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ABSTRACT. Dynamical decoupling is a key method to mitigate errors in a quantum mechanical
system, and we studied it in a series of papers dealing in particular with the problems arising
from unbounded Hamiltonians. The standard bangbang model of dynamical decoupling, which
we also used in those papers, requires decoupling operations with infinite amplitude, which is
strictly speaking unrealistic from a physical point of view. In this paper we look at decoupling
operations of finite amplitude, discuss under what assumptions dynamical decoupling works
with such finite amplitude operations, and show how the bangbang description arises as a limit,
hence justifying it as a reasonable approximation.

1. INTRODUCTION

The control of quantum noise and the suppression of decoherence in a quantum mechanical
system have been the focus of quantum information theory for a long time, cf. [14] for an
overview. On the one side there are error-correcting methods that allow to correct for errors by
encoding the information in subspaces and correcting for leakage by measurements and gates. On
the other side there are error-mitigation methods that aim to reduce errors before they happen
by sequences of gates. Dynamical decoupling is a key tool in this regard. First presented in
1998 in [18, 16], the underlying idea goes back to NMR [11, 12]. It has been studied and used
by both theoretical and experimental physicists [14].

The key idea of dynamical decoupling is to apply certain correction operations to a given
quantum system interacting with a surrounding bath or environment in an unknown and un-
wanted way. These decoupling operations act on the system as unitary operators, and usually
they are applied in a cyclic pattern and at constant frequency. The general hope is that as this
frequency tends to infinity, decoherence tends to zero. A formal proof not taking into account
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domain issues of unbounded Hamiltonians can already be found in [16]. Intuitively speaking,
the idea is that for short times the system drifts slowly into some fixed direction, and these
correction operations quickly rotate this fixed direction. These rotated drifts cancel with each
other to first order and the net movement after some time is close to zero. Finding precise
mathematical conditions and making rigorous statements as to when this does actually work
is an open question. A first important step in that direction was made by us in [1], where we
provided some necessary and sufficient conditions in order for dynamical decoupling to work,
and we also studied a number of specific models in more detail.

In most investigations, dynamical decoupling is understood to be the so-called bangbang dy-
namical decoupling [16], where the correction operations are carried out in the form of instanta-
neous pulses with fixed frequency. This means that the correction operations need to have infinite
amplitude, which makes the description unrealistic from a physical point of view. It therefore
makes sense to look at correction operation which are implemented by finite-amplitude pulses of
certain shapes that last for a nonzero amount of time [9, 10]. We will call this continuous dynam-
ical decoupling in contrast to the usual bangbang dynamical decoupling. In the case of bounded
Hamiltonians this has been studied before [14] from various points of view. In this paper, we
would like to look at potentially unbounded Hamiltonians on a joint system H = H; ® He,
where H; is a finite-dimensional system of interest and . is a potentially infinite-dimensional
environment.

The first question we deal with here is what happens when the relative pulse length (i.e., the
actual pulse length divided by the time difference between two consecutive operations) tends
to zero, and hence the amplitude tends to infinity. One might suspect that the time evolution
of the system should in some sense converge to the time evolution under bangbang dynamical
decoupling. In Section 3, we prove that this is indeed the case. This means that bangbang
dynamical decoupling is not some abstract unphysical framework but instead a reasonable and
mathematically simple approximation of the true situation, which among other things justifies
previous research on bangbang dynamical decoupling.

The second question we ask is under what assumptions dynamical decoupling with finite
amplitude pulses works directly, without having to consider the limit of the relative pulse length
tending to zero. It turns out that the assumptions one has to make are stronger than in the
bangbang case in order to overcome two obstacles. The first obstacle is analytic in nature and
relates to domains of the bath Hamiltonians; hence it may arise in the case of infinite-dimensional
environments only. The second obstacle is rather algebraic in nature and poses a problem in the
case of finite-dimensional environments as well.

In Section 4, we present a finite-dimensional example where the second obstacle is present and
where continuous dynamical decoupling does not work although bangbang dynamical decoupling
would work. However, in light of our first result, in the limit where the relative pulse length
becomes shorter and shorter, the overall time evolution of this example becomes that of bangbang
dynamical decoupling, which in turn does work. In Theorem 4.2 we study sufficient conditions
in order to overcome the analytic obstacle, and we determine the resulting time evolution.
In the case of bounded Hamiltonians, we can also provide concrete estimates on the speed
of convergence depending on the norm of the Hamiltonian and a few other parameters, see
Theorem 4.5.

