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Abstract

A fuzzy matching is a set of edges in which no two edges incident on a
same membership value. In this paper, Arboricity and span of a fuzzy
labeling graph are defined with suitable examples. Also, the relation
between Arboricity and M-fuzzy Chromatic Index, Span and M-fuzzy
Chromatic Index are discussed. Some results based on these concepts are
stated and proved.
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1. Introduction

In 1736, Euler first invited the concept of graph theory. The theory of graphs is
extremely useful for solving combinatorial problems in different areas such as geometry,
algebra, number theory, topology, operations research, optimization and computer
science. Graph Theory is the main tool to constitute many real-world problems.
Nowadays, graphs do not represent all systems properly due to the uncertainty or
nebulousness of the framework of systems. This and many other circumstances
stimulated to define fuzzy graphs.

Rosenfeld [8] first established the notion of fuzzy graphs in 1975. Crisp graph and
fuzzy graph are both systematically the same, but when there is an uncertainty on points
and or lines then fuzzy graph has a segregated significance. Since the world is brimming
with uncertainty, so the fuzzy graph occurs in many real-life locations. Fuzzy graph
theory is elaborated with a large number of branches. The fuzzy graph model is used to
constitute the traffic network. Also it is used for job allocation, group structure and
decision-making analysis etc. Seethalakshmi et al. [10] defined perfect fuzzy matching
with some examples, and they derived that if G is a strong regular fuzzy graph with each
vertex and is of degree at least two, then E is not a perfect fuzzy matching in G.

Ananthanarayanan et al. [1] discussed the coloring of fuzzy graphs using a-cut with
appropriate examples. Anjaly Kishore et al.[2] defined the chromatic number of a fuzzy
graph and they discussed some results based on these chromatic numbers. Arindam
Deyet al.[3] explained the concept of complement fuzzy graph and their edge coloring.
R. Jahir Hussain et al.[5] found the fuzzy chromatic number of some special fuzzy
graphs S.Yahya Mohamed et al.[11-14] introduced the concept of fuzzy matching in
fuzzy labeling graphs through some illustrations. In this paper, we introduced the new
concept of Arboricity and Span of a fuzzy labeling graph G. Also, we discussed some
properties based on Arboricity and Span of G.

2. Preliminaries

Definition 2.1
Let G = (a, B) be a fuzzy graph. The set of all subsets of g in which they received the
same color is called Color Class of G. Itis denoted by CC(G).

Example 2.2

Consider the fuzzy graph G given in Figure 2.1
In Fig 2.1, the edge set is S = {e;(0.2),e,(0.5),e5(0.35),e,(0.14)} and all edges
receive different colors. So all edges belong to the color class of G.
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v1(0.4)
31(02) 63(0.3
e,4(0.14)
V2(07) V4(03)
e,(0.5) v5(0.9)

Figure 2.1: Color class of a fuzzy graph G

Definition 2.3
Let G = (a, B) be afuzzy labeling graph. The number of elements in the color
class is called as coloring number of G. It is denoted by CN(G).

Definition 2.4
A family A = {M, M,, M5 ... ....... M.} of fuzzy matchings on a set g is called
a M — fuzzy coloringof G = (a,p) if
(i) v 4 = B. It means single edge does not belong to two distinct color
classes.
(iii) For every edge (x,y) of G min {4; (x),4; (y)} =0 (1 <i < k).
(This means any one of the edges does not receive different color).

Example 2.5
Consider the fuzzy graph G given in figure 2.2,
e,4(0.24)
V1(05)
V4(06)
el(04)
e3(0.53 ve(0.7)
v,(0.7) o

e,(0.62)  v4(0.8) e5(0.18)
Figure 2.2: M-Fuzzy Coloring of G

In Fig 2.2, the fuzzy matchings are M; = {e,(0.4),e3(0.53} and
M, ={e,(0.24),e,(0.62)}. Here A = {M;, M,} is M —fuzzy coloring of G.
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Definition 2.6
Let G = (a,B) be a fuzzy labeling graph .The minimum number k for which there
exists a M —fuzzy coloring is called fuzzy matching chromatic index of G. It is denoted

by Xfmci (G) )

