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the Pell sequence.
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1. Introduction

Let (P,)n>0 be the Pell sequence given by Py =0, Py =1 and P19 = 2P,41 + Py,
for all n > 0. The Diophantine equation

Pr 4P, =P, (1)

in nonnegative integers (m,n,z) was recently studied by some of us in [18]. We
proved that all the solutions in positive integers (m,n, ) come from the identity

2 2
Pn =+ P7L+1 = P27l+1?

and so we have x = 2 and m = 2n + 1, for all positive integers n. A more general
equation Py + Py, + -+ Pi ., = P, in positive integers (n,k,m,z) was
studied in [13]. Other exponential Diophantine equations involving members of the
Pell sequence appear in [10]. In this paper, we study a different extension of the
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equation (1). Namely, we allow an extra exponent y on its right-hand side, so we
look at the equation
P+ P, =P (2)

in positive integers m, n, x and y. Following the argument from [11], we prove the
following theorem.

Theorem 1. All solutions (m,n,x,y) in positive integers of the Diophantine equa-
tion (2) have y = 1. In particular, they also have x = 2 and m = 2n + 1.

The proof of Theorem 1 uses linear forms in logarithms of algebraic numbers,
a reduction algorithm originally introduced by Baker and Davenport in [1], as well
as the LLL algorithm. In Section 2, we recall some properties of the Pell sequence,
state the variant version of Matveev’s theorem due to Bugeaud-Mignotte-Siksek [5],
and two results on reduction methods (the Baker-Davenport reduction method and
the LLL algorithm). The last section is devoted to the proof of our main result.
This is done in eight steps. For the first step, we consider the very small values
of the parameters and determine the solutions. For the remaining steps, we take
n>2 x>3,y>2 m>3. The second step consists in using the properties of
the Pell sequence to prove that |(n+ 1)z —my| < 2max{x,y}. In the next step,
we denote M := min{m,n + 1}, N := max{m,n + 1} and use Baker’s method to
bound z,y in terms of M, N. These bounds are very high. The fourth step consists
in considering N < 1000 and using continued fractions we prove that there is no
solution with y > 2 in this range. For the remaining steps, we work under the
assumption that N > 1000. We use again Baker’s method to bound z,y, N in terms
of M. For the sixth step, we consider M < 1000 and use the LLL algorithm to prove
that the Diophantine equation (2) has no solution withn > 2, x >3, y > 2, m >3
in this range. In the next step, another application of Baker’s method allows us to
obtain an absolute bound of m,n, z,y; that is, max{z,y} < 3 x 10*!!. For the last
step, we use the Baker-Davenport reduction method to obtain a contradiction to the
condition M > 1000.

2. Preliminary results

2.1. The Pell sequence

Let (a, B) := (14+v/2,1—/2) be the roots of the characteristic equation 22 —2x—1 = 0
of the Pell sequence (P,),>0. The Binet’s formula

aniﬂn

P, = holds for all n > 0. 3
75 > 3)

This implies easily that the inequality
an72 S Pn S anfl (4)

holds for all positive integers n. The Pell sequence has a companion (Q,)n>0 given
by Qo =2, Q1 =2 an Qpni2 = 2Qn 41 + Qn, for all n > 0. Its Binet’s formula is

Q,=a"+ ", foralln>0.
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There are several relations among members of the sequences (Py,)n>0 and (Qn)n>0
such as Py, = P,Q, valid for all n > 0. We will freely use such relations whenever
we need them. We also have that the inequality

P, 3
S —
Pn—i—l 7

holds for all n > 2, (5)

a fact which can be easily verified by induction.

2.2. Linear forms in logarithms

For any non-zero algebraic number ~ of degree d over Q, whose minimal polynomial
over 7Z is aH?Zl (X - 'y(j)) with a > 1, we denote by

d
h(y) = é loga + Zlogmax{l, ‘fy(j)‘}
=1

the usual absolute logarithmic height of ~.
We start by recalling Theorem 9.4 of [5], which is a modified version of a result
of Matveev [15].

Theorem 2. Lets > 1, v1,...,7s be nonzero real algebraic numbers and let by, . .., bs
be integers. Let D be the degree of the number field Q(v1,...,vs) over Q and let A;
be a positive real number satisfying

A; > max{Dh(v;),|logv,|,0.16} for j=1,...,s.
Assume that
B > max{|b],..., |bs|}.
Ifybr o oqbs — 140, then

[yor gl — 1] > exp(—1.4-30°73 . 5% . D2(1 +log D)(1 + log B)A; - - - Ay).

2.3. Reduction methods

The following result is a slightly modified version of Lemma 5 (a) in [9].

Lemma 1. Let T be a positive integer, let p/q be a convergent of the continued
fraction of the irrational v such that ¢ > 6T, and let A, B, u be some real numbers
with A >0 and B > 1. Let

e = [lpgll = Tllvall,
where || - || denotes the distance from the nearest integer. If € > 0, then there is no
solution of the inequality
0<|my—n+pu <AB™F

in positive integers m,n and k with

log(Ag/e)

<T d k>
= an — logB
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On one occasion, we need to find a lower bound for a linear form with bounded
integer coefficients in three variables for which methods based on continued fractions
are not applicable. Instead, we will use the LLL algorithm which we now briefly
describe. The following notations can be found in [7, Section 2.3.5].