Finally, in Section 5 we deal with assumptions to make in order to overcome the second of
the above obstacles, which is a constraint on the order of the decoupling operations. For this
part we ask that the set of decoupling operations are arranged as a Cayley graph and a full
decoupling cycle should be represented as an Euler cycle in this Cayley graph. In this case
we speak of Fuler dynamical decoupling, which by construction is a special case of continuous
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dynamical decoupling. Euler dynamical decoupling was first introduced in [17] but without
dealing with the sophisticated analytic problems of unbounded Hamiltonians. Here we provide
sufficient conditions in order for Euler dynamical to work, and we close with an interesting
example where this is indeed the case.

To summarise, we can say that continuous dynamical decoupling, or at least its more restric-
tive form of Euler dynamical decoupling, does indeed work under some fairly strong assumption,
even in the context of unbounded Hamiltonians. However, the description of continuous dynam-
ical decoupling is technically more involved and moreover often only the weaker assumptions of
bangbang dynamical decoupling are met, and we can say that in that case bangbang dynamical
decoupling is a reasonable and useful approximation of reality.

2. PRELIMINARIES

Let us consider a finite-dimensional quantum system with Hilbert space Hg, say of dimension
d, coupled to an environment with infinite-dimensional separable Hilbert space H., with the
total space H := Hs ® H.. The total Hamiltonian is given by a (possibly unbounded) densely
defined selfadjoint operator (H,D(H)). We consider dynamical decoupling of this composite
system, see [1, Def.2.1]. Moreover, we frequently write u instead of u ® 1, for u € U(Hy).

Definition 2.1. A decoupling set for Hs is a finite set of unitary operators V' C U(Hs) such
that

1 for all B(Hs).

‘V| Z dlm% (.T) Hso orall x € (H )

Let N be a multiple of the cardlnahty [V|. A decoupling cycle of length N is a cycle (vq, v, ..., vN)
through V such that each element of V' appears the same number of times.

Remark 2.2. Sometimes we consider “reduced” decoupling sets, namely sets V' such that the
above equation holds only for specific given . The idea behind this is that often one knows
more about the Hamiltonian that has to be decoupled, hence does not need to work in complete
generality; moreover, having a smaller number of decoupling operations may simplify the physical
implementation and make the procedure more practicable.

Running through the cycle over a time period [0, t] results in the time evolution
F(t) = e vy e inf e ixt o

t * t * : b *
—iguNnHvy || 1 yv2Hvg e—lﬁleUI)

= ouy(e e’ UN,
where 7y, := vivp—_1, for k =1,..., N, with vy := vy. Write I' C U(H,) for the set of all those
vk. Notice that there is a gauge freedom in the choice of the cycle. Indeed, (vi,va,...,v,) is
equivalent to the cycle (01,09,...,0,) with 0y = w*vi for an arbitrary unitary w € V: they
generate the same control sequence, v = v;vp—1 = U;0k—1 and if one is decoupling so is the
other. Therefore, without loss of generality, in the following we will always fix the gauge w = vy,

i.e. we will assume that the last element of the cycle is the identity, o5 = 1 (and drop the tilde).

We repeat the cycle several times and hence write vy jn := vy, for every k € {1,..., N} and
j € N. If the cycle is applied m times over a time interval [0,¢] with (standard) instantaneous
(k—1)t

decoupling operations, with the operation v = vjvg_1 applied at time =7, we have the total
time evolution (in the canonical gauge)

t\™ iyt iyt it
F(E) —e 1mNH')/mN---e lmNH')Qe lmNnyl

(1)

st Lt st
:(eflmvaHv;N . eflmngvg eflmlevf)‘
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We say that bangbang dynamical decoupling works for this given decoupling set V' and decoupling
cycle (vi,...,vn) if there is a selfadjoint B on H, such that

t\m .
F(—) S1e B m - 0,
m

strongly and uniformly for ¢ in compact intervals. For a slightly weaker notion of decoupling,
see [3].

Since these instantaneous pulses require infinite amplitude, they are strictly speaking un-
physical and one considers a finite amplitude analogue, namely consider a smooth path v(s) in
U(#Hs) such that
1 15 <0
VUEp—1:8 > 1.

i) = { 2)

Moreover, let A, = A} € B(Hs) be such that v, = vjvp_; = e~ 4% and consider the path

Ai(s) = 1i.(s)k(s)" € B(Hs), (3)

with Ag(s) = Ag(s)*. Physically, this describes the shape and direction of the smoothed out
dynamical decoupling pulse. Often, e.g. in Fig. 1, one might be interested in Ag(s) = ¢r(s)Ax
with ¢ an integrable function with support in [0,1] and fR vr(s)ds = 1 but we try to keep
things as general as possible. Now for every fixed £ and 7 > 0, consider the time-dependent
Schrodinger equation

d—iuk(T;s) — i (%Ak(sm + H)uk(T;s), w(r:0) =1,  sel0,7]. (4)

