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Abstract. Yangian symmetric correlators can be constructed by the action of Yang-Baxter
R operators on trivial basic correlators. The example of a four-point correlator is given in two
representations and the construction of the completely connected N point correlator is described.
The helicity representation is dicussed and the relation of the four-point correlator to tree-level
scattering amplitudes is shown.

1. Spin chains with ¢/, symmetry
Let us first formulate the representations used as the quantum space at a site of the chain
(compare [15]). Jordan-Schwinger type (JS) representations are based on the Heisenberg algebra,
i.e. on n canonically conjugated pairs,

[paaxb] :5ab7 a, b7: 17"7”' (1)
Generators of gf, representations can be built, e.g. as
L;_b = PaZTp, OT L;b = —ZTaPb (2)

and functions of z, are the elements of the representation space. The two representations L™ are
dual to each other. If we distinguish the variables in one of the representations by the notation
Ya, then the duality can be formulated as

[Lj:_,ab + Ly_,ab’ (Xy)] =0, (XY) = Z LaYa- (3)
1

The representation in terms of functions of z, decomposes into the ones of definite degree of
homogeneity,

(xp) - 1h(x) = 20p(x). (4)
Such a representation can also be described by functions of n — 1 coordinate ratios, e.g.

/ _ Za — _
Ty = wn,a—l,...n 1.

P(x) = 22 ¢(x), Ly 9(x) = 22 Ly 20) $(X).

The matrix elements of L o generate a lowest weight representation with the constant
representing the lowest weight vector. For generic values of 2¢ all polynomials in z] form
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an irreducible representation. For the special values of non-negative integer 2¢ the lowest weight
modul is finite-dimensional.

We use the basic ingredients of the Quantum Inverse Scattering Method (QISM) [1, 2, 3, 4, 5].
The generators of JS representations enter the L operators depending on a spectral parameter.

Lt(u)=1(u) + LT =1(u) +p®%x, L (v)=Iu+L" =I(u) —x®p. (5)

In general, if L, generate a representation of g, on V then the L matrix operator,
L(u) = Iu + Lg, acting on the tensor product of this space with the one of the fundamental
representation,V ® Vy, obeys the fundamental Yang-Baxter (YB) relation,

Ri2(u —v)L(u) @ L(v) = L(v) @ L(u)Ri2(u — v),

Rab,ef(u —v) Lec(uw) La(v) = Lof(v) Lae(w) Ref,ea(u — v), (6)

with the n? x n? matrix Ri2(u) = I+ Pyy involving the permutation in Vi ® V. The simple
form of the L* operators of JS type (5) allows to derive easily the following relations:

e clementary canonical transform defined as C~!(x, p)C = (p, —x) :

C'LT(u)C = L™ (u) (7)
e matrix transposition:
(Lt (w)' = L (—u—1) (8)
e operator transposition:
L (u) = L7 (=1 —u) (9)

e inversion:

Ltw)\ ™ _ Lf(-u—1-(xp))
< u >  —u—1-(xp) (10)
e Dbasic actions:
Lt(u)-1=(u+DI-1, L™ (u)-1=ul-1
LH(u) - 6(x) = ul - 3(x), L~ (u)-5(x) = (u+ 1)+ 5(x). (11)

Now we consider the representations and operators referring to the entire chain of N sites. The
fundamental Yang-Baxter relation (6) is not only equivalent to the Lie algebra relation but can
serve also as the starting point to formulate the related co-algebra, i.e. the underlying structures
of the tensor product representations.

The monodromy matrix is defined as acting on V1 ® V5... ® Vy ® V; and constructed from
the matrix product of the corresponding L operators.

Ti.__,N(u) = L‘lfl (ul)L?\fl (UN), o = (0'1, ...O'N), u = (ul, UN) (12)

It is well known that the monodromy matrices obey the fundamental YB relation, i.e. the
relation (6) with L(u) substituted by T(u).

