Tight Complexity Bounds for
Counting Generalized Dominating Sets in
Bounded-Treewidth Graphs

Abstract

We investigate how efficiently a well-studied family of domination-type problems can be
solved on bounded-treewidth graphs. For sets o,p of non-negative integers, a (o, p)-set of a
graph G is a set S of vertices such that |[N(u) N S| € o for every w € S, and |[N(v) N S| € p for
every v ¢ S. The problem of finding a (o, p)-set (of a certain size) unifies standard problems
such as INDEPENDENT SET, DOMINATING SET, INDEPENDENT DOMINATING SET, and many
others.

For almost all pairs of finite or cofinite sets (o, p), we determine (under standard complexity
assumptions) the best possible value ¢, , such that there is an algorithm that counts (o, p)-sets
in time cp’, - n?M) (if a tree decomposition of width tw is given in the input). Let s, denote
the largest element of o if o is finite, or the largest missing integer +1 if o is cofinite; 7¢op is
defined analogously for p. Surprisingly, c,,, is often significantly smaller than the natural bound
Stop + Ttop + 2 achieved by existing algorithms [van Rooij, 2020]. Toward defining ¢,,,, we say
that (o, p) is m-structured if there is a pair (o, 8) such that every integer in o equals @ mod m,
and every integer in p equals 5 mod m. Then, setting

® Cop = Max{Stop, Ttopt + 1 if (0, p) is m-structured for some m > 3, or 2-structured with
Stop F Ttop, O 2-structured with siop = 7top being odd,

® Cop = max{siop, Itop} + 2 if (o, p) is 2-structured, but not m-structured for any m > 3,
and siop = Ttop 1S even, and

® Cop = Stop + Ttop + 2 if (o, p) is not m-structured for any m > 2,

we provide algorithms counting (o, p)-sets in time c}’, - n®M) . For example, for the EXACT
INDEPENDENT DOMINATING SET problem (also known as PERFECT CODE) corresponding to
o = {0} and p = {1}, this improves the 3* - n(!) algorithm of van Rooij to 2™ - n®1),

Despite the unusually delicate definition of ¢, ,, we show that our algorithms are most likely
optimal, i.e., for any pair (o, p) of finite or cofinite sets where the problem is non-trivial (except
those having cofinite o with p = Zs(), and any ¢ > 0, a (¢, , — €)™ - n9M-algorithm count-
ing the number of (o, p)-sets would violate the Counting Strong Exponential-Time Hypothesis
(#SETH). For finite sets o and p, our lower bounds also extend to the decision version, show-
ing that our algorithms are optimal in this setting as well. In contrast, for many cofinite sets,
we show that further significant improvements for the decision and optimization versions are
possible using the technique of representative sets.
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1 Introduction

Since treewidth was defined independently in multiple equivalent ways in the 70s [7, 30, 44], algo-
rithms on bounded-treewidth graphs have been investigated for decades from different viewpoints.
It was observed already in the 80s that many of the basic NP-hard problems can be solved efficiently
on bounded-treewidth graphs using a dynamic programming approach [3, 6, 9]. Courcelle’s Theo-
rem [16] formalized this observation for a large class of algorithmic problems definable in monadic
second-order logic. Algorithms on bounded-treewidth graphs were studied not only for their own
sake, but also because they served as useful tools in other algorithms, most notably for planar
problems and problems in the parameterized setting [4, 12, 2022, 34].

Over the years, the focus shifted to trying to make the algorithms as efficient as possible. For
example, given a tree decomposition of width tw, the DOMINATING SET problem can be solved
O(1) ysing dynamic programming and subset convolution, but this running time was
achieved only after multiple rounds of improvements [1, 8, 46, 50]. The search for more efficient
algorithms is complemented by conditional lower bounds showing that certain forms of running times
are the best possible. For problems that can be solved in time ¢™ - n©(1) | a line of research started
by Lokshtanov, Marx, and Saurabh [36] gives tight lower bounds on the best possible ¢ appearing
in the running time [11, 18, 19, 23, 24, 33, 37, 41, 42|. For example, Lokshtanov et al. [36] showed
that 3™ . n®) is probably optimal for DOMINATING SET: assuming the Strong Exponential-Time
Hypothesis (SETH), there is no algorithm for DOMINATING SET that solves the problem in time
(3 — &)™ - nOW for some e > 0 if given a graph with a tree decomposition of width tw. The goal
of this paper is to try to prove similar tight bounds for a class of generalized domination problems.
Our findings show that, despite decades of intensive research, even very simple problems are poorly
understood, and one can find surprises even when looking at the simplest of problems.

Telle [45] introduced the notion of (o, p)-sets as a common generalization of independent sets
and dominating sets. For sets o, p of non-negative integers, a (o, p)-set of a graph G is a set S of
vertices such that |[N(u) N S| € o for every u € S, and |[N(v) N S| € p for every v ¢ S. With
different choices of o and p, the problem of finding a (o, p)-set (of a certain size) can express various
well-studied algorithmic problems:

e 0 ={0}, p={0,1,...}
INDEPENDENT SET: find a set S of k vertices that are pairwise non-adjacent.

o 0= 1{0}, p=1{0,1}
STRONG INDEPENDENT SET: find a set S of k vertices that are pairwise at distance at least
2.

e 0 ={0,1,...}, p={1,2,...}
DOMINATING SET: find a set S of k vertices such that every remaining vertex has a neighbor
in S.

e 0 ={0}, p=11,2,...}
INDEPENDENT DOMINATING SET: find an independent set S of k vertices such that every
remaining vertex has a neighbor in S.

o 0 ={0}, p={1}
EXACT INDEPENDENT DOMINATING SET/PERFECT CODE: find an independent set S of &k
vertices such that every remaining vertex has ezactly one neighbor in S.

in time 3% . n



oc={12,...}, p={12,...}
TOoTAL DOMINATING SET: find a set S of k vertices such that every vertex in the graph has
at least one neighbor in S.

e 0={0,1,...}, p={1}
PERFECT DOMINATING SET: find a set S of k vertices such that every remaining vertex has
exactly one neighbor in S.

e 0 ={0,1...,d}, p={0,1,...}
INDUCED BOUNDED-DEGREE SUBGRAPH: find a set S of k vertices that have at most d
neighbors in S.

e 0 ={d}, p=1{0,1,...}
INDUCED d-RECULAR SUBGRAPH: find a set S of k vertices that have ezactly d neighbors in
S.

Problems related to finding (o, p)-sets received significant attention both from the complexity
viewpoint and for demonstrating the robustness of algorithmic techniques [13-15, 25, 26, 29, 31,
32, 47-49]. Some authors call these types of problems locally checkable vertex subset problems
(LC-VSP).

For the case when each of o and p is finite or cofinite, van Rooij [48] presented a general technique
for finding (o, p)-sets on graphs of bounded treewidth. For a set o of finite or cofinite integers, we
write siop to denote the maximum element of o if ¢ is finite, and the maximum missing integer +1
if o is cofinite; 7ip is defined analogously based on p. When one tries to solve a problem in time
flw) - n°W on a graph with a given tree decomposition of width tw, and the goal is to make the
function f(tw) as slowly growing as possible, then typically there are two main bottlenecks: the
number of subproblems in the dynamic programming, and the efficient handling of join nodes. It
was observed by van Rooij [48] that when we consider the problem of finding a (o, p)-set, then
each vertex in a partial solution has essentially siop + 7T10p + 2 states. For example, if a vertex is
unselected in a partial solution and p is finite, then we need to distinguish between having exactly
0, 1, ..., rp neighbors in the partial solution, yielding ri.p, 4+ 1 possibilities. If p is cofinite, then
when need to distinguish between having exactly 0, 1, ..., 7op — 1, or at least 7o, neighbors (again
Ttop + 1 possibilities). In a similar way, a selected vertex has sy, + 1 different states, giving a total
number of sy, + riop + 2 states for each vertex. This suggests that we need to consider about
(Stop + Ttop + 2)™ different subproblems at each node of the tree decomposition. Furthermore, van
Rooij [48] showed that all these subproblems can be solved in time (Sop + Ttop +2)™ - n°M by using
a fast generalized convolution algorithm in each step. The algorithm can be extended to require
a specific size for the set S, thus, allowing us to solve minimization/maximization problems or to
count the number of solutions.

Theorem 1.1 (van Rooij [48]). Let o and p be two finite or cofinite sets. Given a graph G with
a tree decomposition of width tw and an integer k, we can count the number of (o, p)-sets of size
ezactly k in time (Stop + Trop + 2)™ - nOM.

Is the upper bound in Theorem 1.1 optimal for every pair (o,p)? In our first main result,
we show that there are pairs (o, p) for which (stop + Ttop + 2)™ overstates the number of possible
subproblems that we need to consider at each step of the dynamic programming algorithm. Together
with efficient convolution techniques that we develop for this problem, it follows that there are pairs
(0, p) for which the (siop + rtop +2)™ - nO() algorithm is not optimal and can be improved.



To be more specific, we say that (o, p) is m-structured if there is a pair («, 5) such that every
integer in o is exactly @ mod m, and every integer in p is exactly § mod m. For example, the
pairs ({0,3},{3}) and ({0,3},{1,4}) are both 3-structured, but the pair ({0,3},{3,4}) is not m-
structured for any m > 2. Notice that if a set is cofinite, then it cannot be m-structured for any
m > 2. Furthermore, if |o| = |p| = 1, then (o, p) is m-structured for every m.

Definition 1.2. Let o and p be two finite or cofinite sets of non-negative integers. We define c,
by setting

® Cpp = MaxX{Siop,Ttop} + 1 if (0,p) is m-structured for some m > 3, or 2-structured with
Stop 7 Ttop, OT 2-structured with syp = Tiop being odd,

® Cyp = Max{Stop, Ttop ) + 2 if (0,p) is 2-structured, but not m-structured for any m > 3, and
Stop = Ttop 45 even, and

® Cop = Stop + Ttop + 2 if (0, p) is not m-structured for any m > 2.

For example, cio31 (31 = 4, ¢{0,3},{1,4} = 5, ¢{1,3},{4) = 5, and ¢(a4} 4y = 6. Our main obser-
vation is that we need to consider only roughly (¢, ,)™ subproblems at each step of the dynamic
programming algorithm: if (o, p) is m-structured, then parity /linear algebra type of arguments show
that many of the subproblems cannot be solved.

Theorem 1.3. Let o and p denote two finite or cofinite sets. Given a graph G with a tree decom-
position of width tw and an integer k, we can count the number of (o, p)-sets of size exactly k in
time (cyp)™ - nOW),

In particular, for EXACT INDEPENDENT DOMINATING SET (that is, o = {0}, p = {1}), we
have siop + riop + 2 = 3, while ¢, = 2 as (o, p) is 3-structured. Therefore, Theorem 1.1 gives a
3W. O time algorithm, which we improve to 2™ - nfW by Theorem 1.3. This shows that despite
the decades-long interest in algorithms for bounded-treewidth graphs, there were new algorithmic
ideas to discover even for literally the simplest of the non-trivial (o, p)-set problems.

The improvement from siop + riop + 2 t0 Co,p = Max{Stop, Ttop ; + 1 in the base of the exponent
can be significant, but one can say that Theorem 1.3 improves upon the algorithm of Theorem 1.1
in this way only in exceptional cases (and there is even an exception to the exception where the
improvement is only to ¢, , = max{stop, rtop} +2). One may suspect that further improvements are
possible, possibly leading to improvements that can be described in a more uniform way. However,
we show that the delicate nature of this improvement is not a shortcoming of our algorithmic
techniques, but inherent to the problem: for the counting version, ¢, , precisely characterizes the
best possible base of the exponent (except when o is cofinite with p = Z>(). For the following lower
bound, we need to exclude pairs (o, p) where the problem is trivially solvable: we say that (o, p) is

non-trivial if p # {0}, and (o, p) # ({0,1,...},{0,1,...}).

Theorem 1.4. Let (o, p) denote a non-trivial pair of finite or cofinite sets such that p # Z>o or o
is finite. If there is an € > 0 and an algorithm that counts in time (csp, —e)™ - nPW the number of
(o, p)-sets in a given graph with a given tree decomposition of width tw, then the Counting Strong-
Ezponential Time Hypothesis (#SETH) fails.

The algorithm of Theorem 1.3 achieves its running time by considering roughly (¢, ,)™ subprob-
lems at each node of the tree decomposition. The lower bound of Theorem 1.4 can be interpreted
as showing that at least that many subproblems really need to be considered by any algorithm that
solves the counting problem. Does this remain true for the decision version as well? For finite o
and p this is indeed the case and we obtain a matching lower bound.



Theorem 1.5. Let (o,p) be a non-trivial pair of finite sets (i.e., non-empty and 0 ¢ p). If there
is an ¢ > 0 and an algorithm that decides in time (cyp — €)™ - nOW) whether there is a (o, p)-set
in a given graph with a given tree decomposition of width tw, then the Strong-Ezponential Time

Hypothesis (SETH) fails.

Intriguingly, if at least one of o or p is cofinite, the technique of representative sets [10, 27, 28,
39, 40, 43| can be used to significantly reduce the number of subproblems that need to be considered
at each node. The main idea is that we do not need to solve every subproblem, but rather, we only
need a small representative set of partial solutions with the property that if there is a solution to the
whole instance, then there is one that extends a partial solution in our representative set. This idea
becomes relevant for example when o or p is cofinite with only a few missing integers: then we do not
need a collection with every possible type of partial solution, but rather, we only need a collection
of partial solutions that can avoid a small list of forbidden degrees at every vertex. We formalize
this idea by presenting an algorithm where the base of the exponent does not depend on the largest
missing integer in the cofinite set, but depends only on the number of missing integers. We write
@ # 17 C Z>¢ for a finite or cofinite set. If 7 is finite, then we define cost(7) := max(7). Otherwise,
7 is cofinite and we define cost(7) = |Z>o \ 7|. Further, let w denote the matrix multiplication
exponent |2].

Theorem 1.6. Suppose o,p C Z>q are finite or cofinite. Also, set teost = max{cost(p), cost(o)}.
Then, there is an algorithm A that, given a graph G and a nice tree decomposition of G of width
tw, decides whether G has a (o, p)-DOMSET in time

2tw ! (tcost + 1)tw(w+1) : (tcost + tW)O(l) : |V(G)|

While the algorithm of Theorem 1.3 can be significantly more efficient than the algorithm of
Theorem 1.6, it is unlikely to be tight in general, and it remains highly unclear what the best
possible running time should be. For a tight result, one would need to overcome at least two major
challenges: proving tight upper bounds on the size of representative sets, and understanding whether
they can be handled without using matrix-multiplication based methods.

2 Technical Overview

2.1 Faster Algorithms

We start with an overview on the techniques used to prove our algorithmic results. First, let us
turn to Theorem 1.3. With Theorem 1.1 in mind, it suffices to consider the case where (o, p) is
m-structured from some m > 2.

2.1.1 Structured Sets

As hinted to earlier, our algorithms are based on the “dynamic programming on tree decompositions”
paradigm. Hence, let us first briefly recall the definition of tree decompositions (see Section 3 for
more details). A tree decomposition of a graph G consists of a rooted tree T" and a bag X; for every
node t of T' with the following properties:

1. every vertex v of G appears in at least one bag,
2. for every vertex v of G, the bags containing v correspond to a connected subtree of T', and

3. if two vertices of GG are adjacent, then there is at least one bag containing both of them.



The width of a tree decomposition is the size of the largest bag minus one, and the treewidth of a
graph G is the smallest possible width of a tree decomposition of G. Further, for our exposition,
for a node ¢ of T', we write V; for the union of all bags Xy where ¢’ is a descendant of ¢ (including ¢
itself).

Let us also recall the most common structure of (dynamic programming) algorithms on tree
decompositions (of width tw). Typically, we define suitable subproblems for each node t of the
decomposition, and then solve them in a bottom up way. In particular, we construct partial solutions
that we aim to extend into full solutions while moving up the tree decomposition. In order to fastly
identify which partial solutions can be extended to full solutions, we classify them into a (limited)
number of types: if two partial solutions have the same type and one has an extension into a full
solution, then the same extension would work for the other solution as well. Now, the subproblems
at node t correspond to computing which types of partial solutions are possible. Finally, we need
to argue that if we have solved every subproblem for every child ¢ of ¢, then the subproblems at ¢
can be solved efficiently as well.

For a more detailed description of how we implement said general approach, first suppose for
simplicity that both o and p are finite (in fact, this is always the case when (o, p) is m-structured
from some m > 2). Now, for us, a partial solution at a node ¢ is a set S C V; such that |[N(u)NS| € o
for every u € S\ X, and |[N(v) NS| € p for every v € V; \ (S U X}), that is, all vertices not in X
satisfy the o constraints and p constraints, but the vertices in X; may not. In particular, it may
happen that a vertex v € X; \ S does not yet have a correct number of selected neighbors, that is,
|N(v)NS| ¢ p, since said vertex may receive additional selected neighbors that lie outside of V;.

Now, two partial solutions S1,S2 C V(G) have the same type if

1. X;nNS1=X; NSy, and
2. |[N(v) N Si| =|N(v) N Se| for all v € X;.

Indeed, in this situation, it is easy to verify that, for any S C V(G) \ V4, we have that SUS] is a
(o, p)-set if and only if SUSs is a (o, p)-set. In other words, the type of a solution S is determined by
specifying, for each v € X, whether v € S and how many selected neighbors v has. Hence, we can
describe such a type by a string y € AXt, where A = {0y, ... s Osiops P05 - - - » Preop }» that associates
with every v € X a state y[v] € A,

e where state o; means that v € S and v has i selected neighbors, and
e where state p; means that v ¢ S and v has j selected neighbors.

Observe that we can immediately dismiss partial solutions that assign too many selected neighbors
to a vertex (that is, for instance, a state o; for i > syop), since such partial solutions can never
be extended to a full solution (assuming o is finite; for cofinite o all states o, for i > sip, are
equivalent). This gives a trivial upper bound of (siop + Ttop + 2)™+L for the number of types; and
yields essentially the known algorithms.

However, it is highly unclear if said trivial upper bound is tight: is it really possible that
for every string y € AX¢ there is some partial solution Sy that corresponds to y? In general,
this turns out to be indeed the case. Consider the classical DOMINATING SET problem (that is
p=A{12,...},0 ={0,1,2,...}) and the following example. Suppose that for some bag X;, each
of its vertices v; € X; has a single neighbor v; € V; \ Xy, and suppose that all vertices v/ share a
common vertex w € V; \ X;. Consult Figure 2.1 for a visualization of this example.

Now, for any string y € AXt = {po, p1,01}"*, there is indeed a partial solution (select w, now
any selection of v/, or v, is a valid partial solution), that is, each string y € AX is indeed compatible
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Figure 2.1: For DOMINATING SET (where p = {1,2,...},0 = {0,1,2,...}), it is easy to construct
an example where any string y € AXt = {pg, p1,01}X* is compatible with ¢: we depict selected
vertices as encircled blue and unselected vertices without a selected neighbor as a hollow black
circle. Observe that after selecting w, any selection of the remaining vertices constitutes a valid
partial solution. Hence, there are 31Xl = (Stop + Ttop + 2)|Xf‘ compatible strings in this case.

with t. In particular, there are (stop + op + 2)1¥t! = (0 4+ 1+ 2)1X¢l = 31Xt strings compatible with
t; for | X;| = tw the trivial upper bound on the number of types is thus indeed tight.

In stark contrast to this rather unsatisfactory situation, we show that for m-structured (o, p)
where m > 2, indeed, not all (syop + Ttop +2)™ ! different strings (or types) can be compatible with
t — we can then exploit this to obtain Theorem 1.3.

To upper-bound the number of compatible strings in said case, let us first decompose strings
y € AXt into a o-vector #(y) € {0,1}*¢, defined via G(y)[v] = 1 if y[v] = 0. for some ¢, and a
weight vector w(y) € {0,..., max(stop, Ttop) }-t, defined via w(y)[v] = ¢ if y[v] € {0o¢, pc}. Now,
our main structural insight reads as follows.

Lemma 2.1. Suppose (o,p) is m-structured (for m > 2). Let y,z € AXt denote strings that are
compatible with t with witnesses Sy, S, C V; such that |Sy \ X¢| =m |5: \ X¢|. Then, 3(y) - W(2) =m
7(2) - w(y).

For an intuition for this lemma, let us move to the EXACT INDEPENDENT DOMINATING SET
(or PERFECT CODE) problem as a specific example which corresponds to o = {0} and p = {1}.
Observe that ({0},{1}) is indeed 2-structured. Consider two partial solutions Sy, S, C V;. (Also
consult Figure 2.2a for a visualization of an example.) Note that both S, and S, are independent
sets in G since 0 = {0}. Now, let us count the edges between S, and S,. To that end, let us define
Yy as the set of vertices from V; \ S, that have no selected neighbor, and Y7 as the set of vertices
from V;\ Sy that have one selected neighbor (observe that Yy C X;). Observe that (S, Yp, Y1) forms
a partition of V;. We define Zy and Z; analogously for the partial solution S,.

Now, every vertex in S, N Yp has no neighbor in S, while every vertex in S, N'Y; has exactly
one neighbor in Sy. Recalling that vertices from S, NS, have no neighbor in S, (since S, is
an independent set), the number of edges from S, to S, equals |S, NYi|. Repeating the same
argument with reversed roles, we get that the number of edges from S, to S, equals Sy N Z1|. So
|S: NYi| = |Sy N Z;|. Assuming X; = V4, this condition is equivalent to &'(y) - W(z) = &(z) - W(y).
To obtain the conclusion of the lemma also for X; # V;, we use that Sy \ X;| =2 [S. \ X;| and
Yo, Zy C X;. Consult Figure 2.2b for a visualization of said proof sketch for the example from
Figure 2.2a.

Now, how can we use Lemma 2.1 to derive bounds on the number of compatible strings y € AX¢?
First, we partition the compatible strings into sets L;, for i« € [0..m — 1], where L; contains all
compatible strings y for which there is a partial solution S, that satisfies |S, \ X¢| =, i. Hence,
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(a) A bag X; and the union V; of the bags that are not above X;. For p = {1},0 = {0} (which are
2-structured) the strings y = popop1pooo and z = piopp100po are compatible with ¢; the vertices of the
corresponding partial solutions S, and S, are encircled in blue and purple (respectively); we depict unselected
vertices without selected neighbors as empty circles. We have |S, \ X;| = |5, \ Xi| = 2 and &(y) - W(z) =
(0,0,0,0,1)-(1,0,1,0,0) =0=20=(0,1,0,1,0) - (0,0,1,0,0) = &(2) - W(y).
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(b) The partial solutions S, and S, depicted at once. Observe that edges between a vertex v, € S, and
v, € 8, are possible only if v, and v, have exactly one selected neighbor in the corresponding other partial
solution.

Figure 2.2: An example for partial solutions and edges between them for PERFECT CODE.
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Lemma 2.1 yields that d(y) - W(z2) =m d(2) - W(y) for all y,z € L;. We then show that |L;| < clg,ptl

for all i € [0..m — 1] by using arguments that have a linear-algebra flavor. For the case o = {0}
and p = {1}, we for example obtain that |L;| < 2/**|. On a high level, our intuition here is that
the condition &(y) - W(z) =m 7(2) - W(y) says that the set of o-vectors is in some sense “orthogonal”
to the set of weight-vectors. More precisely, it turns out that we can partition the set X; = AW B
such that

e A determines the o-vectors of L;, that is, fixing all positions v € A of a o-vector § completely
determines §, and

e B determines the weight-vectors modulo m for every fixed o-vector, that is, fixing all positions
v € B of a weight-vector that appears together with a fixed o-vector 3, determines all positions
of the weight vector modulo m.

For example, for ¢ = {0} and p = {1}, this implies that |L;| < 2/4.2IBl = 21X¢[_ ndeed, there
are 214l many potential o-vectors §, and, for every fixed §, we have 2!Bl options for choosing the
weight vector modulo 2. Since max(siop, top) < 1, determining the weight vector modulo 2 actually
completely determines the weight vector, and so the upper bound follows.

For m > 3, the largest number of types can generally be achieved when A = &, since, intuitively
speaking, in comparison to the trivial upper bound, we roughly save a factor of m!4l - 218!, In this



case, it is easy to see that |L;| < (max{siop, Ttop } +1)1¥! since we have that many choices for weight
vectors. It may be tempting to believe that the same holds for m = 2 (since here, it does not seem
to matter how we choose A). However, there is one notable exception when siop = 7op is even. In
this case, the language

L ={y¢c AXt | W(y)[v] =m O for all v € X3}

has size |L*| = ([Tiop/m] + |S10p/m| + 2)Xtl = (max{siop, riop } + 2)!¥t! which explains why this
case stands out in Definition 1.2. Note that for L* we need to choose A = X; and B = @.

Overall, we obtain that the number of compatible strings is bounded by O(c'cf),(g‘). With our
improved bound at hand, we can now obtain improved dynamic programming algorithms.

At this point, however, we face a second challenge. When performing dynamic programming
along a tree decomposition, the most expensive step is to perform a join operation. In this situation,
the current node ¢ has exactly two children ¢; and t2 and X; = Xy, = Xy,. In [48], van Rooij provides
various convolution-based methods to efficiently compute the set of compatible strings for ¢ given the
sets of compatible strings for £; and to. We wish to apply the same methods, but unfortunately this
is not directly possible since the convolution-based methods are not designed to handle restrictions
of the input space. To circumvent this issue, our solution is to design a specialized compression
method that again exploits the structure described above. With the partition (A, B) of X, at hand,
this seems rather straightforward by simply omitting the redundant information. However, the crux
is that we need to design the compression in such a way that it agrees with the join operation: two
compatible strings y; and y» for t; and f2 can be joined into a compatible string y for ¢ if and only if
the compressed strings ¢} and y) can be joined into the compressed string y’. This condition makes
the compression surprisingly tricky, and here we need to add several “checksums” to the compressed
strings to ensure the required equivalence.

2.1.2 Representative Sets

The algorithm described above determined, for every node t and string y € AX¢, whether there is
a partial solution S C V; that has type y. Our lower bounds show that this strategy is essentially
optimal when we want to count the number of solutions. But, for the decision version, the idea of
representative sets can give significant improvements in some cases.

As an illustrative example, let us consider the problem with o = {0}, p = Z>¢ \ {10}, and
suppose that Xy = {v}. Then, the partial solutions S C V; have rop + Stop + 2 = 13 different types:
either v € S has 0 neighbors in S, or v € S and v has 0,1,...,10, or > 11 neighbors in S. However,
we do not need to know exactly which of these types correspond to partial solutions. A smaller
amount of information is already sufficient to decide if there is a partial solution that is compatible
with some extension S’ C V(G) \ V;. For example, if we have partial solutions that correspond to,
say, the og, pr7, and pg states, then every extension S’ that extends some partial solution S C V;
extends one of these three partial solutions. Indeed, suppose that v € S and extension S’ gives ¢
further neighbors to v, then S can be replaced by a partial solution corresponding to the p7 state
unless ¢ = 3, in which case S can be replaced by the solution corresponding to ps.

In general, we want to compute a representative set of all the partial solutions of V; such that
if there is one partial solution that is extended by some set S’ C V(G) \ V4, then there is at least
one partial solution in the representative set that is extendable by S’. When | X;| > 1, then it is far
from trivial to obtain upper bounds on the size of the required representative sets and to compute
them efficiently. Earlier work [38] showed a connection between these type of representative sets
and representative sets in linear matroids, and hence, known algebraic techniques can be used
[27, 28, 35]. The upper bounds depend on the number of missing integers from the cofinite sets,



but do not depend on the largest missing element. Thus, this technique is particularly efficient
when a few large integers are missing from p or 0. However, the price we have to pay is that the
algebraic techniques require matrix operations and the matrix multiplication exponent w appears
in the exponent of the running time. This makes it unlikely that we can get tight upper bounds
similar to Theorem 1.4.

2.2 Lower Bounds

Next, we give an overview of the techniques used to prove our lower bound results.

2.2.1 Hardness for Relation Problems

For the lower bounds, we follow the ideas of previous lower bounds [18, 36, 37| given for problems
parameterized by treewidth. We present a reduction from SAT to (o, p)-DOMSET by constructing a
graph which has “small” treewidth. Instead of giving a direct reduction, we split it in two parts. The
first part shows a lower bound for the intermediate problem (o, p)-DOMINATING SET W. RELATIONS
((o, p)-DOMSETR®) which extends the (o, p)-DOMSET problem by the possibility of having special
(complex) vertices to which a relation is assigned. These vertices are never selected and instead of
requiring the number of selected neighbors to be in p, they enforce a relation on their neighborhood.
The second step then considers the problem of removing these relations. For now we just consider
the variant with relations, i.e., (o, p)-DOMSETRPL,

Naive and Improved Construction. We first recap the naive approach and its downsides.
There the graph of the (o, p)-DOMSETR™ instance has a grid-like structure with one column for
each clause of the SAT formula, and one row for each variable of the formula, where each edge in
each row is subdivided by an information vertex. The crossing points of the grid are relations which
check whether the corresponding clause is satisfied by the assignments which is encoded by the
selection status of the information vertex. This information is then propagated to the relation in
the next row. As the assignment is only encoded by two states of the information vertices (selected
or not), this approach could only give a lower bound of (2 — &)™.

To obtain better lower bounds of the form (|A| — &)™, we need more states for the information
vertices than only “selected” or “unselected”, which we may write as o¢ and pg. Especially, we need
to be able to add neighbors to these information vertices from the left, but also from the right side.
Instead of using only the states op and pg, we want to use the remaining states in A as well. We
later explain why this is actually not always possible.

Before we describe it in more detail, see Figure 2.3 for an illustration of the improved con-
struction. Assuming we can use all these states, we partition the variables into n/log(|A|) groups
of size log(JA|) each.! By this choice, there is a one-to-one correspondence between assignments
to each group and the states in A. Similarly to the naive approach, the constructed graph has a
grid-like structure with m columns, each corresponding to one clause of the SAT formula, but only
n/log(]A|) many rows, each corresponding to one group of variables. Moreover, at the crossing
points of rows and columns, we have relations which check that the assignment satisfies the clause.
The most notable difference is the neighborhood of the information vertices which we place between
two crossing points in the grid. Let w] be the information vertex with the crossing between the ith
row and jth column to its left and the crossing between the ith row and j + 1th column to its right.
Each such information vertex gets max{siop, "top} neighbors on the left and the same number of

!For ease of presentation, we ignore rounding and parity issues here, which can be resolved by partitioning into a
somewhat smaller number of somewhat larger groups.



neighbors to the right. The state of an information vertex is determined by its selection status and
the number of selected neighbors to its left. As mentioned above, this state encodes the assignment
for the corresponding group of variables. In each column, we connect two relations exactly when
they are assigned to two neighboring crossing points, that is, they share an edge between them.

For the basic idea, it suffices to think of o, p as being finite and just containing one element.
For example, let o = {4} and p = {3}. Whenever the information vertex w; is selected and has ¢
selected neighbors to the left, it must have sy, — ¢ = 4 — £ selected neighbors on the right because
of the constraints imposed by o. The relation at crossing point (i, j 4 1) is defined such that the
next information vertex w; 1 gets £ selected neighbors from the left. By defining all relations which
we assign to crossing points in this way, all information vertices of one row get the same number
of neighbors from the left. Hence, they can encode the same assignment. The same arguments
work for the case when w] is not selected, but then w] must have r,, — £ = 3 — £ neighbors to the
right if it has ¢ neighbors to the left. As the behavior of the relation depends on the information
vertices, they are additionally connected to the information vertices and not only their neighbors
toward the relation. To ensure that clauses that are initially unsatisfied are eventually satisfied, we
add corresponding relations to the first and last row of the graph.

Observe that the information vertices of one column cut the graph in two halves. Hence, the
treewidth of the graph can be bounded by the number of rows plus some constant which takes care
of the relations and other vertices. Moreover, when we cut the graph at the information vertices
of one column, we get a direct correspondence to the results from the upper bound. Indeed, the
states the information vertices might get in a solution precisely correspond to the strings in the
language compatible with the graph. Consequently, for each such set of information vertices, the
number of states they can have is trivially upper-bounded by |A|[™*!. However, as we have seen in
Section 2.1, the number of states that can actually appear is often much smaller (i.e., when (o, p)
is m-structured). In such a case, we can only hand over states from a suitable subset A C A to the
information vertices, and we get a weaker lower bound of only (|A| — &)™. The entire reduction
is presented in Section 9 and stated formally in Lemma 6.5 for the decision version. Afterwards,
we extend the results to the counting version of the problem, denoted by (o, p)-#DoMSETR®,
in Lemma 6.8.

Difficulties in the Construction. Observe that the information vertices are always happy;
if there are £ selected vertices on the left, then we can select syop — £ or 7op — £ vertices on the right
depending on whether the information vertex is selected or not, respectively. However, the previous
construction ignores a very subtle but surprisingly crucial issue; the neighbors of the information
vertices also have to be happy, that is, they must get a feasible number of selected neighbors to
satisfy the o- or p-constraints. It turns out that this is not always possible while simultaneously
being able to give all states to the information vertices. Instead, depending on (o, p), as we already
indicated above, we have to restrict the states for the information vertices to be able to make their
neighbors happy. Note that this property is crucially needed as otherwise no solution exists. When
proving the lower bound, we define, for each case mentioned in Definition 1.2, a manager gadget
by which we achieve the mentioned bound. The formal introduction of these gadgets and their
construction is given in Section 8.

Handling General Cofinite Sets. The basic idea of the hardness result for (o, p)-DoOM-
SETR®" is easiest to understand when each of o and p contains only a single integer. Then, an
information vertex really transfers information: its selection status and the number of neighbors on
the left uniquely determine the number of neighbors on the right. We can interpret a selected vertex
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Figure 2.3: The figure illustrates the construction for the lower bound given a SAT formula with
five clauses, depicted as columns, and variables which are grouped into four groups, depicted as
rows. The relations R’ check if the assignment for the ith group satisfies the jth clause.

”

as a requirement “= si,p” on the number of neighbors. With some changes, the argument can be
made to work with arbitrary finite o: such a set enforces a requirement stronger than “< siop”.
Similarly, if o is simple cofinite, that is, o = {stop, - . -, }, then o enforces ezactly “> siop”. However,
an arbitrary cofinite set enforces a requirement weaker than “> si,,”, which is not useful for our
purposes.

We handle general cofinite sets by presenting a reduction from simple cofinite sets. In particular,
suppose that o is cofinite; then we reduce from the case where 0/ = {s¢op,... }. As we shall see,
the reduction relies heavily on the counting nature of the problem. Given a graph G, the reduction
creates a graph G’ by attaching to each vertex v a certain gadget with the following properties:

e If v is unselected, then the gadget has a unique extension, which does not give any additional
neighbors to v.

e If v is selected, then every extension of the gadget provides at most sg., new neighbors to v.
e If v is selected, then the gadget has d; extensions that provide ¢ new neighbors to v.

Given the numbers dy, ..., ds,,, it is not very difficult to use the relations to construct a gadget
with exactly these types and number of extensions.

Let us consider o = {1,3,4,6,7,...} as an illustrative example, and suppose for simplicity that
we attached such a gadget only to a single vertex v. Consider now partial solutions of the original
graph G where every vertex satisfies the requirements, except potentially v. Suppose that v has
0 neighbors in a partial solution; it needs 1, 3, 4, or at least 6 further neighbors to satisfy the o
constraint. Therefore, the gadget has exactly di + d3 + d4 + dg extensions where the degree of v
becomes a member of ¢. Similarly, if v already has one neighbor in the partial solution, then it
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needs 0, 2, 3, or at least 5 neighbors and thus, the gadget has exactly dy+ ds+ds +ds + dg extensions
where v satisfies the degree condition, and so on.

We would like to build a gadget where the integers d; are chosen in such a way that the gadget has
exactly 1 (or some other constant) extension if v already has at least 6 neighbors, and 0 extensions
if v has less than 6 neighbors. If we can build such a gadget, then we can effectively force that v
has at least 6 neighbors. Based on the discussion above, the d;’s have to be chosen such that they
satisfy the following system of equations:

do
di
da
ds | =
dy
ds
dg

[ e R S N

_ O =)= OO
_ == O = = O
e N
— = = O
— R = =~~~ O
== = = = =
—_ o OO O oo

1

One can observe that the coefficient matrix has a form that guarantees that it is non-singular: every
element on or below the codiagonal is 1, while every element one row above the codiagonal is 0.
Therefore, the system of equations has a solution, so we could construct the appropriate gadget.
The catch is, however, that some of the d;’s could be negative, making it impossible to have a
gadget with exactly that many extensions. We can solve this issue in the following way: if d; is
negative, then we design the gadget to have 2% - |d;| extensions, where x is some parameter of the
construction. If we attach such gadgets to every vertex, then it can be observed that the number
of solutions is a polynomial in y = 2¥. We can recover the coefficients of this polynomial using
interpolation techniques. Then, we evaluate the polynomial at y = —1, which then will simulate
exactly d; extensions.

2.2.2 Realizing Relations

The remaining step to complete the lower bound is to remove the relations.

Relations for the Decision Problem. For the decision version, in order to establish The-
orem 1.5, we follow previous approaches [18, 37|, and first realize very specific relations such as
the “Hamming Weight One” relation and the “Equality” relation. In a second step, we use these
relations to design graphs which behave exactly like arbitrarily complex relations. The final step for
the lower bound in the decision version is to replace the relations by these graphs. As the realization
of relations again depends on ¢ and p, we only give the lower bounds when both sets are finite.