For time-dependent unbounded Hamiltonians, it is in general not obvious that solutions to the
Schrodinger equation exist. However in this simple case with H time-independent and Ag(s)
bounded, we know from [15, Thm.5.3.1] or [13, Thm.1.2] that a strongly continuous solution,
which preserves D(H ), denoted by time-ordered exponential

!
uk(T;s):%(—i/ [—Ak(r/r)—i-H} dr), s € [0,7],
o LT
exists. In analogy to the previous case, running once through the complete continuous decoupling
cycle over a time period [0, ¢] results in the time evolution
F(t) :=un(t/N;t/N)---ua(t/N;t/N)ui(t/N;t/N). (5)

In analogy to the previous definition, we say that continuous dynamical decoupling works for
this system with given decoupling set V', decoupling cycle (v1,...,vn), and pulse shapes yi(s)
if there is a selfadjoint B on H, such that

t\m .
F(—) S1Re B m o o,
m
strongly and uniformly for ¢ in compact intervals.

3. APPROXIMATION OF INSTANTANEOUS SINGULAR DECOUPLING PULSES

This section deals with the question whether bangbang dynamical decoupling is a good ap-
proximative description of the actual physical continuous dynamical decoupling. We will not
make any assumption as to whether continuous dynamical decoupling works but we will assume
that bangbang dynamical decoupling works, for a given system and dynamical decoupling cycle.

We consider the time evolution unitary

_jt_ it m it H it oHg m
(e 1mNH7N...e lmNnyl) :<e i o= 1AN | ominn g 1A1> (6)
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FIGURE 1. An example of decoupling pulses for a cycle of length N = 2, one
element of the cycle being denoted by blue colour, the other one by red colour.
For fixed overall time t, we repeat the cycle m times. For each of the two elements
of the decoupling cycle we choose different pulse shapes Ag(s), with k = 1,2. We
show the dependence on the scaling parameter A\, namely in addition to A = 1
(full line), we include the case A = % (dashed line) and the limit A — 0 (singular
dotted line). Each pulse has support on an interval of length Tr/z\_]t\/ and the area
under each pulse is independent of A. As A — 0, the pulses become § pulses
with infinite amplitude, which corresponds to bangbang dynamical decoupling.
Theorem 3.1 considers this convergence, while Theorems 4.2 and 5.2 work with
the case A > 0 corresponding to continuous dynamical decoupling.

under bangbang (instantaneous) dynamical decoupling, where we repeat a given decoupling cycle
(v1,...,vN) m-times over a time period [0, ¢], realised through pulses v, = vivp_1 = e~ 14k with
k=1,...,N, as introduced above.

Given the smooth function Ag(s) from (3), for every A € (0, 1], let

A,(C)‘)(s) = %Ak<§) (7)
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and v A (S) := 7%(s/A). Then we consider the time-dependent Hamiltonian

o A(¥) :
Hy(s)=H+Y AN (s—(k—l)ﬁ), s € 0,4, (8)
k=1

with constant domain D(H)(s)) = D(H). The k-th pulse A,(C)‘t/N) (s—(k—1)t/N) has finite width
At/N and is supported in [(k — 1)t/N, (k — 14 \)t/N], as shown in Fig. 1. We can see that the
conditions in [15, Thm.5.3.1], or alternatively the slightly simplified conditions in [13, Thm.1.2],
are fulfilled, individually for each k, with Y = D(H) and || - ||y the graph norm of H, hence
the time-dependent Schrodinger equation for H)(s) has got a strongly continuous solution, and
hence the corresponding analogue of (5) is

F)\(t) = UN(t/Nv)‘;t/N)"’u2(t/N7)‘;t/N)ul(t/Nv)‘;t/N)7 (9)
where

uk(, A; ) =%(—i/j {A](;\T)(T)—FH} dr), s e [0,7].

The time evolution after m decoupling cycles is then F)(t/m)™.
We have:

Theorem 3.1. Suppose that bangbang dynamical decoupling works for a given quantum system
with decoupling cycle. Then dynamical decoupling with finite-amplitude pulses Ak’\ works arbi-
trarily well by choosing X\ > 0 sufficiently small. More precisely, there is a selfadjoint B on H.
such that

lim lim Fy(t/m)"6 =1®e 1tP¢,

m—00 A—=0
for all € € H and uniformly for t in compact intervals.

Roughly speaking, the theorem tells us that, under reasonable assumptions, the bangbang
model is an adequate mathematical approximation of a physical setup with finite amplitude
decoupling pulses.

