz > of A
and the ring R = A/I. Let x, y, z coincide with their images in R for simplicity. Then 0 , x ∈ R is a central
idempotent. We claim that xR is semicommutative and (1− x)R is not semicommutative. On the one hand,
let a, b ∈ R with xab = 0. Since xy = xz = 0 and x is central, considering the form of the elements of R,
we have xaRb = 0. Thus xR is semicommutative. On the other hand, (1 − x)yy = 0 but (1 − x)yzy , 0.
Therefore (1 − x)R is not semicommutative. This yields that R is not semicommutative. By Theorem 2.4, R
is x-semicommutative.

The concept of right e-semicommutativity is a generalization of that of α-semicommutativity introduced
in [1]. A ring R with an endomorphism α is called α-semicommutative if for any a, b ∈ R,

(i) ab = 0 implies aRb = 0,
(ii) ab = 0 if and only if aα(b) = 0.

Every α-semicommutative ring is semicommutative, and so it is right e-semicommutative. There are e-
semicommutative rings but not α-semicommutative. For example, the ring U2(R) considered in Example
2.2 is right e-semicommutative but not semicommutative, and so not α-semicommutative. Another kind
of α-semicommutativity was introduced in [3]. Let R be a ring and α be a nonzero non identity endo-
morphism of R. Then R is called α-semicommutative if whenever ab = 0 for a, b ∈ R, aRα(b) = 0. Clearly,
α-semicommutativity in the sense of [3] is a generalization of α-semicommutativity in the sense of [1]. We
have the following relationship between right e-semicommutativity and α-semicommutativity in the sense
of [3].

Proposition 2.6. A ring R is right e-semicommutative if and only if

(i) α : R→ R defined by α(r) = re where r ∈ R is an endomorphism,



H. Kose et al. / Filomat 33:11 (2019), 3497–3508 3500

(ii) R is α-semicommutative.

Proof. Assume that R is right e-semicommutative. Let a, b ∈ R. Clearly, α(a + b) = α(a) + α(b). Since e is
left-semicentral by Theorem 2.4(1), we have α(ab) = abe = aebe = α(a)α(b). Hence α is an endomorphism of
R. Now assume that a, b ∈ R with ab = 0. Then aRbe = 0, and so aRα(b) = 0. Thus R is α-semicommutative.
The converse is obvious.

It is well known that every semicommutative ring is abelian, i.e., every idempotent is central.

Corollary 2.7. Let R be a ring and e2 = e ∈ R. If R is right e-semicommutative and f 2 = f ∈ R, then the following
hold.

(1) eRe is an abelian ring.
(2) a f e = f ae for any a ∈ R.
(3) If f ∈ eRe, then f is left-semicentral in R.

Proof. (1) By Theorem 2.4(1), eRe is semicommutative. Then eRe is abelian.
(2) Let a ∈ R. Then a f e = (eae)(e f e)e since e is left-semicentral and f e = e f e is an idempotent in eRe. By the
abelianness of eRe, (eae)(e f e) = (e f e)(eae). The idempotent e being left-semicentral implies a f e = (eae)(e f e)e =
(e f e)(eae)e = f ae.
(3) Let f = e f e ∈ eRe. For any a ∈ R, a f = (eae)(e f e)(e f e)e = (e f e)(eae)(e f e) = f a f . Hence f is left-semicentral
in R.

Obviously, R is a semicommutative ring if and only if R is a 1-semicommutative ring. The notion of an
e-semicommutative ring is an extension of semicommutative rings as well as a generalization of e-reduced
rings. Right e-reduced rings are e-symmetric by [13, Corollary 4.3]. We show that every e-symmetric ring
is right e-semicommutative.

Proposition 2.8. Every e-symmetric ring is right e-semicommutative.

Proof. Assume that R is an e-symmetric ring. Let a, b ∈ R with ab = 0. For any r ∈ R, we have abr = 0. By
assumption arbe = 0. Hence R is right e-semicommutative.

There are right e-semicommutative rings which are not e-symmetric as shown below.