Relations for the Counting Problem. To reduce (o, p)-#DOMSETR* to (o, p)-#DOMSET,
it will be convenient to introduce a natural generalization of the problem where not necessarily every
vertex has the same constraint (o, p). Instead, we have an additional set P of pairs and the input
contains a mapping specifying for every vertex if it is constrained by (o, p) or by some other pair in
P. For a fixed set P of pairs, we denote by (o, p)-#DOMSET” this extension. As the first step of
the proof, we show that if

e (0,{1}) e P,
e (,{0,1}) € P, or

° (@,Zzl) eP,
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Figure 2.4: The reductions for the counting version to remove the relations. The inital starting
problem is (o, p)-#DoMSETREL,

then (o, p)-#DoOMSETR*" can be reduced to (o, p)-#DoMSET” in a treewidth-preserving way. The
proof utilizes the realization of the relations (as in the decision problem) using “Hamming Weight
One” relations, and then simulating this relation using one of the three pairs listed above. Then,
the main part of the proof is to show that, for every (o, p) pair we consider, one of the three pairs
can be simulated with the (o, p)-#DOMSET problem, see Figure 2.4.

Toward this goal, we simulate some number of other pairs. A key intermediate goal is to “force
a vertex to be unselected”, that is, to simulate an (&, p) vertex. Similarly, another important goal
is to “force a vertex to be selected” by simulating a (o, @) vertex. Now, let us do the following:

e introduce ryp, — 1 cliques, each consisting of smin + 1 vertices of type (o, @)
e introduce one vertex v of type (&, p), adjacent to one vertex in each clique.

The vertex v can be considered as an always unselected vertex that already has ry,, — 1 extra
neighbors, that is, p is “shifted down” by 7o, — 1. Then, depending on whether p is cofinite, finite
with 7p — 1 € p or finite with riop —1 & p, the vertex v effectively becomes an (&, Z>1), (2,40, 1}),
or (&,{1}) vertex, respectively.

In the rest of this section, we highlight some of the technical ideas behind the simulation of
(@, p) and (o, @) vertices. The following notation will be convenient for the description. Let G be a
gadget with a single portal vertex v. We denote by extg(p;) the number of partial solutions S of G
where every vertex except v satisfies the constraints, v € S, and v has exactly ¢ neighbors in S. The
definition of extg(o;) is analogous with v € S. The proof proceeds by constructing gadgets where
the numbers of extensions satisfy certain properties. Let us assume first that ¢ and p are finite.

Step 1. Tirst, we construct G; with extg, (po), extg, (p1) > 1, but extg, (p;) = 0 for i > 2. The
construction is easy: the graph consists of a portal vertex v, and two sets of vertices X, Y with a
single edge between X and v. All we need to ensure is that both X and Y are solutions, which can
be ensured by having degree siop inside X and Y, and degree 7, between X and Y.
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Step 2. Next, we want to construct a graph Gs where extg, (po) and extg,(o¢) are both at least
one, but different. In other words, the choice of selecting/not selecting the portal v influences the
number of extensions in the gadget where the neighbors of the portal are not selected. Intuitively,
this should be the case for most graphs, but to find a graph where this is provably so, we argue in
the following way. Take x copies of the G; gadget defined above, and identify their portal vertices
into a single vertex w. The portal of G is a new vertex v adjacent to w. The number extg, (po)
corresponds to partial solutions S where v,w ¢ S. Then, each copy of G; has extg, (p1) extensions
that add a new neighbor to w and extg, (po) extensions that do not. These extra neighbors should
satisfy the constraint given by p on w. Therefore, we have

extg, (pU) = Z <x> extg, (pl)i extg, (po)zii'

; 1
1ep

The expression for extg,(o¢) is similar, but counts partial solutions containing v, giving an extra
selected neighbor to w. Thus,

extg, (UO) = Z <f> extg, (pl)i extg, (pO)x_i'

i+1€p

Observe that dividing both expressions by extg, (po)* gives two polynomials in , where the first one
has degree 7y, and the second one ryo, — 1. Thus, there has to be an x where they are different.

Step 3. The next step is to implement a vertex (&, {0}), that is, a vertex that cannot be selected
and should not get any neighbors. This can be used to force any number of other vertices to be
unselected. We construct a gadget Gs by creating x copies of Gs and identifying their portal vertices
into a single portal vertex. Suppose that we extend a graph G to a graph G’ by identifying the
portal of G with a vertex v € V(G). Let ag be the number of partial solutions in G where v is
unselected and has exactly d selected neighbors; by is defined similarly for v being selected. Now
the number of solutions in G’ is

Ttop Stop
X . . x . .
Z aq Z <z) extg, (p1)" extg, (po)* " + Zbd Z <z> extg, (01)" extg, (a9)* "

d=0  i+dep d=0 i+dep

AZ: B;:

The important observation here is that extg, (po) # extg,(oo) implies that the two terms A and
B above have very different orders of magnitude. Assume that extg,(pg) < extg, (co) (the other case
is similar). Then, A is roughly at most 2/V(%)! . extg, (p9)®, while B is divisible by extg, (oo)* o,
which is much larger for sufficiently large values of x. Therefore, if we compute A + B modulo
extg, (0g)*~"r then B vanishes and we can recover A.

Dividing A by extg,(po)” # 0 gives a polynomial in = of degree ri,p,, whose coefficients we
can recover using interpolation. (For simplicity, we assume here that extg,(p1) # 0; otherwise, we
treat it as a separate case). Observe that only d = 0 contributes a term x"°r  and thus, from the
coefficient of z"°r we can recover the value of ag. This counts the number of partial solutions where
v is not selected and has no neighbors, that is, it simulates an (&, {0}) vertex, as we wanted.

Step 4. Once we can express a single (&, {0}), attaching it to any set .S of vertices forbids selecting
any vertex of S without adding any neighbors, effectively making them (&, p) vertices. A further
interpolation argument of similar flavor allows us to simulate an arbitrary number of (o, &) vertices.
We omit the details here.
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Step 5. There are a number of difficulties with this approach if o and/or p is cofinite. For example,
suppose that p is cofinite and consider the term A above. As p is not finite, A cannot be written as
the sum of a constant number of binomial terms. Instead, we can write A as all possible extensions
to G3, minus those extensions that give the wrong number of neighbors to v. That is,

Ttop

A= | (extau o) + exte (o) = 3 (1) extan o) et ()
d=0

i+d¢gp

Observe that this is a combination of an exponential term and some polynomials. In the cofinite
cases, we have to deal with functions of the form f(z) = ¢* — p(x), where p(x) is a polynomial. A
key technique to handle such expressions is to compute f(x + 1) —c- f(z) = p(z + 1) — ¢ p(x),
which is a polynomial of the same degree as p(z), and hence, much easier to work with.

Step 6. The case when p = Z>o has to be treated as a special case. First, we establish a
reduction from (o, p)-#DOMSETRE" to (0, p)-#DoMSET” when ({0},Z>0) € P. Then, we show
that if o is finite and p = Z>¢, then (o, p)-#DOMSET can simulate such vertices. However, when
o is cofinite this approach breaks down. In that case, a reduction from (o, p)-#DOMSETR®E to
(0, p)-#DoMSET” seems very challenging. Intuitively, v € S or v ¢ S can be distinguished only
if v has a neighbor v € S (as the unselected neighbors of v are not affected by the status of v).
Thus, in a sense, a gadget cannot detect the status of the vertex v without changing its number of
neighbors, contrary to how relations are defined in (o, p)-#DOMSETR®. Problems with p = L
and o cofinite seem to be of a very different type that need a separate treatment.

3 Preliminaries

3.1 Basics
Numbers, Sets, Strings, and Vectors

We use a =y, b as shorthand for a = b (mod m).

We write Z>o = {0, 1,2, 3, ... } to denote the set of non-negative integers and Z~¢ = {1,2,3,...}
to denote the positive integers. For integers i, j, we write [i..7j] for the set {i,...,j}, and [i..75)
for the set {i,...,5 — 1}. The sets (¢..j] and (4..j) are defined similarly. A set 7 C Z>¢ is
cofinite if Z>o \ 7 is finite. Also, we say that 7 is simple cofinite if 7 = {n,n+1,n+2,...} for
some n € Z>g.

We write s = s[1]s[2]---s[n] for a string of length |s| = n over an alphabet ¥. In some
cases, we also write s = (s[1],s[2],---,s[n]) to explicitly point to the individual characters of
s. We write X" for the set (or language) of all strings of length n, and ¥* = J,~, X" for the
set of all strings over X. We use € to denote the empty string. For a string s € X" and positions
i <je[l..n], wewrite s[i..j] = s[i]---s[j]; accordingly, we define s(i..j], s[i..7), and
s(i..j). Finally, for two strings s,t, we write st for their concatenation — in particular, we have
s = s[1l..i]s(i..n]. Sometimes we are interested in the number of occurrences of an element
a € ¥ in a string s. To this end, we use the notation #,(s) for the number of occurrences of a in s,
that is, #4(s) == |{i € |s| | s[i] = a}|. Also, for A C ¥, #4(s) denotes the number of occurrences
of elements from A in s, that is, #4(s) == > c 4 #a(5).

For a finite set X (for instance, a set of vertices of a graph), we write XX = »IXI to emphasize
that we index the strings in (subsets of) ©% with elements from X: for an z; € X, we write
s[x;] = s[i].
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Similarly, for an n-dimensional vector space V, we view its elements as strings of length n and
correspondingly write v = v[1]v[2]...v[n] € V. In addition to the notions defined for strings, for
a set of positions P C [1..n], we write v[ P] := Qguepz[a] for the |P|-dimensional vector that
contains only the components of v whose indices are in P.

To improve readability, we sometimes use a “ranging star” * to range over unnamed objects. For
example, if we wish to define a function f: Z>o X Z>o — Z>¢, then we write f(*,4) =5 to specify
that f(i,4) =5 for all i € Z>o.

Graphs

We use standard notation for graphs. A graph is a pair G = (V(G), E(G)) with finite vertex set
V(G) and edge set E(G) C (V(QG)). Unless stated otherwise, all graphs considered in this paper are
simple (that is, there are no loops or multiedges) and undirected. We use uv as a shorthand for
edges {u,v} € E(G). We write Ng(v) for the (open) neighborhood of a vertex v € V(G), that is,
Ng(v) ={w € V(G) | vw € E(G)}. The degree of v is the size of its (open) neighborhood, that is,
degq(v) == |Ng(v)|. The closed neighborhood is Ng[v] := Ng(v) U{v}. We usually omit the index
G if it is clear from the context. For X C V(G), we write G[ X ] to denote the induced subgraph on
the vertex set X, and G — X = G[V(G) \ X ] denotes the induced subgraph on the complement of
X.

Treewidth

Next, we define tree decompositions and recall some of their basic properties. For a more thorough
introduction to tree decompositions and their many applications, we refer the reader to [20, Chapter
7.

Fix a graph G. A tree decomposition of G is a pair (T, 8) that consists of a rooted tree T and a
mapping B: V(T) — 2V such that

(T.1) Usev () B(1) = V(G),
(T.2) for every edge vw € E(G), there is some node ¢t € V(T') such that {u,v} C (), and
(T.3) for every v € V(G), the set {t € V(T') | v € B(t)} induces a connected subtree of T

The width of a tree decomposition (7', 3) is defined as max,cy (1) |3(t)| — 1. The treewidth of a graph
G, denoted by tw(G), is the minimum width of a tree decomposition of G.

When designing algorithms on graphs of bounded treewidth, it is instructive to work with nice
tree decompositions. Let (T, 5) denote a tree decomposition and write X; := 3(t) for t € V(T'). We
say (T,f) is nice if X, = @ where r denotes the root of 7', X, = @ for all leaves ¢ € V(T), and
every internal node t € V(T') has one of the following types:

Introduce: ¢ has exactly one child ¢’ and X; = Xy U{v} for some v ¢ Xy the vertex v is introduced
at t,

Forget: ¢ has exactly one child ¢’ and Xy = Xy \ {v} for some v € Xy; the vertex v is forgotten at
t, or

Join: ¢ has exactly two children ¢1,%2 and X = Xy, = X4,.

It is well-known that every tree decomposition (7', 8) of G of width tw can be turned into a nice
tree decomposition of the same width tw of size O(tw - V(T)) in time O(tw? - max(|V(G), V(T)|))
(see, for instance, |20, Lemma 7.4]).
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Treewidth-Preserving Reductions

To prove hardness results for computational problems on graphs of bounded treewidth (or variations
thereof where treewidth is defined) we rely on reduction chains that, up to additive constants,
preserve the treewidth of the input graphs.

Definition 3.1 (treewidth-preserving reduction). Let A and B denote two computational problems
for which (some notion of ) treewidth is defined.

We write A <y, B if there is a treewidth-preserving reduction from A to B, that is, a polynomial-
time Turing reduction from A to B that, if executed on an instance I of A given with a tree decom-
position of width at most t, makes oracle calls to B only on instances that have size polynomial in
|I| and that are given with a tree decomposition of width at most t + O(1).

We say that A is the source and B is the target of the reduction.

Observation 3.2. A sequence of treewidth-preserving reductions Ay <ew Ao <tw ... <ww Ar gives
a treewidth-preserving reduction from Ay to Ay if k € O(1) (with respect to the input size of Ay).

Note that we extend these definitions and observations in the obvious way to pathwidth-
preserving reductions.

3.2 Generalized Dominating Sets

In the following, let o, p C Z>(o denote two sets that are finite or cofinite.

Basics

Fix a graph G. A set of vertices S C V(G) is a (o, p)-set if [N(u) N S| € o for every u € S, and
|IN(v)N S| € pfor every v € V(G)\ S. The (decision version of the) (o, p)-DOMSET problem takes
as input a graph G, and asks whether G has a (o, p)-set S C V(G). We use (o, p)-#DOMSET to
refer to the counting version, that is, the input to the problem is a graph G, and the task is to
determine the number of (o, p)-sets S C V(G).

We say (o, p) is trivial if p = {0} or (o, p) = (Z>0,Z>0).

Fact 3.3. Suppose (o, p) is trivial. Then, (o, p)-#DOMSET can be solved in polynomial time.

Proof. For (0,p) = (Z>0,Z>0), the number of (o, p)-sets is 2IV(@I. For p = {0}, the number of
(0, p)-sets is 2¢, where ¢ denotes the number of those connected components of G where every vertex
degree is contained in o. O

In order to analyze the complexity of (o, p)-DOMSET (and (o, p)-#DOMSET) for non-trivial
pairs (o, p), we associate the following parameters with (o, p). We define

max(p) it p is finite, d max(o) if o is finite, (3.1)
Ttop = and sgop = .
top max(Z\ p) + 1 if p is cofinite, top max(Z\ o) + 1 if o is cofinite.

Moreover, we set tiop, = max(riop, Stop). For pairs (o, p) that are structured in a certain way, we
are able to obtain more efficient algorithms.

Definition 3.4 (m-structured sets). Fiz an integer m > 1. A set 7 C Z>¢ is m-structured if there
s some number c* such that

c=p c
forall c € T.

We say that (o, p) is m-structured if both p and o are m-structured. Observe that (o, p) is
always 1-structured.
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Figure 3.1: A graph G and subsets of vertices U and S. For p = {1},0 = {2,4} the set S is a
partial solution (with respect to U), as every blue vertex s € S\ U satisfies [N(s)N S| € {2,4} =0
and as every black vertex v € V(G) \ (S UU) satisfies |[N(v) N S| € {1} = p. The depicted set S
corresponds to the compatible string osozoep1p0 (written above G). Note that S would not be a
partial solution for o = {4}, as all but one blue vertex have only 2 neighbors in S.

Partial Solutions and States

For both our algorithmic and our hardness results, a key ingredient is the description of partial
solutions.

A graph with portals is a pair (G,U), where G is a graph and U C V(G). If U = {uy, ..., ux},
then we also write (G, uy,...,ux) instead of (G,U).

Intuitively speaking, the idea of this notion is that G may be part of some larger graph that
interacts with G only via vertices from U. In particular, in the context of the (o, p)-DOMSET
problem, vertices in U do not necessarily need to satisfy the definition of a (o, p)-set since they may
receive further selected neighbors from outside of G.

Definition 3.5 (partial solution). Fiz a graph with portals (G,U). A set S C V(G) is a partial
solution (with respect to U) if

(PS1) for each v € V(G)\ (SUU), we have [N(v) N S| € p, and
(PS2) for each v € S\ U, we have [N(v)N S| € o.

To describe whether vertices from U are selected into partial solutions and how many selected
neighbors they already have inside GG, we associate a state with every vertex from U.

Formally, we write Sy :== {0 | i € Z>0} for the set of potential p-states, and we write R ==
{pi | i € Z>o} for the set of potential o-states. We also write Agy = Ry U Sqy for the set of all
potential states.

Definition 3.6 (compatible strings). Fiz a graph with portals (G,U). A string x € AY is com-
patible with (G, U) if there is a partial solution S, C V(G) such that

(X1) for each v € UN Sy, we have x[v] = o5, where s = |N(v) N S|, and
(X2) for each v € U\ Sz, we have x[v] = p,, where r = |N(v) N Sy|.

We also refer to the vertices in Sy as being selected and say that S, is a (partial) solution, selection,
or witness that witnesses x.

Consult Figure 3.1 for a visualization of an example of a partial solution and its corresponding
compatible string.
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Observe that, despite Ag, being an infinite alphabet, for every graph with portals (G, U), only
finitely many strings = can be realized. Indeed, if |V (G)| = n, then every compatible string can only
have characters from A, =S, UR,, where S,, .= {0; | i € [0..n]} and R, :={p; | i € [0..n]}.

Definition 3.7 (realized language, L-provider). For a graph with portals (G,U), we define its
realized language as

L(G,U) = {z € AL, | = is compatible with (G,U)}.

For a language L C AY,,, we say that (G,U) is an L-realizer if L = L(G,U).
For a language L C AfUu”, we say that (G,U) is an L-provider if L C L(G,U).

Again, observe that L(G,U) C AV, where n = |V(G)|.

In fact, for most of our applications, it makes sense to restrict the alphabet even further. Recall
the definition of syop and 7yop from Equation (3.1). Suppose that o is finite. Then, we are usually
not interested in partial solutions S where some vertex from U is selected and already has more
than siop selected neighbors (as it is impossible to extend this partial solution into a full solution).
Also, if o is infinite, it is usually irrelevant to us whether a selected vertex has exactly syop selected
neighbors, or more than si., selected neighbors, since both options lead to the same outcome for
all possible extensions of a partial solution. For this reason, we typically? restrict ourselves to the
alphabets

R:={po,. . prep} and S:={og,...,0,,}
As before, we define A :=RUS.

Definition 3.8 (inverse of a state). For a state o5 € S, the inverse of o5 with respect to o is
the state inv?(os) = Osiop—s- FoT @ state p. € R, the inverse of p, with respect to p is the state
inv?(pr) = Pregy—r-

We set inv?(p,) = pr and invP (o) = os. For all states a € A, the inverse of a with respect to
o, p is the state inv®”(a) = inv?(inv”(a)).

We extend this in the natural way to strings by applying it coordinate-wise, and to sets by applying
it to each element of the set.

2Sometimes, it turns out to be more convenient to work with the more general variants; we clearly mark said
(rare) occurrences of Agy and A,,.
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Part I
Faster Algorithms

4 Faster Algorithms for Structured Pairs

The goal of this section is to prove Theorem 1.3. With Theorem 1.1 in mind, we can restrict
ourselves to the case where (o, p) is m-structured for some m > 2. In particular, both o and p are
finite in this case.

So for the remainder of this section, suppose that o,p C Z>¢ are finite non-empty sets such
that p # {0}. Recall that ryp == maxp, siop = maxo, and tyop = max(rep, Stop)- Also suppose
that (o, p) is m-structured for some m > 2, that is, there are integers B, B’ € [0..m) such that
r =m B for every r € p and s =, B’ for every s € 0. Without loss of generality, we may assume
that tiop +1 > m (if m > tiop + 1, then |p| = |o| = 1, which implies that (o, p) is m-structured for
every m > 2).

For this case, we present faster dynamic-programming on tree-decomposition-based algorithms
for (o, p)-DOMSET. In particular, we prove the following result.

Theorem 4.1. Let (o0,p) denote finite m-structured sets for some m > 2. Then, there is an
algorithm A that, given a graph G and a nice tree decomposition of G of width tw, decides whether
G has a (0, p)-DOMSET.

If m > 3 or tyop i 0dd or min(riep, Stop) < tiop, then algorithm A runs in time

(top + 1)™ - (trop + tw) D - V(@)
If m = 2, tiop is even, and riop = Stop = tiop, then algorithm A runs in time
(tiop + 2)™ - (tiop + tw) OV - [V(G).

Observe that Theorem 4.1 is concerned with the decision version of the problem, and not the
counting version. The reason is that we find it more convenient to first explain the algorithm for
the decision version, and explain afterward how to modify the algorithm for the counting version.
Also observe that, for the decision version, we obtain a linear bound on the running time in terms
of the number of vertices, whereas for the counting version, we only have a polynomial bound.

We prove Theorem 4.1 in two steps. First, we obtain structural insights and an upper bound
on the number of states that need to be maintained during the run of the dynamic programming
algorithm. Second, we then show how to efficiently merge such states using a fast convolution-based
algorithm.

4.1 Structural Insights into the m-Structured Case

In this section, we work with the alphabet A := {o0,...,04.,,,00,--.,Pre,}- Also, recall that
S = 1{00,...,05,,} and R:= {po, ..., pry, - For a graph with portals (G,U), we aim to obtain a
(tight) bound on the size of the realized language L(G,U) in terms of sy, and 7y0p. Thereby, we
also bound the number of states that are required in our dynamic-programming-based approach for
computing a solution for a given graph G. To that end, we first define certain vectors associated
with a string z € A", essentially decomposing a string into its o/p component and its “weight’-
component.
To able to reuse the definition in later sections, we state it for the full alphabet Agy.
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Definition 4.2. For a string v € A, we define

e the o-vector of x as &(z) € {0,1}" with

Loonea1 . )1 odfa[i] €8,
U(:C)[Z]'_{o if 2[i] € R.

e the weight-vector of z as w(z) € Z%, with

w(z)[i] =c, wherez[i] € {pc, ¢}

e the m-weight-vector of x as Wy (z) € Z}, with

—

W (z)[7] == @W(z)[i] mod m.

For a language L C AL, we write G(L) := {F(x) | © € L} for the set of all o-vectors of L, we write
wW(L) = {w(z) | x € L} for the set of all weight-vectors of L, and we write Wy (L) == {Wn(z) | x €
L} for the set of all m-weight-vectors of L.

Finally, for a vector § € {0,1}", we define the capacity of § as capy € {0, ..., top "™ with

1 Sto ’Lfg[l]:l,
Capg[z]'{rmi if §i] = 0.

To bound the size of realized languages, we proceed as follows. First, we compare two different
partial solutions with respect to a fixed set U to obtain certain frequency properties of the characters
of the corresponding string in AU (expressed as o-vectors and m-weight vectors). In a second step,
we then show that there is only a moderate number of strings with said structure.

Fix a graph G, a subset of its vertices U C V(G), and the realized language L = L(G,U) C
AY. For a string € L and an integer m > 2, we define the ordered partition Pp(z) =
(X005 s Xom—1, X0+ Xpm—1) of U with?

Xoo={veU|d()|v]=1and Wy(z)[v] =0},

Xom—1 ={veU|dx)|v]=1and Wy(z)[v] =m—1},
X,0={velU]|dx)|v]=0and &n(z)[v] =0},

Xpm—1 ={veU]|d)|v]=0and Wy(z)[v] =m—1}.

Lemma 4.3. Let (G,U) be a graph with portals and let L = L(G,U) C AV denote its realized
language. Also let x,y € L denote strings with witnesses Sy, Sy, C V(G) such that |Sy \ U| =m
|Sy \ U‘ The”z O_"(CC) ’ ZD'm(y) =m E(y) ’ Qﬁm(l‘)

Proof. Consult Figure 4.1 for a visualization of an example.
In a first step, we count the number of edges between S, and S, in two different ways. The
corresponding ordered partitions are

Pm(x) = (XO',O7 s 7X0',m71a Xp,O’ cee 7Xp,m71) and Pm(y) = (YO',Ov cee 7Y0',m715 Yp,Oa cee aYp,mfl)-

3We chose this slightly convoluted-looking definition to simplify our exposition in Lemma 4.3.
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Figure 4.1: A graph G with portals U. For p = {1,3},0 = {2,4} (which are 2-structured) the
strings x = o30302p1p0 and y = peo1p3opo; are compatible with (G, U); the corresponding partial
solutions S, and Sy, as well as the partitions of U are depicted above. We have |S;\U| = |S,\U| =4
and &(z) - Ww(y) = (1,1,1,0,0) - (0,1,1,0,1) = 2 =5 2 = (0,1,0,1,1) - (1, 1,0, 1,0) = &(y) - W ().

Recall the integers B, B’ € [0..m) with r =, B for every r € p and s =, B’ for every s € o.
Observe that by (PS1), every vertex in V(G) \ (U U Sy) has (B 4+ m¥) neighbors in S, (for some
non-negative integer ¢). In particular, this holds for all vertices in S; \ (U U S,). Similarly, observe
that by (PS2), every vertex in S, NS, has (B’ +m¢) neighbors in S, (for some non-negative integer
¢"). Finally, a vertex v in S, NU = Uje[o..m) X ; has exactly ¢ + m ¢” neighbors in S, (for some
non-negative integer ¢”) if and only if v is in one of Y, ; or Y ;.

Writing E(X,Y) := {(v,w) € B(G) | v € X,w € Y}, we obtain

|E(S2: Sy)| =m B+ |52\ (U U S,)|
+ B |S: NSy

- Z Z |X‘7]m}/ﬂl’+|XO'j mYo’zD
i€[1..m) j€[0..m)

B (1S, \U| = |S: N 8y| + 18, 01 8, N U)
+ B S, NSyl

+ 3 i (X N Yl + [ Xoy N ).
i€[1..m) j€[0..m)

In a symmetric fashion, we count the edges from S, to S,:

|E(Sy282) = B - (1S, \ Ul — 8, N Sl + 1S, 1 52 0 U)
+ B[Sy N Sy

YD MR I TUE WS AT}
i€[1..m) j€[0..m)

Now, we combine the previous equations and use the assumption that |S,; \U| =m |Sy \ U| to obtain

> > i (| Xy VY [ Xy N Yoil) = Y > i (Yo N Xpil + Vo N Xo i)
i€[1..m) j€[0..m) i€[1..m) j€[0..m)

22



Next, we unfold the definitions for X,,Y, and observe that

S S i (X N Yl 4 Xy N Yal)

i€[1l..m)j€[0..m)

=n Y, > i-l{kel..n]|F@)[k] =1, @u(@)[k] =], and du(y)[k] =}

i€[1..m) j€[0..m)
mo Y iH{ke[1.n]|F@)[F] =1 and dn(y)[k] =i}

Hence, the claimed & (z) - Wy (y) =m 7(y) - Wm(x) follows, completing the proof. O

With Lemma 4.3 in mind, in order to bound the size of a realized language, it suffices (up to a
factor of m) to bound the size of a language L C A" such that L x L C R", where

R™ = {(2,y) € A" x A" | 3(2) - Gny) = 5(y) - G ()} (4.1)

Observe that the relation R™ is reflexive and symmetric.

We proceed to exploit the relation R™ to obtain size bounds for realized languages (in Sec-
tion 4.1.1). Afterward, in Section 4.1.2; we investigate how said size bounds behave when combining
realized languages.

4.1.1 Bounding the Size of a Single Realized Language

The goal of this section is to show the following result.

Theorem 4.4. Let L C A" denote a language with L x L CTR"™.
If m > 3 or tyop is odd or min(riep, Stop) < tiop, then |L| < (tiop + 1)".
If m =2, tyop is even, and ryop = Stop = trop, then |L| < (top +2)".

Note that the bounds of Theorem 4.4 are essentially optimal; consider the following example.
Example 4.5. Consider the languages

e [ =R"={veA"|d(v) =0},

o Ly={veS" Y er1. n)W(0)[{] =m 0}, and

o Ly:={ve A" | Ww)[l] =m0 forallle[1l..n]}.

It is straightforward to see that L; x L; C R™ for all i € {1,2,3}. We have that |L1| = (ryp + 1),

|La| > (stop + )"t and
rtop + 1 Stop + 1 "
Ls| = .

Observe that |L3| = (tiop + 2)" if m = 2, tyop is even, and Tiop = Stop = tiop- In all other
cases, |Lz| < (tiop + 1)". In particular, the language L3 indicates why the case m = 2 with even

Ttop = Stop = ttop Stands out.

Toward proving Theorem 4.4, we start by showing that, for strings with the same o-vector, the
difference of their m-weight-vectors is “orthogonal” to the o-vector of any other string.
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Lemma 4.6. Let L C A" denote a language with L x L C R™. For any three strings v,w,z € L
with &(v) = &(w), we have
(W (V) — Wi (w)) - G(2) = 0.

Proof. Fix strings v, w,z € L. By the definition of R", we have

—

F(v) - Wy (2) =m 6(2) - W (v) and  G(w) - W (2) =m F(2) - Wn(w).

Using the assumption that ¢(v) = ¢/(w), we conclude that

—

F(2) - Wy (v) =m 6(2) - Wi (w),
which yields the claim after rearranging. O

Next, we explore the implications of Lemma 4.6. Intuitively, we show that, for a language L
of strings of length n, each of the n positions contributes either to vectors from (L) or to vectors
from Wy, (L). Formally, let us start with the notion of a o-defining set.

Definition 4.7 (o-defining set). Let L C A™. A set S C [1..n] is o-defining for &(L) if S is an
inclusion-minimal set of positions that uniquely characterize the o-vectors of the strings in L, that
18, for all u,v € L, we have

Fw)[S]=0)[S] = d&u)=7a). (4.2)

Remark 4.8. As a o-defining S is (inclusion-)minimal, observe that, for each position i € S, there
are pairs of witness vectors wi;,wo; € 6(L) that differ (on S) only at position i, with wy;[i] =1,
that 1is,

o wii[S\i]=wo;[S\i],
e wy;[i] =1, and
L4 wgﬂ‘[i] = 0.

We write Wg := {w1 i, wo; | ¢ € S} for a set of witness vectors for 6(L). Note that, as S itself, the
witness vectors Ws do not directly depend on strings in L, but only on the o-vectors of L.

Lemma 4.9. Let L C A" denote a language with L x L CR"™ and let S denote a o-defining set for
L.

Then, for any two strings u,v € L with &(u) = &(v), the remaining positions S == [1..n]\ S
uniquely characterize the m-weight vectors of u and v, that is, we have

W (u)[S] = Tm(v)[S] =  Wm(u) = W (v). (4.3)

Proof. Let S C [1..n] denote a o-defining set for ¢/(L) with witness vectors Ws (see Remark 4.8),
and consider the set S := [1..n]\ S. We proceed to show that (4.3) is satisfied. To that end,
let u,v € L denote strings with &(u) = &(v) and Wy (u)[S] = Wn(v)[S]. We need to argue that
W (u) = Wy (v), and, in particular, that Wy (u)[S] = Wm(v)[S]. Hence, we proceed to show that,
for every i € S, we have Wy, (u)[i] = W (v)[7].

Now, fix a position ¢ € S and corresponding witness vectors wi;, wo; € Ws. We proceed by
showing two immediate equalities.
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Claim 4.10. The strings u,v, w1, and wo; satisfy
(W (w) — B (v)) - (w1i — wo;) =m 0.

Proof of Claim. By Lemma 4.6, we have that

(Qﬁm(u) — U_J’m(v)) . (wlji — w(),i) = (U_J’m(u) — wm(v)) wy; — (wm(u) — wm(v)) wo
=L, 0—-0
=m0,
which completes the proof. N

Claim 4.11. The strings u,v, w1, and wo; satisfy
(wm(u) — wm(v)) . (wl,i — woﬂ-) = (wm(u)[z] — u_)’m(v)[i]) . (wu[i] - wo,i[i]).

Proof of Claim. Observe that, by assumption, for every component j € S, we have Wy, (u)[j] =

Wm(v)[j]. Observe further that, by the definitions of ¢ and S, for every component j € S\ i, we

have wy ;[j] = wo [ j], which yields the claim. N
Now, combining Claims 4.10 and 4.11 yields

(w1, — woy;)
[i]) - (wiili] — wo.li])
[i]) - (1-0)

In other words, Wy (u)[i] = Wn(v)[i] for all ¢ € S, which yields (4.3), and hence, the claim. O

As a direct consequence of Lemma 4.9, we obtain a first upper bound on the size of languages
L C A" with L x L CR™.

Corollary 4.12. Let L C A" denote a language with L x L CR"™, and let S denote a o-defining
set for d(L). Then, we have
S|

k S|~k
1< 10730 () [ R ren B2

k=0
Proof. For a k € {0,...,|S|}, write Ly to denote the set of all strings « € L such that &(z)[S] has
a Hamming-weight of exactly k, that is, &(x)[ S] contains exactly k entries equal to 1.
As L decomposes into the different sets Ly, we obtain |L| = Z',i'o |Lg|. Hence, it suffices to
show that, for each k € {0,...,|S|}, we have

41 < G+ 1151 (1) [ 1] [rap £ 1) (1.4

k m m

We proceed to argue that Inequality (4.4) does indeed hold. To that end, fix a k € {0,...,|S|},
and observe that a string € L (and hence, x € L) is uniquely determined by its o-vector &(z)
and its weight vector w(x) (where elements are not taken modulo m). Note that as L x L C R",
not all pairs of o-vectors and weight-vectors correspond to a string in L. Hence, we write

il < Y (@) |« € Ly and G(z) = 5}.
5€5(Ly)
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Now, as S is o-defining for (L) (and hence, for 7(Ly) C &(L)), for each o-vector for L, when
restricted to the positions S, there is exactly one o-vector for Ly, (on all positions). In particular, the
number of different o-vectors of Ly is equal to the number of different o-vectors on the positions S.
Further, by construction of Ly, all o-vectors on S have Hamming-weight exactly k. Hence, we
obtain

3(Li)| = {3(z) | # € L} = |[{3(2)[S] | w € Li}| < <|i|>_

Now, fix a o-vector 5 € &(Ly), and write Ly g == {x € Li | 6(x) = 5} for all strings in Ly
with o-vector 5. By Lemma 4.9, for each m-weight vector for Lj z when restricted to the positions
S:=[1..n]\S, there is exactly one m-weight vector for L s (on all positions):

{tm(z) | @ € Lys and w(2)[ §] = u}| = 1. (4.5)

Hence, it remains to count weight-vectors instead of m-weight vectors. To that end, for each possible
weight-vector on S, we count the possible extensions into a weight-vector on all positions. Writing
uy for the m-weight vector corresponding to a weight vector u, we obtain

W (Lks5)| < > {@(2)[ S]]z € Lyz and @(x)[S] = u}|
ue{w(z)[ S]lz€Ly, 5}
< > {@(2)[S] |z € Lyg and @i (z)[S] = um}|.

ue{w(z)[ S]|z€Ly, s}

Finally, we bound [{@(z)[S] | # € Lizand wWm(z)[S] = um}|- To that end, observe that
by Equation (4.5), the corresponding m-weight vector is unique. Hence, we need to bound only
the number of different weight vectors (on S) that result in the same m-weight vector (on 5).
By construction, on the positions S, the string x contains exactly k characters o,—for each such
position, there are at most [(syop +1)/m] different characters having the same m-weight vector; for
each of the remaining |S| — k positions, there are at most [(ryp + 1)/m]| different characters having
the same m-weight vector. This yields

{(2)[S] | # € Ly and @i (2)[ 5] = un}| < { * ﬂk [ * ﬂ o

m m
Combining the previous steps with the final observation that
{@(@)[5] |z € Lig}| < (trop + 1) = (tuop +1)" 7,
we obtain the claimed Inequality (4.4):
Ll < ) [B(Lgs)]
5c3(Ly)

< <‘}j‘) . > {@(x)[S] | 2 € Lyz and Wy (x)[S] = um}|

ue{w(z)[S]|z€Lly, s}

k S|k
< (thop +1)™181. (Ii\) . Fmerlw | Wtoﬁﬂ |

m m

Overall, this yields the desired bound. O
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In a final step before proving Theorem 4.4, we tidy up the unwieldy upper bound from Corol-
lary 4.12.

Lemma 4.13. For any non-negative integers n and a € [0..n], we have
a k a—k
_ a Stop + 1 Tiop + 1
t 1 n—a . p p
w3 ()] [

< (tiop +2)" if m =2 and tiop = Stop = Trop 5 eVEN,
(top + 1)  otherwise.

Proof. In a first step, applying tiop = max(7iop, Stop) and the Binomial Theorem yields

e o= (A [Stop + 175 [reop + 177"
st 2 ()5 ]

k=0

e o= (@) [top + 177 [top +1747F
<+ 173 () || [P

k=0

= (tgop +1)" 7 - (2_ {%Hjﬂba

In a next step, we investigate the term [(tiop + 1)/m].
First, if m > 3 or if m = 2 and t,p is odd, we have

9. ’Vttop‘kl
m

-‘ Stt0p+1-

Hence, in these cases, we directly obtain
_ top + 11\
(ttop + 1)71 @ <2 : ’Vt()prn-‘> é (ttop + 1)71
Next, if m = 2 and top = Stop = Ttop 18 €ven, we have

Q.Pt"p—’—l

1]y

Hence, in this case, we directly obtain

_ teon + 171\ ¢
(trop + 1) - (2 . [“’p-‘) < (top +2)".

m

Finally, if m = 2, tiop is even, and min(riep, Stop) < trop, We need a more careful analysis.
Restarting from the initial term, we apply the Binomial Theorem and obtain

e o=@\ [Stop + 175 [riop +1747"
o 1773 (1) || e

k=0

:@m+nna(ﬁw+1+yw+q)
(

S (ttop + 1>n “

This completes the proof. O
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Finally, combining Corollary 4.12 and Lemma 4.13 directly yields Theorem 4.4, which we restate
here for convenience.

Theorem 4.4. Let L C A" denote a language with L x L CTR"™.
If m > 3 or tyop is odd or min(riep, Stop) < top, then |L| < (tiop + 1)".
If m =2, typ is even, and ryop = Stop = trop, then |L| < (top +2)".