Let v1,...,7s € R and Xq,..., X, be positive real numbers. We consider the
linear form

Tiy1 + Xaya + -+ xsys with  x; € [-X;, Xi] N Z.
We set X = max{X,;}, C' > (sX)® and consider the integer lattice ) generated by
b; :=e; + [Cv;] es for 1<j<s—1 and b, := [Cvs] es,

where C is a sufficiently large positive constant. The next lemma is the main part
of Proposition 2.3.20 in [7, Section 2.3.5].

Lemma 2. Let Xi,...,X, be positive real numbers such that X := max{X;} and
C > (sX)® is a fized constant. With the above notation on 2, we consider a reduced
basis {b;} to Q and its associated Gram-Schmidt {b}} basis. We set

s—1 s
[y | |[ba]| 2
= =— = X T:=(1 X; ] /2.
= e M 0 9 ; o +; /
If the integers x; satisfy |v;| < X; fori=1,...,s and mq? > T? + Q, then we have

\/7T

’L’Y’L -

3. The proof of Theorem 1

3.1. The case when one of m,n,z,y is small

We may assume that y > 2, since the case y = 1 was treated in [18]. For technical
reasons we would like to work with n > 2 and x > 3. Well, assume that n = 1.
Then the equation is

1+42%=PY.

Since y > 2, it follows that x > 3 so the above is a particular case of Catalan’s
conjecture solved by Preda Mihiilescu [17]. Its only solution 1+ 23 = 32 is not
convenient for us since 3 is not a member of the Pell sequence. This takes care of
the case when n = 1.

Assume next that < 3. Then z € {1,2}. Suppose that = 2. In this case, we
get Py, = P2+ P2 w1 = P% with y > 2. In particular, P, is a perfect power
and 2n+1 > 5. It is known (see [8]) that the only perfect power which is a member
of the Pell sequence of index at least 5 is 132 = 169 = Py, but 13 is not a member
of the Pell sequence. This shows that the case x = 2 is not possible. Suppose next
that £ = 1. Then we get

P,+ P,1=PY.
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Since P, = n (mod 2), the left-hand side above is odd. Hence, P,, is odd, therefore
m is odd. On the left, we have P, + P41 = Qn+1/2. Let p be any prime factor of
Qn+1/2 which exists since n > 1, so Q1 > 2. Clearly, p is odd. We also have that
D | P, thus p | ged(Qn+1, Pr). By a result of McDaniel (see [16]), it follows that if
we put d := ged(n+1,m), then m/d is even. In particular, m is even, contradicting
the fact that m is odd. Hence, there are no solutions to our equation for z = 1 and
y > 2.

3.2. An inequality among the variables m,n,z,y

In what follows, we assume that n > 2, x > 3, y > 2. Note also that m > 1 is odd,
som > 3.

Lemma 3. If (m,n,xz,y) is a solution of (2) withn > 2, x > 3 and y > 2, then the
inequality
[(n+ 1)z — my| < 2max{x,y} (6)

holds.
Proof. Equation (2) and inequality (4) imply that
a2 < PY =PI 4+ PY ) < (Po+ Pay1)” < Pl < a0t

and
V(=1 > PY =P+ Py, >P > a®n=1),

which lead to
—2y<(n+lz—my and my— (n+1lax>-2x+y.
Therefore, we obtain the desired inequality

|(n + 1)z — my| < 2max{z,y}.

3.3. Bounds on = and y in terms of N and M

From now on, we set
M :=min{m,n+ 1} and N :=max{m,n+ 1}.
Note that M > 3.

Lemma 4. If (m,n,x,y) is a solution in positive integers of equation (2), with
n>2,x>3 andy > 2, then both inequalities

r<1.4x10"MNlogN and y < 1.4x10""MN?log N

hold.
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Proof. The equation (2) can be rewritten as

pPY —PY =P

m n+1 n

By using inequality (5), we have

P, \" 1
PYP L —1= ) < .
Let
A1 = P%P;fl — ].

be the expression appearing on the left-hand side of inequality (7). Observe that Ay
is positive. To get a lower bound for Ay, we apply Theorem 2 with the data

§: =2, m:=Pyn, 7:=PFP4, b=y b:=-1

Since 7; and vy, are integers, we have D := 1. We can take A; := mloga and
As :=nloga. Now Matveev’s theorem gives that

|A1] > exp(—1.4 x 30° x 25 (mlog a)(nloga)(1 + log max{z,y})) (8)
> exp(—1.2 x 10% x m x n x log(max{z, y})),

where we used the fact that 14+log max{z,y} < 2log max{z,y}, which holds because
max{z,y} > 2 > 3. Comparing inequalities (7) and (8), we obtain

x < 1.42 x 10°mn log max{z, y}. 9)
If x > y, the above inequality gives
x < 1.42 x 10°mnlog z. (10)
If y > 2, Lemma 3 implies that
|my — (n+ 1)z| < 2y,
therefore, since m > 3, we obtain
y<(m-2)y<(n+1lz<Nz. (11)

