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1. Introduction

Lyapunov’s second method supplies necessary and sufficient conditions for the
stability of attractors of dynamical systems. This theory, originally developed for
deterministic systems, has been extended to stochastic ones using different notions
of stability ([14,16,18]).

In recent years, an increasing interest has been devoted to stability properties
of stochastic processes with control inputs. In this case, the basic problem is the
existence of an (open loop) control law steering the system to a desired target. This
property, which is called controllability in the deterministic jargon, is called stabiliz-
ability in the stochastic context. Suitable Lyapunov characterizations of this prop-
erty have been obtained and a corresponding theory of control Lyapunov functions
(CLFs) has been developed, see e.g. ([1,6,9]). One of the main features and advan-
tages of the Lyapunov theory is that stability may be checked in terms of infinites-
imal decrease conditions along a suitable positive-definite function. Note, however,
that even for uncontrolled diffusions, the analogue of the converse Lyapunov theo-
rem by Kurzweil and Massera only yields a continuous Lyapunov function (this is
a result by Kushner, see [17]), and it is not known if smooth Lyapunov functions
exist in general, unless the diffusion is strictly non-degenerate away from the equi-
librium (see [14,16]). Hence it is not reasonable to assume too much regularity for
the Lyapunov function and it is therefore important to reformulate infinitesimal
decrease conditions in an appropriate weak sense ([1, 6]).

A central problem in this context is the construction of a Lyapunov function in
the domain of attraction of the equilibrium. In this paper we address this problem
for controlled stochastic systems. Since, unless that the system has a particular
structure, a CLF is not explicitly known, it is important to provide constructive
techniques yielding such a function. In general, the approaches available in the
literature, see e.g. [10], rely heavily on regularity properties of the CLF. In this
paper we present methods based on the theory of viscosity solutions of suitable
PDESs, which will in general provide nonsmooth CLFs.

In the deterministic case, a characterization of Lyapunov functions as a solution
of a first-order PDE goes back to the work of Zubov [22]. Recently this idea has been
reinterpreted in the framework of Crandall-Lions viscosity solution theory (see [2]).
In [3,5], a Lyapunov function for an (uncontrolled) system locally almost surely
(a.s.) exponentially stable near an attractor has been characterized as the unique
viscosity solution of a second-order PDE satisfying a Dirichlet boundary condition
on the attractor. This equation is a generalization of the classical Zubov equation
to the stochastic case. Moreover, it can be used as the basis for the numerical
approximation of the Lyapunov function ([3]).

In this paper we improve the results in [3,5] in two directions:

(i) we consider a controlled stochastic differential equation and we obtain a
characterization of a CLF as unique solution of a second-order Hamilton—Jacobi—-
Bellman equation;
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(ii) we assume a stability condition in probability near the attractor, assur-
ing that the trajectories of the stochastic systems are exponentially stable with a
probability decreasing to zero. This condition is weaker than a.s. exponential sta-
bility which is assumed in [5]. The latter implies that almost surely for each fixed
sample path the system is exponentially stable in the usual sense.

In particular, we characterize two different types of stabilizability domains: the
set D of points stabilizable to the attractor with a positive probability and the
set of points D, stabilizable with a given probability p, for any p € [0,1] (which
includes as a special case the set of points which can be steered to the attractor
a.s.). A characterization of D is obtained by introducing a suitable optimal control
problem ssociated to the stochastic system. The corresponding value function is
a CLF on D for the stochastic system and D may be characterized as a suitable
sublevel set of this CLF.

To characterize the set D, we introduce a discount factor § in the optimal control
problem and the corresponding value function vs. Passing to the limit for § — 0,
the value functions vs converge monotonically to a lower semicontinuous function
vg and D, is the set of points where vy has the value 1 — p. Moreover, it is shown
that the previous characterizations can be effectively used to construct approximate
CLF on the corresponding domain of attraction. The paper is organized as follows.
Section 2 introduces the stochastic control problem and recalls the definitions and
the basic properties of the controls which are used. Sections 3 and 4 are devoted
respectively to the characterization of the sets D and D, and the derivation of the
relevant Zubov equation. Finally, Sec. 5 discusses a numerical example based on a
financial model.

2. Assumptions and Preliminaries

We consider the stochastic differential equation in RY

{dX(t) = b(X(t), at))dt + o (X (), a(t))dW (1),

X0 - (2.1)

where W is a standard M-dimensional Brownian motion and «(t), the control
applied to the system, is a progressively measurable process taking values in a
compact set A C RY. We assume that b, o are continuous functions defined in
RY x A, taking values, respectively, in RY and in the space of N x M matrices,
and satisfying for all 2,y € RV and alla € A

b(z, ) = by, )| + |o(z, ) — o(y, )| < Cla —y| (2.2)
and
b(z, )| + |o(z, a)| < C(1+ |z]). (2.3)

These assumptions guarantee the existence and uniqueness of a strong solution to
(2.1) for any ¢t > 0. We denote by A the set of the admissible control laws «(t), see
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Remark 2.1. Solutions corresponding to an initial value « and a control law a € A
will be denoted by X;(z, ) (or X if there is no ambiguity).
Throughout we denote the distance of x € RY to a set M C RY by

d(a, M) := mf{lx — || | y € M}.

