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1. Introduction

Let p be a prime and G be a pro-p group. There are several ways to require G to have few normal
subgroups. In this paper we relate some of them to conditions on pairs of open normal subgroups N
and M of G. Consider, for instance, the following conditions:

(a) there exists a constant ¢ such that for every N and for every M not contained in N we have
IN:NNM|<p-.

We can weaken this condition in two different ways, obtaining:
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(b) there exists a constant ¢ such that for every N and for every M with |G : N| = |G : M| we have
IN:NNM|<pS,

and

(c) for every N there exists a constant ¢, depending on N, such that for every M not contained in N
we have [N: NN M| < pS.

As we will see soon these conditions are closely related to finite coclass and its generalizations.
Let ¥;(G) be the ith term of the lower central series of G. We recall that G has finite coclass if there
exists a constant ¢ such that |G : ¥;(G)| < pitc=T1 for all i, the coclass of G being the minimal value
of ¢ for which the above is satisfied. If N and M are open normal subgroups of the same index p! of
a pro-p group G of finite coclass, then they both contain y;+1(G), so |[N : NN M| < p°. Therefore, a
pro-p group G of finite coclass satisfies condition (b).

The study of pro-p groups of finite coclass was motivated by the attempt to classify finite p-groups
according to their coclass. The first naive attempt to generalize the notion of finite coclass was to
study pro-p groups G for which there exists w such that |y;(G) : ¥i+1(G)| < pY, that is pro-p groups
with finite width. However, the class of pro-p groups with finite width seems to be too big to have a
general theory. Indeed it contains many pro-p groups of various nature such as linear pro-p groups,
the Nottingham group, some index subgroups of the Nottingham group like Fesenko subgroups, and
some branch groups.

The next attempt to go beyond coclass was in [17] and [20], where the notion of finite oblig-
uity was introduced. Finite obliquity is a rather technical definition, so we leave its presentation to
Section 2. However, in Theorem 38 we show that finite obliquity is equivalent to condition (a).

In Theorem 36 we show that condition (c) is equivalent to many other conditions: the main one is
that G is just infinite, that is G is infinite and its only non-trivial closed normal subgroups are of finite
index. As condition (a) trivially implies condition (c), we have that a pro-p group of finite obliquity is
just infinite.

Another very natural definition is that of a sandwich pro-p group: G is sandwich if there exists an
integer r such that for every non-trivial open normal subgroup N of G we have ;(G) > N > ¥4+ (G)
for some i (depending on N). Clearly this notion is interesting only as far as G is non-nilpotent. Under
this assumption it is known that being sandwich is equivalent to having finite obliquity, see [3,17].
Moreover, in Corollary 31 we show that in this case G has finite width. The sandwich pro-p groups
already appeared in [9] under the name of constrained pro-p groups; a similar notion for graded Lie
algebras is found on [8,10].

In [20, Section 7.4] it is shown that a pro-p group of finite coclass G has a finite normal subgroup
H such that G/H is just infinite. It is also possible to see that for all big enough i there exists only
one normal subgroup of index p' in G/H (it is actually one of the subgroups of the lower central
series). In particular, this implies that a pro-p group G of finite coclass has Constant Normal Subgroup
Growth (CNSG), i.e. there is a bound for the number a;7(G) of normal subgroups of G of index n.

In Theorem 20 we prove that condition (b) is equivalent to CNSG. In Corollary 23 we show that
a pro-p group G with CNSG has a finite normal subgroup H such that G/H is just infinite, thus
generalizing the result of [20] mentioned above. In addition, we show that if G is non-nilpotent, then
G has finite width.

The CNSG pro-p groups form a (proper) subclass of the class of pro-p groups having Polynomial
Normal Subgroup Growth (PNSG), for which there is a constant ¢ such that ¢;7(G) < n° for all n. Very
little is known about pro-p groups with PNSG. Indeed, Lubotzky and Segal posed the problem of
finding a characterization of the finitely generated PNSG pro-p groups [21, Open Problems 2(a)]. The
family of PNSG pro-p groups includes important examples such as pro-p groups of finite rank (i.e.
p-adic analytic pro-p groups), and various classes of pro-p groups of infinite rank. Many of them, such
as SL}i (Zp), SL}l (Fp[tD (p1d), and the Nottingham group (p > 2), are actually CNSG pro-p groups.

As condition (a) clearly implies both conditions (b) and (c), finite obliquity implies CNSG and just
infiniteness. However, CNSG does not imply just infiniteness and therefore it does not imply finite
obliquity, in contrast with the conclusion suggested in [20, Exercises 12.1(3), (4), (5), (6)]. Suppose
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that G is an infinite pro-p group and H is a finite p-group. If G has finite width, then G x H also has
finite width. If G has CNSG, then G x H also has CNSG. However, G x H contains a normal subgroup
of infinite index, namely H.

To summarize if G is a pro-p group, then

(1) G satisfies condition (a) if and only if it has finite obliquity.
If G is non-nilpotent, then G has finite obliquity if and only if it is sandwich, and in this case G
has finite width.

(2) G satisfies condition (b) if and only if it has CNSG.
If G is non-nilpotent, then G has CNSG if and only if there exists a constant ¢ such that for every
open normal subgroup N of G, there exists i such that y;(G) < N and [N : y;(G)| < p© and in this
case G has finite width (see Theorem 24).

(3) G satisfies condition (c) if and only if G is just infinite.

The second part of this paper introduces the definition of a periodic map for a pro-p group G and
a notion of periodicity for the lattice of its open normal subgroups. This notion is coherent with the
one found in [17, Chapter 4]. Indeed, the power map that is used there to show a periodic pattern
in the sequence of the lower central factors of G satisfies the conditions listed in our Definition 42
below. We also prove (see Theorem 50) that, for just infinite non-abelian pro-p groups, the existence
of a periodic map implies that the group has finite obliquity and therefore has CNSG. Moreover, in
Theorem 49 we see that the existence of a periodic map on a just infinite pro-p group yields a
periodicity in the normal subgroup growth, i.e. there exists d such that for all big enough n we have
a;,ﬂ(G) = aj,+d(G). We remark that the idea of periodicity has already appeared in the literature in

various contexts, see for example, [17] and [18].

As we have mentioned above, finite obliquity implies just infiniteness and CNSG implies just in-
finiteness up to a finite normal subgroup. Therefore, the rest of the paper is devoted to the study of
known examples of just infinite pro-p groups with respect to our finiteness conditions. We recall that
a group is hereditarily just infinite if all its open subgroups are just infinite. We also recall Wilson’s
dichotomy: if G is a just infinite pro-p group, then either G is a branch group or it contains a nor-
mal subgroup of finite index which is a direct sum of k copies of a hereditarily just infinite pro-p
group H and G transitively permutes these copies by conjugation, see [12] and [26] for details and
the definitions. We show in Corollary 60 that branch groups do not have CNSG, and thus do not have
finite obliquity or carry a periodic map. Therefore, we only need to consider just infinite groups of the
second type. For pro-p groups of this type we do not know what is the connection between G having
our finiteness conditions and H having them. However, it seems reasonable to start with hereditarily
just infinite pro-p groups.

Henceforth we focus on hereditarily just infinite pro-p groups. We show that open subgroups of
the Nottingham group (p > 2), the Ershov groups, and most t-linear just infinite pro-p groups admit
a periodic map, and therefore have finite obliquity (in some cases this was already known). (See
Section 5 for the definition and results on t-linear just infinite pro-p groups, but in particular pro-
p groups of finite rank admit a periodic map.) We should mention that t-linear just infinite pro-p
groups admit a periodic map if and only if they have CNSG. Those with CNSG were classified in [19].
In addition, for some of these groups periodicity in the normal subgroup growth was proved before
in [1]. It is worth noting here that an entirely different proof of the finite obliquity for the insoluble
just infinite pro-p groups of finite rank was already given in [17, 1lI(d)], while our proof deals with
the soluble and the insoluble case at the same time.

