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Abstract

This is the first of a series of papers devoted to a thorough analysis of the class of gradient
flows in a metric space (X, d), that can be characterized by Evolution Variational Inequalities.
We present new results concerning the structural properties of solutions to the EVI formula-
tion, such as contraction, regularity, asymptotic expansion, precise energy identity, stability,
asymptotic behaviour and their link with the geodesic convexity of the driving functional.

Under the crucial assumption of the existence of an EVI gradient flow, we will also prove
two main results:

— the equivalence with the De Giorgi variational characterization of curves of maximal slope;
— the convergence of the Minimizing Movement-JKO scheme to the EVI gradient flow,

with an explicit and uniform error estimate of order 1/2 with respect to the step size,
independent of any geometric hypothesis (as upper or lower curvature bounds) on d.

In order to avoid any compactness assumption, we will also introduce a suitable relaxation of
the Minimizing Movement algorithm obtained by the Ekeland variational principle, and we
will prove its uniform convergence as well.
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1 Introduction

This is the first of a series of papers devoted to a thorough analysis of the class of gradient flows
in metric spaces that can be characterized by Evolution Variational Inequalities (EVI, in short).

Gradient flows govern a wide range of important evolution problems. Perhaps the most
popular and well-known theory, with relevant applications to various classes of Partial Differential
Equations, concerns the evolution in a Hilbert space X driven by a lower semicontinuous and
convex (or A-convex) functional ¢ : X — (—o0, +00] with non empty proper domain Dom(¢) :=
{w € X : ¢p(w) < oo}. The evolution can be described by a locally Lipschitz curve u : (0, +c0) —
Dom(¢) solving the differential inclusion

u'(t) € —d¢(u(t)) for Ll-ae. t >0, ltif(r)1 u(t) = up € Dom(¢), (1.1)

where d¢ denotes the Fréchet subdifferential of convex analysis. Existence, uniqueness, well-
posedness, approximation and regularity properties of solutions to (II) have been deeply studied
by the the pioneering papers of Komura, CRANDALL-PAZY, DorrOH, KaTO, BrREZIS, see e.g. the book
Chapters IIIIV] and the references therein.

In the Hilbert framework solutions to (L.I) enjoy many important properties: they give rise to

a continuous semigroup (S¢);»o of A-contracting maps S; : Dom(¢) — Dom(¢), in the sense that
u(t) := S¢(up) is the unique solution to (L) and

1St (u0) — St (vo)llx < e M |lug — vollx  for every ug, vo € Dom(¢h). (1.2)

Among the many important properties of (S¢);>o, we recall that the energy map t +— ¢(u(t)) is
absolutely continuous and satisfies the energy-dissipation identity (here in a differential form,
where ||d¢(-)||x denotes the minimal norm of the elements in d¢(-))

%@(u(t}) = —|lw' (B = -9 (u(t))|3 for L'-ae. t >0; (1.3)

moreover every solution u arises from the locally-uniform limit of the discrete approximations
obtained by the Implicit Euler Method

uy =J.(Ur), neN, U}:=u, (1.4a)
where the resolvent map J; : X — X is defined by

u-v
T

U=T.(V) & e —ag(U). (1.4b)

In fact (T4a) recursively defines a family of sequences (U”),cn depending on a sufficiently small
time step T > 0 and inducing a piecewise constant interpolant

U, (t) := U" =]"(up) whenever t € ((n — 1)1, n7], (1.5)



converging to the continuous solution u of (LI) as v | 0.

Under the initial impulse of Dt Grorai, Deciovanni, MariNo, TosQuEs [37,[38,[61]], the abstract
theory has been extended towards two main directions: a relaxation of the convexity assumptions
on ¢ (see e.g. [80, 68]) and a broadening of the structure of the ambient space, from Hilbert to
Banach spaces (for the theory of doubly nonlinear evolution equations, see e.g. 28]) or to
more general metric and topological spaces [36]. It is remarkable that the original approach by
De Giorgi and his collaborators encompasses both these directions.

Here we focus on the second direction and we consider the metric side of the theory, referring
also to [35, for recent overviews. There are (at least) three different formulations of gradient
flows in a metric space (X, d): the first one, introduced by [37], got inspiration from (L.3), which
is in fact an equivalent characterization of (L.I) in Hilbert spaces. One can give a metric meaning
to the (scalar) velocity of a curve u : [0, ) — X by the so called metric derivative

d(u(t +h), u(t))
7] '
and to the norm of the (minimal selection in the) subdifferential by the metric slope
Y (p(u) = )+
[0¢p|(u) := hr?juup dwo)

A curve of maximal slope is an absolutely continuous curve u : [0, +o0) — X satisfying the energy-
dissipation identity

1[(t) := 1i
il(e) = lim

%qb(u(t)) = —[uA(t) = |9 P(u(t) for Ll-ae.t >0, (1.6)

which is the metric formulation of (T.3).

A second approach is related to a variational formulation to (L4D) (since the latter does
not make sense in a pure metric setting), which can be considered as the first-order optimality
condition for the variational problem

Ue]. (V) & U eargmin iclz(w, V) + (W), (1.7)
wex 27T

whose minimizers define a multivalued map still denoted by J.. A recursive selection of U7
among the minimizers J.(U"™!) of (L7) yields a powerful algorithm to approximate gradient
flows. Pointwise limits up to subsequences of the interpolants U, defined by (T5) as 7 | 0 are
denoted by GMM(X, d, ¢; o) and called Generalized Minimizing Movements, a particular important
case of a general framework introduced in [36]. Let us remark that the extensive application of
(17 in the area of Optimal Transport has been independently initiated by the celebrated paper
of JorpaN-KINDERLEHRER-Ot1TO [51]]; their approach has been so influential, that the realization of
(I7) in Kantorovich-Rubinstein-Wasserstein spaces (see the examples below and Section B.4.3) is
commonly called JKO scheme.

It is not difficult to prove existence of generalized minimizing movements, under suitable
compactness conditions (see [2, [5])); if moreover the slope of ¢ is a lower semicontinuous upper
gradient (see [5, Definitions 1.2.1, 1.2.2]) then generalized minimizing movements are also curves
of maximal slope, according to (L.6).

Even if ¢ is geodesically A-convex (the natural extension of convexity in metric spaces),
however, the evolution does not enjoy all the nice semigroup properties of the Hilbertian case: it
can be easily checked even in finite-dimensional spaces, endowed with a non-quadratic norm [74].
For this to hold, we need to ask something more. Indeed, the most powerful (and demanding)
notion of gradient flow can be obtained by a metric formulation of (L), which may be written as
a system of evolution variational inequalities, observing that

1d

S ln® =l = @/'(6), u(t) - w)x

< Pp(w) — Pp(u(t)) - %Hu(t) - w||§( for every w € Dom(¢),



thanks to the A-convexity of ¢ and the properties of the subdifferential.
In metric spaces one may similarly look for curves u : [0, c0) — Dom(¢) satisfying

%%dz(u(t), w) + %dZ(u(t), w) < Pp(w) — p(u(t)) forevery w € Dom(¢); (1.8)
if a solution exists for every initial datum 1o € Dom(¢), it gives rise to a A-contracting semigroup
(St)i=0 in Dom(¢) satisfying the analogous stability property of (L2). Let us recall that (L.8),
which resemble previous formulations of 20] in Hilbert and Banach spaces, has been
introduced in the metric framework by [5] and it is called the EVI, formulation of the gradient
flow driven by ¢.

In fact (L.8) is the most restrictive definition of gradient flow for A-convex functionals. Differ-
ently from the Hilbertian case, in arbitrary metric spaces X some “Riemannian-like” structure for
X should also be required [74,90]. Among the most interesting examples of spaces and A-convex
functionals where an EVI, gradient flow exists we can quote:

> Hilbert spaces,

> complete and smooth Riemannian manifolds,

> Hadamard non-positively curved (NPC) spaces, or more generally, metric spaces with an
upper curvature bound [63] 52} 5, [13],

> PC spaces, or more generally Alexandrov spaces with a uniform lower curvature bound
123,122,179, 177,178,182, 72, 70],

> the Wasserstein space (#%(X), dw), where X is a complete and smooth Riemannian mani-
fold, a compact Alexandrov space or a Hilbert space [5}82] [72],[47].

> RCD(K,c0) metric measure spaces [7, 44, [10],
> (P2(X), dw), where X is an RCD(K,c0) metric-measure space and ¢ is the relative entropy

functional [88][69],

and there is an intensive research to construct EVI gradient flows in ad-hoc geometric settings for
reaction-diffusion equations [54, 25,57, 55] and systems [65} 48} 56]], nonlinear viscoelasticity [67],
Markov chains [60] 45} [66], jump processes [42], configuration and Wiener spaces [43, 3]]; we refer
to Section[3.4] for a more detailed discussion of the main classes of metric structures.

We think that all these examples and the developments of the metric theory justify a system-
atic study of the EVI,-formulation of gradient flows. This is in fact the main contribution of our
investigation. In the present paper we will assume that an EVI,-flow exists and we will deeply
examine its main structural properties, independently of the construction method. In the follow-
ing companion papers, we will study the natural stability properties related to perturbation of the
functional ¢ and of the distance d under suitable variational notions of convergence (as I', Mosco,
or Gromov-Hausdorff convergence) and the generation results under the weakest assumptions
on the metric and on the functional. In all our analyses we will make a considerable effort to
avoid ad hoc hypotheses, in particular concerning compactness, in order to cover also important
infinite-dimensional examples.

Plan of the paper and main results

Let us now quickly describe the structure and the main results of the present paper.

In the preliminary Section 2] we will briefly recall the main metric notions we will exten-
sively deal with. Since we want to avoid compactness assumptions, a particular attention is devoted
to approximate conditions: length properties (Definition 2.4 and Lemma [2.6), a new relaxed for-
mulation of the Moreau-Yosida regularization inspired by the Ekeland variational principle [39]
(Section2.2), and an approximate notion of A-convexity (Definition[2.12). Theorem 2. 10 provides
a very useful approximation by points with finite slope and a crucial estimate, which lies at the core
of the relaxed version of the Minimizing Movement scheme of Section[5l Theorem 2.17 shows



that approximately convex (resp. A-convex) functions are linearly (resp. quadratically) bounded from be-
low, a property which is well known in Banach spaces. Both these results only depend on the
completeness of the sublevels of ¢.

Section [3] contains the main structural properties of solutions to the Evolution Variational
Inequalities EVI1y; first of all, in SectionBlwe will consider various formulations of (L.8), showing
their equivalence. It is clear that classical formulations in terms of pointwise derivatives are
quite useful to obtain contraction and regularity estimates, whereas integral or distributional
characterizations are important when stability issues are involved.

Our first main result is Theorem which collects all the fundamental properties of solutions of
the EVI,-formulation, mainly inspired by the Hilbert framework. Some results (as A-contraction,
regularization or asymptotic behaviour) had previously been obtained in [5], occasionally using
stronger structural properties on ¢. Here we will show that all the relevant properties are con-
sequence of the Evolution Variational Inequalities; in particular we will obtain precise pointwise
versions of the energy identity, refined regularization estimates, and sharp asymptotic expan-
sions, which will play a crucial role in the analysis of the curves of maximal slopes and of the
minimizing movements in Sections 4l and Bl Section [3.3] collects two basic properties involving
EVI,-flows and A-convexity: first of all, we extend the result by showing that the existence of
an EVI,-flow entails approximate A-convexity if Dom(¢) is a length (also called intrinsic) subset.
Differently from the geodesic property, the length assumption should not be considered restric-
tive, since a result of [3] shows that an EVI -flow in (X, d) is also an EVI,-flow if we replace d
by the length distance d;; Theorem then implies that ¢ is always A-convex in the modified
intrinsic geometry. We will also show that the constants A of the EVI)-formulation and of the
A-convexity coincide.

In the last two sections of the paper we compare the notions of EVI,-flow, of curves of
maximal slope and of generalized Minimizing Movements. Our main assumption is that an
EVI,-flow exists; in this case, in Section [ we prove that any curve of maximal slope, even in a
weaker integral sense than (L.6), is a solution to the EVI)formulation; in particular, we get also
uniqueness of curves of maximal slope.

In Section 5l we will study the Minimizing Movement scheme, in a new and suitably relaxed
form where we use approximate minimizers obtained at each step via the Ekeland variational
principle. In this way, we can establish the existence of a discrete approximating sequence without
invoking compactness arguments, and we will prove that every sequence of discrete Minimizing
Movements converges to the solution of the EVI,-flow. As a byproduct of our analysis, we
will also prove explicit error estimates between discrete Minimizing Movements and continuous
solutions, assuming different regularity on the initial data and allowing for a further relaxation
of the minimality condition: when ug has finite slope, in the case of a convex functional with no
need for the Ekeland regularization, we will obtain the uniform error estimate of order 1/2

d(S4 (o), " (u0)) < %Wﬂﬂ(uo), T=t/n, (19)

which reproduces in our metric setting (with a better constant) the celebrated Crandall-Liggett
estimates for contraction semigroups in Banach spaces [32], previously obtained in specific metric
settings under much stronger assumptions on d [63, 5] 26| 31} [13], the latter implying suitable
contraction properties of J ;.

These estimates are completely new; their strength relies on the fact that they do not depend on
any upper or lower curvature bound on the distance d, but only on the existence of an EVI ;-flow. In
particular, they can be applied to the setting of RCD(K, co) metric spaces or to Wasserstein spaces,
showing that the JKO-Minimizing Movement Scheme is always at least of order 1/2 whenever it
is applied to an EVI,-gradient flow. Apart from their intrinsic interest, these estimates will also
be crucial in the study of the convergence of EVI,-flows, which will be investigated in the next
paper [69]. For these reasons, we tried to reach the greatest level of generality.



List of main notations

(X,d) the reference metric space
a l.s.c. functional on X with values in (—o0, +0]
ACP(L; X) p-absolutely continuous curves x : [ — X, Def.[2]]
x|, Length[x] metric velocity and length of an AC curve x, (Z2) and 2.3)
de,dp ¢ length distance induced by d (in a subset D), (2.5)
Geo(D), Geop[xo— x1] geodesics in a subset D, Def.
Dom(¢) domain of a proper functional ¢, 2.12)
[9p|(x), Lilep](x) metric and global slopes of ¢, Def.2.7]
Joqlx] Moreau-Yosida-Ekeland resolvent, Def.
¢’ (x0, X) directional derivative of ¢ along a geodesic x, Def.
X=(X,d,¢) a metric-functional system, (3.1)
EVI, Evolution Variational Inequalities characterizing the flow, Def.
Ex(t) the primitive of the function e*! s.t. E1(0) = 0, 33)
(UZ nen a seq. in X generated by the Minimizing Movement algorithm, Def.[5.1]
7,1 step size and Ekeland relaxation parameter of a Min. Mov., Def.[5.1]
Uw(t) piecewise-constant interp. of a discrete Minimizing Movement, (5.3)
MM(X, d, ¢; uo) Minimizing Movements starting from ug, Def.
GMM(X, d, ¢; uop) Generalized Minimizing Movements starting from 1, Def.

2 Preliminaries

Let us first briefly recall some basic definitions and tools we will extensively use in the forthcoming
sections, referring to [5] for a more detailed introduction to the whole subject. Throughout the
present paper we will refer to a metric space (X, d). We will often use the symbol D to denote a
distinguished subset of X, which inherits the distance d from X.

2.1 Absolutely continuous curves, length subsets and geodesics

Definition 2.1 (Absolutely continuous curves and metric derivative). Let I C R be an interval and
p €[1,+c0]. Acurvex:1— X belongs to ACF(I; X) if there exists m € LP(I) such that

t
d(xs, x;) < / m(r)ydr foreverys,t € [ withs < t. (2.1)
S

The metric derivative of x is defined, where it exists, as

d(XH—h 7 Xt)

7 (2.2)

X|(t) := li
[%|(#) Lim.

The proof of the following result can be found, e.g., in [5, Theorem 1.1.2].

Theorem 2.2 (Absolutely continuous curves and metric derivative). If x € ACF(I; X), then x is
uniformly continuous, its metric derivative exists at #*-a.e. t € I, belongs to L¥(I) and provides the
minimal function m satisfying @), i.e. |X| complies with @) and every function m as in 1) satisfies
m(t) > |xX|(t) for L -ae t €L

Still by means of similar techniques to those used in the proof of [5, Theorem 1.1.2], it is not
difficult to show that a curve belongs to AC'(I; X) (resp. AC®(I; X)) if and only if it is absolutely
continuous (resp. Lipschitz continuous). Hence from now on AC! = AC. The length of a curve
x € AC(I; X) is

Length[x] := /l)'(|(t)dt. (2.3)
I



A well-known reparametrization result (see e.g. [5, Lemma 1.1.4]) shows that for every x €
AC([a, b]; X) with length L, there exist unique maps 'y € AC*([0,1];X) and ¢ : [a,b] — [0,1]
continuous and (weakly) increasing such that

x=yoog, |y|=L ZL'-ae.in[0,1]. (2.4)

Given a subset D C X, we can then define the length distance induced by d in D:
dp,¢(x0, x1) := inf { Length[x] : x € AC([0,1]; D), x(i) = x1, i = 0, 1}, 2.5)

and we will simply use the symbol d; when D = X.

If D is Lipschitz connected, i.e. each couple of points x¢g, x;1 € D can be connected by a curve
x € AC([0,1]; D), then (D, dp,¢) is a metric space. In general, we adopt the usual convention to
set dp ¢(xg, x1) = +oo if there are no absolutely continuous curves connecting x¢ to x1 in D. In
this case dp,¢ : D X D — [0, +o0] is an extended distance on D, i.e. it satisfies all the axioms of a
distance function, possibly assuming the value +co. By partitioning D in the equivalence classes
with respect to the relation ~p , defined by

x~pey & dpe(x,y)<oo, (2.6)
each class
[J?]D,[ = {x eD: dD,[(x,f) < oo}, xeD,

endowed with the distance dp ¢ becomes a metric space in the usual sense and it is closed and
open in (D,dp,). Since d < dp,, the topology induced by dp  is stronger than the original
topology induced by d; moreover, if (D, d) is complete, then (D, dp,¢) is complete as well.

Definition 2.3 (Geodesics and geodesic subsets). A constant speed, minimal geodesic (in short,
geodesic) in D C X is a (Lipschitz) curve x : [0, 1] — D such that
d(xs, X¢)
|s -t

We denote by Geo(D) ¢ AC™([0, 1]; X) the collection of all of the geodesics in D and by Geop[xo — x1]
the (possibly empty) collection of the geodesics in D satisfying x; = x;, i = 0, 1. If Geop[xo — x1] # 0 for
every xo, x1 € D we say that D is a geodesic subset.

=d(xo, x1) =: [X| forevery0<s <t <1.

So geodesics are absolutely continuous curves along which the space swept between any two
points (xp and x; are enough actually) is equal to their distance. By the arc-length reparametriza-
tion (2.4), it is not restrictive to assume that they have constant speed. In particular, if X is a
geodesic space then d = d; and the inf in (Z.5) is attained.

Since in general metric spaces the existence of geodesics is not for granted, one can consider
weaker notions; the first one is the length (or intrinsic) property.