Examples 2.9. (1) There are semicommutative rings which are not symmetric.
(2) Let R be a semicommutative ring which is not symmetric considered in (1). Then U2(R) is right

e-semicommutative but not e-symmetric where e =

[
1 0
0 0

]
∈ U2(R).

Proof. (1) Let Q8 = {1, x−1, xi, x−i, x j, x− j, xk, x−k} be the quaternion group and consider the group ring R =
Z2Q8. The elements of Z2Q8 as Z2-linear combinations of {x1 : 1 ∈ Q8}. By Marks [12, Example 7], R is
a right duo ring, equivalently, Rr ⊆ rR for all r ∈ R. Let a, b ∈ R with ab = 0. Then Rb ⊆ bR. Hence
aRb ⊆ abR. Since ab = 0, aRb = 0. Therefore, R is semicommutative and so R is e-semicommutative. But R
is not symmetric by taking a = 1 + x j, b = 1 + xi and c = 1 + xi + x j + xk. Then abc = 0 but bac , 0. In fact
bac , 0 as in [12, Example 7]. Hence R is not symmetric.

(2) Let R be a semicommutative ring which is not symmetric considered in (1). Let A =

[
a b
0 c

]
∈ U2(R). Then

Ae =

[
a 0
0 0

]
= eAe. Hence e is left semicentral. Since R � eU2(R)e, eU2(R)e is not symmetric. By [13, Theorem

2.2], U2(R) is not e-symmetric. Since e is left semicentral and eU2(R)e � R, U2(R) is right e-semicommutative
by Theorem 2.4(1).

A ring R is prime if for any a, b ∈ R, aRb = 0 implies a = 0 or b = 0, and R is semiprime if for any a ∈ R,
aRa = 0 implies a = 0.
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Proposition 2.10. For a semiprime ring R, the following are equivalent.

(1) R is right e-semicommutative.
(2) R is right e-reduced.
(3) R is e-symmetric.

Proof. (1) ⇒ (2) Let an = 0 for a ∈ R. We may assume that n is even and n = 2t. Since e is left-semicentral,
(ate)R(ate) = 0. By hypothesis, ate = 0. Again we may assume that t = 2k. Similarly, ake = 0. Continuing on
this way, we may reach a2e = 0. Hence (ae)R(ae) = 0. By hypothesis again, ae = 0.
(2)⇒ (3) is clear from [13, Corollary 4.3].
(3)⇒ (1) is clear from Proposition 2.8.

Let R be a ring and e2 = e, 12 = 1 ∈ R. By [17], e and 1 are called isomorphic if Re � R1 as left R-modules,
equivalently, eR � 1R as right R-modules (see [10, Proposition 21.20]).

Theorem 2.11. Let R be a ring and e2 = e, 12 = 1 ∈ R. If e and 1 are isomorphic, then the following hold.

(1) If R is right e-semicommutative, then R is right 1-semicommutative.
(2) If R is left e-semicommutative, then R is left 1-semicommutative.
(3) If R is right e-semicommutative, then eR = 1R.

Proof. (1) Let α : Re → R1 be the left R-module isomorphism and 1 = α(xe) for some x ∈ R since α is
an epimorphism. Then e1 = α(exe) = α(xe) = 1 since R is right e-semicommutative. To prove R is right
1-semicommutative, let a, b ∈ R with ab = 0. By hypothesis, aRbe = 0, so aRbe1 = aRb1. Thus R is right
1-semicommutative.
(2) Let σ : eR → 1R be the right R-module isomorphism and 1 = σ(ex) for some x ∈ R by the surjectivity of
σ. Multiplying the latter from the right by e we have 1e = 1 since R is left e-semicommutative. Let a, b ∈ R
with ab = 0. Then eaRb = 0, and so 1eaRb = 0, this implies 1aRb = 0. Therefore R is left 1-semicommutative.
(3) As in the proof of (1), the isomorphism α : Re→ R1 implies e1 = 1. On the other hand, the isomorphism
α−1 : R1→ Re implies 1e = e. Hence eR = 1R.