The rest of the known hereditarily just infinite pro-p groups are: the groups of Cartan type which
do not have finite width and thus do not have CNSG; the Fesenko subgroup for which we show that
it does not have CNSG; some other index subgroups of the Nottingham group for which either we do
not know whether they have finite width or, for those we do, we show they do not have CNSG.

Finally, let us discuss some problems. In all the examples a hereditarily just infinite pro-p group G
with CNSG has finite obliquity. A striking fact is that in such case G admits a periodic map and has a
periodicity in the normal subgroup growth. Another surprising fact is that all the open subgroups of
G also have all of these properties. Therefore,
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Problem 1. Suppose G is a (hereditarily) just infinite pro-p group which has CNSG, does G have finite
obliquity?

Problem 2. Suppose G is a (hereditarily) just infinite pro-p group which has CNSG, does G have
periodicity in the normal subgroup growth? Does it admit a periodic map?

Problem 3. Suppose G is a (hereditarily) just infinite pro-p group which satisfies one of our finiteness
conditions, is it true that all open subgroups of G satisfy the same condition too?

Another very interesting observation is that for all the examples of hereditarily just infinite pro-p
groups with CNSG the subgroup growth is relatively slow, that is a,(G) < n'°8" for all n, where a,(G)
is the number of subgroups of index n. Therefore,

Problem 4. Can one bound the subgroup growth of a pro-p group by the normal subgroup growth in
a non-trivial way? In particular, is it true that if G has CNSG, then a,(G) < n€!°8" for all n?

One more possible line of investigation is suggested by Lemma 18 where it is proved that a pro-
p-group G with CNSG has finite normal rank (FNR), that is |H : [H, G]JHP| is bounded for every open
normal subgroup H of G. In turn FNR trivially implies PNSG. Observe that Lubotzky and Mann proved
that PSG is equivalent to finite rank (see [5, Theorem 3.19]). It makes sense to ask

Problem 5. Can FNR be characterized in terms of normal subgroup growth (excluding the abelian case
where FNR and finite rank coincide)?

We observe that FNR is closed under extensions. In the easiest example of that, i.e. the direct
product of a non-abelian CNSG pro-p group by itself, the normal subgroup growth turns out to be
polynomial in the logarithm of the index.

In this paper, unless explicitly stated, ‘finitely generated’ means ‘topologically finitely generated.’

2. Finiteness conditions

Remark 6. If G is a finitely generated pro-p group, then every subgroup of finite index is open.
Conversely if G is a pro-p group which is not finitely generated, then, for every k > 0, G has infinitely
many open subgroups of index p* (and, a fortiori, infinitely many not necessarily open subgroups of
index p*). Summarizing, for a pro-p group G, the number of open subgroups of a given index and the
number of subgroups of the same index are either both infinite or both finite and equal.

Definition 7. A pro-p group G is just infinite if it is infinite and every non-trivial closed normal sub-
group of G has finite index in G.

Since closed subgroups of finite index of a topological group are open and open subgroups of a
compact topological group (in particular a pro-p group) have finite index, an infinite pro-p group G
is just infinite if and only if every non-trivial closed normal subgroup of G is open in G.

It is well known that a just infinite pro-p group is finitely generated and that the sole just infinite
pro-p group with non-trivial center is the procyclic group Z, (in particular it is the sole nilpotent
just infinite pro-p group).

As in [20, Definition 12.1.6] we have:

Definition 8. Given a pro-p group G, for every positive integer i we set:

1iG) =v@Gn (] N.
N<cG
NZyi(G)
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It would be quite natural to consider a similar definition by taking the intersection over open
normal subgroups. However this makes no difference:

Lemma 9. Let S be a subset of a profinite group G. Then:

() N= () N

NG N<oG

N¢ZS N¢ZS

Proof. We write C(S) for ﬂNch,Ngs N and O(S) for mNgloc,Nggs N. As open subgroups are closed
we clearly have C(S) < O(S). Conversely, let N ¢ G and N S. If M <o G, then NM ¢ S and since
NM <o G we obtain that NM > 0 (S). Because N, being closed, coincides with ﬂMQOG NM we have
N>0(S). O

Again as in [20, Definition 12.1.6], we define the following definitions:

Definition 10. A pro-p group G has finite obliquity if sup;>q|yi(G) : (i(G)| is finite. In this case
logp, sup;>11¥i(G) : ui(G)| is called the obliquity of G.

Definition 11. A pro-p group G has finite width if sup;>1|yi(G) : ¥i+1(G)| is finite. In this case
logp, sup;>11¥i(G) : ¥i+1(G)| is called the width of G.

In [17] the definition of a pro-p group G of finite obliquity was given with the additional assump-
tion that G has finite width. However, this is not a heavy requirement, in fact, in [20, Exercise 12.1(2)]
the following proposition is posed as an exercise.

Proposition 12. If G is a pro-p group of finite obliquity and |G : y2(G)| is finite, then G has finite width.
A slight improvement of this result comes from the trivial remark that an infinite pro-p group

with finite derived subgroup has finite obliquity and does not have finite width. Excluding this case,
in Corollary 30 we shall show that a pro-p group of finite obliquity has finite width.

Definition 13. Let G be a pro-p group and let r be a positive integer. The group G is r-sandwich if one
of the following equivalent properties holds:

(i) for every non-trivial open normal subgroup N of G there exists a positive integer i such that
Yi(G) = N = v+ (G);

(ii) for every positive integer i and for every open normal subgroup N of G we have y;(G) > N or
N > Yirr-1(G).

We shall say that G is sandwich if it is r-sandwich for some positive integer r.

Using Definition 8 and Lemma 9 we may rephrase the definition of r-sandwich pro-p group as
follows:

Remark 14. A pro-p group G is r-sandwich if and only if ©;(G) > yi+r—1(G) for every positive inte-
ger i.

We have the immediate

Remark 15. If K is a closed normal subgroup of an r-sandwich pro-p group G, then G/K is an
r-sandwich pro-p group.



434 Y. Barnea et al. / Journal of Algebra 321 (2009) 429-449

One could give a different definition of an r-sandwich pro-p group by replacing in Definition 13
either y;(G) or ¥i4r—1(G) (or both) with their closure. However, such (a priori different) definitions
are actually equivalent. First of all, we note that an open normal subgroup, being closed, contains
Yi+r—1(G) if and only if it contains its closure, so we only need to investigate what happens if we
replace y;(G) with its closure. This will be done in Lemma 17.

It is well known (see [24, 5.2.5]) that, for every group G, the subgroups y;(G) for i > 2 either all
have finite index in G or all have infinite index in G. More accurate information can be given when
G is a pro-p group:

Lemma 16. Let G be a pro-p group. Then exactly one of the following holds:

(1) forevery i > 2 the subgroup y;(G) has infinite index in G, in this case (;(G) =1 forall i > 2;
(2) for every i the subgroup y;(G) is open in G, in this case G is finitely generated.

Proof. Assume that, for every i > 2, y;(G) has infinite index in G, in particular, ¥;(G) does not contain
any open normal subgroup of G. Therefore w;(G) is the intersection of all the open normal subgroups
of G and thus it is the trivial subgroup.

Now assume that there exists an integer j > 2 such that y;(G) has finite index in G. Then y,(G)
and @(G) (which contain y;(G)) have finite index in G. By [5, Proposition 1.9(iii)] G is finitely gen-
erated and by [5, Proposition 1.19] we have that ,(G) = y2(G), hence y,(G) has finite index in G.
Therefore, for all i, y;(G) has finite index in G so from [5, Theorem 1.17] it is open in G. O

We deduce the following lemma.