Definition 2.4 (Length (or intrinsic) property). D is a length (or intrinsic) subset of X if for every
X0, x1 € D and every d > d(xo, x1) there exists a curve x € AC([0, 1]; D) connecting xo to x1 such that
length[x] < 4.

Note that D is intrinsic if and only if dp s =d¢, =don D x D.

A second, even weaker property, is related to the existence of ¢-approximate intermediate
points.

Definition 2.5 (Approximate length subsets). Let xo, x1 € X, 9 € (0,1), € € (0,1). We say that x is
a (9, e)-intermediate point (e-midpoint if § = 1/2) between xo and x1 if
d*(xo, x) | d*(x,x1)
9 1-9

We say that D C X is an approximate length subset if for every xo, x1 € D and every ¢ € (0, 1) there
exists an e-midpoint x € D between xo and x1.

< d?(xg, x1)(1 + €29(1 - 9)). (2.7)




Note that in the case of e-midpoints 2.7) reads
1
d(x0, x) + d*(x, x1) < Edz(xo, x1)(1+ €2/4).

The above definition comes from the fact that geodesic points xy can be characterized as minimiz-
ers of the functional in the Lh.s. of (Z.7) for which the minimum coincides with d?(x, x1), see [22}
Lemma 2.4.8]; by means of ¢ we admit an arbitrarily small error with respect to exact minima. It
is immediate to check that if

d(xg, x) < 9d(xg, x1)(1 +0), d(x,x1) < (1-=9)d(xg,x1)(1+0) (2.8)

with (for instance) 6 < $¢28(1 — 9), then (ZZ7) holds. On the other hand, recalling the elementary
identity
(Sa+(1—-9)b)?> =9a%+(1-9)b*> - 9(1 - 9)(a —b)?,

¢ :=d(xg, x) + d(x, x1) satisfies

d*(xo, x) | d*(x,x1) d(xo,x)  d(x,x1)\*

d?(xg, x1) < €% = 9(1-29)

9 1-9 Jd 1-9 )7
so that if (Z.7) holds we get
d(xg’x) - dgxl’;l) <d(xo,x1)e  and €< d(xo, x)V1+ e29(1— 9); 2.9)

from (2.9) it is not difficult to deduce that 2.8) is satisfied e.g. with 6 = «.
We collect in the following Lemma a list of useful properties; to our purposes, let us denote
by D:={k27": k,n € N, 0 < k < 2"} the set of all dyadic points in [0, 1].

Lemma 2.6.

L1: If D c X is a length subset then it is also an approximate length subset.

L2: D c X is an approximate length subset if and only if D is.

L3: If D is an approximate length subset of X then for every xo,x1 € D and every L > d(xo, x1) there
exists {Xg }sep C D such that xy = xo, X1 = x1 and

d(xgr, xgr) < LIS = 98”| forevery §',9” € D.
In particular, for every 3, € € (0, 1) there is a (9, &)-intermediate point x € D between xo and x1.

L4: If D is a complete and approximate length subset of X then it is a length subset of X.

Proof. L1 is a consequence of the discussion following Definition 2.5 The density of D in D and
the triangle inequality yield L2.

L3 can be proved by adapting the arguments of [22, Section 2.4.4]: we briefly sketch the main
steps.

Let 6 > 0 be such that L = d(xg, x1)(1 + 6) and let us fix a sequence (&, )sen C (0, 1) satisfying
Ymeo €n < log(1+ 0). We can parametrize all the points in D by two integers n € Nand h € [0,2"]
by the surjective (but not injective) map (1, n) — 6y, = h27". We call D,, := {6y,,, : h € [0,2"]}.
It is clear that for any odd integer & = 2k + 1 0), 41 is the midpoint between Ok, and Ok+1 .,
belonging to ID,,, whereas for an even integer h = 2k, the point 0y, ,,.1 belongs to D;,.

We can construct a map 9 + x(9) = xy in D satisfying

n
d(x(9),x(¥")) < d(xp, x1)|9 — | exp ( Z sm) forevery 9,9 € D, (2.10)

m=0



by induction with respect to n: note that (2.10) surely holds, by the triangle inequality, if

1 n
d(x((k +1)27"),x(k2™™)) < Z—Hd(xo, x1) exp ( Z sm) for every integer k € [0, 2"].
m=0
The case n = 0is trivial; assuming that x has already been defined on ID,, we can extend it to every
point O2k+1,n+1 € Dyt \ Dy by choosing an ¢,,11-midpoint between x(6 ) and x(Ox1,,); itis clear

that (recall (2.8))

1
d(X(O2k+1,n+1), X(O2k n+1)) < Ed(x(ek,n)r X(Ok41,0))(1 + €n41)
n

1
< g0, m)exp ( D) en) explenn)
m=0
n+1

- 2n1+1d(x0’ x1)exp ( Z gm)’

m=0

and an analogous estimate holds for d(x(02k-1,1+1), X(O2k,n+1))-
L4 follows immediately from L3 and the completeness of D. o

In analogy with (2.5), it is not difficult to show (for instance by using L) that D is an approxi-
mate length subset if and only if for all x, y € D and ¢ > 0 there holds

N
d(x,y) = inf{z dlxg, xk-1): NeN, {x,)} €D, xo=x, xn =V, m};ax d(xg, xx_1) < s}. (2.11)
k=1

2.2 Moreau-Yosida regularizations, slopes and Ekeland’s variational princi-
ple
On X we will be considering proper functionals ¢ : X — (—o0, +o0], where
Dom(¢) := {x € X : ¢(x) < +oo} (2.12)

denotes the (non-empty) domain of ¢. We say that ¢ is quadratically bounded from below if there
exist o € X, ¢,, k, € R such that

d(x) + %dz(x,o) > ¢, foreveryx e X. (2.13)

Similarly, we say that ¢ is linearly bounded from below if there exist 0 € X, ¢,, {, € R such that
¢(x) + €od(x,0) > ¢, foreveryx € X, (2.14)

which in particular implies that it is quadratically bounded from below for all x, > 0.
The (quadratic) Moreau-Yosida regularizations of ¢ (we refer e.g. to [5 Section 3.1] or [33
Chapter 9]) are the functionals ¢, : X — R defined by

¢-(x) := inf P(y) + idz(y,x) for every x € X, (2.15)
yeX 2T

and we set
To 1= sup {T > 0: Dom(¢.) # (2)}. (2.16)

Note that 7, > 0if and only if ¢ is quadratically bounded from below and Dom(¢-) = X for every
T € (0, 7,). If ¢ satisfies (Z13) then

1

T, >k, ifx,>0; T, = +oo0 ifx, <0.



Because we will mainly deal with functionals that are quadratically bounded from below (see
for instance Theorem 2.171 and Theorem [B.5] below), the regularizations given by [@2.I5) come
naturally into play; they are also strictly related to the Minimizing Movement approach to gradient
flows, see the Introduction or Section[5l However, it is also possible to deal with more general
regularizations: this will be addressed in detail in [69].

Definition 2.7 (Metric slopes). The metric slope of ¢ at x € X is

+00 if x ¢ Dom(¢),

100|(x) := if x € Dom(¢) is isolated,

lim sup M otherwise.

y—x d(x/ y)

As usual, we set Dom(|d¢|) := {x € X:1d9|(x) < +oo}. For A € Rand x € X we then introduce the
global A-slope

. (o) = ply) + 4 (x, )"
Lalp](x) = Sylif 3 y) ,

understood to be +co if x ¢ Dom(¢). Similarly, we set Dom(£,[¢]) := {x € X: ¢ [o](x) < +oo}.
Finally, we will denote by |d¢|¢ the metric slope of ¢ evaluated w.r.t. the length distance de Z5), i.e. in
the extended metric space (X, dy).

Note that for every S € [0, +c0) and x € X there holds
09Ix) <S  © xeDom(@), ¢(y)= d(x)-Sd(y,x) +o(d(y,x) asd(y,x)—0, (217)
whereas
UlPlx) =S o Py) = p(x) - Sd(y, x) + %dz(y,x) for every y € X. (2.18)
In particular,

[dp|(x) < La[Pp](x) foreveryx e X, A eR. (2.19)

We will mostly deal with proper functionals ¢ that are lower semicontinuous (1.s.c. for short): under
such an assumption, it is easy to check that the global A-slope is also lower semicontinuous.
Contrarily, the metric slope is in general not lower semicontinuous, though it can be seen as a
pointwise limit of lower semicontinuous functionals:

(o) = o(y)) "

[01(x) = lim  sup  ——T—— (2.20)
¢ n—eo yeDom(g\lm d(x, y)
d(x,y)<yp

where the supremum is understood to be eventually 0 if x is isolated in Dom(¢) and +oo if
x ¢ Dom(¢p).

It turns out that the metric slope is always a weak upper gradient for ¢, whereas the global A-
slope is a strong upper gradient for ¢ provided the latter is lower semicontinuous: see [5, Definitions
1.2.1,1.2.2 and Theorem 1.2.5] for more details.

When ¢ satisfies suitable coercivity assumptions (e.g. its sublevels are locally compact), it is
not difficult to check that Dom(|d¢|) is dense in Dom(¢), and in particular is not empty. This can
be proved [5, Lemma 3.1.3] by studying the properties of the minimizers y € X of the variational
problem (2.15). More generally we will see that, thanks to Ekeland’s variational principle, the density
of Dom(|d¢|) in Dom(¢p) holds if the sublevels of ¢ are merely complete (which in particular implies
that ¢ is Ls.c.). As a byproduct, if in addition ¢ is quadratically bounded from below, £,[¢] is
also a proper functional for all A < —x, (itis enough that x — ¢(x)— 4d?(x, 0) is linearly bounded
from below actually).

Let us first recall the celebrated variational principle of Ekeland [39, [40].
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Theorem 2.8 (Ekeland’s variational principle). Let ¢ : X — (—c0, +0c0] be a functional bounded from

below, with complete sublevels {x € X: ¢(x) < c} for all c € R. For every x € Dom(¢) and for every
1 > 0 there exists a point x,, € Dom(¢) such that

p(xy) < o(y) +nd(y, x,) foreveryy € X\ {x,}, (2.21a)

P(xy) +nd(x, x,) < @(x). (2.21b)

In the next definition we introduce a relaxed version of the variational problem that underlies
(2.15), suitable to deal with possible lack of coercivity.

Definition 2.9 (Moreau-Yosida-Ekeland resolvent). Let ¢ : X — (—co, +00] be a proper functional.
For every x € X, T > 0 and 1 > 0 we denote by J. »[x] the (possibly empty) set of points x,, € Dom(¢)
characterized by the following two conditions:

%dz(x, Xoq) + P(xe,y) < %dz(x, y)+o(y) + g d(x, x¢,y)d(y, xc,y) foreveryy € X, (2.22a)

%d2(x, Xog) + QX)) < P(x). (2.22b)

Note that either ¢ is not quadratically bounded from below and therefore the infimum in 2.15)
is —oco for all T > 0, or ¢ is quadratically bounded from below and for every family x. , € J. [x],
n>0,7€(0,1,) and ¥ € X the following properties hold:

27T,

d(xr,, x) < (qb( )= ¢r, (%)), lfiﬁ)l d(x¢,,x) =0 provided x € Dom(¢), (2.23)

1im2id2<x,xT,n>+¢<xT,q>=¢T<x>; G:(0) = =P, D) +6(0) & T Tl
nlo 27

In particular, J, »[x] is a useful substitute (for > 0) of ] o[x] when this set is empty, i.e. when the
infimum in (2.I5) is not attained. More importantly, the slopes of its points can be estimated in a
quantitative way.

Theorem 2.10 (Ekeland resolvent and slopes). Let ¢ : X — (—o0, +o0] be a proper functional and
x €X,1>0,1n20. Then every x«,; € J,[x] belongs to Dom(|d¢p|) and satisfies the bound

(x Xt n)

90¢](xz,y) < LoayelPlxe,y) < (1+ 377) (2.24)

If moreover ¢ has complete sublevels (thus in particular it is l.s.c.) and is quadmtically bounded from below

according to [2.13), then for every choice of x € Dom(¢), T € (0,7,) and n > 0, the set J, 5[x] is not
empty. In particular, Dom(|d¢|) is dense in Dom(¢).

Proof. Let us first check @24): if x+,, € J;[x] then (Z224) yields, for every y € X,

O 2 O(xen) = 3 dlx, ¥en)a(y, %o + 5= (W06, ¥e) = o, )
> O(xe) = 200, ¥en)(y, o) = Ay, xen)z (00, o) + dx, )
= Oen) = (2 + T dlx, 2oy, xe) - o o= (8, 1) - 9, )
> §ren) — (2 + 77 Jdx, ¥eq)(y, wen) — 520y, X
Recalling (2.18) and (Z.19) we obtain (2.24).
Let us now prove that if ¢ satisfies (Z.13), its sublevels are complete, x € Dom(¢), T < 7, and

n > 0, then J ,[x] is not empty. We want to apply Ekeland’s variational principle (Theorem 2.8)
to the function

P(y) = 5=l 1)+ 9y) yeX,
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choosing xo = x. Note that ¢ is bounded from below by 2.I3). In case x itself is a minimizer
of ¢, we can simply pick x;, = x. Otherwise, ¢(x) = ¢(x) > infyex ¢(y) and we can set
e = 2(p(x) — infyex ¢(y)) > 0. Upon choosing a vanishing sequence 1, | 0, Ekeland’s variational
principle provides a sequence {x, } € Dom(¢) such that

€21m)
Pl = 5=, + 98 2 9(x) = 9(x) (2.29)

and
p(xn) < @(y)+n.d(y,x,) foreveryy e X. (2.26)

Since x is not a minimizer of ¢ and ¢ is Ls.c., there exists 19 € N such that the quantity 6 :=
inf,; 5, d(x, x,,) is strictly positive and therefore there exists in turn an integer 71 > ng such that

21 < 1. By choosing x+,, = x5, inequalities 2.22b) and (2.22a) follow from (225) and (2.26),
O

respectively. The last assertion is just a consequence of (Z.23).

2.3 A-convex and approximately A-convex functionals

We will study a class of gradient flows which is strictly related to suitable convexity properties
of the driving functional. We therefore recall the meaning of convexity on geodesic subsets and
introduce a slightly weaker property on (approximate) length subsets.

Definition 2.11 (A-convexity). A functional ¢ : X — (—co, +oco]is A-convexin D C X forsome A € R
if for every couple of points xg, x1 € D N Dom(¢) there exists a geodesic x € Geop|[xo — X1] such that

O(x¢) < (1= 1)p(x0) + tP(xq) — %t(l — 1)d?(xg, x1) for every t € [0,1]. (2.27)

We denote by Geog’A[xo — X1] € Geop|[xo — x1] the subset of geodesics enjoying (2.27). The functional
¢ is strongly A-convex in D if it is A-convex and (Z2Z7) holds for every geodesic in Geop[xo — X1],

ie 0+ GeoD’A[xo — x1] = Geop[xp — x1].
Definition 2.12 (Approximate A-convexity). A functional ¢ : X — (—oo,+00] is approximately

A-convex in D C X for some A € R if for every couple of points xo,x1 € D N Dom(¢) and for every
9, e € (0,1) there exists a (9, €)-intermediate point Xg,. € D between xo and X1 such that

B(xs,e) < (1— 8)p(x0) + Sb(x1) — %3(1 — )P (xo, x1). (2.28)

When D = X (or, equivalently, D = Dom(¢)) we just say that ¢ is (approximately) A-convex,
and if A = 0 we say (approximately) “convex” rather than (approximately) “O-convex”.

Note that an approximately convex function may be far from being convex. For example,
consider the Dirichlet function in [0, 1] which takes the values 0in Q and 1in [0, 1] \ Q: the latter
is clearly non-convex but turns out to be approximately convex. Nevertheless, if D is complete
and ¢ is Ls.c. such kind of situations cannot occur (see Remark 2.14).

Lemma 2.13. Let D C X be a set whose intersection with the sublevels of ¢, {¢p < c} with c € R, are
complete. If ¢ is approximately A-convex in D then D is a length subset of X.

Proof. We argue as in the proof of Lemma 2.6} we only have to check that the points constructed
by the induction argument are contained in a common sublevel of ¢. In fact, we will show that
one can pick every point x(k27") so that

n-1

P(x(k27)) < @ = o +a Z 47" < o +4a/3, (2.29)
h=0
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where ¢ := max(¢(xo), ¢(x1)), a := %(/\ —1)-d?(xp, x1). We argue by induction: the case n =0
is trivial; assuming (2.29), it is sufficient to check the induction step for every 9 € D, of the
form 9§ = x((2k + 1)2-""*V) for some integer k € [0,2" — 1]. If we pick x((2k + 1)2~"*D) as an
en+1-midpoint between x(k27") and x((k + 1)27") satisfying (Z.28), we deduce that

d(x((2k +1)27"V)) < ¢, + %(A —1)_d?(x(k27™), x((k + 1)27"))

A—=1)_ A=1)_
<t “@-1) d?(x0, x1)(1 + 6)* < ¢y + -1 d*(x0, x1) < Pus1,
8 .41 241
where we used the factthat 1 + 6 < 2. m|

Remark 2.14 (Approximate convexity along approximate geodesics). Under the same hypotheses
as in Lemma one can show that for any given ¢ € (0,1) there exists a Lipschitz curve
9 €[0,1] = x9,, € D N Dom(¢) such that (Z:28) holds and

d(xgre, X9 ¢) < d(x0, x1) (1 +€) [ —9”| forevery §',9” €[0,1].

In order to prove it, one has to adapt the proof of Lemma so as to make sure that (2.28) is
satisfied at every induction step. We omit details, but let us mention that for this procedure to
work it is necessary to require that each ¢, at fixed n, is chosen depending also on k (just as a
consequence of the fact that the e-error allowed in (Z.28) is weighted by 8(1 — 9)).

For A-convex functionals there is a way of characterizing |d¢|(x) as modulus of the slope along
the direction of maximal slope, to some extent.

Definition 2.15 (Directional derivatives). If x is a geodesic starting at xo € Dom(¢) we set

d(xt) = Qb(XO)‘

¢’ (x0;X) := lirﬂ(iJnf ;

It is not difficult to check that, if in addition x € GeoX’A [xo — x1], then

B0) 2 00) + ¢/ 00) + 50, x1). (2:30)
Indeed, @2Z7) can be rewritten as
$(xt) — p(xo) N A

P(x1) > Pp(xo) + ; 5 (1= £)d*(xo, x1);
passing to the limit as ¢ | 0 we obtain 2.30). If ¢ is A-convex it follows that [5, Theorem 2.4.9]
"(x;%))
goi= sp LY g,

; X
yeDom(¢), xEGeo“‘);’/‘ [x—y] IX]

where the supremum is understood to be zero if x € Dom(¢) is isolated in Dom(¢p), whereas
it is set to +oo0 if x ¢ Dom(¢p). Hence the slope of ¢ is lower semicontinuous if ¢ is, and it can
be characterized by the global lower bound (2.18). In fact the identity between metric slope and
global A-slope also holds if ¢ is approximately A-convex.