We need still another kind of YB operators, called general because they act on the tensor
product of generic representations, in our case with JS type generators acting on functions of
the coordinate components. These general YB operators appear as product of two factors. The
basic factor can be derived from the L operators by considering a YB relation in the following
form as the defining condition,

R7y7 (ur — ug) LT (un) L3 (ug) = L7 (ug)L3° (w1 )RTy 7 (ur — ug). (13)
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Here Li; and Ly act on variables x; and xo, respectively, i.e. on the tensor product of generic
representations. They enter the relation in matrix product (unlike the fundamental YB relation
where their tensor product enters). We find the explicit solutions

Ry (u) = (x1%2)", (14)
de —c(x
Ri5 (u) :/Cl—i-ue Gapz), (15)

If the action is restricted to homogeneous functions of degree 2¢; and 2/s, repectively,
P(Ax1, Aaxa) = A2N22 4 (xy, x9), (16)
then additional YB relations can be written,
RO (uft — ug?)LT* (un )32 (ug) = LY (un)L3? (ug) RGP (ut — ug?). (17)

These are obtained form the above ones by using the inversion relation (10) obeyed by the L
matrix operators and replacing the operators of dilatations (x;, p;) by their eigenvalues 2¢;. Here
and in the following we use the notations u;r =u; +20;, u; =u; —20; —n.

Now the general Yang-Baxter operator is the product of both of the above two types,
Rig(ur, uf', ug, u3®) = P1oRTy7 (ur — ug) RGP (uf — ug?).

P12 denotes the operator of permutation of the tensor factors in Vi ® Vo. The corresponding YB
relation reads

Rag(ur, ui', ug, ug®) LT (u1)L3? (uz) = L3? (uz)LT* (u1)Ruz(ur, ut, ug, ug?). (18)
The restriction to particular degrees of homogeneity (16) is assumed.

2. Yangian symmetric correlators
We study the matrix-operator eigenvalue condition with the monodromy operators (12) for
functions of N points in a space of n dimensions,

7 y(w)® = Bl @, (19)
and define [16] : N point Yangian symmetric correlators ® = ®(x1,...,xy) are homogeneous
eigenfunctions of the matrix operator T(u).

Each n-dimensional point x;,7 = 1, ..., N, is marked with a spectral parameter u;, a dilatation
weight 2¢; and a signature o;.

The notion of Yangian algebras has been introduced in [6]. Its relation to the QISM has been
explained in [7]. The Yangian symmetry of scattering amplitudes was understood on the basis
of [8, 9].

Symmetric correlators can be generated by R operators [17]. If ®(1,.., N;0,u) is a solution
of the monodromy eigenvalue relation (19) then also

RZ’Z_&H(% —uir1) - ®(1,2,..,N;0,u) and Rjﬁfz’az(ufl —ul ') - ®(1,2,..,N;o,u)  (20)
obey (19) with parameter permutations.

The Yang-Baxter RLL relations (13, 17) allow to permute the R operators acting on
cyclically adjacent points and having particular arguments with the monodromy operator. The
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modification of the monodromy operator and the appropriate argument of R can be read off
from the parameter permutation rules [14] :

701,02 . o o o oz o o
Ry (w1 — ug) : (uy, uf, ug, ug, ..., un, ul) — (u2, ud, u, ug..., un, u),

02,01 (, O g\ . 4 o o o g a
RQl (ul —U2) . (U1,U1,U2,U2,...7UN,UN) - (u17u27u27u1"‘7uN7uN)‘ (21)
The generation of non-trivial solutions can be started from (trivial) basic correlators.

N

Q)= [ o65), TI* () Q(ao):H(uﬁé(umao,i))l Q(o0)

Jioj=— 1

We resort to two standard signature configurations
e regular case : 09 = (+,+,...,+), =1,
e uniform case : o7 = (+,+, ..., +), Qrj=]lc;0(x).

Signature cases can be related by elementary canonical transformation C acting uniformly
on the components of the site variables s q,psa,s = 1,...,n,a = 1,..N, C 1 (Xs4,Ps.4)C =
(ps,aa _Xs,a)-

Let us construct an example of a 4-point correlator in both representations: In the uniform
case we have

Ry (u3 — ug )Ry (ug — ug) R, (uz — un)RY;" (u1 — ua)d(x2)d(x4)

B N e + + + +\
=0 (u27u17u47u37u17u27u37u4)_

dcazdeardessdes
/ T+ us—tuz—n 1+us—us I+us—u1 1+ui—ua (5(X2 — C23X3 — 021X1)5(X4 — C41X1 — C43X3). (22)
C32 Co1 Cy43 C41

In the regular case we have
Riy (u3 —ug )Ry (us — u2)Ryy (us — w)Ryy (w1 —wa) - 1=

(X3X2)u27u37n (X1X2)u47u2 (X;},X4)u37u1 (X1X4)u1 U4

The expression is an eigenfunction of the monodromy with the spectral parameters permuted
to (ug,u4, ur, us).