For system (2.1) we study the problem of characterizing the domains of stabi-
lizability of a viable, compact set K, which is locally exponentially stabilizable in
probability for (2.1). A set K is called wiable if for any x € K, there exists a control
« such that X;(xz,«) € K a.s. for any ¢ > 0. The property of local exponential
stabilizability in probability is defined by the requirement that there exist positive
constants r, A such that for every € > 0, there exists a C' > 0 such that for every
v € K, = {r € RN : d(x, K) < r} there is a control o for which

P (sup d(X¢(z,a), K)eM > C> <e. (2.4)
>0

Our aim is to study properties and to find characterizations of the following sets
which describe the stabilizability properties of the process

D= {x €RM:Ja e Asit. ]P’(tiigrnoo d(Xy(z,a),K) = o) > 0}

= {xéRN: sugP(tligrn d(Xt(x,Oé),K)ZO) >0}a
ae —Tee

and for p € [0, 1]
D, = {a: e RY: sup IP( lim d(X¢(z,a),K) = O) = p}. (2.5)
acA t—+oo
Remark 2.1. We assume that the class of admissible control laws A satisfies the
properties of stability under concatenation and stability under measurable selection.
The condition for stability under concatenation is the following. For a stopping
time T, we define the T-concatenation of two control processes by setting

ar(w,t) if t <T(w),
a ag(w,t) =
1 &7 az(w,t) {ag(w,t) otherwise.
Stability under concatenation holds if a1 @7 «s is an admissible control for all
admissible controls a1, as and all stopping times T'. For the more technical condition
of stability under measurable selection we require that for all stopping times T and
all maps ® : Q — A, measurable with respect to the corresponding o-algebras,

there exists a v € A such that

O(w)(t) =v(t) for Leb x P-almost all (w,t) such that ¢t > T'(w).
In the following we need both these properties for our class of controls, to ensure a
controllability property. We assume for every x in K, the existence of a control a,
such that the stability property (2.4) holds. Thus when we steer the process to the

set K, we want to switch to the process ;. This can be done as follows. Given an
initial condition xy and a process a we define the stopping time

T(w) :=1inf{t > 0| X¢(z0,) € K, }.
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Then the set V :={w € Q| T(w) < oo} is F(T') measurable and the map
B wis {aXT(woya)(-) ifweV

« otherwise ’
is measurable from (2, F(T')) to (A, B.a). So, if stability under measurable selection
holds, there exists v € A such that

D(w)(t) =v(t) for Leb x P-almost all (w,t) such that ¢t > T'(w).

Then, if stability under concatenation holds, the T-concatenated control o &7 v,
for any a € A, is an adapted admissible process. The reader should keep in mind
the preceding construction in the following.

Observe that the property of stability under concatenation and stability under
measurable selection also guarantee the validity of the Dynamic Programming Prin-
ciple, see (3.7), under standard regularity assumptions on the coefficients of the
problem (see [15] and [20]).

An explicit construction of a class of control laws satisfying the properties of
stability under concatenation and stability under measurable selection can be per-
formed under the convexity condition

{(o(x, )T (x,a), f(z,a)):a € A} is convex for all z € RV,

Then, fixed a priori a probability space (Q, F, F;, P) with a right continuous increas-
ing filtration, the class of the progressively measurable processes with values in the
compact set A satisfies the desired properties.

If this convexity condition is not satisfied, we need to consider relaxed controls
and we refer to [7], [15] and [20] for the construction of a canonical probability
space associated to the control problem and the corresponding class of admissible
controls satisfying the previous properties.

Remark 2.2. Assumption (2.4) implies that, for every = € K,

jggp(tll+moo d(X¢(z,a),K) = O) =1.
Indeed for every € > 0, by (2.4) we find o and C' for which
]P( lim d(X¢(z,a),K) = 0) > P(supd(Xt(x,a),K)eM < C> >1—e.

t—-+o0 t>0

Remark 2.3. In [3,5], the problem of stability is studied (i.e. no control in (2.1))
and the equilibrium is assumed to be almost surely locally exponentially stable. This
is to say that there exist positive constants r, A and a finite random variable 3 such
that for any = € K,., we have

d(X,(z), K)e < 8 a.s. for any ¢t > 0. (2.6)

This assumption implies local exponential stability in probability: for every £ > 0
it is sufficient to choose C' such that

P(3>C) <e.
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3. The Domain of Null Controllability

In this section, we study the properties of the set D, i.e. the set of points which
can be steered to the set K with positive probability. Throughout this section all
assumptions discussed in Sec. 2 are assumed to hold. In the following the stopping
time 7(z, ), defined as the hitting-time of K., will play a vital role. It is defined by

T(x,) =inf{t > 0: Xi(x,a) € K, }. (3.1)
Proposition 3.1. Consider system (2.1). We have that

(i) D={zx € RN :sup,cs P (7(z, ) < +00) > 0}.
(ii) D is open, connected and contains K, as a proper subset.