Proof. First we notice that, for every & € H,
IEA(t/m)™E = L @e™ P& <|[Fa(t/m)™€ — F(t/m)™¢|| + [|F(t/m)™€ —1@e P, (10)

where F'(t/m)™ has been defined in (1). We choose B and m such that the second term on the
RHS becomes sufficiently small, which is possible if the standard bangbang dynamical decoupling
scheme works. Moreover, for this m, we will show below that we can then choose A > 0 small
enough such that the first term on the RHS becomes sufficiently small, which proves the theorem.

Now rather than looking at the whole interval [0, ] with mN decoupling operations, we would
like to look at one of the subintervals [(k — 1)7, k7], of width 7 = t/(mN). The overall time
evolution is a product of the time evolutions over these mN subintervals, so if we can show
strong convergence on these subintervals,

u(r, ) E—e Ty N0,

for all & € H, then by the strong continuity of multiplication it follows for the total time
evolution. We get

up(T, \s7) = gp(—i/(j [A,gAT)(s) +H} ds) = %(—i/ol [A,(c’\)(s) +7‘H] ds)
_ e—iTH%(_i/leis)\THAk(s)e—is)\THds)‘

0
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Thus all we need to show is that
1 . 1
&p(—i/ e 4, (s) eﬂs}‘THds) — &p(—i/ Ak (s) ds) = Vi,
0 0

strongly, as A — 0.

Recall, e.g. from [13, Eqn.(5.3)], that if U;(t) = %(—ifg Hj(s)ds), are the unitary prop-
agators generated by two bounded selfadjoint time-dependent operators Hj(t), for j = 1,2,
then

(0 = Ualt) = =i [ GO0 6)" (Ho) — Hals) Uals) s,
whence
t
|(UL(t) — Ua(1))€]| < /0 | (H1(s) — Ha(s)) Ua(s)€]| ds.

Applying this with
Hl(S) — eis)\TH Ak(S) efis)\‘rH7 HQ(S) — Ak(S),

and using our above computations, we obtain

| (ue(r, X 7) —e Ty = || (7 wr(m, N 7) — ) €|

1
/0 H(eis)\THAk(s)e—is)\TH —Ak(s))’m(S)ﬁHds

IN

1
— /0 |[Ark(s), e H] v, (s)€| ds — 0,
as A | 0, by dominated convergence, using the strong continuity of A — e~ #}H and hence
pointwise convergence of the integrand together with its boundedness by 2| Ak ||oo||£]|-

So far this was for one specific choice of k. But Fy(t/m) is actually an mN-fold product,
where strong convergence holds for each of the mN factors. Due to the strong continuity of
multiplication of uniformly bounded factors, we see that the first term on the RHS of (10) can
be made arbitrarily small as A | 0.

g
Remark 3.2. If D C D(H) is a subspace which is invariant under all vx(s) and Ag(s) and such
that
s € [0,1] = [|HAR(s)wm ()€ [[Hm(s)€]]

are integrable for every £ € D, the above proof also gives us a simple estimate on the speed of
convergence in Theorem 3.1 relative to a given vector. Namely, for every £ € D, we have:

1
H(uk(r, A7) —e 1TH ’yk)ﬁH S/o H [Ak(s), e_is’\TH] 'yk(s)ﬁﬂ ds —0
1
= [ 1A (1) as
1 .
+/ H(e_ls’\TH—1)Ak(s)7k(s)§Hds
0

1
r /0 (k)| (1] + 1 Ar(s)me(s)2 ) ds,

which is linear in A7. Taking the sum over k£ removes 7 and turns this into an upper bound
proportional to A, so the convergence to bangbang dynamical decoupling is of order O(\).
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4. CONTINOUS DECOUPLING

One may ask the question whether continuous dynamical decoupling works automatically
provided bangbang dynamical decoupling works. The following example shows that this is not
the case.

Example 4.1. Let us consider the simplest case of a qubit, with trivial environment H, = C,
so our Hilbert space is H = H, = C?. This means that the total Hamiltonian H is bounded. Let
us denote the Pauli matrices as {X,Y, Z}. The standard decoupling set V' for which bangbang
dynamical decoupling works is given by the finite group generated by the Pauli matrices. Due
to cancellation of phases it suffices to focus on the decoupling cycle (X,Y, Z, 1) of length N = 4.
The bangbang evolution is given by

<1e*iﬁH 1Zc ot ZYe*iﬁHYXe*iﬁHX)m,

and this tends to 1 as m — oo. We can use the properties of Pauli matrices to simplify this
expression as

it .t 2m Lt L Lt s 2m
(_1)m(e—1mHZe—1mHX) — (—1)m<e_1mHe—15Ze—1mHe—15X)

Let us imagine instead that the experimentalist performs the sequence in a continuous fashion
with rectangular pulses of full length ¢/(4m), which means A = 1 in the notation of the previous
section. The overall time evolution then becomes

£ (i)m _ (_1)m<e—i%Z—iﬁHe—i%X—iﬁH)
m
For large m, we can split the exponentials as

: st . .t 1
e—l%a’—lmH — e—l%Ue—lmHg +0O <_) ’
m

2m

where H, is the Zeno Hamiltonian [5] of H with respect to the strong part o = X, Z. The hope
is that this recovers dynamical decoupling even with the pulses spread out. However, the error
term might accumulate to something of O(1) under exponentiation, and we will show now that
this is indeed sometimes the case.