Proof. Let L C A™ denote a language with L x L C R", and let S denote a o-defining set for L.

By Corollary 4.12, we obtain
S|

k S|~k
n—|S |S| Stop +1 Ttop +1
1% 7 5 () [Pt | [t

k=0
Applying Lemma 4.13 yields the claim. O

4.1.2 Bounding the Size of Combinations of Realized Languages
Having understood a single realized language, we turn to combinations of realized languages next.

Definition 4.14. For two strings x,y € A", we define their combination as the string * ® y €
(AU{L})"™ obtained via

o ifx[l] =05 and y[l] =0; and i+ j =k < Siep,
(oy)[l]=1q px ifz[€] = pi and y[£] = pj and i +j =k < riop,

1 otherwise.

We say that x and y can be joined if, for each position £ € [1..n], we have (x S y)[l] # L.
For two languages Ly, Lo C A™, we define their combination as the set of all combinations of
strings that can be joined:

Li®Ly={x®y|x € Ly and y € Ly such that z,y can be joined}.

Observe that, for strings z € L and y € Lo, their combination x @y is in L1 & Lg if and only if
x and y share a common o-vector and the sum of their weight-vectors does not “overflow”, that is,
we have?

LioLly={r®y|zec L, y€ Ly (x) =5(y), and @W(z) + W(y) < capz)}- (4.6)
Finally, observe that, for strings € L1 and y € Lo that can be joined, we have
() + (y) = W & ). (4.7)

We use the remainder of this section to show that Corollary 4.12 and Theorem 4.4 easily lift
to the combinations of realized languages. Thereby, we show that the number of partial solutions
does not significantly increase by combining realized languages. We start with a small collection
of useful properties of combinations of realized languages. First, we discuss how o-vectors behave
under combinations of languages.

Lemma 4.15. Let L1, Lo C A™ denote languages with L1 X L1 CR"™ and Lo x Lo CR".
Then, (L1 ® Lo) has the o-vectors that appear for both Ly and Lo, that is,

5"(Ll D Lz) - 5(L1) ﬂo_"(Lg).

4For ease of notation, we use “<” component-wise on vectors.
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Proof. The proof follows immediately from Definition 4.14. Indeed, no string of the language L1 Lo
has a L character, as (L1 @ Lo) contains only combinations of strings with the same o-vectors.
Hence, the strings in L; & Lo may differ from strings in Ly or L9 only in their weight vectors, and
&(Ly @ L2) has only those o-vectors that appear in both &(L1) and &(Ly). Furthermore, note that
due to “overflows” in the weight-vectors, a o-vector in 6/(L1)N&(Le) might not be in 6/(L1® Lq). O

Next, we show that having the relation R"™ transfers as well.

Lemma 4.16. Let L1, Lo C A™ denote languages with L1 X L1 CR™ and Ly X Lo CR™.
Then, we have (L1 & Lg) x (L1 & Lg) C R".

Proof. Fix strings x,y € L1 @ Lo. By Definition 4.14, this means that there are strings x1,y1 € L
and x2,y2 € Lo such that x = x1 ® x2 and y = y; & yo. Expanding the definition of & yields

(x) - Wm(y) = 0(x) - (Wm(y1) + W (y2)) = (@) - W (y1) + (@) - Wrn(y2)-
As @ does not change o-vectors for strings that can be joined, we obtain

F(x) - Wm(y) = 0(21) - Wi (y1) + (22) - Win(y2)
Next, we use (z1,y1) € R™ and (x2,y2) € R" to obtain

G (x) - Wm(y) =m (Y1) - T (1) + F(y2) - Wm(22)

Again, as @ does not change o-vectors for strings that can be joined, we obtain

G () - Wi (y) =m G(Y) - W (1) + (y) - Win(22)
= 6(:‘/) : (wm(xl) + u_jm(zQ))
=0(y) - Wm(z),
which completes the proof that (x,y) € R"™. O

Now, we directly obtain that Corollary 4.12 lifts:

Corollary 4.17. Let Ly, Lo C A" denote languages with L1 x L1 CR"™ and Lo X Ly C R"™. Further,
let S denote a o-defining set for &(Ly @ La). Then, we have

5] k |S|—k
—Is| . ST\ [ 8top +1 Ttop + 1
Ly @ La| < (tiop + 1)" Z(k - - :
k=0
Proof. By Lemma 4.16, we can use Corollary 4.12 on the language L1 @ Lo. O

4.2 Exploiting Structure: Fast Join Operations

Recall that the bound in Theorem 4.4 yields an upper bound on the number of partial solutions
for a graph GG and a subset U of its vertices. Recall further that, in the end, we intend to use an
algorithm based on the dynamic programming on a tree decomposition paradigm. Hence, we need
to be able to efficiently compute possible partial solutions for a graph given the already computed
partial solutions for some of its subgraphs. We tackle this task next. In particular, we show how to
generalize known convolution techniques to compute the combination of realized languages:
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Theorem 4.18. Let L1, Ly C A" denote languages with Ly x L1 CR™ and Ly X Lo CR", and let
S denote a o-defining set for &(L1) N&(La). Then, we can compute the language Ly @ Lo in time
S| k |S|—k
S 1 1
1751 (5) [221] 021

m m
k=0

< { (n+ ttop)o(l) “(tiop +2)"  if m =2 and tiop = Stop = Ttop IS even,

(14 tiop)PW - (tiop + 1) otherwise.

Toward proving Theorem 4.18, first recall that strings x1 € Ly and o € Ls decompose into a o-
vector and a weight-vector each. Further, recall from Equation (4.6) that 1 ® x5 is in Ly @ Lo if and
only if 1 and z2 share a common o-vector and the sum of their weight-vectors does not “overflow”.
This observation yields the following proof strategy. For each different o-vector § € &(L1) N &(L2),
we compute all possible sums of the weight-vectors for strings with o-vector s. Afterward, we filter
out resulting vectors where an overflow occurred. To implement this strategy, we intend to make
use of the tools developed by van Rooij [48]; in particular, the following result.

Fact 4.19 ([48, Lemma 3|). For integers di,...,dn and D = [[;", d;, let p denote a prime such
that in the field Fp, the d;-th root of unity exists for each i € [1..n]. Further, for two functions
f19: Zay X -+ X Lq, — Fp, let h: Zg, X --- X Zgq, — F, denote the convolution

ha)= Y fla)-g(az).
al1+az=a

Then, we can compute the function h in O(D log D) many arithmetic operations (assuming a d;-th
root of unity w; is given for alli € [1..n]).

Before we continue, let us briefly comment on how to find an appropriate prime p, as well as
the roots of unity w;.

Remark 4.20. Suppose M is a sufficiently large integer such that all images of the functions
f,9,h are in the range [0..M]. In particular, suppose that M > D. Suppose di,...,d, is the

list of integers obtained from dy, ..., d, by removing duplicates (in all our applications, ¢ < 4). Let
D' = Hle d.. We consider candidate numbers m; :== 1+ D'j for all j > 1. By the Prime Number

Theorem for Arithmetic Progressions (see, for instance, [5]) there is a prime p such that
1. p=m; for some j > 1,
2. p>M, and
3. p=O(p(D")M),

where o denotes Euler’s totient function. Such a number can be found in time

O(p(logp)c> = O(@(D/)M(log(W(D,)M))C)

for some absolute constant c exploiting that prime testing can be done in polynomial time.

Now, firi € [1..n] and fiz k; == D'/d;. For every x € Fp,, we have that "1 = 1, and hence,
x¥i is a d;-th root of unity if and only ()" # 1 for all i < d;. Hence, given an element x € Fp, it
can checked in time

O (di - (log p)c)
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whether x%i is a d;-th root of unity. Due to our choice of p, this test succeeds for at least one x € Fp.
Thus, a d;-th root of unity w; for every i € [1..n] can be found in time

O(n-p- mz'i?cn] d; - (logp)c>.

i€ll

Now, let us return to the problem at hand. The most naive approach, applying Fact 4.19 to
the weight-vectors directly, is not fast enough for our purposes: A single convolution already takes
time 5((tt0p +1)"), and so, using such a convolution for each of the up to 21°! different o-vectors is
hence far too slow. Instead of convolving weight-vectors directly, we hence turn to Lemma 4.9: for
a fixed o-vector s, there are far less (depending on the size of S) than (tyo, + 1) different weight
vectors. We can exploit this by compressing the weight-vectors to a smaller representation, and then
convolving the resulting compressed vectors. Formally, we first make our intuition of “exploiting”
Lemma 4.9 more formal by defining a useful auxiliary vector.

Definition 4.21. Let L C A" denote a (non-empty) language with L x L C R™, let S denote
a o-defining set for (L), let Wg C &(L) denote a corresponding set of witness vectors, and set
S:=[1..n]\S5.

For two vectors u,0 € [0..tp )" and a position £ € S, we define the remainder remyyg (u, 0) at

{ as
remyys (u,0)[£] =Y _ (u[i] = o[i]) - (wye[i] — woeli]).
ieS
Remark 4.22. Observe that, if we restrict u and o to be the weight-vectors of strings in L with
a common o-vector § € d(L), that is, u,0 € {wW(z) | x € L and &(x) = §}, then, for any £ € S,
Lemma 4.6 yields

u[l] — o[ £] 4 remyy, (u,0)[ €] = u[l] — o[ £] + Z (u[i] —o[4]) - (wi,e[i] — woeli])
i€[1..n]\S
= (u — 0) . (wu — w(],g) = (u — O) W1 — (u — 0) s Wo,0
=, 0—-0=,0.

Note that Remark 4.22 closely mirrors Claim 4.10. Further, if we pick an arbitrary vector
o € {W(x) | x € L and &(z) = §} to act as an “origin”, then we can shift all vectors in {W(z) | z €
L and &(xz) = §} so that their coordinates on S become divisible by m. We can then exploit this
to compress the coordinates on S. In other words, the reduced flexibility due to fixing the o-vector
§ translates to a reduced flexibility in the choice of coordinates for the positions that define the
possible o-vectors.

Finally, as we intend to add (the components of ) compressed vectors modulo some number d; (see
Fact 4.19), we need to add “checksums” to the compressed vectors to be able to detect “overflows”.
This leads to the following definition.

Definition 4.23. Let L C A" denote a (non-empty) language with L x L C R™, let S denote
a o-defining set for (L), let Wg C (L) denote a corresponding set of witness vectors, and set
S:=[1..n]\S.

Further, fiz a vector § € ¢(L) and an origin vector o € [0..typ|" such that, for any u € {W(z) |
x € L and &(x) = §}, we have

u[l] — o[ £] 4 remyy (u,0)[£] =m 0.
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For a (weight-)vector z € {w(z) | x € L and &(x) = 5}, we define the o-compression with origin
o and type § as the following (n + 2)-dimensional vector zl,:

zlo[l] = z[ 1] mod top + 1, tes,
Z\LO[K] = Z[ﬁ]—o[g]—l—rl;emws(Z,O)[f] InOd ’VC&pg[rfl]—i_l-‘ ) EES?
doln+1]:=> z[i] mod 2n(tiop + 1),
ieS
doln+2]:=> z[i] mod 2n(tiop + 1).
€S

Further, we write Zg gz for the (n + 2)-dimensional space of all o-compressed vectors for S and §
(and potentially different o).

Remark 4.24. With Fact .19 in mind and writing Sg. = {¢ € S | 5[{] = c}, we observe that

stop + 11111 [y 4 171550 B
|ZS,§‘ = lrmin—‘ : topT : (ttop + 1)n 151 '4712(tt0p + 1)2.

In particular, using Fact /.19 on the o-compressed vectors yields a significant speed-up over the
direct application to the weight vectors (whose domain has a size of (tyop +1)"). O

Remark 4.25. Observe that, for a fized origin vector o, the mapping x|, is injective and we can
easily recover the original weight-vector z from its o-compression z},:

Z[f]:: Z\Lo[f]a lesS,

cap[ (] +1w

2[0] = (m- zl,[£] + o[ £] — remyy (2], 0)[£]) mod m [
= (m - 2bo[0] + 0[]

=" (2boli] = oli) - (wreli] = wo,[i]) ) mod m

ieS

Fapg[z] +1

-‘, Les.

Further, for elements x € Zg 3 that cannot be obtained from a o-compression, we have that either
Zx[z]#x[n—l—l] or Zm[z];&m[n—i—Q] or z[l] >capg[l] foranle[l..n].
ieS €S
Hence, given a subset of Zgz, we can quickly identify which vectors are indeed o-compressed weight
vectors. O

In a next step, we discuss how addition and o-compression interact with each other.

Lemma 4.26. Let Ly, Ly C A" denote (non-empty) languages with L1 x L1 C R™ and Lyx Ly C R",
let S denote a o-defining set for G(L1) NG (La), let Wg C 5(L1) NG (Le) denote a corresponding set
of witness vectors, and set S :=[1..n]\ S.

Further, fiz a o-vector § € d(L1) N (La), as well as weight-vectors

oe{W(z) |z el and 5(x) =5} and pe {W(x)|x € Ly and &(x) = §}.

®Observe that we exploit remyyg (z,0)[£] = remw, (2{,,0)[£].
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For any two strings u € L1,v € Ly with ¢(u) = ¢(v) = §, we have that u and v can be joined if
and only if there is a string z € L1 & Lo with

), + D)y, = () r, (18)
If z exists, we have z = u @ v.

Proof. Fix two strings u € Li,v € Ly with &(u) = &(v) = §, and suppose that they can be joined.
Equation (4.7) now yields @(u) + @(v) = W(u @ v) and, in particular, for each position £ € [1..n],
that

W(w)[ L] +W(v)[£] < capg[ 4] < tiop-

Now, for Equation (4.8), only positions ¢ € S warrant a short justification; for all other positions
the result is immediate from Definition 4.23. Hence, for a position £ € S, first observe that we have

remyy (W(w), 0)[ €] + remyyg (wW(v), p)[£] = remy (@(w) + @(v), 0 + p)[£]
= remyy, (W(u & v), 0+ p)[L].
Now, we obtain
0= (u‘)’(u)[ﬁ] —o[/] +remws(7ﬁ(u),0)[€]) + (u‘)’(v)[ﬁ] —p[/] —l—remws(w’(v),p)[ﬂ])
=w(udv)[l] — (o+p)[L] + remyy, (W(u B v), 0+ p)[£],

which yields the claim.

For the other direction, fix two strings u € Ly,v € Ly with ¢(u) = &(v) = §, and suppose that
there is a string z € L1 ® Ly with @(u)l, + @(v)l, = w(2)) We proceed to show that then,
indeed, u and v can be joined and z = u G v.

First, consider the positions in the set S, and in particular, fix an £ € S. Now, we have

W(2)[€] = D(2)4o 4[] Stioptr Wb [£] + @(0),[£] = @(u)[£] + @(v)[£].
In combination with 0 < @(z)[¢] < capz[{] < tiop + 1 and 0 < @W(u)[£] + W(v)[£], we obtain
a(z)[] < d(w)[ 0]+ w(v)[£]. (4.9)

Now, exploiting the “checksums”, we obtain

Yo @(2)[i] = @)y ln+1]

=

o+p*

Zon(tiop+1) D(ulo[n+ 1]+ @(w) [n+1] = Z wlil+ Y wv)[i].  (4.10)

€S i€S

Finally, as u € L1, v € Lo, and z € L1 & Lo, we have that, for all positions ¢ € [1..n],
0 < @(u)[i] < capg[€] < tiop, 0 < w(v)[i] < capg[l] <trop, and 0 < w(2)[i] < capg[] < tiop,

and hence,

Z ]—1—2 [i] < 2n(twop + 1) and0<Zw [i] < 2n(tiop +1).
i€S ieS i€S
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We conclude that Equation (4.10) is in fact an equality (over Z). Hence, in combination with
Equation (4.9), we obtain the desired

B(w)[ €] + B[ £] = @(=)[ €] < caps] ]

Therefore, indeed @W(u @ v)[£] = W(u)[ L] + W(v)[£] = W(z)[£].

Next, consider the positions in the set S, and in particular, fix an ¢ € S. The overall proof
strategy is the same as before. We only need to adapt to the slightly more complicated definition
of x},[£]. Writing m’ := [(capg[¢] + 1)/m] and applying Remark 4.25, we obtain

W(2)[€] Zma m- (2o, [£]+ (0 + p)[€] — rempg (w(u) + w(v), 0+ p)[£]

- (W(u) o[ €]+ @), [£]) + (o[ €] + p[£]) — remyyg (W(2)4 4, 0 + P)[£]
( W(u)o[ €] + o[ £] — remyyg (@W(u)l,, 0)[£])

+ (m - @(v)l, [ €] + p[ €] — remyy, (@(v )ip,p)[f])

w W(w)[£] +@(v)[£].

In combination with 0 < @(z)[¢] < capg[¢] < m-m’ and 0 < W(u)[£] + W(v)[£], we obtain

B(2)[ €] < B(w)[ €] + B(w)[£]. (4.11)

Again, exploiting the “checksums”, we obtain

Yo @(2)[i] = @2y, ln+1]

€S

Sontuopt1) B [n + 1]+ @), [n+ 1] =) @(w)[i] + ) @(v)[i].  (4.12)

€S €S
Finally, as u € L1, v € Ly, and z € Ly @ Lo, we have that, for all positions i € [1..n],
0 < B[] < capsl £] < tropy 0 < F)[] < capsl €] < tropy and 0 < @(2)[i] < capg] €] < top,

and hence,

0<> wu)li]+ Y @(w)[i] < 2n(tip +1) and 0< > w(2)[i] < 2n(tiop + 1).

€S €S €S

We conclude that Equation (4.12) is in fact an equality (over Z). Hence, in combination with
Equation (4.11), we obtain the desired

w(u)[£] +d(v)[€] = w(2)[£] < caps[€].

Therefore, indeed W(u @ v)[{] = wW(u)[£] + W(v)[£] = W(2)[£].
Overall, we obtain that u and v can be joined and that z = u@® v, which completes the proof. [

Finally, we are ready to give algorithms. First, we discuss how to compute a o-defining set S
(as well as witness strings that certify that S is indeed a minimal set).

Lemma 4.27. Given a language L C A™, we can compute a o-defining set S for (L), as well as
a set of witness vectors Wg for S, in time O(|L| - n%).
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Proof. Given a language L C A", we first compute the set &(L) of all o-vectors. Then, starting
with S := [1..n], we repeatedly iterate over the positions 1 to n; for each position i, we check
if i can be removed from S, that is, whether removing the i-th position from each vector in (L)
does not decrease the size of &(L). If removing the i-th position would decrease the size of &(L),
we also store two witness vectors that differ only at position 4, but not at the remaining positions
in S. We stop when no further positions can be removed; we return the resulting set S, as well as
the corresponding pairs of witness vectors.
We can check if a position ¢ € S can be removed by checking if the (multi-)set

F(L)si = {v[S\{i}] v eF(L)}

(where position i is removed) contains a duplicate element. This we can do by a linear scan over
7(L)s,; to construct &(L)s,, sorting ¢(L);, and then another linear scan over ¢(L)g,;. Observe that
if we indeed detect a duplicate, we have also found the required witness.

For the correctness, observe that during the algorithm we maintain that the positions in S
uniquely identify the vectors in &(L); as we maintain the size of &(L), the resulting set does indeed
also uniquely identify the vectors in the initial set &(L). Further, our algorithm trivially ensures
that S is minimal, and hence, the returned set S is indeed o-defining for &(L).

For the running time, we can compute &(L) in time O(|L|log |#(L)|-n) = O(|L|-n?) by iterating
over L and computing each o-vector separately; filtering out duplicates by using an appropriate
data structure. Next, observe that we iterate over all positions in S at most n times; in each
iteration, we check for at most n positions whether they can be removed from S. The check if
we can remove a position from S runs in the time it takes to sort &(L), which we can bound by
O(|¢(L)|log|d(L)|-n) = O(|L|-n?). Hence, in total the algorithm runs in the claimed running time
of O(|L| - n*), which completes the proof. O

Lastly, we prove the promised main result, which we restate here for convenience.

Theorem 4.18. Let L1, Ly C A™ denote languages with Ly x L1 CR™ and Lo X Lo CR", and let
S denote a o-defining set for 3(L1) N&(La). Then, we can compute the language L1 @ Lo in time

S|

k |S|—k
(1 + t1op) O - (tr0p + 1) 151 Z <|il> Fmp + 1} [rtop + 1}

m m
k=0

< (n+ ttop)o(l) “(tiop +2)"  if m =2 and tiop = Stop = Ttop 4S5 evEN,
(1 4 tiop)PW - (tiop + 1) otherwise.

Proof. Given the languages Lj and Lo, we first compute &(Lq) N &(L2) and drop any strings from
L; and Ly whose o-vectors are not in &(L;) N &(L2). Next, we use Lemma 4.27 to compute a
o-defining set S for 7(L;) N &(L2) as well as a set of witness vectors Ws. Now, for each o-vector
§e d(L1) Na(Ls), we compute the sets

W(Ly ) = {w(u) | u e Ly and 7(u) =5} and wW(Lyg) = {wW(v) | v € Ly and &(v) = 5}.
Next, we pick arbitrary vectors o € Ly g and p € Ly 5, and compute the functions fi, fo : Zg5 — Z

1 ify =wvl], for some v € Lyg,

fue) = 1 if x = ul, for some u € L, g,
! o 0 otherwise.

0 otherwise;

and fo(y) = {
(4.13)
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Using Fact 4.19, we compute the function h : Zg 7 — Z,

hia) = > fi(z)- fa(y).

r+y=a

Using Remark 4.25, we compute the set w(L;25) of all weight-vectors whose compression has a
positive value for h:

W(L125) = {2 |Ja € Zg5: h(a) >0 and z|,,, = a}.

Iterating over w(L;25), we uniquely reconstruct a string from the weight vector and § in the
straightforward way to obtain

Ligzi={z€ A" | 5(z) =5 and w(z) € W(Li25)}

Finally, we return the union L2 of all sets L 5 7 computed,

Lis = U Loz
§€G(L1)NG (Lo)

For the correctness, first observe that by Lemma 4.15, any string z € L; & Lo has the same
o-vector as a string in L and a string in Ls. Hence, we can indeed compute the strings in Ly & Lo
for each o-vector separately. Next, by Lemma 4.26 and Remark 4.25, the set w(L1 5 z) is indeed the
set of all weight-vectors of strings in L1 @ Lo with o-vector s

W(Lyos) = 0({z € L1 & Ly | 3(2) = 5}).

Hence, in total, the algorithm does indeed compute L; @ La = L1 .
For the running time, we can compute the sets ¢/(L1) and &(L9) in total time

O((IL1] + |L2]) log(|(L1)| + |F(L2)|) - n) = O(max{|L1|, [La[} - n®)

by iterating over Ly (or L) and computing each o-vector separately; filtering out duplicates by
using an appropriate data structure (note that |6(L1)|, |6(L2)| < 2™). Afterward, we can compute
&(L1) N & (L2) in the same running time by using standard algorithms for merging sets.

Using the algorithm from Lemma 4.27, we can compute the o-defining set S (as well as the
corresponding witness vectors) in time O(max{|L1|, |La|}-n*). As S is o-defining for &(L1)N&(Ls),
we have |G(L1) N &(Lo)| < 215 Now, for a fixed o-vector § € G@(L1) N (La), write k(5) = |{i € S |
§[i] = 1} for the number of entries 1 of the vector § on positions from S. Recalling Remark 4.24,
we see that the application of Fact 4.19 takes time

m

(n + trop) ° D - (trop + 1)1 { -

Here, using the notation of Remark 4.20, we set M = |Zg | and exploit that D' = (n + ttop)o(l)
to compute the prime p and the required roots of unity in the desired time. Finally, recovering
L1 5 can be done with a linear pass over Zg 3 in the same running time; combining the recovered
(disjoint) sets can then be done in linear time of the returned result Ly @ Lo.

In total, the algorithm thus runs in time

(1 + tiop) 0D - max{ | L4 | Lo, | Ly & L]}
S|

S 17* 417151k
+ (n + ttop)o(l) : (ttop + 1)n_‘S‘ ) Z <|]€> ’75t0p s “ ’VTtop —‘ .

m m
k=0

36



Using Corollaries 4.12 and 4.17, the running time simplifies to

S| k |S|—k
o1 _18 |S| Stop T+ 1 Ttop T 1
(o) g 1151 5 (1) [ B2 e
k=0
Finally, Lemma 4.13 yields the tidier upper bound, which completes the proof. O

4.3 Faster Algorithms for Generalized Dominating Set Problems

Finally, we use Theorem 4.18 to obtain faster algorithms for (o, p)-DOMSET; that is, we prove
Theorem 4.1, which we restate here for convenience.

Theorem 4.1. Let (0,p) denote finite m-structured sets for some m > 2. Then, there is an
algorithm A that, given a graph G and a nice tree decomposition of G of width tw, decides whether
G has a (0, p)-DOMSET.

If m > 3 or tyop is odd or min(riep, Stop) < tiop, then algorithm A runs in time

(trop + D)™ - (trop + tw) OV - [V(G).
If m =2, tiop is even, and riop = Stop = tiop, then algorithm A runs in time
(tiop +2)™ - (tiop + tw) M - [V(G)].

Proof. For ease of notation, let us define 7 := t;op +1 if m > 3 or ty0p is odd or min(riep, Stop) < tiop:
and 7 = tyop + 2 if m = 2, ty,p is even, and ryp = Stop = tiop-

Let (T, 3) denote the nice tree decomposition of G. For t € V(T'), we set X; := 5(t) and write
V; for the set of vertices contained in bags below ¢ (including ¢ itself).

For each node t € V(T) and each i € [0..m), we compute the language L;; C AXt of all
strings € AX* that are compatible with (G[V;], X;)® via a witnessing solution set S, such that
|Sz \ Xt| =m i. We have that L;; x L;; C RIXtl by Lemma 4.3, and hence, Theorem 4.4 yields

Ly 5| < 71l < 7oL, (4.14)

We compute the sets L;; for nodes t € V(T') in a bottom-up fashion starting at the leaves of 7.

For a leaf ¢t of T', we have X; = V; = @ and L;; = {e} for every i € [0..m) (where € denotes
the empty string).

For an internal node t, suppose we already computed all sets Ly ; for all children ¢ of t. We
proceed depending on the type of t.

Forget: First, suppose t is a forget-node, and let ' denote the unique child of ¢. Also, assume that
Xy = X, U {v}, that is, v € V(G) is the vertex forgotten at t. We say that a string x € A~Xv
is p-happy at v if z[v] = p. and ¢ € p. Also, we say that a string x € AX¢ is o-happy at v if
z[v] =04 and d € 0. It is easy to see that

Li; = {«z[X:] |z € Ly, such that x is p-happy at v}
U{z[X¢] |z € Ly i such that x is o-happy at v},

where the index i — 1 is taken modulo m. Hence, using Equation (4.14), for each i € [0..m),
we can compute the set L;; in time 7% - (tyop + tw)O (D).

5To follow standard notation for dynamic programming algorithms on tree decompositions, we use X; here to
denote the set of portal vertices.
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Introduce: Next, consider the case that ¢ is an introduce-node, and let ¢’ denote the unique child

Join:

of t. Suppose that X; = Xy U {v}, that is, v € V(G) is the vertex introduced at t. Note that
we have Ng(v) N V; C Xp. We say a string « € AXt p-extends a string y € AX¢ if

1. z[v] = pc for some ¢ € {0,...,7op},

2. c=|{w € Ng(v) | y[w] € S}|, and

3. (L‘[Xt/] = y[Xt/ ]

A string © € AXt g-extends a string y € AXv if

z[v] = o4 for some d € {0,. .., Stop}

d={w € Ng(v) [ y[w] € S},

Fx)[w] =3d(y)[w] for all w € Xy,

x)[w] = dW(y)[w] for all w € Xy \ Ng(v), and
x)[w] =d(y)[w] + 1 for all w € Xy N Ng(v).

A

i
i

Finally, a string © € A% extends a string y € AXv if it p-extends y or it o-extends y. We
have that

Li; = {x € A% | z extends some y € Ly ;}.

Since, for every string y € A+, there are at most two strings € AX* such that = extends v,
all of the languages L;; can be computed by iterating over all sets Ly ; once. This takes time
TV (tyop + tw) () using Equation (4.14).

Finally, suppose that ¢ is a join-node, and let ¢1,t2 denote the two children of ¢. Observe
that Xt = th = th.

To compute the sets L;;, we intend to rely on the algorithm from Theorem 4.18. However,
this is not directly possible since the weight-vectors of the resulting strings would not be
correct. Indeed, suppose that 1,29 € AX* are strings that are compatible with (G[ V4, ], X¢,)
and (G[ V4, ], Xt,), respectively. Also, suppose that x; and z can be joined. Then, z1 @ 2
is not (necessarily) compatible with (G[V;], X;) since, for every v € X;, the vertices from
Ng(v) N X; that are contained in the solution set are counted twice. For this reason, we first
modify all the strings from the languages Ly, ; such that indices do not take solution vertices
from the set X; into account.

For each i € [0..m) and each z € Ly, ;, we perform the following steps. We define the string
T € At as

z[v] = pe ifz[v]=pys and ¢ =c+ [{w € Ng(v) N X, | z[w] € S},
") oq ifz[v]=0g and d =d+ |{w € Ng(v) N X; | 2[w] € S}|

/

and add 7 to the set L} ,. Observe that, for each i € [0..m), we can compute the set L; ,

in time 7™ - (tyop + tw)?W) using Equation (4.14).
Now, we easily observe that

Li; = U Ly, ;@ Ly iy,
j€[0..m)
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where the index i — j is taken modulo m. We iterate over all choices of 7,7 € [0..m)
and compute LQM @ Ly, ;—j using Theorem 4.18. To that end, we need to ensure that the
requirements of Theorem 4.18 are satisfied. We have already argued that Ly, ;—; X Ly, i—j C
RIXil . Further, Ly, ; is realized by (G[V;] — E(X¢, X¢), X¢) (that is, the graph obtained from

G[V;] by removing all edges within X¢), and hence, Ly ; x Ly ; C RIX¢l using Lemma 4.3.

Overall, this allows us to compute the join in time 7% - (tyop + tw)O(l) using Theorem 4.18.

Since processing a single node of T takes time 7-(tyop+tw) 1) and we have |V (T)| = O(tw-|V(G)]),
we see that all sets L;; can be computed in the desired time.

To decide whether G has a (o, p)-DOMSET, we consider the root node t € V(T) for which
X; =@ and V; = V(G). Then, G has a (0, p)-DOMSET if and only if ¢ € L;; for some ¢ € [0..m),
which completes the proof. O

Next, we explain how to extend the algorithm to the optimization and counting version of the
problem. For the optimization version, it is easy to see that we can keep track of the size of partial
solutions in the dynamic programming tables. This increases the size of all tables by a factor of
|V (G)|. Hence, we obtain the following theorem for the optimization version.

Theorem 4.28. Let (0,p) denole finite, m-structured sets for some m > 2. Then, there is an
algorithm A that, given a graph G, an integer k, and a nice tree decomposition of G of width tw,
decides whether G has a (o, p)-DOMSET of size at most (at least) k.

If m > 3 or tiop is odd or min(riep, Stop) < tiop, then algorithm A runs in time

(tiop + 1)™ - (tiop + tw) OV - [V(G) .
If m = 2, tiop is even, and ryop = Stop = tiop, then algorithm A runs in time
(trop + 2)™ - (trop + tw) OV - [V(G) 2.

For the counting version of the problem (that is, we wish to compute the number of solution
sets), the situation is more complicated. The main challenge for the counting version stems from
the application of Fact 4.19 for which we need to find an appropriate prime p as well as certain
roots of unity. In Remark 4.20, we explained how to find these objects in time roughly linear in p
(ignoring various lower-order terms that are not relevant to the discussion here). However, for the
counting version, we would need p to be larger than the number of solutions, which results in a
running time that is exponential in n in the worst case.

Luckily, we can circumvent this problem using the Chinese Remainder Theorem. The basic
idea is to compute the number of solutions modulo p; for a sufficiently large number of distinct
small primes p;. Assuming [ [, p; > 2", the number of solutions can be uniquely recovered using the
Chinese Remainder Theorem.

Theorem 4.29 (Chinese Remainder Theorem). Let mq,..., my denote a sequence of integers that
are pairwise coprime, and define M = Hie[l..e] m;. Also, let 0 < a; < m; for alli € [1..4].
Then, there is a unique number 0 < s < M such that

s=a; (mod m;)
foralli e [1..0]. Moreover, there is an algorithm that, given my,...,my and aq,...,ay, computes

the number s in time O((log M)?).
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More generally, we can build on the following extension of Fact 4.19 which may also be interesting
in its own right.

Theorem 4.30. Let dy,...,d, > 2, and let D = [[;", d;i. Also, let f,g: Zg, X -+ X Lq, — Z
denote a function, and let h: Zq, X --- X Zq, — Fp, denote the convolution

Ma)= S flar)- glas).
a1+as=a
Moreover, let M denote a non-negative integer such that oll images of f,g and h are contained in
{0,...,M}. Then, the function h can be computed in time D - (log D + n + log M)°™),

Proof. Let m := [log M|. We compute the list of the first m primes p; < --- < py, such that p; =1
(mod D) for alli € [1..m]. By the Prime Number Theorem for Arithmetic Progressions (see, e.g.,
[5]) we get that p,, = O(¢(D) - m -logm), where ¢ denotes Euler’s totient function. In particular,
Pm = O(D -m -logm) because (D) < D. Since prime testing can be done in polynomial time, we
can find the sequence py, ..., pm in time O(D - m - (logm)©) for some constant c.

Next, for every i € [1..m] and j € [1..n], we compute a d;j-th root of unity in F, as follows.
First, observe that such a root of unity exists since d; divides p; —1. Now, we simply iterate over all
elements x € F), and test whether a given element x is a d;-th root of unity in time (d; +log pi)°PW.
So, overall, computing all roots of unity can be done in time

pm - (n+m+1log D)°Y = D (n+m +log D)°W.
Now, for every i € [1..m] and a € Zg, X --- X Zg, , we compute
hi(a) = h(a) (mod p;)
using Fact 4.19 taking O(m - D -log D) many arithmic operations. Since each arithmetic operation
can be done time (log p,,)?M), we obtain a total running time of
D - (m +1log D)°W.
Finally, we can recover all numbers h(a) by the Chinese Remainder Theorem in time
O(D - m?).
Note that Hie[l_.m] p; > 2™ > M, which implies that all numbers are indeed uniquely recovered.

In total, this achieves the desired running time. 0

Now, to obtain an algorithm for the counting version, we follow the algorithm from Theorem 4.1
and replace the application of Fact 4.19 by Theorem 4.30. Also, we change the definition of the
functions f; in Equation (4.13) to give the number of partial solutions. Note that we can set M = 2"
since the number of solutions is always bounded by 2". Additionally, similarly to the optimization
version, we keep track of the size of solutions. Overall, we obtain the following theorem for the
counting version.

Theorem 4.31. Let (0,p) denote finite, m-structured sets for some m > 2. Then, there is an
algorithm A that, given a graph G, an integer k, and a nice tree decomposition of G of width tw,
computes the number of solution sets of size exactly k in G for (o, p)-DOMSET.

If m > 3 or tyop i odd or min(riep, Stop) < trop, then algorithm A runs in time

(tiop + 1)™ - (trop + tw + |V (G)|) 0.

If m = 2, tiop is even, and riop = Stop = tiop, then algorithm A runs in time
(ttop + 2)tw : (ttop +tw + |V(G)DO(1)'

We obtain Theorem 1.3 by combining Theorems 1.1 and 4.31.
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5 Faster Algorithms via Representative Sets

Next, we present a second algorithm for (o, p)-DOMSET which is designed for the decision version
and the case that one of the sets o, p is cofinite. More precisely, the aim of this section is to prove
Theorem 1.6. Let us stress again that the algorithm given in this section works for all finite or
cofinite sets o, p, but in the case where both p and ¢ are finite, it is slower than existing algorithms
(see Theorem 1.1). The algorithm is based on representative sets. Intuitively speaking, for a graph
G and a set U C V(G), the idea is to not compute the set entire set L C AY of strings that are
compatible with (G, U), but only a representative set R C L such that, if there is a partial solution
for some x € L that can be extended to a full solution via some y € AV, then there is also a partial
solution x’ € R that can be extended to a full solution via y. If one of the sets o, p is cofinite, then
it is possible to obtain representative sets R C L that are much smaller than the number of partial
solutions that are maintained by standard dynamic programming algorithms (see, e.g., [48]).

For technical reasons, it turns out to be more convenient to work with the alphabet A, =
{po,---,pn,00,-..,0n}, where n denotes the number of vertices of the graph G under investigation.

To obtain the representative sets, we build on ideas that were already used in [38]. In the
following, let w < 2.37286 denote the matrix multiplication exponent [2].

Let us first restrict ourselves to the case where both p and o are cofinite. Let & > 1 and let
Fi, ..., Fy, C Z>o denote finite sets of forbidden elements. Intuitively speaking, for a set X C V(G)
consisting of k vertices vy, ..., v, we set F; == Z>o \ o if v; is selected into a partial solution, and
F; == Z>0 \ p otherwise.

Definition 5.1. The compatibility graph for forbidden sets Fi,..., F} is the infinite graph C =
C(F1,..., Fy) with

e V(C):=U*UVF where U,V are disjoint sets both identified with Z>q, and
. E(C) = {((al,...,ak),(bl,...,bk)) |VZ S [1k§] a; + b; ¢ Fz}

Let S C Zzok denote a finite set. We say that S’ C S is an (Fi, ..., Fy)-representative set of S if,
for every b € Zzok, we have that

Ja € S: (a,b) € E(C(Fy,...,F)) < 3d €8 (d,b) € E(C(F,...,Fy)).

Now, the basic idea is that, for a set X = {v1,...,v;} and a fixed o-vector § € {0, 1}X, it
suffices to keep an (Fy, ..., Fy)-representative set of the weight vectors of those partial solutions
that have o-vector §. Here, F; :=Z>o \ o if §[v;] =1, and F; :=Z>o \ p if 5[v;] = 0.