Proposition 2.12. Let R be a right e-semicommutative ring with e2 = e ∈ R. Then the following hold.

(1) If P is a prime ideal of R, then e ∈ P or 1 − e ∈ P.
(2) eR(1 − e) ⊆ P(R).
(3) If M is a maximal left ideal of R, then e ∈M or 1 − e ∈M.
(4) eR(1 − e) ⊆ J(R).
(5) If ReR = R, then e = 1.
(6) e = e + J(R) ∈ R/J(R) is central in R/J(R).

Proof. Note that R being a right e-semicommutative ring implies (1− e)Re = 0. We use this property without
refer in the proof.
(1) Let P be a prime ideal. Then (1 − e)Re = 0 implies (1 − e)Re ⊆ P. So 1 − e ∈ P or e ∈ P.
(2) Clear by (1).
(3) Let M be a maximal left ideal. Assume that e < M. We have Re + M = R. Then 1 = xe + m for some x ∈ R
and m ∈M. Then 1 − e = (1 − e)(xe + m) = (1 − e)m ∈M.
(4) Clear by (3).
(5) Assume that ReR = R. There exist ri, s j ∈ R such that 1 =

∑
i, j

ries j. By right e-semicommutativity of R,

1 =
∑
i, j

eries j. Multiplying the latter from the left by 1 − e, we have 1 − e = 0.

(6) By (4), eR(1 − e) ⊆ J(R), and (1 − e)Re = 0 ⊆ J(R). Hence ea − ae ∈ J(R) for each a ∈ R.

In [6], a ring is called right principally quasi-Baer (or simply, right p.q.-Baer) if the right annihilator of a
principal right ideal is generated (as a right ideal) by an idempotent. A left principally quasi-Baer ring is
defined similarly.
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Proposition 2.13. Let R be a right e-semicommutative ring. Then the following hold.

(1) If R is a prime ring, then it is a right e-reduced ring.
(2) If R is a right principally quasi-Baer ring, then it is a right e-reduced ring.
(3) If R is a left principally quasi-Baer ring, then it is a left e-reduced ring.

Proof. (1) Let a ∈ R with an = 0 for some positive integer n. We may assume that n = 2k. By hypothesis
akak = 0 implies akRake = 0. Since e is left-semicentral and R is prime, (ae)k = ake = 0. Again we may assume
that k is even and k = 2t. Then (ae)t(ae)t = 0. By hypothesis, (ae)tR(ae)te = 0. Hence (ae)t = 0. In this way we
may reach ae = 0.
(2) Let a ∈ R with an = 0 for some positive integer n. There exists f 2 = f ∈ R such that an−1e ∈ rR(aR) = f R
where rR(aR) is the right annihilator of aR in R. Then an−1 f = 0, f an−1e = an−1e. By Corollary 2.7(1), e f e
is an idempotent in eRe and eRe is abelian, f an−1e = (e f e)(ean−1e)e = (ean−1e)(e f e)e = an−1 f e = 0. This and
f an−1e = an−1e imply an−1e = 0. Let b = ae. Since e is left-semicentral, bn−1 = 0. As it is proved we get
bn−2e = 0. Hence an−2e = 0. By reduction in this way we get ae = 0. Hence R is right e-reduced.
(3) Similar to (2).

By [21], an element r of a ring R is called left minimal if Rr is a minimal left ideal of R, an idempotent
e ∈ R is called left minimal idempotent if e is a left minimal element in R. In [21], a ring R is called left min-abel
if every left minimal idempotent element of R is left-semicentral. A ring R is said to be NI [12] if the set
of all nilpotent elements nil(R) is an ideal of R. In [5], a ring R is called 2-primal if nil(R) coincides with its
prime radical P(R). Clearly, a 2-primal ring is NI. A ring R is called strongly left min-abel [21] if for every left
minimal idempotent element e ∈ R, Re = eR. For example, an abelian ring is strongly left min-abel.

