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Abstract. Various approaches to obtaining estimates based on preliminary data
are outlined. A case is then considered which frequently arises when selecting a
subsample of units, the information for which is collected within a deadline that
allows preliminary estimates to be produced. At the moment when these estimates
have to be produced it often occurs that, although the collection of data on subsample
units is still not complete, information is available on a set of units which does not
belong to the sample selected for the production of the preliminary estimates. An
estimation method is proposed which allows all the data available on a given date to
be used to the full - and the expression of the expectation and variance are derived.
The proposal is based on two-phase sampling theory and on the hypothesis that the
response mechanism is the result of random processes whose parameters can be
suitably estimated. An empirical analysis of the performance of the estimator on
the Italian Survey on building permits concludes the work.
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1. Objectives and context of reference

Over recent years the need for increased timeliness of short-term data has become

more pressing at both a national and an international level. In Europe this need
is particularly urgent, because the infra-annual statistics available at a community
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level has lower timeliness than that found in many countries outside the EU. The
USA, in this respect, sets an example that the European system would be advised
to follow.

Several studies have recently been initiated by the EU to identify the main is-
sues regarding the timeliness of short-term data. These studies fall into two broad
types: first, those which focus on the feasibility of constructing a sample stratified
by country, to provide estimates of European retail trade (Eurostat, 2001); second,
those undertaken by ESTEI (Expert group on Sampling for Timely European Indi-
cators), which has been working on guidelines to which individuals member states
ought to refer to ensure timely production of short-term indicators.

The report (Eurostat, 2002) drawn up by the ESTEI team indicates three possible
approaches to reducing the time taken to deliver indicators:

I - acceleration of national procedures: under this approach each stage of the
process leading to the production of statistical indicators would need to be
redesigned. Timeliness is seen as an issue pertaining to the entire productive
process - hence it has to be addressed by the overall way a survey is organized,
there cannot be a simple statistical solution to it. This approach would require
large financial investment in the data-collection phase;

II - selection of a specific subsample: this approach would involve selecting a
subsample of the surveys that each European country currently carries out in-
dividually. This would require an investment in resources for collecting infor-
mation on the units of the subsample, within a deadline that allows preliminary
estimates to be produced;

Il — approaches based on statistic models: statistical models can also lead to the
production of timely estimates. This would be the cheapest way because it would
not call for resources during the data acquisition stage, it would only require
investment related to methodological research and to information processing.
As regards approach II, there are two possible ways of selecting the subsample:

— two-phase sample design, developed within the classical approach to sam-
pling finite populations (Sarndal et al., 1992);

— optimal sampling design, developed by those using predictive inference for
finite populations (Royall, 1992; Dorfman and Valliant, 2000).

As regards approach 111, there are three main methods:

— methods based on techniques developed within time series analysis, which
use exclusively estimates calculated on previous occasions (Box and Jenk-
ins, 1976). In this category can also be placed methods that find specific
sub-series within a time series, thereby permitting a good prediction of the
overall time series to be made (Van Garderen et al., 2000; Maravalle et al.,
1993; Battaglia and Fenga, 2003);

~ models using both information obtained from units responding within a
fixed time (timeliness respondents) and estimates made on previous occa-
sions. These models can be further classified into (z): methods based on the
imputation of the variable values of the non-respondents units. Such meth-
ods can be based on a non-parametric approach (Chen and Shao, 2000), or
on a suitable superpopulation model (Little, 1986); a relevant set of mod-
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els are linear dynamic models (Harvey, 1984, 1989; Tam, 1987; Bell and
Hillmer, 1990); (ii) methods based on re-weighting techniques that correct
weights assigned to timeliness respondents, so that they can also repre-
sent non-timeliness units in a suitable way. These weights can be based on
superpopulation models explaining either the stochastic process that gen-
erates the timeliness response, or the values of the target variable of the
non-respondents unit at the current time (Rizzo et al. 1996; Eltinge and
Yansaneh, 1997); the probability of timeliness response co uld also be de-
fined using non-parametric techniques (Giommi, 1987; Niyonsenga, 1994);

~ suitable econometric methods based on the use of the relation linking the
target variables to proxi indicators used as early index of the target variables
(Bodo and Signorini, 1987; Bruno and Lupi, 2002).

