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Abstract — New analytical expressions are proposed for the 
prediction of the frequency dependence of the characteristic odd-
mode impedance of differential interconnects. The classical 
microwave definition is reviewed as well as analytical 
formulations available in literature. A two dimensional Finite 
Difference Frequency Domain method is applied to compare the 
results and check the accuracy of the proposed expressions. 
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I.  INTRODUCTION 
Nowadays the technological trends in electronics are driven 

by the need for a constant increase in the performance of actual 
high-speed high-populated printed circuit boards (PCBs). 
Consequently, the increase in operational frequencies, together 
with the growth of configuration complexity, made arise a 
large number of signal integrity (SI) and electromagnetic 
interference (EMI) issues, e.g. propagation delay, signal 
distortion, crosstalk, radiation, which must be faced at the 
preliminary design stage. 

In this work the attention is focused on analytical 
formulations for the prediction of the frequency-dependence of 
the characteristic impedance of differential interconnects, the 
so called odd-mode impedance. Differential configurations are 
of practical interest [1-4] since they show better SI and EMI 
performances than the single-trace transmission lines with 
current return through the ground plane in all those cases where 
discontinuities are present on the reference plane, e.g slits. 

In particular the very microwave definition of the 
characteristic impedance has been critically reviewed since it is 
well-known that in the high frequency range, where the quasi 
transverse (qTEM) assumption is not fulfilled, the 
characteristic impedance is not unique [5]. Furthermore 
analytical formulations available in literature have been revised 
and further improvements have been proposed. All the 
expressions have been numerically validated by means of 
comparison with the results of a compact two dimensional 
Finite Difference Frequency Domain (FDFD) method in a 
number of significant configurations and over a wide frequency 
range. 

II. DEFINITION OF CHARACTERISTIC IMPEDANCE 
The proper definition of the characteristic odd-mode 

impedance Zodd is strictly related to the study of the full-wave 
electromagnetic propagation along the differential interconnect 
depicted in Figure 1, which constitutes a particular example of 
bidirectional electric waveguide. 

 

Figure 1.  Geometrical sketch of the considered differential interconnect. 

It is well-known that the inhomogeneity of the structure 
with the presence of two distinct dielectric media does not 
allow the propagation of any TEM mode, except at zero 
frequency which is a case of no practical interest. Due to the 
presence of the strips the resulting field can be expressed as a 
superposition of linked TE and TM modes, named hybrid 
modes, whose computation is only possible numerically 
[6,7,15]. At low frequencies the fundamental propagation can 
be obtained from the lowest order terms of a frequency Taylor 
expansion of the fields, in order to construct an approximation 
to the exact solution of the Maxwell equations, the so called 
quasi-TEM mode [8], which however loses its validity at 
higher frequencies. 

In the past, several candidates have been suggested for a 
reliable frequency dependent definition, based on two 
dimensional formulations [10-14] as well as on three 
dimensional ones [9]. Among them, the definitions on which 
more attention has been focused, are those in terms of the 
average propagated power P and longitudinal strip current I 
(Zpi = 2·P/|I|2), the strip center voltage V and current I (Zvi = 
V/I), power P and voltage V (Zpv = 0.5|V|2/P). All three 
definitions of characteristic impedance are identical only if the 
relation P = V·I/2 applies. It has been shown, in the case of a 
single microstrip line [5], that the trend of the characteristic 
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impedance versus frequency strongly depends on the definition 
used. Several aspects and arguments [13], especially 
concerning the definition of voltages [5] which is not unique 
except in the pure TEM case, have made the power-current 
formulation prevail through the years in quite all the 
microwave applications. 