3. The generic N point correlator

We consider the particular signature configuration —... — +...4 and use the uniform
representation
K
On i = H5(xi) = $o(ur,u1 — N} UK, UK — N URKA1, UK 41503 UN S UN ). (23)
1

The last notation shows the spectral parameters us as in the monodromy operator and also their
combination with the weights u}. As shown above the action of R operators is accompanied by
parameter permutations and writing the resulting parameter configuration allows easily to fix
the arguments of the R operators such that the result is a symmetric correlator.

Each ij operation brings in an integration over c;;. The completely connected correlator of
interest involves K x (N — K') integrations, there is an integral with the variable ¢;; for each pair
of sites 1, j of different signature. The integration variables can be regarded as the elements of a
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K x (N — K) matrix ¢ and are related to the points of the Grassmannian Gy x. The integration
contour lies in the maximal Schubert cell.

Myx = / dKN-K)¢ () 6(Cx), (24)
dK(NiK)C = dN_Kcl...dNiKCN, deKCZ‘ = dCi7K+1...dCi7N,
A A K N
C = (Ixx,—¢), 6(Cx)=[[6™xi— Y cxy).
1 j=K+1

We shall see how the symmetry condition (19) fixes ¢.
This symmetric correlator can be obtained by a K (NN — K)-fold R operator action on the basic
one (23) in several ways. We indicate as a standard way for N > 2K the following procedure.

MN,K = @K(ul, uK—i—l; G UK, UK ee) UN_K+1,U1~_; ceey uN,u}'(), (25)

where ® g is the result of R operators action in the Kth step starting from the basic correlator
(23). The first step is the action by N — K R operators

Ry v-1(u] —un)..Riqo k41 (v — urio)Rirg1,1(uf — ugs1)®o =

.. +. .. +\
(I)l(ulvuK-i-lu ...,UK,UK,UK+1,UK+2, ...,'LLN,"LL]_ ) -
1 1 1
/ dey g 1dCg 1 ooy _y N
1 1+u+7u1{ 1(,1 1+u+7u1{ 2 1 1+u+fuN
(C gepn) T TR (CRe gy geq) T TR ey y) T

N
1
o (Xl — CLK+1XK+1 T Z(* ) et iero € ) H5 X;)-

K+2

We observe that the u™ parameters of the sites 1, K +1, K +1,...N are shifted cyclically leaving
the ones at 2,...K untouched. At the Lth step the action is by

Ry n-1(u] —vn)..Riyo k1(uf — vkgo)Ris1,0(u] — vigr),

where vk 1,...,vn is the sequence of u™ parameters appearing at the step L — 1 at the sites
K +1,...,N. The action produces the cyclic shift of the sequence of u* parameters at the sites
L,K +1,...N leaving the sites 1,...,L — 1, L + 1, ... K untouched.

By these R actions a completely connected correlator is generated, i.e. there are links between
all pairs of sites with different signature. We consider the details for the case K = 2 where

My o = ®o(ur, us; ug, ua; u3, us; ..; UN—1, U1 — N UN, Uz — N) =

1 g1 1 2 7.2 2
/ dey gdeg y4...dey_y y deg gdes 4...dey gy y

M N
N
1,2
8(x1 — clgxs + > (—1)755 )5(X2—023X3+Z Y Racio1j %),
1
Ni = (el g)lred —us(ch )t _M"'(C}V—l,N)H_ul B

’

B4) T T (e )T s (ehy ) (26)
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In the general case we end up with

dN—Kcl dN_KcK
MNJ( = Nl NK X
N-K N-K
; SEN L K XK ) S (XK — ; (=17 Sk e X +7), (27)

where
NoK L _ L L L
d¥ e =def g1 deg g k4o dCN 1N

Ni = (cf K+1)1+UZ_UK+L (C%{H K+2)1+uzr_uK+L+1

)1+u27uN( L

1+1¢"sz¢Jr
CR—L+1,Kk—L42) b ™

+_ ot
)1+“L_UL—1_

~--(C§<7L,K7L+1 ~--(C%71,N

It is convenient to define 5’( J) for 1 <ig<i< K < jg<j<N asasum of products of the

integration variables cyLl—l,n entering by the action of Rj, j,—1 at the Lth step, ig < L < by
the following iteration
(i0,8) _ olio,i) (i0,—1)
SJOJ Sjo J—1 J 15 T SJO J (28)
(ii) _ ) (i08) _ i
SJO] = ¢ a]OCJO Jo+1+ ] 1,55 Sj@,jo = Cijo-
The second relation results in N
5
P 1
I (4,2)
Siog—1
and then the frist relation can be solved as
(oi=1) _ g1 Sing| 1
]07] 10,2 10,2 Z,’L
Sjo,y 1 Sjo,j jo,j—1
We shall transform the integral (27) with respect to cz'-fl’j into the link form (24) where the

