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Abstract

Autonomous maritime navigation and offshore operations have gained wide attention
with the aim of reducing operational costs and increasing reliability and safety.
Offshore operations, such as wind farm inspection, sea farm cleaning, and ship
mooring, could be carried out autonomously or semi-autonomously by mounting one
or more long-reach robots on the ship/vessel. In addition to offshore applications,
long-reach manipulators can be used in many other engineering applications such as
construction automation, aerospace industry, and space research. Some applications
require the design of long and slender mechanical structures, which possess some
degrees of flexibility and deflections because of the material used and the length of
the links. The link elasticity causes deflection leading to problems in precise position
control of the end-effector. So, it is necessary to compensate for the deflection of the
long-reach arm to fully utilize the long-reach lightweight flexible manipulators.

This thesis aims at presenting a unified understanding of modeling, control, and
application of long-reach flexible manipulators. State-of-the-art dynamic modeling
techniques and control schemes of the flexible link manipulators (FLMs) are discussed
along with their merits, limitations, and challenges. The kinematics and dynamics of a
planar multi-link flexible manipulator are presented. The effects of robot configuration
and payload on the mode shapes and eigenfrequencies of the flexible links are discussed.
A method to estimate and compensate for the static deflection of the multi-link
flexible manipulators under gravity is proposed and experimentally validated. The
redundant degree of freedom of the planar multi-link flexible manipulator is exploited
to minimize vibrations. The application of a long-reach arm in autonomous mooring
operation based on sensor fusion using camera and light detection and ranging
(LiDAR) data is proposed.
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Sammendrag

Autonom maritim navigasjon og offshore operasjoner har i nyere tid fått oppmerksom-
het med fokus på reduksjon av operasjonskostnader samt forbedring av pålitelighet
og sikkerhet. Offshore operasjoner, som for eksempel inspeksjon av vindparker,
rensing av oppdrettsanlegg og fortøyning av fartøy, kunne ha blitt utført autonomt
eller semi-autonomt ved å montere en eller flere roboter med lang rekkevidde på
et offshore fartøy. I tillegg til offshore operasjoner så kan manipulatorer med lang
rekkevidde benyttes i mange anvendelser innen for eksempel i byggebransjen samt luft
og romfartsindustrien. Noen anvendelser krever design av lange og slanke mekaniske
strukturer med en viss grad av fleksibilitet og defleksjon på grunn av materialvalg og
lengden på lenkene. Elastistet i lenkene fører til defleksjon som igjen fører til proble-
mer forbundet med presis posisjonsstyring av verktøyet montert ved håndleddet til
roboten. Derfor vil det være nødvendig å kompensere for defleksjon av slanke lenker
for å få full utnyttelse av elastiske, lettvektsmanipulatorer med lang rekkevidde.

Denne avhandlingen har som mål å presentere en forent forståelse av modellering,
styring og anvendelse av elastiske manipulatorer med lang rekkevidde. Forskjellige
moderne dynamiske modelleringsteknikker og reguleringskonsepter av FLMs blir
diskutert sammen med deres meritter, begrensninger og utfordringer forbundet med
disse. Kinematikk og dynamikk av en planar elastisk manipulator med flere lenker
presenteres. Effekten av robot konfigurasjon og last på svingemoduser og egenfrek-
venser av de elastiske lenkene diskureres. En metode for å estimere og kompensere
for statisk defleksjon av elastiske manipulatorer med flere lenker påvirket av tyng-
dekraften foreslås og valideres eksperimentelt. Den redundante frihetsgraden til en
planar elastisk manipulator med flere lenker blir utnyttet for å minimere vibrasjoner.
Anvendelse av en arm med lang rekkevidde i autonome fartøyningsoperasjoner basert
på fusjon av sensordata fra kamera og LiDAR presenteres.
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Chapter 1

Introduction

1.1 Motivation and Problem Statement

The current world population of 7.7 billion is expected to reach 8.6 billion by 2030,
9.8 billion in 2050, and 11.2 billion in 2100 [1]. Satisfying the demands of 2.1 billion
more people requires a leap in the food production levels. One of the solutions to
this problem is to use robotic technology in fish farming and offshore industries, as
this technology has the potential to revolutionize the aquaculture industry.

Currently, service vessels with several crew members on board are used to carry
out day-to-day tasks including fish welfare monitoring, facility inspections, control
of feed rationing, and lice counting on offshore fish farm facilities. To meet the
production demands, the need of locating facilities in more hostile and hard-to-reach
environments will soon rapidly increase the operational costs.

To meet the energy demands of the increasing population, offshore wind farms are
one of the most suitable options. However, due to harsh environmental conditions,
the costs of their installation, inspection, and maintenance will increase. So, offshore
companies are looking for ways to reduce costs by minimizing employee costs and
improving manufacturing efficiency and safety.

As the sea farms and offshore wind farms are situated in remote and isolated
places, they pose a challenging environment for the human operator due to hazardous
weather and an unfriendly atmosphere. A promising solution to obtain maximum
productivity, efficiency, safety, and reduce labor costs is to utilize industrial robotics
in the offshore environment for cleaning, manipulation, inspection, maintenance, and
repair [2].

1.1.1 Autonomous Offshore Operations

Autonomous maritime navigation and offshore operations have increasingly become
the focus of current research with the aim of reducing operational costs and in-
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Ship

Robotic Arm

Bollard

Figure 1.1: Autonomous mooring (with permission from MacGregor AS)1.

creasing reliability and safety. They offer the opportunity to develop sustainable
transportation and trade as they have the potential to reduce carbon footprint and
facilitate environmental protection. Offshore operations, for example, wind farm
inspection, sea farm cleaning, and ship mooring could be carried out autonomously
or semi-autonomously by mounting one or more long-reach robots on the ship/vessel
(see Figure 1.1). Autonomous operations rely on the accurate perception of the
environment with several complementary sensory modalities. The use of onboard
robotic manipulators equipped with the camera and LiDAR combination to carry
out autonomous mooring operations is presented in paper F.

1.1.2 Long-Reach Manipulators

Many studies have been done to analyze the potential to apply robots in offshore
environments for manipulation and inspection [3, 4].

In order to utilize robotics technologies in offshore environments, a number of
challenges must be overcome that hardly exist in any other application area of

1https://youtu.be/Co211gU_J5w
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robots [5]. As industries are looking for more automated platforms, specialized long-
reach robot arms should be developed to be able to tolerate the harsh environments
in offshore areas. Specifically, the control architecture designed for the manipulator
should be able to reduce oscillations in the arms while following collision-free, pre-
planned trajectories or while manipulating payloads with large areas subjected to
wind forces.

For achieving minimum oscillation and good position accuracy, the conventional
robots are designed with highly stiff materials which consequently require expensive,
high-power drives [6]. However, the vibration of the end-effector at high speed
and high load is still present due to elasticity. In this context, lightweight, flexible
manipulators are better and cheaper alternatives, when the control architecture is
designed to reduce the vibration of the end-effector to an acceptable range. The
advantages of lightweight, flexible manipulators over conventional manipulators
include the following [7]:

• Lower cost

• High payload-to-robot-weight ratio

• High operational speed

• Better transportability

• Safe operation due to reduced inertia.

In addition to offshore applications, the long-reach manipulators can be used
in many other engineering applications such as construction automation, aerospace
industry, and space research. Some applications require the design of long and slender
mechanical structures which possess some degrees of flexibility and deflections because
of the material used and the length of the links. The link elasticity causes deflection
leading to problems in precise position control of the end-effector. So, it is necessary
to compensate for the deflection of the long-reach arm to fully utilize the long-reach
lightweight flexible manipulators.

Using only the kinematic information and joint encoder readings, it is not possible
to control the position and orientation of the end-effector precisely enough to perform
manipulation tasks in a long-reach flexible arm compared to more rigid industrial
robots. To control the vibration of the flexible arm, additional sensors, for example,
vision sensors and inertial measurement units (IMUs), can be added to the flexible
arm control architecture to provide deflection/vibration measurement of the flexible
link or the end-effector.

The highly nonlinear dynamics of the FLM with an infinite number of degrees of
freedom (DoF) make their control more complicated compared to the conventional
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industrial robot. An accurate model of the system aids the development of efficient
and optimal model-based control algorithms for FLMs. In this context, it is desirable
to build a mathematical model of the system incorporating flexible link dynamics in
an accurate and computationally affordable way.