Proposition 2.16 (Approximate A-convexity and slopes). If ¢ : X — (—oo, +o0] is an approximately
A-convex functional then
[dp|(x) = Lr[p](x) for every x € X. (2.31)

If the sublevels of ¢ are complete, we also have

[9p|(x) = |dPle(x) for every x € X. (2.32)
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Proof. We can suppose with no loss of generality that x = xg € Dom(|d¢|) and y = x; € Dom(¢).
By Definitions (along with subsequent discussions) and 2.12] for every 9, ¢ € (0,1) we can
find a (9, ¢)-intermediate point xs,. between xo and x; such that

o) 2 9x0) + LEIZPOD L AZE g0, ),

(1 = €)d(xg, x1) < d(Xg, Xg9,¢) < 1 + €)d(xo, X1),

(2.33)

whence

(¢(x0) = plxs,e)) "

d(XO/ XS,E)

A—¢
2

d(xo, x1)(1 + ¢€) + (1= 9)d*(xo, x1);

P(x1) = P(xo) =

by passing to the limit as 9 | 0, we end up with

A—¢
2

Identity 2.37) follows by finally letting ¢ | 0, recalling 2.18)—(2.19).
In order to prove (Z.32) it is sufficient to observe that Dom(¢) is a length subset of X, thanks

to Lemma[2.13] so that d = d; = dpom(¢),c on Dom(¢) and therefore [d¢p| = [dp|, by the character-
ization (2.20) of the metric slope. O

d?(xg, X1)-

d(x1) = P(x0) = [dP|(x0)d(x0, x1)(1 + &) +

Another important property of approximately A-convex functionals ¢ is their quadratic bound-
edness from below, provided sublevels are complete. This is obvious if A > 0 as long as standard
convexity is concerned, since in such case ¢ is even bounded from below, see [5, Lemma 2.4.8].
We will also show that x — ¢(x) — %dz(x, 0) is linearly bounded from below; in the case A = 0
we thus find a metric analog of the well-known property of convex l.s.c. functionals in Banach
spaces.

Theorem 2.17 (Approximate A-convexity and quadratic boundedness). If ¢ : X — (—o0, 4+00] is
approximately A-convex and has complete sublevels, then it is quadratically bounded from below. More
precisely, for every o € Dom(¢) and x, > —A it satisfies the lower bound @.13) with

() =mo+ %) A+, .
G = P(0) — TS s Moi= inf {¢(x) :x €X,d(x,0) < 1} > —co. (2.34)

Furthermore, the functional x — ¢(x) — %dZ(x, 0) is linearly bounded from below and satisfies the lower

bound @2.14) with
A A
lo = P0) —m, + > b =My — 5 (2.35)
Proof. Let us first prove that m, given by (2.34) is finite: we argue by contradiction assuming that
m, = —oo. Let Z be the complete metric space given by

Z:={xeX: ¢(x) < P(0), d(x,0) < 1}.

For all ¢ € (0,1), we can pick a general sequence {y,} C Z such that ¢(y,) < —4" and define
inductively another sequence {x,} by setting x,4+1 := Xs,,, where § = 27" and xs, is a (9, ¢)-
intermediate point between x,, and y, fulfilling (2.28) with X9 = x,, and x; = y,. The sequence is

supposed to start from x3 = o, so that d(x,,0) < 1 for all n > 3 and (note that d(x,, y,) < 2)

d(xy, xp41) < 2771+ ¢), O (xn+1) = Plxn) 27" [ b(yn) — plxn) +2(A7 + )] (2.36)

From the right-hand inequality of (Z.36) it is not difficult to check that ¢(x,) — —oco and therefore
Xn € Z eventually: because {x,} is a Cauchy sequence (hence converging to some X« € Z) and ¢
is Ls.c., it follows that ¢(x«) < —0c0, which is impossible since —co is not in the range of ¢.
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In order to show the bound (2.13), it is not restrictive to assume x € Dom(¢). The latter is
then a simple consequence of (Z.33), understood with xo = 0 and x; = x, which yields for every
3,6 €(0,1)

- A—e
B(x) 2 9(0) - 37 (p(0) - plxs,0) +

When d(o, x) > 1 we can pick 97! := d(o, x)(1 + ¢), so that ¢(xg,¢) > m,; in any case, we obtain for
every x € X

(1-9)d?(0, x). (2.37)

A—¢

2 d*(0, x),

P(x) = P(0) — (d(o, x) V1)(1 + &) (p(0) = me + A1/2) +

and by letting ¢ | 0

$(x) =2¢p(0) = (d(o, x) V1) (Pp(0) — mo + AT /2) + %d2(o, x)

>(0) — % (d(0) = my + A7 /2)" = g + %d%o,x)

for every 6 > 0. By choosing 6 := A + k, > 0 we get (2.34). Linear boundedness from below with
(2.39) follows straightforwardly from (2.37) arguing similarly to above. o

3 The metric approach to gradient flows

The goal of this section is to study the properties of A-gradient flows, which will be associated
with a metric-functional system
X =(X,d, ¢), where (X, d) is a metric space and

1
¢ : X — (=00, +00] is a proper Ls.c. functional. G-

In the following, X and (X, d, ¢) will always refer to (3.1).

3.1 Evolution Variational Inequalities (EVI)

The next (quite demanding) definition is modeled after the case of A-convex functionals in
Euclidean-like spaces, and has first been introduced [5, Chapter 4].

Definition 3.1 (EVI and Gradient Flow). Let A € Rand X = (X, d, ¢) be a metric-functional system
as in ). A solution of the Evolution Variational Inequality EVIy (X, d, ¢) is a continuous curve
u:te(0,+00) - u; € Dom(¢p) such that

%%erz(ut,v) + %dz(ut,v) < ¢(v) — P(uy) forevery t € (0, +c0), v € Dom(¢p). (EVI,)

An EVI)-Gradient Flow of ¢ in D € Dom(¢) is a family of continuous maps Sy : D — D, t > 0, such
that for every ug € D

Sin(uo) = Sp(S¢(ug)) foreveryt,h >0, 11?)1 S¢(u0) = So(uo) = uo, (3.2a)
t

the curve t +— Sy(ug) is a solution of EVI (X, d, ¢). (3.2b)

Remark 3.2 (Upper, lower and distributional derivatives). Thanks to Lemmal[A.Tlfrom Appendix
[A] for continuous curves u the upper right derivative in (EVI;) can be replaced by the lower right
derivative or the distributional one; in other words, (EVL)) is equivalent to

%% dz(ut, v) + %dz(ut, v) < ¢(v) — P(uy) forevery t € (0, +00), v € Dom(¢p), (EVIi)
+
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or to
1d

5 dtdz(ut, V) + %dz(ut, v) < P(v) — P(u) in 2'((0,+0)), for every v € Dom(¢h) (EVI/?)

along with the further requirement ¢ o u € Llloc((O, +00)). If u is also absolutely continuous, a
pointwise derivative almost everywhere (compare with [5, Theorem 4.0.4]) is sufficient: indeed,
in such case, u satisfies EVI;(X,d, ¢) in the integral form below (the fact that ¢ o u €
Llloc((O, +00)) easily follows from the lower semicontinuity of ¢ and (EVL)) itself).

The next result shows two different characterizations of solutions to (EVIy) (see also [34}, 27]).
At the core of its proof is the fact that f — ¢ (1) is a nonincreasing function along any solution to
(EVT4). To our purposes, from here on it is convenient to set

t e/\t_l .
fA£0
Ext):= [ eMdr=4 & ! ' 33
A() /0 e {t if A =0. (33)

Theorem 3.3 (Integral characterizations of EVI). A curve u : (0, +00) — Dom(¢) is a solution
of EVI\(X,d, ¢) according to Definition Bl if and only if it satisfies one of the following equivalent
formulations.

(IC1) For every v € Dom(¢p) the maps t +— ¢(uy), t — d*(uy, v) belong to Llloc((O, +00)) and for all
s,t € (0, +o0) with s < t there holds

%dz(ut,v) - %dz(us,v) +/s (¢(u,) + %dz(u,,v)) dr < (t - 9)p(v). (EVT))

(IC2) Foreverys,t € (0, +00) with s < t and v € Dom(¢) there holds

e/\(t—s)
2

d?(us, v) - %dz(us, v) < Ea(t - s)(q>(z;) -~ qb(ut)). (EVI]

Furthermore, the map t v« ¢(u;) is nonincreasing (in particular it is right continuous).

Proof. We split the proof in various steps.

(EVIL) = (EVT)): solutions of (EVIL) according to Definition 3. satisfy (IC1). It is enough to apply
Lemmal[A.1lto the functions

) = 3, 0), 1(t) = 5, 0) + Gu) = 9(0)

= (EVL): solutions of (IC2) satisfy (EVI1) according to Definition Bl (and t — ¢(uy) is
nonincreasing). First of all note that yields u; € Dom(¢) for all + > 0. Hence by choosing
v = us in (EVI]) we immediately get that ¢ — ¢(u;) is nonincreasing, in particular it is locally
bounded in (0, +o0). It follows that

limsup d(u¢, v) < d(uy,, v) < lin}infd(ut, v) forevery tp >0, v € Dom(¢),
tlto fTto

so that u is right continuous and the maps ¢t — d(u, v), t — ¢(u;) are lower semicontinuous and

satisfy (EVI}); arguing as in step (EVI;) = (EVT}) (only lower semicontinuity is needed) we can
show that they satisfy (IC1) and by the next step u is also continuous.

(EVT,) = (EVIL): solutions of (IC1) satisfy (EVI;) according to Definition Bl (and t — ¢(uy) is
nonincreasing). To begin with, from (EVI) ) we immediately get the right continuity of u, since

lim sup d*(us, v) < d*(us,v) for every v € Dom(¢h)
tls
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and u; € Dom(¢). Because t — ¢(u;) € L}OC((O, +00)) and u is right continuous, there exists a
sequence v, C Dom(¢) which is dense in the image of u. In particular there holds

dz(ut/ Ms) = Sup |d(ut/ vn) - d(uS/ Un)lz VS/ t e (0/ +OO),
neN

so that the real function (t,s) — d*(u, us) is Lebesgue measurable in (0, +00) X (0, +c0). Given
almost every s > 0 and any h > 0, we can choose v = us and t = s + h in (EVI)) to get

h h
s )+ 5 [ nars [ (60 - gl ar 64

a further integration w.r.t. s from to > 0 to f1 > tg yields

t h t h t1
[ umuaser [0 [ @ ugasar <z [0 (o - o) asar
to 0 to 0 to

hopr hoph
=2 [ [ (0tme0) = ptue0)) dedr =2 [ [ (ptagne) = gluoe) o) dé o
h 1
:2/0 <¢(uto+£) - ¢(ut1+£))(h -¢&)dé = 2h2/0 (¢(ut0+h5) - ¢(ut1+h5))(1 —&)de&.
Upon setting x(h) := ft: d?(us4n, us) ds, we therefore get
h 1
x()+ 4 /0 x(rydr < B y(n),  y(h):=2 /0 ((atune) = Sourane) J(1 = £,
so that Gronwall’s Lemma yields

h=2x(h) < e sup y(9). (3.5)
0<6<h

If to, t1 are Lebesgue points of the map s — ¢(us), then

lhiﬁ.l y(h) = lhiﬂg sup y(0) = ¢(ug,) — d(uyy),

0<o<h
whence from (B.5)
" 2wy, u
lim sup % ds < ¢(ug) — Pur,). (3.6)
nlo to

It follows that the restriction of the map t > ¢(u;) to its Lebesgue set is not increasing; ¢ being
Ls.c. and u right continuous, we get ¢(i;) < ¢(uy,) for every Lebesgue point ty < t, and in
particular u; € Dom(¢) for every t > 0. On the other hand, by choosing t = s + h and v = 1 in
(now we are allowed to do it for every s > 0) and recalling the right continuity of u, we
end up with

s+h
O(ur) < hn;lsoup %/ ¢(u,)dr < ¢(us) foreveryt >s >0,
S

ie. t — ¢(u;) is nonincreasing in (0, +00). As ¢ is lower semicontinuous, we also deduce that

s+h
O(ur) < P(us) = 1;13)1 P(Usen) = 1}11%1 %/ ¢(u,)dr foreveryt >s > 0. (3.7)
S

Moreover, (3.6) and the triangle inequality show that for every interval (to, t1) C (0, +o0) there
exists a constant Cy, ;, > 0 such that

ti—-h 2
d“(ugyp, u
/to % ds < Cy, 1, foreveryh € (0,t — to). (3.8)

17



Since [d(u54, w) —d(us, w)| < d(usin, us), by (3.8) we can infer that the curve t — d(u¢, w) belongs
to the Sobolev space Wllocz((o, +00)) forevery w € X. Becauseitis also right continuous, it coincides

with its continuous representative and therefore u € C%((0, +0); X). By differentiating (EVT) and
using (B.7), we finally obtain (EVI,).

(EVLY) = (EVT}): solutions of (EVIL) according to DefinitionBIsatisfy (IC2). We multiply inequality
(EVT,) by e’ obtaining

d" (e At

= (—d (u1,0)) < (o) = b)) (39)
By combining steps (EVI;) = (EVT) and (EVI) = (EVI}) we have established that t — ¢(u;) is
nonincreasing, so that an integration of (8.9) through Lemma [AT]yields (EVT]). ]

Remark 3.4 (EVI in [0, +00)). We can actually extend the above results down to f = 0. More

precisely, a curve u : [0, +00) — Dom(¢) is a solution of EVI, (X, d, ¢) according to Definition 3.1]
(with the additional requirement that u € C°([0, +0); X)) if and only if it is a solution of (IC1)
down to s = 0 (with the additional requirements that ¢ — d*(ug,v) € Llloc([O, +00)), t > ¢~ (uy) €

Llloc([O, +00))) and if and only if it is a solution of (IC2) down to s = 0. Accordingly, the map
t + ¢(u;) is nonincreasing in [0, +c0). Furthermore, if 1y € Dom(¢) then (EVI,) also holds at
t = 0, whereas in case ug ¢ Dom(¢) both the Lh.s. and the r.h.s. are —co.

In order to prove such properties, one can recall the proof of Theorem [3.3] and exploit the
already established local (in [0, +o0)) boundedness from below of t — ¢ ().

3.2 The fundamental properties of EVI

The next theorem collects many useful results which illustrate some important consequences
of EVI (X, d, ¢), which can be considered as the metric version of the analogous properties for
gradient flows of A-convex functionals in Hilbert spaces, see e.g. [21]; partial results have also
been obtained in the Wasserstein framework or under some joint convexity properties of (X, d, ¢),
see [B,[11]]. In particular, the energy identity (3.17) plays an important role in [4, [7].

Theorem 3.5 (Properties of EVI,). Let u, ul, u* € C°([0, +0); X) be solutions of EVI1(X, d, ¢). Then
the following claims hold.

A-contraction and uniqueness
d(ul, u?) < e M=9d(ul, u?) forevery0 <s <t < +oo. (3.10)

In particular, for every ug € Dom(¢) there is at most one solution u of EVI (X, d, ¢) satisfying the
initial condition limy o 1y = up.

Regularizing effects

u is locally Lipschitz in (0, +o0) and u; € Dom(|d¢|) € Dom(¢p) for every t > 0;

the map t € [0, +00) — ¢(u;) is nonincreasing and (locally semi- in (0, +00), if A < 0) convex;
(3.11)

the map t € [0, +00) > e*'|d¢|(u¢) is nonincreasing and right continuous. (3.12)

A priori estimates for every v € Dom(¢), t > 0

(A())

At
S, 0) + EA(D)p(ur) = 9(0)) + - I0P ) < 5(u0,0), (1)

and for every v € Dom({ A[qb])

10> (ur) < )32 1lel(v) + ———d*(ug,v) provided — At < log?2. (3.14)

(Ex (t))2
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Asymptotic expansions as t | 0 if 19 € Dom(|d¢|) and A < 0 then for every v € Dom(¢), t > 0
M 1, 2o
(e, 0) - 50, 0) < En()(6(0) ~ p(uo)) + 109 Pwo).  (3.15)

The functional x +— ¢(x) — 4d?(x, 0) is linearly bounded from below for all o € Dom(¢), and for
every up, v € Dom(¢), t > 0 there holds

At t
%dz(ut,v)—%dz(uo,v) < EA(t)<qb(v)—¢(u0))+2e‘/” /O e“s((p(uo)—quA(s)(uo))ds. (3.16)

Right, left limits and energy identity for every t > 0 the right limits

oo Ay, uy)  d o O(uprn) — P(ur)
|ut+|-—1ﬁ'€ p /dt(P(uH)-—lﬁg h

exist finite, satisfy

%(P(MH) = —lirs ? = =109 (ur) = =100 17 (us) = ~L[P1(us) foreveryt >0 (3.17)

and define a right-continuous map. If in addition ug € Dom(|d¢|) the same holds at t = 0, otherwise
all the terms in (317) are —co at t = 0.

Moreover, there exists an at-most-countable set C C (0, +o0) such that the analogous identities for
the left limits hold in (0, +00) \ C, while in C the latter hold upon replacing |dp|(u¢), 0P |e(us)
and L [](uy) with limy, o |dP|(14—p), limy o |9P|e(ui—p,) and limy, 1o L [P 1(1—p), respectively.

Asymptotic behaviouras t = +oco if A > 0 and ¢ has complete sublevels, then it admits a unique
minimum point ii and for every t > to > 0 we have:

2, 1) < 9ur) = H(@) < 5196 P (ws), (3.15)
d(uy, 1) < d(uy,, 1) e M), (3.18b)
P(ur) — (i) < (qs(uto) -~ qs(a))e-”‘(f-fo), O (up) — (i) < moﬂ(%, i), (3.18¢c)
1061(ur) < 19011, €M, 190I(1) € ————d(uy, 7). (315d)
Ea(t —to)
If A = 0 and ii is a minimum point of ¢ (if any), then
i 0
[9p|(us) < M, O(ur) — ¢p(in) < W for every t > 0, (3.19)

the map t v d(u;, it) is nonincreasing.
If in addition ¢ has compact sublevels, then u; converges to a minimum point of ¢ as t — +oo.

Stability if {u"} C CO([0, +o0); X) is a sequence of solutions of EVIA(X, d, ¢) such that lim, e uy =

ug, then
nh_r)rt}o uy =uy foreveryt >0, (3.20)
r}gr.}o O(uy') = ¢(uy) foreveryt >0, (3.21)
nh_r)rc}o [0|(uy') = |dp|(ur) for every t € (0, +00) \ C. (3.22)
Moreover, 320), B21), 322) occur locally uniformly in [0, +00), (0, +0), (0, +c0) \ C, respec-
tively, and
[0 |(u) < hﬂigfl&gﬂ(u?) < hT—il:p [9p|(u}) < lsi%l|8qb|(us) foreveryt € C.  (3.23)

Proof. Let us consider each statement in turn.
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A-contraction Since u', u? are solutions of (EVI;), by applying (EVI}) with u; = u} and v = u?,
after a further multiplication by e*(!~%) we get
eZA(t—s) eA(t—s)
2 2
analogously, by applying (EVI?) with u; = u? and v = u!, we obtain

Pt 13) - Sl 1) < MIE(E - 9)(p0d) - p1s)); (3.24)

(t-s)
¢ 2 Pl ul) - 26202, ul) < Ex(t - )(p(ud) - o). (325)

The sum of (3.24) and (B.25) yields

e2}\(t—s)

2

P(ul, u?) - %d2(u§, u?) < (eW—S) - 1)EA(t - s)(qs(uf) - qs(u})) FENE - s)(qs(ug) - qs(u}))

21s

and therefore, upon inverting the roles of u!, u?, multiplying by e*** and again summing up,

2M(ul, u2) — 5 d(ul, u?) < MEL(E - s)(¢(u3) — p(ul) + p(u?) - ¢(u$)). (3.26)

Dividing (3.26) by t — s and passing to the limit as t | s (using the lower semicontinuity of
t = ¢(us)) we end up with

—+
% (e2Md2(u}, u%)) <0 foreveryt >0,

which yields (38:10) by Lemma [Al (recall the continuity of u}, u? down to t = 0).