. . . i ot KK
integration variables are c; ; = (—1)35}’{“ K+j°

In the case K = 2 we have to consider

(22) _ 2 2 (L,1) _ 1 1 (1,2) _ 1 2
S3 ;7 =34.Cf 15,557 = C34--Cj_15,534 = €34+ C3y,

(1,2) _ o(1,2) 2 1
S3 ;7 =53¢ 1J+C34 —1-
Comparing the R operator expression with the expected maxnnal cell link integral expression
(24) we see that the link variables ¢z, c¢15,j > 3 have to be proportional correspondingly to

S§72j?2) and S?(),lf). Therefore we find the expression of the R operation variables in terms of these
sums.

515.212) S?(,lzl) 12 «(1,2) (1 n,
2 _ 5J 1 _ 2] 34) 2
Ci-14 = (2,2) ’ C-13 = S0 SSJ _53,3 165-1,5 +S
S35 S3i0
2,2 1,2
- Sé(%;} S%ijzil
S v e N v

(12) _ 1

_ 1 1 2 _ +1.1 g(12)
€13 = €13, C14 = C1 353 = —cy3(c34 + C34), C1j = (=1) 53
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_ 2 __ 2 ¢22) 2 2 _ i+1 2 o(2,2)
C23 = Cy3, Coa = —C1 3834 = —Ci3C3y, 25 = (1) 353,

Now we can relate the expressions Sé’f with the link variables.

(1,2) _ i+1C1j (2,2) _ i+1 €25
S = (1L S

Finally we express the original R integration variables in terms of the link variables.

2 2 €2,j
623 = C23, C =

L == | > 4. 29

j—1.j 21 ] = (29)
§i1D)

6%3 — 013, C}*l,j - (177‘771) (30)
Ss,j—l

We substitute the result for S’Sl) in terms of 52%2) and obtain

€2,j €1,

Cj-15 =

C2,5—1 |€C2,j—2 C1j—2

C2j-1 Clj-1

The last expression works well for j > 5. For j = 4 one finds the correct result with the
substitution cos = 1,19 = 0.

We calculate the denominator of the integrand in My .

1+u+—u5 1+u+—uN 1t+ud —uf
N = Gl —ua <Cz4> 2 (02,N1> 2 ( CaN > 2
2 = Cog — P

€23

C2 N—2 C2N—1
+ +_ .+
U5 —1Uq UG—US u —un l4us; —u
Co3  Coq -Gy N1 Copn )
1+uf —u 1+u] —u
1+UIL7U3 my 1 4 Co3Ms 1 5
Nl - 613 — vee
C23C13 Co4My
1+u+7uN_ 1+u+7uN
C2, N—21M N, C2, N—1MN—-1
Ug—U3, U5 —Ug uy—un_1_ l+uf—un  us—us us—ug un_1—un —ltuy—uf
i3 My My My Ca3 "C2u -GNz Con :

Here we have abbreviated the determinants

€2i-1 Clj— :
m; = 2,7—1 1,]1? j24
C2,j C1,j
The result for the integrands denominator is
+ + .+
. ug—u3, Us5—U4 uny—un_1, _l+u] —un —1 1+uy —u
MNy = 57" my i my CaN_1CaN )

Still the transformation is incomplete, the Jacobian must be taken into account. Consider first
the factor in the Jacobian -
0(c33¢3---)

8(023024...> '
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The matrix comes out triangualar by using (29) and the product of the diagonal elements is

aCQj 1

2 .
3 86]-_17]- C23C24...CON

The triangularity simplifies the calculation also in
O(clyel,..)
8(613614...)

Using (30) we see that it equals to

1
H dcj_1; 1 3 con—2

Ocyj c13my  MN_1

The Jacobian of the transformation to the link integration is the product of the above partial
Jacobians due to trangularity.