Lemma 5.2 ([38, Lemma 3.3 & 3.6]). Let F,..., Fy, C Z>¢ denote finite sets such that |F;| <t for
alli € [1..k]. Further, let S C Z>o" denote a finite set. Then, one can compute an (Fy, ..., Fy)-
representative set S’ of S such that |S'| < (t +1)* in time O(|S| - (t + 1)k@=DE).

We can use Lemma 5.2 to compute representative sets of small size if both p and o are cofinite.
To also cover finite sets, we need to extend the above results as follows. Consider a k, ¢ € Z>q such
that k +¢ > 1 and let Fy,...,Fy, Pi,..., Py C Z>o denote finite sets of forbidden elements and
positive elements. The basic intuition is similar to before. Consider a set X C V(G) consisting of
k + ¢ vertices vy, ..., vxye and a fixed o-vector § € {0, 1}|X| that has k entries corresponding to an
infinite set, and £ entries corresponding to a finite set (e.g., if o is infinite and p is finite, then there
are k many l-entries since they correspond to the infinite set o). With this intuition in mind, we
generalize Definition 5.1 as follows.
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Definition 5.3. The compatibility graph for forbidden sets Fi,..., F}; and positive sets Pp,..., P
is the infinite graph C =C(Fy, ..., Fy; P1, ..., Py) with

e V(C) = U UVF where U,V are disjoint sets both identified with ZL>p, and

o B(C)={((a1,-.,ak4e),(b1,...,bkse)) | Vi€ [1. k] a; +b; & Fy and Vj € [1..0]: apqj +
bk+j€Pj}.

Let S C Zzok” denote a finite set. We say that S' C S is an (Fy,..., Fy; Py, ..., Py)-representative
set of S if, for every b € Zzok, we have that

Ja€S: (a,b) € E(C) = 3Fd' €8:(d,b) € EC).
By taking a brute-force approach to positions with positive sets, we can also generalize Lemma 5.2.

Lemma 5.4. Let F, ..., Fy, P1,..., Py C Z>o denote finite sets such that |F;| <t foralli € [1..k]
and max(P;) <t for all j € [1..0]. Further, write S C ZsoF for a finite set. Then, one can
compute an (F1,..., Fy; Pi, ..., Py)-representative set S' of S such that |S'| < (t 4+ 1) in time
O(|S| - (t + 1) *FF@=D(k 4 ¢)).

Proof. We proceed in two steps. We first compute the set
S" ={(a1,...,ak10) €S|VjE[1..0]: apyj <t}

Clearly, the set S” can be computed in time O(|S|-¥¢). Also, every element (a1, ...,ax+¢) € S\S” is
an isolated vertex in C = C(F, ..., Fy; P1,. .., P;) because max(P;) <t for all j € [1../]. Hence,
it suffices to compute a (F1,..., Fg; P1, ..., Py)-representative set of Sj.

We say that two elements (a1, ...,ax+e), (a1,...,a54¢) € S” are positive-equivalent if ajy; =
bytj forall j € [1..4]. Let Sp,...,S, denote the equivalence classes of this relation. Note that,
by the definition of the set S”, we have p < (t + 1)’. We can compute the sets Sy, . .. ,Sp in time
O(|S|-(t+1)(k+£)). For each i € [1..p], we can compute a (Fy,..., Fy; Py,. .., P;)-representative
set S of S; using Lemma 5.2 in time O(|S] - (t + 1)*@=Dk). Then, |S!| < (t + 1)*. We define

S = U S..
]

i€[l..p

Observe that [S'| < p- (t + 1)F < (t + 1)k, Moreover, computing S’ overall takes time O(|S| - £ +
IS| - (t+ D)k +£) +p-|S|- (t+1D)*@DE) = O(|S| - (t + 1)@= (K 4 0)). O

We have all the tools to present an algorithm for (o, p)-DOMSET on graphs of small tree-width
based on representative sets. To state its running time, let us introduce the following cost measure
for sets of natural numbers. We write @ # 7 C Z>¢ for a finite or cofinite set. If 7 is finite, then we
define cost(7) := max(7). Otherwise, 7 is cofinite and we define cost(7) = |Z>¢ \ 7.

Theorem 5.5 (Theorem 1.6 restated). Suppose o,p C Z>q are finite or cofinite. Also, let teost =
max(cost(p),cost(c)). Then, there is an algorithm A that, given a graph G and a nice tree decom-
position of G of width tw, decides whether G has a (o, p)-DOMSET in time

2tw : (tcost + 1)tw(w+1) : (tcost + tW)O(l) : |V(G)‘
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Before we dive into the proof, let us again compare the running times from this algorithm and
the existing algorithm by van Rooij (Theorem 1.1). To this end, we define a modified cost measure.
Write 7 C Z>¢ for a finite or cofinite set. If 7 is finite, then we define cost’(7) := max(7). Otherwise,
7 is cofinite and we define cost/(7) := max(Z>o \ 7) + 1 if Z>¢ \ 7 # &, and cost’(Z>g) = 0. Observe
the difference in the definition for cofinite sets. Also, note that cost(7) < cost/(7) for all finite or
cofinite sets 7 C Z>o. Moreover, for a cofinite set 7 C Z>q, we have that cost(7) = cost’(7) if and
only if 7 = {¢,c+1,¢+2,...} for some number ¢ € Z>.

Using this cost measure, the running time of the algorithm from Theorem 1.1 is

tw
(cost’(p) + cost’ (o) + 2) noW,

On the other hand, the algorithm from Theorem 5.5 runs in time

tw

<2 - (max(cost(p), cost()) + l)wH) nOW.

If o and p are both finite, then the algorithm by van Rooij is clearly faster using that cost’(p) =
cost(p) and cost’(c) = cost(o) (but, in this case, Theorem 4.1 provides an improved algorithm for
structured sets). However, if one the sets o, p is cofinite, then our algorithm may be substantially
faster since cost(7) can be arbitrarily smaller than cost’(7) for a cofinite set 7. As a concrete example,
suppose that p = Z>¢ \ {c} and 0 = Z>¢ \ {d}. Then, cost(p) = cost(c) = 1, but cost’'(p) = c+1
and cost'(¢) = d + 1. Hence, van Rooij’s algorithm runs in time (c + d + 4)™n°®" | where the
algorithm from Theorem 5.5 takes time 22(“+2)nO00) which is at most 20.72"n°(M) . Observe that
the second running time is independent of ¢ and d.

Proof. Let (T, ) denote the nice tree decomposition of G and suppose n = |V(G)|. For ease of
notation, let us set A == A,, = {po, ..., pn,00,...,0n} for the remainder of this proof. For t € V(T),
we denote X; := ((t) and V; the set of vertices contained in bags below t (including ¢ itself). For
each node ¢ € V(T) and each § € {0,1}** we denote by L, s C A%t the set of all strings x € AX
that are compatible with (G[V;], X¢) and &(z) = 3.

Now, let us fix some t € V(T) and 5 € {0,1}**. Also, suppose that v € X;. We say that v is
an F-position if s{v] = 1 and o is cofinite, or §{v] = 0 and p is cofinite. In the former case, we
define F, = Z>¢ \ 0, and in the latter case we define F, == Z>¢ \ p. If v is not an F-position, then
we say that v is a P-position. Note that v is a P-position if 5[v] = 1 and o is finite, or 5[v] =0
and p is finite. In the former case, we define P, = o, and in the latter case we define P, = p.
By ordering elements in X; accordingly, we may assume that X; = {v1,..., V%, V41, ..., Vgte} such
that vy, ..., v are F-positions and vgy1,. .., Vg4 are P-positions.

For two words x,y € AXt such that &(z) = &(y) = 5, we write ~y gy if

(W(x),W(y)) € E(C(Fuys-- - Fops Pogirs oy Pogyy))-
We say that a set Ry 3 C Lz is a (t, 5)-representative set of Ly g if
§"={i(z) |z € Ry 5}
is an (Fy, ..., Fo s Poyys - - -5 Py, )-Tepresentative set of

§ = {w(x) | v € Lys).

Equivalently, R, s C Ly s is a (, 5)-representative set of L, g if, for every y € A%t such that &(y) =
we have

oy

dx € Lt7§: Trizly = d2’ € Rt,g‘i ' ~,5 Y-
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The algorithm computes, for each t € V(T') and 5 € {0,1}X¢, a (¢, §)-representative set R; s of
L; g such that |R; g < (tcost + 1)Xtl. To compute these sets we proceed in a bottom-up fashion
starting at the leaves of T.. Suppose ¢ is a leaf of 7. Then, X; = V; = @ and L, 3 = {e}. We set

Rt,§ = {5}
Next, let ¢ denote an internal node and suppose the algorithm already computed all sets Ry 3
for all children ¢ of ¢.

Forget: First, suppose t is a forget-node and write ¢’ for the unique child of ¢. Also, assume that
Xy = Xy U{v}, ie., v € V(G) is the vertex forgotten at t. We say that a string x € A~
is happy at v if x[v] = p. and ¢ € p, or z[v] = 04 and d € 0. Fix some 5 € {0,1}Xt. For
i € {0,1}, we write 5; € {0,1}X*Y{*} for the extension of & for which 5[v] = 4. It is easy to
see that

Lig= {x[X;] |z € Ly g, such that x is happy at v}
U {x[X;] |z € Ly g such that z is happy at v}.

We set

}Alt’g = {2[X:] |z € Ry g, such that x is happy at v}
U {z[X¢] |z € Ry 3 such that x is happy at v}.

We show that fzt,g is a (t, 5)-representative set of L, 5. Let € Ly 7 and y € AXt such that

G(y) = §and = ~; 3 y. We need to show that there is some z’ € Et,s* such that @’ ~; 5 y. Let
z € Ly z such that z is happy at v and x = 2[X;]. Let y; € AX¢ such that &(y;) = §; and
W(y;)[v] = 0 and W(y;)[w] = W(y)[w] for all w € Xy. Then, z ~y 5 y;. So, there is some
Z' € Ry g, such that 2’ ~y g y;. Observe that 2’ is happy at v since w(y;)[v] = 0. We set
2’ == 2[X¢]. Then, 2’ € ]?it,g and 2’ ~; 7y as desired.

Observe that §t7§ can be computed in time O((tcost + 1)|Xt’| X)) = O((teost + )™ -« (teost +
tw)OM),

Finally, we obtain R, s by computing a (t, 5)-representative set of Et’g using Lemma 5.4. Note
that |R g < (teost + 1)X¢l as desired. Also, R, g is a (t, 5)-representative set of L,z since Etg
is a (t, 5)-representative set of L, . This step takes time
O(|Ryq] - (teost + 1) X171 - ;)
- (tcost + 1>tw : (tcost + 1)tw(w—1) - (tcost + tW)O(l)
= (teost + 1)™“ - (feost + tw)OD).

So overall, computing R, g for every 5 € {0, 13X takes time 2™ - (feost + 1)™% - (feost +tw) O,

Introduce: Next consider the case that ¢ is an introduce-node and write ¢’ for the unique child of
t. Suppose that X; = Xy U {v}, that is, v € V(G) is the vertex introduced at ¢t. Note that
Ng(v) N Vi € Xyp. We say a string © € AXt p-eatends a string y € AXv if

1. z[v] = p. for some ¢ € Z>o,
2. c=|{w € Ng(v) | y[w] € S}|, and
3. I’[Xt/] = y[Xt’]-
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A string © € AXt g-eatends a string y € A if

z[v] = o4 for some d € Z>,

d={w e Ng(v) [ y[w] € S},

d(z)[w] =3d(y)[w] for all w € Xy,

W(z)[w] = w(y)[w] for all w € Xy \ Ng(v), and
z)[w] =d(y)[w] +1 for all w € Xy N Ng(v).

A

Finally, a string = € AXt extends a string y € AXv if it p-extends y or it o-extends y.
Now, fix some 5 € {0, 1}**. We have that

Liz={z¢c AXe | x extends some y € Lt/,qxt,]}-

Similarly to the previous case, the algorithm computes

]3%757 = {x € A** | z extends some y € Ry s1x,1}

Since, for every string y € AX¢  there are at most two strings z € AX* such that = extends v,

this can be done in time (feost + 1)™ « (feost + tw) D).

Again, we claim that Eug is a (t, 5)-representative set of L; 3. Let x € Ly z and y € AXt such

that (y) = § and « ~; 7 y. We need to show that there is some 2’ € ﬁt’g such that 2’ ~ 5 y.

Let z € Ly 5 x,,] such that z extends z.

First, suppose that x p-extends z, i.e., §{v] = 0. Let v/ := y[ Xy ]. Then, 2 ~eSXy ] y' since

z[ Xy ] =y[Xr]. So, thereissome 2’ € Ry 5 x,,1 such that 2’ ~y g x,,1y'. We define 2’ € AXe

such that /[ Xy ] = 2’ and 2'[v] = z[v]. Then, 2’ p-extends 2/, and hence, 2’ € ﬁtvg. Also,

x' ~; 3y as desired.

Otherwise, z o-extends z, that is, 5{v] = 1. Define ¢/ € A%+ via
1. &(y) = 5[ Xy ],
2. W(y)[w] = d(y)[w] for all w € Xy \ Ng(v), and
3. W(y)[w] = w(y)[w] + 1 for all w € Xy N Ng(v).

Then, z ~y s1x,1 y'- So, there is some 2’ € Ry gx,,] such that 2’ ~y 5x,1 v'. We define

2’ € AXt such that

1. ]

2. §(2') =5,
3. | = @(2)[w] for all w € Xy \ Ng(v), and
]

4. w( = w(Z)[w] + 1 for all w € Xy N Ng(v).

Then, 2’ o-extends 2/, and hence, 2’ € R, ;. Also, 2’ ~, 3y as desired.

So, overall, Et7g is a (t, 5)-representative set of L; 3. We obtain R;z by computing a (t, 5)-

representative set of }A%t,g using Lemma 5.4. Note that |R; 5| < (teost + 11X
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Join:

15 18 a (t, S)-representative set of L; gz since Atg is a (¢, S)-representative set of L;g. is
R 51 t i f Lz si Ry, t fL;s. Th
step takes time
O(|Rt,§| : ( cost T 1)|Xt w=1) ‘Xt’)
— (tcost + 1) . (tcost + 1)tw(w—1) . (tcost + tW)O(l)
— (tcost + 1)tW~UJ . (tCOSt + tW)O(l)

So, in total, computing R; ; for every § € {0, 1} takes time 2™+ (tcos +1)™ - (teost +tw) O,
Finally, suppose that ¢ is a join-node and write ¢1,to for the two children of £. Note that
Xt =Xy, = Xy,

Again, let us fix some 5 € {0,1}**. For two strings x,y € A%t such that &(z) = &(y) = 3, we
define the string x Gz y via

(v @5

y[v] =1 P if [v] = pe,,y[v] = peyrc =1 + 2 — {w € Na(v) N Xy | §lw] = 1}
oq ifz[v] =04,y[v] =04,,d=di +dos — [{w € Ng(v) N X¢ | S{w] =1}

Now,
= {11 @sw2 | 21 € Ly, 5,02 € Ly, 5}

Again, the algorithm computes
s={2@sy |z € Ry 5y € Ry, 5}

This can be done in time |Ry, 5| - |Re, 5] - (fcost + tW)O(l) = (teost + 1)%™ - (teost + tw)o(l).

As before, we claim that ﬁt’g is a (t, 5)-representative set of L; gz Let v € Ly gz and y € AXe
such that ¢(y) = § and « ~; 3 y. We need to show that there is some 2’ € Et’g such that
x' ~y 3 y. We have that © = z1 @z for some 21 € Ly, y and x2 € Ly, 5. Let yy = y §y o.
Then, 1 ~y, 7 y1, and hence, there is some x| € Ry, zsuch that | ~;, 7 y1. Let 2" == 2] ®zx9
Then, 2" ~, 7 y. By applying the same argument to the second term, we obtain an z’ € ﬁtg
such that ' ~; z y.

So, Rg,g is a (t, 5)- representatlve set of L; 5. As usual, we obtain R; g by computing a (¢, 5)-
representative set of Rt,s using Lemma 5.4. Note that |R; s < (fcost + D)Xl as desired. Also,
R, 3 is a (t, 5)-representative set of L,z since R; g is a (t,5)-representative set of L,z This
step takes time
O(|Ryy sl - |Ruy gl - (feost + D™D x4
— (tcost + 1)2tw : (tcost + 1)tw(w—1) : (tcost + tW)O(l)
= (tcost + l)tW.(w—H) : (tcost + tW)O(l)-

So, in total, computing R, z for every 5 € {0, 13X takes time 2% - (feost + 1)™ @D - (Feost +
)0(1).

Since processing a single node of T' takes time 2% - (feosr + 1)@ L (tose + tw)OM) and |V(T)| =
O(tw - |V(G)|), it follows that all sets L; y can be computed in the desired time.

To decide whether G has a (o, p)-DOMSET, the algorithm considers the root node t € V(T)
for which X; = @ and V; = V(G). Then, G has a (o, p)-DOMSET if and only if € € R, g, where §
denotes the empty vector. O
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Similarly to the previous section, we can also obtain an algorithm for the optimization version
by incorporating the size of solution sets.

Theorem 5.6. Suppose o,p C Z>q are finite or cofinite. Also, let teost = max(cost(p), cost(o)).
Then, there is an algorithm A that, given a graph G, an integer k, and a nice tree decomposition of
G of width tw, decides whether G has a (o, p)-DOMSET of size at most (at least) k in time

2tW : (tcost + l)tw(w—i-l) : (tcost + tW)O(l) : |V(G)‘2

However, in contrast to the previous section, the representative set approach cannot be extended
to the counting version of the problem. Note that this is by design, since the fundamental idea of this
approach is to not keep all the partial solutions which would be necessary for the counting version.
We shall see in the following sections that this is actually not a shortcoming of our algorithmic
approach, but holds in general assuming #SETH.
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Part II
Lower Bounds

6 High-level Constructions for Proving Lower Bounds for GenDom-
Set

In this part, we prove the advertised lower bounds for (o, p)-DOMSET. More precisely, we formally
prove Theorems 1.4 and 1.5.

For the decision problem, we divide the proof into three parts. We first construct a special type
of gadget (later called manager) which allows us to give certain numbers of (selected) neighbors to
vertices. In this step, we exploit the properties of ¢ and p to show different versions of the manager
which results in stronger or weaker lower bounds. Once we have said managers at hand, the second
step is a lower bound for a generalization of (o, p)-DOMSET where we additionally allow relations
to be present in the graph (they generalize the constraints enforced by o and p). The third and last
step is to show how to remove the relations, while preserving their properties, such that we get a
lower bound for (o, p)-DOMSET.

For the counting problem, we follow essentially the same outline. In fact, we can reuse some
results for the decision problem: we show that some constructions directly transfer to the case when
we count the number of solutions. An overview of the steps to obtain the lower bounds can be
found in Figure 6.1.

Before starting with the proof, we first need to define some notation in order to formally state
our results.

Definition 6.1 (Graph with Relations). A graph with relations is a tuple G = (Vs, Vo, E, (Ry)veve)
where (Vs U Ve, E) forms a graph and R, C 2N for every v € Vio. We call the vertices in Vs
simple, and the vertices in Vo complex. Slightly abusing notation, we usually do not distinguish
between G and its underlying graph (Vs U Ve, E), and use G to refer to both objects depending on
the context.

Given a graph with relations G = (Vs, Vo, E, (Ry)veve ), a (0, p)-set of G is a set S C Vg such
that S is a (o, p)-set of the underlying graph (Vs U Ve, E), and SN N(v) € R, for every v € V.

The treewidth of a graph with relations G, is the treewidth of the graph G’ obtained from G
by turning each complex vertex and its neighborhood into a clique. Formally, we define G' =
(Vs UVe, E') where B := E U, ey {(u,w) | u,w € Nv],u # w}.

Note that when using graphs with relations in a treewidth preserving reduction (see Defini-
tion 3.1), this new variant of treewidth is used instead of the “normal” treewidth.

As a first example of a graph with relations, we define a special gadget, called manager, which
allows us to add selected neighbors to possibly selected vertices. In fact, a manager additionally
ensures that the vertices to which it is connected get a valid number of neighbors such that the
o-constraints and p-constraints are always satisfied.

Definition 6.2 (A-manager). Given A C A, an A-manager is an infinite family ((Ge,Up))e>1 of
pairs (Gg,Uy) where Gy is a graph with relations and Uy = {uy,...,up} C V(Gy) is a set of £
distinguished simple vertices. Moreover, there is some non-negative integer b (depending only on
Stop, T'top) such that the following holds for every £ > 1:

o The vertices from V(Gy) \ Uy can be partitioned into 20 vertex-disjoint subgraphs B, ..., By
and By, ..., By, which we refer to as blocks, such that
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Sections 7 and 8 Section 9 Section 10

(0, p)-DOMSET
for finite o, p
(Theorem 1.5)

Section 9.1 | (0,p)-DomSETRE
(Lemma 6.5)

Y

Y

SAT

0°9 euwuIa|

LSAT v (0, p)-#DoMSETR*" (G, p)-#DomSETR=" > (@, p)-#DOMSET
T (Corollary 9.7) (Lemma 6.8) > (Theorem 1.4)
1 5
YV
"Lemma 9.8 111 5
1]
[=2]
©

relation weighted
(@, p)-#DomSETR=:

0°6 UOTYRAIOS(()

Lemma 9.11
\

relation weighted
(@, p)-#DomSETRE:

Lemma 9.13
Y Lemma 9.14

vertex weighted
(@, p)-#DomSETRE:

Figure 6.1: Outline of the proof of the lower bounds. The upper sequence considers the decision
version. The lower sequence considers the counting version and includes the chain of reductions
behind the proof of Lemma 6.8.

For the problems in the filled boxes, the statement refers to the formal lower bound. Multiple
parallel edges indicate Turing-reductions.

The sets o, p are finite or simple cofinite sets unless mentioned otherwise. The sets ¢ and p are
finite or cofinite sets (not necessarily simple cofinite).

— |Bij| <band |B;| <bforallic[1../],

— N(u;) CB;UB; forallie[1..4],

— there are edges only between the following pairs of blocks: B; and B;y1, B; and By, for
eachi € [1..0—1], and By and By.

e Each x € A* C A’ is managed in the sense that there is a unique (o,p)-set Sy of Gy" such
that for alli € [1..0]:

— Ifx[i] = 0g, then u; € S;. Moreover, u; has exactly s neighbors in B; NSy, and exactly
Stop — S neighbors in B; N .S,.

— Ifz[i] = pr, then u; ¢ Sy. Moreover, u; has exactly r neighbors in B; N Sy, and exactly
Ttop — T neighbors in B;NS,.

We refer to Gy as the A-manager of rank £.

Recall that the first step for the lower bound is to show that there are managers. Formally, this
is achieved by the following lemma.

"Note that all vertices in G already have a feasible number of neighbors. The graph does not have any poten-
tially “unsatisfied” portals. In this sense, it is different from the graphs with portals that we use in other gadget
constructions.
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Lemma 6.3 (Existence of Managers). Let o and p be two finite or cofinite sets of non-negative
integers with p # {0}.

1. There is an A-manager with |A| = ryop + 1.

2. If (o, p) is 2-structured, but not m-structured for any m > 3, and syop and riop > 1 are even,
then there is an A-manager with |A| = (Siop + Ttop)/2 + 2.

3. If siop > Tiop > 1, then there is an A-manager with |A| = siop + 1.

4. If (o,p) is not m-structured for any m > 2, then there is an A-manager with |A| = siop +
Ttop + 2.

Moreover, each A-manager is such that A is closed under the inverse with respect to o, p.

Section 8 is dedicated to the proof of Lemma 6.3. We prove each case separately; the proof of
Lemma 6.3 then follows from Lemmas 8.1, 8.2, 8.5 and 8.6.

Observe that the bounds for the managers precisely coincide with the bounds for the languages
provided in Example 4.5. Hence, these managers are the key ingredient to obtain matching lower
bounds.

6.1 Decision Problem

While the first step is the same for the decision problem and for the counting problem, the remaining
two steps need problem specific results. Before this, we define the intermediate problem for which
we show a lower bound as the next step.

Definition 6.4 ((o, p)-DOMSETR®). In the (o, p)-DOMINATING SET W. RELATIONS ((o, p)-DOM-
SETRPY) problem, we are given a graph with relations G = (Vs, Vg, E, (Ry)vevy), and the task is to
decide whether there is a (o, p)-set of G.

We define the counting version (o, p)-#DOMSETR* analogously.

As mentioned before, our lower bound depends on the “quality” of the manager. Thus, we treat
the manager as input and prove a lower bound based on it. Although a manager is a graph with
relations, this assumption is useful as the intermediate problem has relations too.

Lemma 6.5 (Lower Bound for (o, p)-DOMSETR®Y). Let o, p C Z>q be two fized, non-empty, and
finite or simple cofinite sets with 0 ¢ p. Suppose there is an A C A that is closed under the inverse
with respect to o, p such that there is an A-manager.

Then, (o, p)-DOMSETR®" cannot be solved in time (|A| — €)*O0M) . nOW) " even if we are given a
path decomposition of width k, and all relations have arity at most O(1), unless SETH fails.

The proof of this lemma is given in Section 9.
The third and last step for the lower bound shows how to remove these relations. This is made
formal with the following lemma.

Lemma 6.6 (Removing Relations in the Decision Version). Let o, p denote finite, non-empty sets
with 0 ¢ p. If all relations have arity at most O(1), then (o, p)-DOMSETREL <y, (0, p)-DOMSET.

In Section 10.1, we show how to remove relations for the decision version. The lemma follows
almost immediately from Lemma 10.7.
Now we have all the results we need to show the lower bound for the decision version.

50



Proof of Theorem 1.5. By Definition 1.2, we have to consider three different cases. We give the
proof for the first case in full detail. The remaining cases are analogous. Observe that all managers
from Lemma 6.3 satisfy the constraints in Lemma 6.5.

e (0, p) is not m-structured for any m > 2.

Let G be an instance of (o, p)-DOMSETR® where the arity of the relations is O(1). By the
treewidth-preserving reduction from Lemma 6.6, this instance G can be transformed into an
instance H of (o, p)-DOMSET such that tw(H) < tw(G) + O(1). Toward a contradiction,
assume that there is a faster algorithm for (o, p)-DOMSET with ¢4, = Stop + Ttop + 2. Then,
use this faster algorithm to solve H and afterward recover the solution for GG in time

(Stop + Ttop +9— 6)tw(G)+O(1) . |G‘O(1)

By Lemma 6.3 Case 4, we know that there is an A-manager with |A| = siop + rtop + 2 which
then contradicts SETH by our intermediate lower bound from Lemma 6.5.

e (0,p) is 2-structured, but not m-structured for any m > 3, and syop = Ttop 1S even.

In this case, we use the same arguments as before with the difference being that for the
algorithm we have ¢, , = max(siop, r'top) + 2. As a consequence, we use the A-manager from
Lemma 6.3 Case 2 with |A| = (Stop + Ttop)/2 + 2 = max(siop, I'top) + 2.

Observe that we can use this encoder as p being 2-structured implies that p is finite but
p # {0}, by assumption. Hence, we directly get 7y, > 1.

e (0,p) is m-structured for some m > 3, or 2-structured with siop # riop, Or 2-structured with
Stop = Ttop being odd.

Once more we use the same approach as for the first case but now we have an algorithm with
Co,p = MaX(Stop, Ttop) + 1.

If 7op > Stop, then we can use the A-manager from Lemma 6.3 Case 1 with |[A] = ryop + 1. If
Stop = Ttop, then we want to use the A-manager from Lemma 6.3 Case 3 with |A| = s¢op + 1.
For this case to be applicable we need ro, > 1. Whenever ry,, = 0, we either have p = {0}
or p = Z>o. The first case is not possible by assumption. The second case implies that
p is l-structured but not m-structured for any m > 2. This immediately contradicts our
assumption. O

We note that it is indeed a reasonable assumption that 0 ¢ p. Otherwise the empty set is a
trivial solution and the problem becomes trivial.

Observation 6.7. For all o,p C Z>q, (0,p)-DOMSET can be solved in constant time if 0 € p.

6.2 Counting Problem

We have mentioned earlier that the lower bounds for the counting version follows the same ideas as
the bounds for the decision version. By the definition of the managers, their constructions transfer
directly to the counting version. Moreover, the lower bound for the intermediate problem is based
on the result for the decision version. As we allow cofinite sets for the counting version, further
investigation is needed to obtain the following result where we again use the managers in a black-box
style.
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Lemma 6.8 (Lower Bound for (o, p)-#DOMSETREY). Let o, p C Zsg be two fized, non-empty and
finite or cofinite sets. Suppose there is an A C A that is closed under the inverse with respect to o, p
such that there is an A-manager.

Then, (0, p)-#DOMSETREY cannot be solved in time (|[A| — &)FTOW . nOW)  eyen if we are given
a path decomposition of width k, and all relations have arity at most O(1), unless #SETH fails.

We show in Section 9.2 how to obtain this bound by proving the lemma.

While the procedure for the decision and counting versions was so far very similar, this does not
hold for the last step where we remove the relations. Although the result is still comparable, the
following reduction is much more involved than the result for the decision version.

Lemma 6.9 (Removing Relations in the Counting Version). Let o, p denote finite or cofinite, non-
empty sets such that neither p = {0} nor o is cofinite with p = Z>¢.
If all relations have arity at most O(1), then (o, p)-#DOMSETREL <., (0, p)-#DOMSET.

Section 10.2 gives the formal proof for this lemma.
Now we have all the results we need to prove the lower bound for the counting version.

Proof of Theorem 1.J. The proof follows in the same way as the proof of Theorem 1.5, with the
only difference being that we now use the intermediate lower bound for (o, p)-#DOMSETR* from
Lemma 6.8 and the reduction from Lemma 6.9 to remove the relations. O

Similarly as for the decision version, we cannot make the assumptions about o and p weaker
(see Fact 3.3) except for the open case when o is cofinite with p = Z>¢.

7 Constructing Providers

In this section, we provide the basis for the construction of the managers that we introduced earlier.
Their formal construction is then given in Section 8.

In Section 7.1, we first build providers which have either o-states or p-states. We use them later
to construct the managers from Cases 1 and 3 in Lemma 6.3, that is, A-managers where we have
that either A CR or A CS.

In Section 7.2, we then construct providers which contain o-states together with p-states. They
then allow us to construct A-managers with A containing states from S and simultaneously from
R. These managers correspond to Cases 2 and 4 in Lemma 6.3.

The following basic provider is a useful building block for many of our constructions.

Lemma 7.1. For any r € p and s € o, there is a {py, 0s}-provider (P{pr,0s},u).

Proof. We define a graph G = P{p;, 05} with a single portal u. We consider two cases depending
on whether » = 0 or not.

Case 1: » = 0. We choose G to be a clique on s + 1 vertices, and we declare any of its vertices
to be u. Observe that both selecting all vertices and selecting no vertices constitute valid partial
solutions, and hence, the strings py = p, and o, are compatible with (G, {u}). Hence, (G, {u}) is a
{pr,0s}-provider. Consult Figure 7.1a for a visualization of the construction and the aforementioned
(partial) solutions.
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\_ P{po,O's})

(a) Valid partial solutions for the provider for Case 1, (b) Valid partial solutions for the provider for Case 2,
when r = 0. when r # 0 (r = 2 in the depicted example).

Figure 7.1: The gadget constructions from Lemma 7.1.

Case 2: r # 0. We construct the graph G as follows. For each i € [1..7], we add two (s + 1)-
cliques Kgl (with the vertices v;1,...,v;411) and Kﬁl (with the vertices ;1,...,7; s41). Next,
for each j € [1..s54 1], we connect all vertices v, ; and T, ; into a complete bipartite graph B

(where V(Bj) = ({vx,j} U{U4;}). Finally, we choose u to be any vertex in Ki_?l Formally, we set

V(G) = {’U@j,ﬁiﬂ‘ ’iG [1..7’],j € [1..8+1]},
BE(G) = {vijvij vivijp i €[1..r],j#5 € [1l..s+1]}
U{vioi;li,d €[1..r],j€[l..s+1]}, and

U= "v1,1-

Observe that (G,{u}) has the following partial solutions {v;; | ¢ € [1..7],j € [1..s+ 1]}
(the cliques Fﬁl fori e [1..r]) and {v;; | i € [1..7],j € [1..5+ 1]} (the cliques Kﬁl for
i€ [1l..r], where KSF)I contains u). Consult Figure 7.1b for a visualization of the construction

and the aforementioned (partial) solutions. Hence, (G, {u}) is a {pr, os}-provider, completing the
proof. O

7.1 Providers Having Either o-States or p-States

In this section, we establish L-providers for select languages L that are either completely contained
in R or completely contained in S. These gadgets exist without special requirements on p and o.
We start with a provider for all possible elements from R.

Lemma 7.2. For non-empty sets p and o, there is a {po, p1,. .., Pre, }-provider (PR, u).

Proof. Fix r € p and s € 0. We define a graph G := PR with a single portal u. To that end, we
take ryop independent copies PY) = ((P{pr,05})@, u) of the {p,, o }-provider from Lemma 7.1
and connect each vertex u() to the vertex u. Consult Figure 7.2 for a visualization.

By Lemma 7.1, each provider P has at least a partial solution that selects u() and a partial
solution that does not select u(®. Hence, for each J € [0..74p ], the constructed graph G has at
least one partial solution that selects exactly j neighbors of u; this completes the proof. O
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Figure 7.2: The gadget constructions from Lemma 7.2 with exemplary partial solutions that corre-
spond to p1 and py,,,. For providers used in the construction, we depict only their portal vertices.

For our next construction, we need regular (bipartite) graphs, which are fortunately easy to
construct.

Lemma 7.3. For any nonnegative integers d < n, the bipartite graph Mq(@d),

V(MDY = {vg, ..., vn_1} U{wo, ..., wn_1},
E(M®) == {{vi,w;} | ((i — j) mod n) € [0..d)}

is d-regular and contains an edge {v;,w;} for each i € [0..n).

Proof. Observe that for each b € [0..d) and each i € [0..n), there is exactly one solution each
to the equations ¢ — x =, b and x — ¢ =, b; the claim follows. O

Further, recall from Section 3 that, for a string x and a character a € A, we write#,(z) to
denote the number of occurrences of a in .

Lemma 7.4. For an r > 1, consider the language

Ly = {z € {00,01}"" | #c,(2) € {0,2r}}.

For any set p that contains v and any set o that contains an s > r, there is an L-provider
(PL,,U). Moreover, the closed neighborhoods of portals in U are pairwise disjoint.

Proof. Let U = {uy,...,us } denote the set of portal vertices. We define an L-provider (PL,,U) as
follows. For every A C [1..4r] such that |A| = 2r, G = PL, has the following vertices and edges
in addition to its portals. It has (2s + 2)r vertices which are partitioned into blocks Vj, e AQS”,
where each block V{ contains r vertices vf |,...,v% . Moreover, G has 2sr + 2(r — 1) vertices
which are partitioned into blocks W}x, ceey is+2, where the first two blocks W4, ¢ € {1, 2}, contain
r — 1 vertices wil, . ,w%ﬂul, and all other blocks W contain 7 vertices w%’l, e ,w%m. We define
Vy = qu[l..25+2] Viand Wy = qu[l..25+2] W4. Suppose A = {ki,...,kor}. Then, G has
edges to form the following:

e A complete bipartite graph between V{ and W4 for all ¢ € [1..2s + 2].

e A graph on Vy such that every v € V} U V7 has degree s — 1, and every v € V4 \ (ViU V3)
has degree s. This is possible by Lemma 7.3. Indeed, |V4] is even and |V4|/2 > s. So, we can
build an s-regular graph on V4. Additionally, by numbering vertices appropriately, there is a
matching between Vj and Vj, and we may simply omit the corresponding edges to decrease
the degree of every vertex from Vj U Vj by one to achieve the desired result.
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e An s-regular graph on Wy which is possible by Lemma 7.3 since |W 4] is even and [W4|/2 > s.
. ukpv.lA,p forallpe[1..7].
. ukpviypfr forallpe[r+1..2r].

This completes the description of the graph G. From the last two items, it follows that no two
portals share an edge and that their neighborhoods are disjoint.

Let us start with some basic observations. Let A C [1..4r] such that |A| = 2r. Then, G[W4]
is s-regular. We have |[Ng(v) N V4| = s — 1 for all v € V} U V3, and [Ng(v) N V4| = s for all
v € Va\VIUVE Also, [Ng(v)NWyu|=r—1forallve ViuV2i and |[Ng(v) N Wa| =7 for all
v e Vyu\ ViuVi. Moreover, [Ng(w) N V4| =r for all w € Wy. Finally, |[Ng(v) NU| =1 for every
veViuVi

Now, let = € {09, 01}*" such that #,,(z) € {0,2r}. Let z = 04,04, ...04,.. We need to show
that x € L(G,U). Let A, :={pe[1..4r] |4, =1}.

First, suppose that A, = @. Then, we define a solution set

S, =UU U Wa.
AC[1..4r]: |A|=2r

Using the basic observations outlined above, it is easy to verify that this solution set indeed witnesses
that z € L(G,U).
Otherwise, |A;| = 2r. Now, we define a solution set

Sy =UUVy4, U U Wa.
AC[1..4r]: |A|=2r,A#As

Again, using the basic observations outlined above, it is easy to verify that this solution set indeed
witnesses that = € L(G,U). O

7.2 Providers Having o-States Together with p-States

Conversely to the previous section, we establish L-providers in this section, where L contains states
from both R and S. These providers are relevant if (o, p) is m-structured for m < 2, but not
m-structured for any m > 3.

We start by obtaining two auxiliary providers that are used in later constructions.