Regularizing effects I: solutions are locally Lipschitz By choosing u! = u; and u? = uy in
(3.10) (note that for every h > 0 the curve t +— 1,4y, is still a solution of EVI, (X, d, ¢)), we find that

2/\td2(ut+h,ut)
h2

which together with (B.8) yields for every t > 3tp and 0 < h < t (it suffices to consider the case
A <0)

themap t — e is nonincreasing for every i > 0,

3tg—h
2t P, u) l/ " s us) o Coso (3.27)
fo

h2 “ to h2 Tt
Hence (8.27) ensures that u is locally Lipschitz in (0, +0).

Right limits, energy identity and regularizing effects Il att > 0 By reasoning as above, estimate

(@.10) yields

—A(t—to

d(usp, ur) <e )d(ut0+h, u,) forevery 0 <ty <t < +oo. (3.28)

If we set

d(tpsn, ur) d(tpsp, ut)

04(t) :=limsup , 0-(f):= hr}lll(i)nf for every t > 0,

then from (B.28) we deduce that
the map t € [0, +o0) — e 5, (t) is nonincreasing. (3.29)

We denote by 7 the subset of (0, +c0) where the metric derivative 2.2) of u; exists finite. As u is
locally Lipschitz, by Theorem 22 we know that .#*((0, +e0) \ 7) = 0 and

O_(t) = 04(t) = |u|(t) < +co foreveryt € I; (3.30)
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in particular, (3.29) and (3.30) guarantee that 6..(t) < My, < +oo for every t > tg > 0. We aim at
showing that in fact

5_(t) = 64(t) = |9l(ur) = La[b](ur) for every ¢ > 0. (3.31)
Dividing by t — s, for every v € Dom(¢)) and 0 < s < t we get

d(ut/ us)
T 2(t-s)

1 [ A
(801,00 d ) + 72 [ (0000 + 50, 0)) b < 0,
Passing to the limit as f | s and recalling (3.7), we obtain
O(v) = P(us) — 0-(s)d(us, v) + %dz(us,v) for every v € Dom(¢), s > 0,
which upon recalling (Z.I8) yields
|9 (1) < Lalp](us) < 6-(s) < 04(s) foreverys > 0. (3.32)
In particular, 11; € Dom(|d¢|) for all + > 0. Now let us fix s > 0. We know that 0,(s) < +oo and

from (3:32) we can assume with no loss of generality that §.(s) > 0; so, dividing (38.4) by h? and
rescaling the integrand, we infer that for all ¢ > 0 and / small enough there holds

1
1) 5 1 [ (0000 = 00e11g) = G i )

2h2
U(p(us) - @(us+hp))+ d(us+hpr Us) At dz(us+hp, us)
<] -5 ) =

d 3.33
3oy, 17) PP T3 P (33)

1 - 1
A
< / (10¢|(1s) + €) (6+(s) + ) pdp + 5 8/ (6+(s) + &) pdp.
0 0
Letting /1 | O first and ¢ | O then, we therefore obtain
%63(5) < %I(?qbl(us)m(s) for every s > 0, (3.34)

which yields (3:31) in view of (3:32) and (312 (in the open interval (0, +0)) in view of (3B:29):
the right continuity of t +— e*[d¢|(u;) just follows from the continuity of u; and the lower
semicontinuity of the global A-slope of ¢.

Since the map t > |d¢|(u¢) is locally bounded in (0, +0), inequality (2.18) together with the
fact that u is also locally Lipschitz show that the map t +— ¢(u;) is in turn locally Lipschitz

continuous. Hence by combining (3.6), (2.18), (3:30) and (3.3T) we get:

5]
. A
/ it |2 dt < P(uy) — plur,) < 19|y )ttt 1r,) — EdZ(Mto, uy) foreveryt; >ty >0;

to

dividing by t1 — fo and passing to the limit as f1 | fo, since t + [l | = |dP|(u;) is right continuous
we obtain

|ttsy+ [ = lim

t d
Ly P dE < —— <|o ’ :
lim /t i Pt <~ o), . < 1061y itny], (335)

dt

which yields the first two equalities of (8.17). Hence if A > 0 the convexity of t — ¢(u;) (at least
in (0, +0)) is just a consequence of the latter and the fact that t — e*!|d¢|(u;) is nonincreasing.
More in general, the function

t
t|—>e2Atqb(ut)—2/\/ e** P(us)ds
0
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is convex, which yields the claim about the local semi-convexity of ¢ - ¢(u;) in the case A < 0.
Finally, in order to prove that [d¢|(u;) = |d¢plc (1), it is sufficient to observe that

t+h t+h
Aot tren) < / ts] ds = / 196)1(1t5) ds,
t t

where d; is either the length distance induced by Dom(¢) or by X, so thatif [d¢|(1¢) > 0 (otherwise
there is nothing to prove) then

|9ple(ur) > lim sup M > lim sup M
o el )0 T [ 961 (e ds

h I
i [ 100 P(us) ds | Hotder [T 0gPwds
— U SUP| 2 limsup 7 = |9 (us).
S 19¢l(us) ds nlo

Since the converse inequality [d¢|, < |d¢| is always true, we conclude.

(3.36)

Right limits, energy identity and regularizing effects Il at t =0 Through Remark 3.4 we have
already seen that t — ¢(u;) is in fact nonincreasing down to + = 0, which in particular ensures
that it is continuous at t = 0 as well and therefore convex in the whole [0, +o0) if A > 0.

As for the energy identity (8.17), let 1y € Dom(|d¢|). By combining (3:29), (3.31) and the lower
semicontinuity of the global A-slope, it follows that 6-(0) = 64 (0) = +o0, whence (3.31)) also holds
att = 0. If up ¢ Dom(¢), it is apparent that %gb(um) = —oo, and all the slopes at u( are by
definition +co. On the other hand, if 119 € Dom(¢) the left-hand inequality in (3.35) does hold
at tg = 0, and the Lh.s. is +0co since lim; o |d¢|(u;) = +oco. Similarly, we have that [d}|¢(10) = +00
because in this case (3.36) still holds at t = 0. Suppose now that uy € Dom(|d¢[). In order to
prove the validity of 3.17) at ¢ = 0 it suffices to show that 6.(0) is finite: then by arguing as above
the key inequalities (332), (3.34), 335) and (B:36) still hold at zero. To this end, let us consider
(3.33) at s = 0, which in particular yields

h

h I
d(up, uo) < 2(|190|(uo) + e)/o d(u, ug)dt — A/O d?(u., ug)dr < 4C / d(u, up)dr

0

for a suitable C > 0 independent of /1 small enough. Upon letting x(h) := /Oh d(ur, up)dt, an

elementary ODE argument shows that x() < Ch?, whence d(uy,, up) < 2Ch and the finiteness of
6+(0) is proved. We can then conclude that (3.12) is true at t = 0 as well.

Left limits We already know that t — e*f|d¢|(u;) is finite, nonincreasing and right continuous
in (0, +00); let us therefore denote by C its (at most countable) jump set, i.e.

(0,+09)\ € = {1 € (0, +09) : lim |96l (u1-1) = 9] (w1}

If tp € (0, +00) \ C it follows that

d o) 0— NE) . .d 07 *to—
aqj(uf)h:to—:l}iﬁ} P (ugy) h(P(ut h)=—|8(]5|2(uto) S —|8(p|(uto)ll%énfw+w, (3.37)

and therefore
. . d(utoruto—h)
liminf —

ninf =200 2 (90 ); (338)
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on the other hand, by the .#'-a.e. equality between |ii|(t) and |d¢|(u) we get

d o to to d —hs
Ao ) l/ s | ds = %/ 0l(u)ds = limsup W < 199l(uy,).
to—h to=h

h ~h 110
(3.39)
If to € C, just note that inequalities (3:37)-(.39) still hold provided one replaces |d¢|(uy,) with
limy o |9 [(14ty—1)-

A priori estimates Inorder to show (3.13) and (3.14), we can apply (3.12), the fact that — %qb(ut) =
|0 |?(ut) outside C, and finally (EVI,) to obtain

S EA0) 0P ) = 3 €1 apPw) < [ Esiolem e g ds
0
- [ Bt (o — ot ds = [ et () = o) o
‘%D/O —%(e“d2(us,v))/ +eAs<¢(v)—¢(ut))ds
= 20, ) + Ex(1)(6(0) - plun)) - S, 0)
= 5d(uo, A P(0) = P(uy 5 4 (e, ),

where & has been replaced by ’ for notational convenience. This proves (3.13). If v € Dom(£a[¢]),
thanks to (2.18) and the Cauchy-Schwarz inequality, we can bound difference ¢(v) — ¢(u;) by

EA(E)(9(0) ~ (1)) < E()(2419](0) o(u, 0) - id%ut, )

i At _
- % il )+ 1d2(ut,v)— c 1d2(ut,v)
- %f))l) A[(P]( v) + —d (ur, ),

at least when 2e?! > 1. Substituting this bound in (3.13) we obtain (3.14).

Asymptotic expansions In order to show the validity of (3.15) we multiply (3:9) by e!, integrate
and use the estimate

—/0 e p(u,)dr :/0 (E22(t) — E2a(r)) 199 |*(uy) dr — B (t) b (110)

t
< 199(u0) [ (Exalt) - Ena(r))er >V dr = Exn(1)9(u0)
0
along with the elementary inequality (for A < 0)
(Exa(t) — Eaa(r))e ™" < (t —r) foreveryr € [0, t].

The fact that x — ¢(x) — %dz(x, 0) is linearly bounded from below is a simple consequence of
(2.18) and the energy identity (8.17), which in particular ensures that Dom(2,[¢]) is not empty.

In order to prove (3.I6), it is convenient to use an approach by curves of maximal slope (see the
next Section[). Namely, first of all one observes that the energy identity (3.17) implies

As As
87 liis |2 + 67|a¢|2(u5) — AeMp(us) < —%(e}“(p(us)) for every s € (0, +00) \C.  (3.40)
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An integration of (3.40) yields

t t t
%/ lis|? e**ds + % / 106 |*(us) eM*ds — /\/ e d(us)ds < p(ug) —eMp(us) for every t > 0.
0 0 0

(3.41)
Since Holder’s inequality and the definition of metric derivative entail

t t t
d2(ut,uo)£(/ e-Mds) (/ |its|2e“ds)=E_A(t)/ lits|> eMds,
0 0 0

from (3.41) there follows, for every t > 0,

1
2E_,(1)

o (ur, ug) + e p(ur) + E /t 10¢|*(us) e*ds — A /te"sqs(us)ds < ¢ (u). (3.42)
2 0 0

Recalling the definition of Moreau-Yosida approximation (2.15), by virtue of (38:42) we deduce

t t
/ 106> (us) e**ds — ZA/ e (us)ds < Z(qb(uo) —eM qu/\(t)(uo)) forevery t > 0. (3.43)
0 0

Note that, ¢ being quadratically bounded from below for all x, > —A and AE,(t) > —1 for all
t >0, the r.h.s. of (3.43) is always finite. By exploiting again the energy identity, we can integrate
by parts the first term in Lh.s. of (3:43) to get

t
—eMp(uy) - A/ et d(us)ds < Pug) — 2eM ¢e,(1)(uo) for every t > 0. (3.44)
0

Hence by integrating the differential inequality (3.44) w.r.t. the unknown ¢ +— — /Ot et (us)ds,
we end up with

—AteA5¢(us)ds Se‘M‘/OteAs (qb(uo) —2eAsq>EA(S)(u0))ds

t
=—EA(t)p(uo) + 2e_’”/ e2hs (qb(uo) - quA(S)(uo))ds for every t > 0.
0

(3.45)
Estimate (3.16) is therefore a consequence of (3.45) combined with the integral version of (3.9).

Stability The convergence of {u}'} to u; for all t > 0 along with the fact that the latter is locally
uniform in [0, +c0) are immediate consequences of (3.10). Moreover, (3.12) and (3.14) ensure that
the sequence |d¢|(u}') is uniformly (in 7) bounded by a constant M; < +co for every t > 0. Hence

thanks to (3.17) and (2.18) we get
A
(P(ut) = (P(u:l) - Mt d(ut/ u:l) - Edz(ut/ u?)/

so that limsup, _,  ¢(u}') < ¢(u;). On the other hand, ¢ being lower semicontinuous, we also
have that liminf, . ¢(u]') > ¢(u;), which finally implies (3.2I). Such convergence is locally
uniform in (0, +00) since {¢(u{')} is a sequence of nonincreasing functions converging pointwise
to the continuous function ¢ (1s¢).

Let us turn to slopes. By virtue of 3.12) and (3.17), it is straightforward to deduce the following
inequalities:

Puy') — Pp(u

:l+’r n gb(u?—’l’ _(P(u:l)
2 < g < TS

foreveryt >0, 7 €(0,1t); 3.46
Exr (7 v O 840
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(3:22) and (3.23) can therefore be proved by letting first n — oo in (8.46) (using (3.21)) and then
7 | 0, exploiting the energy identities both for right and left limits. The reason why ([3.22) occurs
locally uniformly in (0, +o0) \ C is again a consequence of the fact that {e*!|d¢ [(u})} is a sequence

of nonincreasing functions converging pointwise in (0, +00)\ C to e**|d¢|(1;), which is continuous
in (0, +o0)\ C.

Asymptotic behaviour When A > 0, B.1I) and (3:28) ensure that the sequence k — u; belongs
to a fixed sublevel of ¢ and satisfies the Cauchy condition in X, since

d(uk+1/ Mk) < e_Ad(uk/ uk—l);

thus, it is convergent to some limit i € Dom(¢). If we multiply (3.13) by e *!,lett = k and k — oo,
thanks to the lower semicontinuity of ¢ we deduce that the constant curve t + i solves (EVI,)
(if we let v = u; we get the left-hand inequality in (3.18a)), which ensures that i is the unique
minimum point for ¢, along with the validity of (3.18B). Inequality (3.18d) is just (3.12) and (3.14)
with v = @i (note that |d¢|(i1) = La[¢](#1) = 0). In order to prove the right-hand inequality in
(318a), observe that (2I8) and Young's inequality yield

OLue) = H(@) < 191(ue) e, 1) = 5P (ur, 1) < 5|90 o). 647)

The first estimate of (3.18d) now follows upon noticing that (3.47) yields

%(Gb(ut) - @(ﬁ)) = —|9p*(us) < —2A(¢(ut) - ¢(ﬁ));

on the other hand, the second estimate of (3.189) easily follows from (3.13) with v = ii.

If A = 0 and @ is a minimum point of ¢, the map ¢ + i trivially solves (EVI,), so that
t + d(u;, i1) is nonincreasing by virtue of (3.10). The two estimates in (3.19) follow similarly from
(B13) and 314), upon observing again that o[¢](i1) = 0. If in addition ¢ has compact sublevels,
then by (38.13) and the lower semicontinuity of ¢ we easily deduce that there exists a sequence
{uy, } converging to some i such that

¢(it) < liminf ¢p(uy,) < p(v) forevery v € X,
n—00

whence # is a minimum point of ¢. On the other hand, in this case we know that t + d(u, i) is
nonincreasing, so that the whole curve u; is forced to converge to it as t — +oo. O

As a consequence of Theorem we have a finer equivalence between the notions of slope
on points that belong to the domain of the gradient flow, which is basically a consequence of the
fact that solutions of the EVI are curves of maximal slope (see Sectiondbelow).

Proposition 3.6 (Equivalence of slopes). Let ¢ : X — (—o0, +00] be a proper Ls.c. functional which
admits an EVI,-gradient flow in D # (. Then

lim sup —(gb(x) _ ¢(y))

y—x d(x, y)
yeDNDom(|d¢])

=|dd|(x) = dP|e(x) = Lalp](x) for every x € D. (3.48)

Proof. The identity |d¢|(x) = [dplc(x) = La[P](x) is an immediate consequence of Theorem B.5]
(precisely, the statement immediately below (3.17)).

In order to prove that these quantities also coincide with the left-hand side of (3.48), it is
enough to notice that, in the proof of Theorem 3.5 when showing the energy identity (3.17) (see
in particular inequalities (3:33)—(3.34)) the metric slope at x = u; can in fact be replaced by the
limsup of (¢(us) — ¢(uy))/d(us, ur) as t | s, which is clearly bounded from above by the Lh.s. of
(5.48).
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Alternatively, one could just observe that u, is also a solution of the EVI associated with
¢p, the latter functional being the same as ¢ on D and +o elsewhere, so that (3.48) is a direct
consequence of both the energy identities for EVI, (X, d, ¢) and EVI (X, d, ¢p). Here the fact that
¢p may not be lower semicontinuous on Dom(¢) \ D is inessential. o

Remark 3.7 (EVI, slopes and Moreau-Yosida regularizations). Because the function 7 — ¢(uo) is
nonincreasing, one can simply bound the integral remainder in the r.h.s. of (3:16) by the pointwise
remainder

26 MEx (1) 9(10) = e, (0))- (3.49)

On the other hand, from [5, Lemma 3.1.5] we have the identity

s 200 = 9:(00) _ 1

: —= = 2109 (o), (3.50)
710

so that if uy € Dom(|d¢|) then (3.49) reproduces (as ¢ | 0) the remainder in (3.15) up to a factor 2.
However, in order to get asymptotically the same estimate (i.e. with the same factor), it is essential
to keep such remainder in the integral form (3.16). Indeed, from (B.16) itself we easily deduce
(use the fact that v is arbitrary)

t
EA(1)(@(10) = e, (10)) < 277" /0 €15 (ut0) — e, e (1) ) s, (351)
which implies in turn that

t
o €% (p(uo) = pe,(s)(uo)) ds
(Ex(1))?

Hence by gathering (3.52) and (3.50), we end up with

themap t€(0,+o)— is nonincreasing. (3.52)

/ot e ((uo) — ¢, (s)(10))ds < limsu foh €% (¢ (u0) — Pk, (s)(10))ds !
(EA(D)? =T E(h)? =1

in particular (compare with [5, Theorem 3.1.6] in the A-convex case), 3.50), 3.51), B.53) yield

Pluo) = pol(io) _ 1
T 2

|0¢|*(uo);  (3.53)

sup (1+ A7) 196 [*(u).

7>0: At>-1

Nevertheless, we point out that in order to obtain the correct asymptotic expansion for d(u;, up)
(let A = 0 for simplicity) it is enough to use the energy identity as follows:

t
(e, o) < ¢ [P s =  (9(0n) - 9(00),
0
from which it is easy to deduce that

%dz(ut, ug) < t (p(uo) — Pr(uo)) -

In any case, the integral remainder is necessary in (3.16), which holds for all v € Dom(¢).

