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REPRESENTATION THEORY OF WREATH PRODUCTS OF FINITE
GROUPS
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ABSTRACT. This is an introduction to the representation theory of wreath products of finite groups.
We also discuss in full details a couple of examples.
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1. Introduction

This paper is an introduction to the representation theory of wreath products. Our exposition
is inspired to the book by James and Kerber [9]. Howewer, our approach is more analytical and in
particular, we interpret the exponentiation and the composition actions in terms of actions on suitable
trees. This is done in Section 2, while in Section 3 we use the little group method [5, Theorem 5.2]
to determine a complete list of irreducible representations of wreath products. This procedure does
not give immediately a concrete description of the matrix coefficients whose determination requires
a detailed analysis of the conjugacy classes. We end Section 3 by analyzing the composition action
of the wreath product on two permutation representations. In particular, we generalize Theorem 4.2
in [1] in the case the permutation representations are not multiplicity free.

In Section 4 we analyze two particular examples of groups of the form Cy ! G where G is the
automorphism group of a finite graph X. Then, C5 ! G is the automorphism group of the associated
lamplighter graph. We give an explicit list of all irreducible representations in the case G = C),, the
cyclic group of n elements (which is the automorphism group of the discrete circle), and in the case
G = S, (which is the automorphism group of the complete graph of n vertices).

2. Wreath Products of Finite Groups

Let G be a finite group acting transitively on a set X and let F' be another finite group. Denote by
FX the set of all maps f: X — F. Set

FZG:{(f,g):fGFX,gEG}EFXxG.

The group G acts on FX in a natural way, by setting (¢f)(z) = f(¢ 'x), for any g € G, f € FX
and z € X. Moreover, FX is a group under pointwise multiplication: (ff’)(z) = f(z) - f'(x), and
g(ff)y=gf-gf’, (gf)~t = gf ", that is G acts on FX as a group of automorphisms. Then in F ! G
we can define a multiplication law by setting:

(f, (" 9) = (f-9f99) (2.1)
for all (f,g),(f',¢') € F1G. Clearly, (f-gf)(x) = f(x)f (g 'z), for all z € X.
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Lemma 2.1. The set F1G with the multiplication law (2.1) is a group. Moreover, the identity element
is (1p,1g), where 1p(x) = 1 for all x € X, and the inverse of (f,g) is given by (g1 f~1,g71).

Proof. It easy to show that (1, 1) is the identity. Moreover,
G e DY) = g e = (0 T ) le) = (e le) = (Fa) (g g™,
and therefore (g1 f~1, g71) is the inverse of (f,g). Finally, if (f,g), (f,¢), (f",¢") € F1 G then
(£, 9)(f " g") = (f-af" 99 [",99'd") = (£, 9)(',9 )( f.9")]
simply because g(f'-¢'f") = gf"- 99’ f". O
The group F G is called the wreath product of F by (the permutation group) G. The subgroup
{(f1e): f: X » Fy=F"

is called the base group. We will identify it with FX. It is easy to show that the base group is normal
in the wreath product. Moreover, if we identify {(1 F9): g€ G} with G then the wreath product

may be written as a semidirect product: F? G = FX x G. The diagonal subgroup of the base group
FX is: diag FX = {f € FX : fis constant on X} = F. Clearly, diag FX - G, as a subgroup of F 1 G,
is isomorphic to the direct product F' x G.

Suppose that F' acts transitively on a finite set Y. Now we define a natural action of F'{ G on the
product space X X Y.

Lemma 2.2. For (f,g) € F1G and (xz,y) € X XY, set

(f.9)(,y) = (g2, f(92)y) = (92, (97" F)()]y) (2.2)
Then (2.2) defines a transitive action of F1G on X x Y.