Proof. (i) It is easy to show that for any «
]P’(t lim_d(X,(r,), K) = 0) <P (r(z,a) < +00).

So if & € D then there exists « such that P (7(x, ) < +00) > 0.

Conversely, we assume that sup,c 4 P(7(z,a) < o0) > 0. Then there exists
T > 0 such that sup,c 4 P(7(z,) < T) > 0. By (2.4) and Remark 2.1, we obtain
for every € > 0

sup P( lim d(X¢(z,a),K)=0,7(z,a) < T)
acA t—+oo

T
= Sup / / P(T(J?, Oé) = ds, X‘r(a:,a) = dy,T(l‘, Oé) < T)
acAJo Jd(y,K)=r

P, lim_d(Yily,a(-+5),K) =0 | y = X,)
> SEEP(T(x,a) <171, (3.2)

where Y;(y, a(- + s)) denotes the solution of (2.1) with initial condition y driven by
the control « shifted by s. This shows (i).

(ii) In order to prove that D is open, observe that if @ € D, then there exist o and
T > 0 such that P(d(Xr(z,a), K) < r/2) > 0. For § sufficiently small and y €
B(x,0), this implies P(d(Y7(y, ), K) < r) > 0 and therefore sup,c 4, P(7(y, ) <
T) > 0. Hence

iggﬂ”(ggﬂm d(Yi(y, o), K) = 0)

> sup P lim_d(Yi(y, ), K) = 0,7(y,0) < T)
acA t—+o0

T
= sup / / P(T(y7 Oé) = dS7YT(y,a) = dZ7T(y7 Oé) < T)
acAJo Jd(z,K)=r

P, lim_d(Zi(z,al(-+9)),K) =0 2 =Y,)
SIEIEP(T(y, a) <T)>0. (3.3)
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Since D is open and K, is closed, we obtain that K, is a proper subset of D. Finally
D is connected since for any x € D there exists at least a control a and a continuous
path X;(z, «) connecting x to K. O

To construct a CLF for the stochastic system (2.1), we introduce v : R" — R
as a value function of an optimal control problem. Define

+oo .
v(m) = inf E|:/ g(Xt(x’a)’at)eifo g(XS(I’a)’aS)dsdt
acA 0

= inf, {l = E[eJo"™ s(Xu(ma)andi]), (3.4)

where g : RV x A — R is a non-negative bounded function such that g(z,a) = 0 if
and only if x € K. Furthermore, we assume that there exist Ly, go > 0 such that

|g(x,a)—g(y,a)| SLQ"I:_Z-/') x,yERN, a€A (35)
and
g(x,a) > go, = €RN\K,, ac A (3.6)

Note that these assumptions imply inf, x)>s5aec4 9(y,a) > 0 for each 6 > 0.
By definition 0 < v < 1 and, since K is viable, v(z) = 0 for z € K. We recall
the Dynamic Programming Principle for the value function v.

Proposition 3.2. The value function v defined in (3.4) satisfies the Dynamic Pro-
grammang Principle. That is, for every stopping time T,

o(w) = inf, BIL+ (0(Xr(z,0)) = D oo

= if E[v(xm,a>)e—ffg<xs<x7a>7as>ds
acA

T
’ / 9(Xi(w,), ap)e™Jo 9Xe(me)a)dsgy ) (3.7)
0

The proof of this principle relies on standard arguments from the theory of
optimal control and on the stability properties of the class of admissible controls
A, see Remark 2.1. For details we refer to [8] and [20].

Remark 3.3. A control Lyapunov function for the controlled stochastic process
X; on D is a continuous, positive-definite function V' with V(z) = 0 for z € K
satisfying the following properties

V =const. on RV\D, (3.8)

V(z) <Vign\p forzeD, (3.9)

V' is proper on D, (3.10)

inf E[V(Xy(x,a))] < V(zx) forallt>0andall z € D\K. (3.11)

acA
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We note that (3.8) is assumed, in order to avoid a situation in which V' decreases
along solutions in RN\ D, although stabilization to K is not possible. Similarly, the
conditions (3.9), (3.10) ensure that decrease in V' is only possible within the set D
by approaching K (in terms of the sublevel sets of V', which are compact in D by
(3.10)).

