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A B S T R A C T 

In this paper, we have used the hot isostatic pressing HIP models previously carried out 

for the study of the random dense packing densification (RDP) of spherical particles of 

the same size in order to adapt them to the RDP of two-dimensional spherical particles. A 

new microscopic approach is thus developed that allows the densification parameters of 

two-dimensional spherical powder aggregates to be evaluated as a function of the relative 

density, taking into account the morphological changes of the powder particles and the 

porosity. The equations obtained for each parameter (coordination number, mean contact 

area and effective pressure) made it possible to represent the results in the form of curves. 

These show that our new approach is well adapted to a realistic description of the 

densification of powder aggregates with particles of more or less similar sizes. 

1 Introduction  

The micromechanical modelling of hot isostatic pressing (HIP) consists in estimating the contributions of the various 

elementary mechanisms that can occur during the densification process. Thus, to simplify the study of the powder aggregates 

densification, we assimilate them to Random Dense Packing (RDP) of spherical particles. For several years, a significant 

effort has been devoted to HIP modelling [1-10] where RDP particles are considered spherical and one-dimensional.  
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We speak of RDP when the powder is poured into a container that is vibrated until the compaction is stable. The relative 

density (D) of the latter is close to 64% (relative porosity of 36%), similar to the packing density. This packing is as compact 

as possible, obtained without remote control or deformation [11, 12].  

This simplifies considerably the study of densification mechanisms. However, several experimental studies [1, 2, 13, 14] 

have revealed that the powder grain size distribution leads to significant discrepancies between experimental data and 

simulation results [4, 9]. On the other hand, taking into account all the sizes of the packing particles in the calculations is 

very difficult. Thus, recent researches, concerning mainly the coordination study [15, 16], assume that it is more convenient 

to consider RDPs of spheres with two different radii. 

In this paper, although we refer to our previous work [6-8], the objective is different. This involves considering two-

dimensional spheres in the study of RDP parameters. So, new equations will be developed to study the evolution of the 

coordination number (Z), the contact area (a) and the effective pressure (Peff) as a function of the relative density. The 

morphological changes of powder aggregates during densification will also be taken into account. The results can be used 

for the calculation of HIP densification mechanisms equations. 

2 RDP parameters  

Evaluating the RDPs parameters is an essential step in HIP modeling. It takes into account the morphological changes in 

the porosity within the tablet during the densification process. Indeed, studies take into account two stages [4]: 

 Stage I, where D is between 0.64 and 0.92. In this case, the porosity is open and interconnected. 

 Stage II, with D which evolves from 0.92 to 1, characterized by an isolated porosity and of spherical shape.  

 Thus, Z, a, and Peff, are evaluated as a function of D by considering these two stages. 

2.1 Coordination number  

Models of Artz [11] and Helle [2] assumed that Z increases during the densification of an RDP, of the same dimension 

spherical particles, until reaching a value of 14 at the end of densification. 

In a previous work [4], we have shown that Z can’t in any case exceed 12 and, moreover, it is constant in stage II since 

the porosity is closed. Therefore, for particles of different radii (R1 and R2), we estimate that Z can reach 14 at the end of 

stage I (D=0.92). Then it remains constant until complete densification. 

On the other hand, we estimate that Z evolves in two steps at stage I of densification. When D is near its initial value 

(0.64≤D≤0.75), we admit that the expression of the coordination number can be obtained from the 1st order Taylor expansion 

of the expression giving the radius of particles as function of D (Eq. 1) combined with the cumulative radial distribution (Eq. 

2) [5, 11]. 

 𝑅′ = 𝑅 (
𝐷

𝐷0
)
1
3⁄

 (1) 

with Do (Do=0.64) the initial relative density of the RDP. 

 {
𝐺(𝑟) = 0                              if  𝑟 < 2𝑅

𝐺(𝑟) = 𝑍0 + 𝐶 (
𝑟

2𝑅
− 1)   if  𝑟 ≥ 2𝑅

 (2) 

where Z₀ (Z₀=7.3) is the initial coordination number and C (C=15.5) is the G(r) function slope. 