Lemma 7.5. Let r € p, s € o0 with r,s > 1. There is an L-provider where

L= {(05—1703—17 pr-1), (pT7p7'7IOT>7 (:07"—17p7“7 Us)}-

Proof. We define a graph G with three portals as follows. The vertices of G are partitioned into
three sets X = {z} |t € [1..r],j e [1l..s+ 1]}, Y ={y/ |i € [Ll..r],j € [1..s+ 1]}, and
Z = {zf |ie[l..7],7 €[1l..s+1]}. Intuitively, each of these sets consists of 7 cliques of size s+1
each. Then, between each pair of sets from X,Y, Z, the vertices with the same index j € [1..5+1]
form a complete bipartite graph (with r vertices in each part). '

Formally, for each ¢ € [1..r], the vertices {x] | j € [1..s+ 1]} ({y/ |j € [1..s+ 1]} and
{z{ | j€[1..s+1]}, respectively) form a clique on s+ 1 vertices. There are no other edges within
the set X (Y and Z, respectively). For each j € [1..s+ 1], the vertices {xf |ie[l..7]} and
{y/ | i€ [1..7]} form the two parts of a complete bipartite graph (with 7 vertices in each part).
Similarly, for each j € [1..s+ 1], there is a complete bipartite graph between X and Z, as well as
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between Y and Z. Finally, two edges are omitted from the previous construction: there is a missing
edge between x1 and z?, and there is a missing edge between z1 and 2;. We use 1,27, 2} as the
three portal vertices of G (in that order).

It remains to show that (G, {z}, 22, 21}) is an L-provider. We give partial solutions corresponding

to the three elements of L.

(0s—1,0s—1, pr—1) Select the vertices from X. Thus, x% and x% are selected, but z% is not. To
satisfy the o-constraints, each vertex in X, with the exception of 2} and 22, obtains s selected
neighbors from (their respective clique in) X. Because of the missing edge, both z1 and 22
only have s — 1 selected neighbors each. To satisfy the p-constraints, each vertex from Y and
Z, with the exception of z{, obtains r selected neighbors from X. Because of the missing edge
to o1, 2} only has r — 1 selected neighbors.

(pry Pry pr) Select the vertices from Y. As before, we can check that this selection witnesses
(prapr’pr)-

(Pr—1, pr,os) Select the vertices from Z. As before, we can check that this selection witnesses
(Pr—1,pr,0s). O

In the statement and proof of Lemma 7.6 we use, for a € A, the expression (a’) to denote the
vector in A% with (a®)[i] =a foralli € [1..4].

Lemma 7.6. Let r € p, 5,8 € o withr,s > 1 and s’ > Spin, where syin = min(c). Let k € Zsg
and 6 = k(s' — smin). Then, there is a {(p0), (p°_,), (02)}-provider (with & portals).

Proof. We define a graph G with § = k(s' — syin) portals as follows.

e There are three disjoint sets of vertices A = {a; | i € [1..6]}, B={b; | i € [1..0]}, and
C={ci|i€e[1..6]}, where the vertices of C form the § portals of G.

e Foreachi e [1..0], (as,bi,c;) are (in this order) the portals of an attached {(os—1,05—1, pr—1),
(pry prs pr)s (Pr—1, pr, 0s) }-provider J;, which exists by Lemma 7.5 and the fact that r, s > 1.

e There is a set D4 of size k, where each vertex of D4 is the portal of an attached {p,, o5 . }-
provider, which exists by Lemma 7.1. We introduce edges between A and D4 in a way that
each vertex in A has precisely 1 neighbor in D4, and each vertex of D4 has precisely s — smin
neighbors in A. This is possible as § = k - (s’ — Smin)-

e Similarly, there is a set Dp of size k, where each vertex of Dp is the portal of an attached
{pr,0s,,, }-provider, each vertex in B has precisely 1 neighbor in Dp, and each vertex of Dp
has precisely s’ — spin neighbors in B.

We show that (G,C) is a {(p%), (p>_,), (%) }-provider. We give solutions corresponding to the
three states.

(p?) None of the vertices in A, B,C, D4, Dp are selected. For each i € [1..§], select vertices in
J;i according to the solution that witnesses the state (p,, pr, pr). In the {p,,os,_ . }-providers
attached to D4 and Dp, select vertices according to the p,-state.

For each 7, the vertices a; and b;, as well as the portal ¢;, are unselected and each obtain
r selected neighbors from J;. Each vertex in D4 and Dp is also unselected and obtains r
selected neighbors from the attached {p,, o5 . }-provider.
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(p2_,) Select the vertices AUBUD4UDp. For each i € [1..4], select vertices in .J; according to
the solution that witnesses the state (0s—1,0s-1,pr—1). In the {p,0s . }-providers attached
to D4 and Dp, select vertices according to the oy, -state.

For each i, the portal ¢; is unselected and obtains » — 1 selected neighbors from J;. The
vertices a; and b; are selected and each obtain s — 1 selected neighbors from J;, and a; also
obtains 1 selected neighbor from D4, and b; obtains 1 selected neighbor from Dp. Thus, both
obtain a total of s € o selected neighbors. The vertices in D 4 are selected and each obtain
s’ — Smin selected neighbors from A, each of them also obtains spyi, selected neighbors from the
attached {p,, 0o, }-provider for a total of s’ € o. Similarly, the vertices in Dp are selected
and obtain s’ € o selected neighbors.

Select the vertices C'U Dy4. For each i € [1..d], select vertices in J; according to the
solution that witnesses the state (pr—1, pr,0s). In the {p,, 05 _, }-providers attached to Dy,
select vertices according to the o,_. -state. In the {p;,os_. }-providers attached to Dp, select
vertices according to the p,-state.

S

For each 7, the portal ¢; is selected and obtains s selected neighbors from J;. The vertex a;
is unselected, obtains r — 1 selected neighbors from J;, and obtains 1 selected neighbor from
D 4. The vertex b; is unselected and obtains r selected neighbors from J;. The vertices in Dy
are selected and each obtain spmi, selected neighbors from the attached {p;,os,,, }-provider.
The vertices in Dp are unselected and each obtain r selected neighbors from the attached
{pr,0s,,;, }-provider. O

Before we continue with the next gadget, we first prove some technical lemma which ensures the
existence of bipartite graphs with certain degree sequences.

Lemma 7.7. Let c1,...,¢co,d1,...,d; € Z>o such that
IR I
i€l Jjelk]

Also, suppose a is another natural number such that a > max{ci,...,cs,d1,...,di}. Then, there is
some sg > 0 such that, for every s > sg, there is a bipartite graph G = (V,W, E) such that

1. V=Av1,...,vp,x1,...,2s},

2. degg(vi) = ¢ for all i € [{], and degg(z;) = a for all i € [s],
3. W =A{w1,...,wk,y1,...,Ys}, and

4. degq(w;) = d; for alli € [k], and degg(y:i) = a for all i € [s].

Proof. Pick sy := a. We give an iterative construction for G. Initially, F(G) = @. We define
c(v;) = ¢; for all ¢ € [¢], and c(z;) = a for j € [s]. Similarly, define ¢(w;) := d; for all i € [k], and
c(yj) = a for j € [s]. Throughout the construction, c(u) denotes the number of neighbors still to
be added to u € V U W. We shall maintain the property that

(i) c¢(u) >0forallu e VUW,
() Yooy cv) = ey c(w), and

(iii) {v e V| c(v) € {cmax, Cmax — 1}}| > a, where cmax = max,cy c(v).
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Observe that this property is initially satisfied.

If ¢(w) = 0 for all w € W, then ¢(v) = 0 for all v € V by Conditions (i) and (ii), and the
construction is complete. So, fix some w € W such that c(w) > 0. Let d == c(w). Let v{,... vy,
be a list of all the vertices from V ordered according to the current capacities, i.e., ¢(vj) > c(vj, ;)
forallie [{+s—1].

First, we claim that c¢(v]) > 1 for all i € [d]. If cpmax > 2, then this follows directly from
Condition (iii) because d < a. Otherwise, cmax = 1. But, then [{v € V | ¢(v) = emax}| > d by
Condition (ii). We add an edge between w and v, for all i € [d]. Also, we update ¢(w) := 0 and
decrease c¢(v]) by one for all ¢ € [d]. Clearly, Conditions (i) and (ii) are still satisfied. For Condition
(iil), it can be observed that every v € V such that ¢(v) € {¢max, cmax — 1} before the update still
satisfies this Condition after the update.

Repeating this process until all capacities are equal to zero, we obtain the desired graph G. O

The following lemma crucially exploits that (o, p) is 1-structured or 2-structured. While in the
former case we can obtain a provider with only one portal, this is not possible for the latter case.
On an intuitive level, the property of being 2-structured raises parity issues which does not allow
us to have two independent copies of the provider for the 1-structured case. Hence, we design a
provider where the state of one portal depends on the state of the other portal, and in fact, both
states must be equal for this provider.

Lemma 7.8. Let ryop, > 1. Suppose there is a mazimum value m such that (o, p) is m-structured.
1. If m =1, then there is a {po, p1,00}-provider.

2. If m = 2, then there is a {po, p2,00}-provider. There is also a {(po, po), (p1,p1), (00,00)}-
provider.

Proof. We first claim that there are finite subsets ¢/ C o and p’ C p such that there exists a
maximum value m’ such that (¢, p’) is m’-structured, and moreover m’ = m. Indeed, if o is finite,
we simply set o’ := o. Otherwise, o is cofinite which means there is some s € Z>( such that
$,8+ 1 € 0. In particular, it follows that m = 1. We set ¢’ := {s,s + 1} which implies that ¢’ is
1-structured, but not m’-structured for any m > 2. The set p’ is defined analogously.

Since every L-provider with respect to (o, p’) is also an L-provider with respect to (o, p), it
suffices to prove the lemma for the pair (¢, p’). For ease of notation, let us suppose that (o, p) =
(o', p), i.e., in the remainder of the proof, we suppose that both o and p are finite.

Let p = {r1,...,7)y} and o = {s1,...,5|s|}, Where we assume that elements are ordered with
respect to size. The fact that m is the maximum value such that (o, p) is m-structured is equivalent
to

ged{r—r|reptU{s—s1|se€o})=m. (7.1)

We claim that there are non-negative integers z;, z; (for i € [2..]|p|]) and non-negative integers
yj,y; (for j € [1..]o|]) such that

Pl lo|

m+ Y (rg =) (@ — F) + Y (s5— s1)(y; — ) =0 (7.2)
=2

Jj=2

We argue that such a choice is possible. Note that (7.2) corresponds to a Diophantine equation
with variables (x; — ;) and (y; — y;) (for 2 <@ <|p|, j € [1..]o]]), which has solutions by (7.1).
We can choose non-negative values for the indeterminates accordingly.

Using these integer solutions, we define a graph G with one portal as follows.
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e The vertices of G are partitioned into two sets L and R together with some attached providers.
e [ consists of the following.

— The portal vertex u which is intended to have m neighbors in R.

— For each i € [2..|p|], a set A; of z; vertices, each of which are intended to have r; — r;
neighbors in R.

— For some yet to be determined positive integer k, a set A* of k vertices, each of which
are intended to have r|, — ry neighbors in R.

— For each j € [2..]0]], a set Bj of bj := (s; — s1)y; vertices, each of which is intended to
have 1 neighbor in R.

WesetA:A*UUZ A’L andB:UZ€[2|U|]B,

el2..1pl]

e There are some providers attached to L:

— Each vertex in A is portal to an attached {p,,, 05, }-provider (exists by Lemma 7.1).

— If |o| > 2, then siop > 1. Also, rop > 1 by assumption. So, we can choose some r € p
and s € o with r,s > 1. For each j € [2..]|o]|], the vertices of Bj are the b; portals of

an attached {(p%), (pfil), (0%)}-provider Jj (exists by Lemma 7.6 using the fact that
r,s > 1).

e Analogously, R cousists of the following.

— For each i € [2..]p|], a set A; of Z; vertices, each of which are intended to have r; — r
neighbors in L.

— A set A* of k vertices, each of which are intended to have T|p| — 71 neighbors in L.

— For each j € [2..]0]], a set Ej of Ej = (s; — s1)y; vertices, each of which is intended to
have 1 neighbor in L.

We set AVIAV*UU,LE[2 ]Avl andgzuzemlal]él

1ol

e There are some providers attached to R:

— Each vertex in A is portal of an attached {p,,, s, }-provider.

— Foreach j € [2..]o]|], the vertices in B; are the b; portals of an attached {(p%), (p?";l), (07)}-
provider j] (Here we can use the same r and s as in the definition of L.)

e Using (7.2), we verify that the intended number of edges going from L to R is the same as
the intended number of edges going from R to L:

1 o]
m+Z(m77‘ + (rjp — 71 k:+z i — S1)Y

=2

|ﬂ\ |0\

Note that r|, —r1 is the maximum of the intended degrees. Therefore, by Lemma 7.7 applied
to a = 1), —r1, for sufficiently large k, edges can be introduced such that the intended degrees
in the bipartite graph induced by L U R are met.

59



We show that (G,{u}) is a {po, pm, oo }-provider. We give solutions corresponding to the three
states.

po Both L and R are unselected. In each of the {p;,, 05, }-providers attached to A and A:,
select vertices according to the p;,-state. For each i € [2..s5),/], select vertices in J; and J;

according to the (pf«j )- and (plﬁj )-state, respectively.

The portal u is unselected and has no selected neighbors, as required. Moreover, the vertices
in A and A are unselected and obtain r1 € p selected neighbors from the attached {p,,, 05, }-
providers. The vertices in B and B are unselected and obtain r € p selected neighbors from
the attached J;’s and jj’s, respectively.

pm R is selected, but L is unselected. In each of the {p;,, o5, }-providers attached to A, select
vertices according to the p,,-state. In each of the {p,,, o5, }-providers attached to A, select
vertices according to the o -state. For each i € [2..s5),], select vertices in J; according to

the (piﬂl)—state, and select vertices in .J; according to the (o¥)-state.

The portal u is unselected and has m selected neighbors in R, as required. For i € [2..]|p|],
each vertex in A; is unselected, obtains 71 € p selected neighbors from the attached {p,,, o5, }-
provider, and additionally obtains r; —r; selected neighbors in R, for a total of r; € p selected
neighbors. The vertices in A are selected and obtain s; € o selected neighbors from the
attached {py,,0s, ;-providers. They have no further selected neighbors. For i € [2..|o|],
each vertex in B; is unselected, obtains r — 1 € p selected neighbors from J;, and additionally
obtains 1 selected neighbor from R, for a total of » € p. The vertices in B are selected and
obtain s € o selected neighbors from the attached jj’s.

oo The selection is symmetric to the previous state: L is selected but R is unselected. In each
of the {pr,, 05 }-providers attached to A, select vertices according to the oy, -state. In each
of the {p;,,, 05, }-providers attached to A, select vertices according to the p, -state. For each

i € [2..5)5], select vertices in J; according to the (agj)—state, and select vertices in J;
according to the (pij_l)—state.

The portal u is selected and has no selected neighbors, as required. The analysis is symmetric
to the previous case.

So, for m € {1, 2}, we have shown the existence of a {pg, pm, 00 }-provider. Note that, for m = 2, if
we replace the single portal u of degree 2 with two portals, each of degree 1, then the construction

yields a {(po, po), (p1,p1), (00, 00) }-provider. O

In the remaining part, we extend these providers to a setting where the selected portals can also
get neighbors. That is, we also have the state o; for the portal. We first handle the case when (o, p)
is 1-structured, and then independently the case when the sets are 2-structured.

7.2.1 The Sets are 1-Structured

We first construct an auxiliary provider which we combine afterward with the provider from Lemma 7.8.

Lemma 7.9. Suppose there is a {po, p1, 00 }-provider. If siop > 1, then there is a {(po, po), (po,00),
(00,00), (01,01) }-provider. Moreover, the closed neighborhoods of both portals are disjoint.
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Proof. Let (J,{u}) be a {po, p1,00}-provider. We define a graph G with two portals u; and uy as
follows. Let K be a clique with vertices vq, ... s Usgop+1 Where we remove the edge between v and
va. (Note that K contains at least 2 vertices since syop > 1.) Then, G consists of K where we add
the two edges ujv; and ugve. Moreover, for every i € [1..si0p + 1], we add 7op copies of J to G,
where we use v; as the portal vertex for all copies.

It remains to show that (G, {ui,u2}) is a {(po, po), (po,00), (00, 00), (01, 01) }-provider. We give
solutions corresponding to the four states.

(pos po) Do not select any vertices from K, so u; and ug have no selected neighbors. To satisfy the
p-constraints of the vertices in K, each v; obtains 7., selected neighbors from its attached
copies of J (for each of the 1o, attached {po, p1, 00 }-providers, we select vertices corresponding
to the pj-state).

(po, o0) Do not select any vertices from K. Since ug is selected, v already has one neighbor. From
the copies of J attached to vy, it receives another ry, — 1 selected neighbors, for a total of
Ttop (Ttop — 1 of the attached {po, p1,00}-providers are in the pi-state, one is in the pg-state).
The remaining vertices of K get ri,, neighbors via the attached copies of J.

(00,00) Do not select any vertices from K. Now both v; and v already have one neighbor and
receive another ry,, — 1 selected neighbors through their attached copies of J. The remaining
vertices of K again get 7o, neighbors by the copies of J.

(o1,01) Select all vertices from K. The copies of J do not provide further neighbors to these
vertices (all of them are in the og-state). By construction, va, ..., vs,,+1 have s selected
neighbors in K, and thus, in total. Both vy and vy have sy, — 1 selected neighbors in K
(since the edge between v; and vy is missing), and they are adjacent to the selected u; and
ug, respectively. Hence, they also have siop selected neighbors in total. O

Combining the previous lemma with Lemma 7.8, we get the following result.

Lemma 7.10. Let siop, > 1. Suppose that m = 1 is the mazimum value such that (o, p) is m-
structured.

If riop > 1, then there is a {(po,00), (p1,00), (00,00), (01,01) }-provider. If riop = 0 but p #
{0}, then there is a {(po,00), (00, 00), (01, 01) }-provider. Moreover, the closed neighborhoods of the
portals in both providers are disjoint.

Proof. Assume 1o, > 1. Let (G1,{w1}) and (G2,{u2}) be two copies of a {pg, p1,00}-provider
as constructed in Lemma 7.8. Let (Gs,{u1,u2}) be a {(po, po), (po,00), (00, 00), (01, 01) }-provider
which exists by Lemma 7.9. It is easy to check that (G1 U G2 U Gs, {u1,us}) is a {(po,00), (p1,00),
(00,00), (01,01) }-provider.

Observe that the construction from Lemma 7.9 does not use any {po, p1, 0o }-provider if ro, = 0.
Hence, the exactly same proof works in the case when rio, = 0 and gives us a {(po, po), (po,90),
(00,00), (01,01) }-provider. O

7.2.2 The Sets are 2-Structured

For the case when (o, p) are 2-structured, we again first show an intermediate provider.

Lemma 7.11. Let siop > 1. If a {po, p2,00}-provider and a {(po, po), (p1,p1), (00, 00)}-provider
exist, then there is a {po, p2, 00, 02 }-provider.
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Proof. Let (G',{u'}) be a {po, p2, 00 }-provider and assume we can construct a {pg, 0¢, o2 }-provider
(G,{u}). By setting v = v/, (GUG',{u}) is a {po, p2, 00, 02}-provider. In the remainder of this
proof, we show how to obtain a {po, 0o, o2 }-provider (G, {u}).

Let K be a biclique with vertex bipartition {w1,...,ws,,} and {wy,...,wy }. We remove
the edge between w; and w] (observe that sip > 1, so these vertices always exist). For each i €
[1..Stop], let w; and w] be the two portals of 7, attached copies of a {(po, po), (p1,p1), (00, 00) }-
provider. The portal u is adjacent to w; and w). Then, G is the graph consisting of K, the
Stop - Ttop attached {(po, po), (p1,p1), (00, 00) }-providers, and the portal u. We show that (G, {u})
is a {po, 00, 02 }-provider by giving solutions corresponding to the three states.

po No vertex from K is selected, so u has no selected neighbor. To satisfy the p-constraints of
the vertices in K, all vertices w; and wg receive riop selected neighbors from the attached

{(po, po), (p1, p1), (00, 00) }-providers (they are all in state (p1, p1)).

oo No vertex from K is selected, so u has no selected neighbor. However, now u is selected, so
wy and w) already have one selected neighbor. Therefore, w; and w] receive only 7o, — 1
selected neighbors from the attached {(po, po), (p1, p1), (00, 00)}-providers (ryop — 1 of these
are in state (p1, p1), the remaining one is in state (po, po)). For ¢ > 2, w; and w)] receive ryop
selected neighbors from the attached {(po, po), (p1,p1), (00, 00) }-providers, as before.

o2 All vertices from K are selected. Since K is a biclique (minus one edge), the vertices
Wa, . . ., Wey, and wh, ... ,wgmp are adjacent to sgop selected neighbors. The vertices wy and
w) have syp — 1 selected neighbors in K and, additionally, the selected portal u as a neighbor.
All of the {(po, po), (p1, 1), (00, 00) }-providers are in state (0¢, 0p) and do not give any further

selected neighbors to vertices in K. O

As a last step, we combine the previous lemma with Lemma 7.8 to obtain the final provider for
the 2-structured case.

Lemma 7.12. Let 1y, > 1. Suppose that m = 2 is the mazimum value such that (o, p) is m-
structured. Suppose further that the elements of p and o are even. Then, for L = {p; e R | i €
2Z>o}U{o; €S |1 € 2Z>p}, there is an L-provider.

Proof. First assume that siop > 1. Combining Lemmas 7.8 and 7.11, there is a {po, p2, 00,02}~
provider (G, {u}). Create tiop/2 copies (Gi, {wi})ic[1..10p/2] Of (G5 {u}). Weset up = -+ =y,
i.e., we identify all portals with the same vertex. It is straightforward to verify that (G; U--- U
Giop/2o {u1}) is an L-provider.

If we have that sy, = 0, then we can use the same construction except that we use the
{po, p2, oo }-provider from Lemma 7.8 instead. O

8 Constructing Managers

The goal of this section is to establish four A-managers with different A C A. Formally, we prove
Lemma 6.3 which we restate here for convenience.

Lemma 6.3 (Existence of Managers). Let o and p be two finite or cofinite sets of non-negative
integers with p # {0}.

1. There is an A-manager with |A| = ryop + 1.
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2. If (o, p) is 2-structured, but not m-structured for any m > 3, and syop and riop > 1 are even,
then there is an A-manager with |A| = (Stop + Ttop)/2 + 2.

3. If siop > Tiop > 1, then there is an A-manager with |A| = siop + 1.

4. If (o,p) is not m-structured for any m > 2, then there is an A-manager with |A| = siop +
Ttop + 2.

Moreover, each A-manager is such that A is closed under the inverse with respect to o, p.
Before starting with the construction, we restate the definition of a manager here.

Definition 6.2 (A-manager). Given A C A, an A-manager is an infinite family ((G¢,Up))e>1 of
pairs (Gg,Uy) where Gy is a graph with relations and Uy = {uy,...,ug} C V(Gy) is a set of £
distinguished simple vertices. Moreover, there is some non-negative integer b (depending only on
Stop, T'top) such that the following holds for every £ > 1:

o The vertices from V(Gy) \ Uy can be partitioned into 2¢ vertex-disjoint subgraphs B, ..., By
and By, ..., By, which we refer to as blocks, such that

— |Bi] <band |B;| <b forallic[1..0],
— N(u;) CB;UB; forallie€[1..4],

— there are edges only between the following pairs of blocks: B; and B;y1, B; and By, for
eachi € [1..0—1], and By and By.

e Each x € A* C A’ is managed in the sense that there is a unique (o,p)-set Sy of G,® such
that for alli € [1..0]:

— Ifx[i] = 0g, then u; € S;. Moreover, u; has exactly s neighbors in B; NSy, and exactly
Stop — 8 neighbors in B; N .S,.

— Ifz[i] = pr, then u; ¢ S,. Moreover, u; has exactly r neighbors in B; N Sy, and exactly
Ttop — T neighbors in B;NS,.

We refer to Gy as the A-manager of rank .

See Figure 8.1 for an illustration of this definition. Note that this definition does not a priori
rule out solutions that do not correspond to values z € A’

The proof of Lemma 6.3 is split into four cases, each case corresponding to one manager. Lem-
mas 8.1, 8.2, 8.5 and 8.6 handle each one of these cases and together imply the above lemma.

For the construction of the managers, we mostly rely on the providers introduced in Section 7.
In the following, we first construct the managers from the first two cases as they follow rather
directly from the constructed providers. Then, we show how to obtain the remaining two managers
assuming a general construction for managers based on specific providers. As a last step, we provide
this general construction in Section 8.1.

Lemma 8.1. For non-empty sets o and p, there is an R-manager.

8Note that all vertices in G, already have a feasible number of neighbors. The graph does not have any poten-
tially “unsatisfied” portals. In this sense, it is different from the graphs with portals that we use in other gadget
constructions.
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Proof. Let ¢ be a fixed rank of the manager. For each i € [1../], G contains a distinguished vertex
u; that is the portal of two independent copies of a {po, p1, ..., Pry, t-provider (which exists by
Lemma 7.2). The providers neighboring u; in the first and second copy form the sets B; and B;,
respectively. To each copy, we add a relation which just ensures that the selection of vertices for
each state p; is unique. This defines an R-manager of rank ¢ since, for each r € [0..7qp ], both p,
and pr,,,— are compatible with the {po, p1, ..., pry, }-provider. O

As a next step, we construct the first manager with o and p-states.

Lemma 8.2. Let ryop > 1. Suppose that m = 2 is the mazimum value such that (o,p) is m-
structured. Suppose further that all elements of p and o are even. Then, there is an L-manager
where

L:z{piGR‘Z'EQZEQ}U{O'Z'ES’Z'GQZEU}.

Proof. The construction is analogous to that in the proof of Lemma 8.1, but we use the L-provider
from Lemma 7.12 instead of the {po, p1,. .., pry, ;-provider. Note that 7y p and sy are even, and
thus, ryop — k and siop — k are even if k is even. O

Before providing the last two managers, we first introduce some notation.

Let x be a vector (string) of elements from A. Recall that, for a € A, #,(x) denotes the number
of occurrences of a in z. Similarly, for A C A, # 4(x) denotes the number of occurrences of elements
from A in x.

Definition 8.3. Let d > 1 and § € [0..2d]. We define a set

L(ﬁQd) = {.’E S {007ﬂ1700701}2d | #0'1(1:) € {O’d}7#R(J;) < 6}

Using this definition, we can state the following general construction for a manager.
Lemma 8.4. Suppose for some d > 1 and 8 € {0,1} that there is an L(;d) -provider where the closed
netghborhoods of the portals are disjoint. Then, there is an S-manager, and if 3 = 1, then there is
also an A-manager.

Before proving Lemma 8.4 in Section 8.1, we show how to use it to prove Lemmas 8.5 and 8.6,
that is, the remaining two managers from Lemma 6.3. For the first manager, the distinguished
vertices have to always be selected.

Lemma 8.5. If there is c € p with sip > ¢ > 1, then there is an S-manager.
Proof. By Lemma, 7.4, there is an L-provider where

L= {z € {00,01}"" | #o,(2) € {0,2r}}.

Note that this precisely corresponds to an L(()4T)—provider. Moreover, we get from the lemma that

the closed neighborhoods of the portals are disjoint. Then, the claim follows by Lemma 8.4. O
The following manager concludes the series of constructions by providing an A-manager.

Lemma 8.6. Let p # {0}. Suppose that m = 1 is the maximum wvalue such that (o,p) is m-
structured. Then, there is an A-manager.
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By I

e ® ®

Figure 8.1: Construction of the manager from Lemma 8.4. The big, dark blue boxes represent the
blocks, while the smaller, light boxes represent the L-providers. The L-providers sz Z,Fiz are not
shown to keep the figure simple.

Proof. We first handle the case when siop,7op > 1. By Lemma 7.10, there is a Z-provider with
Z = {(po,00), (p1,00), (00,00), (01,01)}. Moreover, the closed neighborhoods of both portals are
disjoint. From this we construct an Lg4)—provider as follows. We introduce four vertices uy, ..., uy
that serve as portals of the L§4)—provider. For each pair (u;,u;) of distinct portals, we attach an
independent copy of a Z-provider where w; is the first portal, and u; is the second portal vertex. It is

straightforward to verify that the resulting gadget is an L§4)—provider where the closed neighborhoods
of the portals are disjoint. The lemma then follows from Lemma 8.4.

The next case is when, 7y, > 1 and syop = 0, i.e., 0 = {0}. By Lemma 7.8, there is a {po, p1,00}-
provider J. For all i, the blocks B; and B; consist of tiop copies of J each using u; as a portal.
Since o = {0}, this finishes the construction of the A-manager of rank ¢, after we added relations
to ensure that the solutions are unique, and proves its correctness.

It remains to handle the case when ry,, = 0. If we have sy, = 0, then we are only interested
in the states g and pg. In this case the empty graph already gives an A-manager. Thus, assume
Stop > 1. We claim that it suffices to have a Z’-provider with Z' = {(po, 00), (00, 00), (01,01)}.
Then we could use the construction for rip, Stop > 1 as we never need the combination (p1, 09).
The desired Z’-provider follows from Lemma 7.10 and finishes the proof. O

8.1 Proof of Lemma 8.4: A Blueprint for Managers

Now, we turn to the proof of Lemma 8.4. That is, given an Lgd)—provider for some d > 1 and

B € {0,1}, we construct an S-manager, and if 5 = 1, then also an A-manager.

To simplify notation let L = Lgd) in the following.

Construction of the Graph. Let £ be a fixed rank of the manager. For ease of notation, we
omit ¢ from G, and Uy in the following and just write G and U. We first define the graph G with

its set of distinguished vertices U = {uy,...,up}. An illustration is given in Figure 8.1. Afterward,
we establish that it is an S-manager or A-manager for 5 =0 or 8 = 1, respectively.
Apart from the vertices in U, G also contains ¢* — ¢ auxiliary vertices wg41,...,up, which

are used to circumvent some parity issues that would otherwise prevent us from obtaining proper
solutions. In the construction of G, we treat these auxiliary vertices in the same way as the vertices
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in U. However, for the encoding that we want to model (see Definition 6.2), we are only interested
in the vertices uq,...,uy and their selected neighbors. Later, we set the number ¢* (as a number
depending on 3). For each i € [1..£*], there are some subgraphs X; and X;, which we define
subsequently. They provide the neighbors for u; in G, and with some minor modifications, these
subgraphs X; and X; form the blocks B; and B; of the manager G.

For all i € [0..¢*] and all j € [1..d], we create vertices v; ; and T; ;. For j € [1..d], we
identify ve« ; = Vg g41—;. Intuitively, the case i = £* is special as it is the connection between the
v; ;s and the v; ;’s. For each i € [0..¢*], the vertices v;1,...,v;q serve as portals of s, copies of
the given L-provider. Let us name these providers F!, ... ,Fismp. (We use “F” as in “fill” since these
providers are used to fill up the count of selected neighbors of their portals as far as possible.) Note
that the L-provider has 2d portals, and therefore, each vertex in v;1,...,v; q serves as two portals
for each of these L-providers. Identifying two portals of an L-provider is possible without forming
loops or multiple edges by the assumption that the portals of the given L-provider are independent
and have no common neighbors. Analogously, for each i € [0..¢*], the vertices v;1,...,7; 4 serve

as portals of siop L-providers F}, L EeR

For each ¢ € [1..¢*], there is a subgraph X; defined as follows. It contains a set of vertices
{Ziz;j |z €[0..topl,j € [1..d]}. For z ¢ {0,ti0p}, these x; . ;’s are new vertices, but for all
Jjell..d], weset 0 = vi—1; and x4, = v;;. Just like the v; ;’s, for each z € [1..tp — 1],
the vertices ;. 1,...,%;,q serve as portals of si,, copies FZ%Z, .. .,F;;"p of the given L-provider.
We set Fy = F;_y and F}, ~= F/ forall y € [1..5s4p]. Furthermore, for all z € [1..tw0p], X;
contains an L-provider J; ; with portals u;, i .—11,...,%i 2—1,d-1, and T; > 1,..., % 2 4.

For each i, we similarly define a subgraph X; with vertices {Z; .| 2 € [0..tiop],j € [1..d]}

and Tioj = Vi—1j, Titpj = Uiy (for all j € [1..d]). Moreover, for all z € [1..typ], Xi

contains an L-provider J; . with portals u;, T; »—1,1,...,%Ti.—1,d4-1, and T; ;. 1,...,%; . 4. For all z €
. 1 +=5to "

[1..twp — 1], we create syop L-providers I ..., Fffzp, and additionally set for all y € [1.. s¢op |,

Fiy’() =TF? | and thmp = F?. As a last step, we make the vertices in X; together with u; subject

to a relation which ensures that there is exactly one solution for each state the vertex u; can get.
For this we use the solution which we construct in the following. We apply the same to the vertices
of X; together with u;. This completes the definition of G.

Partitioning the Graph. We use G for both cases § =0 and 8 = 1. We only adjust the value
of £* accordingly. We have to show that there is an integer b, and a partition of G into blocks that
fulfill the requirements stated in Definition 6.2.

Let ¢;, denote the number of vertices of the L-provider (including the 2d portal vertices). We
set

b= " —Cl+1) (Sop + 1) (trop + 1) - 0r. (8.1)

For all i € [1..¢ — 1], the block B; consists of the vertices of X; minus the ones from X;;; (and
minus u;). Note that the common vertices of X; and X;11 are v;1,...,v; 4 together with the L-
providers Fl, ... ,Fft“p. Likewise, the block B; consists of the vertices of X; minus the vertices from
X;+1. The final blocks By and By hold all the remaining vertices of V(G)\ U, that is, By consists of
all X; with i € [£../¢*] minus the vertices from X« N Xy=. (These are vps 1 = Vps gy ..., Vpr g = Vp+ 1
together with the L-providers Fj, ..., F, °".) Then, B, consists of all X; with i € [£..¢*].

It is straightforward to verify that these blocks form a partition of the vertices of G. Fach
set X; contains siop - (tiop + 1) many L-providers of the form Fifz, and tyop many L-providers of
the form J; ;. So in total, this gives at most (siop + 1) - (tiop + 1) many L-providers. Since each
vertex x; . ; is a portal of at least one of those L-providers, we conclude that X; contains at most
(Stop + 1) (ttop + 1) - 6 many vertices. The same bound also holds for all subgraphs X; for all
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i € [1..£%]. Since each block B; or B;, i € [1..£], contains vertices from at most (£* — ¢ + 1)
many subgraphs X; or X, it follows that |B;| < b and |B;| < b for all i € [1..¢]. Finally, by
construction, it is immediately clear that N(u;) C B; U B; for all i € [1..£], and there are edges
only between B; and B;y1, B; and B, 1, for each i € [1..4 — 1], and By and By.

Constructing a Solution. To show that the corresponding graph G together with the distin-
guished vertices U = {uy,...,us} is an A-manager (for § = 1) or an S-manager (for 5 = 0) of rank
£, we additionally need to prove the second property from Definition 6.2.

For a given x € A’ we define an * € A" with 2*[i] = z[i] for all i € [1..£], while the
remaining entries are set depending on 5 (and x). We iteratively construct (partial) solutions S; , for
all i € [1..0"] and z € [0..p] such that S; = Sp= 4, corresponds to the final solution. Based
on these S; ,, we define two functions B, B : [1..£*]x[0..tp] — [0..d—1] such that B(i,z) = k
if and only if the k vertices z; . 1,...,%; ,  need (exactly) one more neighbor in \S; ., respectively for
B(i,z) = k and the vertices T; ,1, ... s Ti,z k- Due to the construction of G, we set S;y,,, = Sit1,0,
and therefore, B(i,tiop) = B(i + 1,0) and B(i,top) = B(i +1,0) for all : € [1..¢* —1]. We later
set £* and x* such that the partial solutions maintain the following invariant for all i € [1..¢*]:

B(i, top) + B(i, tiop) =d Stop - #s(z*[1..4]) and B(1,0) = B(1,0) =0 (8.2)

S1,0 consists of the vertices x10,; and T1o; for all j € [1..d]. Moreover, the L-providers
Flo,..., ngr’ and Fi,o, . ,Fifgp give each of these vertices siop neighbors. We directly get
B(1,0) = B(1,0) = 0 which satisfies the invariant.

Now, for each i from 1 to £*, we iterate over all z from 1 to ¢iop and apply the following selection
process. Unless mentioned otherwise, the portals of the L-providers get state og.

e S;. consists of all selected vertices from S;. 1. If 2*[i] € S, then we select vertex u;.
Moreover, we select the vertices x; . ; and Z; . ; for all j € [1..d]. We use the L-providers
FY_F! forall y € [1..81p — 1] to add siop — 1 neighbors to each of these vertices.

1,20 1,

e Selection process for B; if *[i] = os.

— If u; has < s neighbors in B; N S; .—1, then we give it one more neighbor in S; ..

The L-provider J;. gives state o1 to u; and each of @, 11,...,2._1pB(3.-1) and
Ti 2 B(i,a—1)425 - - - » Tiz,d- Hence, the vertices x; . 1,...,%; . p(i—1)4+1 need one more neigh-
bor.

If B(i —1,z) +1 = d, then we use the additional L-provider FS;"F to give every vertex
one additional neighbor. Therefore, B(i,z) = B(i,z —1) + 1 mod d.

— If u; has s neighbors in B; NS; .—1, then we do not give it one more neighbor in S; .. The
L-provider J; , gives state og to u; and state o1 to each of z; .11, .. s T3 2—1,B(i,2—1) and
T2 Biyz—1)+1s - - - » Tiz,d- Hence, B(i, z) = B(i, z — 1).

e Selection process for B; if 2*[i] = os.

— If u; has < sgp — s neighbors in B;nN Si.z—1, then we give it one more neighbor in
Si . The L-provider J; . gives state o1 to u; and each of ;.1 1,... jz’,z—l,ﬁ(i,z—l) and
T; . Bie—1)427 - - » Ti,zd- Hence, the B(i,z—1)+1 vertices Tj , 1, .. ., T; . B(ie—1)+1 need
one more neighbor.