1 .1 1 2 2 2
6(013034“'cNfl,N023034“'cN71,N) _ 1 1

0(C13C14-..C1NC23C24...C2 N C2 N—1C14 M4..MN—1

We obtain the completely connected symmetric correlator for K = 2 in form of the maximal cell
link integral.

1 1 1 2 72 2
M / dcl,3d63,4"'dCNfl,Ndc2,3d03,4"'chfl,N y
N,2 = + _
(c1,3)1Fua—us(34)1Hus—ua (N — 1, N)lHui —un g fue—m

N N
(5(X1 — ZCU Xj)(S(XQ — ZCQJ' Xj). (31)
3 3
Here (j — 1, j) = m; denotes the minor of the matrix C of the columns j — 1, j,
A 1 0 —C13 ... —CIN
¢= (0 1 —C23 ... _C2N> ’

The transformation can be done for general K relying on the iterative relation (28). The result
can be written as (24) with

o(c)=(2,.... K + 1)_1_UK+2+“K+1 (3., K + 2)—1—uK+3+uK+2m(N ~K,..,N— 1)—1—uN+uN_1

(N =K +1,..,N)" 'l tev(N - K 42, N, 1) iue b (N 1., K — 1) etk (32)

The factors are powers of the subsequent K x K minors of the rectangular matrix C (24).

In application to scattering amplitudes the special case of this form without parameters
was proposed in [10] and used extensively in the related literature. The parameter dependent
expression has been discussed recently in [13].

The result is by construction an eigenfunction of the monodromy 7'(uy, ug, ...,un). The action
of the R operators has resulted in permutations of the weight dependent parameters uj; the
resulting configuration can be characterized by the permutation

ui u9 .. UK UK+1 oo UN—-K UN—K+1 - UN
UK+1 UK+4+2 ... UK U2K+1 .- (3 Uy —n e UK — N
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The values of v;r are on the second row and the weights attributed to the points are calculated
as 20; = v;r — Uy
In the case K = 2 we have the list of weights and exponents as

201 = ug — uy, 20 = ug — ug, ..., 20; = Ujro — Ui, .20 N_o = UN — UN_2,

20N 1=u1 —n—un_1,2(Ny =uz —n —un,
Q3 = Uqg—U3, 04 = U5 — U4y -y O = Ujp] —Ujy ooy ANy = UN —UN-1, O] = U] =T — UL, QX2 = U2 —UT.

The weights are not independent, in any case

The weights do not fix all the N spectral parameters, e.g. uy is independent. In the case of
even N = 2M there are actually two relations,

M M
Z 2f2k = —Nn, Z2€2k—1 = —n.
k=1 k=1

Therefore the weights fix only N — 2 of the spectral parameters, e.g. uy and uy_q are free.
Thus for even N the exponents of the minors in the final result (31) involve besides of the N —2
independent weights the extra parameter uy — uy_1. The particular case with N = 4 will be
discussed below.

4. Scattering amplitudes
For applications to scattering amplitudes we introduce a further kind of representation. It is
obtained from the uniform representation by partial canonical transformations after dividing the

index set labelling the components at each site. s =1,...,n > a=1,...p; a =p+1,...,n. The
elementary canonical transformation is applied to the dotted components only as C_l(xd, pd)C .
The matrix in the L operator splits into blocks transforming in different ways as

P@x = <pdxd pdxa) R (_Xdpd _XaXO‘> ‘
PaX. PaXa PaP,, PoXa
We reconsider the basic symmetry condition (19). By expansion of T(u + A) we obtain at the
N — 1st power of A the well known result that the sums over the chain sites of the off-diagonal
gl,, generators annihilate the symmetric correlator. In this way the conserved quantities of the
global chain symmetry are expressed.

In the helicity representation a part of the off-diagonal operators (the ones in the upper right
block in L ) acts multiplicatively on functions of the coordinate variables:

N
Z 5,Q,0 ’ 5,00 s,a” S
s=1

If ks o BTE the components of the momenta of scattering particles the particular conservation
law is just the energy-momemtum conservation. It works for massless particles where the mass-
shell condition is the one for the factorisability. We recall that a light-like four vector can be

represented by the product of Weyl spinor components of left and right chirality. In the following
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we rename the coordinate components introducing different symbols for the ones in the two index
ranges, )‘d and A\,. We conclude that a generic Yangian symmetric correlator in the helicity
representation appears with the delta distribution as a factor expressing this conservation law.