Nevertheless, a more thorough investigation of the matter 
should start from a whole analogy between the physical 
coupled microstrip electric waveguide, on which several 
fundamental and higher order field modes propagate, and the 
model of the coupled transmission lines, with a set of modes 
expressed in terms of currents and voltages. The analogy 
should be aimed at the construction of a transmission line 
representation of the modes which propagates [8], outside the 
context of the quasi-TEM assumption. Clearly uniqueness of 
the representation is lost and some latitude appears in the 
definition of which is the best possible model. In the derivation 
of a correct model, several criteria should be satisfied: 

• the TL model should reduce to the quasi-TEM 
transmission line for the fundamental mode at low 
frequencies; 

• the conservation of dispersion should be enforced 
imposing the equality between the propagation 
eigenvalues of the respective eigenmodes γi; 

• the conservation of reciprocity should be imposed in the 
TL model; 

• the same power transmitted in the waveguide structure 
should be transmitted in the TL model. 

Defining in the multiconductor TL model the modal 
voltage matrix [V] and the modal current matrix [I], where the 
element ij corresponds respectively to the voltage or current on 
the ith conductor due to the jth mode, it is possible to define 
mainly a reciprocity-based and a power-based TL model [8]. 

In the reciprocity-based model, ensured the conservation of 
reciprocity by enforcing the orthogonality of the modes [V]T 
[I] = 2 [U], where [U] is the identity matrix, the characteristic 
impedance matrix can be computed as  

 [ ] [ ][ ] [ ]( ) [ ] 11T1
char 2 −−− == IIIVZ , (1) 

where the longitudinal current matrix can be computed by the 
integration of the magnetic field of each eigenmode along the 
boundary of each perfect conductive strip, in the case of a TL 
model for only the fundamental propagation modes. The odd 
mode impedance can be extracted straightforwardly from the 
characteristic impedance matrix, simply applying a differential 
signal, as depicted in Figure 1. In general the conservation of 
the propagated power is not guaranteed between the model and 
the original microstrip configuration. 

In the power-based model the conservation of power is 
enforced [V]T [I]* = 2 [P], where [P] is the power matrix [8], 
and the characteristic impedance matrix can be computed as  

 

 [ ] [ ][ ] [ ]( ) [ ] [ ] 1T1*T1
char 2 −−− == IPIIVZ . (2) 

Anyway, the characteristic matrix is not generally symmetric, 
which means that the derived TL model is not reciprocal in 
contrast to the original waveguide itself. Thus the odd mode 
impedance loses its uniqueness since it changes from line to 
line. Only in the lossless case, considered in the paper, since 
the complex power can be decomposed into independent 
contributions of the different eigenmodes, the enforcement of 
the conservation of power imposes the reciprocity. The current 
matrix is real and the characteristic matrix is symmetric. 

III. MODELING  

A. Full-wave modeling 
To compute the propagation characteristics of the 

microstrip differential line and check the agreement with the 
proposed analytical formulation, a novel compact two 
dimensional full-wave Finite Difference Frequency Domain 
method [15] has been used. The method benefits from several 
favorable features which allow an efficient computation of both 
the propagation constant β for a given frequency and the 
transverse field pattern, necessary to compute the characteristic 
impedance. The geometry of the differential interconnect is 
depicted in Figure 2: it is assumed that its structure is uniform 
along the z axis and that the traveling wave propagates along 
the positive z direction. The two dimensional transversal 
section of the interconnect is discretized as shown in Figure 2. 
The Yee’s grid is reduced to a compact 2-D grid and all the 
spatial derivatives with respect to the variable z are substituted 
by the frequency operator –jβ. 

 

Figure 2.  Geometry of the considered differential interconnect with its 2-D 
finite difference discretization. 