9For 8 = 0 we restrict ourself to strings from S*.
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If B(i—1,2) + 1 = d, then we use the additional L-provider Fft;p to give every vertex
one additional neighbor. Therefore, B(i,2) = B(i,z — 1) +1 mod d.

— If u; has sop — s neighbors in EiﬂSi’z_l, then we do not give it one more neighbor in \S; ,.
The L-provider J; . gives state og to u; and state o1 to each of @; ., 11,...,7, ,_; Blie—1)
- Ti»d- Hence, B(i,z) = B(i,z — 1).

and L 2 B(i,z—1)+10 "

e Selection process for B; if *[i] = p,. (Note that this case does not occur when g = 0)

— If w; has < r neighbors in B; N .S; .—1, then we give it one more neighbor in S; .. The
L-provider J; . gives state p to u; and state oy to each of x; ,_11,... s T 2—1,B(i,2—1) and
T2 B(i,z—1)+1s - - - » Ti,z.d- Since the vertices x; »1,...,2; . pi—1) need one more neighbor,
B(i,z) = B(i,z — 1).

— If u; has r neighbors in B;N.S; .1, then we do not give it one more neighbor in S; .. The
L-provider J; . gives state po to u; and state o1 to each of @; ,—11,...,%; .1 B(;.—1) and
Ti 2 B(i,e—1)41s - - - Ti,z.d- Hence, B(i,z) = B(i,z — 1).

e Selection process for B; if 2*[i] = p,. (Note that this case does not occur when 3 = 0)

— If u; has < r¢op —7 neighbors in EiﬂSw_l, then we give it one more neighbor in S; .. The
L-provider J; , gives state p to u; and state o1 to each of T; .11, ... ji,z—l,E(z’,z—l) and
T, Bliy—1)410 -+ Tizd- Since the vertices T; . 1,...,7, , Bli,2—1) need one more neighbor,
B(i,z) = B(i,z — 1).

— If u; has ryp —r neighbors in EzﬂSi,z_l, then we do not give it one more neighbor in \S; ,.
The L-provider J; . gives state py to Zﬁ and staf oo toeach of @; .11, .. ji,z—l,ﬁ(z‘,z—l)
and 7, 2 Blie—1)+10 - > Tizd- Hence, B(i,z) = B(i,z — 1).

Correctness of the Solution. We first show that these steps preserve the invariant in Equa-

tion (8.2). The claim immediately follows if *[i] = p, because in this case B(i,z — 1) = B(i, 2)

for all z € [1..t0p]. Likewise, we get B(i,z — 1) = B(3, 2).

For the case x*[i] = o5, we get that B(i,2) =4 B(i,0) + z for all z € [1..s], and B(i,2) =

B(i,z—1) for all z € (s..tyop]. Conversely, we get B(i, z) =q B(i,0) 4+ z for all z € [1..s40p — 5],

and B(i,z) = B(i,z — 1) for all z € (stop — 5. . ttop|. This directly yields

B(i, tiop) + B(i, tiop) =a B(3,0) + B(4,0) + s + (Stop — S)
=d #S(m*[l cel— 1]) * Stop + Stop
=q #s(@*[1..4]) - st0p,

proving that the invariant is preserved.

Setting the Parameters. Assume we can set (* and 2*( .. /"] such that the solution satisfies
B(€*, tyop) + B(*,top) € {0,d}. We then show that S« is indeed a valid solution. From

B(¢*, tiop) = k, we know that the vertices vg» 1, ..., vg» , need one more neighbor. From B(€*, tyop) =
k', we know that the vertices - 1, ..., T jy need one more neighbor. Recall that ves j = Tp« 441
for all j. If B(0* tiop) + B(l* tiop) = d, then k' = d — k and the vertices v« 1,...,vp i get a

neighbor from SO+ tiop- Conversely, the vertices Vg1 = Vg g, ..., Vpx 4— = Vo= k41 get a neighbor
from Jps 4,,,- Thus, none of these vertices need an additional neighbor.

If B(£*, tyop) +B(£*, tiop) = 0, then the L-provider F,** = F,:" already provided one additional
neighbor for these vertices.
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It remains to set £* and z*(£..¢*] depending on f such that the claim holds.

e 5 =1 Weset £* =0¢+d. Let 2*[i] = o¢ for all i € (£..£+ '] and z*[i] = po for all
i€ (L+0..07], where ¢/ = d — (#s(x) mod d). From the invariant in Equation (8.2), we
get:

B(l*, tiop) + B¢, tiop) =d Stop - #s(x™)

=d stop * (#s(@) + #s(z" (L. 07]))
=4 Stop * (#s(z) + 5')
() +

=4 Stop - (#s(z — (#s(x) mod d)) =40

o 3 =0: Weset * ={(+d— (¢ modd) and z*[i] = o¢ for all i € (£..¢*]. By the invariant
in Equation (8.2) and the fact that 2* € S, we get:

B(E*, ttop) + E(E*, ttop) =d Stop ° #S($*>
=d Stop ° e
=4 Stop - L +d— (¢ mod d)) =40

We complete the proof of Lemma 8.4 by observing that ¢* — ¢+ 1 < d + 1 in both cases, which
means that b (see Equation (8.1)) only depends on siop and riqp.

9 Lower Bound for the Problem with Relations

As mentioned earlier, our lower bounds follow in three steps. In Section 7, we provided the basis
for the managers we constructed in Section 8. In this section, we proceed with the second step
that is an intermediate lower bound for (o, p)-DOMSETR® which is defined as the generalization of
(0,p)-DOMSET on a graph with relations, cf. Definitions 6.1 and 6.4. Unless mentioned otherwise,
the considered vertices are simple from now on.

In Section 9.1, we prove the intermediate lower bound for the decision version, that is, we prove
Lemma 6.5. We achieve this by giving a reduction from k-SAT to (o, p)-DOMSETR®™" assuming a
suitable A-manager is given. In Section 9.2, we reuse this construction to show the lower bound for
the counting version, that is, Lemma 6.8. As the construction for the decision version is only for
the case when o and p are finite or simple cofinite, we provide some modifications and extensions
(exploiting properties of the counting version) such that the sets might also be cofinite without
being simple cofinite.

Observe that each A-manager from Lemmas 8.1, 8.2, 8.5 and 8.6, satisfies our conditions on A
from the lower bounds. Hence, we can use them in the following constructions.

9.1 Decision Problem

To prove the lower bound, we reduce from k-SAT to (o, p)-DoOMSETR®" and keep pathwidth, and
thus, also treewidth low. For this we follow previous approaches as in [18, 36, 37].
We first introduce some types of relations that we use in the following reduction.

Definition 9. 1 Let d > 1 denote a positive integer and £ > 0 denote a non-negative integer.

We write Hw ={S C[1..d]||S| =¥} for the d-ary Hamming Weight ¢ relation, that is, the
relation whose correspondmg partml solutions contain exactly ¢ selected portal vertices.

Further, we write EQ¥ = {@,[1..d]} for the d-ary Equality relation, that is, the relation
whose corresponding partial solutions either select all portal vertices or none of them.
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In Section 9.1.1, we give the construction of the (o, p)-DOMSETR*" instance. Then, in Sec-
tion 9.1.2, we prove the correctness of these constructions, and finalize the proof in Section 9.1.3.

9.1.1 Construction of the Graph

Let ¢ be a given k-SAT formula in CNF with n variables z; ..., x, and m clauses C1,...,C,,. We
group the variables of ¢ into t := [n/q] groups Fi,...,F; of g variables each, where ¢ is chosen
later. Later, we also choose some g with 27 < |AJ9.

We now define a corresponding graph G that serves as an instance of (o, p)-DOMSETR®:, The
construction is illustrated in Figure 9.1.

In the following, the indices we use are superscripts if they refer to “columns” of the construction,
and they are subscripts if they refer to “rows” of the construction. Whenever we say that some set
of vertices V' is subject to a relation R, we mean that there is a complex vertex v to which the
relation R is assigned and the neighborhood of v is V. In a separate step, we show how to remove
these complex vertices and their relations. Here is the construction of G:

e Introduce vertices wgg forallie[1..t],£€[1l..g],and j € [0..m].

e Introduce vertices cZ foralli e [0..t]and j € [1..m].

e Forall j € [0..m], we create a copy J/ of the given A-manager of rank tg for which {wfz |

ie[l..t],£€[1..g]} act as distinguished vertices. Let Bgé and E{j be the corresponding
blocks.

e For each wie, Np (wiz) and Ng(wig) are the neighborhoods of w‘ij’g in Bz{é and Eig, respectively.

e Forallic[0..t]and j € [1..m], thereis a {0, , Proy, J-provider Q7 (exists by Lemma 7.1)
with cZ as portal. We add a relation to the vertices of Qg and CZ which ensures that the provider
only has two solutions, namely one corresponding to the state when cZ is selected, and one to
the state when C‘Zj is not selected.

e Forallje[1..m], cé is additionally subject to a relation Hw(:l), and cz is additionally subject
(1)
to HW> 1.

o Foreachi e [1..t] and j € [1..m], the set of vertices

. o - - . .
z] = {c]_y,cj}U U (wi, UNg(wl, ") Uw],UNp(w],))
lell..g]

is subject to a relation Rg , which we define in a moment.

e Similarly, for each i € [1..¢],

ZlQ = U (wl-17gUNB(wZ-17£)) and ZZ.erl = U (wZQUNE(wZ})),
lefl..g] efl..g]

are subject to relations Rg and R;nﬂ, respectively.
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This completes the definition of G 4. In order to define the relations Rz , we need some more notation.
For each group of variables F;, there are at most 29 corresponding partial assignments. We encode
these assignments by states from AY. For technical reasons, instead of using all states, we only use
those states that have a certain property. For now it suffices to think of this property as having a
certain weight. To this end, we first define the weight wt(x) of a vector € AY using the definition
of a weight vector () from Definition 4.2:

g
=Y _u()[i]
i=1
One can also think of wt(-) as the 1-norm of @(-). Let max A = max{i | o; € AV p; € A}. Observe

that the vectors in A9 can have at most g - max A + 1 possible weights between 0 and g - max A.
There are |AY] vectors in total.

Claim 9.2. There is a weight w and a set A C A9 such that || > [|A9|/(g - max A+ 1)]| and, for
all z € A, we have wt(z) = w.

Proof. If g- maxA + 1 > |AY], then we only need that there is one weight which appears at
least once. This is true as A is non-empty. Otherwise, there are more vectors than weights, and
g-max A+ 1 < |A9|. The pigeon-hole principle provides some weight w such that at least the
claimed fraction of vectors has weight w. O

Recall the definition of the inverse of a state from Definition 3.8. Using this definition, we define
a new set 2 C A9 as the inverse of 2 with respect to o and p if the sets o and p are simple cofinite,
respectively. We initially set 2 = 2.

e If o is simple cofinite, then update A = inv”(él).
e If p is simple cofinite, then update A= invp(ﬁ).

Since A is closed under inversion with respect to o, p, we get A C A9. Moreover, as the inverse is a
bijective function, we have [2| = |2A].

We set ¢ = |glog|A| —log(g - max A + 1)| such that 29 < |A]9/(g - max A+ 1) < ]§l|, that is,
even when using vectors from 2A for the encodings, we can still encode all partial assignments. As
a last step, we choose an (injective) mapping e: 27 — 2 to fix the encoding.

Given a selection S of vertices from Gy, for each i € [1..1], £ € [1..g], and j € [0..m],

we define two states a’ ;0 and a’ ;¢ as follows. Tet T]e = SN Np(w] ) be the number of selected
nelghbors of w? ol B’ 7 - and let T/ 10 = SN Ng(w! ¢) be the number of selected neighbors of w! Rt
Bi,[ ' 4 4

If wie is selected, then we set aie =0, and Eg,e =07 o)
If wiz is not selected, then we set ag,e = Py, and dgl = Ppi .

Note that, for each i € [1..¢] and j € [1..m], a selection of vertices Slj from Zij determines
the states a] , and Eﬂl for each £ € [1..g¢]. |
Using these states, we now have everything in place to conveniently define the relations R’. For
eachi € [1..¢t]and j€[1..m], S} isin R if and only if all of the following hold:
. ail . ag’g is in A C A9, and it is the encoding e(m;) of a partial assignment 7; of the group
of variables Fj.
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e For each ¢ € [1..g¢], the state 6{721 complements a{l in the sense that 6{721 = inv"’p(agg).

)

Note that therefore wg ¢ 1s selected if and only if w{ ;1 is selected.
e If the vertex cg_l is selected, then the vertex cZ must also be selected.

o If CZ71 is not selected, then cf is selected if and only if the encoded assignment 7; satisfies the
clause Cj.

Similarly, we define R and R/*! for each i € [1..t]. A selection of vertices S? from Z?
determines, for each £ € [1..g], the state a(i)g; and a selection of vertices S]" from Z]" determines,
for each £ € [1..g], the state @]}, where we follow the above procedure.

SY is in RY if and only if

e adl ... a?g is in 2 C A9, and it is the encoding e(m;) of a partial assignment 7; of the group
of variables Fj.

In order to define R{"™, we define, for each ¢ € [1..g], the auxiliary state a/;*! with o] =
invo?(al,). Then, S is in R if and only if

o att. ..a;"gﬂ is in 2 C A9, and it is the encoding e(m;) of a partial assignment m; of the
group of variables Fj.

9.1.2 Correctness of the Construction

In the following two claims, we show the correctness of the construction. Afterward, we prove some
properties of the graph which we need later to obtain tight bounds for the lower bounds.

Claim 9.3. If ¢ is satisfiable, then (o, p)-DOMSETR™ has a solution on G.

Proof. Let 7 be a satisfying assignment for ¢, and let 71, ..., m be the corresponding partial assign-
ments to the variable groups Fy,...,F;. For each i € [1..t], ¢; := e(m;) € A C A9 C A9 denotes
the corresponding encoding. So, these encodings as a whole form an element x € AY. By the
definition of an A-manager of rank gt, for each x € A%, there is a unique solution S, that manages
x.

We now define a selection S of vertices of the graph G, and afterward show that S is a solution
for this instance of (o, p)-DOMSETREL. For each j € [1..m], the following vertices are selected:

e From the A-manager of rank gt J7, we select vertices according to the solution S..

e Let i* € [1..t] be the smallest index such that Fj+ contains a variable that satisfies the clause
C; under the assignment 7. A vertex ¢] is selected if and only if 7 > i*.

e We lift the selection to the {0, , pr.,, }-providers: if CZ is selected, then we select vertices
according to the o, _, -state of the attached {os_,, , pr.,, }-provider, and otherwise, according
to the p, , -state.

In order to show that this selection of vertices is a feasible solution of (o, p)-DOMSETR®, we
have to verify that

1. for each j € [1..m], the corresponding Hw“())- and Hw(li—relations are satisfied, i.e., cg) is

unselected, and ¢ is selected,
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2. for each ¢ and j, the relation Rz is satisfied, and

3. all simple vertices of G4 have a feasible number of selected neighbors, according to their own
selection status.

Since 7 is a satisfying assignment, for each j € [1..m], there is an index ¢* € [1..¢] such that
m+ satisfies Cj. This gives Item 1.

In order to verify Item 2, let ¢ € [1..t] and j € [1..m]. We check that Rj is satisfied. The
relevant selected vertices are SJ SN Z] Recall from Equatlon (9.1) that SJ determines the states

al,and @, ! for each ¢ € [1..g]. The states az 1oe-- are determined by the selected vertices of

’ 7,7g
J7,i.e. an A-manager of rank g¢, and they are determined by the selection status of its distinguished
vertices and their selected neighbors in the corresponding B-blocks. As we selected vertices of JI
according to the solution S, the fact that ag,l Jg is the encoding e; of m; follows from the fact
that S, manages = (see Definition 6.2).

Similarly, the states Eﬁil, e ,Eg;l are determined by the selected vertices of J7~!, and in
particular, by the selection status of its distinguished vertices and their selected neighbors in the
corresponding B-blocks. Let £ € [1..g]. Since we selected vertices of JJ ! according to S, as well,

we have a’ i = =al i By Definition 6.2, @ (1 complements the state a’ z = aje as required by RJ

It is clear that in our selection we include c:z into S whenever we include cz_ . Finally, suppose
C’Z—1 is not selected. If cg is selected, then we have i« = 7", which means that m; satisfies C; by the
choice of i*. Conversely, if we do not select CZ, then ¢ < ¢*, which means that m; does not satisfy
C;. This shows that the selection S satisfies Rg .

It remains to show Item 3. Let v be a simple vertex in Gy. If v is a non-portal vertex of a
{Osmin s Proun 1-Provider, then, by the definition of such providers (Definition 3.7), v has a feasible
number of selected neighbors (and, as it is not a portal, it does not have any neighbors outside of the
respective provider). In the remaining cases, v is either a vertex of some JJ,i.e., an A-manager of
rank gt, or it is a vertex of the form ¢/. Suppose v is in some J7. By Definition 6.2, v has a feasible
number of neighbors within J7. If v has neighbors in G, that are not part of J7, then v is in some
set Zij and each of its additional neighbors is a complex vertex which is not selected by assumption.
This means that v does not have any selected neighbors other than the feasible number within J7.
Finally, the same argument holds for v = ¢J: it has a feasible number of selected neighbors within
the attached {os_. ,pr... }-provider, but as all other neighbors are complex vertices with relations

(some Rj Hw( ) , O HW( )) it does not receive any more selected neighbors. O
In the following, we show the reverse direction from the proof of correctness.
Claim 9.4. If (0, p)-DOMSETR™ has a solution on G, then ¢ is satisfiable.

Proof. Let S be a selection of vertices from Gy that is a solution of (o, p)-DOMSETREL, Recall that
S determines the states agvz, Egl and numbers Tge, szz, as described in Equation (9.1).

Observe that, for all ¢, ¢, we have that wf ; is selected if and only if wizl is selected. This follows
from the definition of the relation R‘g . First, suppose the vertices w?j, - ,wzmj are selected.

Assume further that o is finite. As S is a solution, wf ¢ can have at most siop selected neighbors.
Hence, for each j € [0..m], we have ng —I—Tig < Stop- Moreover, by the definition of the relations
Rg, for each j € [1..m], we get Tﬂl + Tl-j;é = Stop- Combining both constraints yields Ti?e <. <
T and Ty > - > Ty
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Now, assume ¢ is simple cofinite. As S is a solution, wf , has at least stop selected neighbors.
Hence, for each j € [0..m], we have Tl{g + Tﬁye > Siop- As before, we get by the definition of
the relations Rg that, for each j € [1..m], T‘;zl + ng = Stop. Combining both constraints yields
Tiog > .- >1T/ and ng <. < TZZ in the simple cofinite case.

It is easy to check that we get the same constraints if the vertices wg , are not selected.

We define new values T7,.

Stop — Tij ’ wf ¢ is selected A o is simple cofinite
Tij,e =4 Tiop — Tij’g wiz is not selected A p is simple cofinite (9.2)
T, else

One can easily check that we get YA’iOE <. <L j\’;’; independently from o or p being finite or cofinite.

~ Recall that we only use encodings from 2A (all other encodings are not accepted by the relations
R!), and hence, they have a one-to-one correspondence to the encodings in 2 which all have the

same weight. Therefore, for all ¢ € [1..¢t] and j € [0..m + 1], we get: > 7_; fijg = w. Now,
assume that for some i € [1..t], j € [1..m], and £ € [1..g], we have fl-jf < ijzrl_ This implies

that there is some ¢ such that ZA“I J v szl, which contradicts the above assumption. Hence, we

obtain io == 7/\’1”(} for each ¢ and ¢. Combined with Equation (9.2) this implies
Tz‘(,)e =.--=1T]; and ng == TZ} for each ¢ and /. (9.3)
We define an assignment 7w of ¢ as follows. For each 1, al 1- g € A9 is subject to R and

therefore, it is the encoding of a partial assignment 7; of the group of Varlables F;. Let 7 be the
assignment comprised of these partial assignments.

It remains to verify that 7 satisfies ¢. For j € [1..m], we verify that 7 satisfies the clause
C;. Consider the vertices ¢),...,cl. Since ¢, and ¢/ are subject to a Hw(_) and Hw(_lf relation,
respectively, we have 67 ¢ S and 67 € S. Hence, thereis an i € [1..t] for which 07 _, is not selected,

but ¢ is. As ¢_, and ¢/ are subject to R!, it follows that a’ 1 Jg encodes a partial assignment
that satisfies the clause Cj. The equalities from Equation (9.3) imply aL1 ai = af 1 aig

Therefore, m; satisfies C, and consequently 7 satisfies Cj.

This finishes the correctness of the construction. As a last step we analyze the graph and its
tree decomposition.

Claim 9.5. There is some function f that depends only on g, Siop, and ryop such that the graph G
has at most m -t - f(g, Stop, rop) vertices, pathwidth at most gt + f(9, Stop, Ttop), and each relation
has arity at most f(g, Stop, Ttop)-

Proof. Every vertex in G is part of (at least) one of the following:
e an A-manager of rank gt (and there are m+1 of these) including the complex vertices therein,

e a {05 ., pro }-provider Q7 (and there are (t + 1)m of these),

e the complex vertices with relations; there are 2m of the form Hw(zl[)) or Hw(j{, t(m + 2) of the
form R/, and (¢ + 1)m relations attached to Q! and ¢.
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We analyze the number of vertices in these components.

e By Definition 6.2, the size of an A-manager of rank gt is of the form gt - b, where b is an upper
bound on the size of the blocks. Thus, b depends only on sgq, and 7gp.

e The size of the {os_. , pr,.., }-providers Q{ depends only on Spyi, and ryiy (see the construction
in Lemma 7.1).

e Note that the arity of the realizations we use is upper bounded by the size of the sets Zij or
some function depending on the size of the blocks from the manager. Recall that

zl ={c.dyu U (wly' uNglh) Ul UNs(w]).
Le[1..g]

The size of the sets Ng(w‘zzl) and Np(w!,) is bounded by that of the blocks of the A-manager
of rank gt. So, once again, their size depends only on s;,p and ryp. So, there is some function
f" such that, for each i and j, we have |Z]| < g f"(Stop T'top)-

This proves the bound on the size of G4. Moreover, it implies the bound of the arity of the relations.
We use a node search strategy to bound the pathwidth of Gy (see [20, Section 7.5]). For each
i€[l..t]and j € [1..m], we define a set Y/ that contains the following vertices:

e The vertices subject to relation Rg and the complex vertex the relation is assigned to. (This
includes the set Z7.)

e The vertices in Pﬁ;l and Bg ,forall £ € [1..g]. (Some of these vertices are also contained
in Zij )

e The vertices of the {os,_, ,pr.., }-providers Q‘Ll and Q‘Z attached to ‘7371 and cZ and the
vertices of the corresponding relations.

e If i —1 =0, the vertex of the Hw(zl()]—relation attached to cg_l.

e If 1 =, the vertex of the Hw(zl%—relation attached to C’Z

We similarly define, for each i € [1..¢], the sets Y and YimH. To simplify notation, we consider
Yij to be the empty set if i ¢ [1..¢] or j ¢ [0..m +1].

We now describe m + 2 stages of selecting vertices as positions for searchers, where each stage
consists of ¢ rounds. Let i € [1..¢]. In the ith round of the jth stage, where j € [0..m + 1], the
selected vertices are Y U YZJJrl U Ytr1 together with, for each z € [1..i—1] and £ € [1..g], the

vertex wg , (if it exists), and for each z € [i 4+ 1..t] and £ € [1..g], the vertex wizl (if it exists).
Using Figure 9.1, it is straightforward to verify that selecting vertices according to the described
stages cleans the graph as required. Note that we select the set Y,/ ~!in all rounds of the jth stage

to prevent “recontamination” via the edges between the blocks Bg;l and Ei;l. Moreover, for each
complex vertex, there is some stage in some round where this vertex together with its neighborhood
are covered (that is, they are in the same bag of the decomposition).

Now, consider the number of searchers/the selected vertices in each stage. By the previously
specified bounds on the size of blocks, and {os,,., Pr.;, }-providers, there is some function f that
depends only on g, Stop, and riop, such that the size of Y/ is bounded from above by f(g, Stop, Ttop)
for each ¢ and j. Hence, at each stage we select at most gt + O(1) - f(g, Stops top) vertices. This
is an upper bound on the node search number of G4, and consequently an upper bound on its
pathwidth. O
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The following observation follows directly from the construction and the previous proofs.

Observation 9.6. There is a one-to-one correspondence between satisfying assignments for ¢ and
solutions for Gg.

In all solutions for Gy, each vertex wg’g has ezactly syop neighbors if it is selected, and exactly
Ttop netghbors if it is not selected.

9.1.3 Finalizing the Lower Bound
It remains to prove Lemma 6.5, which we restate here for convenience.

Lemma 6.5 (Lower Bound for (o, p)-DOMSETREL). Let o, p C Zso be two fized, non-empty, and
finite or simple cofinite sets with 0 ¢ p. Suppose there is an A C A that is closed under the inverse
with respect to o, p such that there is an A-manager.

Then, (o, p)-DOMSETR®" cannot be solved in time (|A| — €)*O0M) . nOW) " even if we are given a
path decomposition of width k, and all relations have arity at most O(1), unless SETH fails.

Proof. Toward a proof by contradiction, assume that there is such an algorithm for (o, p)-DoOM-
SETRPL. We show that there is an algorithm solving SAT in time (2 — 6)" for some § > 0, where n
is the number of variables.

To use the construction from the previous sections, it remains to choose the values for ¢ and g.
Let &’ = log| 4 (|A] — &) < 1. We choose some a > 1 such that &’ < ¢’ =log(2 — §) < 1 for some
d > 0. We choose g large enough such that it satisfies glog|A| < a|glog|A| —log(g - max A+ 1)].
Finally, set ¢ = |glog|A| — log(g - max A 4+ 1)|. Observe that we can actually encode all partial
assignments of one group. Using these parameters, we can construct a (o, p)-DOMSETREL instance.
For the size bound and pathwidth, observe that |A] < |A|, and thus, |A| can be bounded in
terms of syop and ryp. Moreover, g only depends on e, §, and |A|. Since o,p are fixed, any
term only depending on €, J, Siop, and ryp can be treated as a constant. Based on this, from
Claim 9.5 it follows that there is some fixed function f such that G4 has pathwidth at most
tg + f(9, Stops Ttop) = tg + O(1), where t = [%L and that a path decomposition of this size can be
computed efficiently. The graph has size

O((%W - f(g Stops Trop)) = O(n =m0+ f'(g, S10p, T10p)) = O(n - m).

Then, we run the fast (o, p)-DOMSETREL algorithm on this example:

(’A‘ N 2,5)]~<:-i-0(1) . nO(l) (’A‘ - g)tg-&-O(l) . nO(l)

IN

S(’A‘ . E)[%]g+0(l) . nO(l)

<(|4] - )2 torOm O
By the same argument as above, we can ignore the term of g + O(1) in the exponent as it only
contributes a constant factor to the runtime.

<(JA] —e)a? - nOW
§210g|A|~6’~%9 . nO(l)

! n
<9° "Tglog [A[-Tog(g-max A+1)] glog|A] - 0(1)

By our choice of g we get:
§25’0m . TLO(l) < 25’71 . nO(l) _ (2 . 5)71 . nO(l).

But, this directly contradicts SETH. O
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9.2 Counting Problem

Now we move to the proof of the intermediate lower bound for the counting version. By Observa-
tion 9.6, the previous reduction is parsimonious. Hence, the lower bound for the decision version
from Lemma 6.5 directly transfers to the counting version.

Corollary 9.7. Let 0,p C Z>q be two fized and non-empty sets which are finite or simple cofinite.
Suppose there is an A C A that is closed under the inverse with respect to o, p such that there is an
A-manager.

Then, (o, p)-#DOMSETR®™ cannot be solved in time (|A] — €)*+OW) .nOW " eyen if we are given
a path decomposition of width k, and all relations have arity at most O(1), unless #SETH fails.

In what follows, we extend this result to (o, p)-#DOMSETR® where we allow the sets o and p
to also be arbitrary cofinite sets and not only simple cofinite sets. See Figure 6.1 for an illustration
of the process.

Our first step is to allow o to be cofinite. For this we introduce the relation weighted version
of (c,p)-#DOMSETR* For this problem, each accepted input of a relation might be assigned a
weight such that the relation contributes by this factor to the number of solutions, rather than just
contributing 1 in the unweighted case or 0 if the input is not accepted.

Lemma 9.8. Let p be a fized and non-empty set. Let 0,0’ be two fized and non-empty sets where
o s cofinite and o’ is simple cofinite such that max(Zsg \ o) = max(Z>o \ 0’).

There is a trecwidth-preserving reduction from (relation weighted) (o', p)-#DOMSETR® to rela-
tion weighted (o, p)-#DOMSETR® introducing at most O(1) new weights.

Proof. We can obviously assume that o # ¢’. We use the following auxiliary provider in the proof.

Claim 9.9. Let o, p be fized and non-empty. If o is cofinite, then there is a parsimonious {og, o1, po}-
provider which uses relations.

Proof of Claim. Without loss of generality, we can assume that sy, > 7top. Let u be the portal
vertex to which we add a single neighbor, say v. We make v adjacent to sio, additional vertices
V1, .-, Vs, €ach serving as the portal of a new {0s,,,, Pr.;, ;-provider. For ease of notation we let
F = {0syp> Pro - We show that there is a partial solution for each state.

po The vertices vy, ..., v, are selected, which is extended to the o, -state of the F-provider.
The remaining vertices, including v, are unselected, and this is extended to the p, . -states of
the F-providers. Hence, the vertices vy, ..., v, have sy, neighbors from the providers and
no other neighbors. The vertices vy, +1,- -, Usy, have rmin neighbors from the provider and
no other neighbors.

oo The vertices vy, ..., vp,,—1 are selected and the selection is extended to the F-providers. The
remaining vertices are unselected, which is again extended to the F-provider. The vertex v is
unselected and gets 7yp — 1 neighbors from the F-provider, but already has u as a selected
neighbor. The vertices vy, ..., Vs, &€t Tmin neighbors from the F-provider and no other
neighbors since u is unselected.

o1 The vertex v and all the vertices v; are selected, and this is extended to the F-providers. Hence,
they have s¢o, neighbors in the provider and one neighbor outside, namely v. Moreover, u is
selected and has syop + 1 neighbors.10

0This also works for state p;.
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We add a relation which ensures that there are exactly three partial solutions, each corresponding
to one of the mentioned states. By this, all other potential partial solutions are ruled out. N

Observe that when we just replace the set ¢’ by the set o, all previous solutions are still valid.
However, the converse is not true; there might be new solutions which are not valid before as the
degree of some vertex might be less than si,p,. We modify the graph, or rather each vertex v,
such that the degree of v cannot be smaller than sio,. As we work with the counting version, we
additionally introduce (negative) weights which allow us to compensate for some other contribution.
Hence, we change the vertex such that the invalid combinations cancel out.

The basic idea is to add neighbors to v which can be selected almost arbitrarily. By the degree
constraints of v based on the set o, some selections are allowed and some are not. We add weights
w; based on the number of additional vertices v gets as neighbors such that in total the vertex
behaves as if it would have set o’.

Formally, we apply the following modification for each vertex v € V(G). To simplify notation
set Z = {00,071, p0}. Note that, by Claim 9.9, a Z-provider exists (if we allow additional relations).
We introduce si, copies of the Z-provider with v as portal. Let vy,...,vs,, be the neighbors
of v in these copies. We add a relation R observing v,v,...,vs,, which ensures that if v is
selected, then there is always a v € [0.. s¢op ] such that the vertices vy, ..., v, are selected and the
vertices U1, ..., Us,, are not selected. Moreover, if v is unselected, then the relation R enforces
that vi,...,vs,, are unselected. If exactly the vertices v,v1,...,v, are selected, then the relation
accepts with a weight w., which is defined shortly. To conclude the construction, it remains to define
the weights w;.

If v is adjacent to « selected neighbors in the graph (excluding the vertices v1,...,vs,,), then
by the degree constraints of o, we can only select vertices v1,...,vy such that a+v € 0. Moreover,
these valid weights have to sum up to 0 if o < s¢op, and sum up to 1 if o > syp. Formally, we have
to define the weights w; such that the following equation holds for all & € [0.. s¢0p |:

By 1 a>s
— 9top

= : 9.4
Z “ { 0 else (94)
v=0:

a+yEo

Claim 9.10. We can (efficiently) find the values for the w;’s such that they satisfy the constraints
from Equation (9.4).

Proof of Claim. Observe that there are sy, + 1 unknown values and sg,p 4+ 1 many constraints. We
get that siop — 1 ¢ o since syop > 0. From the definition in Equation (9.4), the sums for a = sqop
and a = sgop — 1 differ by exactly one weight, namely wg. Hence, we can determine the value for wg
and eliminate it from the constraints. Repeating this procedure yields a solution for the equations
and provides the values for all w;. N

It remains to show that we can actually select the vertices correspondingly. First, assume that
v is unselected. Then, all vertices v; must be unselected. That is, each Z-provider gives state pgy to
.

Now, assume that v is selected. Then, the first v many Z-providers give state o1 to v, and the
remaining providers give state og to v. This precisely corresponds to the case when the vertices
v1,...,Vy are selected and the vertices v.,...,vs,, are unselected. The weight of the relation is
then w,.

The relation R has arity siop + 1. Hence, we can duplicate one bag containing v and add all sy
vertices vy, ..., Vs, to that bag. Then, the closed neighborhood of the relation is contained in one
bag. As o is fixed, syop is a constant, and hence, treewidth increases by a constant only. O
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Similarly to the previous result, we show the following dual result, that is, we allow p to be
cofinite.

Lemma 9.11. Let o be a fizred and non-empty set. Let p, p’ be two fized sets where p is cofinite and
P is simple cofinite such that max(Z>o \ p) = max(Z>o \ p').

There is a treewidth-preserving reduction from (relation weighted) (o, p')-#DOMSETR®" to rela-
tion weighted (o, p)-#DOMSETR®™ introducing at most O(1) new weights.

Proof. We use the following auxiliary provider in the proof which complements the result from
Claim 9.9.

Claim 9.12. Let o,p be fixed and non-empty. If p is cofinite, then there is a parsimonious
{00, po, p1}-provider which uses relations.

Proof of Claim. Let u be the portal vertex and make it adjacent to a new vertex v which serves as
the portal of a {0, Pr,p, -provider. Once more we let F' = {0, pr,, } to simplify notation.

For states og and pg, v is unselected which is extended to the F-provider. Hence, v has at least
Ttop Neighbors.

For state p1, v is selected which is again extended to the F-provider. Hence, v has spyin neighbors
as u is not selected.

We add a relation which ensures that there are exactly three partial solutions, each corresponding
to one of the mentioned states. By this all other potential partial solutions are ruled out. N

The proof follows precisely the same idea as before. The most notable difference is that we use
Z-providers where we now have Z = {0y, po, p1}, that is, the state o1 is not allowed, but the state
p1 is allowed. Observe that this is not an issue as we never need to add neighbors to v if the vertex
is selected, actually the relation forbids to add neighbors to v in this case.

Then, the remaining part of the proof follows in precisely the same way. O

In the next step, we remove the weighted relations by allowing weighted vertices. In this setting,
the vertices contribute with their weight to the solution whenever they are selected.

Lemma 9.13. There is a treewidth-preserving reduction from relation weighted (o, p)-#DoMSETRE"

with O(1) different weights for each relation to vertex weighted (o, p)-#DOMSETRE with the same
weights.

Proof. Let R be a weighted relation assigned to a complex vertex v such that R uses ¢ many weights
wi, ..., wg. We make v adjacent to ¢ many new vertices v1,...,v. Each of these vertices is the
portal of a parsimonious {p,,_, , 05, }-provider with relations. For all i € [1..q], we assign weight
w; to vertex v;. Moreover, we replace relation R by an unweighted relation R’ which observes the
same vertices as R and additionally also the vertices v1,...,vs. The new relation R’ behaves (i.e.,
accepts or rejects) in exactly the same way as R on the vertices observed by R, but whenever R
accepts with weight w;, R forces the vertex v; to be selected and all the vertices v; with i # j to
be unselected.

It remains to argue that the reduction increases the treewidth only by a constant. By assumption
there is a bag containing v and its closed neighborhood. We duplicate this bag and add the new
vertices vi, ..., v, to the copy. For each v;, we duplicate this new bag and add all the vertices from
the provider to it. Observe that the size of each {py, . ,0s._ .. }-provider with relation is bounded by
a constant, as the size depends only on ¢ and p, and these two sets are fixed. Hence, the width of
the decomposition increases by an additive term of at most O(1). O
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The last step now finally removes the weights from the vertices, and thus, also from the instance.

Lemma 9.14. There is a treewidth-preserving reduction from vertexr weighted (o, p)-#DoMSETRE!
with O(1) different weights to unweighted (o, p)-#DOMSETR® without changing the arity of the
relations.

Proof. We use the known interpolation techniques to remove the weights. Assume there are ¢
different weights. We replace each weight w; by a variable x; and treat the output as a polynomial
P in the ¢ variables x1,...,x,. Observe that there are at most n vertices, and hence, the total
degree is at most n for each variable. Hence, if we can realize n 4+ 1 different weights for each
variable xz;, then we can use Lemma 2.5 in [17] to recover the coefficients of P in time polynomial
in n. Then, we can output P(wi,...,w,) to recover the original solution.

It remains to realize n + 1 different weights for each variable. For this it certainly suffices to
realize weights of the form 2°.

Let v be the vertex for which we want to realize weight 2¢. For this we introduce i new vertices
v1,...,v; which are all portals of a parsimonious {p,_. ,0s . }-provider with relations. Moreover,
we add complex vertices u1,...,u;. Vertex u; is adjacent to v and v;, and we assign relation R to
it. This relation R ensures that if v is unselected, then v; must also be unselected. Otherwise, v;
can be selected or unselected. Whenever v is selected, there are two options to select v;, and hence,
this part contributes a factor of 2° to the solution. If v is unselected, then there is only one solution
which is enforced by the relations, and hence, contributes a factor of 1.