The proposal being made in this paper has been developed within the classical
approach to sampling on finite populations. A case is considered which frequently
arises when selecting a subsample of units, the information for which is collected
within a deadline that allows preliminary estimates to be produced. At the moment
when these estimates have to be produced it often occurs that, although the collection
of data on subsample units is still not complete, information is available on a set
of units which does not belong to the sample selected for the production of the
preliminary estimates.

A simple way of producing preliminary estimates could be to use exclusively the
information collected from the respondents belonging to the subsample. However,
this would not only go against the statistical principle that all available information
should be used to the full, it would also result in inefficiency in estimates if the
number of respondents not involved in the subsample was large.

Below we present an estimation method which allows all the information avail-
able on a given date to be used. Qur proposal is based on the theory of two-phase
sampling and on the hypothesis that the response mechanism is the result of random
processes whose parameters can be appropriately estimated.

The paper is structured as follows: Sect. 2 introduces the parameter of interest
and the context of observation; Sect. 3 presents the modelling of the response
process; Sect. 4 describes the expansion estimator based on the inclusion probability
of first and second phase samples, and on the models employed for explaining
the preliminary response probability. In Sect. 5 the performance of the proposed
estimator is studied with an application to the Italian Survey on building permits.
The analysis is carried out comparing the mean absolute percentage error and
the quarterly and year growth rates of the proposed estimator with two different
estimators that use only subsample data. Finally in Sect. 6 the conclusion are given

2. Parameters of interest and sample observations

Let us denote by: U, = {1, ..., k, ..., N;} the farget population at the current time
t, which consists of /N; units; and by y; 1. the value of the variable of interest for
the k-th unit at the ¢-th time.
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We assume that the parameter of interest is the total

Y=Y v (1)

kelU,

In order to estimate this total, a first phase sample s, is selected from the population
Uz, through a sampling design which attributes to the sample s,; the probability
p(sq¢) of being selected.

We denote by

Tatk =D, _ Plsar) @)

Tatkl = Zsao(k’l) P(8at) 3

the inclusion probability of unit k and the inclusion probability of the pair of units
(k, ). Moreover, we assume that in order to obtain a preliminary estimate of Y; a
second phase sample s, is selected from s,; with conditional probability p(s;|sq:)-
Let us further assume that data collection on the units of s; is carried out with
particular care so that almost every unit of this sample is respondent at the time
preliminary estimates are produced.

The inclusion probabilities of the second phase design are

Tt klat = ZstDkP(Sﬂsat) C))

Ty kllat = Zsp(k,z) P(stsat)- )

Itis worth noting that s,; can be divided into two subsets: s;, and the complementary
subset, 5;, which contains s,; units not included in s;, so that s,; = s; U 5; and
St N §t = 0

When preliminary estimates have to be calculated we have a subset of respond-
ing units, marked r;, which is obtained from the union of two exclusive parts: the
set 75, (with s; D rg,), composed of r; units from subset s;; the set 75, (with
3; 2 rs5,), composed of r, units from subset 3;, which is complementary to s;.

3. Modelling of the response process

Under the condition that the unit k(k € s4,) is included either in s;, or in 5;, we
assume that response probability of the unit within a given deadline (defined for the
production of preliminary estimates) is based on a Bernoullian stochastic process.
Let us denote by

Prls; = Pr(k € 75, |k € 5¢) ©
(pk|§t = Pr(k € 'f'gtlk (S gt)

the unit k£ probabilities of being respondent (within the given deadline) under the
condition of one of the two events k € s; or k € ;.
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In order to estimate these unit & probabilities we use some special models named
Homogeneous Response within Groups (HRG), which assume that the sample may
be partitioned into subsets and that units of a given subset have an equal response
probability.

First, we are going to consider the HRG model for the calculation of an estimate
of the probabilities ¢y, . This model is characterised as follows:

i. the sample s,; is partitioned into C;,, groups or weighting cells; let us denote
by Sat,c the set of units belonging to the generic c-th group (¢ = 1,...,C,,);

ii. the units of sq¢ ., when included in s;, have a uniform value of the conditional
response probability (45, ) equal to ¢, _; units belonging to different groups
have different response probability;

iii. each unit responds independently of all other units.

This model can be formally described as
Pr(k € 15,k € 81) = Qijs, = @5, fOr k € sa¢c,(c=1,...,Cs,)
Pr((k,1) € rs,|(k,1) € s¢) =Pr(k € v, |k € s)Pr(l € r5,|l € 5) = @)
= Ps,Ps, o 0T (k€ 8a1,c) N (L € Sat,e0), ((c or ) =1,...,Cy,).