Theorem 2.14. If R is right e-semicommutative for each left minimal idempotent e of R, then R is left min-abel.

Proof. Assume that R is right e-semicommutative for each left minimal idempotent e of R. By Theorem
2.4(1), e is left-semicentral.

The converse statement of Theorem 2.14 need not be true in general as shown below.

Example 2.15. There are left min-abel rings which are not right e-semicommutative.

Proof. We consider the ring

R =

{[
a b
c d

]
∈M2(Z) | a ≡ d(mod2), b ≡ c ≡ 0(mod2)

}
.

The idempotents of R are zero and identity matrices. If AE = 0 for any idempotent E of R, then ARE =
AER = 0. So the condition holds. However R is not right E-semicommutative where E = I is the identity of

R. Indeed, for A =

[
0 2
0 0

]
and B =

[
0 2
0 0

]
∈ R, we have AB = 0 but ACBI , 0 where C =

[
1 2
2 −1

]
∈ R.

One may ask whether or not an e-semicommutative abelian ring is I-finite, if it is possible. Recall that a
ring R is called I-finite if it contains no infinite set of orthogonal idempotents (see [16]). Every semiperfect
ring is I-finite. In the next example, we show that there are e-semicommutative abelian rings that are not
I-finite.

Example 2.16. Let Z(2) denote the ring of all rational numbers with odd denominators (when written in
lowest terms) and R be the infinite direct product Z(2) × Z(2) × · · · of Z(2). Let ei denote the element of R
having ith entry is 1, all other entries are 0. Then R is a commutative ring and the set S = {ei ∈ R | i = 1, 2, . . . }
contains infinitely many orthogonal idempotents. Hence R is an abelian and e-semicommutative ring for
any idempotent e that is not I-finite.

By [18, Theorem 1.5], it is known that every semicommutative ring is 2-primal. But there is no implication
between being a 2-primal ring and being an e-semicommutative ring with 1 , e2 = e ∈ R as shown below.
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Example 2.17. (1) Consider the ring R = A/I given in Example 2.5. Then R is x-semicommutative but
not 2-primal. In fact, for y ∈ nil(R) and z ∈ R, yz < nil(R). Hence nil(R) is not an ideal of R, thus R is
not NI. Therefore R is not 2-primal.

(2) The ring of all n × n upper triangular matrices over a 2-primal ring R are also 2-primal by [5], but it
may not be right (left) e-semicommutative for some idempotent e by Example 2.2.

Lemma 2.18. Let R be a ring with e2 = e ∈ R. If R is both right e-semicommutative and right (1−e)-semicommutative,
then

(1) R is semicommutative,
(2) e is a central idempotent.

Proof. (1) Let a, b ∈ R with ab = 0. Then aRbe = 0 and aRb(1− e) = 0. For any r ∈ R, arbe = 0 and arb(1− e) = 0.
Hence 0 = arb(1 − e) = arb − arbe and arbe = 0 imply arb = 0. Thus aRb = 0.
(2) Assume that R is a both right e-semicommutative and right (1 − e)-semicommutative ring. Since R is
right e-semicommutative, we have (1 − e)Re = 0, and so ere = re for any r ∈ R. Similarly, since R is right
(1 − e)-semicommutative, we have eR(1 − e) = 0, and so ere = er for any r ∈ R. Hence er = re for all r ∈ R.
Thus e is central in R.

Theorem 2.19. If R is a right e-semicommutative ring, then the following hold.

(1) ae = 0 implies aRe = 0 for all a ∈ R.
(2) ea = 0 implies eRae = 0 for all a ∈ R.

Proof. (1) Let for any a ∈ R with ae = 0. Since R is right e-semicommutative, (aRe)e = aRe = 0.
(2) Let for any a ∈ R with ea = 0. Then (eRa)e = 0.

There are rings satisfying (1) of the preceding theorem but not right e-semicommutative.

Example 2.20. The ring in Example 2.15 satisfies Theorem 2.19(1) but not e-semicommutative for some
idempotent e.