It easily follows that this modification does not change the treewidth too much. Indeed, whenever
v is in a bag, we can add each uj, v;, and the corresponding {cs, ., Pr, ;-provider together with
the relations one after the other to the bag. By the size bound for the {0, pr,, }-provider, the
claim follows. O

Combining all the previous results, we get the intermediate lower bound for the counting version
in Lemma 6.8 which we restate here for convenience.

Lemma 6.8 (Lower Bound for (o, p)-#DOMSETREY). Let o, p C Zsg be two fized, non-empty and
finite or cofinite sets. Suppose there is an A C A that is closed under the inverse with respect to o, p
such that there is an A-manager.

Then, (o, p)-#DOMSETR®" cannot be solved in time (JA| — )P0 .nO00) eyen, if we are given
a path decomposition of width k, and all relations have arity at most O(1), unless #SETH fails.

Proof. Observe that we only have to consider the case when one of the sets is cofinite. Otherwise,
the lower bound follows directly from Corollary 9.7.

Assume, without loss of generality, that o and p are cofinite, but not simple cofinite. Let o/ C o
and p’ C p be simple cofinite sets such that max(Z>o \ 0) = max(Z>o \ 0’) and max(Z>¢ \ p) =
max(Zxo \ o).

We start with an instance G of (o/, p')-#DoOMSETR® where all relations have arity O(1). We
sequentially apply Lemmas 9.8, 9.11, 9.13 and 9.14 to obtain polynomially (as we allow Turing-
reductions) many instances H; of (o, p)-#DoMSETR®:. By the properties of the treewidth-preserving
reductions, we get that tw(H;) < tw(G) + O(1) and |H;| < |G|°M). Moreover, the arity of the rela-
tions increased by at most a constant.

Now, assume that the algorithm from the lemma exists for some € > 0 and apply it to all
(0, p)-#DOMSETR®" instances H;. Recovering the solution for G takes in total time

Z(|A| — 5)tW(Hi)+O(1) . |Hz’0(1) + |G|O(1) _ (|A’ _ 6)tW(G)—&-O(l) . |G‘O(1)

7
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By Corollary 9.7, this immediately contradicts #SKETH, and hence, finishes the proof. O

10 Realizing Relations

As the third and last step for the lower bound, we wish to express arbitrary relations using graphs
with portals. In particular, for a given d-ary relation R, we wish to construct a graph with portals
whose compatible language is equivalent to R. We call such a graph a realization of R. Further, we
wish to be able to add a (realization of) a relation to a set of vertices, without invalidating the o-
and p-constraints of these vertices. Hence, we require that a realization does not add any selected
neighbors to the portal vertices.

We first prove the result for the decision version, that is Lemma 6.6, where we ensure that the
size of a realization of some relation is always bounded by a function in the arity d, riop, and siop.
For the counting version, the situation is not that simple. Indeed, for the proof of Lemma 6.9 we
do not give a self-contained construction as for the decision version, but a sequence of reductions
from (o, p)-#DOMSETRE to (o, p)-#DOMSET. We prove this result in Section 10.2.

10.1 Decision Problem

As mentioned above, we want to replace a relation R by a graph that realizes R. Recalling Defini-
tion 3.7, we can define a realization of R as an Lg-realizer for a language Lr C {po, 0}? such that
each string « € Lp 1-to-1 corresponds with an element in r € R, where z[i] = op if and only if
1Eer.

Definition 10.1 (Realization). For an integer d > 1, let R C o1+ denote a d-ary relation. For
an element r € R, write x, for the length-d string that is oo at every position i € r and pg at the

remaining positions,
. oo ifier,
1] = {

po otherwise.

Now, define Lg as
Lgr =A{z, | r € R}.

Let H = (G, {u1,...,uq}) denote a graph with d portals. Slightly overloading notation, we say that
H realizes R if H realizes Ly, that is, if L(H) = Lr. We say that R is realizable if there is a graph
with d portals that realizes R.

10.1.1 Realizing Simple Auxiliary Relations

As a first major step, we show how to realize simple auxiliary relations. We then use said realizations
as crucial building blocks when realizing arbitrary relations.

We start with a helpful gadget to ensure that a vertex v is selected (with s, selected neighbors)
in any partial solution, that is, how to realize the language {0, }-

Lemma 10.2. Let o and p denote finite and non-empty sets with 0 & p. Then, there is a {0s,,, }-
realizer (RStop, u). !

Proof. We start with a useful helper gadget.

"It is also possible to obtain a {os,,, }-realizer for all non-empty (but not necessarily finite) p with (i) 0 ¢ p and
for some r € p we have 7+ 1 ¢ p or (ii) tmin > 1. However, as we need {os,,, }-realizers for finite p only, we instead
opted for simplifying our construction.
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(a) The {os,,, }-provider for Case 1, when 0 < sy < (b) The {os,,, }-provider for Case 2, when Sy, >

rmin- Observe that not selecting the portal vertex ry;, > 1. Observe that not selecting the portal vertex

violates the p-constraints of the portal vertex. violates the p-constraints of at least one vertex from
the independent set I.

: AN

B
|B| = reop + 1

>
S . Psmin)

(¢) The {os,, }-provider for Case 3, when
Smin = 0, "min > 1. Observe that not selecting
the portal vertex violates the p-constraints of at least
one vertex from B.

Figure 10.1: The gadget constructions from Claim 10.3.

Claim 10.3. There is a {os_,, }-provider (Psiin,u) with the additional property that L(G,{u}) C
{Ui €S ’ Smin < 7,}

Proof of Claim.

Recall that we need to construct a graph G := Psflin with a single portal vertex u that satisfies
{05} € L(G,{u}) C{0i €S| sSmin < i}. We consider three cases.
Case 1: 0 < Spin < Tmin. We choose G to be a clique of size sy + 1; we declare any of the
vertices to be u; consult Figure 10.1a for a visualization.

Now, suppose that one of the vertices of G is unselected and call said vertex v. Then, v needs
at least rpin selected neighbors. However, v can have at most Spin < rmin selected neighbors, and

thus, v cannot be unselected. Symmetrically, all other vertices of G need to be selected as well.

Case 2: Spin > Tmin > 1. We construct G as follows. Starting from a clique C = K, 41 (of
S$min + 1 vertices) and an independent set I = Ir(s, . 11)/rin1 (Of [(Smin +1)/7min]| vertices), we add
Tmin * | (Smin + 1)/7min | edges between C' and I such that each vertex in I has a degree of exactly
rmin, and such that every vertex in C' is adjacent to at least one vertex in I. It is readily verified
that this is always possible. Finally, we pick any vertex from C to be the portal vertex u. Consult
Figure 10.1b for a visualization.

Now, first observe that we cannot select any vertex from I in any partial solution, as by smin >
Tmin, any selected vertex in I may never have at least spyin selected neighbors. However, if all
vertices in I are not selected, then any vertex neighboring a vertex in I must be selected (as the
degree of any vertex in I is exactly rmin). Hence, every vertex in C' must be selected, and thus, has
Smin selected neighbors.
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Figure 10.2: The main construction of Lemma 10.2: we use the providers from Claim 10.3 to obtain
(Rstop, {u}). Observe that u has exactly smin + (Stop — Smin) = Stop Selected neighbors, smin selected
neighbors from inside the provider and (siop — Smin) selected neighbors from the selected portals of
the other instances of the provider. For providers, only their portal vertex is depicted.

Case 3: Spin = 0,7min > 1. We choose G to be a complete bipartite graph with bipartition (A, B)
such that |A| = rmin, |B| = 7tep + 1.2 We pick an arbitrary vertex u in A as the portal vertex u.
Consult Figure 10.1c for a visualization.

Suppose that u is not selected. Then, every vertex in B can have at most rp;, — 1 selected
neighbors, which means that every vertex in B must be selected. In this case, u would have 7, + 1
selected neighbors, which is not feasible. Therefore, u must be selected. If u is indeed selected, then
selecting every vertex in A and leaving every vertex in B unselected yields a solution for which u
has spin = 0 selected neighbors. <

Finally, we use Claim 10.3 to construct a {os,,, }-realizer (Rstop, {u}) as follows. As our graph
G = Rstop, We USE Stop — Smin + 1 > 1 independent copies ((Ps=; )@, {u}) of the provider from

min
Claim 10.3, and connect the vertices u to a (Stop — Smin + 1)-clique. We choose any of the vertices
19 to be the portal vertex u.
By Claim 10.3, all vertices u() are selected in any partial solution for (G,{u}) with the ad-
ditional guarantee that each vertex u(® already has at least spyin selected neighbors inside of the
corresponding helper gadgets. Hence, each vertex u(® (and in particular u) has exactly siop selected

neighbors, which completes the proof. O

Recall from Definition 9.1 that we denote by Hw(:d% the d-ary Hamming Weight One relation
where exactly one portal must be selected, and by EQ the d-ary Equality relation where either all
or no portals must be selected. We first realize these two types of relations which we then use to
construct arbitrary relations.

Lemma 10.4. Let 0,p denote finite non-empty sets with 0 ¢ p.'> Then, for all k > 1, Hw(:kl) 18

realizable.

Proof. We construct a graph with portals H = (G,U) with L(H) = Hw(:’? Write U = {uy,...,ux}
to denote the k portals of H. We distinguish three cases.

2Tnstead of riop, any value 7 € p with r 4+ 1 ¢ p suffices.
13Technically, the existence of a {0s4op t-realizer, as well as 1 < r, 7' € p with r — 1,7 4+ 1 ¢ p, are enough to realize

HW).
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‘ ® Ttop ®

A w Ttop — = . w\@ 7“top -1
Rstop©/ \ORStop Rsop @——0 ‘ Rstop || (=r—1)
o U1

[ J
ki) R'Stop Rstop©/ k) Rstop
HW>7 HW>
(a) The construction in Case 1, when there is an r € p (b) The construction in Case 2, when p =[1..r] for
withr>2and r—1 ¢ p. some 7 > 2.
T
Rsop 712//©
| e
J :
U1 .
(k)
HW>

(c) The construction in Case 3, when p = {1}.
Figure 10.3: The gadget constructions from Lemma 10.4 for realizing Hw(:kl) For realizers, we depict
only their portal vertices; we depict an arbitrary vertex from U as being selected.

Case 1: There is an r € p with » > 2 and r — 1 ¢ p. We create two additional vertices
v and w, and make both adjacent to each portal w;. Further, we take » — 1 independent copies
((Rstop) V), ul®D)) of the realizer from Lemma 10.2, and connect v to the r — 1 vertices u(*!). Next,
we take ryop — 1 independent copies ((Rsgop) 2, u(#?)) of the realizer from Lemma 10.2, and connect
w to the ry,, — 1 vertices 12 Consult Figure 10.3a for a visualization.'

To see that H realizes Hw(zkl), first observe that by Lemma 10.2, any vertex u®** is always selected
with siop selected neighbors (inside of the corresponding realizer). Hence, no neighbor of any u)
outside the corresponding realizer can be selected. In particular, v and w have to be unselected.

Since r — 1 & p, at least one portal vertex uq, ..., u; must be selected into the solution to satisfy
the p-constraint of v. Further, as p is finite and w already has 7o, — 1 selected neighbors, at most
one of the k portal vertices uq,...,ur can be selected. Thus, we must select exactly one portal
vertex into the solution, completing the proof for this case.

Case 2: p=[1..r] for r > 2. We create three additional vertices vy, vs, and w, and make vo
and w adjacent to each portal u;. Further, we take r independent copies ((Rstop)(i 1) 4D of the
realizer from Lemma 10.2, and connect v; to the r vertices ulb 1) we also connect v; and vy. Next,
we take ryop — 1 = r — 1 independent copies ((Rsiop) 2, u(%?)) of the realizer from Lemma 10.2, and
connect w to the r — 1 vertices u(*2). Consult Figure 10.3b for a visualization.

Y1f p is not finite, we can use the following construction: we create (S) + 1 additional vertices v and w; for all
i1 C [1..k] with |¢§| = 2. Vertex v is adjacent to all portal vertices and to » — 1 pendent nodes where each node is
the portal of an attached realizer from Lemma 10.2. For each ¢ C [1..k] with |i| = 2, say ¢ = {i1,i2}, we make
w; adjacent to the portals u;, and w,,. Additionally, w; is adjacent to r’ — 1 pendant nodes where each node is the
portal of an attached realizer from Lemma 10.2.
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Figure 10.4: The two solutions of the gadget construction from Lemma 10.5 and Corollary 10.6 for
realizing EQ%). For realizers, we depict only their portal vertices; we use hexagons to depict that
some relation is realized between the vertices connected to said hexagons.

As in Case 1, v; and w must be unselected. Now, observe that v must also be unselected as vy
already has r selected neighbors and r + 1 ¢ p. As 0 ¢ p, at least one of the non-v; neighbors of vy
must be selected, that is, at least one of u1, ..., u; must be selected. Finally, observe that ryp, = 7,
so as in Case 1, the vertex w ensures that at most one of the vertices uy, ..., u; is selected. This
completes the proof in this case.

Case 3: p = {1}. We use the same construction as in Case 2, but we remove the vertex w.
Consult Figure 10.3c for a visualization.

The constraint that exactly one portal is selected follows already from the properties of vy as
it needs exactly one selected neighbor. This completes the proof for the final case, and hence, also
the proof of the lemma. O

Lemma 10.5. Let o, p denote non-empty sets. If ng can be realized (for o,p), then EQ®) can be
realized for any k > 1 (for o,p).

Proof. First, observe that we can easily realize EQ) by a graph that consists of a single portal
vertex.

Now suppose that k& > 2. We construct a graph with portals (H,U); write U = {uq,...,ug}. We
add a single {p,_. ,0s . }-provider (G, {u}) from Lemma 7.1.'° Finally, we (separately) realize ng
between u and each of uy, ..., u; using some construction (which exists by assumption). Consult
Figure 10.4 for a visualization.

To see that H realizes EQ%), first observe that if at least one portal vertex wu; is selected, then

v is forced to be unselected by the ng relations. This forces the remaining portal vertices to be

selected. (Also recall that, by Definition 10.1, neither v nor the k portals u; may have any selected

neighbors in the gadgets realizing the ng relations.)

Second, if no portal u; is selected, then we can get a valid solution by selecting v, which completes
the proof. O

'5Here it is not important that we use 7min and smin, that is, any pair of r € p and s € o would suffice.
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Under the assumptions of Lemma 10.4, HW. ] can be realized, and hence, we get the following
result.

Corollary 10.6. Let o, p denote finite non-empty sets with 0 ¢ p. Then, EQ®) is realizable for any
kE>1.

10.1.2 Realizing Arbitrary Relations

As promised, we proceed to realize arbitrary relations.

Lemma 10.7. There is a fized non-decreasing function f : Zzog — Z>o that satisfies the following.
Let o, p denote finite non-empty sets with 0 ¢ p, and let QQ C 2[4l denote an arbitrary relation
giwen as a truth table. Then, Q is realizable by a graph of size at most f(d, Stop; Ttop)-

Proof. We intend to follow the construction from [18]. However, we need to modify their construc-
tion to account for the fact that we are selecting vertices rather than edges.

Write Q = {q1,...,q|q|}, where ¢; C [1..d]. We construct a graph with portals H = (G, U)
with U = {uy,...,uq}. Foreach set ¢;, weadd |[1..d]\¢]| independent copies (P{p,.. ,0s . },s"))
and an extra copy (P{pr.. ,0s . },t%) of a {p, . 05 }-provider from Lemma 7.1 to G. Next,
using Corollary 10.6, we realize an EQUI!--41\eil+1) relation between the vertices s@*) and #*. Using
Lemma 10.4, we realize a ng?‘) relation between the vertices t*. Finally, using Lemma 10.4, for
each j € [1..d], we realize a HW_; relation between u; and all vertices s*. Consult Figure 10.5
for a visualization of an example.

Claim 10.8. The constructed graph H realizes Q.

Proof of Claim. We first define a solution for a given ¢; € Q). We select the portal vertices u; with
j € ¢;. In addition, we select t() and all vertices s(*). We do no select any other vertices u,, s**)
or t). Observe that the {p,_. o, . }-providers ensure that both selecting or not selecting a vertex
s%) or t®) satisfies the o-constraints and p-constraints on these vertices. Hence, it remains to
convinces ourselves that our selection satisfies all relation constraints on the vertices of H that we
introduced.

To that end, observe that we selected exactly one vertex t™*), which satisfies the HWQ?D relation
between the vertices t*). Next, observe that we selected all vertices s(i*) together with @ which
satisfies the EQ™-relation on these vertices; for all remaining EQ® relations, all corresponding
vertices are unselected (which in turn also satisfies said EQ™ relations). Finally, for each j € [1..d],

we select either u; (if j € ¢;) or 5(07) (if 7 ¢ qi); as we select no other vertices wu, or s&%) the

remaining ng are also satisfied. In total, we conclude that our selection is a valid partial solution

for H.

Now, assume that we are given a partial solution (and a corresponding set of selected vertices).
As the relations are satisfied, there is exactly one vertex ¢ that is selected. By the EQ™) relations,
we also get that all s0+7) are selected for j € [1..d]\ ¢, and that all remaining s**) are unselected.
Finally, from the remaining HW—; relations, we get that, for each j € [1..d] \ g;, the portal w; is
unselected (as s("7) is already selected), and that, for each j € ¢;, the portal uj is selected (as all
vertices s(7) are unselected in this case, as i’ #4). In particular, the indices of the selected portals
correspond to ¢;, which completes the proof of the claim. <

For the bound on the size of H, observe that |Q| < 2%, the size of a {p, . ,0s_ . }-provider is
upper-bounded by a function in 7y, and sy (see Lemma 7.1), the size of a realization of HW(:kl),
according to Lemma 10.4, is at most some function in rap, siop, Kk, and the size of a realization
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Figure 10.5: The realization of @ = {{1,2},{1,2,3,5},{4,5}} and its three partial solutions. For
providers, we depict only their portal vertices; also we write P{py, 05} for P{pr_, ,0s.. }. Further,
hexagons depict relations that are realized between vertices.
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of EQ®) is upper-bounded by a function in k, the size of an HW i—gadget, and the size of the
{Proins Osmin p-Provider. In total, this concludes the proof. O

As the final step we have to prove Lemma 6.6.

Lemma 6.6 (Removing Relations in the Decision Version). Let o, p denote finite, non-empty sets
with 0 ¢ p. If all relations have arity at most O(1), then (o, p)-DOMSETRPL <, (0, p)-DOMSET.

Proof. Let G be an instance of (o, p)-DOMSETR where all relations have arity at most O(1).

We use Lemma 10.7 to replace each relation by its realization. Let H be the resulting graph.
A given tree decomposition of G is modified as follows. For each relation R, there is a bag Xpg
containing R and the neighborhood of R. We duplicate the bag Xr and add all the vertices of the
realization to the copy of the bag.

As the arity of each relation is constant and we only add vertices of one realization to a bag, we
get tw(H) < tw(G) + O(1). Hence, the reduction is treewidth-preserving. O

10.2 Counting Problem

In this section, we show that if (o, p)-#DOMSET is not polynomial-time solvable, then it is suf-
ficiently expressive to realize arbitrary relations (unless o is cofinite with p = Z>¢). In order to
formally state this result in Theorem 10.9, we first need some notation.

Let €9 be the set of all finite and cofinite subsets of Z>q, and let Q :== Qo \ {@}. Let (o, p) € Q2.
For some non-negative integer k, let P be a set of pairs {(¢®, p®) € Q2 | i € [1..k]}. For ease of
notation, let (¢(?), p(©) := (o, p). We now define a generalization of (o, p)-#DOMSET that allows us
to augment the problem with additional constraints specified by P in order to obtain more modeling
power.

The problem (o, p)-#DoMSET” takes as input some graph G together with a mapping A\: V(G) —
[0..k], and outputs the number of sets S C V(G) with the following properties:

e For each v € S, we have |[N(v) N S| € cA®),
e For each v ¢ S, we have |[N(v) N S| € pA®),

If P is the empty set, then we also drop the superscript and simply write (o, p)-#DOMSET. In this
case, it also suffices to take as input only the graph G and assume that A is constant 0. We also
refer to S as a solution of (o, p)-#DOMSET” (on input G, \). For a less formal but more convenient
specification of A\, we say that a vertex v with A(v) =i is a (U(i), p(i))—vertezrz.

Sometimes we restrict the problem (o, p)-#DoMSET” to instances for which certain pairs from
P are used only a constant number of times (w.r.t. the number of vertices in G). To this end, for
some positive integer ¢, we say that a pair P € P is c-bounded if we restrict (o, p)-#DoOMSET” to
instances G, A\ with |A™1(P)| < c.

When working with (o, p)-#DoMSET” | it is helpful to generalize some definitions from Section 3.
For a graph G with portals U and a mapping A\: V(G) — [0.. k], the tuple G = (G, U, \) is a gadget
for (o, p)-#DoMSET”. Again, we drop \ if P = @. Then, a partial solution of (G,U,\) is a set
S C V(G) with:

e For each v € S\ U, we have [N (v) N S| € o).

e For each v ¢ SUU, we have [N(v) N S| € py)-

89



Let n = |V(G)|. Recall that A, = {00, - ,0n,p0, - ,pn}. Recall that a partial solution S
witnesses the string x € Ag if, for each u € U, we have

{O‘Z ifues
z[u] =

p. otherwise

where z :== |[N(u) N S|.

Then, for z € AY| extg(z) is the number of partial solutions of G that witness . We also refer
to this as the number of extensions of x (to the gadget G).

With an eye to Fact 3.3, recall that a pair (o,p) € Q2 is trivial if p = {0} or 0 = p = Z>o.
Otherwise, we say that (o, p) is non-trivial. Sometimes the following notation is useful. For a set 7
of non-negative integers (think of o or p) and an integer i, let 7 —i:={k—i |k € 1,k —i > 0}.

Now we can state the main result of this section. Recall the definition of (o, p)-#DoOMSETRE:
as defined in Section 6.

Theorem 10.9. Let (0, p) € Q2 be non-trivial. If p # Z>q or o is finite, then (o, p)-#DOMSETRPL <,
(0,p)-#DOMSET.

We state some intermediate results. Recall Figure 2.4 from Section 2.2 for a more detailed
overview of the steps involved in order to reduce from the problem with relations to the one without.

Lemma 10.10. Let (0, p) € Q2 be non-trivial. If p = Z>q and o is finite, then (o, p)-#DOMSETR®" <,
(0, p)-#DOMSET.

Lemma 10.11. Let (0,p) € Q2 be non-trivial. If p # Z>, then we have (o, p)-#DoMSETREN <,
(a, p)_#DOMSET{(Qvl’),(U,Q)}'

Given a set of pairs P from Q2 and a pair (¢, p') € Q2, we use the shorthand P + (¢/,p) for
the set PU{(c’,p')}.

Lemma 10.12. Let (0, p) € Q* be non-trivial with p # Z>o. Let P be some (possibly empty) set of
pairs from Q3. Then, (o, p)—#DOMSETPH@’pH(U’@) <uw (0, p)-#DoMSET”.

Proof of Theorem 10.9. For the case p = Z>q, the proof of Theorem 10.9 directly follows from
Lemma 10.10, which we prove in Section 10.2.2. Otherwise, it follows from Lemma 10.11 together
with Lemma 10.12 (applied to an empty set of pairs P), which we prove in Sections 10.2.1 and 10.2.3,
respectively. O

10.2.1 Realizing Relations by Forcing Selection Status

The main result of this section is to prove Lemma 10.11 which shows that if we assume that we can
force (o, p)-vertices to be selected, and if we additionally assume that we can force such vertices to
be unselected, then we can model arbitrary relations.

In this section, we use P to refer to a set of pairs from Q%. We first start with an auxiliary result
that we use several times in the following.

Lemma 10.13. Let (0,p) € Q% with s € o, v € p, and v > 1. There is a graph G with a vertex
u such that there are disjoint (o, p)-sets X and Y of G such that X UY = V(G), u € X with
IN(u)yNX|=s, and u &Y with |[N(u)NY|=r.
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Proof. Let G consist of 2r cliques Xi,...,X,,Y1,...Y,, each of size s + 1. For i € [1..7], let
:L'(()Z), e ,xgl) be the vertices of X;, and let y((]z),...,ygl) be the vertices of Y;. These cliques are
connected in a way that they form bicliques indexwise, that is, for each ¢ € [1..r] and each

(@)

J € [0..s], the vertex x;” is adjacent not only to the vertices in its clique X;, but also to the

vertices yj(-l), ey ](-T). Let u = :vgl). Note that both X = J;_,; X; and Y = (J,_, Y; are (o, p)-sets
of G, where u € X with [N(u)NX|=s, and u ¢ Y with |[N(u) NY|=r. O]

Note that the requirements of Lemma 10.13 are always fulfilled if (o, p) is a non-trivial pair in
Q2. In this case, both o and p are non-empty, and p # {0}.

In a first step, we show how to remove arbitrary relations using only HW—; relations. Recall
that (o, p)-#DOMSETR®" allows arbitrary relations to appear. For some relation R, we write
(0, p)-#DoMSETE as the restricted problem where only the relation R might appear, that is, other
relations are not allowed.

Lemma 10.14. Let (0, p) € Q2 be a non-trivial pair. Then, (o, p)-#DOMSETREL <, (0, p)-#DOM-
SETH=1_ [f the arity of the relations is initially bounded by O(1), then the reduction preserves this

property.

Proof. Recall that in Lemma 10.5, we realize EQ™) relations just using HW_; relations and {os, pr}-
providers for some s € o and r € p. Observe that this construction is actually parsimonious
whenever the {0y, p, }-providers are parsimonious. In Lemma 10.7, this result is extended to realize
arbitrary relations. Once more this construction is parsimonious whenever the {os, p, }-providers
are parsimonious. To use this construction we claim that there is actually such a provider.

Claim 10.15. There are s € o and r € p such that there is a parsimonious {os, p, }-provider that
uses HW—y relations.

Proof of Claim. There are s € 0 and r € p with s > 0 and » > 1 since both ¢ and p are non-empty,
and additionally p # {0} because of non-triviality. Then, we can use Lemma 10.13 to get a graph
G with a vertex w such that there are two solutions Sy and S; partitioning the vertex set of G
satisfying w ¢ Sp, |N(w) N Sp| =r, w € S1, and |[N(w) N Si| = s.

For each pair of vertices v € Sy and uw € 51, we add a complex vertex with relation HW_; that
is adjacent to v and u. The HW—; relations ensure that in each partial solution either all vertices
from Sy are selected and none from S7, or all vertices from S7 are selected and none from Sy. The
complex vertices are unselected by definition, and hence, do not give any neighbors to other vertices.
As the gadget does not contain any other vertices, it has precisely these two partial solutions. <

Using Claim 10.15, we can use the construction from Lemmas 10.5 and 10.7 to replace all relations
by appropriate gadgets. As the arity of each relation is constant, the size of the graph replacing the
relations is also constant. O

In the following, we show how to remove the HW_; relations. By doing so, we essentially are able
to remove arbitrary relations when applying Lemma 10.14 first.
We show for the following pairs in P that we can realize HW_1:

@,{1}) in Lemma 10.16,

(
e (2,{0,1}) in Lemma 10.17,
e (@,Z>1) in Lemma 10.19,

(

e ({0},Z>p) in Lemma 10.20,
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Figure 10.6: The construction of instance I/, from Lemma 10.17 to replace a HW—; relation between
the vertices in Z.

e {(2,p),(0,2)} in Lemma 10.11.
We start with the easiest case.

Lemma 10.16. Let (0,p) € Q2 be non-trivial. If (@,{1}) € P, then (o, p)-#DOMSETR® <,
(o, p)-#DomSET”.

Proof. We use a simple reduction from (o, p)-#DoMSET™=! and apply Lemma 10.14. From an
instance I of (o, p)-#DOMSET™=! we create an instance I’ of (o, p)—#DOMSET7> as follows. For
each complex vertex z with relation HW_;, we completely connect N(z) to a new (&, {1})-vertex 2’.
Then, we remove z. It is straightforward to see that the solutions of I and I’ are in a one-to-one-
correspondence. Since the neighborhood of a complex vertex in I is considered as a clique, by the
definition of the treewidth of I, the treewidth of I’ is at most that of I. O

Lemma 10.17. Let (o,p) € Q2 be non-trivial. If (3,{0,1}) € P, then (o, p)-#DOMSETR* <.,
(o, p)-#DomSET”.

Proof. We show the reduction (o, p)-#DoMSET™=1 <, (0, p)-#DoMSET”. Then, the statement
of the lemma follows from Lemma 10.14.

Let I be an instance of (o, p)-#DOMSET™=1. Let U be the set of (complex) HW_j-vertices in I,
and let Z = {N(u) | u € U}. Let I’ be the instance I without the vertices in U. I’ can be cast as
an instance of (o, p)-#DoMSET?. Then, the number of solutions of I is identical to the number of
those solutions of I’ that select precisely one vertex from each Z € Z.

By Lemma 10.13, there is a graph J that contains a vertex p such that J has o > 1 (o, p)-sets
that contain p, and it has § > 1 (o, p)-sets that do not contain p. It is not clear whether or not
a = . For a positive integer x, let I, be the instance of (o, p)—#DOMSETP obtained from I’ by
attaching to each set Z € Z a total of = (@, {0, 1})-vertices v, ..., vZ each of which is completely
connected to Z. In addition, there are x copies le e JxZ of the graph J, where each ’UZ-Z is adjacent
to the copy of p in JZ-Z. Consult Figure 10.6 for a visualization of this construction (for a single set
Z).

Note that a solution S’ of I’ for (o, p)-#DoMSET” can only be extended to a solution of I, if,
in each set Z € Z, at most one vertex is selected (because of the attached (&, {0, 1})-vertices). Let
us say that solutions of I’ with this property are good. Suppose in a good solution S’, a set Z € Z
is entirely unselected. Then, there are fy := (a4 ) feasible extensions to its attached copies of J
(o + B for each graph J; since the copy of p can be either selected or not). If in S’ exactly 1 vertex
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of Z is selected, then there are f; = % extensions to the attached copies of J — this time we can
only use the selections of the J;’s for which the copy of p is unselected.

Let a; be the number of good solutions of I’ in which precisely ¢ of the sets in Z are entirely
unselected. (In the remaining sets from Z exactly one vertex is selected.) Let #S(I.) denote the
number of solutions of I/. Then,

1Z]

#S(I) =D ai- fifi"™
i=0

2] 12| fo i
12|

o B ()

=0

Note that #S(I%.) /(o + 8)*12! is a polynomial in ((ow + 8)/B8)* of degree |Z|. Since (a + 3)/8 > 1,
it suffices to choose | Z| different values of x > 0 for the interpolation. This way we can recover the
coefficients a;. In particular, we can recover ag, which corresponds to the number of good solutions
of I’ in which none of the sets in Z are entirely unselected, i.e., in which all of these sets contain
precisely one selected vertex. This is exactly the sought-for number of solutions of I.

Since the neighborhood of a complex vertex u in [ is considered as a clique in the definition
of the treewidth of I, for Z = N(u), we can add all vertices from J7, ..., JZ together with the

vertices v{,...,vZ one after another to a copy of the original bag containing the clique Z. Hence,
the treewidth of I, is at most that of I plus an additive term in O(1). O

We define the relation HW>1 to be the Hamming Weight at least One relation which requires that
not all portals are unselected, that is, at least one of the portals must be selected.

Lemma 10.18. Let (o, p) € Q2 be non-trivial. Then, (o, p)-#DOMSETRE: <y, (0, p)-#DOMSETH=1,

Proof. The proof is similar to that of Lemma 10.17, but uses a different gadget, which leads to differ-
ent numbers of extensions that have to be considered. We show the reduction (o, p)-#DoMSETH=1 <,
(0, p)-#DoMSET™=1. Then, the statement of the lemma follows from Lemma 10.14.

Let I be an instance of (o, p)-#DOMSET™=1. We define U, Z, I', J, a, and j3 precisely as we
did in the proof of Lemma 10.17. When defining I, we divert from the proof of Lemma 10.17. For
a positive integer z, let I’ be the instance of (o, p)-#DOMSET™2>1 obtained from I’ by attaching,
for each Z € Z, a HW>q-vertex vZ. In addition, we attach to each subset Z’ of Z with |Z| = |Z| — 1

a total of x HW>q-vertices ng’zl), e ,vg(EZ’ZI) each of which is completely connected to Z'. Again,
there are also x copies Jl(Z’Z ), cees ;EZ’Z ) of the graph J, where each Ui(Z’Z) is adjacent to the copy
of pin Ji(Z’Z ). Note that some set 7/ may receive multiple such attachments for different supersets

Z.

Note that a solution S’ of I’ for (o, p)-#DOMSET” can only be extended to a solution of I, if,
in each set Z € Z, at least one vertex is selected (because of the attached HW>j-vertex v?). Let
us say that solutions of I’ with this property are good. If, in a good solution S’ of I’, some Z’
has at least one selected vertex, then there are f; := (a + ()* feasible extensions to the graphs

Jl(Z’ZI)7 cee J;EZ’Z/) (o + B for each graph Ji(Z’Z,) since the copy of p can either be selected or not).

If in S" no vertex of Z’ is selected, then there are only fy := (o + 8)* — 8% extensions (all copies of
p unselected is not possible). Continuing from this, we say that if a set Z € Z contains at least 2
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selected vertices (from S’), then it is undesired, and if it contains precisely 1 selected vertex, then
it is desired.

For an undesired set Z € Z, there is at least one vertex selected in each of the |Z| corresponding
subsets Z’ (this gives a total of f1|Z| extensions to the graphs J*(Z’*)), whereas, for a desired set

Z, there is exactly one subset Z’ that is entirely unselected (which gives a total of f1(|Z|_1) - fo
extensions). Now, let a; be the number of good solutions of I’ in which precisely 4 of the sets Z € Z
are undesired. Let #S(I)) denote the number of solutions of I. Then,

|Z]
Z Z|—
#s@)=>"a-[ [ £ I A%V
i=0 undesired Z€Z desired Z€Z
|Z]
Z|—1 i —1
— lzjzezﬂ | )Zalfl (|]Z|
=0
_fzzez<|Z|1>f|zy§aw( (a+B)" >
2 = \a+p)r-pr)

Note that #S(17,)/F is a polynomial in (a+ 3)*/((a+ )* — %) of degree | Z|. Since o, f > 1, the
values of (a+ 5)*/((a + B)* — %) are defined and distinct for different x > 0. It suffices to choose
|Z| different values of z > 0 for the interpolation. This way we can recover the coefficients a;. In
particular, we can recover ag, which corresponds to the number of good solutions of I’ in which all
of the sets in Z are desired, i.e., in which all of these sets contain precisely one selected vertex. This
is exactly the sought-for number of solutions of I.

As in the proof of Lemma 10.17, we can argue that the treewidth of I, is at most that of I plus
an additive term in O(1). O

As a next step, we replace the HW>; relations by some appropriate vertices as we did previously
for the HW_; relations.

Lemma 10.19. Let (a,p) € Q2 be non-trivial. If (@,Z>1) € P, then (o, p)-#DOMSETR®: <,
(o, p)-#DomSET”.

Proof. This is a straightforward reduction from (o, p)-#DOMSET™>1 to (o, p)-#DoMSET?. The
statement of the lemma then follows from Lemma 10.18.

From an instance I of (o, p)-#DOMSET™>1 we create an instance I’ of (o, p)-#DomSET” by
completely connecting, for each (complex) HW—;-vertex z, the neighborhood N(z) to a new (&, Z>1)-
vertex 2z’. Then, we remove z.

It is straightforward to see that the solutions of I and I’ are in a one-to-one correspondence.
Since the neighborhood of a complex vertex in I is considered as a clique in the definition of the
treewidth of I, the treewidth of I’ is at most that of I. O

Lemma 10.20. If ({0},Z>0) € P, then (0, p)-#DoMSETR™ <., (0, p)-#DomSET” .

Proof. We show the reduction (o, p)-#DoMSET™>1 <, (o, p)-#DoMSET”. Then, the statement
of the lemma follows from Lemma 10.18.

Let I be an instance of (o, p)-#DOMSET™>1 and let Vg be the simple vertices of I. Let U be
the set of (complex) HW>i-vertices in G, and let Z = {N(u) | w € U}. Let I’ be the instance I
without the vertices in U. I’ can be cast as an instance of (o, p)-#DoMSET”. Then, the number
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of solutions of I is identical to the number of those solutions of I’ that select at least one vertex
from each Z € Z.

For a positive integer z, let I, be the instance of (o, p)—#DOMSETP obtained from I’ by attaching
to each set Z € Z a total of x ({0}, Zx)-vertices vZ,...,vZ each of which is completely connected
to Z.

Let S’ be some subset of Vg. Note that in order for S’ to be extended to a solution of I, it is
required that all vertices in Vg that are not in some Z € Z already have a feasible number of selected
neighbors ((o, p)-constraint) in S’. Let us say that subsets S’ with this property are good. Suppose

that in some good S’ a set Z € Z is entirely unselected. Then, there are 2% feasible extensions to

the attached vertices v7,...,vZ (each of them can be selected or not). On the contrary, if at least
1 vertex of Z is selected, then, in a feasible extension of S’ to a solution of I, all of the vertices
vlz, . ,va have to be unselected.