The notion of Lyapunov function for uncontrolled stochastic systems was intro-
duced by Has'minskii in [14] and Kushner in [16]. They considered twice continu-
ously differentiable Lyapunov functions for which, by the Dynkin formula, condition
(3.11) is equivalent to the infinitesimal decrease condition:

1
52 ™) B0z, ax] Zb

In [9] Florchinger used twice continuously differentiable control Lyapunov functions
in the context of feedback stabilization. Recently, in [6] Cesaroni considered only
continuous control Lyapunov functions for stochastic systems. In this case condition
(3.11) is equivalent to v being a viscosity supersolution of

sup{—L(z,a)V(z)} =0, x€D\K,

acA
where

N

1
L(z,a) =3 Z a;j(x,a) pe 8% +Zb (x,a) 8x

ij=1 i=1

[

denotes the generator of the Markov process associated to (2.1).
The next theorem provides a characterization of the set D by means of v.

Theorem 3.4. Consider system (2.1). The function v defined in (3.4) is a control
Lyapunov function for the process Xy on D. Moreover,

D={reR":v(xr) <1} and vgv\p=1. (3.12)

Proof. Note first, that v(z) = 0 for z € K, as by assumption K is viable and
g(z,a) = 0 for x € K. The properties v(x) > 0 for ¢ K and conditions (3.8),
(3.9) all follow, if we show the characterization (3.12).

To prove (3.12), let z € RV\D, then for any o € A, 7(z,a) = +00 almost surely
by Proposition 3.1. This implies by (3.6)

1— E[e_wa g(Xt7()ét)dt] 2 1— / e_foﬂ'(m,a) godtdIP) -1
{r(@,0)=+oc}
and therefore v(x) = 1. Conversely let © € D. Then there exists a control « such
that 7(x, o) < +o0 with positive probability. So there exists T' > 0 such that

d:=sup P(r(z,a) <T)
acA
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is positive. We compute, using (3.5) and (3.6),

v(z) <1 - sup/ e~ Je T godt= 1) 9(Xeen)dt g
a€AJ{r(z,a)<T}

<1—¢e 9T sup/ / g(Ye(y,a(-+s)),0045) dt|y _ Xa]
o acA yeK,

P(T(Z‘,Oé) - dS7XT (z,0) = dya ( ,Oé) < T)

T
< 1— e*goT sup / / E[eng fOJroo d(Yt(y,a(~+s)),K)dt}y _ X?]
acAJo Jyek,

'P(T(Z‘, Oé) = dS7XT(x,a) = dya 7'(.13, Oé) < T)
Now assumption (2.4) implies that there exists C' > 0 such that
sup P(By o) := sup ]P’(sup d(Yi(y, ), K)eM < C) >1—-0/2
acA acA  \ >0

for every y € K,. By the argument in Remark 2.1, we can find C' such that
suPuea P(Bx, (2,0),a0 N{7(z,a) < T}) is positive. Therefore the previous inequality
yields

T
v(a:) <1- e 90T sup/ / E[XB%Q(‘H,)@_LQ f0+°cd(}’t(y,a(~+s)),K)dt|y _ X;ﬂ
acAJo Jyek

']P)(T(it, a) = dsa XT(x,oz) = dva(xa a) < T)
<1 — e 90TeLsC/A sup P({7(z,a) < T} N Bx_(3,0),0) < 1,
acA
as desired.

We now show that v is proper on D and that it is a continuous function. Towards
the first end we are going to show that

v(z,) — 1 forz, €D, z, — x9 € ID, (3.13)
v(xy) = 1 for x, € D, ||z,| — oc. (3.14)

The continuity of v is then shown by proving
v is continuous in D, (3.15)

by which the continuity of v on R¥ follows using that v = 1 in RN¥\D.

To prove (3.13), we argue by contradiction. Assume that there exists a sequence
of points z,, € D converging to xo € 9D such that lim, . v(z,) < 1 —n for some
n > 0. Then for any x,, we can find a control a,, such that

E[e_fof(mn,(’n) godt} > E[e_f0+°° g(X,,(acn,an),an,t)dt} > 77/2,

and therefore there exist ¢ > 0 and T such that P(7(z,,an) < T) > e. For n
sufficiently large, we have

P <sup | Xt (zn, o) — Xe(x0, )| > 7“/2) <eg/d

(0,77
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for any o € A. This is possible because of (2.2), (2.3), see e.g. [19, p. 49]. For such
a fixed n, arguing as in (3.3) with z,, and z( in place of  and, respectively y, we
obtain that

P(tiigrnoo A( X4 (20, an), ) = 0) > 0.

This is a contradiction to zo € RV\D.

To prove (3.14) note that because of linear growth condition (2.3) for every
x ¢ K, there is a time T'(z) such that P(7(z,a) < T(z)) = 0 for all controls a.
Furthermore, T'(x) — oo as ||z|| — oo. Thus

g(Xt('”"’a)’o‘*')dt]} > 1 —exp(—goT(xy)).

T(wn)

i — -Jo
v(xy) > Otreni {1 —E[e

As T(x,) — o0, the right-hand side tends to 1 as n — oo. This shows the assertion.