Note that the case x = y does not occur by Fermat’s Last Theorem proved by Wiles.
So, inequality (9) shows that

r < 1.42 x 10°mnlog(Nx). (12)

If
x <N, (13)

we already have a bound on x. Otherwise, z > N and inequality (12) gives that

r < 1.42 x 10°mnlog(Nz) < 3 x 10°mnlog z. (14)
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Comparing (10), (13) and (14), we conclude that inequality (14) holds in all cases.
So, we have

< 3% 10%mn,

log x

which gives us
x < 6 x 10%mnlog(3 x 10°N?) < 1.4 x 10" mnlog N,

where we used the fact that log(3 x 109N?) < 22log N for all N > 3. From estimate
(11), we also deduce that

y < Nz <14x10"MN?logN.

This finishes the proof of the lemma. O

3.4. Solutions with N < 1000

Lemma 5. There are no solutions to the Diophantine equation (2) with y > 2 and
N < 1000.

Proof. Assume that N < 1000. By Lemma 4, we have

r < 1.4 x 101! x (10%)? log(103) < 10'8,
y < 1.4 x 101 x (10%)310g(10%) < 10%L.

Put
I'y :=ylog P, — xlog P41,
and observe that I'; > 0 since A; = e!'* — 1 > 0. Hence, from (7), we get

1
I —
0<F1<€1*1—A1<m.

Dividing both sides of the last inequality by xlog P,,, we get

y  log Ppiq 1
0< < — . 15
< x log P, < 22.33% log P,, (15)

Observe that
2.33%log P,, > 2.33%logh > 2z forallxz >3 and m > 3.
Therefore, inequality (15) implies

o<y _logbun 1

T log P, 222
By Legendre’s criterion, we infer that y/x is a convergent to the continued fraction
of log P, 1/log Py,. Let d := ged(x,y). By Fermat’s Last Theorem once again, it
follows that d € {1,2}, for otherwise the triple (X,Y,2) = (Pﬁ/d,Prfﬁ,Pﬁ/d) is a
positive integer solution to the Fermat equation X¢+Y? = Z% with integer exponent
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d > 3 and coprime positive integers X and Y, which we know does not exist. Further,
since the convergent py /gy of any irrational number v satisfies gy > F}, where F}, is
the kth Fibonacci number, and since Fy; > 108, it follows that (z,y) = (pk,qx) or
(2pk, 2qy,) for some k < 90. Here, p/qx is the kth convergent to log P,,+1/log Py,
for some odd m > 3, n > 3, m coprime to n(n + 1) and N < 1000. Indeed, all
the above assertions are clear except perhaps the assertion of m being coprime to
n(n 4+ 1). But if say p divides both m and n, then P, divides both P? and PY,
but not P, ;, so our equation is impossible. A similar argument shows that m and
n + 1 are coprime. So, for all pairs (m,n) such that m > 2, n > 3, m coprime to
n(n 4+ 1) and N < 1000, we generated the first 90 convergents of log P, 41/ log P,
and checked whether for one of the pairs (z,vy) € {(pr,qx), (2K, 2qx)} with z > 3,
the congruence Py + P7,; = P} (mod pyg0) holds, where pjgo = 252097800623
is the 10'%th prime. The computations were carried on in Mathematica and the
PowerMod[A, u, B] feature of Mathematica was used to compute A* (mod B) for
B := pipwo and (A,u) € {(Pn,2), (Pot+1,2), (Pm,y)}. This computation took a
couple of hours and we got no new solutions. O

From now on we assume that N > 1000.

3.5. Bounds for z,y and N in terms of M

Let {w, z} = {x,y} be such that (w, M), (z, N) are the two pairs (z,n + 1), (y, m).
We will prove the following lemma.

Lemma 6. If (m,n,z,y) is a solution to (2) withn > 2, x >3 and y > 2, then

N < 2 x 103 M?(log M)?,

z < 1.3 x 1028M2(log M)?,

y < 10%7 x M?(log M)3,
max{Mw, Nz} < 1047 x M3(log M)3.

Proof. From lemmas 4 and 5, we have
max{z,y} < 1.4 x 101! N3log N < a¥. (16)

The right-most inequality above holds in fact for all N > 44. The inequality (16)
implies that
z 1

—av < -
a2N alN

(17)

By the Binet’s formula (3) and the fact that 3 = —a™!, we have

; alNz (—l)N z alNz (_l)N
P5 = e (1— e ) =7 exp (zlog (1— N ))

Following the argument in [11] and distinguishing between the cases N odd and N
even, we deduce that if we put

=DMYT
EN,z = (1 — OL2N — 1,
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then
Nz 2

(0%
P; = o7z (1+enz), and |en.| <

Since > 3 and N > 1000, we deduce easily from (7) and (18) that
PY P 1
R ( ﬁ) | (19)

PraNzjgz S\ 2

alV’

Suppose now that N =n + 1. Then z = x and

(n+1)z (n+1)z
R R G

]z/2 ]z /2 ) Entla t+ Pﬁ.