In the HRG model for the calculation of the estimate of the probabilities s, ,
we assume that the sample s, is divided into C5, weighting cells, and that the
k-th element of the generic cell st :(¢ = 1, ...,C3,), when included in 5;, has a
conditional response probability s, equal to s, .. As with model (7), the formal
expression of the model is:

Pr(k (S Tgtlk S gt) = Q0k|§t = <p§t,i:' for k € Sat,és (C = 1, ...,Cgt)
Pr((k,l) € r3,|(k,1) € 8) =Pr(k € r5,|k € 5)Pr(l € r5,]l € 5;) = ®)
= Ps, :Ps, o 00 (k € 8a1,6) N (L € Sat,20), ((€ or &) =1,...,Cs,).

Before illustrating the subsequent developments it is worth presenting a method for
calculating weighting cells which is borrowed from Eltinge and Yansaneh’s paper
(1997) and is based on the “response propensity scoring” technique (Rosenbaum
and Rubin, 1983; Little, 1986).

First we consider the case of the partition of s, into the C;, cells s4; . The
first step in applying the method consists of estimating, using the units of s;, the
parameters of a logit (or probit) model. For each unit the model connects the
expected value of the binary variable rf’ & (equal to one, if the unit is responding,
or to zero, if it is not) to a vector z; ; of auxiliary variables available on the whole
sample s,;.

Following the estimation of these parameters we can predict the response prob-
ability @, for each unit of s,;. It is worth noting that, as illustrated in Eltinge and
Yansaneh’s paper (1997), in practical situations the predicted probabilities Qys,
are not used directly for estimating the parameters of interest, since they may lead
to the creation of extreme values in the estimates and thus drastically increase the
variance. The predicted probabilities are used only in order to obtain an appropriate
definition of the weighting cells.
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In line with the optimal stratification theory (Cochran 1977, pp. 127-134), we
fix the weighting C,, cells by dividing the sample s,; by the quantiles of predicted
probabilities @, ; as a result every weighting cell includes homogeneous units as
regards the response probability. If we indicate the position quantiles (c — 1) and
¢ by @145, and @, , all the units for which Pe—1ls; < Pr|s; < Pc|s, belong to
the weighting cell c.

Similarly, for the definition of the partition of s, into the Cj, cells s4¢ &, when
the predicted values @5, are determined we assign to the weighting cell ¢ all
the units for which @z 115, < Ppjs, < Pejs,» Where Qz_115, and @y 5, indicate,
respectively, the position percentiles (¢ — 1) and ¢ of the distribution over s,; of the
predicted values Qys, .

If we have a good set of explicative variables z, 5, most of the bias reduction is
achieved by forming a rather small number of weighting cells (5 or 6), (Eltinge and
Yansaneh, 1997). If the response process was strongly dependent on an explanatory
variable which is not available for regression, we can not decrease bias, no matter
what the number of evaluated weighting cells is.

In their 1996 paper Rizzo, Kalton and Brick present alternative ways of setting
up the weighting cells using response propensity scoring from longitudinal research.
In De Vitiis et al. (2002) we find an application of these methods as part of a survey
on the labor force carried out by the Italian National Institute of Statistics.

4. Expansion estimator

Under the condition that the unit & belongs to the first phase sample s,;, the fact
that this unit is a respondent one (which means that it belongs to the set ;) can be
represented as the union of the following two exclusive events:

— E;: the unit is selected in the second phase sample, s;, and it is respondent; we
have Pr(E1) = Pr((k € s:) N (k € 5,)|k € Sa,t) = Ty kjatPhis, s

— Es: the unit does not belong to the second phase sample s, and it is respondent;
we have Pr(Ez) = Pr((k € 3;) N (k € r5,)|k € Sa.t) = (1 — T kjat) Pk, -

As a consequence we have -

Pr(k € ¢k € sqt) = Pr(Ex UE3) = (7 kjat@kis,) + (1 — Tt kjat)Pkis,)- (9)

If we know the response probabilities ¢y, and #k|s, for each individual respon-
dent unit (that is for each unit belonging to r;) we can obtain an unbiased estimate
of the parameter of the type (1) using this kind of estimator