N
DAL AL s AN AN) = 60D k- ) X d(A1, A, s AN, AN). (33)

— 8
In this representation the scalar product becomes
(x1p2) = (Aim2) — (T1A2)
and the action of the R operator has the form

dc

RT;_(U)F(;\L&’ )\170” ;\Z,d’ /\2,o¢) = / clﬁF(j\Ld + 65\2,0}’ )\170” 5‘2,0}’ /\2,04 — C/\l,a)‘

We consider the transformation of the dilatation operator from the uniform to the helicity
representation

0 < 0
i,
The helicity of a scattering particle state h; is calculated as one half of the difference of the
weights in A and A, therefore
20; = 2h; — 2. (34)

On the other hand we have 2¢, = U;r — v; for the weights of a correlator
®(v1, v 509,05, ..., un, v). Thus a part of the spectral parameter dependence can be expressed
in terms of the particle helicities.

We return to the example of a 4-point correlator (22) and study its application to 2 — 2

scattering. We put the parameters back to the standard ordering.
(I)(Ul, u—li_v Uz, U;—, us, U;’_, U4, UI) =

Rgz(u; — u;’—)Ru(U,Q — U1>R34(U4 — U3)R14(U3 — UQ) (5(X2)5(X4) =

/ dCdiCQl dC43dC41
14+ui—ugs—n l4+us—ui ugs—us uz—us
Ca3 Ca1 €43 "C41

S(A1 + ca1ha + e2122)8 (A3 + cazAa + cazha)d(Aa — c21 A1 — c23A3)0(Ag — ca1 A1 — caz)3),
uf = ug,uy = ug,uj =uy —n,uf =us —n. (35)

Now we specify to the case n = 4,p = 2. We shall transform to the form (33) following [11].
We count 8 delta distributions. We intend to transform the expression in such a way that the 4
deltas of the energy momentum conservation appear explicitly and the remaining 4 are used to
do the 4 link integrals. First we address the 4 linear equations related to the deltas involving A

components. ~
Ao — e21A1 — c23A3 = Ny, Ag — cat A1 — casAg = N (36)

We do projections by performing (antisymmetric) spinor products,

<1,2>=< A, Ao >= )\171>\2’2 — )\172>\271.
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Note the difference to the above products (3) denoted by ordinary brackets (...,...) which are
defined in the euclidean way. The conditions (36) with Ay = A = 0 are solved by

s _<23> . <21> . <43> . <41>
A7 o1,3> BT 31> M T 1,3 BT 31>

and the Jacobi determinant of the transformation A, s )\ﬁm — €21, €93, C41, C43 18

O(Ng1X5,0) O(N) 1A )

=<1,3>2.
6(021,023) a(0417643)

In this way we have obtained
§(Me—ca1 A —ca3A3)d(Aa—catdi—cazhs) =< 1,3 >7% 6(ca1—c5)8(caz—33)8(ca1—chy )6 (caz—clis)
The deltas involving A components can be transformed by multiplying the matrix of the involved
equations

~ 1 C21 0 C41

¢= <0 c3 1 C43>
from the left by a 2 x 2 matrix A taking into account the appropriate Jacobian. We choose this

matrix in such a way that
~ A1 A1 A3 A4
A C — 3 5 5 5 .
(/\1,2 A22 A32 42

A1 Azn
A — ; ) ,
<)\2 1 A32
if we substitute simultaneously the link variables ¢; ; by the solutions ¢; ; obtained above.

We observe that the Jacobi determinant is the inverse of the one in the first transformation.
Finally all factors of < 1,3 > cancel. We obtain the form (33) in our case.

It works indeed with

4
‘I)(Ul,UT,UQ,U;,U3,u;,U4,U4 E 7A)7
1

LX) — <1,2>4
o A) = < 1,2 >MHum-uac 2 3 Sltue-—uic 4 ] >HHua-us< 3 4 >Hus—uz’
We reconsider the relations for the spectral parameters (35) and calculate the scaling weights
as 2& = u;r — U,

201 = ug — uy, 20y = ug —ug, 203 =uy —n —uz, 204 = us — N — Uy. (37)

We see that they are pairwise connected, 2¢; = —203 — n, 200 = —2¢4 — n. The relation between
the weights implies for the helicities (n = 4) hy = —hg, he = —hy4. The obtained expression
implies the spinor-helicity expressions of 2 — 2 helicity amplitudes of several cases by appropriate
choices of the helicity values, h = £1, j:%, 0.