Proof. Clearly, (1p,1¢)(x,y) = (z,y) for any (z,y) € X x Y. Moreover, if (f,g),(f’,¢') € F1G and
(z,y) € X XY then

[(fs ) (f d)(y) = (f - 9f,99) (@,y) = (99, {[(g ’)_lf-g’_lf'](ﬂf)}y)
= (99'=, (g7 gD {[(d ) @)y}) = (f,9)(dz, f'(gdz)y) = (£, D, 9)(z,9)]

and therefore (2.2) is an action. It is obvious that it is transitive. O

The action defined in (2.2) is called the composition of the actions of G on X and F on Y. The
composition action restricted to diag FX - G coincides with the product action of G x F on X x Y.

The theory of wreath products becomes more transparent if we think of them as groups acting on
finite trees. The tree of X x Y is the finite, two levels rooted tree obtained by taking the empty set () as
the root, X as the first level and then attaching to each z € X a copy of Y. More precisely, the vertex
setis V = {0} [T X [[(X xY) and the edge set is E = {{0,z} : z € X} [[{{z, (z,y)} 12 € X, ye Y},

Then F! G acts on the tree (V, E) as a group of isometries: if (f,g) € F 1 G then (f,g) fixes 0,
sends z € X to gz and sends (z,y) € X XY to (g, f(g9x)y) (composition action). In other words, G
permutes the first level and, if we fix ¢ € G and 2 € X, the group {f(gz) : f € FX} = F permutes

{(gz,y) :yeY}=Y.
Now let YX be the set of all maps ¢ : X — Y. We can also define a natural action of F1G on VX,

Lemma 2.3. For (f,g) € F1G, o€ YX and z € X, set
[(f,9)¢e)(x) = f(z)p(g x). (2.3)
Then (2.3) is a transitive action of F1G on YX.
Proof. Clearly, (1r,1¢)p = ¢. Moreover, if (f,9),(f’,¢') € F1G, ¢ € YX and 2 € X, we have
(

{I(F. (" 9ol } (@) = [(f -9 99")e)(@) = [f(x) [ (g~ )] (g g o)
= f@)[f' (g 2)e(d g7 )] = fF@){I(f,9)ellg )} = {(f,9)[(f'. 9 )¢l } ()
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Y Y Y

Y Y Y

Fig. 2. ¢ € YX may be seen as a subtree of the tree of X x Y.

and therefore (2.3) is an action. It is obvious that it is also transitive (the action of the subgroup F¥
is transitive). O

The action defined in (2.3) is called the exponentiation of the action of F' by the action of G. Its
restriction to diag FX - G is called the power of F by G.

Consider again the tree of X xY. We may identify any ¢ € YX with the subtree 0 [[ X [[{ (=, p(z)) :
r € X)}. That is, YX may be seen as the family of all subtrees obtained by taking the root (), all
the first level X and, for any = € X, exactly one vertex (z,y) € X x Y. Then the action of F'{ G on
this family of subtrees (induced by the composition action) coincides exactly with the exponentiation
action.

Now let H be a third group. We can form the wreath products H! F = HY x F and then
(HYF)1G = (HUF)X x G. Alternatively, if we see F'1 G as a group acting on X x Y by the
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composition action, we can form the wreath product H (F1G) = HX¥*Y x (F1G). Now we show
that both constructions lead to the same result.

Theorem 2.1 (Associativity of the wreath product). The map
V: HI(F1G) — (H1F)G,
(h7 f? g) = (197 g)
where ¥ : X — HF is defined by setting 9(x) = (h(x,-), f(x)) for any x € X, is a group isomorphism.
Proof. Clearly, ¥ is a bijection. Take (h, f,q), (I, f',¢') € H 1 (F1G). Their product is
(hs £, 9) (W 9"y = (h- (fs @), f-9f',99'),  where [h-(f,9)l](x,y) = h(z,y)h' (g7 2, f(x)"'y).
Then
U((h, f,9)(W, f',9) = (9", 99"), where O"(z) = (h(z, )’ (g~ 2, f(x)~"), f(2)f (g @)).
g

On the other hand, if (¥,9) = ¥(h, f,g) and (¢, ¢') = U(F', f', '), then (9, 9)(¢,¢") = (V- g?¥',g99'),
and