Lemma 17. Let G be a pro-p group and let i and r be positive integers. Then the following conditions are
equivalent:

(i) for every open normal subgroup N of G we have y;(G) > N or N > ¥;4r—1(G);
(ii) for every open normal subgroup N of G we have y;(G) > N or N = ¥i4r—1(G).

Moreover, ifi > 1, Yi+r—1(G) # 1 and one (and hence both) of the previous conditions holds, then G is finitely
generated and y;(G) is open in G for all j.

Proof. If i =1 or ¥;4r—1(G) = 1 there is nothing to prove, so we may assume that i > 1 and
Vi+r—1(G) # 1. We suppose that condition (ii) (which is, a priori, weaker than condition (i)) holds and
show that condition (i) holds. Since y;4,—1(G) # 1 there exists an open normal subgroup N which
does not contain y;4,—1(G) and is therefore contained in y;(G), which has then finite index in G. The
result now follows from Lemma 16. O

Lemma 18. Let G be a pro-p group. If there exists a constant ¢ such that |[N : N N\ M| < p© for all open normal
subgroups M and N of the same index, then

(1) for every open normal subgroup H of G, we have |H : [H, GIHP| < p*+1;

(2) if K is a closed not open normal subgroup of G, then K is a finite group of order at most p°©.

Proof. If the first claim were false, then there would exist open normal subgroups L and H of G such
that H > L > [H, GIHP and |H : L| = p?“*2. In the elementary abelian p-group H/L, we choose two
subgroups M/L and N/L of order pc*! and trivial intersection. Both M and N are open (as L is open)
and normal in G (since H/L is central in G/L). Clearly M and N have the same index in G. However,
their intersection, that is L, has index pc*! in N, contrary to the assumption.

We now assume that the second claim is false, hence, K has an open subgroup with index at
least p¢*1. Such a subgroup is the intersection of an open subgroup H of G with K. Let M be an open
normal subgroup of G contained in H. Since K is not open, there exists an open normal subgroup N
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of G which contains K and such that |G: M| =|G: N|. Since NM/M=N/NNM, KM/MZK/KNM,
and KM < NM we have that [N: NN M| > |K : KN M| > ptl, a contradiction. O

Lemma 19. Let M and N be open normal subgroups of a pro-p group G with the same index. If
IN: NN M| = pf, then there exists n such that aJ(G) > d.

Proof. For every integer 0 <i < d we may choose two normal subgroups M; and N; in G such that
NNM<M;<M,NNM<N; <N and |M : M;| = |N : N;| = p'. The d + 1 distinct normal subgroups
NiMg4_; have the same index in G. O

Theorem 20. Let G be a pro-p group. Then the following conditions are equivalent:

(i) G has CNSG;
(ii) there exists a constant k such that for all closed normal subgroups M and N either [N : N\ M| < p¥ or
IM:NOM|<p;
(iii) there exists a constant h such that for all open normal subgroups M and N either [N : N N M| < p" or
IM:NNM|<ph;
(iv) there exists a constant c¢ such that for all open normal subgroups M and N of the same index
IN:NNM|<pt.

Proof. By Lemma 19, condition (i) implies condition (iv). Trivially condition (ii) implies condition (iii)
and this implies condition (iv).

Let us show that condition (iv) yields condition (ii) with k = c. So suppose condition (iv) holds
and that M and N are closed normal subgroups of G. If one of them is not open, say N, then by
Lemma 18 we have that [N: NN M| < |N| < p©. If N and M are both open, then we may assume that
|G:N|>|G:M|. Let M be an open normal subgroup of G such that |G: M| =|G:N| and M > M.
Therefore [N : NN M| <|N:NnNM|<p-.

Suppose again that condition (iv) holds, and we will prove condition (i). The Frattini subgroup
[G, G]IGP has finite index in G by Lemma 18, so G is finitely generated. Moreover, for every open
normal subgroup H of G, we have that [H, G]HP has finite index in G and it is therefore open
in G. We fix a positive integer n and consider an open normal subgroup M of G of index p". We

set Mg :=M and M; := [Ml-_1,G]Mip_1 for every i > 0. By the above remark each M; is an open
normal subgroup of G. We extend the definition of M; inductively to negative i's as follows: M; is
the subgroup of G such that M;/M;j1 = £21(Z(G/M;y1)). Clearly, the subgroups M; are open (as they
contain M) and normal in G. Let us consider another open normal subgroup N of index p". We know
that [M: M N N| < p© so if we choose a sequence M=Ky >K; >--->K;,_1 > K, =MnNN of open
normal subgroups of G with |K;: Kj;1| = p for every i, then r < c. An easy induction shows that
K; > M; for every i > 0. In particular, N > K, > M; > M. In a similar (dual) way we may prove that
N < M_¢. As N is arbitrary, we may associate to every open normal subgroup of G of index p" a
different subgroup of M_./M.. By Lemma 18 the order of each M;/M;+ is bounded in terms of c,
hence, the order of M_./M. can also be bounded in terms of c. Since the number of subgroups of a
group of bounded order is bounded, a;'(G) is also bounded, therefore, G has CNSG. O

Remark 21. In [7, Section 5] Ershov refers to G satisfying condition (iii) of the previous theorem as
rigid. In our terminology, his Lemma 5.1 states that a pro-p group with an open subgroup with CNSG
has itself CNSG. A dual property also holds: if H is a finite normal subgroup of a pro-p group G and
G/H has CNSG, then G has CNSG too.

Corollary 22. If G is a pro-p group with CNSG and y,(G) is open in G, then G has finite width.
Proof. By Lemma 16 every ¥;(G) is open in G. If the exponent of the section y;(G)/yi+1(G) is p®i,

then we may find a sequence of open normal subgroups y;(G) =Lg > L1 > --- > L¢; = ¥i4+1(G) such
that Lf < Ljyq for every i. Since G satisfies condition (iv) of Theorem 20, then from Lemma 18 the



436 Y. Barnea et al. / Journal of Algebra 321 (2009) 429-449

order of each L;/L;;q is bounded. Then to show that G has finite width we need only to prove that
e; can be bounded, but p® is bounded by the exponent of G/y,(G) due to [14, Satz 213 b]. O

We now characterize CNSG pro-p groups which do not have finite width:

Corollary 23. Let G be an infinite pro-p group with CNSG. Then there exists a unique maximal normal finite
subgroup H of G. Moreover, G/H is just infinite either of finite width or it is isomorphic to Zy. In the former
case, G has finite width, H is the hypercenter of G, and G/H has trivial center, in the latter case, G is nilpotent
and does not have finite width.

Proof. By Lemma 18 there exists a unique maximal normal finite subgroup H of G. Furthermore,
closed normal subgroups of G strictly containing H are necessarily open, so G/H is just infinite. Since
a non-trivial finite normal subgroup of a pro-p group has non-trivial intersection with the center of
the pro-p group, we have that H is contained in Z;(G) for some i. If G/H has non-trivial center,
then it is isomorphic to Zp, hence, G is nilpotent and it does not have finite width. If G/H has trivial
center, then obviously H is the hypercenter of G and y,(G/H), being closed and non-trivial, is open
in G/H. Since a quotient of a group with CNSG has CNSG, by Corollary 22, we have that G/H has
finite width and subsequently G has finite width too. O

Assuming that y,(G) is open in G we have a further characterization of a group G with CNSG:

Theorem 24. Let G be a pro-p group such that ,(G) is open. Then G has CNSG if and only if there exists a
constant c such that, for every open normal subgroup N, there exists an integer i such that y;(G) < N and
IN: (G < p“.