1.1.3 Research Questions

i. Can the closed-form dynamic model for a planar multi-link flexible manipulator
be derived and used in the model-based control?

ii. Can the static deflection of a multi-link flexible manipulator be measured/es-
timated under gravity and compensated during motion from initial to goal
pose?

iii. Is it possible to minimize oscillations in a flexible manipulator by exploiting
redundancy?

1.2 State-of-the-Art

The study of modeling, control, and sensor systems for the application of flexible
manipulators is of ongoing interest to researchers worldwide. With the recent
advancement in technology, researchers are focusing on the development of an
accurate dynamic model of flexible manipulators, controlling and applying them
to different applications. Paper A presents a review of state-of-the-art dynamic
modeling techniques and control schemes to control FLMs that were studied in recent
literature along with their merits and limitations.

The review of the recent literature shows that most of the standard dynamic
modeling approaches for FLMs assume small deflections in general. This can be
a reasonable assumption for most robotic applications, but it can be violated in
applications that require high accelerations, velocities, tip forces, and torques. Some
studies consider moderate and large deformations to overcome the limitations of
assuming small deflection [8–14].

Because of the difficulty in obtaining an accurate dynamic model of the FLMs,
model-free control methods are used more often than model-based controllers: these
types of controllers are popular because of their robustness to parameter uncertainty
and disturbances in FLMs. However, only a few model-free methods, including
proportional integral derivative (PID) control and iterative learning control, are used
to control industrial robots, as other model-free methods need additional attention
to solve the problem of low dynamic accuracy and/or unstable control caused by the
non-collocated system. In order to solve the problem of individual controllers, two

4
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or more control techniques are combined to achieve control performances that are
better than using individual control techniques [15–18].

A recent boost in computing power and the emergence of machine learning
algorithms have enabled scientists to apply intelligent control techniques or to
combine learning-based control approaches with other methods to control FLMs. In
addition, several recent control techniques proposed in the literature are based on
neural networks and other learning-based algorithms [19–32].

The literature review (presented in paper A) on the state-of-the-art modeling
and control techniques of FLMs reveals that most of the studies are limited to planar
single-link and two-link flexible manipulators. More research studies are required
for the modeling and control of multi-link flexible manipulators undergoing general
three-dimensional (3D) motion.

1.3 Thesis Outline

Following the introduction in chapter 1, the thesis is divided into four main chapters,
which are followed by the appended articles published in peer-reviewed conference
proceedings and journals. The content of each chapter is summarized as follows:

Chapter 1 – Introduction
The chapter presents the research questions and motivation for this project.
The state-of-the-art is briefly discussed. Finally, the dissertation outline is
provided followed by a summary of the appended papers.

Chapter 2 – Modeling
The chapter summarizes different modeling techniques for FLMs and presents
the kinematic and dynamic models of a planar three-link flexible manipulator
used in this project.

Chapter 3 – Control
This chapter describes the challenges and complexities associated with the
control of FLMs and highlights different control methods used for FLMs.

Chapter 4 – Experimental Setup
The chapter describes the experimental setup used in the thesis.

Chapter 5 – Concluding Remarks
The chapter summarizes and concludes the key outcomes of the project. Further-
more, research trends, further work, and the outlook on long-reach manipulators
are discussed.
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Appended Papers
The articles published in peer-reviewed conference proceedings and journals are
appended at the end of the dissertation. The versions included in this thesis
differ only in their formatting.

1.4 Contributions

The work done in this project has contributed to four main research areas of FLMs:

i. Modeling: Different methods of modeling FLMs are explored and discussed
(presented in paper A). Lumped parameter method and assumed modes method
of modeling FLMs are presented in papers B and C respectively.

ii. Design and Prototyping: A planar three-link flexible manipulator is de-
signed, built, and commenced in the lab to carry out research in the field of
FLMs. A detailed description of the experimental setup used in the project is
presented in chapter 4.

iii. Control: Different model-based and model-free control methods used for
controlling FLMs, that are studied in the literature, are reviewed in paper A.
A strategy to compensate for the static deflection in planar multi-link flexible
manipulators under gravity is proposed in paper D. The online control of a
redundant FLM with redundancy resolution techniques to achieve minimum
vibrations is discussed in paper E.

iv. Application: The application of a long-reach arm in autonomous mooring op-
eration using camera-LiDAR data fusion is proposed and presented in paper F.

The main contributions of this work are summarized in Figure 1.2.
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Flexible Link ManipulatorsFlexible Link Manipulators

Figure 1.2: Thesis context and contributions.

The dissertation provides context to the contributions of the following papers:

Paper A – Review on Modeling and Control of Flexible Link Manipulat-
ors
This paper presents a review of dynamic modeling techniques and various
control schemes to control flexible link manipulators (FLMs) that were studied
in recent literature. The advantages and complexities associated with the FLMs
are discussed briefly. A survey of the reported studies is carried out based on
the method used for modeling link flexibility and obtaining equations of motion
of the FLMs. The control techniques are reviewed by classifying them into two
main categories: model-based and model-free control schemes. The merits and
limitations of different modeling and control methods are highlighted.

Paper B – Modeling and Analysis of Flexible Bodies Using Lumped Para-
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meter Method
The modeling, identification and analysis of a flexible beam is presented. The
lumped parameter method is used to model a flexible beam. The use of camera
measurements to identify lumped parameters, namely spring stiffness and
damping coefficient, is described. The measurements of the tip oscillations
using a high-speed camera and high-precision laser tracker are compared. The
static and dynamic behavior of the flexible beam model is compared to the
experimental results to show the validity of the model.

Paper C – Dynamic Modeling of Planar Multi-Link Flexible Manipulat-
ors
A closed-form dynamic model of the planar multi-link flexible manipulator is
presented. The assumed modes method is used with the Lagrangian formula-
tion to obtain the dynamic equations of motion. Explicit equations of motion
are derived for a three-link case assuming two modes of vibration for each
link. The eigenvalue problem associated with the mass boundary conditions,
which changes with the robot configuration and payload, is discussed. The
time-domain simulation results and frequency-domain analysis of the dynamic
model are presented to show the validity of the theoretical derivation.

Paper D – Static Deflection Compensation of Multi-Link Flexible Manip-
ulators Under Gravity
The static deflection compensation method of a planar multi-link flexible manip-
ulator is proposed using the feedback from inertial sensors mounted at the tip
of each link. The proposed compensation technique is validated experimentally
using a high-precision laser tracker. The proposed strategy is experimentally
verified using a three-link flexible manipulator. A strategy to compensate
for the centripetal and tangential acceleration induced on the accelerometer
mounted on the rotating link is proposed for correct inclination estimation. The
improvement in the inclination estimation using the proposed compensation
technique is verified both in simulation and experimental studies.

Paper E – Control of Redundant Flexible Manipulators with Redund-
ancy Resolution
This paper deals with the online control of a redundant flexible link manipulator
to achieve minimum oscillations using the redundancy resolution technique.
Different redundancy resolution techniques proposed and used for rigid link
manipulators are tested for their use in the case of flexible link manipulators.
The simulation model of a planar three-link flexible manipulator is used in this
study. The redundancy resolution using kinetic energy minimization techniques
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is compared with the local joint acceleration minimization method to show the
advantage of achieving minimum vibrations.

Paper F – Camera-LiDAR Data Fusion for Autonomous Mooring Oper-
ation
The use of camera and LiDAR sensors to sense the environment has gained
increasing popularity in robotics. Individual sensors, such as cameras and
LiDARs, fail to meet the growing challenges in complex autonomous systems.
One such scenario is autonomous mooring, where the ship has to be tied to
a fixed rigid structure (bollard) to keep it stationary safely. The detection
and pose estimation of the bollard based on data fusion from the camera and
LiDAR are presented here. Firstly, a single shot extrinsic calibration of LiDAR
with the camera is presented. Secondly, the camera-LiDAR data fusion method
using camera intrinsic parameters and camera to LiDAR extrinsic parameters is
proposed. Finally, the use of an image-based segmentation method to segment
the corresponding point cloud from the fused camera-LiDAR data is developed
and tailored for its application in autonomous mooring operation.
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Chapter 2

Modeling

This chapter describes briefly different modeling methods used for FLMs and presents
the kinematic and dynamic models of a planar three-link flexible manipulator used
in this project.