To this end, consider the choice H = X, so that

Fi(L)" = (caym (o 82X 18X )
m

In the large m limit only terms up to order 1/m contribute, so we neglect all higher order terms.

For the first term on the right-hand side, we have

1

15X = iz i L e_i(l_s)nge_iS%st—k(’)(%):—iZ—it
m J, m 2mm

1
X+0(—
+0()
while for the second term we get
_iTx_ji-tXx . .t 1
e 2 am :(—IX)<1—1%X+O(W)>
Thus

im F () = tm cD™(—iz - ) i1 i x)) "
Jm B ()=t ()7 (<12 i X) (<X (1 X))
¢ £ \2m

= lim (—1)m(—iY——1+i—Z)

m—o0 27rm 4m
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Finally, squaring out the right-hand side and using anticommutativity of Pauli matrices we
obtain

lim Fl(i)m = lim (—1)™ <—1 +iiy> _ ity

m—0o0 m m—00 T™m

which is different from a multiple of 1, in general. So indeed, continuous dynamical decoupling
does not work for the standard decoupling set.

The next theorem provides some sufficient criteria as to whether lim,,— FA( %)m exists in
the case of continuous pulses and what it is equal to in general:

Theorem 4.2. Consider a (not necessarily decoupling) cycle (v1,ve,...,1) through U(Hs).
Assume that

(i) there is a dense subspace D C D(H) which is invariant under ug(t/N,\;t/N) and vi(s),
for all k,s,t, and such that s € [0,1] — [[Hyk(s)&|| is integrable, for all & € D;
(ii) the operator

1-\ A !
~ kaHU}; +y ka,l /0 Yi(8) Hyk(s) ds vi_y
k=1 k=1

is essentially selfadjoint on D, and we denote its closure by H).

Then
E\™ —itH
F,\(—) E—e 1NE m — o0,
m

for all € € H and uniformly for all t in compact intervals.

Remark 4.3. Under the assumptions of Theorem 4.2 for all A € [0,1], it follows from the
Trotter-Kato theorem [7, Th.3.4.8] that

e Mg s et X0,

for all £ € H and uniformly for all ¢ in compact intervals. Comparing with Theorem 3.1 we thus
have

t\m ™
m m

m—o0 A—0 A—0 m—o0

for all £ € H and all t € R, i.e., we can swap the limits of letting the number of repetitions of
the decoupling cycle go to infinity and that of the relative pulse length going to 0.
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Proof. Using (i), we see that F(t) as defined in (5) leaves D invariant and hence, by setting
ug == ug(t/N,\;t/N), we obtain:
Ex(t) -1, Tlequr(t/N,Xt/N)—1
Fc" t
N N
Hj:l uj — [L21 v
= 3
N N
_Hj:l Uj — (szz uj)m
B t

un (T 11w)—Hii1%£
t

3

(Hj‘vzz ;)1 — (H;V::z “j)%%g
t

£+

+

ﬁ )52 (e
j=k+1 =1
N

11
=k+

S

uj(t/N,)\;t/N)) uk(t/N,A;tt/N) — Yk vl

is well-defined on D.
We have

ur(t/N, Xt /N) = e in (- *)Hwﬁ) —1—/ Vie(s)* Hyi(s )dé’)

and the first term on the right-hand side is clearly differentiable with respect to t. In order to
study the second one, let us make the following consideration: if U,(¢, s) solves the differential
equation
d
ds
with o € R then it also solves the following integral equation

Ua(t,s) =1U4(t, s)aH(s)

Un(t,s) — 1 = —ia/t Ut ) H (r) dr.