Corollary 3.8 (Construction of EVI,-gradient flows). Suppose that for every initial value uy € Dy C
Dom(¢) there exists a solution u; of EVIA(X, d, ¢) such that lim; o uy = ug. Then, if we set

D := U {ut : u is the solution of (EVI,) starting from uo},

t>0, upeDy
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there exists a unique EVI,-gradient flow S; : D — D of ¢ according to Definition 3.1} which satisfies the
A-contraction property

d(S¢(uo), St(v0)) < e Md(ug,vo)  for every ug,vo € D, t > 0. (3.54)

If in addition ¢ has complete sublevels (in particular, if X is complete), then Sy can always be extended by
density to an EVI,-gradient flow of ¢ in D.

Proof. We just check the last statement, since the other ones are straightforward consequences
of the A-contraction and uniqueness properties entailed by Theorem Thanks to the latter,
it is easy to extend S; from D to its closure: for every 1y € D one can simply take an arbitrary
sequence {uf} C D converging to uo and set S¢(ug) := lim,—c St(uy) at every t > 0. The limit
does exist since {S;(ufj)} is a Cauchy sequence by (3.10), and in view of (3.13)

O(St(uy d2(u0 ,0)+ ¢(v) forevery v € Dom(¢),

)< 2E (t)
so that it also belongs to a fixed sublevel of ¢, which is complete by assumption. Estimate (3.10)
itself shows that the limit is independent of the chosen sequence {u(}. Thanks to the lower
semicontinuity of ¢, it is immediate to verify that each tra]ectory u; of the extended flow still
satisfies e.g. the integral formulation (EVI] m ) down to s = 0. Finally, the semigroup property
(3:2a) is inherited as well by the extended flow since, as mentioned above, the limit trajectory is
independent of the particular sequence {u }. ]

3.3 EVI,-gradient flows, the length distance, and A-convexity
Let us first recall a result of [3, Theorem 3.5].

Theorem 3.9 (Self-improvement of EVI,-gradient flows). Let (S¢)¢=0 be an EV1,-gradient flow of ¢

- 4
in X = Dom(¢) ‘. Then (St)e0 is also an EVI,-gradient flow in X w.r.t. the length distance d, on each
equivalence class defined by ~ in (2.6).

The restriction to equivalence classes in the previous Theorem is due to the fact that our
definition of EVI,-gradient flow just refers to distances. If X is Lipschitz connected, then X
contains only one equivalence class of ~; and therefore (S;);>0 is an EVI,-gradient flow of ¢ in X
w.r.t. ds. Note that Theorem[B.9] as a byproduct, provides an alternative way to prove the identity
[0 |(1r) = |dPle(ue) (at least under the corresponding assumptions).

A result of (see Theorem 3.2 there) shows, in particular, that if D ¢ Dom(¢) is a geodesic
subset and ¢ admits an EVI,-gradient flow in D, then ¢ is strongly A-convex in D. An analogous
property is enjoyed by approximate length subsets.

Theorem 3.10 (EVI,-gradient flows entail A-convexity). Suppose that ¢ admits an EVI,-gradient
flow in the subset D € Dom(¢p). Then the following hold:

(1) ifxo,x1 € D NDom(¢), 9, ¢ € (0,1) and xg,. € D isa (3, ¢)-intermediate point between them,

D(St(x9,6)) < (1=9)p(x0) + dd(x1) — % e’ ) 9(1 = 9)d*(x0, x1) for every t > 0; (3.55)

( Ea(t)
(2) if D is an approximate length subset then ¢ is approximately A-convex in D;

—d
(3) if D = X = Dom(¢) !, then ¢ is approximately A-convex w.r.t. the distance d; on each equivalence
class of ~¢;

(4) ifxo,x1 € D NDom(¢) and x € Geop[xo — x1] then x € GeoD’A[xo — X1]; in particular, if for every
X0, X1 € D N Dom(¢) the set Geop[xo — X1] is not empty, then ¢ is strongly A-convex in D.
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Proof. Property @) follows from (), and in fact had already been established in [34, Theorem 3.2],
from which one can borrow tools to prove (). The main idea consists in evaluating (3.13) with
up = S¢(xs,e) and v = xo, multiply it by (1 — 9) and sum it to the analogous estimate one obtains
by plugging v = x; instead, multiplied by 9. By exploiting (Z7), it is then not difficult to deduce
the validity of (3.55).

As for @), just note that d(S¢(xs,s), i) < e d(xs,s,x;) +d(S¢(xi), xi) (i = 0,1). Hence for any
fixed ¢ € (0, 1), one sees that S;(xs,s) is a (9, ¢)-intermediate point /pto picking 6 < ¢/2and t > 0
suff1c1ent1y small independently of 6. Choosing now & < (¢Ex(t))'/?, thanks to (B.55) we see that

St(xs,5) also satisfies (Z.28).
Finally, (3) is an immediate consequence of (@) and Theorem 3.9 o

We conclude this subsection by an alternative local formulation of gradient flows, which
becomes a characterization in case ¢ is geodesically A-convex for some A € R. This leads to
a definition which is actually independent of A. To this aim let us first introduce, for a given
geodesic v starting from vy = uy,, the following quantity:

d*
o (”t’Vs)h to

. 1 d*
[, V], = hm——d (ut,vs)h o= s p 2 i

0 2s dt

3.56
. d2(ut,V5) — d2(ut0,V5) ( )
= sup limsup

0<s<1 tltp 2s(t — to)

The identity between sup and lim in (3.56) will be justified through Lemma [3.13below.

Proposition 3.11 (Local characterization of EVI). Let u : (0, +c0) — Dom(¢) be a continuous curve.
If u is a solution of EVI,(X, d, ¢) according to Definition 3.1} then for every t > 0 and every geodesic v
emanating from vo = u; € Dom(¢) there holds

(i, v]r < @' (us;v). (3.57)
Conversely, if u satisfies (3.57) and ¢ is A-convex, then u is a solution of EVI\ (X, d, ¢).

Proof. Let the continuous curve u : (0, +00) — Dom(¢) satisfy EVI1 (X, d, ¢») and v be a geodesic
emanating from u,, for any to > 0. By plugging v = v, in (EVIL;) (one can assume with no loss of
generality that v; € Dom(¢)), for every s € (0, 1] we get

1d*

d?(uy, vs) (vs) — o( )_A_Szdz( )
2dt £ s|tt ¢V5 ¢uto 5 Uty, V1)-

Dividing by s and passing to the limit as s | 0, we end up with

+
V pa—

[, V], = 11mlid (”t'VS)It—t < liminf M As

=to sl0 S

0 25 dr d2(ut0/vl) =¢/(uto;v)‘

Suppose now that u satisfies (3.57) and ¢ is A-convex; for every to > 0 and v € Dom(¢), let v be
an admissible geodesic in Geo?}’}l [ut, — v]. By the definition of [1, v]; and (2.30), we obtain:

;i Pt o)),y = [Vl < 6/ (039) < G(0) = Gliny) = 5y, 0). 0

Corollary 3.12 (EVI, with different A). Let Ay < A and let u be a solution of EVI,, (X, d, ) according
to Definition[3.1) If ¢ is Ap-convex, then u is a also solution of EVI,, (X, d, ¢).

Lemma 3.13. Let u : (0, +00) — X be a continuous curve and v be a given geodesic emanating from
Vo := uy for some t > 0. Then the map

d+
s sl — dz(ut, Vs ) is nonincreasing in (0, 1].

dt
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Proof. Thanks to the continuity of 1, we have:

+

. d
= 2091 57 s, ve)

+ f—
57! i d?(ur, vs) = 257" d(uy, vs) lim sup d(4n, Vs) = dlur, Vs)
dt o 7

We are therefore left with proving that s +— %rd(ut, Vs ) is not increasing with respect to s. To this
aim, note that if s; < s, the triangular inequality and the geodesic property of v yield

d(ut+h/ Vsz) < d(ut+h/ Vsl) + d(V51/ Vsz)/ d(ut/ VSZ) = d(utr Vsl) + d(Vsl, Vsz)/
whence
d(ut+h/ Vsz)h_ d(utr VSz) < d(ut+h/ VS1)h_ d(utr Vsl) ‘ (358)
The thesis follows by passing to the limit in (8.58) as i | 0. o

3.4 Examples

We already considered the case of A-convex functionals in Hilbert spaces in the Introduction;
many examples of applications can be found in 20,15, 83]. A discussion concerning the
smooth Riemannian case can be found in [89] Proposition 23.1].

3.4.1 Hadamard NPC spaces, CAT(k) spaces and convexity along generalized geodesics

One of the nicest metric setting where general existence of EVI)-gradient flows can be proved is
provided by the class of Hadamard non positively curved (NPC) metric spaces, which we introduce
here by one of their equivalent characterizations Section 1.2]. A Hadamard (or CAT(0)) space
is a geodesic space (or set, recall Definition 2Z3) such that the map x + 3d?(y, x) is strongly
1-convex for every y € X; that is, for every x € Geo[xg — x1] and every y € X we have

d(y,x) < (1= t)d(y, xo) + td*(y, x1) — t(1 = t)d?(xo, x1). (3.59)

When X is a smooth Riemannian manifold, the above condition is equivalent to requiring the
non-positivity of its sectional curvature.

If ¢ is geodesically convex in a Hadamard space, Mayer and Jost proved the con-
vergence of the Minimizing Movement scheme (recall (L4alb) or (L7); see also SectionB) to a
contraction semigroup (S;)s>o in Dom(¢), using in particular that the map x +— J[x] is a con-
traction; they also provide nice applications to the Harmonic map flow in Hadamard spaces.
The generation result has been extended to arbitrary CAT(k) spaces, k € R, by [73]. In this
framework, the link between the limit contraction semigroup (obtained by the convergence of
the variational scheme) with the EVI,-formulation has been clarified by [5], with two further
important developments: the optimal error estimate of order 1 (as in Hilbert spaces, [14}[71])

t
—1[d¢|(uo 3.60
\f_l @|(uo) (3.60)

d(St(uo), I3, (u0)) <
nv2

and a considerably weaker assumption on the system (X, d, ¢). Itis in fact sufficient that for every
triple of points xg, x1, ¥ € Dom(¢) there exists a curve x : [0,1] — X connecting X to x; (and
possibly depending on y) along which (3.59) holds and ¢ satisfies the A-convexity inequality (Z.27).
This condition clearly covers the case of Hadamard NPC spaces but also allows for important
applications to the Kantorovich-Rubinstein-Wasserstein space (2,(R%), dy), which is not an NPC
space if d > 2: a large class of interesting functionals in 2% (R¥) are in fact convex along generalized
geodesics, we refer to [5, Section 11.2] for more details.
We can recap the above discussion in the following result:

Theorem 3.14 (Existence of EVI,-flows in CAT spaces). Let (X, d, ¢) be a metric-functional system,
for which (X, d) is a complete geodesic metric space. Let us assume that at least one of the following two
conditions holds:
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1. (X, d)is a CAT(k) space for some k € R and ¢ is A-convex;

2. for every xo, x1, y € Dom(¢p) there exists a curve x : [0,1] — Dom(¢) connecting xo to X such

that 329) and @.22) hold.
Then the functional ¢ generates an EVI-flow in Dom(¢), according to Definition 3]

3.4.2 Alexandrov spaces

A second important class of metric spaces where A-convex functionals generate an EVI,-flow is
provided by Alexandrov spaces with curvature bounded from below [23] 22,[79]: they can
be considered as the natural non-smooth metric version of Riemannian manifolds with sectional
curvature bounded from below. Referring to the above quoted papers for the general definition,
which is based on triangle comparison with the reference 2-dimensional model of constant curva-
ture [1], here we limit ourselves to recalling one of the equivalent characterizations of positively
curved (PC) geodesic spaces: the squared distance function x — %d2(y, x) is —1-concave along
geodesics; more explicitly, for every y € X and x € Geo[xg — x1] we have

d2(y, xp) > (1- t)dz(y, Xg) + td2(y, x1) — t(1 = £)d?(xo, X1).

Existence of gradient flows for A-convex functionals in complete m-dimensional (in particular
locally compact) Alexandrov spaces has been proved by [77]. In [70] we will generalize this
result to cover arbitrary Alexandrov spaces and even more general cases, characterized by a new
geometric property, weaker than the Alexandrov one, based on a local angle condition between
geodesics and on the semi-concavity of the squared distance (see also and [72] for a
different viewpoint). Such an approach has also the advantage to be stable with respect to the
Wasserstein construction, in the sense that the above property is shared by the Wasserstein space
(P2(X), dw). Note that the space (#2(X), dw) constructed on an Alexandrov space (X, d) is not
finite dimensional and fails to be an Alexandrov space if (X, d) is not positively curved (see [5}
Chapter 12.3], [86, Proposition 2.10]).

Referring to [70] for a more detailed discussion, here we limit ourselves to stating the Alexan-
drov case:

Theorem 3.15 (Existence of EVI,-flows in Alexandrov spaces with lower curvature bounds). Let
(X, d, ¢) be a metric-functional system, for which (X, d) is a complete geodesic metric space satisfying a
uniform lower curvature bound in the sense of Alexandrov and ¢ is A-convex. Then the functional ¢

generates an EVI,-flow in Dom(¢), according to Definition 3.1}

3.4.3 The Kantorovich-Rubinstein-Wasserstein space (2%, (X), dw)

One of the main recent motivations to study gradient flows in metric spaces comes from the
remarkable OrT10’s interpretation of the heat and Fokker-Planck flows and of a large class
of nonlinear diffusion equations [75] as gradient flows of suitable entropy functionals in the
Kantorovich-Rubinstein-Wasserstein (KRW) space of probability measures (%(X), dw).

We assume for simplicity that (X, d) is complete and separable. We denote by (X)) the space
of Borel probability measures on X and by Z%(X) the subset of those u € Z(X) with finite
quadratic moment:

/dz(x,o)dy(x) < oo for some (and thus any) o € X.
X

The KRW-distance between two measures (i1, 2 € Z%(X) can be defined as

dfy (11, p2) := min {/

XX

Plxr, v2) dpi(y, 32) s p € PXXX), g = yi},
X
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where ' : XXX — X, m!(x1, x2) := x;, are the Cartesian projections and fora Borelmap t : X — Y
between metric spaces, ty : Z(X) — Z(Y) denotes the push-forward operation defined by

tyu(B) := u(t"1(B)) for every Borel subset B C Y and every u € 2(X).

It turns out (see e.g. [5,[89]) that (F%»(X), dw) is complete and separable, and it is also a geodesic
(resp. length) space provided (X, d) is geodesic (resp. length).

If X = R? with the usual Euclidean distance, by Otto’s and subdifferential [5]] calculus, one
can see that the metric gradient flow of the entropy functional (also called Csiszir f-divergence)

F(u) = LF(%) dm, (3.61)

where F : [0, +00) — [0, ) is a smooth, convex and superlinear function and m := eV 4is a
Borel measure induced by a smooth potential V : X — R (for simplicity), provides a solution to
the diffusion equation

d
o=V - (uVF(9)) = V- (e7VV(oF'(0) - F(0))) in(0,00)xR?, o= d—ﬁi, (3.62)

e.g. in the weak sense

/0 [, orce 0 duta - /0 [, Ve VF @) duo

for every C € C((0, %) x RY). Among the class of entropy functionals (3.61), the logarithmic
entropy one

&) :=/}(E(j—f;)dm, E(o) = olog o, (3.63)

plays a distinguished role, since one easily sees that in the case of the functional & the density
o =e Vpof uwrt. £? solves the Fokker-Planck equation

910 =Ac +V-(aVV) in(0,c0) xRY, (3.64)

which reduces to the heat equation when V' is constant (so that m = 700
It has been a striking achievement of McCannN to show that if F satisfies the condition
(clearly fulfilled by E)

s — e°F(e™®) is convex and nonincreasing in (0, o), (3.65)

and m is log-concave (equivalently, V is convex in R?), then the functional .# of (3.61) is convex in
(P(X), dw); it turns out that it is also convex along generalized geodesics [5, Chapter 9], according
to the condition stated in Theorem [3.14](a more refined characterization of the A-convexity of .7,
involving the dimension d and the first and second differential of V, is also available, see [89]).

This nice property has been used in [5] to show that the gradient flow of .Z in (Z%»(X), dw)
(initially obtained as a limit of the Minimizing Movement scheme) is in fact an EVIp-flow in the
sense of Definition Such a characterization, further extended to to A-convex potentials V
and to functionals including interaction energies, has been extremely useful in the study of the
asymptotic behaviour [24] and in the analysis of more complex flows, see e.g. [62] 17, 53].

Starting from further geometric investigations of the link between lower Ricci curvature bounds
and the geodesic convexity of the entropy functionals (3.6I) when X is a complete Riemannian
manifold endowed with the Riemannian distance d [76} 29} [30, [85], an intensive effort has been
devoted to identify the Wasserstein gradient flow of the logarithmic entropy with the heat flow
in X or, more generally, with the L?(X, m)-gradient flow of the Dirichlet form

(u) := %/}(qu(x)l2 dm(x)
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associated with the Sobolev space W'2(X,d, m). The case of smooth Riemannian manifolds has
been fully analyzed by Ersar [41] and Virrani [89] Chapter 23]; the case where X is a Hilbert space
and m is a log-concave measure has been studied in [12], whereas Alexandrov spaces have been
considered in [72, 47]. We can summarize part of the above discussion in the following result
(which, however, is far from being exhaustive):

Theorem 3.16 (Heat flow as EVI-flow in KRW spaces). Let (X, d) be a complete, separable geodesic
metric space endowed with a Borel measure m, A € R and let us consider the metric-functional system
X = (2(X), dw, F), where F is the entropy functional (B.61)) satisfying McCann’s condition (3.65). If
one of the following assumptions holds

1. (X, d) is a d-dimensional smooth Riemannian manifold with Ricci curvature > xq, m := e~V Vol
where V : X — R is a geodesically k-convex potential, A := k1 + K3,

2. (X, d) is a Hilbert space and m is a log-concave measure, A := 0;

3. (X,d) is a compact d-dimensional Alexandrov space with curvature > x and m = % is the
Hausdorff d-dimensional measure, A := «x,

then .F generates an EVI,-flow in (Z(X), dw).

As we already remarked, when X is not positively curved, (%(X), dw) is not an Alexandrov
space so that Theorem [3.J5 cannot be directly applied.

3.44 RCD(K, co) metric-measure spaces

The equivalence between a lower Ricci curvature bound Ric > K and the K-convexity of the
logarithmic entropy functional (3.63) in Riemannian manifolds endowed with the Riemannian
volume measure m motivated the deep investigations of Lorr-ViLLant [58] and Sturm [86) [87]
to solve the problem of finding synthetic notions of lower Ricci curvature bounds for general
metric-measure spaces (X, d, m), a structure formed by a complete, separable, and length metric
space (X, d) and a Borel measure m satisfying the growth condition

m(B(o, r)) < AeP" for some 0 € X and constants A, B > 0,

where B(o, r) := {x € X : d(x, 0) < r}. According to their definition, such a structure satisfies the
Curvature-Dimension CD(K, o) condition if the logarithmic entropy functional & (3.63) is K-convex
in (Z2(X), dw).