2.1 Flexible Link Model

A flexible link possesses infinite DoF which is mathematically complex to model.
However, the flexible link system can be described with finite DoF by trading the
accuracy for ease of use. The accuracy of the model depends on the assumptions
made to simplify the complexity of the FLMs. However, all the dynamically relevant
properties of the FLMs system such as flexibility effects, dynamic interactions, and
coupling effects are important to represent accurately. The following assumptions
are made for the development of the dynamic model of the FLMs throughout this
thesis:

i. Link deflections are small.

ii. Each link of the manipulator can undergo bending deformations (transversal
deflection) in the plane of motion.

iii. The torsional effects and shear deformations are neglected.

iv. All joints are rigid and revolute. This assumption is considered because of
higher stiffness of the joint compared to the stiffness of the link.

This section provides a short introduction to different methods for modeling
link flexibility. In addition to the methods discussed below, there are many other
methods that are used for obtaining the dynamic model of the FLMs which include,
but are not limited to, perturbation method, pseudo-rigid body method, global mode
method, and modal integration method, as discussed in detail in paper A.
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2.1.1 Lumped Parameter Method

In this method, the link flexibility is modeled by a set of mass, spring, and damper
connected in series. Although lumped parameter method (LPM) is a simple and
easy method to implement, its implementation relies on an accurate determination
of the model parameters, namely spring stiffness and damping coefficients. Paper B
discusses a systematic approach to accurately estimate model parameters using a
camera and presents the use of LPM to model a flexible beam.

2.1.2 Assumed Modes Method

In this method, the link flexibility is represented by a combination of spatial mode
shapes and time-varying generalized coordinates. The modal series is truncated to a
finite dimension based on the assumption that the dynamics and overall motion of
the link are dominantly governed by the first few low-frequency modes [33]. Among
different modeling methods, assumed modes method (AMM) is more widely used
in the literature. Paper C contains a detailed analysis of the AMM to model link
flexibility and obtain a closed-form dynamic model of the planar multi-link flexible
manipulator.

AMM has been used by many researchers to develop and experimentally verify
a dynamic model of flexible mechanical systems [34–37]. The choice of proper
boundary conditions is important while using AMM for modeling FLMs. Following
four applicable boundary conditions, according to the general beam vibration theories,
are detailed in [38, 39]:

i. Pinned-Pinned

ii. Clamped-Pinned

iii. Clamped-Free

iv. Clamped-Clamped.

It is also equally important to select compatible joint variables, deflection variables,
and their corresponding mode shape functions [40, 41].

2.1.3 Finite Element Method

In finite element method (FEM), the flexible link is modeled as a combination of a
finite number of elements interconnected at nodes. The displacement at any point of
the continuous element is expressed in terms of the finite number of displacements
at the nodal points multiplied by the polynomial interpolation functions [42]. The
FEM is applicable for complex structures and can handle nonlinear and mixed
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boundary conditions, but a large number of state-space equations involved makes it
computationally expensive.

The finite element discretization of the flexible bodies introduces a large number
of DoF resulting in computationally expensive simulation of the multi-body system.
However, the number of DoF can be reduced using a model reduction procedure.
This allows an efficient simulation of the multi-body system while keeping an accurate
description of the predominant dynamic behavior. Model reduction involves a trade-
off between the model order and the accuracy of the representation of the real plant
dynamics. In other words, the order of the dynamic model should be suitable to use
in real-time control and, at the same time, should not lead to a spill-over effect (the
problem of un-modeled residual modes) that would destabilize the system.

The model reduction techniques discussed in the literature can be divided into
three main categories [43, 44]:

i. Static condensation, substructuring, and modal truncation (Guyan reduction,
dynamic reduction, component mode synthesis, improved reduction system
method, and system equivalent expansion reduction process)

ii. Padé and Padé-type approximations (Krylov subspace method)

iii. Balancing-related truncation techniques.

The Craig-Bampton method (component mode synthesis technique) is one of the
most frequently applied methods for the reduction of mechanical systems [45]. The
quality of the reduced models depends on the selection of the right modes in complex
systems, which needs an experienced user.

2.1.4 Transfer Matrix Method

In transfer matrix method (TMM), each element of the system is represented by
a transfer matrix that transfers a state vector from one end of the element to the
other. The individual element matrices are multiplied together to obtain the system
transfer matrix [46]. The TMM is a frequency-domain technique, but it is difficult
to include the interaction between the gross motion and the flexible dynamics of the
manipulator [33].

2.2 Kinematics

The flexible body kinematics (presented in paper C) and the equivalent rigid body
kinematics (presented in paper E) of a planar multi-link manipulator are summarized
in this section.

13



Modeling and Control of Flexible Link Manipulators

X̂0

Ŷ0
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Figure 2.1: Planar three-link flexible manipulator.

2.2.1 Flexible Body Kinematics

Figure 2.1 shows a model of a planar three-link flexible manipulator. The direct
kinematic model of the planar manipulator can be formulated in terms of displacement
vectors and rotation matrices. The coordinate frames for the manipulator are assigned
following a methodology similar to the Denavit-Hartenberg (DH) convention: the
inertial frame (X̂0, Ŷ0), the rigid body moving frame associated with link i (Xi, Yi)
located at joint i, and the flexible body moving frame associated with link i (X̂i, Ŷi)
located at the tip of link i. The rigid motion of link i is represented by the joint i
position qri, and the deflection at any point xi along the link i is described by wi(xi),
where 0 ≤ xi ≤ `i, and `i is the length of the link i.

The position of a point along the link i and its endpoint referred to frame (Xi, Yi)
are given by Equations (2.1) and (2.2) respectively. Here, iri+1 also denotes the
position of the origin of frame (Xi+1, Yi+1) with respect to frame (Xi, Yi). The
absolute positions of the aforementioned points referred to frame (X̂0, Ŷ0) are given
by Equations (2.3) and (2.4) respectively, whereWi is the cumulative transformation
from inertial frame (X̂0, Ŷ0) to frame (Xi, Yi). Wi can be calculated recursively
using Equations (2.5)–(2.7), where Ai represents the joint rotation matrix, and Ei−1
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represents the influence of the elastic deformation of the previous link i− 1 in the
orientation of link i. The orientations of frames (Xi, Yi) and (X̂i−1, Ŷi−1) with respect
to frame (X̂0, Ŷ0) are given by Equations (2.8) and (2.9) respectively.

ipi =
[
xi wi(xi)

]T
(2.1)

iri+1 = ipi
∣∣
xi=`i

=
[
`i wie

]T
(2.2)

pi = ri +W i
i pi (2.3)

ri+1 = ri +W i
i ri+1 (2.4)

Wi = Wi−1Ei−1Ai = Ŵi−1Ai, W0 = Ŵ0 = I (2.5)

Ai =

[
cos(qri) −sin(qri)

sin(qri) cos(qri)

]
(2.6)

Ei =

[
1 −w′ie
w′ie 1

]
, w′ie =

∂wi(xi)

∂xi

∣∣∣∣
xi=`i

, E0 = I (2.7)

αi =
i∑

j=1

qrj +
i−1∑
k=1

w′ke, i ≤ n (2.8)

α̂i =
i−1∑
j=1

qrj +
i−1∑
k=1

w′ke, i ≤ n+ 1 (2.9)

The differential kinematics can be obtained using the time derivatives of the
displacement and rotation as shown in Equations (2.10)–(2.19).

iṗi =
[
0 ẇi

]T
(2.10)

iṙi+1 = iṗi
∣∣
xi=`i

=
[
0 ẇie

]T
(2.11)

ṗi = ṙi + Ẇ i
i pi +W i

i ṗi (2.12)

ṙi+1 = ṙi + Ẇ i
i ri+1 +W i

i ṙi+1 (2.13)

α̇i =
i∑

j=1

q̇j +
i−1∑
k=1

ẇ′ke (2.14)
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˙̂αi =
i−1∑
j=1

q̇j +
i−1∑
k=1

ẇ′ke (2.15)

Ȧi = SAiq̇i, S =

[
0 −1

1 0

]
(2.16)

Ėi = Sẇ′ie (2.17)

Ẇi =
˙̂
W i−1Ai + Ŵi−1Ȧi (2.18)

˙̂
W i−1 = Ẇi−1Ei−1 +Wi−1Ėi−1 (2.19)

2.2.2 Rigid Body Kinematics

The forward kinematics of a manipulator describing the pose of the end-effector as a
function of the joint angles is given by Equation (2.20), where x ∈ Rm is the vector
representing the pose of the end-effector, and qr ∈ Rn is the vector of joint positions.

x = f(qr) (2.20)

For the planar three-link manipulator, n = 3 represents three joints and m = 2

represents the two-dimensional (2D) position of the end-effector. Figure 2.2 shows
the equivalent rigid body schematic of a three-link manipulator with DH parameters
given in Table 2.1.