So, we get

Py
Entl,z + a("+1)$/8w/2

P, \” Prgf-i-l
< ‘5n+17$| + <Pn+1> <a(n+1)9€/8$/2

< 2 " 2 < 4
antl 2.3 = 23N

P;}/la—(n—&-l)mSm/Q _ 1‘ _

where
A= min{z, N}. (21)

Here we used, in addition to (19), the fact that o > 2.3. The same inequality is
obtained when N = m, because in this case z = y and

- - amy amy -
Py, =PY — Py = e + (89/2) Emy — Py -
Thus, we have

Py
am™y /8y/ 2

Tl T\ Py ) \P% ) \amvysv
2 2 _ 4
<

E€m,y —

P,fﬂofmySy/Q - 1‘ =

— —. 22
a™ + 2.37 — 2.32 (22)

From (20) and (22), we summarize that the inequality
pra—Nege2_q| < L (23)

M 2.3*

holds, where A is given by formula (21). We will use (23) and Matveev’s theorem
to get an upper bound on x and N in terms of M. We continue by getting a lower
bound on the left-hand side of inequality (23). For this, we take

$s:=3, m: =Py, Y=o, 7vy3:= 2V/2.
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We also take
by :=w, by:=—Nz, bg:=2.

Hence,
Ay = Piha~NZ8%/2 1

is the expression which appears under the absolute value on the left-hand side of
inequality (23). If Ay = 0, then we get a?V* = P2¥8% € 7Z, which is impossible
since no power of « of a positive integer exponent can be an integer. Thus, Ay # 0.
Observe next that 71, 72,73 are all real and belong to the field K = Q(v/2), so we
can take D = 2. Next, since Py; < o™, it follows that we can take

Ay =2Mlog o > Dlog Py = Dh(m).

Next, since h(y2) = (log)/2 and h(ys) = (log8)/2, it follows that we can take
Ay = loga and A3 = log8. Finally, Lemma 4 and that fact that N > 1000 tell us
that we have
max{Nz,z,w} < (1.4 x 10"'MN?log N) x N
< (103)* xlog N x MN? x N
< N*x N x N*= N?.

Hence, we can take B := N?. Matveev’s theorem tells us that

log|Ag| > —1.4 x 30° x 3% x 22 x (1 +1og2)(1 + 9log N)(2M log a)(log o) (log 8)
> —3.2 x 10" x M log N, (24)

where we used the fact that 1 + 9log N < 10log N holds for all N > 3. Comparing
(23) and (24), we get
A< 4x10%MlogN. (25)

At this point, we remark the following about Mw and Nz: if z > w, by inequality
(6), we have
Mw < (N +2)z < 2Nz,

while if z < w, then, again by (6) and the fact that M > 3, we have

M
—wg(M—2)w§Nz.

Therefore, Mw < 3Nz. So, it is always the case that Mw < 3Nz. A similar
argument shows that Nz < 2Mw. Thus, we obtain

ﬁ—z € (;2) . (26)

Next, we distinguish several cases.

Case 1. A = N. In this case, by inequality (25), we get

N < 4 x 10" Mlog N.
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Hence, we have

N < 2 x4 x 10" Mlog(4 x 10 M)
< 8 x 10" M (301log M)
< 2.4 x 10" M log M.

From Lemma 4, we get

r < 1.4 x 10" MNlog N
< 1.4 x 10" M (2.4 x 10" M log M) log(2.4 x 10* M log M)
< 3.4 x 10°M?log M (36 + 21log M)
< 3.4 x 10°M?log M (381og M)
< 1.3 x 10*M?(log M)2.

Thus, if w = z, then
Mw = Mz < 1.3 x 10**M?(log M)?,
while if w =y, then z = z and

Nz = Nz < (2.4 x 10" M log M)(1.3 x 10** M?(log M)?)
< 3.2 x 10 M3 (log M)3.

Using (26) and from estimates (29) and (30), we deduce that
max{Nz, Mw} < 10*M3(log M)>.
Since My < max{Mw, Nz}, by inequality (31) we get
y < 10* M?(log M)3.

Case 2. A = z. In this case, from inequality (25), we have

r=\<4x10MlogN.

We now distinguish two subcases.

173

(27)

(33)

Case 2.1. N =m. Then M = n + 1. Further, if z > y, then by inequality (6),

the fact that y > 2 and (33), we have

N:mgggﬂ%ﬂ

= Mz <4 x10"*M?1og N,

<(n+1)x

while if z < y, then by inequality (6), the fact that y > 3 in this case and (33), we

have
N=m<my—2y<(n+1)z=Mz<4x10M?logN.
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So, in this case we always have

N <4 x10*M?log N. (34)
Case 2.2. N =n + 1. First, note that if y > z, then, by (6), we have

y<(m-2)y<(n+1)z= Nz,
while if > y, then

my  (n+3)z

y< =<

1)z = Nx.
5 5 <(n+1z x

Hence, the inequality
y < Nz (35)

also holds in this case.
Further, observe that z = . Thus, we also have

” an® (71)n T
Pn:8;c/2 (1_ a?2n > '