Example 2.7
Consider the fuzzy graph given in Figure 2.3
V5(06) 95(0.48)
V5(05)
e6(0.09) €4(0.37)
V4(0.4)
Vl(ol)

91(004) 83(026)

VZ(OZ) 82(0.15) V3(03)

Figure 2.3: Fuzzy matching chromatic index of G

In Fig 2.3, the fuzzy matching of a given graph G are as follows M; =
{ €,(0.04),e5(0.26),e5(0.48)}, M, = { €,(0.15), e,(0.37),5(0.09)}. Then the fuzzy
matching chromatic index x™¢' (G) = 2 because A = {M;, M,} is M —fuzzy coloring
of G.

3. Main Results

Definition 3.1
The minimum number of paths to cover all edges of a fuzzy graph G is called

Arboricity of G. It is denoted by A(G).

Example 3.2
Consider the following fuzzy graph G given in Figure 3.1
0.3
vi(02) 0) vs(0.8)
e(0.1) ex(0.5)
g5 0

V(0 4) v:(0.6)

Figure 3.1: Arboricity of G
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In fig 3.1 the path cover all edges of a given graph are v,eV,e,V;and V,e,v,e,V,. Here

each colour represents one path and two distinct paths cover all edges of G. Hence, we
obtain A(G) =2.

Theorem 3.3

n
For any fuzzy labeling graph G with n vertices has Arboricity {E—‘

Proof
Consider a fuzzy labeling graph G =(a,ﬂ) with n vertices. Now we

construct a path to cover all edges of G. We obtain many paths to cover all edges of G.
But we need minimum number of path to cover all edges. Then we construct the path

with maximum number of edges in G. This path occurs with maximum number of
edges (n—1). Hence, we can find all paths with (n—1) edges and which is equal to

n c N
{E—‘ . Therefore, G has Arboricity {E—‘

Example 3.4
Consider the fuzzy graph given in Figure 3.2,

v1(0.3) e4(0.1) v4(0.8)

5(0.

es(0.24)
91(02)
e3(0.6)

92(04)

v,(0.6) v4(0.9)

Figure 3.2: Fuzzy Labeling graph G

In fig 3.2 the path cover all edges of a given graph are V,evev,e\V, and
V,e,\V,e,V,e.v,. Here, each color represents one path and there are two paths exist to

cover all edges of G. Hence, we get A(G)=2= {g—‘
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Theorem 3.5
For any fuzzy labeling graph G, A(G) < g™ (G).

Proof
Consider a labeling fuzzy graph G =(a, ) and M;,M,,M,..M,  be the distinct
fuzzy matching in G. Here M, M,,M,...M, contains the set of independent elements

and each matching receive different colors. Now we find the path to cover all edges of

G. Here we need more than one path to cover all edges of G. Already we have for

n
any fuzzy graph with n vertices has arboricity [E—‘ Here we require two matching or

more than two matching to cover all edges of G. Then the number of path to cover all
edges is less than the number of matching in any color class of G. Hence, we obtain
A(G)< ™ (G).
Example 3.6

Consider the fuzzy graph given in Figure 3.3,

e4(0.41) v1(0.5)
V5(0.9) @
e4(0.53) e5(0.29) v2(0.2)
e3(029)
v4(0.6) &= v3(0.3)

Figure 3.3: Fuzzy Graph G

In fig 3.3 the fuzzy matching of a given graph G is as follows
M, ={e,(0.53),¢,(0.29)},M, ={e, (0.15),e,(0.29)} and
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M, :{e2(0.12),e4 (0.41)}. Also the color class CC(G)={M,,M,,M,}. Here
2™ (G)=3 and the paths to cover all edges of G are V,&,V,eV,e,V;and
V,84V,8,V,€,Vs. Then A(G) = 2. Hence, we obtain A(G)< 7™ (G).

Definition 3.7
The minimum number of interchanging path to cover all vertices of a fuzzy labeling
graph G is called spanning arboricity of G.