 

After normalizing the field components with the square root 
of the free-space wave impedance, H’ = H √η0 and E’ = E / 
√η0, starting from the Maxwell’s curl equations and 
eliminating the longitudinal components Ez and Hz as in [15], it 
is possible to obtain the following four finite difference 
equations in the frequency domain: 

0-7803-9380-5/05/$20.00 ©2005 IEEE. 35



 
j,1i

y2
x

j,1i
z

2
0

j,i
y2

x
j,1i

z
j,i

z
2
0

j,1i
z

j,i
zj,1i

y2
x

j,i
z

2
0

j,1i
z

j,1i
x

j,i
z

1j,i
x

j,1i
z

1j,1i
x

j,i
z

j,i
x

yx
2
0

j,i
x

0

H
k

1H
k

1H
k

1

HHHH
k

1E
k

+
++

+
−

+

+−

+

−+

δε
+








δεε

ε+ε−+
δε

+

+







ε

−
ε

−
ε

+
εδδ

=β

(3a) 

 
1j,i

x2
y

1j,i
z

2
0

j,i
x2

y
1j,i

z
j,i

z
2
0

1j,i
z

j,i
z1j,i

x2
y

j,i
z

2
0

1j,i
z

1j,1i
y

j,i
z

j,i
y

1j,i
z

1j,i
y

j,i
z

j,1i
y

yx
2
0

j,i
y

0

H
k

1H
k

1H
k

1

HHHH
k

1E
k

+
++

+
−

+

+−

+

+−

δε
−











δεε
ε+ε−−

δε
−

+










ε
−

ε
−

ε
+

εδδ
=β

(3b) 

 

( )

j,1i
y2

x
2
0

j,i
y2

x
2
0

j,i
y

j,1i
y2

x
2
0

1j,1i
x

j,i
x

1j,i
x

j,1i
x

yx
2
0

j,i
x

0

E
k

1E
k

2E
k

1

EEEE
k

1H
k

+−

+−+−

δ
−








δ

−ε−
δ

−

+−−+
δδ

=β

 (3c) 

 

( )

1j,i
x2

y
2
0

j,i
x2

y
2
0

j,i
x

1j,i
x2

y
2
0

j,1i
y

1j,i
y

1j,1i
y

j,i
y

yx
2
0

j,i
y

0

E
k

1E
k

2E
k

1

EEEE
k

1H
k

+−

+−−+

δ
+











δ
−ε+

δ
+

+−−+
δδ

=β

 , (3d) 

where the classical notation of the finite difference method has 
been used to name the field components, δx and δy are the mesh 
sizes in the x and y direction, respectively, k0 is the free-space 
wavenumber at the given frequency and εx, εy and εz are the 
diagonal components of the relative dielectric permittivity 
tensor [ε].  

The novelty of equations (3), unlike [15], lies in the fact 
that a better discretization of the dielectric has been introduced 
since the permittivity tensor has been defined as a constant on 
each component of the electric field, rather than on each cell of 
the electric grid. It is worth to note that only the transverse 
components of the electric and magnetic field appear in the 
equations, thus speeding up the computational efficiency with 
respect to classical six components finite difference or finite 
elements formulations. Moreover the ratio between the 
propagation constant β and the wavenumber k0 is directly 
computed as the eigenvalues of the eigenproblem, allowing a 
direct accurate computation of the effective dielectric constant. 

Since the longitudinal components do not appear in the 
final equations, the boundary conditions on the surface of 
perfect electric (PEC) and magnetic (PMC) conductors must be 
imposed indirectly as explained in [15]. Furthermore the 
continuity condition of the electric field across the interface of 
the dielectric substrate is ensured by setting the relative 
permittivity components εx and εz which lie on the boundary, as 
the average of the dielectric constant of the substrate and the 
vacuum. In order to enforce all the necessary boundary 

conditions from a numerical point of view, it is more suitable 
to solve a generalized eigenvalue problem  

 [ ] [ ]xBxA λ=  , (4) 

where [A] is the right-hand sparse coefficient matrix which is 
computed from (3), x is the column eigenvector with the 
transverse field components {Ex, Ey, Hx, Hy}T, λ = β/k0 is the 
eigenvalue and [B] is a unit matrix. In order to enforce to zero 
the ith component of x, it is necessary [15] to multiply the 
diagonal matrix elements aii and bii by a very high number, set 
to 105 in the following computations, setting to zero the ith row 
and column of the matrix [A]. 