In order to capture a Riemannian-like structure, related to the linearity of the heat flow in
(X,d, m), the Lott-Sturm-Villani condition has been reinforced in [7] (see also [6]) by asking
that the logarithmic Entropy function & generates an EVIx-flow in (£%(X), dw). This condition
precisely characterizes the class of RCD(K, c0) metric-measure spaces:

Definition 3.17 (Metric-measure spaces with Ricci curvature bounded from below). A complete,
separable metric-measure space (X, d, m) satisfies the RCD(K, o) condition if the logarithmic entropy
function & of (3.63) generates an EVIg-flow in (22(X), dw).

It is a remarkable fact that in this case the gradient flow of & is a semigroup of operators in
P5(X) satistying S¢(ap + (1 —a)o) = aSi(u) + (1 —a)Si(o) for every a € (0, 1), a property encoded
by the logarithmic structure of & and the variational formulation of the EVIk-flow [82].

The RCD(K, o0)-condition shows the relevance of the synthetic notion of EVIg-flows; its equiv-
alence with the celebrated Bakry-Emery curvature-dimension condition has been proved in [§]
and its N-dimensional version has been introduced and deeply studied by Ersar-Kuwapa-SturM
in (by using a refined notion of the EVI,-flow) and in (by studying the gradient flows
generated by other entropy functionals). We refer to the survey [9] for a brief introduction to this
theory and to its further developments.

We conclude this discussion by observing that the existence of the EVIx flow of the entropy
functional & at the level of measures (Z%(X), dw) implies relevant generation properties also for
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the original space (X, d). In fact, Sturm [88] proved that for locally compact metric-measure spaces
satisfying the RCD(K, c0)-condition every continuous A-convex functional ¢ : X — R generates
an EVI,-flow. As a byproduct of our analysis of the variational convergence of EVI,-flows in [69]
we will show that this property actually holds in arbitrary RCD(K, o) spaces, thus obtaining the
following result.

Theorem 3.18 (Existence of EVI)-flows in RCD spaces). Let (X, d, m) be an RCD(K, co) metric
measure space and let ¢ : X — (—oo0, +-00] be a continuous A-convex functional with proper domain. Then

¢ generates an EVI -flow in Dom(¢), according to Definition 3.1}

4 Energy-dissipation inequality, curves of maximal slope and
EVI

There exists a weaker notion of gradient flow for the system (X, d, ¢), which is strictly related to
the energy identity (3.17). Referring to [5, Chapters 2, 3] for more details (see also [4]), we provide
the following definition, which is again independent of A.

Definition 4.1 (EDI and curves of maximal slope). Let (X, d, ¢) be a metric-functional system as in
BI) and v € AC% ([0, +00); X). We say that v satisfies the Energy-Dissipation Inequality (EDIp)

loc

starting from t = 0 if

U ST T
vp € Dom(¢), /0 (§|vr| + §|8q§| (vr)) dr + ¢(vs) < ¢p(vo) for every t > 0. (EDIp)

Moreover, we say that v is a curve of maximal slope if the map t +— ¢(v;) is locally absolutely continuous
in [0, +o0) and

d 1. 1
aqﬁ(m) < —§|Ut|2 - §|8q§|2(vt) for Lt-ae t > 0. 4.1)

Note that every curve of maximal slope for the system (X, d, ¢) satisfies (EDIy): it is sufficient
to integrate (@) in the interval [0, t]. In fact @.I)) is much stronger, since it also yields the identity

d .
E(P(vt) = —10¢|*(vs) = —[0s]> for L'-ae. t > 0. (4.2)

Indeed, @I7) and the differentiability of t > ¢(v;) and t + ©v; (in the metric sense (22)) for
Llae.t >0 entail

%Qb(vt) > —|9¢|(v) |0¢] for L-ae.t >0,

which combined with @) entails (|d¢|(v;) — |0¢])* = 0. In turn, @2) is equivalent to the Energy-
Dissipation Equality

t
/ (%|z>r|2 + %l&qﬂz(w)) dr + (1) = ¢(vs) forevery0<s < . (EDE)

When ¢ admits an EVI, -gradient flow according to Definition[3.T] the two notions in fact coincide.
We have already seen in Theorem[B5|(identity (3.17)) that every solution of EVI, (X, d, ¢) (starting
from ug € Dom(¢)) is a curve of maximal slope and therefore satisfies the Energy-Dissipation
Equality (EDE). The converse implication, only upon requiring the Energy-Dissipation Inequality
(EDIL), is stated in the next theorem.

Theorem 4.2 (Curves of maximal slope and EVI,-gradient flow). Let v be a curve that satisfies the
Energy-Dissipation Inequality (EDLy). Assume in addition that the EV1,-gradient flow S; of ¢ exists (for

some A € R) inaset D c Dom(¢) that contains the image of v. Then vy = S¢(vo) for every t > 0.
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Proof. We can suppose with no loss of generality that A < 0. The map t — |d¢|*(v;) is Lebesgue
measurable (recall (Z.20)) and belongs to L!((0, T)) for every T > 0 in view of (EDIy). By applying
Lemmal4below, we can therefore find f € (0, 1), a sequence 14 | 0 and points t; := 7f such that,
upon letting ¢! := ty + nty, v} = v and choosing Ny € N so that 74(Nx +2) < T < 7x(Ng + 3),
we have

Ni gt
Cy = Z |9 (v} —/ 10| (v,) dr|, lim Ci = 0. (4.3)
n=0 t: -

Note that eventually v}’ € Dom(|d¢|) for all n as above. Now let us set u} := Sy, [vg] and
w}:” := Sy [0} ]; in order to estimate d(v}, u}') we start from the basic recurrence relations

Y
eMid(of, up) < &M (d(of, w) + dwp, up)) < Moy, wp) + M diop T, u Y,

so that a telescopic summation plus the inequality At < Aty (for n > 1) yield

Ni
sup e“;cld(v,’(’, uy) < Z e“kd(v,’(’, wy). (4.4)
1<n<Nj n=1

It is therefore crucial to estimate the terms d(v}!, w}). If we apply B.15) with u; = w}'(t) = S; [vl’j_l],
v = vg and t = 7, we obtain:

2AT) 2
(), o) - SR, ) < En(r)(00]) - 00 ) + R 19PEFY: (45

on the other hand, by the definition of metric slope and Hélder’s inequality we infer that

1 _ T i . _ T f
Jep o< Z [ e Par= g woep - woed - Z [ oPwar, @)
- -

2

where

fe
I' = (o) — p(of 1) + % /1 (|z>r|2 + |aq>|2(v,)) dr.

n
tk

Summing up (4.5) and (4.6), after a multiplication by a factor 2 we end up with
' (w), vl!) < Tie(af +cf +17)),

i
af =21~ T En(w) (00f ) = 9@), o = wlddPp) - /t " 106P (o) dr,

k
so that by (4.4) there follows

1

Ny 2
sup eAt;L’d(v,’(’,ul’(’) <VT Za,’(‘ +ep +IY) . 4.7)
1<n<Nj n=1

An elementary numerical inequality yields
2(1 - 17 'Ean(1h)) < 2|A|7g;

thus, letting Ty := tf{v ¥, a telescopic summation and ¢(vy,) < ¢(vg) ensure that

Ny Ny Ni
Dlal <2 | (d@p) - poP))| < 24T (@(e0) - dlor)), D ef < Cr.
n=1 n=1 n=1
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Furthermore, another telescopic summation entails

N Tk
D= blon) - dlon) + 5 [ (122 + 106700 ar 2 (0w - ptor)
n=1 k

Recalling (@.3), (@.7), the lower semicontinuity of ¢ and the fact that ¢(vr) > —oo, we finally obtain

lim sup e“kd(vk, $)=0,
k_’oo1<n<l\]k

which shows that vy = S(vp) for every t > 0 upon noticing the continuity of the map (¢, u) —
St(u), consequence of (3.54) and continuity w.r.t. t. m|

Remark 4.3 (When vg ¢ Dom(¢)). The case of a curve v; such that vg ¢ Dom(¢) can be dealt with
similarly. Indeed, more in general, we can say that a curve v € ACZ ((0, +0); X) N C°([0, +0); X)
satisfies the Energy-Dissipation Inequality if

loc

t
v; € Dom(¢), lir?l(i)nf [/S ( 0,2 |&¢)| (v,)) dr + ¢(v) — p(vs)| <0 forevery t > 0.

(EDI)
Note that is consistent with (EDIy), in the sense that if vy € Dom(¢) then it is implied by
(EDI) (and it is equivalent to the latter provided t + ¢(v;) is continuous at ¢ = 0). It is then
straightforward to check that one can repeat the proof of Theorem .2l up to replacing the initial
time 0 with s, eventually letting s | 0.

Lemma 4.4. Let ¢ € LY((0,T)) for some T > 0. There exists a sequence t | 0 and a set of points
t € (0,1) with full £ -measure such that, by choosing ty = Tx(t + n) and Ny € N so that T €
[tk (Nk +2), Tx(Nk + 3)), there holds

Ni
lim Z
k—o0 =

Proof. Firstof all, let us trivially extend g by 0 outside the interval (0, T) (for notational convenience
we do not relabel such an extension). It is well known that the bounded map

tn+1

gt - [ " e dr| =

k

T
y € [0, +00) o I(y) := /O 19(0) - g(x + y)|dx

is continuous; hence a further integration with respect to y and Fubini’s Theorem yield

T 1
limsup/ |g(x) —/ gx +ty)dy|dx < hmsup/ / )g(x) g(x +1y)|dy dx
0 0

710
= lim sup I(Ty) dy =0.
710 0
If we denote by N(7) the unique integer such that T € [t(N(7) + 2), T(N(7) + 3)), it follows that

N(7)

hmT / glt(x +mn))— / gltlx +y +n)) dy| dx =

in particular, there exists a Vanishing subsequence 7y such that the integrand

N(7y)

1
> wfstautr+m) - [ gt +y+mya]

n=0

converges to 0 for #!-a.e. x € (0, 1). O
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5 “Ekeland relaxation” of the Minimizing Movement method
and uniform error estimates

A general variational method to approximate gradient flows (and often prove their existence) for
the system (X, d, ¢) is provided by the so called Minimizing Movement variational scheme. In his
original formulation (see e.g. [36])), the method consists in finding a discrete approximation U, of
the continuous gradient flow u by solving a recursive variational scheme. In fact U, is a piecewise
constant function on the partition P, := {0, 7,27, ,NT, - } induced by the time step 7 > 0; in

each interval ((n — 1)7, nt] of the partition, U[ takes the value U” which minimizes the functional
1
U Zdz(ll, urh + (. (5.1)

In order to carry out the iteration, one has to assign the starting value U? = U,(0), which is
supposed to be a suitable approximation of u.

The existence of a minimizing sequence {U”},cy is usually obtained by invoking the direct
method of the Calculus of Variations, thus requiring that the functional (5.)) has compact sublevels
with respect to some Hausdorff topology ¢ on X (see e.g. the setting of [5, Section 2.1]). Another
possibility, still considered in [5], is to suppose that the functional (5.]) satisfies a strong convexity
assumption.

Here we try to avoid these restrictions by applying Ekeland’s Variational Principle to the
functional (5.1, as we did in the Definition 2.9 of the Moreau-Yosida-Ekeland resolvent. This
approach only requires the completeness of the sublevels of ¢; we will show that the sole existence
of an EVI,-gradient flow for ¢ provides an explicit error estimate between the solution to (EVI))
and any discrete approximation obtained by the variational method, so that we can drop any
compactness assumptions.

Definition 5.1 (The Ekeland relaxation of the Minimizing Movement scheme). Let us consider
a time step © > 0, a relaxation parameter 1 > 0, and a discrete initial datum U%n € Dom(¢). A

(7, n)-discrete Minimizing Movement starting from Ug,q is any sequence (U7, Jnew in Dom(¢) s.t.

Uz, € ]7,17[1,1?;71] for every n € N,

i.e. Uz , is a solution of the family of variational problems

oAU, U + G(UL,) < 50V, UL + 6(V)
27 M7 M =5 2l (5.2)
0 . .
+ > d(uz, U;’,ql) d(V,Uz,) forevery V € Dom(¢),
satisfying the further condition
1 _ _
Edz(ugq’ u’?,ql) + gb(u’?,q) S ‘?(U?,ql ’ (52b)

for every n € N. We denote by MMT,,,(U(T),,]) c X the corresponding collection of all the discrete

minimizing movements that start from LI(T)’,Y.

Note that if we pick n = 0 in the previous definition then we have the usual minimizing
movements: in this case, (5.2b) is a direct consequence of (5.2a), since it can easily be obtained
by taking V := U"~!. The particular scaling choice of the parameter 1 in (5.2a) is motivated
by the simpler form of the next estimates, where 1 can be considered as a mild perturbation of
the parameter A and therefore it does not affect the stability on finite intervals and the order of
convergence of the method. In particular, 1 can be taken fixed and positive as 7 vanishes.

Theorem 210 ensures that if ¢ has complete sublevels and it is quadratically bounded from
below according to 2.13), then a (7, n)-discrete Minimizing Movement (U7, )neny € MMT,,,(U(T),,])
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always exists for every t € (0,7,), n > 0, and LI(T),,7 € Dom(¢), where 1, is given by (2.16). The

piecewise constant interpolant flw is defined as (for any sequence actually, not necessarily a
minimizing movement)

U, (t)y:=ur, ifte(n-nrnt], U,©0):=UY,. (5.3)
We can now provide the definition of (continuous) Minimizing Movement.

Definition 5.2 (Minimizing Movements). We say that a curve u : [0, +00) — X is a Minimizing
Movement and belongs to MM(X, d, ¢; ug) if u(0) = ug and there exist n > 0 and piecewise constant

curves Um associated with sequences (U7, )nen € MM« (uo) for sufficiently small T > 0 such that
lim U, () = u(t) foreveryt > 0.
70 !

We say that u is a Generalized Minimizing Movement in GMM(X, d, ¢; 1) ) if u(0) = uo and there exist
n > 0, a vanishing sequence k +— (k) | 0 and piecewise constant curves ll =U associated with

(k)0
sequences (U Jnen € MMy () ,(uo) such that

(k)

kli_rgoﬁk(t) =u(t) foreveryt >0.

As is typical in numerical analysis of differential equations, uniform error estimates will result
from the combination of the discrete uniform stability (as t | 0) of the method and a local error
estimate, an approach known in the literature as Lady Windermere’s Fan (see e.g. [50, Page 39]).
The purpose of the next two lemmas is to somehow reproduce such a strategy in our setting. First
of all, we will show that the discrete Minimizing Movements satisfy an approximate version of
the Energy-Dissipation Inequality; from the latter, stability follows (see Proposition 5.8).

Lemma5.3. Let the sequence (U” )nen € MM, ,7(1,10 ) be a solution of the Minimizing Movement scheme
of Definition[5.1] for some © > 0, r] > 0. Then for every n € N

d(u7 M7 u’rfl 1]1

(1-310)19I(UT,) < (5.42)
Moreover, if ¢ is approximately A-convex, then
AU, Uy
(1+ (A = ) ——""—"= < (UL - p(UL,), (5.4b)
AUz, Uzz) - :
1+ A =mr)———— < PplUz,),  (1-ADIIPl(Uz,) < 9pl(Uz' (5.4c)
where N’ > (1 + 31AL) = A
Note that when 1 = 0 we can choose A’ = —A in the above estimates. On the other hand, when

A > 0 we can always pick 7 sufficiently small (independently of 7 ranging in a bounded interval)
sothat A —n>0and A’ =0

Proof. Inequality (5.4d) follows directly from @2.24). In order to show (5.4D), for every 9, ¢ € (0,1)
we take a (9, ¢)-intermediate point Uy, V" between U ,71 and U, such that

GULTI™) < (1 - 9)p(UL) + 9p(UL,) - === 9(1 - 9)d Uz, UL, (5.5)

Now note that by picking V = Uy, “U in (5.23), setting 7j := qd(ll uyyh), exploiting (5.5) and

T,/
dUY", U < S+ e)dUrt, ur,),  dUy Uz, < (1= 9)(1+e)dUrt, ur),
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we end up with

_dZ(U Un 1)+¢(U < _dZ(Un 1,n Un 1)+¢(U1’l ln)"‘T]d(Un 1,n Unq)

T’
< ‘92(12—?)&(11;’”1, Urh) + (- ) + 9(UL,)  (5.6a)
_Ae 9L, Uz + (1= 9)(1+ e)dU,, UL,

Tn ’ Tn ’

(5.6b)

First one lets ¢ | 0 and then observes that the corresponding second-order polynomial in 9 € [0, 1]
defined by the right-hand side (5.6a)-(5.6D) evaluated at ¢ = 0 attains a minimum at 9 = 1;
inequality (5.4b) then follows by taking the (left) derivative with respect to 9§ at 9 = 1.

Thanks to Proposition[2.16, we know in particular that |8¢|(U;’;71) =2, [qb](U?;?l), whence

n n A n
(P(u’[ n (P(U ) < |a¢|(u7 n )d(ur 1711 U ) - Ed2(u7 1]1/ u’[ 1])

and therefore, by exploiting (5.4b)

d2( n , n—l)
(1+(A = 3)7) ———"= < |9o|Uy, AUy, ur,); (5.7)
we thus get the first inequality of (5.4d) since 1 > 0. The second inequality is implied by (5.4d)
and (5.7), which yield

(1+ (A =3m7) (1= 317) 199I(UL,y) < 19PNUEL), (5:8)
upon observing that A — 11— 21(A — 3n)t > —A". Actually (58) may not hold if the left-hand sides
of both (5.4a) and (5.7) are negative; however, the second inequality of (5.4d) is trivially true. O

The second step consists in providing the fundamental local error estimate between (7, 17)-
minimizing movements and the EVI,-gradient flow, just upon assuming a relaxed version of
(54a) and (5.4b). Here the refined local asymptotic expansion (3.15) turns out to be the crucial
ingredient of the estimate. From now on, for simplicity we will only consider the case A < 0: this
is not restrictive, since a solution of EVI, for A > 0 also solves EVIj.

Lemma 5.4. Let u € Lip([0, +00); Dom(¢)) be a solution of the Evolution Variational Inequality
EVIA(X,d, ¢), A <0, with ug € Dom(|d¢|) and let U € Dom(|d¢|) satisfy the estimates

d*(U, uo)

(1 - 1n0)2|9gA(U) < TI+€’ (1-1pt )d (U, uo)

< ¢(ug) — p(U) + & (5.9)

forsome T >0, ¢ >0,B8,n€[0,2/7). If(n+ B —2A)t < 1, then for every a < 0 complying with
2a < ttlog(1 — (n + B — 2A)1) there holds

AN R(U, uy) < T2(|8(P|2(u0) - ez‘”|8qb|2(u)) + 3¢t (5.10)

Before proceeding to prove the lemma, let us point out that estimate (5.10) looks particularly
simple in thecase A =7 = =0:

(U, 1) < (106 (u0) - 99 (L)) + 3e.