(0 g¥')(x) = 19(33)19’(9—19@) =

that is ¥ - gt/ = 0" O

Then we can write simply H! F G. More generally, suppose that G1, G, ..., G, are finite groups
with G; acting on the sets X;,i=1,2.. — 1. Then the iterated wreath product GnlGm_1l...Gy
is the set of all m-tuple (fm,fm,l,...,fg,fl) where fi € G1 and f : X1 X -+ X Xp_1 — Gk,
k=2,3,...,m, with the multiplication law

(fmafmfla o 7f27f1)(f7/naf7/1;—17 .. ,fé?f{) =
(fm - (=t - oo f2s F) s Fne1 + (Fn—2s - s f2s J1) frnets -+ - f2 o ff3, J11)

where

(fros frets -5 2, f1) (@1, 22, . o) = (frz, fo(fizn)ze, . o fe(froe—1)on),
for all (x1,x9,...,2) € X1 X Xo X -+ X X3, k=0,1,2....m

3. Representation Theory of Wreath Products

Let G, X, F be as in the previous sections. We want to describe the irreducible representations of
the wreath product F'! G. In virtue of Theorem 9.1.6 and of Corollary 9.1.7 in [3], every irreducible
representation of the base group F¥ is of the form

®O’:v

zeX

where N
X — F

r = O

is any map from X to F\, the dual of F. In other words, if fo € FX then

<® Uz) (fo.1la) = ®Ux(f0(x))

reX zeX
and if @ v, € @ V,,, with V,_ the space on which acts the representation o, then

zeX zeX
[(@ Ux) (an 1G>] <® vx) = ® O'x(fO(x))vac

zeX rzeX reX

47



Lemma 3.1. The (f,g) conjugate of Q) o, is given by

zeX
(f.9)
(@)@
zeX zeX zeX
Proof. Since (f,g)"' = (g7 f~1,g71), we have
(£,9)
(@ ) (o 1c) = (@ ) 0 o 16) ()] = (@ ) G o)1)
zeX zeX reX
= @ o2 (F(92) " folgn)f(92) = @) 712 (F (@) folw) fl2) = QT (2))
zeX zeX rzeX
- @, ] (o 1c)
reX
but
f(x)ang ~Og1g
since f(z) € F, and therefore
(f.9)
(@)~ @
reX zeX

O

Lemma 3.2. Let o = < X 0x> € FX. Then the inertia group of o with respect to F1G is given by
zeX

Irmg(o) = F1Tc(o),
where Tg(o) ={9g € G : 04y ~ 0, Yz € X }.
Proof. From Lemma 3.1 we know that

IFZG(U) = {(fag) O0gx ~ Og, Vo € X}
and this is isomorphic to
FX % Tg(o) = F1Tg(0).

Remark 3.1. Actually we may write
Te(o) ={9 € G:04p =04}

Lemma 3.3. FEach (® O'x> € FX has an extension o to the whole Img(o): it is given by setting

reX
5(]0’ g) <® Uz) = ® Ug—lx(f(x))vg—lx’

reX zeX
for all (f,g) € F1Tg(0) and @ cx Vs € Ruex Vo -

Proof. From the definition of &, we have

g) <® UI) = ® O-gflx(f('r))vgflx = ® crx(f(:v))v -

zeX zeX zeX
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where the last equality follows from the definition of TG (o). Therefore

a((f1,91) - (f2,92)) (@%) =0 ((f1- (91.f2), 9192) <®%> = @) ou(fi(@) falgr 7))oy,

zeX rxeX rxeX
On the other hand

a(f1,91) ( (f2,92) (@%)) =0o(f1,91) (® oe(fo(z )
reX zeX
= ® a1 ()0, 1, (Falar )yt = R ol <x>>ax<f2<g;1x>>vg;1gl-lx

zeX reX
= @) au(fi(2) falgr 7))oy,
zeX
and this shows that o is a representation ending the proof. O

Let X be a system of representatives for the F'{ G-conjugacy classes of irreducible representations
of FX. For each o € X, denote by 7 its extension to Img(o) as shown in Lemma 3.3. For each
Y € Tg(o), denote by 9 its inflation (see [5, Equation (3)]) to Ima(o) (using the homomorphism

IrG(o) — Ta(o) 2 Ing(o)/FX). Then, as an immediate consequence of the little group method of
Mackey and Wigner (see [5, Theorem 5.2]), we have the following.