Proposition 2.21. Let R be a right e-semicommutative ring. Then for any a ∈ nil(R), ae and ea are nilpotent elements
of R.

Proof. Let a ∈ nil(R) and e2 = e ∈ R. Then there exists a positive integer m such that am = 0. We have
am−1Rae = 0 since R is right e-semicommutative. Then am−1eae = 0, and so am−2aeae = 0. Since R is right
e-semicommutative, am−2Raeaee = 0. Similarly, am−2eaeae = 0. Continuing on this way, we get ae ∈ nil(R) and
ea ∈ nil(R).

We now give another characterization of a right e-semicommutative ring.

Proposition 2.22. Let R be a ring. Then the following are equivalent.

(1) R is a right e-semicommutative ring.
(2) AB = 0 implies ARBe = 0 for any nonempty subsets A and B of R.

Proof. (1)⇒ (2) Assume that the condition (1) holds. Let AB = 0 for any nonempty subsets A and B of R.
Then for any a ∈ A and b ∈ B, we have ab = 0. Since R is right e-semicommutative aRbe = 0 for e2 = e ∈ R.
Thus we get ARBe =

∑
a∈A,b∈B

aRbe = 0.

(2)⇒ (1) Clear.

Proposition 2.23. Let I be an index set and (Ri)i∈I be a class of rings with e2
i = ei ∈ Ri and let R =

∏
i∈I

Ri be

the direct product of (Ri)i∈I with e2 = e = (ei) ∈ R. Then R is right e-semicommutative if and only if Ri is right
ei-semicommutative for each i ∈ I.
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Proof. Necessity: Let i ∈ I and ai, bi ∈ Ri with aibi = 0. Consider a = ( 0. . ., ai, 0. . .), b = ( 0. . ., bi, 0. . .) ∈ R. Then
ab = 0. Hence aRbe = 0. So aiRibiei = 0. Thus Ri is right ei-semicommutative.
Sufficiency: Let a = (ai)i∈I and b = (bi)i∈I ∈ R such that ab = 0. Then we have aibi = 0 for each i ∈ I. Since Ri is
right ei-semicommutative, aiRibiei = 0 and e2

i = ei for each i ∈ I. Let c = (ci) ∈ R. Then aicibiei = 0 for all i ∈ I.
Hence acbe = 0 for each c ∈ R. So R is right e-semicommutative.

Corollary 2.24. Let n be a positive integer, I = {1, 2, 3, . . . ,n} and (Ri)i∈I be a class of rings with e2
i = ei ∈ Ri and let

R =
⊕
i∈I

Ri be the direct sum of (Ri)i∈I with e2 = e = (ei) ∈ R. Then R is right e-semicommutative if and only if Ri is

ei-semicommutative for each i ∈ I.

Proof. The proof of Proposition 2.23 works verbatim here.

Lemma 2.25. Let R be a ring with a subring S and e2 = e ∈ S. If R is right e-semicommutative, then so is S.

Proof. Let s1, s2 ∈ S with s1s2 = 0. Then s1Rs2e = 0. Since s1Ss2e ⊆ s1Rs2e, s1Ss2e = 0.

In [15], a ring is called clean if every element is the sum of a unit and an idempotent.

Proposition 2.26. Let R be a right e-semicommutative ring and a ∈ R. If a is clean, then ae is clean.

Proof. Since a is clean, there exist f 2 = f ∈ R and u ∈ U(R) such that a = f + u. Then ae = f e + ue. Since R is a
right e-semicommutative ring, ( f e)2 = f e. On the other hand, we have (ue−(1 − e))(eu−1e−(1 − e)) = 1. Since
ae = f e + ue, we have ae = ( f e + (1 − e)) + (ue−(1 − e)). So ae is clean.

In general, if R is a clean ring, then eRe need not be clean. This is a question posed in [8]. But in the case
of e-semicommutativity of R, we have the following result.

Theorem 2.27. Let R be a right e-semicommutative ring. If R is clean, then eRe is clean.