Yo=Y yerdik (10)
ker,
where
dik = 1/Tat k(Mg kjatris,) + (1 — e kjat) Pris, ))- an

The proof of the unbiasedness of the estimator (10) may be easily derived.
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In practical situations, however, the values of ¢;),, and s, are not known
and have to be estimated. These estimates are done using response models which,
if they are wrongly specified, can introduce bias into the estimators (10). Conse-
quently the specification of the response models is a fundamental step in obtaining
good estimates. It can be performed using an explicit modelling of the response
probabilities, based on the estimate of a functional link between the response prob-
abilities and a set of auxiliary variables z, ; (k € s,:), which are available on both
the respondent sample and the non-respondent one.

The models often used are the HRG type, illustrated in expressions (7) and
(8). Assuming (7) and (8) are valid models and that the probability of not observ-
ing respondents inside any of the weighting cells is about zero, it is possible to
define unbiased estimators. To this end let us indicate by s; .(c = 1,...,Cs,) and
5t,:(¢ =1, ..., C5,) the sets of intersection s; . = Sq1,cMN 8¢, 5,6 = Saz,5()5¢; where
n. and m,, are the numbers of units and the number of respondent units in s; ; and
where n; and m; are the number of units and the number of respondent units in
3t ¢ Finally, let us indicate by m, and m; the vectors containing the number of
observed respondent units inside the weighting cells, where

m; = (my,...,m¢,mg,,) and mg = (my, ey Mg,y .y, )

and let us further indicate by m = (m/, m})’ the stack vector of vectors m, and
ms;.
If the conditions of the model (7) hold, the response probabilities of the unit
belonging to s;, corresponding to the observed vector m, are:

Me
Pk|s;,m, = Pr(k € 75,k € 8¢, m,) = — for k € sg1,c (12)

(o

and

(pk’llshms = Pr((k7 l) € TStl(k’l) € St)ms) =

MeMe — 1
< for (k,1) € satc
={ Me e (13)
M My
—<—= for k € Sat,c,l € Sat,escF €.
Ne Ner

Likewise, under model (8), the response probabilities of the units belonging to 3,
corresponding to the observed vector m; are:

ms
Pkls,,m; = Pr(k € r5,|k € 5;,m5) = — for k € sat,z (14)

C

and

PE,1i5:,ms = Pr((k,l) € 7‘§t|(k, l) € §t1m§) =
%mc -1

for (k,1) € sat.e
= Menem (15)
s M ]
MeMe sor k € Sat iyl € Sat,er,E# €.

Ng N
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Under the conditions of the models (7) and (8) and assuming that the probabilities
of the following events is zero:

A;:m, =0, forsomevalueof c=1,...,C;
As :mg =0, for some value of ¢ =1,...,C5

an unbiased estimator (see Appendix 1) of the total of interest is:

Yi=> yrauk (16)
k€T,
where
atk = 1/(Tat k (Tt kjatPhise,m, ) + (1 = Ty kjat)Pr)5,ms))- an

The variance of estimator (16) and the estimate of this variance (which is unbiased
only if models (7) and (8) are unbiased and if the probability of the events A, and
Aj; is zero), are (see Appendix 2):

Ytk Yl
V(¥)= 3 Y (Matt = Marpars) =2 == + 18)
keU, I€U, at,k fiat,l
1 1
+Ep, Z Z ( (@t,k Gt 1Pkl 500,m) ——— YeeYel )
cs Lles R Tat,k Tat,l
a a
Ytk Y,
V)= > ——————(Tatht ~ TathTat) o= + (19)
ker, ler, Mokl Pk lsae,m Tat,k Tat,l
1 1 Yt, kYt
+ Z E : (at,kat,lﬁpk,nsu,,m - )
ker; ler, Tat,k Mat,l Sok,l|sat,m
where

Pk, l[sas,m = Pr((k,1) € r¢fsq ¢, m);

fork #1

Pk l|sae,m= (Tt ki|at Phlse,m, ) F (1+7¢ kijat = (Tt kjat 78,1 at) )Pk, 1|50,ms) +
+ ((7Tt,k:|at+7rt,l|at_27Tt,kl|at)(pk|3¢,msz|§t,m§)7

and for k =1,

Pk ksqe,m = Pr(k € 14|s4,¢, m)
Tat,k
QK

= (7Tt,k|at¢k[st,ms) +((1- ”t,klat)ﬁoklsc,mg) =
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5. Empirical results
5.1. Background

In May 1998 the Council Regulation n.1165/98 for short term statistics (henceforth
STS Regulation) was published. Regarding statistics on industry, construction, retail
trade and repair and other services, the STS regulation foresees which indicators
to produce and their timeliness. Henceforth the National Statistics Institute (NSI)
began to revise their statistics according to the new standards. For the Italian NSI this
has implied the need of new data collection methods for statistics in the construction
sector. In particular, information on building permits are required 90 days from the
reference period.