Theorem 3.1. - B )
e {Indgzc(a)@@w) o€, pe TG<0)}

that is the above is the list of all irreducible representations of F2 G and for different values of o, ¢
we obtain inequivalent representations.

3.1. The character and the matrix coefficients of the representation o. If we want to write
the character and the matrix coefficients of one of the irreducible representations in Theorem 3.1,
the main problem is to compute the character and the matrix coefficients of . Indeed, the matrix
coefficients of 1 are easy: they can be obtained by composing those of ¢ with the homomorphism
IpG(o) — Te(o) & Ipg(o)/B. Then, for & ® ¢ we can use the formulas for the character and
the matrix coefficients of a tensor product, and for Ind (U)( o ® 1) the formulas for an induced
representation. Therefore, this section is entirely devoted to .

Let G be a finite group and, for ¢ € G, denote by €(g) the conjugacy class of G containing g.
Suppose that G acts on a finite set X and denote by 7 this action. That is, for g € G, 7(g) is the
permutation of X associated to g. Denote by C(7(g)) the cycles of the permutation m(g); then any
c € C(m(g)) is of the form ¢ = (z,7(g) 'z, ..., 7(g)"")*1z), where £(c) is the length of ¢ (that is the
smallest positive integer ¢ such that 7(g)‘x = 2). Moreover, the cycle decomposition of m(g) is just

m(g) = H c H la, ()TN ),

ceC(m(g)) CEC(W(Q))
If g, h € G then C(n(hgh™')) = hC(n(g)
1

c=(z,m(g9)"

here, if

) w
z,. ., m(g) ") € Cn(g)),
then

he = (n(h)x, m(h)w(g) ‘a, ..., w(h)r(g) ")+ a).

Now let F' be another finite group. Let © be the conjugacy classes of F'. Form the wreath product
F1G = FX x G. In what follows, for the sake of simplicity, we will use the notation gz to denote
7(g)x. Moreover, if H is a group and a,b € H, we will write a ~g b to denote that a and b are
conjugate in H. For (f,g) € F1G and ¢ = (z,g 'x,...,g "9%12) € Cg), we set

aca(f,9) = f(@) flg7 @) ... flg ") = [f (9f) ... (g7 T )(). (3.1)
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Suppose that Qi,Qs,...,Q,, are the orbits of T(o) on X, that is there exist inequivalent repre-

~

sentations o1,09,...,0,, € F such that 0, = o; for all x € Q;, i = 1,2,...,m. Let v%,v%...,vclli be
an orthonormal basis in V,, and d; = dimVj,, ¢ = 1,2,...,m. Then the character and the matrix
coefficients of o; are respectively:

IS

i

xi(t) = <tv§-,v§-)vi, teF

U
Il
—

uh(t) = (o(t)vp, vy,  tEF, jk=12,...d.

<

Recall that

IS

i d;
Do Oupg(t) = wls(t), ot = ul (b

k=1 j=1

For g € T¢(o), denote by C;(g) the cycles of the permutation induced by g on £2;. Set
A={p: X - N| p(z) €{1,2,...,d;} Vz € Q;},

and for every ¢ € A,

Then {v, : ¢ € A} is an orthonormal basis for @ V,,. We will use the notation a..(f,g) in (3.1).
zeX

Theorem 3.2. The matriz coefficients and the character of the extension o of o are given respectively

by:
uz,cp(fv g) = H H ujﬁ(x),ap(g_lm)(f(x))v 90,1/} € Av (fa g) € IFZG(U)a
i=1xz€Q;
Xo(£,9) =11 TI xeo:lac(£.9),  (f.9) € Ina(o).

