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Abstract - The effects of corona on amplitude and dis-
tortion of lightning overvoltages in three-phase MV 
lines is investigated. The line is protected by surge-
arresters whose characterstics can be planned taking 
into account real phenomena. 
 
1. Introduction 
 
Coupling of lightning electromagnetic field to transmis-
sion lines is a very well established research topic and 
literature is extremely broad. Despite this, the intrinsic 
dependance upon undetermined factors and uncertain-
ties affecting some of the phenomena under examina-
tion call for deeper analyses and accurate models of real 
configurations. 
 
In particular, the goal of this work is the evaluation of 
the influence of corona on three-phase medium voltage 
distribution lines protected by metal-oxyde surge arrest-
ers (MOV).  
 
Corona has been simulated by means of two different 
approaches: the first one is based on the approximation 
of measured q-v curves, the second expresses analyti-
cally the voltage-dependence of the conductors radii, 
from which the dynamic capacitance matrix terms may 
be evaluated. In both cases it has been assumed that a 
delay, in the order of fractions of microsecond, occurs 
before the cause (voltage) yields to the corresponding 
effect (charge), after corona inception. Because of the 
distributed nonlinearities an FDTD algorithm has been 
adopted [1], allowing for an accurate simulation of the 
travelling waves attenuation and distortion. 
The coupling mechanism in terms of both distributed 
voltage and current sources has been preferred to those 
in terms of scattered quantities. The lightning electro-
magnetic  field is usually evaluated by considering the 

stroke channel as a vertical antenna above a ground 
plane [2-3]. Starting from the lightning current at the 
channel base [4], for the return stroke the MTL (Modi-
fied Transmission Line) model [5-7] to specify the 
space-time distribution of the current along the channel 
has been adopted, even though inaccuracies are known 
[5] to be inherent in the model, in some cases.  
 
Ground losses have been shown to be important as con-
cerns long lines [8] and the horizontal electric field 
component. 
 

2. Lightning and distributed sources models 
 
Several equivalent models have been proposed in the 
past to simulate the interaction of an external field with 
transmission lines [9-11]. In this work the formulation 
proposed by Taylor, Satterwhite and Harrison has been 
chosen, expressed in terms of total voltages and cur-
rents, because of the presence of distributed nonlineari-
ties which require the knowledge of the total voltage at 
each position along the line. Thus, with reference to the 
configuration shown in Fig. 1, the following equation 
system has to be solved: 
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where [V] and [I] are, respectively, the vectors of the 
line-to-ground voltages and line currents, [L] is the ma-
trix of external inductances. 
 
In (1) [Cdyn] is the matrix of the dynamic capacitances 
accounting for the corona phenomenon, as described in 



Section 3, and [eds] and [jds] are the vectors of the dis-
tributed voltage and current sources. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 1 - Line configuration. 
  
 
Ground losses have been neglected; their inclusion will 
introduce a convolution integral in the right hand side of 
(1a), accounting for the frequency-dependence of the 
p.u.l. impedance due to conductors and ground. More-
over, a finite value of the conductivity will affect the re-
flected field components and, thus, the distribued 
sources, also because of an additional term accounting 
for the horizontal electric field at the ground level [11]. 
In the following, the ground resistivity will be assumed 
to be zero, in this way overvoltages are estimated in ex-
cess. 
 
2.1 Lightning model: the return stroke 
 
The model used in the present analysis is the MTL, 
which takes into account the effects of propagation and 
damping along the lightning channel. The current at the 
time instant t and at the abscissa z’ of the stroke channel 
is given by: 
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where v is the velocity of the return-stroke, λ is a decay 
constant and u(t) is the step function. The expression for 
the channel base current i(0,t) is the one proposed by 
Heidler [4] 
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where the amplitude correction factor η  is 

( ) ( )[ ]n/1
1221 /n/exp ττττ−=η ,               (4) 

 
and I0 is the amplitude of the channel-base current, τ 1  
and τ 2   are the front and decay time constants, n is an in-
teger number between 2 and 10. 
 