Until the end of 2002, the survey on building permits was organized as a monthly
census of all Italian municipalities. Each municipality had to communicate infor-
mation either on building permits or null activity, meaning that no building permits
have been released for that month. STS Regulation requires data on building per-
mits for the number of new residential building broken down into one-dwelling
residential buildings or two and more dwelling residential buildings. The square
meters are broken down into residential or non residential.

The Italian 8,100 Municipalities may be grouped into two classes that exhibit
different response patterns. The two groups are:

— First group including 160 large municipalities with more than 50,000 citizens
representing the 36.3% of the Italian population;

~ Second group characterised by the 7,940 non-large municipalities with less than
50,000 citizens representing the 63.7% of the total population.

The response rate within the deadline useful for the production of a preliminary
estimate (90 days) was very high for the first group, greater than 87%. On the
contrary, the non-response phenomenon was stronger for the second group. The
rate of preliminary respondent municipalities from this group ranges from 35.0%
(in 1997) to 58.5% (in 1999). The principal reason for the delay in response process
is due to data collection, which was organised into two steps: in the first step the
data was sent from municipalities to provinces and in the second step to the Italian
NSI. Another problem is related to the difficulty of undertaking a reminder activity
for all the municipalities.

For all these reasons, it has been made evident that data collection method could
not make the elaboration of the index with the delay required by STS possible.

In order to improve the timeliness, and starting in 2003, the first step will
be the placing of the census survey side by side with a sampling survey of 814
municipalities. The information on municipalities included in the survey is collected
without the intermediate step of the provincial level; while for the other 7.286
municipalities the survey continues as a monthly census. This strategy implies that
for the month ¢ at time ¢ + 3 (90 days) two different sources of information are
available: respondents included in the sample and respondents not included in the
sample.

In particular the sample has been selected using a stratified strategy. The munic-
ipalities of the first group are included in the sample with certainty and form a take
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all stratum. The other municipalities are subdivided into strata defined by the cross-
classification of two auxiliary variables: region and class of resident population. A
fixed number of municipalities is selected in each stratum without replacement and
with equal probabilities.

5.2. Analysis of the result

In this paragraph we show some empirical results obtained by simulating the selec-
tion of the sample for the years 1998-2001; for each month of the period we have
subdivided the preliminary respondents into two subset 5, and r;, and then calcu-
lated the estimators. We note that the methodology proposed in the paper supposes
a higher response rate for the units in the sample s; compared to that observed for
nonsample units 5;. However, this hypothesis is verified in the period 1997-2001
where the response rate is equal on average to 85% for the s; and 75% for 5;;
the difference in the response rates will be even bigger in the future because the
introduction of the sample in 2003 will improve the response rate for s;.

We compare the estimator (16), denoted in the following as estimator E3, with
two other estimators denoted in the following as E1 and E2 based only on sample
data, in the context of the Italian survey on building permits. Estimator E3 uses the
information on all data set of respondents. Since after 1998 the large municipalities
are always preliminary respondents, the analysis is developed only with reference
to the domain of municipalities of the Second group.

The estimates f’t,a of the total Y; obtained with estimator a{a =E1, E2, E3) are
defined as

f’t,a = Z Ytk ko for a =E1,E2, and with
keEr,,

Yt,E3 = E Ye, k0 k,E3 for a = E3,
keErg

where at kg1 = Np/mp, for k € Up; ay k52 = 1/Tat kTt kjatPkis,,m. > Ot,k,E3 =
a; i as defined in expression (17); 7, i = 1; Uy, is the stratum of the sample design
of size Nj; m;, denotes the number of sample respondent units of stratum h.

The idea behind the three estimators is based on three different ways to re-weight
the respondent units (included or not in the sample). In estimator E1, in which only
data for sample units are used, the response probability is homogeneous for all units
belonging to a given stratum and this probability is estimated by the response rate
in the stratum.