i=1 ceCi(g)

Proof. From Lemma 3.3, we obtain ((f,g) € Ipg(0))

d;

5(f.9)vp = Q) Q) 7=(F(2)vyg10) = Q) Q) | D_ oo 1) (f(2))7]

i=1 2€Q; i=1 z€Q; \j=1

= ST T oeyote-ray(F@) | v

PpeA \i=1ze);
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and this proves the formula for the matrix coefficients. Moreover, the character of & is given by

xs(f,9) = Z<5(fa 9V V) = Z H H U (f(z))

peA peA \i=1zeQ;

=S I “me @t o2 (FOT2)) Uiy i) (P97 2))

peA | i=1 c=(z,9 'a,...,
g~ r)eci(g)

m d; d;

d;
> Z Ul (o), (g1 (f (@) X

L e=(z,g7 w,.., pl@)=lpg7te)=1  @(g=4)+1z)=1
g~ z)eCi(g)

)
d;

.’:1

i

f(g_lx)) s u;( —4(c)+1 z), w(x)(f(g_ac)*lx))

Up(a) () (@e( 9) —H I xoi(ac(s:9)

XUy (g-10) (g2
(0)=1 i=1 ceci(g)

In the following corollary, we examine a particular case of Theorem (3.2).

Corollary 3.1. Suppose that o, = o for all x € X (so that Tg(o0) =G and o € F/z\G) Then
II xolac(f,9)),  (f9) € F1G.
ceC(g)
In particular,
Xo(1r, 1) = (dima)*, xz(1p,g) = (dimo) @,z (f.10) = [] xo(f
rzeX
Finally, if f is constant, f(x) =t for allz € X, and ar(g) = [{c € C(g) : £(c) = k}|, then
RY

= H Xo_(tk)ak(g)
k=1

3.2. The composition of two permutation representations. In the notation of (2.2), suppose

that L(X) = @ a;V; and L(Y) = € b;W; are the decompositions of L(X) and L(Y') respectively
i=0

j=0
into irreducible G- and F-representations. That is, Vp, Vi,...,V,, (respectively, Wy, W1, ..., W,,) are
pairwise inequivalent irreducible representations and ag,as,...,a, (respectively, bg,b1,...,by) are

their multiplicities in L(X) (respectively, L(Y)); we also suppose that Vj (respectively, W) is the
trivial representation (so that ap = by = 1). We fix xg € X and define K as the stabilizer of xg in G,
that is K = {g € G : gxo = zo}.

Theorem 3.3. Consider X XY as a permutation module with respect to the composition action (2.2).
Then the following

n

@ a;(V; ® W)

1=0

L(X xY) =

P | Prvi(Lx)ew;) (3.2)
j=1

is the decomposition of L(X x Y') into irreducible F' ! G-representation.
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Proof. First of all, we prove that every subspace in the right hand side of (3.2) is F'! G-invariant.
Suppose that G € L(X), F € L(Y), (z,y) € X xY and (f,g9) € F1G. Then

[(f, 9(G@F)(z,y) = (G@F)(f,9) " (z,9)] = (GRF) (g, f(2)"y) = (99)(2) - (f(x) F)(y). (3.3)

In general, (f(z)F)(y) depends on x, and therefore (3.3) is not a tensor product. But there are two
special cases. If v ® 1y € V; ® Wy then (f,g)(v ® 1y) = (gv) ® 1y, and therefore each space V; @ W)
is F'{ G-invariant. On the other hand, if (z/,y') € X x Y and §, ® w € L(X) ® Wj, then

[(f,9) (02 @ w)](2",) = 0ga(a’) - [f(2")w](y),
which implies that
(f,9) 0z @ w) = 0ge @ [f (x)w], (3.4)

and each space L(X) ® W; is also invariant.