We can substitute the spectral parameters partially by the helicities.

SO R) = <2,3>< 41>\l 12523 4>
T\ <1,2><3,4> < 2,3 >2h1—2h2
The amplitude contributions still involve uz — u4 as a free parameter. The parameter extension

of amplitudes has been proposed in [12]. The analytic structure expected from physical unitarity
(dispersion relations) must be used to fix it.



XXII International Conference on Integrable Systems and Quantum Symmetries (ISQS-22) IOP Publishing

Journal of Physics: Conference Series 563 (2014) 012015 doi:10.1088/1742-6596/563/1/012015

Acknowledgments
The author is grateful to D. Chicherin, S. Derkachov and D. Karakhanyan for useful discussions.

References

[1]
2]
3]
[4]

[5]

[6]

Faddeev L D Sklyanin E K and Takhtajan L. A 1979 The Quantum Inverse Problem Method 1 Theor. Math.
Phys. 40 688 [Teor. Mat. Fiz. 40 194 ]

Takhtajan L A and Faddeev L D 1979 The Quantum method of the inverse problem and the Heisenberg
XYZ model Russ. Math. Surveys 34 11; [Usp. Mat. Nauk 34 13]

Kulish P P Reshetikhin N Y and Sklyanin E K 1981 Yang-Baxter Equation and Representation Theory 1
Lett. Math. Phys. 5 393.

Sklyanin E K 1992 Quantum Inverse Scattering Method in Quantum Groups and Quantum Integrable Systems
(Nankai lectures) editor Mo-Lin Ge pp. 63-97 World Scientific Publ Singapore [hep-th/9211111]

Faddeev L D 1998 How algebraic Bethe ansatz works for integrable model In:  Quantum
Symmetries/Symetries Quantiques Proc.Les-Houches summer school LXIV Eds. Connes A Kawedzki K
and Zinn-Justin J North-Holland 149-211 hep-th/9605187

Drinfeld V G 1985 Hopf algebras and the quantum Yang-Baxter equation Sov. Math. Dokl. 32 254 [Dokl.
Akad. Nauk Ser. Fiz 283 1060]; A New realization of Yangians and quantized affine algebras Sov. Math.
Dokl. 36 (1988) 212

Molev A Nazarov M and Olshansky G 1996 Yangians and classical Lie algebras Russ. Math. Surveys 51 205
[hep-th/9409025]

Drummond J M Henn J Korchemsky G P and Sokatchev E 2010 Dual superconformal symmetry of scattering
amplitudes in N=4 super-Yang-Mills theory Nucl. Phys. B 828 317 [arXiv:0807.1095 [hep-th]]

Drummond J M Henn J and Plefka J 2009 Yangian symmetry of scattering amplitudes in N=4 super Yang-
Mills theory JHEP 0905 046 [arXiv:0902.2987 [hep-th]]

Arkani-Hamed N Cachazo F Cheung C and Kaplan J 2010 A Duality For The S Matrix JHEP 1003 020
[arXiv:0907.5418 [hep-th]]

Arkani-Hamed N Cachazo F and Cheung C 2010 The Grassmannian Origin Of Dual Superconformal
Invariance JHEP 1003 036 [arXiv:0909.0483 [hep-th]]

Ferro L Lukowski T Meneghelli C Plefka J and Staudacher M 2013 Harmonic R-matrices for Scattering
Amplitudes and Spectral Regularization Phys. Rev. Lett. 110 121602 [arXiv:1212.0850 [hep-th]]

Ferro L Lukowski T and Staudacher M 2014 N=4 Scattering Amplitudes and the Deformed Grassmannian
arXiv:1407.6736 [hep-th]

Derkachov S Karakhanyan D and Kirschner R 2007 Yang-Baxter R operators and parameter permutations
Nucl. Phys. B 785 263 [hep-th/0703076 |

Karakhanyan D and Kirschner R 2009 Jordan-Schwinger representations and factorised Yang-Baxter
operators SIGMA 6 029 [arXiv:0910.5144 [hep-th]]

Chicherin D and Kirschner R 2013 Yangian symmetric correlators Nucl. Phys. B 877 484 [arXiv:1306.0711
[math-ph]]

Chicherin D Derkachov S and Kirschner R 2014 Yang-Baxter operators and scattering amplitudes in N=4
super-Yang-Mills theory Nucl. Phys. B 881 467 [arXiv:1309.5748 [hep-th]]