Proof. The local expansion 3.15) with v := U yields

2A1

U) ~ 5600, ) + Ean (1) 9(u0) — 9(UD)) < 100 (wo). (5.11)

-
2
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Multiplying the second inequality of (5.9) by 2E;,(7) and summing it to (5.1T) we obtain
eV d?(ur, U) < 1210¢|*(uo) — c1d®(ug, U) + 2Exx (1) & (5.12)
where c1 := 2t71(1 - $87)E24(7) — 1. Using the elementary inequalities
1+ A7) <BExn(t)<t, 12c121+2A-P)1,
and the first inequality of (5.9), which yields
d*(U, ug) > (1 - n1)12|8¢|2(ll) — e,
from (5.12) we obtain (3.10). m]

5.1 Error estimates and convergence for initial data in Dom(|d¢])

In the next result we establish uniform error estimates between e-relaxed (7, )-minimizing move-
ments (in the sense that they are assumed to satisfy only (5.9) at each discrete time step) and the
gradient flow. Here we consider the case of regular discrete initial data, namely we suppose that
uy, € Dom(|9¢|).

For convenience, let us introduce the following notations:

y =2n-3A4, tr :=min{kt :k €N, kt >t} foreveryt >0. (5.13)
Theorem 5.5 (Uniform error estimate for regular data). Let the following assumptions hold:
1. the EVI)-gradient flow (A < 0) S; of ¢ exists in D € Dom(¢);

2. for some © > 0, n > 0 and ¢ > 0 such that 4yt < 1, the sequence (U}
satisfies for all n € N the estimates

Jnen € D N Dom(|do|)

1

AUy, ugy)!

1,2 2077 , , d*(Uz
(1-5n7)"|d¢| (UW)th?,

-1t T )

- I < (U ) - (U e

(5.14)

Then, for all ug € D, the following estimate holds for every t > 0O:

d(S1 (o), U, , (1)) < e Maluto, UY,) + (VFF + b = £) & [99I(U2,) +2, |t Eny (t). (5.15)

Proof. Thanks to m by applying Lemma [5.4] we obtain the validity of estimate (5.10) with 1
replaced by llT '+ U replaced by U7, ur replaced by ST(U’;#) (forallm e N)and p =1 — A. Let
us set y; := —t~'log(1 — 7). Upon multiplying (5.10) by e?*("~1*
20 £ =y, < —y < 2A, we end up with

1/

and noticing that there holds

ZaanZ(uT n’s (un l)) < "CZ(An +€Bn)

2a(n-1 2 1 2 2 3e2aln—1r
where A" := 27|90 Uz, ) — e dpl~(Uy,) and B":= —
On the other hand, since « < A and it is not restrictive to assume a < 0; if we set E" :=
e d(U7 ), Sur(UY ), we obtain:
E" < ed(UL,, Se(U21) + e d(Se (U 1), Se(Spuonye(U2,)))
< (UL, So(ULY) + e “d(um Sy (UY,)

< MUY, So(UIY) + EM

= 1

T,mn’
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so that if m € N is such that t € ((m — 1)7, mt], or equivalently t; = m1, there holds (note that
EY=0)

m m m m
E" < Zemd(ugq,ST(ug;,l)) <1 Z(A" +eBM2 < ¢ Z(A")l/2 + Ve Z(B”)l/2
n=1 n=1 n=1 n=1
m ; 1/2 m 2a(n-1)r 1/2 0 1 — e2atr
STW(ZA ) + SmST(Z e ) < VTt |dPI(Uz ) + 4/3¢tc Epper

n=1 n=1
whence recalling (3.10) and (3.15),

d(Ur,q(t)/ St(“O)) Sd(st(u’([),q)/ St(”O)) + e_Atd(SmT—t(u’([),q)/ u’([),q) + d(u;r’1171 Sm’f(u’([),q))
<e Md(uo, llg,q) +(tr — 1) e_MT|8qb|(llg,q) +e ahE™

_ _ ’ e—20¢tT -1
<e Atd(u(), U’?/T}) + ( Tt»[ + t»[ - t) e at7|o—7q§|(ug,q) + 381{'7 W,

namely (5.15) upon choosing 2a = —y-, exploiting the inequality

1—e22t 1 [T
dat ;/ e?dr > e* " =e 7 > (1-y1) > 3/4
0

and observing that (we use (5.29) below)

yr =log (1 - 7/’()_% < log [e}’(l - 7/’[)_}’] <2y
since 1 —yt > el O

Let us make explicit two important consequences of the previous result, keeping in mind the
notations (5.13) for y and t.

Corollary 5.6 (Error estimate for the Minimizing Movement scheme). Let us suppose that Dom(¢)
is an approximate length subset of X, and the EVI,-gradient flow (A < 0) S; of ¢ exists in Dom(¢). If,
for some T > 0 and n > 0 satisfying 4yt < 1, the sequence (U7 j)nen C Dom() is a (T, n)-discrete

Minimizing Movement, according to Definition b1} then for all uy € Dom(¢) the following estimate
holds:

d(St(uO),Um(t)) < e Md(uy, ugq) + (\/TtT + i — t) e?’t1|8qb|(ugl,7) forevery t > 0. (5.16)

Proof. Since Dom(¢) is an approximate length subset, we know by Theorem that ¢ is ap-
proximately A-convex. The sequence (U7 )new thus satisfies the a priori estimates of Lemma[5.3]

so that we can apply Theorem 55 with ¢ = 0. o

In order to appreciate the strength of (5.16), let us consider the case where A = 0 and 1 = 0, so
that the sequence n — U7 = U7, is in fact a solution of the usual Minimizing Movement scheme.
For a fixed final time ¢, we choose a uniform partition of step size T = ¢/n and as initial datum
U? = uy € Dom(|d¢|), obtaining

d(Si (o), U™) = d(Sy (o), T,(1)) < % 196 (10),

which reproduces (with a better constant) the celebrated Crandall-Liggett estimate for the gener-
ation of contraction semigroups in Banach spaces governed by m-accretive operators.

As a second consequence, we are able to compare the EVI,-formulation with the notion of
Minimizing Movements recalled in Definition[5.2
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Corollary 5.7 (Existence of Minimizing Movements). Let us suppose that ¢ has complete sublevels,
Dom(¢) is an approximate length subset of X, and the EVI)-gradient flow (A < 0) Sy of ¢ exists in

Dom(¢). Then for every ug € Dom(|d¢|) the sets GMM(X, d, ¢; ug) and MM(X, d, ¢; ug) coincide and
contain as a unique element the curve (S¢(10))¢>0.

Proof. As in the previous corollary, we know that ¢ is approximately A-convex; since ¢ has
complete sublevels, it is quadratically bounded from below by Theorem[2.I7land the set of (7, 1)-
Minimizing Movements is surely not empty thanks to Theorem at east if > 0 and 7 is
sufficiently small. Estimate (5.16) then shows that lim, g d(flm(t), S¢(up)) = 0 for every t > 0, so
that the curve t — S;(up) is the unique element of MM(X, d, ¢; 119) and GMM(X, d, ¢; up). O

We point out that one could also drop the length assumption on Dom(¢) in the previous
—d
Corollaries 5.6 and 5.7 (provided 1y € Dom(¢) '), by replacing the minimizing movements

—d
generated by d with the corresponding ones generated by d; in X = Dom(¢) " itis enough to
apply Theorems[B.9and 310 Note that the sublevels of ¢ stay complete also w.r.t. d; if they were
w.r.t. d.

5.2 Error estimates and convergence for initial data in Dom(¢)

The error estimates we obtained in the previous Theorem[5.5involve the slope of the initial datum.
One can expect that for less regular initial data, namely belonging only to Dom(¢), a lower-
order error estimate should still be available. Usually, such weaker estimates can be derived by
combining the stronger ones with suitable contraction properties of the discrete scheme, through
an interpolation technique. In our situation, however, only the continuous semigroup exhibits
contraction properties of the type of (3.10), but we do not know if the Minimizing Movement
scheme shares an analogous good dependence on perturbations of the initial condition. In this
regard, we are only able to prove estimate (5.18) below.

To overcome this difficulty, we adopt a different approach, which will allow us to prove
Theorem [5.9 below: because calculations are much more complicated with respect to Section
B here we do not aim at finding optimal constants. First of all, we establish the following
refined version of Lemma where the rate of approximation depends on the Moreau-Yosida
regularization 2.I5) of ¢ and the times at which the minimizing movements are considered
are not necessarily consecutive (compare with a priori estimates and asymptotic expansions of
Theorem 3.5 see also Remark[3.7).

Proposition 5.8 (Refined continuous stability estimates). Let the assumptions of Lemmal5.3|be fulfilled
with A < 0and p :== A’ = n— A. Suppose in addition that ¢ is quadratically bounded from below for all
Ko > B. If 4Bt < 1 then for every t,s > O the following estimates hold:

SO, UD,) < &9 E ltep) [9(U2,) ~ g 0, (U2,)], (517)

%dz(Ui,n(t)l Ur,q(t)) < eZﬁ(tT'ﬁ+ST'ﬁ)+th'ﬁ E—ﬁ(s”[,ﬁ) [(P(Ug,q) - ¢E,ﬁ(sT,5)(ug,1])]/ (518)
1 — 2Ptp

§|3(P|2(llr,q(t)) < (1 + ZT]T) Ee_ﬁ(tT) [(P(ug,q) - (PE*ﬁ(tT,ﬁ)(ug,ﬂ)]l (5‘19)

where by ﬁi,q(') we denote the piecewise constant interpolant of the (T, n)-discrete Minimizing Movement
(L), ey starting from Uy ,(s) (let b := s /T) and for every t > 0 we set

tep = (1+4B7)t,.

Proof. We can suppose with no loss of generality that § > 0: the estimates corresponding to f = 0
just follow by letting B — 0 (i.e. 7, A — 0) in GIA-EI9). So, to begin with, for all k € N let us
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write

~(1=pr (UL + (=BT UL = T =prf ot + (1-po) (Ul -0l )]
(5.20)
Now note that estimate (5.4b) entails
(1 - pO)f ok - p(ut )]
5.21
—(1 - 3p0)(1 - pr)f NP (UE,, U + (1 B (Ui - oUL,)], 62D
so that by combining (5.20), (5.21) and summing up we obtain for all n € N
¢(u7 1]) (1 - IBT)n‘?(U?,q)
Uk
¢ty (5.22)
1
+5-(1=3p7) ;u o (UL, Ul + 5 Z(l B [oUE) = o(U )]
It is then direct to check that there holds (discrete integration by parts)
Z(l =0 HoU -z )] = o )~(1-p1)" G(U )= Z(l —p0f (U5 ,)- (5.23)
Moreover,
2
_ 1-p7 -
oAUy, ul,) < (Z d(Usy Usy)| < —5—=[1-po) ;(1 po i (UL, UL, (5.24)
Hence (5.22)-(5.24) yield
(1-pay [#d%u )+ o, ]
A==y o e
(5.25)
1— n
S gt + s Z(l B (UL, < 2oL,
recalling the definition of Moreau-Yosida approximation and setting
®, = — 2(1 —prfp(Uk,), @ =0,
k=1
from (5.29) we can therefore deduce
O, —Dy_q — 1%@,1 < oUY,) —2(1 = Br)" pr-apor (U7 ) foreveryn e N\ {0};  (5.26)
7

by iterating (5.26) and using the fact that = = ¢(UY ) is nonincreasing, we end up with

%% < [a-por—1]pW?,)+

1-
( ﬁ‘B ) ( ;BT)W:| |:¢(ug,q) - gbl*(l;gl”)" (u’?,n) .
(5.27)
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We point out that the r.h.s. of (5.27) is finite thanks to the assumptions on 7 and ¢. Now we
reconsider (5.22) and still apply to the last term in the r.h.s. (together with (5.24)), to get

pa - po)"

A= (- pey]® o o)
<¢(Uy,) - (1-po)" mdz(um ud )+ our,) 5 y D,

estimate (5.27) plus once again the definition Moreau-Yosida approximation then give rise to

) < -(1-po)"
"o /3(1 2p7)"

The validity of (517) is ensured upon recalling (5.13), the definition (5.3) of piecewise constant
interpolant Um(t) and the elementary inequality

—dz(uT U o) - qsl_@;,mn (u?,n)} . (5.28)

(1-x)"'<eTs for every x € (0,1), (5.29)
which implies
(1-2B7)™" < U+ and  (1-p1)™ < eP(1+3B7)tx provided 4Bt < 1. (5.30)

In order to prove (5.18), let n, h € N be such that t € ((n — 1)t,n7] and s € ((h — 1)7, ht], namely
n =t;/tand h = s /7. Similarly to (5.24), we have:

h

dZ(U’?:—?h’ Un [(1 ‘8 ) -h _ ] Z(l _ ﬁT)k_le(U,];-%n, uk+n l
k=1

On the other hand, (5.4a) and the left-hand inequality in (5.4d) yield (upon iteration)

d(uEh, Ukt < (1- o)™ (1 - gno)~"d(Uf ), UKD,

1

whence

2 n+h n ﬁT (1 ~ ﬁT)_h 1
d*(Uzy", Ury) < /37 (1= Brpr(1 = g0 &

Z<1 pof (UL, USY. (53D

Now we observe that, by the above method of proof, estimate (5.28) still holds if we replace

dur o U(T),,]) with the r.h.s. of (5.24), so that this refined information plus (5.31) entail

le(UnHz ur ) < 1-(1- :BT)h
2

Tn T n) = _ h 2n n ) = Piapoyr (Mg )| - .
B =2p0)"(1 = BT)2"(1 - 317) [‘P( ) =P wz,) (5.32)

Estimate (5.18) is therefore a consequence of (5.32) up to exploiting again (B29) as we d1d in (530)
(now with x = B7, x = 2f7 and x = 17/2), noting that U Llr (1) and U”*h 7,4(t) by the
definition of piecewise constant interpolant.

We are then left with establishing (5.19). To this aim, first of all note that by virtue of the
right-hand inequality in (5.4d) we know that the map n — (1 — 7)"[d¢|(U7 ) is not increasing.
Furthermore, (5.4a) and yield

(1 - 021 - $polaePUr,) < p(Uih) — (Ul ); (5.33)

1
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if we plug (5.33) into (5.22) and proceed exactly as above to estimate the remaining terms, we
obtain:

(1-po0)"[1-(01-po)
26

Dopaz,) =2 30 - o [a - poriagl,) I
k=1

S%(l - 1p7) ) (1 - o) Nap AU, (5.34)
k=1

1 _ n
<(1-3n7)7? (1 — fﬁi) [@(US,,,) ~ Progor W)

Estimate (5.19) finally follows from (5.34), by recalling (5.13) along with the definition of piecewise
constant interpolant and using (5.30), the inequality (1 — x) < e™*, valid for all x € (0, 1), applied
to x = Bt and the elementary estimate

(1-in1)2 <1+2nt  ensured by 4nt < 4p7 < 1.
o

We are now able to establish the analogue of Theorem 5.5 for initial (discrete) data that merely
belong to Dom(¢). For simplicity, here we treat the case ¢ = 0 only.

Theorem 5.9 (Uniform error estimate for data in Dom(¢)). Let the following assumptions hold:
1. the EVI)-gradient flow (A < 0) S; of ¢ exists in D € Dom(¢);

2. for some T € (0,1) and n > 0 such that 4yt < 1 (let y be as in (5.13)), the sequence (U7 )nen C
D N Dom(¢) is a (t, n)-discrete Minimizing Movement, according to Definition[5.T}

3. ¢ is approximately A-convex in D.

Then, for all ug € D, the following estimate holds for every t > 0O:

d(S:(up), tlt,q(t)) < e—Al‘d(Mo, ug’n) +10V7t, eVt \/(p(ug,q) - ¢E,17q(3\/E)(u’?r’7)' (5.35)

Note that once condition 1. holds, then by virtue of Theorem .10 condition 3. is also satisfied
as long as D is an approximate length subset.

Proof. In order to establish (5.35), the idea is to start from the trivial inequality
d(Se(UY ), Uy, (1) < d(S:(U2 ), Uz (1) + AU, (), Uy (1)), (5.36)

valid for all s > 0. If we apply (5.15) with Um replaced by Esw, up = U, and ¢ = 0, we obtain:

d(S (UL, T, (1) < e Mdl,, T, ,(s)) + (x/m +h - t) e |9¢|(T, ,(s)) forevery t > 0.
(5.37)
Hence by exploiting (3.10), (5.36), (5.37) and (5.17)-(.19), we deduce the estimate

— _ i
d(st(uO)/ ll[,q(t)) <e /\td(uO/ Ug,q) + eﬁ(tT'ﬁ+ST'ﬁ)+2tT'ﬁ \/2 E—ﬁ(s’f,ﬁ) [¢(ug,q) - ¢E_{g(511{g)(ug,q)]

+e Mo \/2 E-p(scp) [¢(UD,) = P 50 (U2 ,)]

+ (V'It’[ + t’l’ - t) e7t7+ﬁ51,;3 J

2+4nt
E—,B(ST)

[(P(u’(f)ﬂ]) - (PE—/S(ST,/S)(U”?/TI)] :
(5.38)
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Now we make the choice s = y/7f; and try to simplify (5.38) as much as possible by means of the
following elementary inequalities, valid under the running assumptions on the parameters 7, 1
and A:

1

Sep <3VTE, E_g(sep) <3VTh, E_gse) > Vile 2%, TF +t —t < 2Vik, (5.39)
and

2+4nT < g’ eﬁ(tr,{§+51,{§)+%tr,{§ < eZVt”'l%, e AttBsep < e}’t1+1_36, eVtethss < eyt7+%ﬁt7+%‘

(5.40)
The validity of (5.35) is then ensured by (5.38)—(5.40) up to some further trivial numerical inequal-
ities. Note that the right-hand side is surely finite: indeed, by virtue of Theorem[3.5lwe know that
¢ is quadratically bounded from below for all ¥, > —A, and in the case where A < 0 there holds

E_s(3VTE) < 1/B < —1/A. O

Let us point out that in the simplified case A = 7 = 0 with infx ¢ > —oo, if we set n — U} =
U, choose a uniform partition of step size 7 = £/n and an initial datum U? = 1o € Dom(¢), we
obtain the following uniform error estimate of order 1/4:

d(Si (1), U2) = (S (1), T (1)) < 10 % 9u0) —info.

Moreover, if ug,, € Dom(|d¢|) the last term in (5.35) involving the Moreau-Yosida regularization

is of order V7 (recall (350)), so that the latter reproduces the same convergence rate as (5.16), up
to different multiplicative constants (in order to end up with a much more readable estimate we
have given up “optimal” constants in (5.35)).

A Appendix: right Dini derivatives

For every real function C : [a,b) — R and t € [a,b) we consider the lower and upper right Dini
derivatives

d e GO dT C(t +h) - C(t)
dt+C(t) = lllill(l)l‘lf p Y C(t) := hn;lsoup p .
In the beginning of Section 3 we take advantage of the following basic lemma (see e.g. [46]).