Now, by mean of Theorem 3.1, we want to prove that each subspace in the right hand side of (3.2) is
FG-irreducible. A representation of the form V; ® Wy is clearly irreducible, because V; is G-irreducible
and Wy is trivial. In the setting of Theorem 3.1, take o = the trivial FX-representation, that is the
tensor product @ (Wy), of | X|-times the trivial representation of F. Then o has the whole F'1 G

zeX
as its ineertia group, and then tensoring its extension to F'? G (which is the trivial representation of
F G) with V; we obtain exactly V; ® Wj.
On the other hand, if we take ;= the representation of I X on the tensor product & We(z), where
rzeX
€(xo) = j and e(x) = 0 for  # xp, then the ineertia group of o; is F'! K. Denote by ¢ the trivial

representation of = K and by 0, 7 respectively the extension of o; and the inflation of ¢ (both

X
to F1 K). We want to show that the representation Ind?ii(Z@ ;) is isomorphic to the representation

of F1G on L(X)® Wj (clearly, T ® 0; = 7). For each z € X, choose t, € G such that: t,z¢ = =.
Then {t; : z € X} is a system of representatives for the right cosets of K in G, and {(1x,t;) : z € X}
is a system of representatives for the right cosets of F1 K in F'{ G. Applying (3.4), we can write:

LX) @ W; = @ (1x, tz) (L({zo}) @ W;) (3.5)
reX
and another application of (3.4) yields
(f k) (020 ® W) = 05y @ [f (0)w].
The last identity shows that the representation of F'? K on L({zo}) ® W} is isomorphic to 7 ® &,
(see Lemma (3.3)). Then (3.5) ensure us that the representation
NG - o ~
IndFsK(L ® ;)
is isomorphic to the representation of F'! G on L(X) ® Wj. It follows that L(X) ® W; is F'1 G-
irreducible. [

We recall that in any isotypic decomposition like L(X) = @ a;V;, the sum of the squares of the

multiplcities of the irreducible representations is equal to the number of orbits of K on X, that is
m
Z(ai)Q = # orbits of K on X.
i=0
This is called Wielandt’s Lemma in [1-4]. See also [15, 16].

Exercise 3.1. Show that for any orthogonal decomposition of L(X) into G-invariant subspaces

m

L(X) =P ai, (3.6)

=0
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where every block ¢;U; is the orthogonal sum of ¢; invariant G-isomorphic subspaces, we have
h

2(01)2 < # orbits of K on X,

1=0
with equality if and only if (3.6) is the isotypic decomposition. [Hint: You can obtain the isotypic
decomposition in two steps: first decompose each U; into irreducible representations and then group
together equivalent copies. At both steps, the sum of the squares of the multiplicities increases, and
remains stationary if and only if the U; are irreducible (first step) and pairwise inequivalent (second

step).]
Exercise 3.2. Fix yp € Y and suppose that H is the stabilizer (in F') of yp.
(1) Prove that J = {(f,9) € F1G:g € K, f(x¢) =1} is the stabilizer of (zo,yo)-
(2) Suppose that X = [[_,Zs and Y = [['_, A, are the decompositions of X into K-orbits and
of Y into H-orbits, with Z9 = {zo} and Ag = {yo}. Prove that
t
[1Eo x Av)
v=0
is the decomposition of X x Y into J-orbits.

s

11 [H@ )

u=1

X xY =

Exercise 3.3. Use Exercise 3.1 and Exercise 3.2 to prove that all the representations in the right
hand side of (3.2) are irreducible.

4. Representation Theory of Groups of the form Cs! G

Let G be a finite group and X a finite homogeneous G-space.
For w,0 € O, set w-0 = > w(x)f(x) and define xy € L(C5°) by setting xg(w) = (—1)*?. Then
zeX

the dual group of Cs* is just C¥ = {xg : @ € C5*} and G acts on it by setting: gxg(w) = xp(9~'w), that
is gxo = Xg0- The action of G on CsX is equivalent to the action on C5* and both are the same thing

as the action on the subsets of X. In particular, the stabilizer Gy = {g € G : gx9 = x¢} coincides with
the stabilizer of Zy = {x € X : 6(z) = 0}. The extension of the character xp is simply the character

Yo of Co ! Gy, given by: Ya(w,g) = xg(w), for all w € CZ, g € Gy. Similarly, if n € C/J?; (that is 7 is
an irreducible representation of Gy) then its inflation n7 to Co ! Gy is given by: 0 (w, g) = n(g), for
all w € C2Z , g € Gg. Both g and 17 are irreducible Cy ! Gy-representations, and so is their tensor
product Yo ® 7; clearly Xy ® 07 (w, 9) = x9(w)n(g). Now we can apply theorem 3.1.