T T a?
on T AN—2 < N
o o «

Then, by (17), we have

The argument preceding (18) now shows that

- anw 20(2
Py = W(l +eng), where e, < N
Thus we get
. . anz(am + 1) O[(nqu)m a®
P,gl :Pn+1+Pn == 8I/2 + ( 8I/2 5n+1,x+ W En,l"

So, we have

8/2 a® 1 4
PYao— " —1 n T — n,x ’
pram () 1] <lewnal (257) +nl (1) < v G0

where we used the facts that

2 202 a” 1 1 1
el <o lenel <on G b it

since z > 3.
We continue by getting a lower bound on the left-hand side of inequality (36)
using Matveev’s theorem again. For this, we take s := 3, 71 = P, 72 = q,

v3 := (a® 4 1)/8%/2. We also take b := y, by := —nx, bz := —1. Hence,

(8

a® +1
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is the expression which appears under the absolute value on the left-hand side of
inequality (36). We first check that Ag # 0. If A5 = 0, then
a®"(a” 4+ 1)? = P2V8* € Z.
Conjugating the above expression in Q(v/2), we get that
a2 (o +1)2 = g2 (6% 4+ 1)2,

which is impossible because its left-hand side is very large (at least 2°%?), while its
right-hand side is less than 2 for z > 3. Observe that v1,72,73 belong to Q(v/2), so
we can take D := 2. Next, as in the previous application, we can take A; := 2M log «
and Ay := loga. For 73, its conjugate in K is (—1)%(8* + 1)/8%/2, so its minimal
polynomial over the integers is a divisor of

a()X2 + CL1X + as
o o +1 BT+

=8"X2 —8%2(a® + (—1)*B" + 1+ (= 1)) X 4 (=1)(a® + % + 1 + (=1)).

Thus, we have ag < 87,
(1)‘: I Y I N
’73 73] g7/2 “\2v2 )

@] _ B +1] 2
‘73 " g2 g2

because x > 3, and

<1.

So, we can take

Dlog8* S Dlogay

Ay = log 8% =
3 =log8 2~ 2

> Dh(73).

Finally, inequalities (33) and (35), and the fact that N > 1000, tell us that we can
take
max{|bi|,|b2], |bs|} = max{Nz,y,1} = Nz
< N x4x 10" x Mlog N
= (10®)* x MN x 40log N
< N*x N?2xN=N".

In the above, we used the fact that N > 40log IV holds for all N > 1000. Thus we
get

log|As] > —1.4 x 308 x 3*% x 22 x (1 +1og2)(1 + 7log N)(2M log o) (log o) (x log 8)
> —2.6 x 10" Mz log N. (37)

Inserting (33) into (37), we get

log|As| > —2.6 x 10 M (4 x 10" M log N) log N
= —1.1 x 10*" M?(log N)?. (38)
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From inequalities (36) and (38), we get

N < 1.3 x 10*" M?(log N)?.
Taking the worst possibility between (34) and (39), we get that

N < 1.3 x 10*" M?(log N)?.

Now we use the following fact: if A > 100, then the inequality

m < A implies t < 4A(log A)?.

From this inequality, if we take A := 1.3 x 10" M? and t := N, we get

N < 4 x 1.3 x 102" M?(log(1.3 x 10*" M?))?

log(1.3 x 1027) 1) 2

5.2 x 102" M?(21og M)?
< % (2log M) 2log 3

< 2 x 103" M?(log M)?.
Using also inequality (33), we get

z < 4 x 102 Mlog N
< 4 x 10" M log(2 x 103 M?(log M)?)

log(2 x 1031) N 1)

4 x 10 M (41og M
<4x10 (41og )< 1log3

< 2.8 x 10 M log M.
So, as in Case 1, we deduce that if w = z, then
Mw = Mz < 2.8 x 10" M?log M,
while if w =y, then z = z and

Nz = Nx < (2 x 103" M?(log M)?(2.8 x 10'° M log M)
< 6 x 10%M3(log M)3.

Using condition (26), we deduce from estimates (42) and (43)
max{Nz, Mw} < 10*7 M3 (log M)3.
In particular, since My < max{Mz, Mw} and from (44), we also get

y < 107 M?(log M)3.

(40)

(44)

(45)

From (27), (28), (31), (32), (40), (41), (44) and (45), we get the bounds appearing

in Lemma 6.