X1

Y1

X2

Y2 Y3 Ye

X3 Xe

O1 O2 O3 Oe

Xw

Yw

ℓ1 ℓ2 ℓ3

Figure 2.2: Equivalent rigid body kinematics.

Table 2.1: DH parameters.

Axis RotZ TranZ TranX RotX
1 qr1 0.0 `1 0.0
2 qr2 0.0 `2 0.0
3 qr3 0.0 `3 0.0
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Differentiating Equation (2.20) with respect to time, the relation between joint
velocity and end-effector velocity is obtained as shown in Equation (2.21), which is
called differential kinematics of the manipulator, where J(qr) ∈ Rm×n is the m× n
Jacobian matrix.

ẋ = J(qr)q̇r (2.21)

Similarly, the relation between the joint acceleration and end-effector acceleration
is obtained by differentiating Equation (2.21) with respect to time as shown in
Equation (2.22).

ẍ = J(qr)q̈r + J̇(qr, q̇r)q̇r (2.22)

2.3 Dynamics

The dynamic model of the planar multi-link flexible manipulator derived using the

assumed modes method is given by Equation (2.23), where q =
[
qr qf

]T
, qr =[

qr1 qr2 · · · qrn

]T
, qf =

[
qf11 qf12 · · · qf1nf

· · · qfn1 qfn2 · · · qfnnf

]T
, qri

represents the ith joint position, qfij represents the time-varying variable related to
the spatial assumed mode shape of link i and mode of vibration j, nf represents the
total number of assumed modes of vibration, M(q) is the inertia matrix, c(q, q̇) is
the vector of Coriolis and centripetal effects, g(q) is the gravity term, and K is the
rigidity modal matrix (presented in paper C).

M(q)q̈ + c(q, q̇) + g(q) +Kq = τ (2.23)

Joint viscous friction and link structural damping can be included by adding a
damping matrix D as

M (q)q̈ + c(q, q̇) + g(q) +Kq +Dq̇ = τ . (2.24)

The dynamic equation can be written in another form separating rigid and flexible
parts as in Equations (2.25)–(2.27).[

Mrr Mrf

MT
rf Mff

][
q̈r

q̈f

]
+

[
cr

cf

]
+

[
gr

gf

]
+

[
0 0

0 Kff

][
qr

qf

]

+

[
Drr 0

0 Dff

][
q̇r

q̇f

]
=

[
τr

0

] (2.25)

Mrrq̈r +Mrf q̈f + cr + gr +Drrq̇r = τr (2.26)

MT
rf q̈r +Mff q̈f + cf + gf +Kffqf +Dff q̇f = 0 (2.27)
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Chapter 3

Control

This chapter describes the challenges and complexities associated with the control of
FLMs and highlights different control methods used for FLMs.

3.1 Overview of FLM Control

The control of FLMs is a challenging and ongoing field of robotics research and
development. Different types of tasks and robot systems require a variety of robot
controllers. This chapter presents a systematic overview of different methods of FLM
control and introduces the research topics related to FLM control relevant to this
project.

Unlike rigid manipulators, it is not possible to control the end-effector position and
orientation of FLMs precisely by using joint encoders only. Additional sensors (e.g.,
inertial sensors and vision sensors) are required to sense deflections and oscillations.
For the correct positioning of the end-effector in the FLM, the deflection should be
estimated by using a suitable sensor system and should be compensated using the
feedback control strategy of adjusting joint variables. Some commonly used sensors
for deflection measurements and estimations in FLMs are [7]:

i. Strain gauges

ii. IMUs

iii. Optical/vision systems

iv. Position sensitive devices

v. Piezoelectric materials

vi. Ultrasonic sensors

vii. Range sensors.
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Paper A presents challenges and complexities associated with the control of
FLMs and provides a review of different model-based and model-free control methods
studied in the literature. The common problems/complexities associated with the
control of FLMs, as discussed in [39] and paper A, are as follows:

i. Non-minimum phase: It results from the system zeros located in the right
half of a complex plane (s-plane).

ii. Non-collocation: It refers to the problem with the accurate end-effector
position control of the FLM using non-collocated actuation/ torque input (at
the joint).

iii. Under-actuation: The FLM system has fewer actuators (at joints) than the
number of degrees of freedom. This is because the elastic links have infinite
degrees of freedom.

iv. Controller/observer spillover: Control spillover is the excitation of the
residual modes by the controller action and observation spillover is the contam-
ination of sensor reading by the residual modes. This problem is due to model
truncation and may lead to an unstable closed-loop system. Nevertheless, a
model-free robust controller can be used to avoid controller/observer spillover
problems caused due to model truncation [6].

Apart from the control complexities discussed above, there are other problems
such as friction, backlash, and gear non-linearities that should be addressed by the
control algorithms designed for FLMs. Main control problems that are studied in
the literature for FLMs are categorized as follows (presented in paper A) [39] :

i. Tip position control [47, 48]

ii. Joint position control [49]

iii. Tip trajectory tracking control [50]

iv. Joint trajectory tracking control [51–53]

v. Vibration control [54]

vi. Motion control [55–57]

vii. Force control [58, 59]

viii. Hybrid control (position and force [60, 61], position and vibration [62], traject-
ory tracking and vibration [63], and other combinations).
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Figure 3.1: Model-based and model-free control schemes.

There are various control schemes reported in the literature, depending on the
control problems. The control techniques can be broadly divided into two main
categories: model-based control and model-free control, as shown in Figure 3.1 and
discussed in detail in paper A.

i. Model-Based Control: In model-based control, the system’s dynamic model
is explicitly used to aid the controller design. The mathematical model is
applied to calculate the controller response required to obtain the explicitly
specified desired output response.

Model-based control techniques (shown in Figure 3.1) include input shaping or
command preshaping control, feed-forward control, optimal control, optimal
trajectory planning, boundary control, linear quadratic Gaussian/regulator,
predictive control, and (state) observer-based control [7].

Since the controller is derived using the dynamic model of the system, to
achieve good control performances, the parameters of the model should closely
match the real system. The parameters of the FLM model are obtained by
best fitting either to measured results of the excitation of the real robot or to
an even more accurate model of the robot obtained, for example, using finite
element modeling. Excitation is usually made in the same frequency range as
it will be used for the control of the FLM. Most of the model-based controllers
proposed in the literature use system identification techniques to determine
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precise model parameters. Then the identified parameters are used to design
the controller.

ii. Model-Free Control: Model-free control is a technique to control complex
systems using a simplified representation of the system: subsequent algebraic
estimation techniques are then used to design a simple and effective controller
[64]. The controller does not rely on the precise mathematical model of the
system, but it is solely based on the measurements obtained from the system.

Model-free control techniques (shown in Figure 3.1) include, but are not limited
to, robust control, adaptive control, sliding mode control, intelligent control
methods, composite control (inner/outer loop control, two-time scale control),
PID control, singular perturbations technique, integral resonant control, gen-
eralized proportional integrator control, fractional order control, direct strain
feedback control, repetitive control, passivity-based control, positive/negative
position feedback control, end-point acceleration feedback control, and linear
velocity feedback control [7].

Recently, there is a trend of using the combination of different control techniques
to achieve better control performances than using individual control methods.

In this work, the control algorithms commonly designed for rigid-link manipulators
are adopted with some modifications to use in the case of multi-link FLMs. In
particular, the above-discussed problems (i.e., non-minimum phase, non-collocation,
under-actuation, and controller/observer spillover) associated with FLMs are avoided,
while still satisfying the requirements of the intended application of the long-reach
manipulator (i.e., autonomous mooring) by assuming that deflections are slowly
varying.