Proof. Let eae ∈ eRe. By hypothesis, a is clean, so ae is clean by Proposition 2.26. Since ae = eae for each
eae ∈ eRe, eRe is clean.

Proposition 2.28. If R is a right e-semicommutative ring, then 1 + ea − ae is clean for any a ∈ R.

Proof. By Proposition 2.12(4), ea − ae ∈ J(R) for each a ∈ R. Then 1 + ea − ae is invertible for each a ∈ R.

Proposition 2.29. Let R be a right e-semicommutative ring. Then R(ae − 1) + Ra = R and (ea − 1)R + aR = R for
any a in R.

Proof. By Proposition 2.12(4), ae − ea is in J(R). Then 1 − ae + ea and 1 + ae − ea are invertible. Thus, the
conclusions are obtained.

Let R be a ring and e ∈ R. In [20], e is called op-idempotent if e2 = −e. Not every op-idempotent

is idempotent in general. For example, let R = M2(Z) and e =

[
−1 0
0 −1

]
. Then e2 = −e and e is an

op-idempotent, but not idempotent.

Proposition 2.30. Let e be an op-idempotent in R and R be a right (1 + e)-semicommutative ring. If ReR = R, then
e = −1.

Proof. Assume that R is a right (1 + e)-semicommutative ring and ReR = R. Then eR(1 + e) = 0. Hence
ReR(1 + e) = 0, which implies e = −1.

We now study some kinds of extensions of e-semicommutative rings. Let R be a ring. The Dorroh
extension D(R,Z) = {(r,n) | r ∈ R,n ∈ Z} of a ring R is the ring defined by the direct sum R ⊕ Z with the
ring operations (r1,n1) + (r2,n2) = (r1 + r2,n1 + n2) and (r1,n1)(r2,n2) = (r1r2 + n1r2 + n2r1,n1n2), where ri ∈ R
and ni ∈ Z for i = 1, 2.
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Proposition 2.31. A ring R is right e-semicommutative if and only if D(R,Z) is right (e, 0)-semicommutative.

Proof. For the forward implication, assume that R is right e-semicommutative. Let (r,n), (s,m) ∈ D(R,Z). If
(r,n)(s,m) = 0, then rs + mr + ns = 0 and nm = 0. nm = 0 implies n = 0 or m = 0. We divide in two cases:
Case I. m = 0. Then rs + ns = 0. So (r + n1)s = 0. By assumption (r + n1)Rse = 0. Let (t, k) ∈ D(R,Z). Then
(r,n)(t, k)(s, 0)(e, 0) = ((r + n1)(t + k1)se, 0). Since (r + n1)Rse = 0, (r,n)(t, k)(s, 0)(e, 0) = 0.
Case II. n = 0. Then (r, 0)(s,m) = 0 implies r(s + m1) = 0. By assumption, rR(s + m1)e = 0. Let (t, k) ∈ D(R,Z).
Then (r, 0)(t, k)(s,m)(e, 0) = ((r(t + k1), 0)((s + m1)e, 0). Since rR(s + m1)e = 0, (r, 0)(t, k)(s,m)(e, 0) = (r(t +
k1), 0)((s + m1)e, 0) = 0. Hence D(R,Z) is right (e, 0)-semicommutative.
For the reverse implication, suppose that D(R,Z) is right (e, 0)-semicommutative. Let a, b ∈ R. Set ab = 0.
So (a, 0), (b, 0) ∈ D(R,Z) and (a, 0)(b, 0) = 0. By supposition (a, 0)(t, k)(b, 0)(e, 0) = 0 for each (t, k) ∈ D(R,Z).
Since (a, 0)(t, k)(b, 0)(e, 0) = (a(t + k1)be, 0) and (a, 0)(t, k)(b, 0)(e, 0) = 0, a(t + k1)be = 0 for all t ∈ R. By taking
k = 0, we get atbe = 0 for all t ∈ R. Hence R is right e-semicommutative.