O
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Remark. For computational purposes, it might be interesting to make some
remarks. First, x must be even. Indeed, if x is odd, then

Qn+1/2:Pn+1+Pn|P:+1+P:-

In particular, every odd prime factor of Q1 divides Pp,. But Qni1 = Pani1)/ P,
so every primitive prime factor of Py(,41) (namely prime factor of Py, 1y which
does not divide Py, for any 1 < k < 2(n + 1)) is a prime factor of Q,4+1. By the
Carmichael’s version of the Primitive Divisor Theorem [6], P5(;+1) has a primitive
prime factor for all n > 5 and by inspection one observes that it also has a primitive
prime factor for n € {1,2,3,4,5} as well. Thus, since for us n > 2, there is a
primitive p prime factor of Py(,1) dividing Q1. Since Qy,11/2 | Py, we get that
p | Py, so 2(n+ 1) | m, a contradiction since m is odd. This shows that z is even.
Since z > 3, we get that in fact z > 4. Now the left-hand side of our equation is
Ugg /Uy, Where {uy }r>o0 is the kth term of the Lucas sequence with roots P41 and
P,. By the Primitive Divisor Theorem one more time, since z > 4, the number
ug, has a primitive prime factor ¢ (see Table 1 in [2] for the “exceptional” members
of the Lucas sequence of index greater than 6 which lack primitive divisors). In
particular, the multiplicative order of P,11/P, modulo ¢ is exactly 2z. Thus, the
multiplicative order of P,41/P, modulo P, is exactly 2z as well. The main result
of [3] shows that
m < 20000(2z)* < 800002

One may combine the above bound with the bound on x given by Lemma 6 to get
some bound on m, which unfortunately ends up being worse than the bound on N
provided by the same Lemma 6.

3.6. The case when M < 1000

Lemma 7. If (m,n,xz,y) is a solution of equation (2) withx >3, n>2 andy > 2,
then N > M > 1000.

Proof. Assume M < 1000. By Lemma 6, we have that
X := max{w, Nz, z} < 10*7 x (10%)3(log(10%))® < 10°7.

Note that by Lemma 3 we have that A > 3. Then the right-hand side of (23) is at
most 1/2 so by a classical argument it follows that

8
wlog Py —Nzloga—&—zlog(?x/i)‘ < I3 (46)

We calculate a lower bound for the above absolute value through Lemma 2. We take
C := (3X)? and consider the lattice Q2 spanned by

1= (1,0, [Clog Par]), 7 :=(0,1,|Clogal), ~3:= (o,o, {mog(zﬁ)J) .

Using Mathematica, we estimate a reduced basis {b;} (LLL-algorithm) for 2 and
its associated Gram—Schmidt {b}} basis. So, for each M € [3,1000] we calculated
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the parameters Q, T, ¢; and mq = ||by||/c1. By the conclusion of Lemma 2 together
with inequality (46), we obtain that

8
7.7 % 107°% < |wlog Pyy — Nzlog oo + zlog(?x/i) < 3%

which leads to
A < 1410.

Suppose A = N, so N < 1410 and X = max{w, Nz, z} < 2.8x10%*. A new reduction
cycle on inequality (46) yields 5.2 x 107218 as a lower bound for the above absolute
value, so N = X\ < 610, contrary to the assumption N > 1000. Hence, A = z, so
x < 1410.

Assume (N, z) = (n+ 1,z), so (M,w) = (m,y). By inequality (36), it follows
that 4

wlog Pyr — (N — 1)zlog o + log(8%/% /(a® +1))| < e
Fixing M and x, we are in a suitable position to apply the Baker-Davenport reduc-
tion method. We have
luy —v+p| < AB7V,

where we take

log P log(82/2/(a” + 1 4
= %8 M, = 0g(8”7/(a” + )), A:=46(> , B:=aq,
log o log o log o
and (u,v) = (w, (N —1)z). By estimate (35), Lemma 6 and the fact that x < 1410,
we note that u = y < Nz < T := 1.4 x 102, We loop over all even values

T € [4,1410] and all odd values m = M € [3,1000]. In all cases € > 1.1 x 107249 and
log(Ag/¢e)/log B < 1405, which is a lower bound for N. The same second reduction
cycle on inequality (46) leads to a contradiction on N.

Assume (N, z) = (m,y), so (M,w) = (n+ 1,z). Then by inequality (6),

max{N,y} < (n+ 1)z = Mz < 1.5 x 10°.

Returning to inequality (46), we note that according to the above inequalities X <
2.3 x 102, A reduction cycle on inequality (46) once more leads to the conclusion
that A = x < 320. Repeating the same reduction argument, we get z < 285. Thus,
(z,n) € [3,285] x [2,999]. Then, by inequality (6) and the fact that m = N > 1000,
we get
998y < y(m —2) < z(n+ 1) < 285000.

Hence, (y,m) € [3,285] x [1001,2 4+ |285000/y|]. Then, we check the congru-
ence PY + P¥ , = PY (mod 10?°). For the pairs (z,y) we used once again the
PowerMod[A4, u, B] feature of Mathematica to compute

S={Py+Pr, (mod10%): (z,y) € [3,285] x [2,999]},
while for the ring-hand side of (2) we used
Mod[Drop[LinearRecurrence[{2, 1}, {1, 2}, #1],1000]" #2, 10*°]&;

to compute R, := {P¥ (mod 10%°) : m € [1001,2 + [285000/y|]}. Then we verify
that SN R, = 0 for each y € [3,285]. This computation took four minutes and
showed that no new solutions exist when M < 1000. O
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3.7. An absolute bound on all the variables m,n, x,y
Lemma 8. If (m,n,x,y) is a solution of equation (2) withn > 2, x > 3 and y > 2,

then

max{z,y} < 3 x 101,

Proof. Since N > M > 1000, it follows from Lemma 6 that
max{z,y} < 10" M?(log M)* < a™~2 < min{a"" !, a™}.
The above middle inequality holds for all M > 142. Hence, all three inequalities