Joint space-based and task space-based controllers are the two common control
schemes for robot manipulators.

3.2 Control in the Joint Space

Joint space is defined by a vector of joint positions. In this method, the robot is
controlled to track the trajectory in joint space. In most robotic applications, the
tasks are specified in the Cartesian space. Therefore, it is first necessary to solve the
inverse kinematics problem to map the trajectories from the task space into the joint
space before applying the joint space-based controllers.

Figure 3.2 shows a simplified architecture of the joint space-based controllers,
where xd is the desired Cartesian pose, q is the vector of joint positions, qd is the
vector of desired joint positions, and τ is the reference input torque command of the
robot.
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Figure 3.2: Block diagram of the joint space control.

Proportional derivative (PD), PID, and computed torque techniques are the
common joint space-based control schemes.

The rigid body kinematics and joint position feedback are enough for the precise
pose control of the rigid link manipulators. However, additional sensors are required
to sense deflections and oscillations and should be compensated in the case of FLMs.

Independent Joint Control

An independent joint control strategy based on a cascaded architecture with deflection
compensation for FLMs is presented in paper D and is shown in Figure 3.3. In
Figure 3.3, qid represents the desired joint i position, qi is the actual joint i position,
∆qi is the static compensation angle or the angular deflection of link i at the tip, and
θi is the inclination angle estimated using IMU i mounted on link i. The innermost
loop is a proportional integral (PI) current controller. The next cascade level is a PI
velocity control loop, the outermost cascade is a proportional (P) position controller,
and the static deflection compensation action enters into the position cascade level.
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Figure 3.3: A general architecture for independent joint control with deflection
compensation for FLM.

3.3 Control in the Cartesian Space

Cartesian space (or task space) is defined by the position and orientation of the
end-effector of a robot. In this method, the robot is controlled to track the trajectory
in the task space. The obvious strategy is to use inverse kinematic algorithms to
convert task space variables into the corresponding joint space variables and then
use joint space control. This approach is called kinematic control. Another strategy
is to design a control scheme directly in the task space by reconstructing task space
variables from measured joint space variables by using the kinematic mappings.

Figure 3.4 shows a simplified architecture of the task space-based controllers,
where x is the actual Cartesian pose of the robot.

In the case of FLMs, the actual end-effector pose (i.e., task space variables) does
not match the end-effector pose calculated using the rigid body kinematics due
to deflection. This adds additional complexity to the task space control of FLMs.
Although the task space variables could be measured using suitable sensor systems
(for example, vision systems), the joint variables are still needed to evaluate the
Jacobian matrix.

Although the direct task space control approach has the advantage to operate
directly on the task space variables, the joint space behavior is difficult to predict and
the feedback gains in tasks space are not intuitive. Furthermore, it does not allow
easy management of the effects of singularities and redundancy and may become
computationally demanding if, besides positions, also velocities and accelerations
are of concern [65]. However, the kinematic control approach provides an easy
way to analyze the important properties of kinematic mappings: singularities and
redundancy.
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Figure 3.4: Block diagram of the task space control.

Redundancy Resolution

A kinematically redundant manipulator has more DoF than required to achieve
the desired position and orientation of the end-effector. This redundancy of the
manipulator can be exploited in a strategic manner that will improve its performance
without affecting the validity of the solution. Different redundancy resolution methods
are available in the literature for rigid link manipulators. Manipulator redundancy
has been exploited in the literature to achieve different criteria, for example, joint
limits avoidance [66, 67], minimization of kinetic energy [68], obstacles avoidance [69],
singularity avoidance [70, 71], and minimization of joint torques [72]. However, their
application in redundant FLMs has not been explored. Paper E explores different
redundancy resolution methods and utilizes them to control redundant FLMs for
achieving minimum vibrations.

In paper E, the closed-loop inverse kinematics (CLIK) algorithm with redundancy
resolution at the acceleration level is used as shown in Figure 3.5, where Kp and
Kv are symmetric positive definite matrices and their choices guarantee that the
task-space position error (ep = xd−x) and velocity error (ev = ẋd−Jq̇r) uniformly
converge to zero.

The joint trajectories generated using the redundancy resolution techniques are
used for the online control of the FLM. It is shown in paper E that the kinetic energy
minimization approaches reduce the elastic vibrations compared to the local joint
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Figure 3.5: CLIK algorithm with redundancy resolution at the acceleration level
applied to control FLM.

acceleration minimization method of redundancy resolution.
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Experimental Setup

This chapter describes the experimental prototype developed in the lab to carry out
this research in the field of FLMs.

The experimental setup used in this work is shown in Figure 4.1. It consists of a
planar three-link flexible manipulator with three revolute joints. Each joint consists
of a hub, motor, and planetary gearbox. A STIM300 IMU sensor is mounted closer
to the tip of each link and a Leica spherical reflector is mounted closer to the tip
of the last link so that the precise position of the reflector can be tracked using a
Leica AT960 laser tracker. The Leica tracker is used for validating the deflection
compensation method proposed in paper D and it is calibrated with respect to the
inertial frame (X̂0, Ŷ0) to measure the reflector position.

Hardware Architecture

The hardware architecture of the experimental setup is illustrated in Figure 4.2. It
consists of the following main components:

i. Manipulator: The planar three-link flexible manipulator consists of the
following:

(a) Links: Each link of the manipulator is made of a hollow aluminium
profile. The link dimensions are shown in Table 4.1.

(b) Motors and Gearboxes: Each joint consists of a permanent magnet-
excited three-phase synchronous motor and a planetary gearbox. The
general specifications of the motors and gearboxes are shown in Table 4.2
and Table 4.3 respectively.

(c) IMUs: The manipulator consists of three STIM3001 IMU sensors moun-
ted closer to the tip of each link. Each sensor contains three highly accurate

1https://www.sensonor.com/products/inertial-measurement-units/stim300/
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Figure 4.1: Experimental setup ( 1 Robot base, 2 Joint 1, 3 Link 1, 4 IMU
1, 5 Joint 2, 6 Link 2, 7 IMU 2, 8 Joint 3, 9 Link 3, 10 Leica spherical

reflector, 11 IMU 3, 12 Payload, 13 Leica AT960 laser tracker, 14 Laser beam):
(a) actual, (b) the schematic.
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Figure 4.2: Hardware architecture.

micro-electromechanical systems (MEMS) gyros, three high stability ac-
celerometers, and three inclinometers. All IMUs are factory calibrated
and compensated over their entire operating temperature range.

(d) Reflector: A Leica spherical reflector2 is mounted closer to the tip of
the manipulator. The laser tracker can track the precise position of the
reflector.

ii. Control Cabinet: The control cabinet is shown in Figure 4.3. It consists of
the following components:

(a) Power Supply: A three-phase 400 V alternating current (AC) power
supply is supplied to three servo drives via a 3-pole 25 A miniature circuit
breaker (MCB). Moreover, a direct current (DC) power supply unit is
protected with a 3-pole 10 A MCB. This makes it possible to run the
DC circuit with the embedded personal computer (PC)/programmable
logic controller (PLC) without switching on the drives. The DC power
supply unit provides 24 V DC power to all the components in the con-
trol cabinet requiring DC power input including servo drives, embedded
PC/PLC, safety controller, digital input terminal, and ethernet for control

2https://leica-geosystems.com/products/total-stations/accessories/reflectors
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Figure 4.3: Control cabinet ( 1 25 A MCB, 2 10 A MCB, 3 Power supply
unit, 4 Drives, 5 Embedded PC/PLC, 6 Safety controller, 7 Digital input
terminal, 8 EtherCAT serial interface, 9 RS422/RS485 cable, 10 Two pair cable

to connect E-Stop button, 11 Main AC power supply, 12 EtherCAT connectors,

13 Single-cable power and feedback system).

30



Chapter 4. Experimental Setup

automation technology (EtherCAT) serial interface.

(b) Embedded PC/PLC: The embedded PC with a high-performance cent-
ral processing unit (CPU) can be transformed into a powerful PLC by
installing TwinCat automation software. It can communicate with drives,
laser tracker, safety controller, digital input terminal, EtherCAT serial
interface, and other devices compatible with EtherCAT communication
protocol.