Lemma A.1. Let C, 7 : (a, b) — R be lower semicontinuous functions. If
% C(t)+n(t) <0 foreveryt € (a,b), (A1)
+

then 1 is locally integrable in (a, b) and for every ag € (a, b) the function

t
()= C(t) + / n(s)ds is nonincreasing and right continuous in (a, b).
a

0
In particular, (AJ) is equivalent to

+

% C(t)+n(t) <0 foreveryt € (a,b)

and implies the distributional inequality £C+n <0, ie.

b
¢,ne Llloc((a, b)) and / (—CY" +ny)dt <0  for every nonnegative i € CX((a, b)), (A.2)

which is in turn equivalent to (AJ) under the additional assumption that C is right continuous.
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Proof. Let us first consider the case n = 0. If a < tg < tp + 7 < b existed with 6 := 1 (C(to +17)—
C(to)) > 0, then a minimum point f € [to, to + 7) of t > Cs(t) := C(t) — L(to) — O(t — to) would
satisfy ) )

li% (i)nf w =4 () -0620, which contradicts (A).

The right continuity is then a trivial consequence of the lower semicontinuity. In the general case,
since 1) is lower semicontinuous it admits a minimum m(c, d) in every interval [c,d] C (a, b). Tt
follows that the function C. 4(t) := C(t) + m(c, d)t satisfies

£ Cea(t) < =(n(t) —m(c,d)) <0 foreveryt € (c,d),

whence C. 4 is nonincreasing in (c, d) thanks to the first part of the proof. Thus (.4 is right
continuous in (c, d), is differentiable .#'-a.e. in (c, d), its pointwise derivative (. 4 coincides with
%Jr up to a .Z'-negligible set and (. 4 € Llloc((c, d)); since 1 < —%Jr(:c,d + m(c,d) and 1 is locally
bounded from below, it follows that also 17 € L| ((c, d)). All of the just proved properties being
independent of 2 < ¢ < d < b, we have established that n € Llloc((a, b)) and that C is right
continuous.

We can finally introduce the primitive function H(t) := /ﬂ ; n(s)ds. Because £ 4 < {4 in

2'((c, d)), there holds
d. d d . d
8= ) = S (Ceat H=mle,d)) < Coq +n=mle,d) = £ C+1 <0,

still in the sense of distributions in (c,d). On the other hand, since a < ¢ < d < b are arbitrary
and C = C + H is right continuous, it follows that it is nonincreasing in (4, b). The last assertions
concerning (A.2) are direct consequences of the previous results. i

References

[1] A.D. ALexanprov, A theorem on triangles in a metric space and some of its applications, in Trudy
Mat. Inst. Steklov., v 38, Trudy Mat. Inst. Steklov., v 38, Izdat. Akad. Nauk SSSR, Moscow,
1951, pp. 5-23.

[2] L. AmBrosio, Minimizing movements, Rend. Accad. Naz. Sci. XL Mem. Mat. Appl. (5), 19
(1995), pp. 191-246.

[3] L. AmBrosio, M. ErBar, aND G. Savarg, Optimal transport, Cheeger energies and contractivity of
dynamic transport distances in extended spaces, Nonlinear Anal., 137 (2016), pp. 77-134.

[4] L. AmBrosio aND N. GicLy, A user’s guide to optimal transport, in Modelling and optimisation of
flows on networks, vol. 2062 of Lecture Notes in Math., Springer, Heidelberg, 2013, pp. 1-155.

[5] L. Amsrosio, N. GicLy, AND G. Savarg, Gradient flows in metric spaces and in the space of probability
measures, Lectures in Mathematics ETH Ziirich, Birkhduser Verlag, Basel, second ed., 2008.

(6]

, Calculus and heat flow in metric measure spaces and applications to spaces with Ricci bounds
from below, Invent. Math., 195 (2014), pp. 289-391.

[7] ——, Metric measure spaces with Riemannian Ricci curvature bounded from below, Duke Math.
J., 163 (2014), pp. 1405-1490.

, Bakry-Emery curvature-dimension condition and Riemannian Ricci curvature bounds, Ann.
Probab., 43 (2015), pp. 339-404.

(8]

(9]

, Diffusion, optimal transport and Ricci curvature for metric measure spaces, Eur. Math. Soc.
Newsl., (2017), pp. 19-28.

46



[10] L. AmBrosio, A. MoNDINO, AND G. Savarg, Nonlinear diffusion equations and curvature con-
ditions in metric measure spaces, to appear in Mem. Amer. Math. Soc., preprint arXiv:
https://arxiv.org/abs/1509.07273,(2017).

[11] L. AmBrosio aND G. Savarg, Gradient flows of probability measures, in Handbook of Evolution
Equations (III), Elsevier, 2006.

[12] L. AmBrosio, G. SAvARE, AND L. Zamsorri, Existence and stability for Fokker-Planck equations with
log-concave reference measure., Probab. Theory Relat. Fields, 145 (2009), pp. 517-564.

[13] M. Bac&xk, Convex analysis and optimization in Hadamard spaces, vol. 22 of De Gruyter Series in
Nonlinear Analysis and Applications, De Gruyter, Berlin, 2014.

[14] C. BatoccHi, Discretization of evolution variational inequalities, in Partial differential equations
and the calculus of variations, Vol. I, F. Colombini, A. Marino, L. Modica, and S. Spagnolo,
eds., Birkhduser Boston, Boston, MA, 1989, pp. 59-92.

[15] V. Barsu, Nonlinear semigroups and differential equations in Banach spaces, Editura Academiei
Republicii Socialiste Romania, Bucharest, 1976. Translated from the Romanian.

[16] P. BéniLAN, Solutions intégrales d’équations d’évolution dans un espace de Banach, C. R. Acad. Sci.
Paris Sér. A-B, 274 (1972), pp. A47-A50.

[17] A.Brancher, E. A. CarceN, aAND J. A. CarriLLo, Functional inequalities, thick tails and asymptotics
for the critical mass Patlak-Keller-Segel model, J. Funct. Anal., 262 (2012), pp. 2142-2230.

[18] H. Brézis, Monotonicity methods in Hilbert spaces and some applications to nonlinear partial differ-
ential equations, in Contribution to Nonlinear Functional Analysis, Proc. Sympos. Math. Res.
Center, Univ. Wisconsin, Madison, 1971, Academic Press, New York, 1971, pp. 101-156.

[19] ——, Propriétés régularisantes de certains semi-groupes non linéaires, Israel J. Math., 9 (1971),
pp- 513-534.

[20] ——, Problemes unilatéraux, . Math. Pures Appl. (9), 51 (1972), pp. 1-168.

[21] , Opérateurs maximaux monotones et semi-groupes de contractions dans les espaces de Hilbert,
North-Holland Publishing Co., Amsterdam, 1973. North-Holland Mathematics Studies, No.

5. Notas de Matematica (50).

[22] D. Buraco, Y. BuraGo, aAND S. IvaNov, A course in metric geometry, vol. 33 of Graduate Studies
in Mathematics, American Mathematical Society, Providence, RI, 2001.

[23] Y. Burago, M. Gromov, aND G. PereL'MAN, A. D. Aleksandrov spaces with curvatures bounded
below, Uspekhi Mat. Nauk, 47 (1992), pp. 3-51, 222.

[24] ]J. A. CarriLLo, R. J. McCanN, anp C. ViLLany, Contractions in the 2-Wasserstein length space and
thermalization of granular media, Arch. Rational Mech. Anal., 179 (2006), pp. 217-263.

[25] L. CHizat aND S. D1 MaRrINoO, A tumor growth model of Hele-Shaw type as a gradient flow, preprint
arXiv: https://arxiv.org/abs/1712.06124, (2017).

[26] P. CLémeNT aND W. DEsch, A Crandall-Liggett approach to gradient flows in metric spaces, J. Abstr.
Differ. Equ. Appl., 1 (2010), pp. 46—60.

[27] , Some remarks on the equivalence between metric formulations of gradient flows, Boll. Unione

Mat. Ital. (9), 3 (2010), pp. 583-588.

[28] P. Corri, On some doubly nonlinear evolution equations in Banach spaces, Japan J. Indust. Appl.
Math., 9 (1992), pp. 181-203.

47



[29] D. CorbEro-ErAUSQUIN, R. J. McCANN, AND M. SCHMUCKENSCHLAGER, A Riemannian interpola-
tion inequality a la Borell, Brascamp and Lieb, Invent. Math., 146 (2001), pp. 219-257.

[30] , Prékopa-Leindler type inequalities on Riemannian manifolds, Jacobi fields, and optimal trans-

port, Ann. Fac. Sci. Toulouse Math. (6), 15 (2006), pp. 613-635.

[31] K. Craig, The exponential formula for the Wasserstein metric, ESAIM Control Optim. Calc. Var.,
22 (2016), pp. 169-187.

[32] M. G. CranpaLL anD T. M. LicGert, Generation of semi-groups of nonlinear transformations on
general Banach spaces, Amer. J. Math., 93 (1971), pp. 265-298.

[33] G. DaL Maso, An introduction to T-Convergence, vol. 8 of Progress in Nonlinear Differential
Equations and Their Applications, Birkhduser, Boston, 1993.

[34] S. Danert aND G. Savarg, Eulerian calculus for the displacement convexity in the Wasserstein
distance, SIAM J. Math. Anal., 40 (2008), pp. 1104-1122.

(35]

, Lecture notes on gradient flows and optimal transport,in Optimal transportation, Y. Ollivier,
H. Pajot, and C. Villani, eds., vol. 413 of London Math. Soc. Lecture Note Ser., Cambridge
Univ. Press, Cambridge, 2014, pp. 100-144.

[36] E. DE Gioral, New problems on minimizing movements, in Boundary Value Problems for PDE
and Applications, C. Baiocchi and J. L. Lions, eds., Masson, 1993, pp. 81-98.

[37] E. DE Gioral, A. MariNO, aND M. Tosquegs, Problems of evolution in metric spaces and maximal
decreasing curve, Atti Accad. Naz. Lincei Rend. Cl. Sci. Fis. Mat. Natur. (8), 68 (1980), pp. 180-
187.

[38] M. Decrovanni, A. Marino, anp M. Tosques, Evolution equations with lack of convexity, Non-
linear Anal., 9 (1985), pp. 1401-1443.

[39] 1. ExeLanp, On the variational principle, ]. Math. Anal. Appl., 47 (1974), pp. 324-353.
[40] ——, Nonconvex minimization problems, Bull. Amer. Math. Soc. (N.S.), 1 (1979), pp. 443-474.

[41] M. ErBAR, The heat equation on manifolds as a gradient flow in the Wasserstein space, Ann. Inst.
Henri Poincaré Probab. Stat., 46 (2010), pp. 1-23.

[42] ——, Gradient flows of the entropy for jump processes, Ann. Inst. Henri Poincaré Probab. Stat.,
50 (2014), pp. 920-945.

[43] M. ErBar anD M. Huesmann, Curvature bounds for configuration spaces, Calc. Var. Partial
Differential Equations, 54 (2015), pp. 397-430.

[44] M. ErBar, K. Kuwaba, anp K.-T. Sturm, On the equivalence of the entropic curvature-dimension
condition and Bochner’s inequality on metric measure spaces, Invent. Math., 201 (2015), pp. 993—
1071.

[45] M. ErBar AND J. Maas, Ricci curvature of finite Markov chains via convexity of the entropy, Arch.
Ration. Mech. Anal., 206 (2012), pp. 997-1038.

[46] 1. S. GAL, On the fundamental theorems of the calculus, Trans. Amer. Math. Soc., 86 (1957),
pp- 309-320.

[47] N. Gic, K. Kuwapa, aND S. OntaA, Heat flow on Alexandrov spaces, Comm. Pure Appl. Math.,
66 (2013), pp. 307-331.

[48] A. Guitzky AND A. MIELKE, A gradient structure for systems coupling reaction-diffusion effects in
bulk and interfaces, Z. Angew. Math. Phys., 64 (2013), pp. 29-52.

48



[49] M. Gromov, Metric structures for Riemannian and non-Riemannian spaces, vol. 152 of Progress in
Mathematics, Birkhduser Boston, Inc., Boston, MA, 1999. Based on the 1981 French original
[MR0682063 (85e:53051)], With appendices by M. Katz, P. Pansu and S. Semmes, Translated
from the French by Sean Michael Bates.

[50] E. HAIreR, S. P. Norsert, AND G. WANNER, Solving ordinary differential equations. I, vol. 8 of
Springer Series in Computational Mathematics, Springer-Verlag, Berlin, second ed., 1993.
Nonstiff problems.

[51] R. JorpaN, D. KinDErRLEHRER, AND F. Otro, The variational formulation of the Fokker-Planck
equation, SIAM J. Math. Anal., 29 (1998), pp. 1-17 (electronic).

[52] J. Jost, Nonlinear Dirichlet forms, in New directions in Dirichlet forms, vol. 8 of AMS/IP Stud.
Adv. Math., Amer. Math. Soc., Providence, RI, 1998, pp. 1-47.

[53] D. KINDERLEHRER, L. MONSAINGEON, AND X. Xu, A Wasserstein gradient flow approach to Poisson-
Nernst-Planck equations, ESAIM Control Optim. Calc. Var., 23 (2017), pp. 137-164.

[54] S. KonDrATYEV, L. MONSAINGEON, aND D. VorotNikov, A new optimal transport distance on the
space of finite Radon measures, Adv. Differential Equations, 21 (2016), pp. 1117-1164.

[55] V. Lascuos anp A. MieLke, Geometric properties of cones with applications on the Hellinger-
Kantorovich space, and a new distance on the space of probability measures, to appear in J. Funct.
Anal., preprint arXiv: https://arxiv.org/abs/1712.01888, (2018).

[56] M. Liero anD A. MIELKE, Gradient structures and geodesic convexity for reaction-diffusion systems,
Philos. Trans. R. Soc. Lond. Ser. A Math. Phys. Eng. Sci., 371 (2013), pp. 1-28.

[57] M. Liero, A. MieLkE, AND G. Savarg, Optimal entropy-transport problems and a new Hellinger-
Kantorovich distance between positive measures, Invent. Math., 211 (2018), pp. 969-1117.

[58] J. Lot anD C. ViLLani, Ricci curvature for metric-measure spaces via optimal transport, Ann. of
Math. (2), 169 (2009), pp. 903-991.

[59] A. Lyrcuak, Open map theorem for metric spaces, Algebra i Analiz, 17 (2005), pp. 139-159.

[60] J. Maas, Gradient flows of the entropy for finite Markov chains, J. Funct. Anal., 261 (2011),
pp- 2250-2292.

[61] A. Marino, C. Saccon, anp M. Tosques, Curves of maximal slope and parabolic variational
inequalities on nonconvex constraints, Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4), 16 (1989),
pp- 281-330.

[62] D.Marthes, R. J. McCanN, aAND G. SavARE, A family of nonlinear fourth order equations of gradient
flow type, Comm. Partial Differential Equations, 34 (2009), pp. 1352-1397.

[63] U. F. Maver, Gradient flows on nonpositively curved metric spaces and harmonic maps, Comm.
Anal. Geom., 6 (1998), pp. 199-253.

[64] R.]J. McCanN, A convexity principle for interacting gases, Adv. Math., 128 (1997), pp. 153-179.

[65] A.MieLkE, A gradient structure for reaction-diffusion systems and for energy-drift-diffusion systems,
Nonlinearity, 24 (2011), pp. 1329-1346.

[66] , Geodesic convexity of the relative entropy in reversible Markov chains, Calc. Var. Partial

Differential Equations, 48 (2013), pp. 1-31.

[67] A.MieLkg, C. ORTNER, AND Y. SENGUL, An approach to nonlinear viscoelasticity via metric gradient
flows, SIAM J. Math. Anal., 46 (2014), pp. 1317-1347.

49



[68] A. MIELKE, R. Rossi, AND G. Savarg, Nonsmooth analysis of doubly nonlinear evolution equations,
Calc. Var. Partial Differential Equations, 46 (2013), pp. 253-310.

[69] M. Muratort aND G. Savarg, Gradient flows and Evolution Variational Inequalities in metric
spaces. II: variational convergence. In preparation.

[70] , Gradient flows and Evolution Variational Inequalities in metric spaces. I11: generation results.

In preparation.

[71] R. H. Nocuerro, G. Savarg, anp C. VERrDI, A posteriori error estimates for variable time-step
discretizations of nonlinear evolution equations, Comm. Pure Appl. Math., 53 (2000), pp. 525-
589.

[72] S.-1. Onta, Gradient flows on Wasserstein spaces over compact Alexandrov spaces, Amer. J. Math.,
131 (2009), pp. 475-516.

[73] S.-1. Oura anD M. PALr1A, Gradient flows and a Trotter-Kato formula of semi-convex functions on
CAT(1)-spaces, Amer. ]. Math., 139 (2017), pp. 937-965.

[74] S.-1. Onta AnD K.-T. StURM, Non-contraction of heat flow on Minkowski spaces, Arch. Ration.
Mech. Anal., 204 (2012), pp. 917-944.

[75] F. Orro, The geometry of dissipative evolution equations: the porous medium equation, Comm.
Partial Differential Equations, 26 (2001), pp. 101-174.

[76] F. Orro anp C. ViLLani, Generalization of an inequality by Talagrand and links with the logarithmic
Sobolev inequality, ]. Funct. Anal., 173 (2000), pp. 361-400.

[77] G.PereLMAN aND A. PeETRUNIN, Quasigeodesics and gradient curves in Alexandrov spaces. Unpub-
lished preprint, available online at www.math.psu.edu/petrunin/papers/papers.html.

[78] A.PerrRUNIN, Semiconcave functions in Alexandrov’s geometry, in Surveys in differential geome-
try. Vol. XI, vol. 11 of Surv. Differ. Geom., Int. Press, Somerville, MA, 2007, pp. 137-201.

[79] C. Praut, Metric spaces of curvature > k, in Handbook of geometric topology, North-Holland,
Amsterdam, 2002, pp. 819-898.

[80] R.Rosstanp G. Savarg, Gradient flows of non convex functionals in Hilbert spaces and applications,
ESAIM Control Optim. Calc. Var., 12 (2006), pp. 564-614 (electronic).

[81] F. Santamsrocio, {Euclidean, metric, and Wasserstein} gradient flows: an overview, Bull. Math.
Sci., 7 (2017), pp. 87-154.

[82] G. Savarg, Gradient flows and diffusion semigroups in metric spaces under lower curvature bounds,
C. R. Math. Acad. Sci. Paris, 345 (2007), pp- 151-154.

[83] R. E. SHowaLTER, Monotone operators in Banach space and nonlinear partial differential equations,
American Mathematical Society, Providence, RI, 1997.

[84] K.-T. Sturm, Metric spaces of lower bounded curvature, Exposition. Math., 17 (1999), pp. 35-47.

[85] , Convex functionals of probability measures and nonlinear diffusions on manifolds, J. Math.

Pures Appl. (9), 84 (2005), pp. 149-168.

[86] ———, On the geometry of metric measure spaces. I, Acta Math., 196 (2006), pp. 65-131.
[87] ———, On the geometry of metric measure spaces. I, Acta Math., 196 (2006), pp. 133-177.

[88] , Gradient flows for semiconvex functions on metric measure spaces — existence, uniqueness,

and Lipschitz continuity, Proc. Amer. Math. Soc., 146 (2018), pp. 3985-3994.

50



[89] C. ViLLany, Optimal transport. Old and new, vol. 338 of Grundlehren der Mathematischen
Wissenschaften, Springer-Verlag, Berlin, 2009.

[90] M.-K. von RenEessk aND J. M. ToLLE, On an EVI curve characterization of Hilbert spaces, ]. Math.
Anal. Appl., 385 (2012), pp. 589-598.

51