Un(1,0) =1, . [1 e
HTS—H/? H(T)fdrH = H - 1/0 (Ua(l,7) = l)H(T)fdrH
S/o H(Ua(1,r)—1)H(r)§Hdr

for suitable £&. Now the integrand is dominated by 2||H(r)¢||, and we require £ to be in all
D(H(r)) and such that this is integrable on [0, 1]; furthermore, the integrand converges to 0 as
a — 0, pointwise for every r € [0,1]. Thus by Lebesgue’s dominated convergence theorem we
get that the right-hand side converges to 0 as a — 0, in other words

2(1,0) — 1 !
wg — —i/ H(r)édr.
@ 0
We apply this to our setting with a = ¢t and

Hr) = Zn(r)" Hr)

Thus
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to obtain the differentiability of U;(1,0) = &p ( —i3 fol Y (8)*Hyg(s) ds) w.r.t. t, and hence
by the product rule

N, \:t/N) — A 1=
uk(t/ :/ ) 7kf—><—1ﬁ7k/ V() Hyk(s)ds —1i N H’Yk)ga

ast — 0, for all £ € D as in assumption (i). Hence, we obtain

1 _
lim ———— FA() f ka(_l%%/o yk(s)*H’yk(s)ds—il

t—0

A Vo
Hop ) v,

for all £ € D.
By assumption (ii),
N 1
A . 1—-A .
Uk(ﬁ'ﬂc/o Vi (s) Hy(s) ds + TH’Yk)Uk_l

ka 1(/0 (s)"Hyi(s )ds)vk 1+ ZUkHUk

is essentially selfadjoint on D with closure Hy. We can apply Chernoff’s theorem [6, Th.11.1.2]
to obtain that

k=1

(11)

t\m .
F)\(—) E—e gm0,
m
uniformly for all ¢ in compact intervals and £ € H. O

Remark 4.4. In the special case where A = 0 and (vy,...,vy) is a decoupling cycle, we are in
the situation of bangbang dynamical decoupling and we see that the first sum on the right-hand
side in (11) vanishes and we obtain Hy = 1 ® B for some selfadjoint operator B on H., hence
dynamical decoupling works. For general A this is not the case, as Example 4.1 showed, where
Hi=1y #1®B.

In the special case of a bounded Hamiltonian, we can provide estimates on the speed of
convergence in Theorem 4.2:

Theorem 4.5. If H is bounded we have

t\m - 2t
By()" = e | < 2 H )1+ 2t 1 12
|5 (=)" = | < Sl 1+ 2t ) (12)
and
tym 2t
|Ba()" =70 | < SH I+ 26 H) + Xt ) — Hol (13)

with Hy as in Theorem 4.2.

Proof. We start with some preparation: let us write

mN

Z (s— —1)%), s € [0,t]

k=1

for the part of H in (8) that describes the control operations, and

US(s) :%(—i/ost(r)dr>, s€[0,1]
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for the corresponding unitary time evolution. Then

/ Uy (s)*HUY (s)ds =—/ V=17 (8) Hyp A (s)vf_q ds
(k—1)t/mN mN /o

—t ’ * t 1 .

:mN/o V1Y A (8) Hyp a(s)vi_q ds + W/A o1y Hyol ds
t 1 . . . *

:)\—mN . Uk717k(8> HFYk(S)Uk_l ds —+ (1 — )\>mkavk

Over one complete cycle, we therefore obtain
/ US (s) HUS () ds = = (Hy + (1= \)Ho),
0

where
N

N 1
1 * 1 * *
Hy = i kg_l v Huy, Hy = i g_l vk_l/o Ye(s)* Hyk(s)ds vy_;
as in Theorem 4.2, and

t t/m t
R(=)" =& (- i/ Us () HUS () dr) " = &5 ( - i/ US () HUS (r) dr ).
m 0 0
We will make use of the bound of the ring [2]:
1Ua = Uslloo < [[Saplloo(L + [[Hall1 + [ Hbll1),

where Uj(s) is the unitary propagator generated by a bounded integrable Hamiltonian H;(s),
| |lo and || - |1 are the norms in L>°[0,#] and L'[0,], respectively, and

Sunls) = / (Ha(r) — Hy(r) dr

is the integral action.
In our case, we are interested in

7 () e
m

Uu(t) = F/\< t )m’ Uy(t) = e_it(>\H1+(1—)\)HO)7

m

so let

and

Hu(s) = US (s)*HUY (s),  Hy(s) = Hy = A1 + (1 — \)H,.
Thus, if s is somewhere in the (¢ + 1)-th cycle, i.e., ¢t/m < s < ({+1)t/m where 0 < <m—1
is an integer, we have

/s H,(r)dr = / Ul (ry*HUS (r) dr
0 0

Lt/m s
_ / Uy HUS( dr+ | US(r) HUS () dr
0 Lt/m
S
(AHL -+ (1 — A)Ho) + / US (ry HUS () dr
lt/m

_u
m
and obviously
/ Hy(r)ds = s(AHy + (1 — X\)Hp).
0
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Combining the two, we get
lt s
Sap(s) = (_ — s) (AHy + (1= \)Hp) + / Ul (r)*HUS (r) dr.
m Lt/m