Estimator E2 considers formation of cells to estimate the response probabilities
Pr|s, by a logistic regression model using only the information in the sample

Prls; = f(Ch,t—12, Ck,t—24, Dk, 1999, k) 20

where ¢ ¢ 12, Ci,+—24 Tepresent the collaboration of unit k at month t — 12 and
t — 24 (0 if the unit collaborates and 1 otherwise), pi; 1999 and gy, are the population
at 1999 and the geographical repartition. The model is estimated for every month
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Table 1. Total number of new dwellings with different estimators:MAPE and Year growth rate — Years
1997-2001

Years  Mean absolute percentage error Year growth rate

El E2 E3 Twe El E2 E3
1997 10.6 11.6 42
1998 9.9 10.6 3.8 —-30 —38 —49 -35
1999 11.0 114 43 76 89 68 179
2000 150 154 21 137 123 164 111
2001 188 254 27 41 141 190 44

in the period 1998-2001. Following the strategy proposed in Eltinge and Yansaneh
the units are grouped according to their ¢y, value in 6 cells; the conditional
probabilities ¢y, m, are obtained as the cell response rates.

Using the estimator E3, the probabilities @y, are estimated by a logistic re-
gression model (20) for the sample units; the estimated parameters of model (20)
based on the sample observations are used to calculate the (y,,, values for the
municipalities not included in the sample; then are formed 6 weighting cells. The
conditional probabilities (s, m, are obtained by cell response rates. A similar
approach has been used for the calculation of the probabilities s, m,- For the
non-sample units, the probabilities (Py5, are estimated using logistic regression
model with the same predictors of model (20); the estimated parameters of this
logistic model are used to calculate the @5, values for the municipalities included
in the sample; then the conditional probabilities ¢y s, m, are calculated for 6 cells
using the Eltinge and Yansaneh strategy.

With reference to the domain of municipalities of the Second group, Table 1
shows the Mean Absolute Percentage Error for estimator a and for year w(w =1997,
...,2001) calculated as:

Y:fw - ﬁ(fa

Yiw

1 12

MAPE,, = 7 > 100.

The table shows also the growth rate of the annual estimates and the true values
obtained as

Yw — ?w-—l yw — yw-1
a Yaw——l; 100; Yol 100
where Vo' = 37,2, Y%, and Y = 3.2, Y.

The values of MAPE show a better performance for the E3 estimator in terms
of smoothness.

The results in terms of year to year growth rate are quite similar for the period
1998-2000. For 2001, instead, the estimator E3 has a better performance compared
to the other two.
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Fig. 1. Quarter to quarter year growth rate for differemt estimator — Year 1998-2001

This evidence is even more clear from quarter to quarter year growth rate for the
period 1998-2001 (Fig. 1), for the domain of municipalities of the Second group.
In particular the estimator E2 and E1 are influenced by data on the number of
dwellings for one of the sampling units in the second quarter 2001. The estimator
E3, using all the information available at the generic quarter t, is not influenced by
this outlier. Estimator E3 gives as result a smoother series that is quite similar to
the true series: the correlation between the quarter to quarter year growth rate of
the true series and estimator E3 is equal to 0.96 (0.63 for estimator E1 and 0.44 for
estimator E2).

To test the sensitivity of the estimator E3 to the number of respondent munici-
palities, and supposing that the respondents in 2001 are the same as in 2002 (with
a reduction of 15%), we estimated the total number of dwellings. The absolute
percentage error of the estimation ranges from a minimum of 2.3% for the fourth
quarter to 4.7% for the first quarter.

6. Conclusion

Over recent year EU has given growing attention to timeliness in short-term statis-
tics. As result it has been established the ESTEI working group (Expert group on
Sampling for Timely European Indicator) that has released a guidelines on best
practices for the production of timely indicators. Exploring approaches based on
statistic models, in this work we have proposed an estimation method which uses
all the information available.