Let R be a ring and r ∈ R with r2 + r = 0. Then 1 + r is an idempotent in R and (r, 1) is an idempotent in
D(R,Z). By the proof of Proposition 2.31, it is obvious the following proposition.

Proposition 2.32. Let R be a ring and r ∈ R with r2 + r = 0. Then R is right (1 + r)-semicommutative if and only if
D(R,Z) is right (r, 1)-semicommutative.

3. e-semicommutativity of some subrings of matrix rings

The rings L(s,t)(R): Let R be a ring and s, t ∈ C(R). Let L(s,t)(R) =


 a 0 0
sc d te
0 0 f

 ∈M3(R) | a, c, d, e, f ∈ R

,

where the operations are defined as those in M3(R). Then L(s,t)(R) is a subring of M3(R).

Lemma 3.1. Let R be an integral domain.

(1) Let E =

0 0 0
0 1 0
0 0 0

 ∈ L(1,1)(R). Then L(1,1)(R) is right E-semicommutative.

(2) Let E =

1 0 0
1 0 0
0 0 1

 ∈ L(1,1)(R). Then L(1,1)(R) is not right E-semicommutative.

Proof. (1) Let A =

a 0 0
c d e
0 0 f

, B =

x 0 0
y z t
0 0 u

 ∈ L(1,1)(R) with AB = 0. Then dz = 0. Let C =

1 0 0
h i k
0 0 l

 ∈
L(1,1)(R). Then ACB =

∗ 0 0
∗ 0 ∗

0 0 ∗

. So ACBE = 0 for all C ∈ L(1,1)(R). Hence L(1,1)(R) is right E-semicommutative.

(2) Let A =

1 0 0
0 1 1
0 0 0

, B =

0 0 0
0 0 −1
0 0 1

 ∈ L(1,1)(R). Then AB = 0. Let C =

a 0 0
c d 1

0 0 f

 ∈ L(1,1)(R).

Then ACBE =

0 0 0
0 0 −d + 1 + f
0 0 0

 is nonzero for d = 1 = 0 and f = 1. Hence L(1,1)(R) is not right E-

semicommutative.

The rings H(s,t)(R): Let R be a ring and s, t ∈ C(R). Let

H(s,t)(R) =


a 0 0
c d e
0 0 f

 ∈M3(R) | a, c, d, e, f ∈ R, a − d = sc, d − f = te

.
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Then H(s,t)(R) is a subring of M3(R).

Theorem 3.2. Let R be a semicommutative ring. Then H(1,1)(R) is right E-semicommutative where E =

1 0 0
1 0 0
0 0 0

.
Proof. We claim that E is a left-semicentral idempotent. For if A =

a 0 0
c d e
0 0 f

, then AE =

 a 0 0
c + d 0 0

0 0 0

 and

EAE =

a 0 0
a 0 0
0 0 0

. Since a − d = c, AE = EAE. Hence E is a left-semicentral idempotent. It is easy to check

that EH(1,1)(R)E is semicommutative. In fact, let EAE =

a 0 0
a 0 0
0 0 0

, EBE =

b 0 0
b 0 0
0 0 0

 ∈ EH(1,1)(R)E with

(EAE)(EBE) = 0. Then ab = 0. Let ECE =

c 0 0
c 0 0
0 0 0

 ∈ H(1,1)(R). By hypothesis, ab = 0 implies, acb = 0. It

follows that (EAE)(ECE)(EBE) = 0. By Theorem 2.4 (1), H(1,1)(R) is right E-semicommutative.

Generalized matrix rings: Let R be a ring and s a central element of R. Then
[
R R
R R

]
becomes a ring

denoted by Ks(R) with addition defined componentwise and multiplication defined in [9] by[
a1 x1
y1 b1

] [
a2 x2
y2 b2

]
=

[
a1a2 + sx1y2 a1x2 + x1b2
y1a2 + b1y2 sy1x2 + b1b2

]
.

In [9], Ks(R) is called a generalized matrix ring over R.

Lemma 3.3. Let F be a field. Then the following hold.