(c) Drives: There are three compact servo drives: one for each joint with
a TwinSAFE3 drive option card that provides drive integrated safety
functions. All servo drives have a rated output current of 6 A, a peak
output current of 13 A, and a max DC link voltage of 875 V. Three
drives are connected to form a multi-axis system. The control loop has a
cascaded structure and supports fast and highly dynamic positioning tasks.
The drives can communicate with the embedded PC/PLC for allowing
PC-based control via EtherCAT communication protocol.

(d) Safety Controller: A dedicated safety controller is connected to the PLC
which is a TwinSAFE component used for the realization of safety-oriented
applications on the basis of Boolean values. For this purpose, certified
function blocks are available enabling the processing of safe input signals
and the generation of safe output signals. The safety controller safely
exchanges data via failsafe over EtherCAT (FSoE) with other devices
including the TwinSAFE digital input terminal.

(e) Digital Input Terminal: A digital input terminal is a TwinSAFE
component used for connecting sensors with potential-free contracts for
24V DC. It has four fail-safe inputs. The signals are transmitted via
FSoE to a TwinSAFE Logic-capable component (safety controller) and
can be used to evaluate them in terms of safety. Two E-Stop buttons are
connected to the digital input terminal.

(f) EtherCAT Serial Interface: The EtherCAT serial interface enables
the connection of devices with RS422/RS485 interfaces. This interface can
communicate with the PLC via the coupler. Three IMUs are connected
to this interface via RS422 cable.

(g) E-Stop Buttons: There are two emergency stop (E-Stop) buttons con-
nected to the EtherCAT serial interface: one is placed on the control
cabinet, while the other is freely movable and can be placed near the
workstation.

3https://www.beckhoff.com/en-en/products/automation/twinsafe/
twinsafe-hardware/ax5805.html
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Table 4.1: Link dimensions.

Length (m) Width (m) Height (m) Thickness (m)

Link 1 1.5 50× 10−3 50× 10−3 4× 10−3

Link 2 1.5 40× 10−3 40× 10−3 3× 10−3

Link 3 1.5 30× 10−3 30× 10−3 2.5× 10−3

Table 4.2: Motor specifications.

Specifications Motor 1 Motor 2 Motor 3

Standstill torque (Nm) 17.1 8.20 1.37
Rated torque (Nm) 16.1 7.50 1.34
Peak torque (Nm) 37.1 35.0 6.10
Rated speed (rpm) 1400 2000 3000
Rated power (kW) 2.36 1.57 0.42
Standstill current (A) 5.20 3.30 1.00
Peak current (A) 13.9 17.9 5.5
Torque constant (Nm/A) 3.30 2.48 1.37

iii. Laser Tracker: A Leica AT960 laser tracker is used to track the precise
position of the Leica spherical reflector mounted at the tip of the manipulator.
The tracker is connected with the PLC using the EtherCAT and can track the
reflector at 1 kHz.

iv. Workstation: A workstation with TwinCAT 3.1 installed on the Windows
10 operating system is used to communicate with the embedded PC/PLC
via EtherCAT communication protocol and to deploy software developed to
control the manipulator. The human-machine interface (HMI) is developed
using PyQt54 and pyads5, which are based on Python 36, Qt7, and TwinCAT
automation device specification (ADS).

Table 4.3: Gearbox specifications.

Specifications Gearbox 1 Gearbox 2 Gearbox 3

Gear ratio 61 50 35
Nominal output torque (Nm) 1100 304 40
Maximum acceleration torque (Nm) 1400 380 55

4https://pypi.org/project/PyQt5/
5https://pypi.org/project/pyads/
6https://www.python.org/downloads/
7https://www.qt.io/
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Design Requirements

The selection of motors, gearboxes, drives, and links is done by considering the
following design requirements:

i. Each link of the arm is 1.5 m long and made of elastic hollow aluminum profiles
such that the total deflection of the arm should be less than 10% of the total
length of the arm in the horizontal configuration with a payload of 2 kg at the
end-effector, and the deflection of each link should be considerably visible.

ii. The end-effector of the arm can follow a circular trajectory with a radius of
1 m at the tangential speed of 2 m/s2 with the center at (2.5 m, 1.5 m).

iii. Inertia ratio λ ≤ 10.

iv. The weight of the manipulator system is minimized.

v. The nominal output torque and maximum acceleration torque of the joints are
maximized.

vi. The motion of the end-effector should be planar.

However, the motion of the end-effector is not perfectly planar because of the
asymmetrical load at the joints. The problem of resonance or the effective operating
bandwidth of the system may occur because of high inertia ratios λ > 10.
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Chapter 5

Concluding Remarks

This chapter summarizes and concludes the key outcomes of the project. Furthermore,
research trends, further work, and the outlook on long-reach flexible manipulators
are discussed.

5.1 Conclusions

The work presented in this dissertation has contributed to the area of modeling,
control, and application of long-reach flexible manipulators.

Different state-of-the-art modeling and control strategies of the FLMs, along with
the challenges associated with them, have been discussed. The modeling and analysis
of a flexible beam using the LPM have been presented and the use of the camera to
identify the lumped parameters (i.e., stiffness and damping coefficient) of the flexible
beam has been proposed and validated experimentally. A closed-form dynamic model
for a planar multi-link flexible manipulator has been derived. The effect of robot
configuration and payload on the mode shapes and eigenfrequencies of the flexible
links are discussed. A method to estimate the static deflection of multi-link flexible
manipulators under gravity has been proposed. A strategy to compensate for the
static deflection by using a feedback control strategy of adjusting joint variables
has been detailed and experimentally validated. The redundant DoF of the planar
multi-link flexible manipulator have been exploited to minimize vibrations. One of
the application areas of long-reach manipulators, i.e. autonomous mooring, has been
explored and detailed.

5.2 Future Work

Although the closed-form dynamic model of the FLM has been derived for the
multi-link flexible manipulator, because of high computational requirements, it is not
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trivial to use the model to design model-based controllers in the case of manipulators
with more than two links. However, the model can be used to study the effects of
any control methods on the flexibility of the manipulator system.

Since the eigenfrequencies change with the changes in manipulator configuration
and payload, the design of the model-based control using system identification
techniques is difficult for multi-link manipulators with more than two links.

In spite of the fact that significant advancements have been made in many aspects
of FLMs over the last few decades, there are many issues yet to be resolved, and
simple, robust, reliable, and effective controls of FLMs still remain a challenge.
Undoubtedly, further research efforts in this area would contribute significantly to
the development of lightweight flexible manipulators for space research and long-reach
manipulators for offshore industries to perform different robotic operations safely.
The mooring operation could be executed autonomously by mounting long-reach
arm/s on a ship. Cleaning, repair, and maintenance operations in offshore wind
farms and sea farms could be carried out autonomously or semi-autonomously with
the reduction of oscillations in the long-reach arm. Furthermore, the construction
industry could utilize the long-reach manipulator for material handling and assembly
tasks. Application-oriented studies on FLMs could be one of the possible future
directions of research.
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Abstract This paper presents a review of dynamic modeling tech-
niques and various control schemes to control flexible link manipulators
(FLMs) that were studied in recent literature. The advantages and com-
plexities associated with the FLMs are discussed briefly. A survey of the
reported studies is carried out based on the method used for modeling
link flexibility and obtaining equations of motion of the FLMs. The con-
trol techniques are reviewed by classifying them into two main categories:
model-based and model-free control schemes. The merits and limitations
of different modeling and control methods are highlighted.

A.1 Introduction

Link flexibility is present in manipulators because of two main reasons: the use of
lightweight material and the long or slender design. It introduces static and dynamic
deflections of the link and end-effector. Neglecting link flexibility in modeling and
control of robots causes static and dynamic errors while carrying out any task. The
static error includes a steady-state error, and dynamic errors include vibration and
tracking error. These errors result in the degradation of the overall performance
of the FLMs. From the control point of view, mechanical flexibility introduces an
additional problem of non-collocation between the input commands and typical
outputs to be controlled. So, it is crucial to consider link flexibility during modeling
and control design of FLMs.

Major advantages of FLMs over rigid, bulky robots (designed with highly stiff
materials) include, but are not limited to, low cost, smaller actuators, reduced energy
consumption, high payload-to-robot-weight ratio, high operational speed, better
transportability, and safer operation [1]. Because of these underlying advantages, the
research interest in FLMs has increased significantly in recent years. FLMs can be
used in many engineering applications for performing different robotic operations such
as space research [2–4], construction automation [5], offshore applications (wind farm,
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sea farm, fish farm, autonomous mooring), aerospace industry, robotic surgery [6, 7],
and applications that require physical interaction [8] and human-robot collaboration.