We now prove claim (3.15). First of all, we prove that v is continuous at K
(recall that v = 0). Fix 29 € K and € > 0. By (2.6) there exists a C' > 0 such
that for all x € K, there is an «a, such that

P (blzp d(Xy(z, o), K)eM > C’) <e.
Define
B, = {w | sgpd(Xt(a:,ax),K)eM > C’} ,
so that P(B,) < ¢ for all z € K,. Fix T' > 0 in such a way that Ce T < ¢ and let

6 > 0 be such that

sup E| X¢ (2o, an) — Xi(z, )| < e/T
[0,T]

for x € B(xo,d). Recalling that g(z,a) =0 if (z,a) € K x A and (3.5), we have for
x € B(zg,0) N K,

+o0 .
wméE/m 9(Xi(w, @), ap)eIo 90X (e e)ds gy
0

<P+ [

B
< (14 Lge+ Ly/Ne.

c {/OTQ(Xt(x’a)’at)dtﬂL/oo 9(Xi(z, @), o )dt

T

This shows continuity of v in zg.

Now, let ¢ > 0 and z € D\K. Fix §y > 0 such that, if d(y, K) < 2§y, then
v(y) < € and define g* := infy(y x)>50/2.ae4 9(y,a) > 0. Finally, choose 7" > 0
such that

e 79" <¢.
Let § > 0 be such that if y € B(z,9),a € A, then P(E,) < ¢ holds for

E, = {w| sup | X¢(z, ) — Vi(y, )| > min{50/2,e/T}} .
[0,7]
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Let « be an e-optimal control for  and define the set
B, = {w|d(Xi(z,a),K) > & for all t € [0,T]}. (3.16)

For all paths we define by n = 7(w) the minimal time for which d(X,,(z, «), K) < do
holds with the convention n(w) = T for paths in B,. Then, recalling the Dynamic
Programming Principle (3.7) we obtain for y € B(z,d) that

v(y) —v(x)
é ]E[effon g(m(yva):at)dt _ 67‘[‘077 g(Xt(Iva)rat)dt

eI 90w a0ty (, (y, ) — e Iy (X, (2, 0))] + €

_ / oI aVely..an)dt _ o~ [T g(Xe(x.0).cn)dt
B,NEeS

+ e—fOT g(ﬁ,(y,a),at)dtv(YT(y’a)) _e—fOT g(Xf,(Z',OZ),OLt)dt,U(XT(x’a)) AP
<

<e 1 >0

n / eI a(Velw.a).an)dt _ [ a(Xo (w00 00t
BeNES

+ e~ Jo 9(Yely,0),00)dt (Y, (y, @) — e ld g(X*(m’a)’o‘*)dtv(Xn(m, a)) dP + 2¢
<1

<e >0

S/ e o 9(Vily,a),an)dt _ = [ g(Xi(ma),a0)dt | g

T
§/ Lg/ [Yi(y, o) = X¢(z, )| dt | dP +4e < (4 + Ly)e.
e 0

<e/T

To show a bound for v(z) —v(y) for y € B(x,0), note that we can argue in the same
way, if we choose an e-optimal control a* for y and define the set B, analogously to
(3.16) considering X¢(y, a*). Then similar estimates to the above yield v(z)—v(y) <
(44 Lgy)e. This shows (3.15).

Finally, using the Dynamic Programming Principle (3.7), if « is an e-optimal
control for x € D\K we have

E[v(X(z,a)) — v(z)] <E[(1 - e Jo 90X (@:0),0)48) (1 (X, (z, ) — 1)] +e

and as € > 0 is arbitrary and the expectation on the right-hand side is negative for
x € D\K we obtain the decrease condition (3.11). m|

Interestingly, the function v can be characterized as the unique viscosity solu-
tion of a Hamilton—Jacobi-Bellman equation (see [8] and [21] for the definition of
viscosity solutions).
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Proposition 3.5. The function v defined in (3.4) is the unique bounded continuous
viscosity solution in RN\K of

Zgg{—ﬁ(ﬂ?, ajo(z) —g(x)(1 —v(x))} =0 (3.17)

with v(x) =0 for z € K.

Proof. From standard dynamic programming arguments (see, e.g., [8]) using the
dynamic programming principle (3.7) it follows that v is indeed a viscosity solution

of (3.17).
In order to show the uniqueness, we use the notations t A s := min{¢, s} and
tV s := max{t,s} and use the standard sub- and superoptimality principles for

viscosity sub- and supersolutions, see [6] or [8].

First we show that if v is an upper semicontinuous bounded subsolution in
RM\K of (3.17) with u(z) = 0 for * € K then u(z) < v(z). Assuming that u
is upper semicontinuous, for every ¢ > 0 there exists a 6 > 0 (without loss of
generality, § < r) such that u(z) < e for every x such that d(z, K) < §. Denote
g* == infyy K)>saca9(y,a) >0 and let u* > 0 be an upper bound for u on RY.