T 1 T 1 Y 1
042" — Oén+1’ a2n+2 — an+1’ a2m - am

hold, so we may write

nx

Pn 8m/2 (]- + Cn ac) (47&)
(n+1)w
Pr = gz (1 + Cnt1,2)s (47Db)
a™
Pl = S (14 Gng), (17¢)

where
2
Hla.X{|Cn,w| 3 |<n+1,z|} S W> |<m,a:| S O(i

We also have the analogs of condition (19), namely,

Py Py Py 1
Ofnz/Sx/Q ) Of(n+1)z/81/2 ) Ofmy/Sy/Z belong to (2, \/i) . (48)

Inserting approximation (47) into equation (2) and shuffling some terms, we get
a™y O[(nJrl)ac an® a(nJrl)a: an® a™y
82!/2 — 833/2 — 855/2 = < 8’”/2 > Cn—i—l x <8x/2> Cn T (89/2) Cm,yv
which, together with (48), yields the following string of inequalities:

a™y /8y/?
a(n+1)x/8x/2 )

OZmyf(nJrl)z8(9: v)/ 1’ < 7+|Cn+1x|+ |<2:c| +(

1 3
< J_Fia"*l

i amy/gy/2 Py P7f+1 ‘C
P’IZTI’L P,f+1 a(TL+1)1:/87;/2 m,y

1 2 2 6
<—+—+i<— (49)

a® antl am Oz/\l ’
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where Ay := min{x, M} and also

ICMI

o my/gy/2
+ x n+1)z /Qx/2 |<m,y|
a® +1 an+1) /8 /
2 2v2 6

an+1 + am OéM.

N nmg(w y)/Q(a +1 _1‘

(50)

We apply Matveev’s theorem to the left-hand side of inequality (49) with s := 2,
M=o, Yo = 2v2, by = my — (n+ 1)z, by :=x —y and D = 2. Thus,

Ay = oy (ntDzglz—y)/2 1

Observe that Ag # 0 since otherwise we would get that o2"v—2(ntDz — gz—y ¢ 7,
and this is possible only if my = (n 4+ 1)z and y = x, but this last equality is
not allowed. We take as in the prior application of this theorem A; := loga and
As :=log8. Further, since z > 4, the right-hand side in (49) is at most 6/a> < 1/2.
Therefore, we obtain
almy—(n+1)z|

ge—uz <%
So, we have

log(2 x 8ly—=l/2
ba] = fmy — (n + 1)a| < 28387

log o
log 8 log 2
= & |y—x|+i<2\y—x|+1
2log log v
<4ly—z|. (51)

Thus, using lemmas 6 and 7, we can take

B := M"Y = M'® x M? x M > (10%)*M?(log M)?
> 4 x 10" M?(log M) > 4max{x,y} > max{|b], |ba|}. (52)

Matveev’s theorem tells us that

log [Ag] > —1.4 x 30° x 2%5 x 22(1 + log 2)(1 + 191og M) (log o) (log 8)
> —2 x 10" log M. (53)

Comparing estimates (49) and (53), we get
A1 < 3 x 10" log M. (54)
We now distinguish two cases.

Case 1. \; = M. In this case, from (54), we get

M < 3 x 10" log M.
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Therefore, we obtain

M <2 x3x 10" log(3 x 10') < 2 x 103, (55)
Case 2. \; = z. In this case, from (54), we get

x < 3x 10" log M. (56)

We apply Matveev’s theorem to the left-hand side of the inequality (50) with s := 3,
V1= Y2 ::2\/5, Y3 :=a”+1, by :=my —nx, by :=x—1y, bg:=—1and D = 2.
Thus, we take

A5 = amy7"z8(x7y)/2(az +1)7 -1

Let us check that A5 # 0. If A5 = 0, we get that

o +1= 8(z—y)/2amx—ny.
Conjugating the above relation in Q(v/2), we get
Multiplying the two above relations, we get

aF + B4 (=1 +1 = (a® + 1)(B* + 1)
— i(aﬁ)my—nx8x—y
= 87V, (57)

Since the left-hand side of equation (57) is larger than 1 for x > 4, the sign in the
right-hand side is plus and x > y. Since z is even (see the remark at the end of the
previous section), the equation (57) becomes

a® + 742 =8V,

If 4|z, the above equation gives Qi/2 = 23(==¥) which is again impossible because
Q. is never divisible by 4 for any k. So 2||z, which in turn yields the relation
(Qx/2/2)2 =23@=¥)=2 _1 = 1 (mod 8), which is again impossible. Thus, A5 # 0.