Thus, the following equation is obtained:  

 𝑍 = 𝑍0 +
1

3
𝐶 (

𝐷−𝐷0

𝐷0
) (3) 

After replacing C and Do by their values, Z in the 1st step of stage I can be computed by the following equation:  
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 𝑍 = 𝑍0 + 8,07(𝐷 − 0.64) (4) 

The 2nd step of stage I corresponds to D between 0.75 and 0.92 where Z evolves rapidly until reaching the maximum 

value 14. Adding a 3rd order term at the equation (4), the relation that describes Z in the 2nd step of stage I is as follows:  

 𝑍 = 𝑍0 + 𝑐1 + 8.07(𝐷 − 0.75) + 𝑐2(𝐷 − 0.75)
3 (5) 

where c1 and c2 are constants which ensure the continuity of the function Z(D) between the two steps of stage I. 

Taking into account the boundary conditions, the equation (5) can be written as: 

 𝑍 = 𝑍0 + 0.89 + 8.07(𝐷 − 0.75) + 903(𝐷 − 0.75)
3 (6) 

Therefore, and in summary, the coordination number throughout the densification process can be computed by the 

following equation: 

 {
𝑍 = 𝑍0 + 8,07(𝐷 − 0.64)                                                          0.64 ≤ 𝐷 ≤ 0.75

𝑍 = 𝑍0 + 0.89 + 8.07(𝐷 − 0.75) + 903(𝐷 − 0.75)
3         0.75 < 𝐷 ≤ 0.92

𝑍 = 14                                                                                                  0.92 < 𝐷 ≤ 1

 (7) 

2.2 Average contact area 

We sought to develop new equations to evaluate the average contact area between the two-dimensional particles of an 

RDP. 

In stage I, the densification process is modeled by the particle’s growth [4, 11], (i.e. each spherical particle increases its 

radius around its fixed center). Thus, initial radii of the two particles are R1 and R2; their new radii are respectively R′1 and 

R′2 that is illustrated in Fig. 1. 

 

Fig. 1 – Growth and overlapping of two spherical particles of different radii (x: radius of the circular contact, h: 

overlapping distance). 

Taking again the equation of the particle radius (Eq.1) and using the radii of the two spheres, we access to the expression 

giving the new radii of the particles according to the initial radii and the relative density, which is as follows: 

 

{
 

 𝑅1
′ = 𝑅1 (

𝐷

𝐷0
)
1
3⁄

𝑅2
′ = 𝑅2 (

𝐷

𝐷0
)
1
3⁄
 (8) 
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Geometric considerations make it possible to approach the overlapping distance by: 

 ℎ = (𝑅1
′ − 𝑅1) + (𝑅2

′ − 𝑅2) (9) 

Hertz investigations [17, 18] on the elastic contacts between spherical particles are shown that the overlapping distance 

between two spherical one-dimensional particles can be written as follows [4]: 

 ℎ = 2
𝑥2

𝑅
 (10) 

Meanwhile, Olmos Navarette [13] defined an equivalent radius (R), proposed by Pan and used by Martin [19], for each 

pair of particles in contact, and given by: 

 𝑅 = 2 (
𝑅1𝑅2

𝑅1+ 𝑅2
) (11) 

Knowing that a=πx2 and combining this with the relations of h and R, we find: 

 𝑎 = 𝜋[(𝑅1
ˊ − 𝑅1) + (𝑅2

ˊ − 𝑅2)]
𝑅1𝑅2

𝑅1+ 𝑅2
 (12) 

Replacing R′1 and R′2 by their expressions (Eq. 8) in the equation (12) and after simplification, we obtain the equation 

of the average contact area at the stage I defined by: 

 𝑎 =  𝜋𝑅1𝑅2 [(
𝐷

𝐷0
)
1
3⁄

− 1] (13) 

In the final stage of densification, the pores are isolated and spherical in shape. As the contacts number is equal to 14, 

we adopt the Ashby model to describe the shape of the particles in this stage. Indeed, Ashby and his collaborators [1, 2, 20]   

assimilate the powder particles to Tetradecahedra (Kelvin polyhedron), where the 24 apexes are occupied by the residual 

spherical pores and its 14 facets correspond to the contact areas as illustrated by Fig. 2.  

However, it should be noted that Ashby used this model for particles of the same size. Whereas in our case, we adopt it 

for particles of two different sizes. Indeed, we observe in Fig. 2 that the polyhedron has two types of facets. The first 

corresponds to regular hexagons which we can adopt for the facets of particles of large radius (R1), and the second 

corresponds to squares which we adopt for the facets of particles of small radius (R2). 