Theorem 4.1. Let © be a systems of representatives for the orbits of G on CZ (any orbit has exactly
one element in ©). Then

C'/QZ\G: {Indgzgge)@@n#:ﬁe@ andneé\g},
that is the right hand side is a complete list of irreducible inequivalent representations of Co 1 G.
4.1. Representation theory of the finite lamplighter group Cs: (). Any irreducible repre-
sentation of C), is a one-dimensional character of the form: ex(h) = exp 27ri%k>, h,k e Cy.

Think of § € C¥ as a function 6 : Z — C5 satisfying 0(k +n) = 0(k) for any k € Z. Then the period
of 6 is the smallest positive integer ¢ = ¢(6) such that 6(k + t) = (k) for any k € Z; clearly ¢ divides
n and if n = mt then the stabilizer of  is the subgroup C,, = (t) (recall also that for any divisor m of
n, the subgroup of C,, isomorphic to C,, is unique [11]). The characters of the subgroup (t) are given
by: eolwy, €1y, - > em—1lq), where e, e1,. .., en—1 are as above. Indeed, for 0 < r,l < m—1 we have:

er(lt) = exp <2m'%lt> = exp <2m’%> .
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We set e;| (k) = e,(k) when k € (t), er[(yx) = 0 otherwise. In what follows, we also set m(f) = o

t(0)’
but we will write simply ¢ and m when it is clear the § we are talking about.
Now take ¢ € C3 and 0 <7 < m — 1. If we compute the inflation of e, |y and the extension of x4,

we obtain the character xp ® (er|<t>)# of C3 1 (t) given by:

Xo ® (erl ()™ (w, 1) = xo(w)er (it),

forwe C§ and [ =0,1,...,m — 1. Let O be a set of representatives for the orbits of C,, on C¥ (such
orbits may be enumerated by mean of the so called Polya—Redfield theory; see [12] for an elementary
account and [10] for a more comprehensive treatment). Then we can apply Theorem 4.1.

Theorem 4.2. The set
C ZCn < . p—
{Indczz@(e)) [Xg ® (6T|(t(9)>)#} :0€0O, r=0,1,...,m(0) — 1}

s a complete list of irreducible inequivalent representations of C3 1 Cy,.

CCh "
C%i(t) Xo ® (er‘<t>)#. If (w, k) € C§1C,, and

0<s,j7 <t—1then [Up,(w,k)|s; will denote the (s, j)-entry of this matrix evaluated at (w, k). Note
that {(0,s) : s = 0,1,...,t — 1} is a set of representatives for the right cosets of C3 (t) in C2? C,.
Moreover, ((—s)w,k + j — s) € Co 1 (t) if and only if &+ j — s € (t), that is, if and only if ¢ divides
k + j — s, and therefore
[X6 ® (erl)*]((0c,, 8) ™! (w, k)(0c,, 1) =xo((=s)w)er| @y (k + 5 — s)
={Xs0 ® [(s = ) (erls)]* } (W, k)
Then we may apply the formula for the matrix of an induced representation ( [4, Equation (10)]),
getting:

Now we want to give the matrix expression for Ind

(4.1)

0 ifk+j—s¢(t)

ol(—s))er(b+i—s)  ifk+j—se () (42)