Proof. Suppose that G has CNSG. By Corollary 22, G has finite width, say w. Let N be an open normal
subgroup of G and let i be the minimum integer such that |G : ;(G)| > |G : N|. Since y;(G) is open
in G (see Lemma 16) we have, thanks to condition (iii) of Theorem 20, that |y;(G) : NN yi(G)| < ph
with h not depending on N. Therefore, y;14(G) < N N ¥;(G). As a consequence ¥;1p(G) < N and
IN: Y40 (G)] < 1¥i-1(G) : %14 (G)] < pWHFD,

Conversely, if N and M are two open normal subgroups of G, then there exist integers i and j
such that [N : ¥(G)| < p® and [M : ¥j(G)| < p°. Suppose that i > j. Then [N: NN M| <IN :y;(G)| < p©
so from Theorem 20 the group G has CNSG. O

Corollary 25. If G is a pro-p group with CNSG and y>(G) is open in G, then G has finite central width, that is
there exists a constant c such that |N : [G, N]| < p€ for every open normal subgroup N of G.

Proof. From the previous theorem there exists an integer i such that N contains ¥;(G) and
IN : ¥i(G)| is bounded. As a consequence [G, N] contains ¥;11 so |N :[G, N]| can be bounded by
IN : ¥:1(G)1Yi(G) : ¥i+1(G)|. By Corollary 22, |yi(G) : ¥i+1(G)| is bounded, hence the claim follows. O

For a pro-p group G we set P1(G) :=G and P;(G) :=[P;j_1(G), G]Pij_1(G)P for all i > 1. Note that
if G has CNSG, then G is finitely generated and therefore P;(G) are open in G for all i and actually it is
enough to define P;(G) :=[P;_1(G), G]1P;_1(G)P for all i > 1 (see [5, Proposition 1.16]). By Lemma 18,
|Pi(G) : Pi+1(G)| is bounded. Therefore, using a similar argument as in the proof of Theorem 24, we
obtain

Theorem 26. Let G be a pro-p group. Then G has CNSG if and only if there exists a constant ¢ such that for any
open normal subgroup N there exists an integer i such that P;(G) < N with |N : P;(G)| < p©.

In [3] it is proved that a sandwich pro-p group G of weak finite width (namely y;(G)/vi+1(G) are
finite for all i) is just infinite (or finite) and that a pro-p group G of finite width is sandwich if and
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only if it has finite obliquity. We show that the hypothesis on the width can be removed with the
exclusion of an obvious exception. We start with the following trivial remark.

Remark 27. Let G be a pro-p group. If G is nilpotent of class c, then G is r-sandwich for all r > c.
We are now ready to prove the following:

Theorem 28. Let G be an r-sandwich pro-p group. If G is not nilpotent of class at most r, then

) G is finitely generated;

) vi(G) is an open subgroup of G for every i;

1
2
3) G has finite width;
4) G has CNSG.

—~ o~ —~ —~

Proof. We apply Lemma 17 with i =2 and obtain the first two statements.

Since every quotient y;(G)/vi+1(G) is a finite abelian group of exponent dividing the exponent of
G/y2(G) (see [14, Hilffsatz I11.2.14]), to prove the third statement it is enough to find an upper bound
for the number of generators of every quotient y;(G)/y;+1(G) for all i large enough.

Let {g1, &2,..., g4} be a generating set for G. We claim that, for all i >> 2r, the number of genera-
tors of ¥;(G)/¥i+1(G) is bounded above by 1+d+d*>+---+d". If y;_+(G) = yi_r4+1(G), then ¥;(G) =1
and we are done, otherwise choose an element x in y;_(G) — ¥i—r+1(G) and consider the subset S
formed by x and the commutators (X, gi,, &, ..., &) With 1<s<r and 1<iy,i2,...,is <d. The
subgroup H generated by S and y;4+1(G) is normal and open, as it contains ¥;11(G). As H £ ¥i_r+1(G)
we have that y;(G) is a subgroup of H. Since i > 2r, the elements of S commute modulo y;41(G) so
H/yi41(G) is an abelian group generated by 1+4d +d? + --- +d" elements. Our claim then follows
from the fact that y;(G)/¥i+1(G) is a subgroup of H/y;4+1(G).

We now consider an open normal subgroup N of G. Then there exists an integer i such that
vi(G) = N = yi1+(G), hence, N : ¥i1+(G)] < [¥i(G) : ¥i+r(G)| < p", where w is the width of G. By
Theorem 24, G has CNSG. O

In the proof of [17, Lemma I1.3] it is (implicitly) shown that a pro-p group of finite obliquity is
r-sandwich for some integer r. More explicitly what is proved in the cited lemma is the following.

Proposition 29. If G is a pro-p group of finite obliquity r, then G is (r + 1)-sandwich.

Proof. For every positive i we have |y;(G) : 1i(G)| < p', therefore, u;i(G) > yi+(G). O

Corollary 30. Let G be a pro-p group of finite obliquity. If y»(G) is not finite, then G has finite width.

Proof. As 112(G) has finite index in y,(G), we have that ©(G) # 1, hence every y;(G) is open in G.
By Lemma 16, since G is infinite, it is not nilpotent. By Proposition 29, G is sandwich, therefore,

Theorem 28 implies the result. O

Combining the already cited results from [3] with Proposition 29, Corollary 30, and Theorem 28
we obtain

Corollary 31. Let G be a non-nilpotent pro-p group. Then the following two conditions are equivalent:

(i) G has finite obliquity;
(ii) G is sandwich.

Moreover, if one of the these conditions holds, then G has CNSG and it is just infinite of finite width.



438 Y. Barnea et al. / Journal of Algebra 321 (2009) 429-449

Remark 32. In the previous corollary the assumption that G is non-nilpotent can be replaced by the
hypothesis that y,(G) is open and G is infinite.

Definition 33. Given a subset S of a pro-p group G we denote by V(S) the set of the open normal
subgroups of G which are not contained in S.

Remark 34. Using Lemma 9 the definition of «;(G) can be rewritten as

1@ =y@Gn (] N
NeV(yi(6)

Definition 35. Let H be an open subgroup of a pro-p group G. We set

w(H):= sup |H:NNH|.
NeV(H)

For completeness we set w(G) :=1.
We give a number of different characterizations of just infinite pro-p groups:

Theorem 36. Let G be a pro-p group. The following properties are equivalent:

i) G is just infinite or finite;

(ii) V (H) is finite for every open subgroup H of G;

(iii) w(H) is finite for every open subgroup H of G;

(iv) every infinite family B of open normal subgroups of G is a basis for the neighborhoods of 1;

(v) there exists a family F of open subgroups of G with trivial intersection such that V (H) is finite for every
Hin F;

(vi) there exists a family F of open subgroups of G with trivial intersection such that w(H) is finite for every

Hin F.

Proof. Clearly (ii) implies (iii), (iii) implies (vi), (ii) implies (v) and (v) implies (vi).

We now assume that (i) holds and prove that (ii) holds. This is clear if G is nilpotent, hence,
procyclic or finite. We may then assume that G is not nilpotent, therefore by Lemma 16, the sub-
groups ¥;(G) form a basis for the neighborhoods of 1. Thus, the closure of a normal subgroup N of
G is the intersection N = ﬂi>1 Ny;(G). So, if N contains y;(G), then Ny;1(G) > y;(G). The converse
also holds, Ny;1+1(G) > y;(G) implies, with an easy induction on j, that Ny;;(G) > ¥;(G) for every
positive j.

We now define, for every positive integer i, the subset

Ci:={xeG| 0 >nG)}

Since G is just infinite we have [ J;»,Ci =G — {1},

By the above discussion x € C; if and only if (x)yi11(G) > ¥i(G). If x and y are congruent mod-
ulo yi11(G), then (x)®yi11(G) = (¥)¢¥i+1(G), so if x € C;, then C; contains the whole neighborhood
XYi+1(G). Therefore, C; is open. We note that the subsets C; form a chain and their union contains
the closed (hence compact) subset G — H. Thus, there exists i such that C; > G — H. This implies that
every element of V (H) contains the open subgroup y;(G), since G/y;(G) is finite this implies (ii).