Now fix # € RY and ¢ > 0 and choose § as prescribed above. We denote
Ts(z, ) = inf{t | d(X¢(z,a), K) < 0)} and we choose a control & such that

U(J?) +e > E[l — e_fo ch(Xt76l1,)dt:| )
For each t > 0 we define the set
By = {w|7s(z, ) <t}

Then by the suboptimality principle we have

) ) _ ptnaTs(zia) X,,00)ds _ rinTs(z,a) X,,005)ds
R
< it Eu(Xpryaa)e 0 AXEB] L R[1— el X a0 ds]

>0

<v(z)+e

— 7 g(Xa0)ds gp

< limsup/ w( Xy (z,a)) €
t——4o00 B N —— D
<e =

+ / u(Xy) e Jo 9(Xo,a0)ds gp 4 v(x)+¢e
BE N~~~ v

<u* <e—9"t

<limsupe +u*e™ 9 +v(z) + & < v(x) + 2.
t——+oo
As € > 0 was arbitrary, this shows the claim.
Now we prove that if w is a lower semicontinuous bounded supersolution in
RM\K of (3.17) with w(z) = 0 for x € K, then w(z) > v(x). Fix £ > 0. Then
by lower semicontinuity of w and the continuity of v there exists a § > 0 such
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that w(x) > —e and v(z) < ¢ and thus w(x) — v(x) > —2¢ holds for every x with
d(z, K) <.

Now fix € RY and define 75(x, ), ¢* and B; as in the proof for u, above.
Then for any control & and any ¢ > 0 the Dynamic Programming Principle for v
yields

tATs(x,a)

U(J?) = ing[U(XtArg(w,a))e_ 0

g(XS,OzS)dS + 1 _ e_ (;‘-A‘ra(my(x) g(Xs,Oés)dS]

tATs (z,&)

S E[U(Xt/\‘ré(a:,a))67' 0 g(XS,(is)dS] + E[l _ ef.[(fATé (=) g(XS,EyS)dS}

implying

tATs(z,&)

E[l—e‘ 0

tATs (z,&)

$XEIE] > o(a) ~ Blo(Xinry(am)e b 0w,

Let w* < 0 be a lower bound for w and recall that v is bounded from above
by 1. We choose a control & such that, by the superoptimality principle,
_ft/\rg(:c,&) 9(Xo,a0)ds
’LU(Z‘) Z SglgE’[w(Xt/\‘r(;(w,&))e 0 o }
t>

tATs (z,a)

+E[1—eJo 9(Xe,&a)ds] _ ¢

_ ptAaTs(@a) = Ve
2 SupE[w(Xt/\‘ra(w,&))e Jo g(XS’O‘S)d‘}

t>0

tATs (z,&) _
+o(z) — E[U(Xt/\m(m,&))eifo s g(XS,as)ds] .

tATs(z,&)

>t 0 E[(w(Xirry0.0)) ~ 0 Kinrg(ea))e 7] 4 o@) — e
- 1tim+inf (w(X'rs (x,o?)) - U(XTa(x,o?))) ei'[OTS(m’a) 9(Xs,a5)ds dP
o > e €l0.1)

+ lim inf/ (w(Xy) — v(Xy)) e o 9Xe0)ds gp 4 g2y — ¢
t—>+OO BC —/_/_/_/
' >w -1 €[0,e=971]

> v(x) — 3e.

This yields the assertion because € > 0 was arbitrary.
Combining the respective inequalities for the sub- and supersolutions now yields
the uniqueness. O

4. Null-Controllability with a Given Probability

In this section we are interested in the sets D), see (2.5), of the points which are
stabilizable to K with a given probability p. In order to describe these sets we
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consider a family of Zubov functions depending on a positive parameter d. These
functions are defined by

+oo .
vs(w) = i&‘&E[/o 59(Xo(z, @), ap)e o SaXe (e ctds gy

= ;Q&E[l - E[e*.fo”“ 59(Xt(m7a),at)dtﬂ, (4.1)

where ¢ is a function satisfying all conditions that we imposed for (3.4). Since
0 > 0 is only a scaling factor, vs satisfies the same properties as v defined in (3.4).
In particular, the characterization provided by Theorem 3.4 holds with vs in place
of v, for any 6 > 0. Moreover, vs is the unique bounded continuous viscosity solution
of the equation
sup{—L(z,a)vs — 6(1 —vs)g(x)} =0 z € RY, (4.2)
acA
such that vs(x) = 0 for z € K. The following result shows how the functions vs(x)
may be used to characterize the sets D,,.

Theorem 4.1. Consider system (2.1) and the functions vs defined in (4.1). For
any p € [0,1],

_ N .. 73; -1
D, = {a: e RY : %E%vg(x) =1 p}. (4.3)

Remark 4.2. A property corresponding to (4.3) was proved in [3] for the uncon-
trolled process, under the stronger assumptions of almost sure exponential stability
(see (2.6)) of K and a technical condition on E[d(X}, K)?] for some g € (0,1] (see
(11) in [3]).