The performance of the proposed estimator is studied with an application to the
Italian Survey on building permits in comparison with two different estimators that
use only subsample information. The proposed estimator gives a smoother serie
quite similar to the true one in terms of mean absolute percentage error.
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Technical Appendixes
Appendix 1 - Expected value of estimator Y;

Under models (7) and (8) and supposing that the probability of the events below is
Zero:

A, :m. =0, forsome valueof ¢c=1,...,C;
A; :my =0, forsome valueof ¢=1,...,Cs
the expected value of Y; is given by:

E(Y) = Y yesBlaaris),
keU;

in which
E(atk) 1) = Ep, (Bm(Ep(BrrG (01 678 |51, m)|k € 501))) and
5 1if k €rg
Ttk =
’ 0 otherwise

where: Egrg () indicates the expectation under the HRG models (7) and (8); E, ()
the expectation under the second phase sampling design, conditioned by the first
phase sampling; Ep, (-) denotes the expectation over different values of the vectors
m, and mg; E,_ (-) the expectation under the first phase sampling design.

Under models (7) and (8) we have

EurG(@1,k7} k|86, M) = 8¢ kPkjs, o, Gtk + (1 — 81.k)Pk|5,,ma Ot k
in which é; ; is a binary variable that equals 1 if & € s;. By consequence
Ep(EHRg(at7krf,k|st, m)Ik € S4t) = (A1)
= (ﬂt,k|at§0k|st,ms +(1- Wt,k\at)<Pk1§t,mg)at,k =
= (ﬂ't,k|at¢k|st,ms) + ((1 - 7rt,k|a,t)50k|§t,m§) :
1/ as k(T k)t P)se,m, ) + (1 — Tt kjat)Pk(5,,ms)) = 1/ Tat k-
From the above we have
Em(Ep(EHRG(at,krzklstam)’k € sat)) = Em(l/ﬂat,k) = 1/7rat,k’ (A2)
and then
Eyp, (Em(Ep(Enra (ar kre 4|5, m)|k € sqr))) =

=Ep, (5at,k

+ (1 - 6at,k:)0) = Tat,k

Tat,k Tat,k

)

1 (A3)

By consequence, from the result (A.3), we derive that

E(Y:) = ) werBlaarde) = D vin = Vi
keU,; kelU,
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Appendix 2 — Variance and estimate of variance of estimator Y,

Under models (7) and (8) and under the adopted sampling design, the variance of
Y; may be expressed as:

V(Y3) = Vy [E(Yils20)] + Ep, [V(Yelsta)], (A4)

in which we have denoted with: V,,_(-) the variance of the first phase sampling.

Let us consider first the expectation in the first addendum on the right hand
side of the expression (A.4) E(Y}|s:) = Em(E,(Eurc (Y s, m)|ss:)) . Using
the result (A.2), we have

E(Vilsa) = 3 225

. .
K€out at,k

By using the standard results on sampling from finite populations, we have that the
first addendum of (A.4) is given by:

% Ytk Yl
Vi [EFelsia)] = D D (Tatpt = MatkTa) th Yol @A)
k€U; 1€U; Tat,k Tat,l

Let us consider now the variance defined in the second addendum on the right
hand side of the expression (A.4). It is straightforward to prove the following result

V(¥ilsia) = Y > Cov(ryxasr, m01ae1|5a)ys, ks
k€8at I€3at

Cov(rikat,k,rilat,lisat) =
= Em (Ep(BHRG (a¢,k7] 401,075 |56,m)| (K, 1) € sar)) +
~Em(Ey (Barg(ae kry 4 [se.m)|k € 3a1)) -

-Em(E,,(EHRG(al,krﬁklst,m)ll (S Sat)) =
1 1

Tat,k Tat,l

= Em(at 504,19k 1js,0,m) — (A.6)

Therefore the second addendum of variance (A.4) may be expressed as

By, [V(Filsia)] =

1 1
= Ep, ( Z Z (Em(at,kat,lSok,l]sat,m) - ) yt,k?/t,l) .

T, Ut
KESys L€5as at,k Tat,l

Where Pk lsqe,m = PI’((’C, l) € Ttlsa,t»m)'
In order to derive explicit expressions of the probability ¢ i(s,,,m let us con-
sider, that: if k¥ = [ we have

Tat,k
at K

Pk, k|sqs,m = Pr(k € rtlsa,t,m) = Pk,k|sar,m = (A.7)
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On the contrary, if k # [, we have

(pk,l|sat,m = PI‘((’C, l) € rt,k 75 la (ka l) € sa,tym) =
= Ep(Burc (r k78 1k # 1, s¢, m)|(k, 1) € saz) =
— Pr(Ei UBy UEs UEglk £ 1, (k,0) € sa1,m)  (AS)

in which E;, E,, E3, E4 are four disjoint events described in the following table