This model has been preferred to the double-exponential 
one, because it exhibits a null time-derivative at t=0, in 
accordance with the physical phenomenon. Addition-
ally, it allows for the adjustment of the current ampli-
tude, front and decay time almost independently by 
varying I0, τ1, τ2, respectively. In this paper a sum of 
two functions (3) has been chosen in order to better re-
produce the overall waveshape of the current observed 
in typical experimental results [2]. In Figure 2 the cur-
rent i(0,t) is plotted assuming, for the above parameters, 
the values reported in Table 1. 
 
 

Table 1. Channel-base current parameters 
 

I01  

[kA] 
τ 1 1   

[µ s] 
τ 1 2   

[µ s] n1 
I02 

[kA] 
τ 2 1   

[µ s] 
τ 2 2   

[µ s] n2 

10.7 0.25 2.5 2 6.5 2.1 230 2 
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Figure 2 - Channel base current 
 
2.2 Lightning electromagnetic field 
 
In the calculation of the electromagnetic field associated 
to the lightning return stroke we will assume the ground 
as a perfect conductor. This is a reasonable approxima-
tion for the vertical component of the electric field and 
for the azimuthal component of the magnetic field [11] 
which are the components we will take into account to 
evaluate the distributed sources.  
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In the hypothesis of perfectly conducting ground, the 
vertical and the horizontal components of the electro-
magnetic field are given in [12]. In the time domain 
these expressions read 
 

( ) ( ) ( )











−−−= ∫ ∫

−

H

H

t

z 'dzdc/R,'zi
R

r'zzt,z,rE
0

5

22

0

2
4

1 ττ
πε

 

( ) ( )∫
−

−−−+
H

H

'dzc/R,'zi
cR

r'zz τ4

222
 

     ( )




∂
−∂− ∫

−

H

H

'dz
t

c/R,'zi
Rc

r τ
32

2

           (5a) 

 

( ) ( )



+−= ∫

−

H

H

'dzc/R,'zi
R
r

t,z,rB τ
π

µ
ϕ 3

0

4
 

 

          
( )





∂
−∂∫

−

H

H

'dz
t

c/R,'zi
cR

r τ
2 .         (5b) 

 

2.3 Distributed sources 
 
The distributed voltage and current sources in (1) can be 
expressed by simple integrals expressed in terms of the 
y-component of the magnetic flux density due to the 
lightning channel and the z-component of the electric 
field, both computed at the line position and in absence 
of the line itself:  
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As shown in Figs. 3 and 4, and generally accepted in lit-
erature, the vertical component of the electric field and 
the transverse magnetic flux density are practically con-
stant along z and thus, integrations may be avoided. 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 3 - Transverse magnetic flux density due to a 
lightning channel at 50 meters from the line, at different 
heights above the ground. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4 - Vertical electric field due to a lightning 
channel at 50 meters from the line, at different heights 
above the ground. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 5 - Distributed voltage sources along the line, in 
the same system configuration considered for figures 3 
and 4. 
 
 
3. Corona modeling 
 
It is assumed that the corona phenomenon may be com-
pletely accounted for by means of an appropriate, mul-
tivalued nonlinear function, the dynamic p. u. l. capaci-
tance, Cdyn , defined as 
 

dv
dq

Cdyn =                               (7) 

 
which represents the slope of the q-v characteristics and 
differs from the geometrical capacitance only when the 
voltage is increasing and its value is greater than a co-
rona onset voltage, vco, which is given by [15]: 
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where Ec = 30 kV⋅cm-1, h and rw are, respectively, the 
height and the radius of the conductor and Cw and Cp are 
coefficients taking into account the weather conditions 
and the polarity of the voltage. 
 
Even though different formulation do exist [17], it is 
generally assumed [14-15] that, in case of multiconduc-
tor configurations, only diagonal terms are affected by 
corona, the mutual terms remaining the same as deter-
mined by the geometrical arrangement. It should be 
noted that corona losses derive directly from the q-v 
hysteretic corona behavior and no need of a distributed 
conductance or other equivalent circuits arises. 
 