 

Fig. 2 – Geometric model to describe the two-dimensional particles shape at the final stage of RDP densification. 

In this case, we will establish new expressions to evaluate the average contact area between particles and the pore radius 

at the final stage of densification. 

Knowing that a pore is shared between four neighbouring particles, the total area of the contacts can be written as: 

 𝑎𝑍 = 4𝜋𝑅2 −
24

4
(4𝜋𝑟p

2) (14) 
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where rp is the spherical pore radius given by: 

 𝑟p = 𝑅 (
1−𝐷

6𝐷
)
1
3⁄

 (15) 

It should be noted that this expression reveals the error existing in the expression established by Arzt et al. [1] and used 

by several researchers. 

As in the final stage Z=14, and after replacing R and rp by their expressions (respectively Eq. 11 and Eq. 15), the average 

contact area is evaluated by: 

 𝑎 =
8

7
𝜋 (

𝑅1𝑅2

𝑅1+𝑅2
)
2

[1 − 6 (
1−𝐷

6𝐷
)
2
3⁄

] (16) 

2.3 Effective pressure 

In the case of constrained sintering, in particular in HIP, another parameter of the RDPs that is very important in the 

modelling of the densification mechanisms comes into play. It is the effective pressure (Peff) which is the pressure at contact 

between particles. It depends on the total contact area to the total area of a particle. It is given by [4]: 

 𝑃eff =
4𝜋𝑅²

𝑎𝑍
𝑃 (17) 

Using this relation, established to study the transmission of stresses through an RDP of spherical particles, we can 

recalculate Peff equations in the two stages of densification for RDP of two-dimensional spherical particles, replacing Z, a 

and R by their expressions. The established equations are as follow: 

In stage I : 

 𝑃eff =
16

𝑍[(
𝐷

𝐷0
)
1
3⁄
−1]

𝑅1𝑅2

(𝑅1+𝑅2)
2 𝑃 (18) 

In stage II : 

 𝑃eff =
1

[1−6(
1−𝐷

6𝐷
)
2
3⁄
]

𝑃 (19) 

3 Results and discussion  

3.1  Coordination number 

The evolution of the average contacts number per particle as a function of the instantaneous relative density is given in 

Fig. 3. The curve in solid line (without marker) is obtained using our new approach corresponding to equation (7). To 

highlight the dissimilarity, we also represented the approaches relating to the RDPs of one-dimensional particles of Arzt [11], 

Helle [2] and Redouani [5]. 

The graph indicates that the contacts number per two-dimensional particle increases slowly at the start of densification. 

At the intermediate step, that is to say when D changes from 0.75 to 0.92, Z increases faster. We can explain this rapid 

evolution by the morphological transformation generated at the level of the porous phase, it gradually passes from an open 

and interconnected form to a fine dispersion of spherical pores. Because of this morphological evolution, the coordination 

number reaches its maximum value (Z=14) when D reaches 92% and remains constant throughout the interval  0.92 1 . 

The shape of the obtained curve of new approach is similar to that obtained by our old approach [5] but with higher 

values. This seems logical because we have considered particles with different sizes which relatively increase the 

coordination number. 
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Fig. 3 – Evolution of coordination number as a function of relative density. 

3.2  Average contact area 

Our approach stipulates that the average contact area as a function of relative density evolves in two stages (stage I and 

stage II). Using equations (13) and (16), we take as values of the two radii R1 and R2 respectively 10μm and 5μm. The choice 

of these values is motivated by the fact that it is the average of the micrometric particles size used in general. 

The evolution of the contact area for two-dimensional particles is represented by the curve in solid line without marker 

in Fig. 4. The two other curves represent the evolution of the contact area using the old approach [5] for particles of the same 

radius with taking the values 10μm and 5μm separately. 

 

Fig. 4 – Evolution of the average contact area as a function of the relative density. 

The curves shown in Fig. 4 give an idea of the evolution of the average contact area as a function of the relative density. 