We now assume that (ii) holds and prove that (iv) holds. Let B be an infinite family of open
normal subgroups of G. Given an open subgroup H of G, the family V (H) is finite, hence, there exists
some element N of B which does not belong to V (H), that is N < H. Therefore, 5 is a basis for the
neighborhoods of 1, as claimed.

Conversely if we assume that (iv) holds, then for every open subgroup H of G, the family V(H)
which is not a basis for the neighborhoods of 1, is necessarily finite, that is (ii) holds.
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Finally, let us assume that (vi) holds and prove that (i) holds. Let K be a non-trivial closed normal
subgroup of G and let H be an element of F which does not contain K. Then K, being the intersection
of the open normal subgroups of G containing K, is the intersection of some elements of V(H).
Thus, there exists an open normal subgroup N containing K such that |G : N| is maximum possible.
This implies that N is contained in every open normal subgroup of G containing K, hence, N = K.
Therefore, K is open, i.e., (i) holds. O

We recall that a pro-p group is said to be hereditarily just infinite if all its open subgroups are just
infinite. Using the previous theorem it is possible to give the following characterization.

Corollary 37. Let G be an infinite pro-p group. Then G is hereditarily just infinite if and only if for every open
subgroup H of G there are finitely many open subgroups K of G such that K £ H and H < Ng(K).

Proof. If H <o G, we set U(H) :={K <o G| K ;( H,H < Ng(K)}. If H<o L <o G, we set Vi (H) :=
{K <o L| K £ H}. We claim that for every open subgroup H of G we have U(H) = UHngoc VL(H).
In fact if K is an element of U(H), then K belongs to Vyg(H). On the other hand the elements of
Vi (H) are normalized by H and thus belong to U(H). By Theorem 36, G is hereditarily just infinite
if and only if V(H) is finite for every H <o L <o G. Since for a given open subgroup H of G there
are only a finite number of open subgroups of G containing H this means that G is hereditarily just
infinite if and only if U(H) is finite for every H <o G, as required. O

Theorem 38. Let G be a pro-p group. Then the following are equivalent:

(i) G has finite obliquity and finite width;
(ii) supyg,c @(N) is finite and G % Zp.

Proof. We first assume that G has finite obliquity and finite width, say o and w respectively.
Clearly G 2 Zjp. Let N be an open normal subgroup of G. By Proposition 29 there exists i such that
Yi(G) =2 N = ¥i40+1(G). If K € V(N), then K € V (Vi+0+1(G)) so K > [ti+o+1(G) and, as a consequence,
[Yit0+1(G) : K N Yito+1(G)| < p°. Therefore,

IN: KON < [Yi(G) : Yitot1(G)||Vitor1(G) : K N Yigor1(G)| < pYOFTDFO,

Conversely, assume that (ii) holds. By Theorem 36, G is just infinite, as G 2 Z, this implies that y;(G)
are open for all i and G is not nilpotent. Hence, there exists an integer r such that w(y;(G)) < p"!
for every i. Let N be an open normal subgroup of G. If N £ y;(G), then |y;(G) : NN y(G)| < p L
Therefore, N > y;+,—1(G), that is G is r-sandwich. By Corollary 31, G has finite obliquity. O

It is not true, in general, that a pro-p group with an open subgroup of finite obliquity has itself
finite obliquity. As a simple example consider the direct product of a pro-p group of finite obliquity
and finite width with a finite p-group. This group has finite width and it is not just infinite and hence,
by Corollary 31, it does not have finite obliquity. However we have the following result.

Corollary 39. Let G be a just infinite insoluble pro-p group. If G has an open subgroup H of finite obliquity,
then G has finite obliquity.

Proof. Since G is insoluble, the subgroup H is non-nilpotent. By Corollary 31, H has finite width.
According to Theorem 38, to prove our claim we need an upper bound for w(N) as N ranges over the
set of the open normal subgroups of G. By Theorem 36, there exists a finite number of open normal
subgroups of G which are not contained in H and for each of them w(N) is finite. Hence, we may
focus our attention on the open normal subgroups of G which are contained in H. So let N be such
an open normal subgroup and let M be an open normal subgroup of G which is not contained in N.
If M is also contained in H, then [N : N N M| can be bounded, by Theorem 38, independently of M
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and N. If M is not contained in H, then [N : N N M| < |G : M|. Since we already noticed that there
exist only a finite number of open normal subgroups of G which are not contained in H, we find an
upper bound for [IN: NN M|. O

Remark 40. We shall prove later (see Remark 55) that soluble just infinite pro-p groups have finite
obliquity, so the insolubility hypothesis in the previous corollary can be dropped.

We conclude this section with some remarks on pro-p groups of finite coclass. If G is such a pro-p
group, then it is finitely generated and there exists an integer | such that, for all i > I, the sections
¥i(G)/vi+1(G) have order p and, thanks to the results in [20, Section 7.4], all non-trivial closed normal
subgroups of G contained in y;(G) are terms of the lower central series of G (in particular they
are open). This does not necessarily mean that a pro-p group of finite coclass has only one normal
subgroup of index pk, for large enough k. As a simple example take the direct product of a finite
coclass infinite pro-p group with a finite p-group. On the contrary, the unique infinite pro-p group of
maximal class M is an example of a pro-p group of finite coclass with only one normal subgroup of
index p* for k > 2. We have indeed

Proposition 41. Let G be an infinite pro-p group of finite coclass. The following properties are equivalent:

(i) G isjust infinite;
(ii) G has only one normal subgroup of index p* for all large enough k;
(iii) G has finite obliquity.

Proof. Condition (iii) implies condition (i) by Corollary 31.

Assume now that condition (ii) holds. If N is an open normal subgroup of G, then N contains
every open normal subgroup of G of large enough index. Since G is finitely generated this implies
that the number of open normal subgroups of G which are not contained in N is finite. Theorem 36
implies condition (i).

Finally we assume that G is just infinite. Choose I such that y;(G)/yi4+1(G) have order p for all
i > 1. By Theorem 36, y;(G) contains all open normal subgroups of G of large enough index. As y;(G)
contains exactly one normal subgroup of G of index p* for all k large enough, condition (ii) holds.
As a consequence w(N) =1 for every open normal subgroup N of G of large enough index, so there
is only a finite number of open normal subgroups N of G for which w(N) > 1. For such subgroups,
w(N) is finite by Theorem 36, hence, there exists an upper bound for w(N) as N ranges over the set
of the open normal subgroups of G. By Theorem 38, G has finite obliquity. Summarizing, we have
proved that condition (i) implies conditions (ii) and (iii). O

3. Periodic maps in just infinite pro-p groups

Definition 42. Let G be a pro-p group. A periodic map of G or simply a period of Gisamap7:M — G
defined on an open normal subgroup M of G satisfying the following requirements:

(1) (M) is an open subgroup of G;
(2) for every open normal subgroup H of G contained in (M), t~'(H) is an open normal subgroup
of G such that |G: T~ 1(H)| <|G: H]|.

Lemma 43. Let T : M — G be a period of a pro-p group G. Let H and K be two open normal subgroups
contained in T(M). Then H > K ifand only if t =" (H) > t~(K) (in particular H = K ifand only if t =1 (H) =
1= 1(K)). If the inclusion H > K holds, then |H : K| < |t~ 1(H) : T~ 1(K)|.

Proof. The first claim is just elementary set theory.
Assume that H > K: let

H=Ho>Hi > >H1>H =K
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be a chain of open normal subgroups of G such that |H;: Hi11| = p for every i (so |H: K| =p"). For
every i, the subgroup H; strictly contains Hj,q, hence, T~ (H;) strictly contains T~!(H;y1), that is
[t~V (H;) : T"1(Hiz1)| > p. The result follows. O

As a particular case of the previous Lemma we have the following:

Corollary 44. Let T : M — G be a period of a pro-p group G. Let N and H be two open normal subgroups
contained in T(M) and such that N } H. Then

TN # TN (H) and IN:HON|< |t /(N o ' (H) N 1N

The proof of the following remark is immediate.