Event Conditional probability of the event
Pr(E,|k#l, (k,1)Ess ¢, m) With =1, ..., 4
El:((ka l)est)n((ka l)ETt) T, kl|atPk,l]s: m,

Eo=((k,1)es)N((k, )er:) (1474 ktjae = (Tt klat + T2, 1] at) )Pk, 1|5, ,ms

Es=((kes)nN(les))n
N((k,1) € )

Ey=({(ke€d)n(les))n
N((k, 1) € )

Using the above results, it is possible to prove that for k # [, we have

(7Tt,k|at - 7"-t,lcllat)(9‘7Ic|st,m,, (pllgt,mg)

(7Tt,1|at - Wt,kllat)(‘pust,ms ‘Pk|§t,mg)

Phillsarm = (Tt ktjat Pk, tsemm, ) H (LT kit — (Tt kjat + T4 1at)) Pk 15,ms )+
(Tt kjat + e tjat — 2Tt ki)at)Ph|ss,m, Pl|5,,ms )
Using the above results it is straightforward to prove the expression of first adden-
dum of (3.6), indeed, given s,; and m, the product a, j, rf, kat,lrf‘l assumes value
@t Q1 only if rf’ krf, ; is equal to 1, otherwise it assumes value 0; by consequence:
Ep(BarG (as, 081,071 |5:,m)| (K, 1) € 50:) =

= a4 k0t,1Bp(Errc (r 78 |se:m)| (K, 1) € Sat) = @4 k4,10k 1[5, ,m-

Estimate of the variance

Under models (7) and (8) and assuming that the probability of events A; and Aj; is
equal to zero, it is possible to derive an unbiased estimator of the variance V(Y})
given by:

V(Yy) =V +V,
where V; and V, represent unbiased estimators of the two addenda on the right
hand side of expression (A.4) expressed by

V _ 1 Y.k Yt
Vi= Z Z (Tat,kt = Wat kMat,1) LA LN

I
kers lers Tat,klPk,l|sq:,m Tat,k Tat,l
V. = 1 1 Yo, kY0
2= Gtk 1Pk 1 54¢,m .
Tat,k Tat,l / Pkl|set,m

kergler:
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The proof that V1 is an unbiased estimator of the first addendum of (A.4),
Vo, [E(Y:|Sta)], derive from the following

E(V:) =E (Z Z (Tat,kl — Mat kTat,l) Yoo Yt ) _

kers ler, Tat klPk,l|sqe,m  Tat,k Tat,l

— Epa ( Z Z (ﬂ'at,kz - Trat,kﬂ'at,l)‘

Uy
késat lesat at’kl(pk’llsﬂt’m

. Sk B (R, (Bupa(rd vl lsem)|(K 1) € Sa))) =

Tat,k Tat,l
=E,, (Z Z (Tat k1 — Wat,kﬂat,l)‘Pk,”sM‘m Yk Uil ) _
k€sqt l€sas Tat,kiPk,l|sas,m Tat,k Mat,l
=E,, (Z Z (Tat, ki — Tat,kTat,1)0at k0atl Ytk Yt ) _
keU, leU, Tat,kl Tat,k Tat,l
= 203 ek~ Toramae ) S8 = Vi (Rl
keU, leU, Tat,k Tat,l

Under the assumption adopted in the present work, the proof that Vs is an unbiased
estimator of the second addendum of variance (A.4) is based on the following
derivations

Ep(EHRG(‘}?'Stama (ka l) € Sat)) =

=E (EHRG( Z Z (@t,k@t,1Pk 1) 50¢,m)

kE€sqt I€S,1
5 .6
1 1 7T

- Y kY 1|se,m, (k1) € Sat)) =

Tat,k Tat,l Pk,l)sq:,m

1 1
= Z z (a4,504,1P% 1150, ,m) — Yt kY11

Kif 7
kCsq: 1€5as at,k "at,l

By consequence it is possible to derive the following

E(V2) = Ep, (Em(BpBync (73150 m. (k) esar))) =

1 1
= Ep, ( > (Em(at,kat,zwk,us,,,,m) e ﬂ_at,l)yt,kyt,l) =

k€sgt I€sq:

= Ep, [V(¥ilsta)]-
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