For the new approach, we note that in the interval  0.64 0.92 , the contact area increases linearly and slowly. Then, when 

7

8

9

10

11

12

13

14

0.64 0.68 0.72 0.76 0.8 0.84 0.88 0.92 0.96 1

C
o

o
rd

in
at

io
n
 n

u
m

b
er

Relative density

Arzt (1982)

Helle (1985)

Redouani (2013)

Our approach

0

10

20

30

40

50

60

70

80

90

100

0.64 0.68 0.72 0.76 0.8 0.84 0.88 0.92 0.96 1

C
o

n
ta

ct
 a

re
a 

(µ
m

2
)

Relative density

Redouani (2013), R=5μm

Redouani (2013), R=10μm

Our approach, R1=10μm, R2=5μm



 JOURNAL OF MATERIALS AND ENGINEERING STRUCTURES 9 (2022) 267–275  273 

 

D≥0.92, the area increases rapidly. This change in slope of the curve is due to the change in morphology of the porosity that 

manifests by the closure and dispersion of the spherical pores. 

For the old approach, we observe from the curves of Fig. 4 a questionable discontinuity in the evolution of the contact 

area at the level of the transition from stage I to stage II. Indeed, this discontinuity corresponds to a decrease in the contact 

area at the level of this transition, which obviously does not correspond to reality, because actually the contacts between 

particles increase until the total disappearance of the porosity in the tablets. Unlike our new approach which is more realistic 

since the discontinuity corresponds rather to an increase and not to the decrease. 

To better apprehend the results of our approach, we have drawn several curves for the mean contact area for different 

values of the radii R1 and R2. From Fig. 5 it can be seen that when R1 and R2 are very different (R1>>R2), the evolution of 

the contact area decreases when passing from stage I to stage II. This decrease can be explained by the fact that the 

approximation chosen for the particle radius (Eq. 11) is valid when the two particle sizes are near. 

 

Fig. 5 – Evolution of the average contact area for different values of R1 and R2. 

3.3  Effective pressure 

The evolution of Peff is represented in Fig. 6 using equations (18) and (19). We have chosen to represent the ratio Peff/P 

as a function of D in this graph in order to avoid estimating P which has no influence on the shape of the curves. We have 

also shown in the same figure my old approach [5] for the two radii 10μm and 5μm (separately). 

Fig. 6 shows that Peff decreases during densification. At the beginning, the effective pressure tends to infinity because 

the contact area is punctual. It reaches its minimum value, equal to the applied pressure P, at the end of densification, i.e. 

when the contact surface is equal to the total area of the powder particle. Indeed, we have seen that the effective pressure 

depends on the area of a particle compared to the total area. Knowing that in our new approach, we considered that during 

the densification of the RDPs, the particles areas widen while the total area remains fixed, therefore the pressure exerted at 

the level of the contacts between particles decreases. 

By comparison, the effective pressure calculated using my old approach decreases but with lower values compared to 

those of the new approach. Also, we note that Peff values are lower when the particle radius is great. 

Fig. 7 corresponds to the new approach for different values of the radii R1 and R2. It shows that the shape of the effective 

pressure curve is not affected by the change in the radii R1 and R2. On the other hand, this change affects the values of the 

effective pressure, i.e. that the values of Peff are even smaller when the differences between R1 and R2 are greater and the 

powder particles are smaller. This behaviour is noted in the first stage of densification. In stage II, the values of the effective 

pressure are the same, between different curves, since this does not depend on the size of the particles but rather on the size 

of the spherical pores. 
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Fig. 6 – Evolution of the effective pressure as function of relative density. 

 

Fig. 7 – Variation of the effective pressure for different values of R1 and R2. 

4 Conclusion 

During the HIPing densification, powders can undergo morphological changes. These changes lead to an increase in the 

number of coordination and a widening of the contact zone until the total density of the system is reached (D=1). The study 

of densification mechanisms must therefore take into account the evolution of these geometrical parameters. To meet this 

requirement, we had to assimilate powder aggregates to RDPs of spherical particles of two different sizes. This new approach 

allowed us to express the coordination number and the mean contact area as a function of the relative density reached in the 

tablet. The effective pressure was then evaluated using the new Z and a, expressions. The proposed method is used to draw 

graphs with curves representing the different parameters of the RDPs as a function of the relative density. The figures 

produced show very good results for relatively close particle radii. Indeed, for the contact zone in particular, our new study 

has successfully eliminated an inconsistent decrease in the transition from step I to step II. This inconsistency is found in 

previous approaches to RDPs for spherical particles of the same size. It is clear that further research is needed to better 

understand the densification process of RDPs. Based on the promising results presented in this paper, work on the remaining 

questions concerning the study of the densification mechanisms of RDPs is continuing and will be presented in future works. 
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