Remark 45. Let T : M — G be a period of a pro-p group. If N is an open normal subgroup of G
contained in (M), then the restriction of T to T~1(N) is a period of G.

Definition 46. If T : M — G is a period of a pro-p group, the degree of t, written as degt, is
|G : N|

min —————.
N<oG |G : T T(N)|
N<T(M)

degt :=log,

Definition 47. A period T : M — G is said to be uniform if |G : N| = p987|G : t=1(N)| for all open
normal subgroups N of G contained in t(M).

Proposition 48. Let T : M — G be a period of degree d of a pro-p group. Then there exists an open normal
subgroup M of G contained in M such that the restriction of T to M is a uniform period of degree d.

Proof. Let H be an open normal subgroup of G contained in 7(M) and satisfying the relation
|G : H| = ple :T-1(H)|. We set M := t~1(H). Let K be an open normal subgroup of G contained
in H. By Lemma 43 we have that

IG: K| G : H| p

IG:T-1(K)| " |G:T~\(H)|

The result follows from the definition of degree. O

Theorem 49. Let G be a just infinite pro-p group and let T : M — G be a period of degree d. Then, for all n
large enough, t (K) is an open normal subgroup of G for every open normal subgroup K of G of index p"™ and
T induces a bijection between the set of the open normal subgroups of G of index p™ and the set of the open
normal subgroups of G of index p"*9. In particular alfn G) = ajﬂd (G) for large enough n.

Proof. By Proposition 48 we may assume that t is uniform. By Theorem 36, the set V (7 (M)) is finite,
hence, (M) contains all the open normal subgroups of index p"*¢ for large enough n. The inverse
images via T of these groups are, according to Lemma 43, a<f1 44 (G) distinct open normal subgroups

of index p". Therefore, a;l,(G) n+d(G) As a consequence a n(G) _a wia (G) for all large enough

n and the inverse images via T of the open normal subgroups of G of mdex p™ are all the open
normal subgroups of G of index p". In particular, t(K) is an open normal subgroup of G if K is an
open normal subgroup of G of large enough index in G. O

We now prove

Theorem 50. Let G be a just infinite pro-p group with a periodic map. Then either G = Z, or G has finite
obliquity.
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Proof. Let T : M — G be a period. By Theorem 36, the set V(z(M)) is finite. Hence, we may set
® = maxgey (M) @(K) and i := maxkey(m) |G : K|. By Theorem 38, we only need to show that
supyg,c @(N) is finite. More precisely, we claim that w(N) < max(w, i) for every N <o G. The proof
is by induction on |G : N|, the inductive basis being trivial. If N £ (M), then w(N) < w. If N < T(M),
let H be an element of V(N). If H % T(M), then IN: HNN| < |G: H|<i. If H<t(M), then Corol-
lary 44 yields [IN: HNN| < |t~ 1(N) : T=1(H) n t71(N)| < w(z~1(N)). The result follows from the
inductive hypothesis. O

4. Open subgroups of the Nottingham group

Let g be a power of a prime number p. The Nottingham group over g, denoted by Ny, is defined
to be the group of normalized automorphisms of the ring of formal power series Fg[t]:

Ng:= {¢ € Aut(Fq[t]) | tp = t(1 +tf), f eFq[t]}.

In this section we fix q and denote the Nottingham group Ny by J. We define the following subgroups
of J:

Joi=1{¢ € Aut(Fg[t]) |t =t(1 +t*f), feFq[e]}.

It is well known that two elements ¢ and ¥ of J are congruent modulo J if and only if t¢ and ty
are congruent modulo tk+1,

For every positive integer m let t,; be the map from | to itself defined as follows: if ¢ € J is
the element such that tyy =t + s(t), then t;(¥) is the element that sends ¢t to t + tl’ms(t). Note that
Tn(Jk) = Jispm for every k. We will use these maps to define periodic maps for open subgroups of J.

We begin with an auxiliary result which is probably already known.

Lemma 51. Let ¢ € ], ¥ € Ji and suppose that t¢ = a(t) and tyy =t + s(t). Then

s(a(t))

mod t2k+2 ,
a'(t)

tpoyog)=t+
where a’ is the derivative of a.
Proof. Let t¢~! = b(t). From Taylor’s approximation we obtain the following congruence:

(o™ o y) =[b®]¥ =b(t +s(t)) =b(®) + b/ (©)s(t) mod t2+2.
Note that
t=>b(a()).
In particular,
1=b'(at))a’ ().

Hence,

s(a(t))
a(t)

mod %2, g

t(p "oy og)=b(a®) +b'(a))s(a®) =t +

Corollary 52. For k > p™, the map Ty, induces a J-isomorphism from ]/ Jiipm onto Jiqpm/ Ji2pm.
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Proof. It is straightforward to show that 7, induces an isomorphism from Ji/Jxipm onto
Jitpm/ Jiew2pm. In order to prove that this isomorphism commutes with conjugation by elements
of J, we consider ¢ € J and ¢ € Ji like in Lemma 51. From Lemma 51 and the definition of 7, we
have that

t(tm(@ " oy og)) =+ sfz(/l((tt))) mod 2k+P"+2

and

t(o" o tm(W) 0 ) =t +a®)”" 52‘}((;))) mod (22872

Since a(t)P"s(a(t)) = tP" s(a(t)) mod t*T2P"+1 we obtain our claim. O

Theorem 53. Let p be an odd prime, q a power of p, and | = N(Fg). Then every open subgroup H of ] is a
just infinite pro-p group with a periodic map.

Proof. In the proof of [4, Proposition 3] it is shown that H is just infinite, that H > J, for some
integer n, and that for every non-trivial closed normal subgroup N of ], there exists an integer k
such that J, > N > Jrioni2- Let m be an integer such that p™ > 2n + 2. Then for every non-trivial
closed normal subgroup N of J, there exists an integer k such that Jx > N > Jiqpm.

We now claim that the restriction T of 7y to J,m is a periodic map of H. First of all, Jpm is an
open normal subgroup of H and 7(J,m) = Jppm is an open (normal) subgroup of H.

Let N be an open normal subgroup of H contained in 7 (Jpm) = Jopm. We know that there exists
k such that Jx > N > Jxypm. Since N < Jopm we have that k > 2p™. By Corollary 52, T induces a
J-isomorphism between Ji_pm/Ji and Ji/Jgqpm. In particular, 7 is also an H-isomorphism, so as a
consequence T~ !'(N)/Ji is a normal subgroup of H/ Jj contained in Jk—pm/ Ji and

| Jipm/ Ji: T O/ Tk = 1/ Tiepm = N/ iy pm -
Therefore, T—!(N) is an open normal subgroup of H and

|H:N|

|H:t7"(N)| = [H : Jipn|Jx—pm : T HN)| = H ¢ Jympm [ Ji: N| = ————.
Uk—p’“ s Jkl

Our claim follows because |Jx_pm : Jkl=p™ >1. O
5. t-linear just infinite pro-p groups

A pro-p group I' is said to be t-linear (see [15]) if it is a closed subgroup of GL,(R) for some
commutative profinite ring R.

It is shown in [15] that a t-linear just infinite pro-p group is linear over Z, or [F,[t]. Moreover,
t-linear just infinite pro-p groups are naturally divided into three families:

(1) Soluble just infinite pro-p groups (e.g. Zp).
(2) Non-soluble p-adic analytic just infinite pro-p groups (e.g. SL}I(ZP)).
(3) Fp[t]-linear just infinite pro-p groups (e.g. st} Fp[tD).