Since |s — ¢t/m| < t/m by construction, we get

t t 2t
[Saplloc < —[[AH1 + (1 = AN Hol| + —[[H[| < —[|H].
m m m

Moreover,
[Heollr = t|[Hl, | Hollx <t[H]||,

SO
t

Fy (-
m
and by the triangle inequality we have

7 G) " et
m

)m _ o it(AH+(1-2) Ho) H < 2Lym)(1 4 2t 1)),
m

2t
< CIH( A+ 2t H) + Atl|Hy — Holl-

O

Remark 4.6. Theorem 4.5 tells us how well dynamical decoupling works for given finite values
of m and J; it works perfectly in the limit m — oo, A — 0. For a generic decoupling cycle,
Hy # Hy, as shown in Example 4.1, where H; = Y/7, and dynamical decoupling does not work
for A # 0, or, in general, for pulses of width O(t/(mN)). However, scaling A together with m,
e.g. with A = O(1/logm), makes it work as can be seen from (13). In order to have dynamical
decoupling with the optimal convergence rate O(t/m), one should take A = O(1/m), that is
a pulse width of order O(t/(m?N)). As we shall show in Section 5, it is possible to achieve
convergence even in the case where A remains constant provided we choose the decoupling cycle
as a so-called “Euler cycle”, as H; = Hj in that special case.

Remark 4.7. The above results hold for an arbitrary cycle (vy,va, ..., 1) of unitaries (not neces-
sarily decoupling). While our paper focuses on decoupling, applications to average Hamiltonian
theory [12] are immediate.

5. EULER DYNAMICAL DECOUPLING

Suppose V is a projective representation of a group and let I' C V' be a set of generators of
V. Recall that the Cayley graph of (V,I") has got vertices V' and at each vertex outgoing edges
labelled by I'. This means every vertex has also got |I'| incoming edges, and altogether there are
N :=|V||T'| edges in the graph. Let (vi,vs,...,vx) be an Euler cycle of decoupling operations,
i.e., a cycle in the Cayley graph of (V,TI') that travels through each edge precisely once. The
k-th edge is v; := vivg—1 € I' and vg = vy = 1. Now for an Euler cycle, each 7, does in fact
only depend on the edge and not the corresponding vertex in the Cayley graph; the same is true
for its generator A*), and hence we may also write A = A®) and u, (t;s) = ug(t; 8) if v = Y.
We use the notation of continuous dynamical decoupling introduced in Section 2.

We say that, for given decoupling set V', Euler cycle, pulse shapes and relative pulse width
A € (0,1], Euler continuous dynamical decoupling works if there is a selfadjoint B on H. such
that

t\m .
F<—> §—>1®e_‘tB§, m — 0o,
m

for all £ € H and uniformly for all ¢ in compact intervals. See [17] for the origin of this and
applications.
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Example 5.1. To see how Euler cycles can change the situation, let us revisit Example 4.1,
for which we saw that continuous dynamical decoupling does not work. There the decoupling
set was V = {1, XY, Z} and H = X and X\ = 1; a natural choice of an Euler cycle would be
(Z,Y,X,1,X,Y,Z,1). Going through the discussion of Example 4.1, we obtain the overall time
evolution

t\m : Lt : st : st . st
F1<—> :(e—l%Z—ls—mHe—I%X—ls—mHe—l%Z—ls—mH e—l%X—l s H
m

- i T s m
-e_I5X 18mH —iZ Z 18mH —iZ X 1 H e 132 Z ISmH)

(v - srsi bz oy - iz o))

1 m
:(14—0(—2)) — 1, m — 0o,
m
so continuous dynamical decoupling with the above Euler cycle works in this case.
We generalise this in the following

Theorem 5.2. Under the assumptions of Theorem 4.2 and if the given decoupling cycle is an
Euler cycle, Euler continuous dynamical decoupling works.

Proof. 1t follows from the property of the Euler cycle that

N

A [ . A
;Uk<N/O ’yk+1(s) H")/kJrl( )dS—i—TH)

_ZZ ( / ”y(s)ds-l—%H)v*

veV ~vel
:—Z Z( / ()ds+TAH>
veV el

which we know from Theorem 4.2 to be essentially selfadjoint on D. Here the first equality
follows from the particular structure of the Euler cycle. It then follows from [1, Thm.3.1] and
the decoupling property of V' in Definition 2.1 that the closure of the right-hand side is of the
form Hy =1 ® B, and that

t\m .
F)\(—> E—e e im0,
m
uniformly for ¢ in compact intervals and all for € € H. O