[UG,T(("J? k)]&j = {

4.2. Representation theory of the hyperoctahedral group C3!S,. Now G = 5,, and X =
{1,2,...,n}. For any 0 < k < n, choose 8*) € C5X such that |[{j € Z : 6¥)(j) = 0} = k. Then
{6’(0), o . 9(”)} is a set of representatives for the orbits of S,, on 02)( . Moreover, the stabilizer of
0¥ is isomorphic to S X S,,_x. We recall that the irreducible representations of the simmetric group
Sy are canonically parametrized by the partitions of ¢; [9, 13]. For A I ¢ (this means that \ is a partition
of t), we will denote by py the irreducuble representation of S; canonically associated to A and by S*

the corresponding representation space. The irreducible representations of the group Sp x S,,_ are
all of the form p) ® py, for A+ k and p = n — k. If we set ppy, = Indgzg(%‘kxsnik)[ig(k) ® (p,\pu)#],

applying theorem 4.1 we have the next result.

Theorem 4.3.
{pP\;u} AFE uFEn—k andOSkSn}

s a complete list of inequivalent, irreducible Cy 1 Sy, -representations.

See also [7, 9].

REFERENCES

1. T. Ceccherini-Silberstein, F. Scarabotti, and F. Tolli, “Trees, wreath products and finite Gelfand
pairs,” Adv. Math., 206, No. 2, 503-537 (2006).

2. T. Ceccherini-Silberstein, F. Scarabotti, and F. Tolli, “Finite Gelfand pairs and their applications
to Probability and Statistics,” J. Math. Sci. (N.Y.), 141, No. 2, 1182-1229 (2007).

o4



3. T. Ceccherini-Silberstein, F. Scarabotti, and F. Tolli, Harmonic Analysis on Finite Groups. Rep-
resentation Theory, Gelfand Pairs and Markov Chains., Cambridge Studies in Advanced Mathe-
matics. Cambridge University Press. In press.

4. T. Ceccherini-Silberstein, A. Machi, F. Scarabotti, and F. Tolli, “Induced representation and
Mackey theory,” This volume.

5. T. Ceccherini-Silberstein, F. Scarabotti, and F. Tolli, “Clifford Theory and Applications,” This
volume.

6. P. Diaconis, Group Representations in Probability and Statistics. Institute of Mathematical Sta-
tistics Lecture Notes—Monograph Series, 11, Institute of Mathematical Statistics, Hayward, CA
(1988).

7. L. Geissinger, and D. Kinch, “Representations of the hyperoctahedral group,” J. Algebra, 53,
1-20 (1978).

8. B. Huppert, Character Theory of Finite Groups, De Gruyter Expositions in Mathematics, 25,
Walter de Gruyter (1998).

9. G. D. James, and A. Kerber, The Representation Theory of the Symmetric Group, Encyclopedia
of Mathematics and its Applications, 16, Addison-Wesley, Reading, MA (1981).

10. A. Kerber, Applied Finite Group Actions, Algorithms and Combinatorics, 19, Springer-Verlag,
Berlin (1999).

11. S. Lang, Algebra, Graduate Texts in Math., 211, Springer-Verlag, New York (2002).

12. J. H van Lint, R. M. Wilson, A Course in Combinatorics, Cambridge University Press, Cambridge
(2001).

13. B. E. Sagan, The Symmetric Group, Wadsworth & Brooks, Pacific Grove, CA (1991).

14. F. Scarabotti and F. Tolli, Harmonic analysis of finite lamplighter random walks, Preprint (2006).

15. S. Sternberg, Group Theory and Physics, Cambridge University Press, Cambridge (1994).

16. H. Wielandt, Finite Permutation Groups, Academic Press, New York-London (1964).

T. Ceccherini-Silberstein

Dipartimento di Ingegneria, Universita del Sannio

E-mail: tceccher@mat.uniromal.it

F. Scarabotti

Dipartimento MeMoMat, Universita degli Studi di Roma “La Sapienza”
E-mail: scarabott@dmmm.uniromal.it

F. Tolli

Dipartimento di Matematica, Universita di Roma 3

E-mail: tolliGmat.uniroma3.it

95




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /SyntheticBoldness 1.000000
  /Description <<
    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [594.000 792.000]
>> setpagedevice