In contrast to the rigid industrial robot, it is not possible to control the precise
position and orientation of the end-effector of the FLMs to perform manipulation
tasks using only the rigid body kinematic information and joint encoder readings.
This is because link flexibility causes deflection of the links and unwanted oscillations,
which causes problems in the precise position control of the end-effector and may
even lead to an unstable system. To control the vibration of the FLMs, additional
sensors like vision sensors, IMUs, are usually added to the FLMs control architecture
to provide vibration measurement of the flexible links or the end-effector.

For achieving minimum oscillations and good position accuracy, the industrial
robots are designed with highly stiff materials (like heavy steel with bulky design),
which consequently require expensive high-power drives. However, the vibration of
the end-effector at high speed and high load is still present due to industrial robot
joint elasticity. In this context, lightweight flexible manipulators are better (cheaper)
alternatives if the control architecture is designed to reduce the vibration of the
end-effector to an acceptable range (depending on the application).

The nonlinear dynamics of the system with an infinite number of degrees of
freedom make control of FLMs more complicated than the conventional industrial
robots. In order to develop an efficient model-based control algorithms for the
FLMs, it is necessary to construct a mathematical model of the system incorporating
flexibility of the links. On the one hand, it is impractical to model the flexible
link with infinite degrees of freedom for dynamic analysis and simulations, but
on the other hand, it is challenging to describe the system with a finite degree of
freedom and still being able to represent all the dynamically relevant flexibility effects.
Nevertheless, the actual system behavior should be represented by a dynamically
accurate and computationally affordable mathematical model to design a suitable
(model-based) control algorithm. When designing an FLM, it is important to obtain
dynamic features that avoid complex vibration modes, which will make it difficult
to control the FLM. Therefore, modeling is essential for the model-based design of
FLMs for optimal control performance. In general, additional generalized coordinates
are introduced to describe flexibility in addition to the coordinates that are used to
describe the rigid motion of the manipulator in a Lagrangian formulation. Because
of the additional generalized coordinates, the FLMs have fewer actuators than the
number of degrees of freedom. As a result of this type of under-actuation, it is
more difficult to design suitable laws to control FLMs than to control rigid arm
manipulator. Lochan et al. [9] described additional complexities involved in the
flexible manipulator, including the problem of controller/observer spillover due to
model truncation.
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The study of modeling, control, and sensor systems for the application of FLMs
are of on-going interest for researchers worldwide. With the recent advancement in
technology and the emergence of newer robot applications, researchers are focusing
on the accurate dynamic modeling of the FLMs, controlling and applying them into
different applications.

Because of a huge number of research publications in FLMs, it is interesting
to present an exhaustive review of different modeling techniques, dynamic models,
control problems, control strategies, and complexities involved in FLMs that are
studied by many researchers worldwide. Previously, the studies on FLMs were
surveyed by Jing et al. [3], Sayahkarajy et al. [10], Alandoli et al. [11], Lochan
et al. [9], Kiang et al. [1], Hussein [12], Rahimi and Nazemizadeh [13], Dwivedy and
Eberhard [14], and Benosman and Le Vey [15].

Jing et al. [3] reviewed different dynamic stable control methods along with
kinematic analysis of space flexible manipulators. The control strategies reviewed in
the paper included linear feedback control, nonlinear control, and adaptive control.
Furthermore, they pointed out several problems with modeling of dynamics and
stable control of FLMs and presented some suggestions for the stable dynamic control.
Sayahkarajy et al. [10] and Lochan et al. [9] surveyed different modeling methods
and control schemes used for the two-link flexible manipulator. Alandoli et al. [11]
presented a review of different mathematical modeling and control techniques for
FLMs by grouping them based on the number of links: single-link, two-link, and
multi-link manipulators. Kiang et al. [1] reviewed different modeling methods, control
techniques, sensors used for FLMs, and flexible joint manipulators. Hussein [12]
focused the survey on different vision-based control approaches for FLMs. Rahimi
and Nazemizadeh [13] reported a literature survey on three commonly used dynamic
modeling methods, namely lumped parameter, assumed model, and finite element
methods, and three main intelligent control techniques, namely fuzzy logic, neural
network, and genetic algorithm. Dwivedy and Eberhard [14] reviewed the literature
related to dynamic analysis of flexible joint/link manipulators by classifying them
based on modeling, control, and experimental studies. They further categorized pa-
pers based on the number of links (single-link, two-link, and multi-link manipulators)
and method of analysis used in the studies (lumped parameter, assumed modes,
finite element, and other methods). Benosman and Le Vey [15] surveyed different
control strategies for one-link, two-link, and multi-link flexible manipulators based
on the studies published until 2004.

Besides a lot of research done in the field of modeling and control of FLMs in
recent years (from 2016 to present), a rigorous review of different modeling and
control techniques is not available to report the current state of the art. This paper
provides an extensive review of different modeling and control techniques for FLMs
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available in literature up to 2020 and hence complements the earlier literature reviews.
Besides, the merits and demerits of different modeling and control techniques are
highlighted.

The paper is organized into four sections as follows. The various techniques for
modeling FLMs, along with their advantages and disadvantages, are summarized in
section A.2. A comprehensive review of different methods to control FLMs is presented
in section A.3 by categorizing them into model-based and model-free techniques.
Conclusions and discussions follow in section A.4, along with the suggestions on
possible future directions for research on FLMs.

A.2 Modeling of FLMs

Some applications require the design of long and slender mechanical structures with
infinite rigidity, which is always an ideal assumption. Such structures possess some
degree of in-built flexibility, which is unavoidable because of the material used and
length of the link. Moreover, in recent years, the use of lighter arms and cheaper
gears by robot manufacturers is justifiable in order to compete with lower prices.
In this context, it is necessary to incorporate the flexibility for accurate dynamic
modeling of the system.

Apart from the complexities associated with modeling link flexibility with infinite
degrees of freedom, there are other issues that are in common to rigid manipulators
that need to be handled. One of them is Coulomb friction in actuators, gears,
and other transmissions. Additionally, joint flexibility, non-linearities in gears as
lost motion and backlash have to be included in the dynamic model of the FLM.
This section emphasizes the research in modeling flexibility in the links of FLMs
rather than general modeling issues in manipulators. A review of different methods
commonly used to model flexible bodies and techniques to obtain equations of motion
is presented.

A.2.1 Methods of dynamic modeling of flexible bodies

Different models of flexible bodies are available in the literature depending upon
the assumptions and required complexity. The accuracy of the models depends on
the assumptions made to simplify the complexity of the flexible link manipulator
system. For example, the Euler-Bernoulli equation is often used to include bending
of a flexible link that neglects the effects of shear deformation and rotary inertia,
which results in an error in deflection estimation for high-frequency vibrations [16].
There are four main approaches that are commonly used in the literature: lumped
parameter method (LPM), assumed modes method (AMM), finite element method
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(FEM), and transfer matrix method (TMM). Apart from these common methods,
there are other methods used for the development of the dynamic model of the FLMs
which include, but are not limited to, perturbation method [17, 18], pseudo-rigid
body method [19], global mode method [20], and modal integration method [21].

A.2.1.1 Lumped parameter method (LPM)

In this method, the flexible link is modeled as a set of mass, spring, and damper
connected by a torsion spring joint [22]. Kim and Uchiyama [23] used this method to
model FLM to clarify the vibration mechanism of a constrained, multi-DOF, flexible
manipulator, and to devise the suppression method.

Recently, researchers used the LPM to model flexible arms of multi-link manipu-
lators [24], the boom of a mobile concrete pump [25], and other flexible mechanical
structures [26]. Lochan et al. [27] utilized LPM to model the dynamics of a two-link
flexible manipulator. Sun et al. [28], Cambera and Feliu-Batlle [29], He et al. [30],
and Cambera and Feliu-Batlle [31] modeled a single-link flexible manipulator system
based on LPM. Pucher et al. [32, 33] described the elastic deflection of a 3-DOF
robot with flexible links using LPM.

• Advantages

(a) Simple method.

(b) Easy implementation.

• Disadvantages

(a) Less accurate [9].