We take, as in the prior application of Matveev’s theorem, A; := loga, As :=
log8. As for ag := a” + 1, this is an algebraic integer whose conjugate is 5% + 1
whose absolute value is smaller than 2. Thus, one can see that

Dh(asz) < log(a® + 1) +1log2 < log(2a”) + log 2

log 2 1
:clogoz+log;2+log(1Jrozf"")gx(logour ) + )
x ra®

< 1.1z,

since x > 4. So, we can take Az := 1.1x. Finally, observe that by the calculation
(51), we have

bi| = [my —nz| < |my—(n+Dz|+2<2ly—z|+2+2
< 4max{z,y}.
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Hence, using lemmas 6 and 7, we conclude, as at estimate (52), that we can take

B = M"Y = M"Y x M? x M > (10%)'6 x M? x (log M)?
> 4 x 107 x M? x (log M)? > 4max{z,y} > max{|b|, |ba|}.

Matveev’s theorem now implies that

log|As| > —1.4 x 306 x 3%% x 22(1 + log 2)(1 4 log M*?)(log ) (log 8)(1.1)
> —4 x 10132 1log M. (58)

From estimates (50) and (58), we get
M < 5 x 103z log M. (59)
Inserting estimate (56) into (59), we obtain
M < 5x10%3(3 x 10" x log M) log M < 2 x 10%°(log M)?.
Thus, one can see that
M < 4x2x10%(log(2 x 10%))? < 3 x 10%°. (60)

Comparing (55) and (60) on M in the two cases, we conclude that the inequality (60)
always holds. Inserting the above bound for M into the inequalities of Lemma 6, we
get

N <2 x 103 x (3 x 10%?)%(log(3 x 1029))2 < 10%,

r < 1.3 x 10%8(3 x 102)%(log(3 x 102%))? < 10%L,

y < 10%7 x (3 x 1029)2(log(3 x 10%?))3 < 3 x 10!1L.

3.8. Reducing the bound

We work more on inequality (49). Assume that A\; > 400. Then 6/a™ < 1/2, so by
a classic argument we get

12
’(my —(n+1)z)loga — (y — z)log(2v2)| < poTE
Thus, we see that
my— (n+1z log(2v/2) 12 (61)
T—y log « (log o) |z — y| a™

.13
[z —ylat

Since A1 > 400, by Lemma 8, we have

™M > a0 > 3 x 1013 > 100 max{z,y} > 100|z — y/,
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showing that the expression appearing on the right-hand side of (61) is smaller
than 1/(2|z — y|)?, so by Legendre’s criterion, (my — (n+ 1)x)/(x — y) equals some
convergent py,/qx of v := log(2v/2)/log a for some nonnegative integer k. If k < 100,
then

1 1
<min{‘7 Pk
ak

my—(n+ x| 13
10120 < 110542 <
999

T—y ar’

:ke{O,l,...,99}}§‘7

Therefore, we deduce that

log(13 x 10129)

M <
log o

< 317,

which is false since we assume that A\; > 400. In the above, we used that if
[ag, ..., agg,...] is the continued fraction of v, then max{a; : 0 < k < 99} = 1102.
Thus, k > 100, and since the 207th convergent psg7/gao7 of v satisfies

q>3x10"M > |z —yl,

we conclude that k € [100,207]. Since

_ D207 1
G207 102277
we get
1 < Pk < 13 < 13 N 1
10227 =~ |7 a0 [z —yla™ = qrgoa — 10%3aM
giving
1 10278
M < 98U0T) ey
log o

If M < z, then we have M = Ay < 732, a contradiction. Thus, x = Ay, therefore
x < 732. We get now a better bound for M. That is, using estimate (59) and
comparing it also with estimate (55) according to the two cases distinguished in
Subsection 3.7, we conclude that

M < 5x107zlog M < 5 x 732 x 1017 log M < 3.7 x 10%° log M,
giving
M < 2 x 3.7 x10%10g(3.7 x 10%°) < 4 x 10%,

which, via Lemma 6, yields

r < 1.3 x 10%8(4 x 10%2)?(log((4 x 10%2))? < 6 x 107°, (62)
y < 1077(4 x 10%2)%(log(4 x 10?%))® < 3 x 10°7.

Now, the convergent pigs3/qig3 of v has gigz > 3 x 1097 > |z — y| and

1

10198 "

‘ _ P1s3
q183
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Therefore, by an argument previously used, we have

log(13 x 10198)

< 522.
log o

A <
Thus, A1 € [3,521]. Since M > 1000 and A\ = min{z, M}, it follows that A\; = .
We now move on to inequality (50). Since M > 1000, we get

12
(z —y)log(2v/2) — (nz — my) log a — log(a® +1)| < R

Here, we fix « and apply again the Baker-Davenport reduction method. We have
lwy —v+p| < AB™M,

where we take

log(2v2) . _logla”+1) <> 12 ) :

- loga ’ log o log «

= q,

and (u,v) = (z—y,nz—my). By estimate (62), we can take T := 10'%° as the bound
on |u|l. We loop over all even values = € [4,520]. In all cases we choose ¢ = qagg
the denominator of the convergent of index 499 of v. In all cases € > 0.001 and
the worst (largest) upper bound on M is 707. This took a few seconds. This is a
contradiction since we assume that M > 1000. This finishes the proof of Theorem 1.
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