Many authors [1,13] adopted for the q-v characteristics 
a simplified linearized model or a very similar one [14]. 
However, the model proposed by Malik et al. [15], 
based on the evaluation of the conductor radius under 
corona conditions and on image theory, appears to be 
more general and less prone to the values of coefficients 
obtained experimentally, whose usability in configura-
tions different from those used for their assessment is 
difficult to predict.  
In particular, it appears interesting to compare the re-
sults obtained by means of the above methods. When 
adopting the Inoue method, it has been assumed for 
each diagonal term of the capacitance matrix the follow-
ing expression: 
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In the Malik' model, it is assumed that a delay τc (in the 
order of 0.1 µ s) exists before the conductor voltage 
yields to the corresponding corona charge; then, under 
corona conditions, it is assumed: 
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and the conductor radius after corona onset, rc, is deter-
mined by solving, at each position along the line and at 
each time instant, the following nonlinear equation: 
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In Figure 6, a typical q-v diagram is reported, as ob-
tained by means of the two simulation models; the con-
sidered line has an height of 10 meters and a radius of 1 
cm, corresponding to a corona onset voltage of about 
180 kV. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 6 - Q-V characterisitcs as per Malik' [14] and 
Inoue' [13] model. 
 
 
4. Terminal nonlinear loads 
 
Each conductor is terminated at both ends on a parallel-
connection between the load RL and a Zn-O surge-
arrester, as shown in figure 7, for the receiving end, at 
x=L. 
 
 
 
 
 
Figure 7 - Nonlinear load terminating each phase-
conductor. 
 
The Zn-O surge-arrester has been modelled by [16]: 
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with k = 2.5 kA, q = 24 and vref = 40 kV. The corre-
sponding V-I characteristic is shown in figure 8. 
 
 
 
  
 
 
 
 
 
 
 
 
 
 
Figure 8 -  V-I Characteristic of the Zn-O surge ar-
rester. 
 
 
5. Numerical solution algorithm  
 
A numerical procedure based on the Finite Difference 
Time Method (FDTD) has been adopted for the solution 
of the MTL equations. As usual, positions and time in-
stants for the calculation of voltages and currents are in-
terlaced. Denoting matrices by bold characters, the 
time-marching nonlinear equations systems to be solved 
at the two ends of the lineat the time t = (n+1)⋅∆ t are: 
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where Ck, k = 1, .. L, represents the capacitance matrix 
at the abscissa k⋅∆ x, which because of corona may dif-
fer from the geometrical one. 
Along the line, the voltage is obtained by solving the 
following linear equation system:  
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It should be noted that the capacitance matrix at each 
time step and space position should be evaluated as 
function of the voltage at a time t-τc, which is known. 
 
As to the current calculation, the following time-
marching equation holds: 
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5. Results and validation 
 
The procedure and the models discussed have been ap-
plied to a 500-m-long MV three-phase line illuminated 
by a lightning stroke in close proximity of the left end 
of the line (x = - 250 m, r = 50 m). The parameters of 
the lightning return stroke current are those in Table I 
with an amplitude 5 times greater than that reported. 
The height of the line conductors is assumed to be 18 
meters and wire radiii of 1 cm have been cosnidered. 
Distances between adjacent conductors are 1 meter. 
 
In Fig. 9 the time trend of the induced voltage at the 
right end of the line is reported in case of linear terminal 
conditions and considering the two corona models. As 
expected the presence of corona will increase the value 
of the induced overvoltage. The line is terminated, at 
both the ends, on diagonal matrices of resistances, being 
Rkk = 500 Ω . 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 9 - Induced overvoltages in a three-phase line, 
modeling or not the corona phenomenon. 
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(b) 

Figure 10 – Terminal voltage with and without the 
surge arresters (a) and instaneous power of the nonlin-
ear protection device (b). 
 
In figures 10 the time trends of the terminal voltage with 
and without the nonlinear load (a) and that of the power 
involving the surge arrester (b) are reported; the line 
configuration is similar to that already described, but a 
line height of 12 meters has been considered. The char-
acteristic of the nonlinear loads, which are connected 
only at the right end of the line, is that shown in figure 
8.  
 
6. Conclusions 
 
The prediction of indirect lightning – induced overvolt-
ages in multiconductor transmission lines has been pre-
sented. The effects of possible onset of the corona phe-
nomenon have been accounted for, as well as the pres-
ence of nonlinear loads like metal-oxide varistors. 
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