Example 3.8
Consider the following fuzzy graph G given in Figure 3.4
v1(0.9)
e:(0.4) e5(0.05)
-~ e2(0.3) e4(0.1) .05
Vs(U.
vA08) %07 802 VoS 5

Figure 3.4: Spanning arboricity of G

In fig 3.4 one of the fuzzy matching of a given graph G s
Mlz{ez(0.3),e5 (0.05)}. Then the interchanging path V,€,V,eV,e.V,e,V, is to
cover all points of G. Here spanning arboricity of G is one.

Theorem 3.9

A fuzzy labeling graph G =(c,8) with n vertices has spanning arboricity as
unity.
Proof

Let us consider a fuzzy labeling graph G =(c,B)with n vertices. Then we
identify the fuzzy matching of G and an interchanging path with maximum lines to
cover all vertices of G . Now we can find an interchanging path to cover all vertices of
G. An interchanging path is a path in which the edges are alternatively in M and

(,6’— M ) But we can able to construct a fuzzy matching with maximum number of

edges in the boundary of G . Then an interchanging path in the boundary path of any
graph is only enough to cover all vertices of G
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Example 3.10
Consider the following fuzzy graph given in Figure 3.5

v;(0.12)

e:(0.02)

v»(0.23) vs(0.56)

e,(0.04) £4(0.08)

£3(0.06)

v3(0.34) v4(0.45)

Figure 3.5: Spanning arboricity of G
In fig 3.5 the fuzzy matching of a given graph G is M, :{62(0.04),64 (0.08)}

and V,e,V,e,V,e,V,&,V; is an interchanging path to cover all vertices of G. Hence, the
spanning arboricity of G is one.

Definition 3.11
The number of edges in an interchanging path to cover all vertices of a fuzzy graph
G s called span of G . It is denoted by J’(G).
Example 3.12
Consider the following fuzzy graph given in Figure 3.6,

V1(01)

v4(0.4)

e,(0.05)

5(0.09
o ) e3(0.24)

v02) e0.11)  Vs(0.3)

Figure 3.6 : Span of G
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In fig 3.6 the fuzzy matching of a given graph G is M, = {el(O.OS),e3(0.24)} and
the number of edges in an interchanging path Vv,eV,e,V.e.v,is 3. Hence, we have

$(G)=3.

Theorem 3.13
For any fuzzy labeling graph Gz(a,ﬂ) with N vertices, we have

S(G)= ™ (G).
Proof
Let us consider a fuzzy labeling graph G =(a,ﬂ) with n vertices. Now we can

form fuzzy matching of G and we find an interchanging path with maximum edges to
cover all vertices of G. Then the interchanging path in the boundary of any graph is
only enough to cover all vertices of G. to cover all vertices of G. But this path occurs

with maximum number of edges (n —1) because each fuzzy matching receives distinct
colors. Therefore, span of G is (n —1). Here the fuzzy matching chromatic index is

less than (N —1). and hence, we obtain S(G) > 4 Ml (G).

Example 3.14

Consider the following fuzzy graph given in Figure 3.7,
v,(0.23)

92(005)

v1(0.19) €3(0.07)

e5(0.17) v4(0.45)
€,(0.15)

e5(0.11)

V6(0.67)

96(013) V5(056)

Figure 3.7: Span of G
In fig 3.7 the fuzzy matching is Ml:{ez(0.05),e5(0.11),68(0.17)} and

V,eV,E,V,€,V,E. V6.V, is an interchanging path to cover all vertices of G. Then we
have S(G)=52 ™ (G)=2.
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4. Conclusion

Fuzzy set theory proposes to be a useful tool for handling vagueness and degrees of
certainty, and for giving a consistent representation of linguistically formulated
knowledge which allows the use of precise properties and algorithms. In this paper, we
introduced the new concept of Arboricity and span of fuzzy labeling graph. Also we
compared these values with M-fuzzy Chromatic Index with related examples. In future,
we plan to extend our research work to operations like union, intersection and Cartesian

product of two fuzzy labeling graphs.
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