Remark 5.3. We see that Euler dynamical decoupling works independently of the choice of .
Moreover, in the case of bounded H, one can show that H; = Hy and hence H), = Hy,
independently of A\. Thus Theorem 4.5 yields

7 ()" e
m

In order to prove H; = Hy, we notice that by construction

2t
< —||H||(1+ 2t|H||).
< —IH[ + 2t H])

Z vHv" =1y, ®
UEV

1
tryy H
dim A, et
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where trH‘ H denotes the partial trace of H with respect to Hs. We then calculate as follows:

ka 1/ V() Hyg(s)ds vj_y = ’VHF’ ZZ / s)ds v*

0 veV yeT

!F! Z Z / ) HA(s)ds v” = m Z Hs ﬁtrm (/017(8)*1{7(3) ds)

1
:—§ 130, ® ———— tey, H = H
T = He @ fim A, THs 0

where the last equality follows from the fact that v(s) is a unitary acting only on Hs and hence
the partial trace try, is invariant under conjugation by ~(s).

If H is unbounded but D(H) factorises, namely it is of the form H; ® D, we can still use the
Schmidt decomposition to get a finite sum

H=> Hx® Hep,
k

which is essentially selfadjoint on Hs ® D.. In that case we can use the partial traces again and
the same argument goes through.

Example 5.4. If H factorizes as H = Hy; ® H, and is selfadjoint on D(H) = ‘Hs ® D(H,) then,
for any choice of decoupling set, generator set, Euler cycle and pulse shape, Euler continuous
dynamical decoupling works: It can easily be seen that the conditions in Theorem 4.2 are fulfilled
with D = D(H) and H) = tr(Hs)1y, ® H..

Example 5.4 covers a variety of models but many other models do not fall into this class, yet
Theorem 5.2 can be applied, such as in the following:

Example 5.5. We consider the “deep-pocket model” developed in [8], namely we let
H =C*® L*(R-)
and H' = Z ®i g, on the domain
D(H') = {6 € C? @ H'(R_) : $(0) = (X & 1)6(0)}.

Physically, this describes a spin-1/2 particle moving along the negative half-axis and being
reflected at 0 at the price of a spin flip. A suitable (canonical and reduced, see Remark 2.2)
decoupling set consists of V! = {X ® 1,1 ® 1}.

It is evident that the domain D(H’) of the model does not factorize as a tensor product, so
Example 5.4 does not apply here. However, D(H') is invariant under V' and one realizes that
H' + XH'X = 0. Let us define

F(t)= e_i%He_i%XHX, teR.
Then .

% — %(H+XHX) ~0,
which is essentially selfadjoint on D(H ), so [1, Thm.3.1] implies bangbang dynamical decoupling
works.

In order to treat Euler continuous dynamical decoupling, it is useful to pass to a unitarily
equivalent version of this model, cf. [8]: namely, let

H = L*(R)
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and H =1 % on the domain D(H) = H'(R), which is selfadjoint. The corresponding decoupling
set is V' = {Xp, 1}, where

(Xo)(z) =&(=z), zeR
Let D = D(H). We see that D is invariant under V' and that
H"Xo = (—1)"XoH". (14)
We use I' = {y = Xp} and V = {1, X}, and the continuous dynamical decoupling operation
is modelled by the function

v(s) = 7122 (Ko=) — oi9(s) ¢og (¢(s )2)1 —iet?(®) gin (¢(s)=)Xo, s €10,1],

77
2
where ¢ is a fixed continuous function such that ¢(0) = 0 and ¢(1
see that v(1) = X, that v(s) and leaves D invariant, and that ||H~(
from (14), and hence assumption (i) of Theorem 4.2 is fulfilled.
In order to verify (ii), note that

(v(s)*H~(s))&(x) —icos® ((p(s)g) x) — 2sin (go(s)g) cos( (3)—)§'(—$) — isin? ((p(s)
)7)

=icos(p(s)m)€ (x) — sin(p(s)m)€' (—x)
= cos(p(s)m)(HE)(x) + isin(p(s)m)(XoHE)(2)

) = 1. We immediately
s)¢|| < 2||HE|| as follows

)€ (x)

S

and hence

1
| Ao Br(s)gds =eaie + ex, Xoe,
0
with certain cq, cx, € C. Finally, for all £ € D, we have
Z Z ( / H~(s) ds) v = Z v(choH + CX0H> v*€
veV yel veV

:(ClXOH + CXOH +c1HXy + CXOXoHX()) U*g =0,

where the last equality follows from (14) again, so

ZZ’U()\’}// ) H~(s )ds—i—(l—)\)H)v*:O

veV vel

is essentially selfadjoint on D, proving (ii).
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