To prove the theorem, we need two preliminary lemmas.

Lemma 4.3. Consider system (2.1) and the hitting-time 7(x, ) defined in (3.1).
For all z € RV,

lim sup E[e™°"(®)] = sup P(r(z, a) < 4+00). (4.4)
=0 aca aEA

Proof. Fix ¢ > 0. Let a € A be such that sup,. 4 E[e ?7®®)] < E[e=07(®)] 4 ¢
and Ty such that exp(—0T) < e for T > Ty. Then for T > Tj
E[e_éT(m7a)] < E[e_éT(m7a)X{T(m,a)<T}] + E[e_éT]

< Plr(z,a) < T]+e < sup P[r(z,a) < o0] + ¢,
acA

which implies that

lim sup sup Efe (™)) < sup P[r(z,a) < .
0—0 acA acA
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To obtain the converse inequality in (4.4), choose @ € A, T sufficiently large
such that

sua]P’[T(x, a) < oo] <Plr(z,@) < 0] + & < Plr(z,@) < T]+ 2e.

Now fix § > 0 small enough so that, for ¢t < T, we have e %" > 1 — . Then
Ele™*7®] > Ele™ "X (o m) <1}]
2 E[(1 — e)X{r@@m<r}] = (1 —)P[r(z, @) < T
> (1—¢) ( sup P[7(z, ) < o0] — 25).
acA

Since € > 0 is arbitrary, it follows that

lim inf sup E[e~%"®)] > sup P[r(z,a) < o0]. O
=0 acA acA

The second lemma is an estimate of vs in K.

Lemma 4.4. Consider system (2.1) and the functions vs defined in (4.1). Then
lims o supg, |vs| = 0.

Proof. By (2.4), given € > 0, we can find C' > 0 such that for any = € K, there
exists an a € A such that P(B) := P(sup, d(X(z,a), K)eM > C) < e. Select § in
such a way that C'd < e. Hence

'U(S(x) S / (1 — e_f0+°° 6g(Xt704t)dt)dIP> _|_/ (1 _ e—f0+acég(X1,,Olt)dt)dP
B B

e}

+oo
< P(B) + 4L, / / d(X,(z, ), K)dt dP
B¢ Jo

+o0 -
< e+ L,P(B)e / e Mdt < Ck,
0

where C' is independent of €. This shows the assertion. O

Proof of Theorem 4.1. Using a slight extension of (3.2) in the the proof of
Proposition 3.1 and Remark 2.2 we see that

sup IED( lim d(X¢(z,0),K) = O) = sup P(7(z,a) < +00).
acA  NEFeo aEA

Thus the statement of the theorem follows immediately from Lemma 4.3 if we prove
that

li =1 — lim sup {E[e 7@}, 4.
lim v5(x) Jim sup {Ele I} (4.5)

In order to prove (4.5), note that, if & € A is e-optimal, we have

v(;(x) te>1- E[e_for(m,a) 6g(Xt7o¢t)dt} >1- E[e—égoT(m,a)L
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and hence
liminfvs(x) +e > 1 — limsup E[efégor(m,a)]
§—0 50

=1—limsup E[eiéT(w’a)] > 1 — lim sup sup {E[e*‘ST(w’a)]}.
6—0 §—0 acA

As ¢ > 0 is arbitrary, this shows the claim. To prove the converse inequality in
(4.5) for fixed € > 0, we choose T' > 0 large enough such that e=9Ms™
M, is an upper bound for g. Now v; is continuous so that we have by the Dynamic

< g, where

Programming Principle that

(z,a)ANT s
’U(S(Z‘) = inf E|:/ 5g(Xt,Oét)€7f0 5.‘](X5,Ots))dsdt
acA 0

_ pr(z,@) o
+e Jo 09(Xe, )dtvé(X‘r(x,a)(xaa))X{TZT(a:,a)}
T
+e o ‘59(X“af)dtv5(XT(x,a))X{TST(%a)} . (4.6)

The second term on the right-hand side of (4.6) can be bounded from above in
the following way:

_ e
EleJo ™ 00X 0adhys (X (4 )X (r2r (za)]
< E[us (X o.0)(2: )] < sup . (4.7)
By the choice of T, the third term satisfies
E eI 29X 00ty (X (@, 0)) X (rare,an] < eI Mot <. (48)

Inserting (4.7) and (4.8) in (4.6), we obtain

7(z,00) .
[ st anen i saee o) 4 sup o +
0

r

< inf E
nl) = 2

r(z,a)
=1-—sup E[e_fo 6g(X'“’a")ds] +sup|vs| + ¢
acA K,

<1-sup E[e“SM"T(”’O‘)dﬂ + sup |us| + €.
acA Ky

As e > 0 is arbitrary, by Lemma 4.4 we get

lim sup vs(x) < lim <1 — sup E[e”?Ms™(@)] L qup |U§|)
6—0 d—0 acA K,

=1— lim sup E[e_‘ST(x’O‘)]. O
0—-0qeA

Remark 4.5. Note that the sequence vg is decreasing in §. By stability properties
of viscosity solution, this implies that the sequence vs converges to a function vy
whose lower semicontinuous envelope (see [8]) is a supersolution of the Hamilton—
Jacobi-Bellman equation

tsltelg{—ﬁ(x,a)v(x)} =0, zcRM\K
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with vg(2) = 0 on K. The previous equation is related to an ergodic control problem
for (2.1). In this respect the Zubov equation with positive discount factor can
be seen as a regularization of the limit ergodic control problem which gives the
appropriate characterization of the sets D,,.