(1) The set Inv(K0(F)) of all invertible elements of K0(F) is

Inv(K0(F)) =

{[
a b
c d

]
∈ K0(F) | a , 0, d , 0

}
.

(2) C(K0(F)) consists of all scalar matrices.

Proof. (1) Let A =

[
a b
c d

]
∈ Inv(K0(F)). There exists B =

[
x y
z t

]
∈ K0(F) such that AB = BA = I, where I is the

identity matrix. Then we have

ax = xa = 1, ay + bt = 0, cx + dz = 0, dt = td = 1.

So x = a−1, t = d−1, z = −d−1ca−1 and y = −a−1bd−1. Conversely, assume that a and d are nonzero with

inverses x = a−1 and t = d−1, y = −a−1bd−1 and z = −d−1ca−1. Then B =

[
x y
z t

]
is the inverse of A in K0(F).

(2) Let A =

[
a b
c d

]
∈ C(K0(F)). By commuting A in turn with the matrices

[
1 0
0 0

]
,
[
0 1
0 0

]
,
[
0 0
1 0

]
and
[
0 0
0 1

]
in K0(F) we reach at A =

[
a 0
0 a

]
. For the converse, any matrix A having a form as

[
a 0
0 a

]
commutes with

every element of K0(F).
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Lemma 3.4. Let F be a field and E =

[
a b
c d

]
be an idempotent matrix in K0(F). Then E is the zero matrix, E is the

identity matrix or E =

[
1 b
c 0

]
or E =

[
0 b
c 1

]
where b, c ∈ F.

Proof. Let E2 = E =

[
a b
c d

]
. Then a2 = a, (a + d)b = b, (a + d)c = c and d2 = d. We divide in some cases:

(1) b , 0 or c , 0. Then a+d = 1 implies a = 0 and d = 1 or a = 1 and d = 0. Hence E1 =

[
1 b
c 0

]
or E2 =

[
0 b
c 1

]
.

(2) b = c = 0. Then E is one the following matrices:

E is the zero matrix or E is the identity matrix or E3 =

[
1 0
0 0

]
or E4 =

[
0 0
0 1

]
.

Theorem 3.5. Let F be a field. Then the following hold.

(1) K0(F) is not right e-semicommutative for idempotents other than zero matrix in K0(F).
(2) K0(F) is not left e-semicommutative for idempotents other than zero matrix in K0(F).

Proof. (1) The idempotent matrices E other than zero matrix and identity matrix do not satisfy the equality
AE = EAE for all A in K0(F). It is enough to check the equality AE = EAE for E = E1 and E = E2.

(i) Let E1 =

[
1 b
c 0

]
and A =

[
x y
z t

]
. Then AE1 =

[
x xb

z + tc 0

]
and E1AE1 =

[
x xb
cx 0

]
. So AE1 , E1AE1.

(ii) Let E2 =

[
0 b
c 1

]
and A =

[
x y
z t

]
. Then AE2 =

[
0 xb + y
tc t

]
and E2AE2 =

[
0 bt
tc t

]
. This yields AE2 , E2AE2.

Hence E1 and E2 are not left-semicentral idempotents. By Theorem 2.4(1), K0(F) is not right e-semicommutative
for idempotents other than zero.
(2) Also it is enough to check the equality EA = EAE for E = E1 and E = E2 as in the proof of (1).

(i) Let E1 =

[
1 b
c 0

]
and A =

[
x y
z t

]
. Then E1A =

[
x y + bt
cx 0

]
and E1AE1 =

[
x xb
cx 0

]
. Hence E1A , E1AE1.

(ii) Let E2 =

[
0 b
c 1

]
and A =

[
x y
z t

]
. Then E2A =

[
0 bt

cx + z t

]
and E2AE2 =

[
0 bt
tc t

]
. Hence E2A , E2AE2.

Thus E1 and E2 are not right-semicentral idempotents. By Theorem 2.4(2), K0(F) is not left e-semicommutative
for idempotents other than zero.
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