Let a; be the number of good subsets of Vg in which precisely ¢ of the sets in Z are entirely
unselected. Let #S(I)) denote the number of solutions of I/. Then,

IZ]

#S(I) =Y a;- 2"
=0

Let n be the number of vertices in I. Then, for each i we have a; < 2™ Thus, we can choose
x € O(n) sufficiently large such that ag < 2%. Then, ag = #S5(I,) mod 2% can be computed by a
single (o, p)-#DoMSET -oracle call. Now note that ag is the number of good subsets S’ of Vg such
that each set Z € Z contains at least one vertex from S’. In this case, all of the attached vertices
(vlz, e ,vf for each Z € Z) have to be unselected, which implies that all vertices in Z obtain a
feasible number of selected neighbors already from S’. Therefore, every set S’ that contributes to
ap is actually a (o, p)-set of I’ with the additional property that each set Z in Z contains at least
one selected vertex. This shows that ag is precisely the number of solutions of I.

It remains to argue that the treewidth does not change too much. For each clique Z, there is
a bag B containing Z. We duplicate this bag B a total of z € O(n) times, and each vertex viZ is
added to exactly one of these copies. Hence, the treewidth of I, is at most that of I plus an additive
term in O(1). O

Now we have everything ready to prove the following lemma, which is the main result of this
section.

Lemma 10.11. Let (0, p) € Q2 be non-trivial. If p # Z>o, then we have (o, p)-#DOMSETEF: <,
(0-7 p)—#DOMSET{(Q’p)’(U’Q)}.

Proof. First, suppose that p is finite. Then, rip is the maximum element of p. Because of non-
triviality, we have p # {0}, and therefore, 7y, > 1. If 1, = 1, then p is one of {1} or {0, 1},
and the statement follows from Lemma 10.16 or Lemma 10.17, respectively. Otherwise, we have
Ttop > 2. Let Smin be the minimum of o. In this case, notice that a (smin + 1)-clique of (o, @)-
vertices gives a (0/, @)-vertex with 0 € o/, and a vertex p that is subject to (&, p) and that is adjacent
to i > 1 (o/,)-vertices models a (&, p — i)-vertex. Using this construction, we obtain, for P =
{(@,p), (0,2)} and for each i > 1, the reduction (o, p)-#DoMSETT T+~ <. (0, p)-#DoMSET”.
In particular, we obtain (o, p)—#DOMSETPH@”’_(”"P_1)) <ow (0, p)-#DOMSET” | where we use that
Tiop > 2. Now again, p — (ryp — 1) is one of {1} or {0,1}, and we can conclude as before using
Lemma 10.16 or Lemma 10.17, respectively.

Second, suppose that p is cofinite. Then, 7, is the largest integer missing from p plus 1.
Note that rp > 1 as p # Z>o. If rop = 1, then p = Z>1, and the statement follows from
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Lemma 10.19. Otherwise, suppose that 7y, > 2. As in the case with finite p, there is a reduc-
tion (o, p)—#DOMSETPHQ’p*") <ew (0, p)-#DoMSET? for each 7 > 1. In particular, we obtain
(o, p)—#DOMSETP’L(@’p_(”OP_D) <uw (0, p)-#DoMSET”, where we use that Ttop > 2. Now again,
p — (riop — 1) = Z>1, and we can conclude as before using Lemma 10.19. O

10.2.2 Realizing Relations if p = Z>¢

The goal of this section is to prove Lemma 10.10. We start with some intermediate results.

Lemma 10.21. Let (0, p) € Q2 be non-trivial with p = Z>q. If o is finite, then (o, p)-#DoMSET{(@2)} <,
(0, p)-#DOMSET.

Proof. Let I = (G, )\) be an instance of (0, p)-#DoOMSET(%?) | and let U be the set of (0, @)-vertices
of I. For a positive integer x, we define an instance I, of (o, p)-#DOMSET. Let J = (J,{p}) be a
gadget for (o, p)-#DOMSET that consists of p together with x cliques, each of size sy + 1. The
portal p is adjacent to precisely one vertex from each clique. Then, we obtain I, by making the
vertices in U (o, p)-vertices, and attaching to each vertex u € U a copy of J, where u is identified
with the portal of 7.

Let #S5(I;) be the number of solutions of (o, p)-#DOMSET for the instance I,. Let p(z) =
#S(I;) mod 2*. We show that p(x) is a polynomial whose degree depends on ¢, and whose constant
term is the number of solutions of I for which the vertices in U are selected, which is precisely what
we want. We recover the constant term by interpolation.

Consider a solution S of I, and let Sg = SNV(G) be the corresponding selection of the original
vertices. If one of the vertices in U is unselected in Sg, then consider the attached gadget J. Note
that in the solution S, each of the cliques in J can only be entirely selected or entirely unselected (as
selecting only a few vertices would give them less than sy, selected neighbors). If u is unselected,
each combination of entirely selected or unselected cliques is feasible since p = Z>¢. This means
that the gadget J has 27 feasible extensions for the selection Sg. Consequently, selections of the
vertices in G for which of the vertices in U is unselected do not contribute to p(x). So let#S’(I,)
be the number of solutions of I, for which all vertices in U are selected. We have p(z) = #S5'(I)
mod 2%.

Suppose that U C Sg for some selection Sg of vertices from V(G). For each vertex w in
U, the number of feasible extensions to the attached gadget J now depends on the number of
selected neighbors of u. For i selected neighbors, there are f;(z) = >, o, (gf’;z) feasible extensions
to the corresponding copy of J. Note that f;(z) is a polynomial of degree at most siop. Also
observe that the constant of f;(z) is 1 if i € o, and otherwise it is 0. As #S5'([;) is a sum of
products of terms of the form f;(x) for different i, #5’(I,) is a polynomial in x of degree at most
Stop - |U|. Consequently, for sufficiently large z, p(z) = #5’(I;). This means that we can recover
p(x) by polynomial interpolation using at most siop - |U| different sufficiently large values of x and
corresponding oracle calls to (o, p)-#DOMSET on instance I,.

Now note that a selection Sg of vertices from V(G) contributes 1 to the constant term of
p(zx) if and only for each vertex in U the corresponding number i of selected neighbors is in o,
otherwise it contributes 0 to the constant. So, it contributes 1 if and only if S is a solution of I in
which all vertices of U are selected. The constant of p(x) is the sought-for number of solutions of
(0, p)-#DoMSET"?) on instance I. O

Lemma 10.22. Let (0,p) € Q2 be non-trivial with p = Z>o. If o is finite with sop — 1 ¢ o, then
(0, p)-#DoMSETIHON 220} < (5, p)-#DomSET{(@2)},
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Proof. Let I = (G, ) be an instance of (o, p)-#DoMSET{01220) "and let U be the set of ({0}, Zs0)-
vertices of I. We define a gadget J for (o, p)-#DoMSETH @)} 7 has a single portal p, which is
a (o, p)-vertex. The portal p is fully adjacent to an siop-clique C' of (o, d)-vertices. There is an
additional vertex v which is also adjacent to all vertices in C', but not to p. Note that there are
precisely two partial solutions for this gadget. The vertices of C' are (o, @)-vertices, and therefore,
they are always selected. If p is selected, then the vertices in C' cannot have another selected
neighbor, and therefore, v is unselected (which is fine as p = Z>¢). If p is unselected, then the
vertices in C' have S0, — 1 selected neighbors within C. Since siop — 1 ¢ o, the vertex v must be
selected (which is fine as it now also has syop selected neighbors). In either case, p has sy, selected
neighbors within 7.

From I we define an instance I’ of (o, p)-#DoMSETH®?)} by making the vertices in U (o, p)-
vertices, and attaching to each vertex w in U a copy of the gadget J, where u is identified
with the portal p. It is straightforward to see that the number of solutions of instance I for
(0, p)-#DoMSETHH220) is the same as the number of solutions of I’ for (o, p)-#DoMSET (@)},

O

Lemma 10.23. Let (0,p) € Q2 be non-trivial with p = Z>o. If o is finite with Stop — 1 € 0, then
(0, p)-#DomSeT{d0Z=0}t < (5, p)-#DomSET{(@2)},

Proof. We make a case distinction depending on siop. If siop = 0, then ¢ = {0} and we are
done. If siop = 1, then, as sip — 1 € o, we have 0 = {0,1}. In this case, a (o, p)-vertex with an
attached (o, @)-vertex models a ({0}, p)-vertex. (Recall that p = Z>¢.) So, given some instance [
of (0, p)-#DoMSETUCH220) e replace every ({0}, Zso)-vertex by a (o, p)-vertex with an attached
(0, @)-vertex to obtain an instance I’ of (o, p)-#DoMSET )} with the same number of solutions.

Finally, consider the case siop > 2. Let J be a gadget for (o, p)—#DOMSET{(U’@)} with a single
portal p (a (o, p)-vertex) that is adjacent to two vertices vy,va of an syop + 1-clique C of (o, @)-
vertices from which the edge between v and vy is removed. Note that v1 and v have degree sgop — 1
in C, whereas the remaining vertices of C' have degree sy,. Hence, selecting all vertices of C' gives
a partial solution independently of the selection status of p. In either case, p obtains two selected
neighbors from J. Thus, a (o, p)-vertex that acts as portal of |siop/2] attached copies of J models
a (o', p)-vertex, where o’ is one of {0} (if syop is even) or {0, 1} (if siop is 0dd, and using the fact that
Stop —1 € 0). So we obtain a reduction (o, p)—#DOMSET{(""ZEU)’("’g)} <uw (0o, p)—#DOMSET{(U’Q)}.
If o/ = {0}, then we are done, and if ¢’ = {0, 1}, then we can proceed as in the case for siop = 1. O

Lemma 10.10. Let (o, p) € Q2 be non-trivial. If p = Z>o and o is finite, then (o, p)-#DOMSETRE: <y,
(0, p)-#DOMSET.

Proof. From Lemma 10.21 together with Lemmas 10.22 and 10.23, it follows that (o, p)—#DOMSET{({O}Zzo)} <tw
(0, p)-#DOMSET. Then, from Lemma 10.20, it follows that (o, p)-#DOMSETR®" <., (0, p)-#DOMSET.

O
10.2.3 Forcing Both Selected and Unselected Vertices for p # Z>¢

Let (0,p) € 92 and let P be some possibly empty set of pairs from Q2. Consider a gadget G
for (o, p)-#DomSET” with a single portal. We say that G is a candidate if it has the following
properties:

(D) extg(po), extg(ao) > 1,

(IT) extg(po) # extg(oo),
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(III) extg(o;) = extg(p;) = 0 for all 4 > 2.

We say that a candidate G is a winner if additionally it holds that

(IV) extg(p1) = extg(o1) = 0.

We say that a candidate G is a strong candidate if (instead of Item (IV)) it additionally holds that
(iv) extg(py) > 1.

(v) extg(po) # extg(ao) + extg(o1).

The properties of winner, candidate, and strong candidate gadgets are useful in the proof of
Lemma 10.25. We start by showing that such gadgets exist.

Lemma 10.24. Let (0, p) € Q% be non-trivial. If p # Z>q, then there is a gadget G = (G, {p}) for
(0, p)-#DOMSET that is either a winner or a strong candidate.

We defer the proof of Lemma 10.24 to Section 10.2.4.

Lemma 10.25. Let (o,p) € Q2 be non-trivial, and let P be some (possibly empty) set of pairs from
Q3. Suppose that there is a strong candidate J for (o, p)-#DOMSET. Then, (o, p)-#DOMSETPHZ’{O}) <tw
(0, p)-#DoMSET? | where (@,{0}) is 1-bounded in the source problem.

We defer the proof of Lemma 10.25 to Section 10.2.5, and first discuss how we use it to obtain
Lemma 10.12.

Lemma 10.26. Let (0, p) € Q% be non-trivial. Let P be some (possibly empty) set of pairs from Q3.
Then, (o, p)-#DoMSETT @) <., (0, p)-#DoMSETFHZHOD " epen if (2,{0}) is 1-bounded in the
target problem.

Proof. The construction is straightforward: it suffices for all vertices that should be unselected (that
should be (@, p)-vertices) to be adjacent to a single (&, {0})-vertex p. The key observations are
that p forces its neighbors to be unselected, but since p itself is unselected, it does not otherwise
alter the original solutions. O

Lemma 10.12. Let (o, p) € Q2 be non-trivial with Z>q. Let P be some (possibly empty) set o
p P >
pairs from Q2. Then, (o, p)-#DoMSETPT(@P)+@2) < (5, p)-#DomSET?.

Proof. Let J = (J,{v}) be the gadget given by Lemma 10.24 (using that p # Z>¢). Then, J is
either a winner or a strong candidate.

We first give the reduction assuming that J is a winner, and consequently ext 7(p1) = ext7(01) =
0. Afterward, we give a modified reduction for the case where J is a strong candidate.

If J is a winner, then the only states of J with non-zero extensions are pg and o¢. In particular, v
never receives any selected neighbors within 7. We start by showing that (o, p)—#DOMSETP"’(@ ) <o
(0, p)-#DoMSET?. Let I = (G,\) be an instance of (o, p)-#DoMSET” (@) and let U =
{u1,...,ur} be the set of (&, p)-vertices in G. For a positive integer =, we define an instance
I, = (Gg, M) of (0,p)-#DoOMSET” by attaching = new copies of the gadget J to each vertex
u € U, where u is identified with the portal of each attached copy. The function A, is identical to
A on the vertices in V(G) \ U, and maps the remaining vertices to 0 (i.e., the vertices in U and in
their attached copies of J are (o, p)-vertices).

Let #S5(I,) denote the number of solutions of (o, p)-#DOMSET” on input I,. Further, let z;
be the number of solutions of (o, p)-#DoMSET” on instance I’ = (G, Azlv (@) for which precisely
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i of the vertices in U are selected. Intuitively, the instance I’ is obtained from I by replacing the
(@, p)-vertices in U by (o, p)-vertices. Then, our goal is to compute 2 since this is precisely the
number of solutions on instance I.

We recover zg from #S(I,) using interpolation. We observe that

Ul
#S(I) =Yz - extg(on)™ ext g(po)" (V17D
i=0
Ul ‘
= ext 7(po)" 11> " 2 - (ext g (00)/ extir(po))™.
i=0
Hence, #S(I,)/ext7(po)*V! is a polynomial of degree |U| with coefficients 20,---, 2y and in-

T

determinates (exty(oo)/extz(po))*. Since J is a winner, we have exts(po),exts(co) > 1, and
ext7(po) # ext7(op). Thus, we can recover the coefficients using polynomial interpolation using
|U| distinct values of x, which give |U| distinct values of the indeterminates. In particular, we obtain
Zp as required.

Now, note that the coeflicient z|;; corresponds to the number of solutions for which all vertices in
U are selected. This is precisely what we need to model the vertices in U as (o, @)-vertices. Hence,
with the same proof we obtain the reduction (o, p)—#DOMSETPH@Q) <w (0, p)—#DOMSETP.
So applying this reduction to P’ = P + (&, p) and combining it with the established reduction
(o, p)—#DOMSETPH@’p) <ow (0, p)-#DOMSET”, we obtain the statement of the lemma.

Now, we revisit our assumption about the gadget J and consider the remaining case where 7 is
not a winner, but a strong candidate. In this case, J fulfills the requirements of Lemma 10.25 with
which we obtain (o, p)-#DoMSETF @0 < (0, p)-#DoMSET? | where (@, {0}) is 1-bounded in
the source problem. By Lemma 10.26, we obtain (o, p)—#DOMSETPHQ”p) <ew (0, p)-#DOMSET”.

In order to show the sought-for (o, p)—#DOMSETPH@QH(QW < (0, p)-#DOMSET” | it now
suffices to show (o, p)-#DoMSETTT@2)H@0) < (5, p)-#DomSETF @+ Note that if in the
gadget J we replace all neighbors of its portal by (&, p)-vertices, then we obtain a gadget J’
for (o, p)-#DoMSETF+(@) that inherits the properties ext s (po), ext.z(00) > 1, and ext 7 (po) #
extz/(0p) from J. But now, since all neighbors of the portal have to be unselected, we also
have ext(p;) = extg/(o;) = 0 for all ¢« > 1. Thus, J’ is now a winner. The same interpola-
tion as before, but using J’ instead of J, yields the reduction (o, p)—#DOMSETPHm@)HzW) <iw
(o, p)—#DOMSETP+(®’p), which completes the proof. O]

10.2.4 Proof of Lemma 10.24: Constructing Strong Candidates and Winners

Let us restate Lemma 10.24.

Lemma 10.24. Let (o, p) € Q% be non-trivial. If p # Z>¢, then there is a gadget G = (G, {p}) for
(0,p)-#DOMSET that is either a winner or a strong candidate.

Claim 10.27. Let (o,p) € Q2. Then, there is a gadget J = (J,{p}) for (o, p)-#DOMSET such that
ext 7(po),extg(p1) > 1, but ext 7(p;) = 0 for each i > 2.

Proof of Claim. Let G and u be as given by Lemma 10.13. Then, J is obtained by attaching a new
vertex p to the vertex u in G. Note that each partial solution of the gadget (J,{p}) in which p is
unselected is a solution of (o, p)-#DOMSET on input G. Since such solutions exist independently of
the selection status of w (Lemma 10.13), both states pg and p; can be extended by (J, {p}). Since
p only has a single neighbor in J, there are no extensions for p; if ¢ > 2. <
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By Claim 10.27, the gadget J has f; == exts(p;) > 1 if and only if ¢ € {0,1}. For a yet to be
determined value z, let (Ji,{u1}),...,(Jz,{us}) be x copies of the gadget J. From this we obtain
a graph Z by identifying the vertices ui,...,u, to a single vertex w, which then is adjacent to the
portal p of Z = (Z,{p}).

Now, consider extensions of the states pg and og of Z depending on whether o and p are finite
or cofinite. Since in both cases u is unselected, each of the attached copies of J is in state pg or p;.
Then, we obtain a solution whenever u obtains a feasible number of selected neighbors (from p and
its neighbors in the attached copies of J).

We have

ZT‘EP (i)f{ g_r = f(:)E ' Zrep (f) (fl/fO)r if P is finite.

extz(po) = { (fo+ f1)* = g, )AL = (fo+ FO)" = 1§ Xrgprso (7) (f1/fo)" if pis cofinite.

and analogously

Jo - ngp,rzl (Tfl)(f1/fo)T_1 if p is finite.

extz(og) = { (fo+ f1)* — f2 - ngép,rzl (rfl) (fl/f[))r_l if p is cofinite.

Claim 10.28. There is an integer xo (depending on p) such that, for oll x > o, Z is a candidate.

Proof of Claim. First, consider the case where p is finite. Then, extz(po)/f§ is a polynomial in = of
degree riop, whereas extz(op)/f{ is a polynomial of degree 7o, — 1. Since ryop, > 1 by the fact that
(0, p) is non-trivial, it follows that these polynomials are not constant 0. Hence, there is a value of
x that only depends on p for which extz(pg) # extz (o) and extz(pg), extz(og) > 1, as required.

Second, suppose that p is cofinite. Then, ngp (i) (f1/fo)" is a polynomial in x. Its degree is
the largest non-negative integer r* that is missing from p. Since p # Z>o, such an integer exists
and the polynomial is not constant 0. Similarly, >, ¢, .~ (,%,)(f1/fo) " is a polynomial in z with
degree * — 1. In this case, the sum might be empty, but in any case the expressions for extz(po)
and extz(og) are positive and distinct for all sufficiently large x.

Finally, since p only has a single neighbor in Z, there are no extensions in Z for states o; or p;
if 1> 2. <

Now, we are in one of three cases.
Case 1: extz(p1) = extz(o1) =0.
Case 2: extz(p1) > 1.
Case 3: extz(p1) =0 and extz(o1) > 1.

In case 1, the candidate Z is a winner, the statement of Lemma 10.24 holds, and we are done.
In case 2, the candidate Z has the property from Item (iv) and it remains to show extz(pg) #
extz(op) +extz(o1) in order for Z to be a strong candidate. In case 3, Z is a candidate, but not a
strong candidate. In this case we need another gadget.

We define a new gadget from Z as follows. Let 2/ = (Z/,{p'}) be another copy of Z. Then,
we attach to the vertex u in Z the gadget Z’ by identifying u and p’. This forms the new gadget

2 = (2", {p}).

Claim 10.29. Suppose that extz(p1) = 0 and extz(o1) > 1. Then, Z* is a candidate with
extz«(p1) > 1. Moreover, extz«(pg) = extz(po)? and extz«(0g) = extz(o0) - extz(po).
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Proof of Claim. As Z is a candidate with extz(p1) = 0, we have extz(p;) = 0 for ¢ > 1. Note that
extz«(po) = extz(po)? because if u is unselected, then Z’ has to be in state py as Z’ is a copy of
Z and extz(p;) = 0 for ¢ > 1. This does not affect the number of selected neighbors of u, so every
partial solution of Z that witnesses pg can be extended by every such partial solution of the copy
Z' to a partial solution of Z* that witnesses pg. Analogously, extz«(og) = extz(og) - extz(po)-
Thus, we still have extz«(pg) # extz+(0g) and extz«(po), extz«(og) > 1. Also, as before, p only
has a single neighbor in Z* and consequently there are no extensions for states o; or p; if i > 2.
We now verify that extz«(p1) > 1. Since extz(o1) > 1 there is a partial solution S of Z that
witnesses 1. Let S’ be a copy of this set for the gadget Z’. Then, S* := S’ U S\ {p} is a partial
solution of Z* that witnesses p;. The key observation is that u has the same number of selected
neighbors as in the partial solution S (where now instead of p it has a single selected neighbor in
2. q

In order to complete the proof of Lemma 10.24 for cases 2 and 3, we set

G- Z ifextz(p;) > 1.
"] 2¢ ifextz(pr) =0 and extz(oy) > 1.
We have already established that G is a candidate with extg(p1) > 1. It remains to show that
extg(po) # extg(op) + extg(o1) (Item (v)) for G to be a strong candidate.

Claim 10.30. If p is cofinite, then there is an integer xo (depending on p) such that, for all x > xy,
G is a strong condidate.

Proof of Claim. It remains to show that extg(pg) # extg(op) + extg(o1). For cofinite p, recall that

extz(on) = o+ 17 =5+ 30 (%) /oy

r¢p,r>0

and

extzlon) = (ot 7 = g5 X (7)) h/r

r¢p,r>1

This shows that extz(pg) < extz(op) (using that x is sufficiently large) and consequently extz(pg) #
extz(og) + extz(o1). This gives extg(pg) # extg(og) + extg(o1), as required, where we use
Claim 10.29 if G = Z*. 4

Now suppose that p is finite and extg(pg) = extg(op) + extg(o1), which means that G is not a
strong candidate. In this case, we make one last modification and define G’ = (G', {q}) as follows.

For a yet to be determined value y, let (G1,{p1}),...,(Gy,{py}) be y copies of the gadget G.
We use the same trick as before. We obtain a graph G’ by identifying the vertices pi,...,py, to a
single vertex p, which then is adjacent to the portal g of G' = (G',{q}). In order to complete the
proof of Lemma 10.24, we show the following claim.

Claim 10.31. If p is finite and extg(pg) = extg(oo) + extg(a1), then, for sufficiently large y, G’ is
a strong candidate.

Proof of Claim. Using that extg(po), extg(p1) > 1, the proof that G is a candidate for large enough
y is analogous to the proof that Z is a candidate for sufficiently large x.

Since G is a candidate, we have extg(og) > 1 and extg(po) # extg(op). From the fact that
extg(po) = extg(op) + extg(o1), it then follows that extg(oq) > 1. To shorten notation, let gy =

101



extg(po), g1 = extg(p1), ho = extg(op), and hy = extg(o1). From the properties of G, we have
90, 91, ho, b1 > 1, go # ho, and go = ho + ha.
Then, as before, using the fact that p is finite, we have

extgf(po)zgé"Z@) (91/g0)" and extg(og) =gf- > <£1>(gl/go)”

rep rep,r>1

If o is finite, then analogously

extgr(pr) = hf -3 (Z) (h1/ho)® and

se€o

extgr(o1) = h - > (S f 1)(91/90)5_1-

s€o,s>1

So extgr(p1) > 1 as ho, hy > 1, and the corresponding sum is not empty (G’ has property Item (iv)).
Note that extg/(po) = g§-p1(y), extg (00) = g§-p2(y), and extg/ (o1) = h¥-p3(y) for some polynomials
p1,D2,p3 in y, where p1(y) > po(y) (for y sufficiently large) since p # {0} as (o, p) is non-trivial.
Thus, using the fact that gg = ho + hq1 with A; > 1 and consequently gg > hg, for sufficiently large
1y we have

extgr(00) + extgr(o1) _ go - P2(y) +ho ps(y) _ p(y) | ho-pa(v)

<1.
extgs (po) 96 - p1(y) pi(y) 98 pi(y)

This shows that G’ is a strong candidate if o is finite.
It remains to consider the case where o is cofinite. The expressions for extg/(pg) and extg (o)
are the same as in the previous case, but

extgr(pr) = (ot =HE3 (V) /ho)* and - extoon) = (o=t 3 (¥ )/

séo s¢o,s>1

Clearly, extg/(p1) > 1 (since y is sufficiently large). Moreover, extg (o1) < (ho + h1)¥ = gj. Hence,
for sufficiently large vy,

extg(o0) + extgr(o1) _ g5 -pa(y) + 905 _ p2(y) +1

< <1.
extg (po) gé’ “p1(y) p1(y)

This shows that G’ is a strong candidate if o is cofinite. q

10.2.5 Proof of Lemma 10.25: Forcing a Single Unselected Vertex with no Selected
Neighbors

Let us restate Lemma 10.25 for convenience.

Lemma 10.25. Let (o,p) € Q2 be non-trivial, and let P be some (possibly empty) set of pairs from

Q2. Suppose that there is a strong candidate J for (o, p)-#DOMSET. Then, (o, p —#DOMSETPH@’{O}) <iw
0

(o, p)-#DOMSET”, where (@,{0}) is 1-bounded in the source problem.

Let I = (G, ) be an instance of (0, p)-#DoMSETT M@ and let n = |V(G)|. If G contains no
(@, {0})-vertex, then we can directly call the (o, p)-#DOMSET” -oracle on I. So suppose that p is a
single (&, {0})-vertex in G. In this proof, the usual definitions of 7., and S0, are not convenient.
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Instead, we use r* as the maximum element of p if p is finite, and the maximum missing integer
from p if p is cofinite. Analogously, we define s*.

For a positive integer x, we define an instance I, = (G, \z) of (0, p)-#DoOMSET” . Intuitively,
in I, the vertex p is replaced by a (o, p)-vertex to which we attach x copies of the strong candidate
J, where p acts as portal for each of them. Note that J as a gadget for (o, p)-#DOMSET can also
be cast as a gadget for (o, p)-#DOMSET” that happens to use only (o, p)-vertices.

More formally, for each ¢ € [1..x], let (J;, {v;}) be a copy of J. The graph G, is obtained
from G by identifying all vertices in {p, v1,...,v,} to a single vertex. Then, \, is identical to A\ on
the vertices in V(G) \ {p}, and maps the remaining vertices to 0 (i.e., the vertices in | J;_, V(.J;) are
(o, p)-vertices).

Note that G = (G, {p}, Az [v(@)) can be interpreted as a gadget for (o, p)-#DoMSET”. Then,
our goal is to compute extg(pp) as this corresponds to the number of partial solutions of G for which p
is unselected and has no selected neighbors. These are precisely the solutions of (o, p)—#DOMSETPHQ’{O})
on input I.

Let J®) be the graph induced by the union of the z copies of J that are attached to p in G,.
Then, 7@ = (J@ {p}) can also be interpreted as a gadget for (o, p)-#DoOMSET?. (Here we
dropped the A-term since A\, is constant 0 on J(x).)

For r,s € [0..x], we have

xT _
ext 7 (pr) = <T> exty(p1)" extz(po)" "

—r* Zz r r*—r
exta (oo - (1) exta (o) ext () (10.1)

=:a,(z)

and analogously
Z S xr—s
ext 7@ (05) = (S) extz(01)” exty(o0)

= ext 7 (09)*"% - <:§> ext 7 (o1)® extz(og)® ~* (10.2)

=:bs(x)

We later use the fact that a,(x) is a polynomial of degree r since ext 7(po) and ext 7 (pg) are positive
integers by our assumptions about the gadget J. Moreover, if z > r and r* > r, then a,(x) is a
positive integer. Note that an analogous statement for bs(x) does not necessarily hold as we may
have exts(o1) = 0.

Let k be the number of neighbors of p in G. Let S” be some set of selected vertices in V(G) \ {p}
such that p already has i € [0..k] selected neighbors in S’. We define f;(x) as the number of
possible partial solutions S” of J(*) that extend S’ to a solution of (o, p)-#DoMSET” on input
I, in which p is unselected — g;(z) is the corresponding number of partial solutions in which p is
selected.

Now, depending on whether or not ¢ and p are finite or cofinite, we obtain different expressions
for fi(z) and g;(x). We assume that x > max{s*,r*}. Setting a = ext7(p1) + exts(po) and using
that

x
> ext g (pr) = (extg(p1) + extg(po))” = o,
r=0
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we obtain

4 t oo (o i s finit
filw) = 2irepXtgeler) i pis finite (10.3)
a” — ZHT@ ext 7(x) (pr) if p is cofinite.
Analogously, for 5 := exts(01) + ext 7(0g), we have
; t 7 (0 if o is finit
gila) = § e o (0s) o s e (10.9
B — Zi+s¢a ext 7 (0s) if o is cofinite.

For #S(I,;) denoting the number of solutions of (o, p)-#DOMSET” on input I, we have

k k
Zextg pi) - fi(x) + Zextg(ai) - gi(x). (10.5)
=0

=0

::Al- =:B;

Plugging Equations (10.1) and (10.2) into the expression for A, we obtain

A, =extz(po)” Zextg 0i) [ Z (m)] if p is finite, (10.6)
i+rep
a(x)
and
k
A, = Zextg pi) —extr(po)*™ Zextg (pi) [ Z ar(z )} if p is cofinite. (10.7)
1=0 i+rép
a()

In Equation (10.6) together with Equation (10.7), we define an expression a(x) depending on whether
p is finite or cofinite. We later use the crucial fact that a(z) is a polynomial in = because, for each
r, ar(x) is a polynomial in x.

Analogously, we obtain

B, =exty(09)*" Zextg o) [ Z bs( } if o is finite (10.8)
i+sco
b()
and
k
B, =3 Zextg (07) —extg(og)*™ Zextg (04) [ Z bs( ] if o is cofinite. (10.9)
1=0 i+s¢o
b(z)

Again, b(x) is a polynomial in x.

At this point, let us recall that our goal is to compute extg(po) which equals the number of
solutions of (o, p)—#DOMSETPJF(g’{O}) on input /. We aim to use polynomial interpolation by using
A, to obtain a polynomial in x with extg(pg) as a coefficient. Given the different expressions for A,
depending on whether o and p are finite or cofinite, we split the proof into two cases at this point.
We start with the substantially easier case where both sets are finite.
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Recovering extg(po) if both o and p are finite

In order to do polynomial interpolation on A, we first show how to isolate the term A, from the
value of #S5(I,), which we can compute by using an oracle call.

Claim 10.32. For sufficiently large x € O(n) and given #S(1,), the term A, can be computed (in
time polynomial in n).

Proof of Claim. From the definition of a candidate, we know that exts(op) and exts(pg) are

distinct positive values. We show how to recover A, from #S(I) if ext7(po) > exts(op). In the

case ext 7(po) < ext7(0p), the term B, can be recovered analogously, and then A, = #S(I,) — B,.
Plugging Equations (10.6) and (10.8) into Equation (10.5), we obtain

#S(I;) = ext7(po)* Zextg 0i) [Z »(x )]+extj 00)* Zextg 0;) [Z bs( }

+rep i+s€o

=A, =B,

Note that the terms bs(x) are polynomials in z, and that each of the terms extg(o;) is upper
bounded by 2". Thus, we can choose 2 € O(n) such that B,/ ext7(po)*™" < 1 (using the fact that
ext.7(po) > ext7(cg)). Then, we observe that A,/ ext7(pg)*~" is an integer.

Therefore, |#S(I,)/ ext7(po)* " | = Az/ext7(po)* ", and thus, A, can be recovered by com-
puting A, = [#5(L,), exty (po)"" ] - exty (po) " <

Recall that our ultimate goal is to compute extg(po) using calls to a (o, p)-#DoMSET-oracle.
With Claim 10.32 in hand, we can compute extg(po) using standard interpolation. To this end, note
that p(z) == A,/ ext7(po)* " is a polynomial in & whose highest degree term is extg(po) ext 7(p1)"
x"". Using polynomial interpolation, we can recover the coefficients of p(z) by evaluating the
polynomial for r* distinct values of . This can be done since, according to Claim 10.32, we
can compute A, using a (o, p)—#DOMSETP—oracle call as long as x is sufficiently large in O(n);
and we can compute exts(pg)®" as extz(po) does not depend on n. This can be done in time
polynomial in x € O(n), i.e., in time polynomial in n. Using the fact that exts(p1) is non-zero by
assumption of the lemma, we can recover extg(pg) from the coefficient of the highest degree term
z"" . Summarizing, we have shown that we can solve (o, p)—#DOMSETPH&wD on instance I using
* oracle calls to (o, p)-#DoOMSET” on instances of the form 1.

Recovering extg(po) if one of o or p is cofinite

In the cofinite case, there is an additional obstacle to computing extg(pp) from A, by polyno-
mial interpolation. If p is cofinite, then A, contains the unwanted exponential expression o®, see
Equation (10.7). We eliminate the leading exponential terms by considering

(@) = #S(Loy2) — (@ + B)#S(Lpy1) + aB#S (1) =
Azto — (a+ B)Azi1 4+ aBAs + Byyo — (a+ B)Byy1 + a8B,.  (10.10)

-~

=A; =B
So we aim to recover extg(po) from A/, rather than from A, directly. The following claim
establishes that we can isolate the term A/ from the value of ¢ (z), which we can compute using

oracle calls.
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Claim 10.33. For sufficiently large x € O(n) and given #S(Izy2), #S(Iz41), and #S(13), the
term A’ can be computed (in time polynomial in n).

We postpone the proof of Claim 10.33 for now, and first show how to compute extg(pg) from
A’ . To shorten notation, let us set

d (z) = ext7(po)* 2" -a(z+2) — (a+B) ext7(po)* T -a(z+1)+aBext 7 (po)® " -a(z). (10.11)
We use Equations (10.6) and (10.7) to expand the expression A’. If p is finite, then
Al =d(z). (10.12)

If p is cofinite, then

k
AL = (0" — (a+ B)a™ ! + apa®) - (Y extglp)) — d'()
=0
= —d(). (10.13)

As noted previously, the terms a(z) are polynomials in . Therefore, it is straightforward to verify
that p(z) == A’/ ext7(po)* " is also a polynomial in x (whether p is finite or cofinite).

Recall that our ultimate goal is to compute extg(pp) using calls to a (o, p)—#DOMSETP—oracle.
With Claim 10.33 in hand, we can compute extg(po) using standard interpolation.

Claim 10.34. extg(po) can be computed from the coefficients of p(z).

Proof of Claim 10.34. We are interested in the highest degree monomial of p(z). Let us first
investigate the polynomial a(z). Recall that a,(x) is a polynomial of degree r. Using this fact, we
observe the highest degree monomial of a(z) is extg(po) ext7(p1)" - 2", where r* has a different
meaning depending on whether p is finite or cofinite.

Therefore, using Equation (10.11), the highest degree monomial of p(z) is the same as the
highest-degree monomial of

extg(po) ext7(p1)" - [exts(po)*(x +2)" — (a + B) extg(po)(z +1)" + afa’ ],
which is )
extg(po) extr (p1)" - [extz(po)? — (o + B) ext 7 (po) + af] - 2"

So the coefficient of ™ in p(z) is ¢ = extg(po) ext 7 (p1)" ¢/, where ¢’ = (ext 7(po)—a)(ext 7 (po)—
B). Recall that J is a strong candidate, and therefore, we have

e ext7(p1) > 1, and consequently
e extz(po) # exts(po) + exts(p1) = o, and also

e extr(po) # exts(po) + exty(p1) = a by Item (v).

This shows that ¢/ # 0 and ext7(p1)” # 0, and consequently, by computing the coefficient ¢, the
sought-for value extg(po) can be computed as well. This finishes the proof of Claim 10.34. <

Finally, the coefficients of p(z) can be computed by polynomial interpolation by evaluating p(z)
for r* distinct values of z. This can be done since, according to Claim 10.33, we can compute A/,
using three (o, p)-#DOMSET” -oracle calls as long as z is sufficiently large in O(n); and we can
efficiently compute ext 7(pg)* " as exts(po) does not depend on n. So computing the coefficients
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can be done in time polynomial in € O(n), and from the coefficients one can compute extg(po)
according to Claim 10.34.

Summarizing, we have shown that we can solve (o, p)-#DoMSETF @10 on instance I using
3r* (three per A%) oracle calls to (o, p)-#DoMSET” on instances of the form I,.

We finish the proof of Lemma 10.25 by paying our debts and showing Claim 10.33.
Proof of Claim 10.33. By the fact that J is a candidate, we know that ext 7 (o) and extz(po) are
distinct positive values. We show how to recover A’ from ¢ (x) if ext 7(pg) > extz(0p). In the case
ext7(po) < extz(0p), the term B can be recovered analogously, and then A/, = (z) — BL..

Recall that A'(z) = +d/(x), where the sign depends on whether p is finite or cofinite. If]
analogously to Equation (10.11), we define

V(x) = extz(00)® 2% - b(z +2) — (a + B) ext7(00)* " - b(z + 1) + afexts(00)*" - b(x),

then again B'(z) = £b/(z), where the sign depends on whether o is finite or cofinite. Then, we
recall that b(x) is a polynomial in 2 and that extg(op), which contributes to the coefficients of b(x),
is upper bounded by 2". Thus, we can choose € O(n) such that B./ext7(po)* " < 1, where
we use the crucial fact that exts(pg) > exts(cg). Then, we observe that A’ /exts(pg)* " is an
integer as a,(x) is an integer for r < r*, and consequently, a(z) is an integer.

Therefore, [¢(x)/exts(po)* " | = Al /ext7(po)* ", and A’ can be recovered by computing
4, = ()] ext(po) | - extz(po)*" <
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