5. A Numerical Example

We illustrate our results by a numerical example. The example is a stochastic version
of a deterministic creditworthiness model discussed in [12,13]. Consider

AX1(1) = (a(t) — AX1(8))dt + o X1 (8)dW (1),
(H(X1(t), X2(t)) = f(Xa(1), a(t)))dt

dXs(t) =
with
& 70ra, 0<xy <11
H(r, ) — (a2 T rlm—lw)
%9%2, To > X1
and

f(xr1,a) =az¥ —a— oz,

In this model k = z; is the capital stock of an economic agent, B = x5 is the
debt, 7 = « is the rate of investment, H is the external finance premium and f
is the agent’s net income. The goal of the economic agent is to steer the system
to the set {x2 < 0}, i.e. to reduce the debt to 0 and the goal of the analysis is to
determine the maximum level of debt B* (ko) for which this is possible, depending
on the initial capital kg. In other words, we look for the domain of controllability
of the set K = {(x1,22) € R2|x2 < 0}. Observe that in practice the problem can
be restricted to a finite interval I for the x;-value. So we consider it in a compact
set. Under this restriction, conditions (2.2) and (2.3) on the drift and diffusion of
the stochastic system hold.

In contrast to other formulations of such problems here the credit cost, modelled
by the external finance premium H, is not given by a constant interest rate, i.e.
H(z2) = 6z but with an interest rate which grows with the ratio of debt over
capital stock, i.e. the larger x2/x; becomes the higher the interest rate becomes.
The main goal of the study of the deterministic model in [12,13] is the analysis
of the dependence of the maximum debt level B*(kg) on the shape of H. Here we
pick one particular form of H and add a stochastic uncertainty in the equation for
the capital stock k = x1, i.e. the capital is now subject to random perturbations.
Instead of a domain of controllability we will now get controllability probabilities
which can be characterized by our method and computed numerically by a suitable
numerical scheme.
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In order to show that the stochastic version of the model satisfies our expo-
nential controllability assumption, we extend H to negative values of zo via
H(x1,29) = Oxs. Then it is easily seen that for the deterministic model controllabil-
ity to K becomes equivalent to controllability to K = {(z1,72)T € R2|zy < —1/2}.
Furthermore, also for the stochastic model any solution with initial value (z1,z2)
with 2o < —1/4 will converge to K for aw = 0, even in finite time, which implies the
assumed exponential controllability to the modified set K, even almost surely.

Using the parameters A = 0.15, ag = 100, a; = (a2 + 1)2, p = 2, § = 0.1,
a=029 v=1106=2 v=0.3 and the cost function g(z1,z2) = 2x5 we have
numerically computed the solution vs for the corresponding Zubov equation (4.2)
with § = 10~% using the scheme described in [3] extended to the controlled case (see
[4] for more detailed information). For the numerical solution we used the time step
h = 0.05 and an adaptive grid (see [11]) covering the domain Q = [0,2] x [-1/2, 3].
For the control values we used the set A = [0,0.25]. As boundary conditions for
the outflowing trajectories we used vs = 1 on the upper boundary and vs = 0
for the lower boundary, on the left boundary no trajectories can exit. On the right
boundary we did not impose boundary conditions (since it does not seem reasonable
to define this as either “inside” or “outside”). Instead we imposed a state constraint
by projecting all trajectories exiting to the right back to 2. We should remark
that both the upper as well as the right boundary condition affect the attraction
probabilities, an effect which has to be taken into account in the interpretation of
the numerical results.

Figure 1 show the numerical results for ¢ = 0, 0.1 and 0.5 (top to bottom). In
order to improve the visibility, we have excluded the values for 1 = 0 from these
figures. Observe that for 21 = 0 and x5 > 0 it is impossible to control the system to
K, hence we obtain vs ~ 1 in this case. This can be seen in Fig. 2 which shows the
result including the values for 1 = 0 for 0 = 0.5. Note that due to the degeneracy

Fig. 1. Numerically determined controllability probabilities for o = (a) 0, (b) 0.1 and (c) 0.5.
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Numerically determined controllability probabilities for ¢ = 0.5 including the value
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of the solution, which is almost discontinuous for 1 = 0 and x5 > 0, the use of the
adaptive space discretization method from [11] is crucial in order to obtain accurate
results.
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