 

Figure 3.  Fundamental differential quasi-TEM mode computed at the 
frequency of 1 GHz for the configuration #1(units in mm). 

Since the attention is focused on the odd mode, it is 
possible to reduce the computational effort by a factor of two 
subdividing the transversal section with a perfect electric wall 
placed between the two microstriplines as shown in Figure 1. 
Furthermore, since the geometry must be closed, perfect 
magnetic walls are placed on the outer boundaries to simulate 
free space radiation. Anyway, since a magnetic symmetry is 
really imposed, which brings to the study of a periodic 
structure, the dimensions of the transversal 2-D domain must 
be carefully chosen because the size must be properly 
electrically small in order to reduce the dimension of the 
eigenproblem and, at the same time, properly large to avoid 
any distortion of the field pattern. In the following 
computations, the height Hb of the domain has been set to 4h, 
where h is the height of the dielectric substrate, and the width 
Wb to 7(2W+G), where W is the width of the single line and G 
is the spacing between the lines. These dimensions which must 
be considered only as guidelines, proved to give accurate 
results maintaining the dimension of the problem reasonable. 

The generalized eigenproblem has been solved with the 
built-in Matlab function eigs, which makes optimum use of the 
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Arpack library together with the matrix sparse form of Matlab. 
Only one eigenvalue, corresponding to the fundamental 
differential mode, has been computed. In Figure 3 it is reported 
the pattern of the differential mode for the configuration #1 of 
Table I at the frequency of 5 GHz. 

B. Analytical Modeling 
The new analytical expression for the characteristic 

impedance of the differential interconnect, based on the power 
formulation (2), reads as 

 ( ) ( ) ( )
( ) D501

1
f
00ZfZ

eff

eff
oddodd +ε

ε=  (5) 

where Zodd(0) and εeff(0) are respectively the odd-mode 
impedance and the odd-mode effective dielectric constant at 
zero frequency which can be computed with high accuracy 
with the conformal mapping formulation proposed in [16]. The 
coefficient D can be computed as 

 ( )[ ] ( ) ( )
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where u = W / h and f is the frequency. To develop this model, 
the analytical expressions for the frequency dependent effective 
dielectric constant εeff(f) reported in [4] have been used, with 
the following changes: 
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where h is the height of the substrate as reported in Figure 2 
and εr(f) is the relative dielectric constant of the substrate 
which generally depends upon frequency due to the dielectric 
dispersion. 

IV. RESULTS 
The accuracy of the proposed formulation has been 

compared with the analytical expressions of Kirschning and 
Jansen reported in [11-14] and with the full-wave data obtained 
by means of the FDFD code.  

It should be noted that both analytical expressions do not 
match exactly low frequency values given by the numerical 
code. The accuracy of the proposed expressions is generally 
better than in [11]. Through extensive numerical tests it have 
been found that u must be less than 10 as in [11] while no 
particular limit has been found on the spacing, g = S/h. 

In Figure 4 the configurations of Table I are analyzed by 
means of the proposed expressions and the results for the odd 
mode impedance are reported. In this initial study, the 
dielectric substrate has been modeled with a constant dielectric 
permittivity of 3.89. 

 

Configuration  H [mm] w [mm] s [mm] 
# 1 1 0.25 0.25 
# 2 1 0.5 0.5 
# 3 1 0.5 0.25 

 

Table I – Interconnect configurations 

V. CONCLUSIONS 
The prediction of the frequency dependence of the odd-

mode impedance of differential interconnect has been carried 
out by means of analytical and numerical formulations. The 
definition of the characteristic impedance has been reviewed 
and new expressions have been proposed for the odd-mode 
impedance in presence of dispersion starting from an improved 
power-based model. The proposed expressions are validated 
through comparisons with a novel two dimensional full-wave 
FDFD code. They proved to be more accurate than existing 
available formulations, while remaining of immediate use. 
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Figure 4.  Frequency dependent odd-mode impedance in the configurations 
of Table I, in the same order. 
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