The groups in the first and second family are p-adic analytic just infinite pro-p groups, and are also
called p-adically simple groups. In [17] it is shown that the groups in the second family are open
subgroups of Aut(£): W, where £ is a simple Lie algebra over Q, and W is the iterated wreath
product of finitely many copies of the cyclic group of order p. By [23, Corollary 0.5] every group in
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the third family is commensurable with an open subgroup of the group G(F) of the F-rational points
of a simple simply connected algebraic group G defined over a local field F (e.g. SLy (IF ((£)))).

These three families are actually disjoint. Indeed a p-adic analytic just infinite pro-p group is not
IFp [t]-analytic (see [16] and [25, Proposition 5.6] for the soluble and insoluble case respectively). We
shall say that the groups in the first and second families have characteristic 0 and the groups in the
third family have characteristic p.

Let us first consider p-adic analytic groups, i.e. groups included in either one of the first two
families of t-linear just infinite pro-p groups.

Proposition 54. A non-trivial pro-p group G of finite rank has a periodic map.

Proof. As in the proof of [5, Theorem 4.8] there exists an open normal subgroup M of G such that
every open normal subgroup of G contained in M is powerful. We may assume that M # 1. Indeed,
if G is infinite, an open subgroup is necessarily non-trivial, while if G is finite we may, for instance,
choose M = Z(G). We claim that the map 7 : M — G defined by t(g) = gP, is a period.

By [5, Lemma 3.4], T(M) is an open subgroup of G. As t(M) is contained in the Frattini subgroup
of M we have that M # t(M). Let H be an open normal subgroup of G contained in (M), and let
K be the subgroup generated by T~!(H). Since T commutes with conjugations by elements of G we
have that K is normal in G, and it is open since T~'(H) contains H. We claim that K = t=1(H),
that is KP < H. Our choice of M implies that K is a powerful pro-p group. The quotient K/H is then
a powerful finite p-group. As K/H is generated by 7~!(H)/H, that is by elements of period p, [5,
Lemma 2.5] implies that KP < H, as claimed.

By definition of t, K/H contains the elements of M/H of period p. Therefore, K/H is non-trivial
as M/H is a non-trivial finite p-group (we recall that M strictly contains t(M) and hence H). We
may conclude that |G: K| <|G:H|. O

Remark 55. Since it is well known that just infinite soluble pro-p groups have finite rank (e.g. [20,
Chapter 12]), these groups admit periodic maps and have, therefore, finite obliquity.

Now let I be a t-linear insoluble just infinite pro-p group, hence, I belongs either to the second
or to the third family. Then by [23, Corollary 0.5], there exist an open normal subgroup Iy of I,
local fields Fq,..., Fx of the same characteristic as I, and absolutely simple simply connected and
connected algebraic groups G; defined over F; such that Ip is an open subgroup of ]_[f:] Gi(F;) (in
the notation of [23], G(F) = [T, Gi(F;), where G =[]*_, G; and F = ®*_, F;).

By [23, Corollary 0.3], the action of I" on I can be extended to an action on G(F). Moreover,
I" permutes the direct factors G;(F;). Let H; = Iy N G;(F;). The normal closure N of Hy in I is the
direct product of some of the subgroups H;. Since I' is just infinite, N is open in I", so N = ]_[f-‘:1 H;.
Therefore, the direct factors H;, and a fortiori the groups G;(F;), are permuted transitively by I". Thus,
the fields F; are isomorphic and the groups G; correspond to the same Dynkin diagram. We will then
say that I” is of type X, where X is the type of any of the groups G;.

We recall a result from [13] (see also [23, Proposition 1.11]).

Proposition 56. Let G be a simple algebraic group defined over an algebraically closed field K of characteristic
p > 0. Let G be the universal cover of G and Z(G) its scheme-theoretic center. Then either the action of G on
its Lie algebra is irreducible or one of the following holds

(1) the characteristic of K divides | Z(G);
(2) p=2and G is of type Fg;
(3) p=3and G is of type G.

We will say that a t-linear just infinite pro-p group I' is of irreducible type if G; acts irreducible
on its Lie algebra.
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Theorem 57. Let I" be a t-linear just infinite pro-p group. Then I" has CNSG if and only if I" is of irreducible
type. Moreover, in this case I" has a periodic map.

Proof. The first statement follows from [19, Theorem 2.1].

Suppose, now, that I" is of irreducible type. The case when the characteristic of I" is equal to 0 is
done in Proposition 54. Therefore, we fix our attention on the case when I" has characteristic p. We
assume that G = G; and F = F; as the proof of the general case follows the same ideas.

Let R be the ring of integers of F with a maximal ideal m and let & be a generator of m and
q=|R/m]|. Let 05’1 denote the completion of the affine ring of G with respect to the ideal defining

identity section. Then (’)5’1 = F[x1,...,xn] for any system Xxi,...,x, of local parameters of G in 1.

Note that the morphism d: G xr G — G that sends (g, h) to gh~! induces an F-algebra homomor-
phism

d*: 0(;,1 — OG,1®FO(;,1'

For any element y € I', the conjugation by y extends to a unique isomorphism of algebraic groups
G — G over a unique isomorphism local fields F — F [23, Corollary 0.3]. This isomorphism induces
an isomorphism

O{y :Oﬁ,l — OG,]'

We are interested in local parameters x1, ..., X, such that d* sends F = R[x1, ..., xn] to F & F and
ay sends F to F for any y e I'. The existence of such local parameters x1,...,X; is shown in the
proof of [23, Proposition 5.3]. ~

Let G :=SpfF be a smooth formal model of G (see [23, Definition 5.4]). The formal model G
determines a collection of principal congruence subgroups G 5 (m¥) of G(F). Note that they are invariant
by conjugation of the elements from I". Since Q(m ) form a base for the neighborhoods of 1 in G(F),
there exists k such that G (m") < Iyp.

The Lie algebra L =: LieG of a smooth formal model G is defined in [23, p. 484]. It is an R- -algebra.
Denote by Lr the algebra L ® F. Then L is a Lie F-algebra isomorphic to the Lie algebra of G(F).

Since I' is of irreducible type, Lf is an irreducible G(F)-module. Denote by B the closed associa-
tive IFp-subalgebra generated by the elements of I in Endg(L). Since G is absolutely simple over F
and L is an irreducible G(F)-module, there exists j such that m/ Endg(L) < B (see, for example, [23,
Theorem 2.3]). Hence if a € L — pL, then the I';-module generated by a contains m/L.

Suppose now that s >2j and N is an open normal subgroup of I" such that N < G(m%) and
N £ G(mst1). We claim that G(m**J) < N. First note that G(m®)/G(m%) is an abehan group and
it is isomorphic to L/m°L as a Ip-module. Since m/Endg(L) < B, it follows that if n € N and
neG@ms) — Gmst), then

g‘(msﬂ) < Ng(mZS).

In particular, there exists n; € N such that ny € G(ms+t) — G(ms*+i+1). Replacing s by s+ j and re-
peating the argument, we obtain that

_C;(mzs) < g”(ms+2j) < Ng”(m25+2j).

So Q(msﬂ;) < Ng(m25+2j). Continuing by induction we obtain that NG(m") contains G(m*+7) for any
r and so G(m*tJ) < N.

Let f= Zyefo ay (y —1) € Z[Ip] be an element whose image a in Endg(L) is central and different
from zero. The existence of such an element follows, for example, from the existence of a multilinear
central polynomial for B [22, Corollary 13.6.3]. The element a is in the maximal ideal of B, as f is
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in the augmentation ideal of Z[I']: therefore a is not invertible. Hence a € mld;, where Id; is the
identity map of L. Suppose that a = 7! mod m/t! Endg (L) (note that [ > 1). Define t:I" — I'" by

(9 =] [1g. v17.
Put r = max{k, 2] + 2j}. We claim that 7: Q(m’) — I is a periodic map.

First we claim that if g € G(m") and r < w <s < 2w —I, then

7(g6(m®)) = T ()G (m'™*).

The inclusion r(gG(mS)) 7(g)G(m!™) is clear, for T acts on g(mW)/g(mZW) as a acts on L/m"L
and G(m2") is contained in G(m!™s). To prove the reverse inclusion we show that r(gg(m NG (me) >
7(g)G(m!*s) for every e. The base of induction e =1+ s is clear. Assume that it holds for e and let
us prove it fore+1. Let h € G(mts). we want to show that t(g)h € T(g_C’;(ms))Q(mef). By inductive
hypothesis, there are a € G(m®) and f € G(m®) such that t(g)ha = t(gf). Let b e G(me!) be such
that 7(b) =a~! mod G(met!). Since T is defined as a product of commutators, it is easy to see that

T(gfb) =1(gf) - T(b) = T(e)h mod G(m**"),
as claimed.

Put M := G(m"). Then t(M) = G(m' ) is an open normal subgroup of I". If N is an open normal
subgroup of I" contained in t(M), then there exists s > r +1 such that N < G(m®) and N £ G(msth,

Then G(m*t/) < N, and so
v=Usde)
Then
' (N) = JhiG(m*H ),

where 7 (h;) = g; mod G(mSt). Since 2(s — ) > s+ j, T~ 1(N) is a normal subgroup of I" (recall that
7 acts on G(m*)/G(m26D) as a acts on L/m*~!L). Moreover,

I Nl =[L/mL|M e YN, O
6. The Ershov groups
Assume that p > 2, and let r and s be positive integers such that 0 <r < pS/2 and p{r. The

following groups were introduced in [7]. Let Q := Q!(s,r) be the subgroup of the Nottingham group
N(p) which consists of the elements ¢ such that

Jat" +b
ct' +d

th =

for some a and d in 1+t9F,[t?] and b and c in t7F, [t] where g = p°. The group Q is a deformation
of the group SL}(F, [t]). In fact, there is a natural bijection o between SL}(F, [t]) and Q:

a b\, e b
2\ g =¢:t> ATl



Y. Barnea et al. / Journal of Algebra 321 (2009) 429-449 447

The map « is slightly different from the map defined in [7, Section 4], because in our paper the
elements of the Nottingham group acts on the right and in Ershov’s paper they act on the left.

Put G = SL}(Fp[t]) and H = Q. We have seen in Section 5 that G has a period 7: M — G. We
use this map to construct a periodic map for H. It is proved in [7, Proposition 4.3], that the map « is
an approximation map with respect to the filtrations {y»(G)} and {y»(H)}. The group G is sandwich:
any normal subgroup of G lies between y;(G) and yn12(G). We may assume that M = y,(G) for
some n > 2. Then o establishes an isomorphism between the lattice of the open normal subgroups
of G contained in M and the lattice of the open normal subgroups of H contained in o« (M). Thus
aoToa !is a periodic map for H.

Of course, the same argument shows that open subgroups of Ershov groups have periodic maps.

7. Groups which do not have CNSG

Let G be a pro-p group. We say that G is of finite p-coclass if there exists a constant ¢ such that
|G : Pr(G)| < p**¢ for all natural numbers k. By [5, Exercise 7, p. 269, Theorem 10.1] we have

Proposition 58. Let G be a pro-p group of finite p-coclass. Then G is virtually abelian.

Theorem 59. Let G be a pro-p group and let K := [, H; be an open normal subgroup of G isomorphic to
the direct product of m copies of the closed group H1. Suppose that G permutes the set {H;}}" ;. Then either G
is virtually abelian or there exists n such that ;% (G) > m.

Proof. If G is not finitely generated, then it does not have CNSG and we are done, so we may assume
that G is finitely generated. If Hq is virtually abelian, then the same is true for K and G. We may then
assume that Hq is not virtually abelian: in particular Hq is infinite. If G does not act transitively on
the set {H;}";, then Hf is an infinite closed normal subgroup of G with infinite index in K and hence
in G. By Corollary 23, G does not have CNSG in this case and we are done. We are left to consider
the case in which G acts transitively on the set {H;}[" ;. Therefore, if we set N := Ng(H1), we have
|G : N =m. Note that N > K. Moreover, since N normalizes H; it permutes the set {H;}{",. Hence,
K= ]_[',“:2 H; is a closed normal subgroup of N. Since K = H{ ® K we have that K/k = H;. Therefore,
we can identify H; with an open subgroup of N/IA<. Note that N/IA<, being the quotient of an open
subgroup of a finitely generated pro-p group, is finitely generated. By [5, Proposition 1.16(iii)] there
exists an integer i such that H; > P;(N/K). As we are assuming that Hj is not virtually abelian, N/K
is not virtually abelian too. Hence, Proposition 58 implies that |Pk(N/f<) : Pk+1(N/IA()| > p for some
k > i. Therefore, as Pk(N/IA()/PkH(N/IA() is elementary abelian, we may choose 2 distinct subgroups
L and J such that Py(N/K) > L > Pyy1(N/K), Pe(N/K) > J > Pir1(N/K) and L and J have the same
(finite) index in Pk(N/I%) and hence in Hi. Clearly L and J are normal in N/k. When we consider
once again Hq as a subgroup of G, we have that L and J are normal in N. We set |[Hy:L|:=p‘. As L
is normal in N, it has at most |G : N| = m conjugates. On the other hand, since G acts transitively on
{H;}%,, every H; contains at least one conjugate of L. Therefore L has exactly m conjugates and its
normal closure L¢ has index p™ in K: in particular L®, having finite index in the finitely generated
pro-p group G, is open in G. Similarly J¢ is an open normal subgroup of G of the same index
in G as LS. It is easy to see that (LN J)® = L% N JC and that since |L:LN J| > p, we have that
IL¢:L¢N J¢| > p™. By Lemma 19 there exists n such that a;}(G) > m: this concludes the proof. O

Corollary 60. Let G be a branch pro-p group. Then G does not have CNSG.
Proof. It follows directly from the structure of branch groups (see [12]) and the previous theorem. O

Corollary 61. Let G be a just infinite pro-p group. Then either G does not have CNSG or G contains an open
normal subgroup N which is isomorphic to the direct product of a finite number of copies of a hereditarily just
infinite pro-p group.
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Proof. It follows from Wilson’s dichotomy concerning the structure of just infinite pro-p groups (see
[12, Theorem 3]) and the previous theorem. 0O

The Fesenko group T := T(r) is a subgroup of the Nottingham group N(p) and it is defined as
follows: let g = p" and define

T:= {¢ € N(p) ‘ tp=t+ Zaqk+lqu+lv Agk+1 € Fp}‘
k>1

Theorem 62. The Fesenko group T does not have CNSG.

Proof. Let

Rn = {¢ eND)|tp=t+ 3 aguat™ agesn €F, }
k>nq+2

Then from [11] we know that y,(T) £ Ry and yu41(T) < Ry. On the other hand, using again [11], we
obtain

n(p—1)
Rn:ynia (D) =p" 7

Hence, using Theorem 24, we obtain that T does not have CNSG. O

We recall that for g = p" the index subgroup of type B, is the subgroup of the Nottingham group
N(p) defined as follows:

By = {¢ e N(p) \ tp=t+y aut™+ag1t%", g eF, }
k>1

Theorem 63. The group B := B, ; does not have CNSG.

Proof. We set B, := BN J;. By [2, Lemma 8.1] we have that B;q_; contains y,(B) but does not
contain y;,—1(B). On the other hand, from the same lemma, we have that

|Bng—1:va(B)| > p" @171
Hence, using Theorem 24, we obtain that B does not have CNSG. O
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