(b) Difficulty in determining spring constant (stiffness) [34].

A.2.1.2 Assumed modes method (AMM)

In AMM, the link flexibility is represented by a combination of separable mode
shapes and time-varying generalized coordinates. The modal series is truncated to a
finite dimension because the contribution of higher modes to the overall movement
is negligible, and dynamics of the system are dominantly governed by only the first
few (low frequency) modes [35]. This method is usually adopted when the global
shape functions can be analytically computed, like in the case of links with simple
geometries.

The proper choice of suitable boundary conditions must be made while using
AMM. Rahimi and Nazemizadeh [13] and Lochan et al. [9] described four main
boundary conditions that are applicable according to general beam vibration theories:
pinned-pinned, clamped-pinned, clamped-free, and clamped-clamped. Ata et al. [36]
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analyzed different combinations of boundary conditions and their effect on the elastic
deflection and corresponding actuators’ torques in a two-link FLM. If the inertia ratio
of the lightweight link to the hub is small, the clamped (clamped-mass) boundary
condition yields better results than pinned boundary conditions [37]. Clamped
boundary conditions can be enforced by closing a feedback control loop around the
joint [38]. Compatible joint variables and deflection variables and their corresponding
shape functions must be selected [39]. If the joint angle is measured from the tangent
of the preceding beam link to the tangent of the following beam link, clamped-free
boundary conditions are a good choice for basis shapes, and if the angle between lines
that connects successive joint axes of the arm is used as joint variables, pinned-pinned
boundary conditions provide the necessary constraints and are good choices [40].

Effects of payload on the FLM modeled using AMM with clamped-mass boundary
conditions were discussed by Ahmad et al. [41] and Moh. Khairudin [42]. Luca
and Siciliano [38] used different payload conditions for modal analysis in a planar
two-link FLM. Celentano and Coppola [43] proposed a computationally efficient
method based on the AMM to model FLMs. Suarez et al. [8] used AMM to model
a flexible link in a long-reach manipulator with a lightweight dual-arm. Gao et al.
[44] used AMM to develop an n-dimensional discretized model of a two-link flexible
manipulator where the dynamic behavior of the flexible link is derived from the
Lagrangian and the Euler-Bernoulli beam theory. Saeed et al. [45] and Badfar and
Abdollahi [46] modeled the dynamics of rigid-flexible manipulators using the AMM
technique. Other recent works on single-link FLMs using AMM include, but are
not limited to, the studies done by Ouyang et al. [47], Reddy and Jacob [48], Meng
et al. [49], and Zhang et al. [50]. Furthermore, the AMM was used to model two-link
FLMs by Lochan and Roy [51], Qiu et al. [52], and Lochan et al. [53].

• Advantages

(a) The concept of natural frequencies is explicit.

(b) A model derived with AMM is of low order that is advantageous for a
control design [10].

• Disadvantages

(a) In the AMM, it is difficult to calculate modes of the link with varying
cross-sections [34].

(b) The selection of an accurate set of boundary conditions (assumed modes)
is challenging (error-prone) based on manipulator structure, payload, hub
inertia, and natural modes of vibration [54].

(c) The complexity of the model increases with the increase in the number of
assumed modes [10].
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A.2.1.3 Finite element method (FEM)

In FEM, the flexible link is modeled as a combination of finite number of elements,
and the displacement at any point of the continuous element is expressed in terms
of finite number of displacements at the nodal points multiplied by the polyno-
mial interpolation functions [34]. Beres et al. [55] used Lagrange formulation, and
Amirouche and Xie [56] developed a recursive formulation using Kane’s equation to
obtain the dynamic model of a multi-link flexible manipulator based on FEM. Zhang
and Yu [57] modeled a spatial 4R manipulator with four flexible links using FEM.
Korayem et al. [58] modeled planar two-link FLM using this method. Heidari et al.
[59] proposed a nonlinear finite element model for the dynamic modeling of FLMs
undergoing large deformations and tested the proposed approach in a single-link,
very flexible arm. Recently, Singla and Singh [60] used FEM to model a two-link
FLM where the elastic behavior of the link is modeled using Euler-Bernoulli Beam
theory and Lagrange approach to derive equations of motion. Similarly, Sahu and
Patra [61] used FEM to model a 2-DOF serial FLM. Furthermore, recent studies
using FEM to obtain the mathematical model of single-link FLMs include the works
by Tahir et al. [62], and Garcia-Perez et al. [63].

• Advantages

(a) All the generalized coordinates are physically meaningful in FEM [9].

(b) In FEM, the connection is supposed to be clamp-free with a minimum of
two mode shapes per link [58].

(c) Applicable for complex cross-sectional geometries [34].

(d) FEM can handle nonlinear and mixed boundary conditions [35, 58].

(e) Fewer mathematical operations are required for inertia matrix computation
in the FEM model [34].

• Disadvantages

(a) The use of FEM to approximate flexibility gives rise to an over-estimated
stiffness matrix, which may lead to an unstable closed-loop response [34].

(b) The FEM is computationally very expensive because of a large number of
state-space equations [34, 54, 55].

(c) The concept of natural frequency is not explicit [9].

A.2.1.4 Transfer matrix method (TMM)

In TMM, each element of the system is represented by a transfer matrix that transfers
a state vector from one end of the element to the other, and the system transfer matrix
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is obtained by multiplying the element transfer matrices together [64, 65]. Krauss
and Book [64] developed Python software modules for modeling and control design of
flexible robots using the TMM. Although the TMM can be used to model the FLMs
without any spatial discretization or mode shape assumptions, it leads to infinite
dimensional transfer functions involving transcendental expressions in the Laplace
variable s and hence, it is limited to the linear system. It is impossible to compute
inverse Laplace transform of the infinite dimensional transfer functions; therefore,
it is difficult to perform the time domain simulations. This problem of traditional
TMM is overcome by the discrete-time transfer matrix method (DT-TMM), allowing
nonlinear systems to be analyzed and facilitating time-domain simulations Krauss
and Okasha [66].

Li and Zhang [67] combined the discrete-time transfer matrix method with the
finite segment method and proposed a computationally efficient method for the
modeling of FLMs. Kivila et al. [68] elaborated a systematic method for finding
natural frequencies and mode shapes for n-link spatial serial manipulators using
TMM and validated the method by finite element analysis and experiments. An
improved approach for spatial discretization of transfer matrix models of flexible
structures was proposed by Krauss [69] for converting a TMM model to a state-
space model for systems with significant actuator or zero dynamics. Apart from
the capabilities of TMM in feedback control design using Bode plots, discretization
approaches can be used to obtain a state-space form from a TMM model so that
modern (state-space) control design techniques like pole-placement can be applied
[69].

• Advantages

(a) This approach avoids the possibility of modal spillover because a reduced-
order model is never used [70].

(b) The TMM is well suited to modeling FLMs when the model is used for
control design because it is a frequency domain technique that outputs
Bode plots, which makes it easy to incorporate feedback [64].

(c) The establishment of global dynamic equations for modeling a system is
not needed [67].

(d) The orders of the matrices involved in the calculation always remain small
regardless of the number of elements in the model, which significantly
increases the computational speed [67].

• Disadvantages

(a) It makes no allowance for interaction between the gross motion and
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the flexible dynamics of the manipulator, nor can these effects be easily
included in the model [35].

A.2.2 Methods of deriving equations of motion

There are three common methods to derive the governing equations of motion of the
FLMs, which have their own merits and demerits: Newton-Euler equations, Lagrange
equations, and Kane’s method. Kane and Levinson [71] presented the comparison
of different methods for deriving the equations of motion. In addition to these
commonly used methods, other techniques to obtain equations of motion of FLMs
includes, but are not limited to, Hamilton’s principle [5, 72–77] and Gibbs-Appell
formulation [78].

A.2.2.1 Newton-Euler formulation

In this formalism, the dynamic equations are written separately for each body/link.
Boyer and Glandais [79] used the Newton-Euler formulation for obtaining the dynamic
model of a spatial four degrees of freedom flexible manipulator. Sabatini et al. [2]
modeled multi-body dynamics of flexible space manipulator using the Newton-Euler
approach. Subedi et al. [22] used the Newton-Euler technique with LPM to derive
equations of motion for a flexible cantilever beam. Bascetta et al. [80] developed a
closed-form model of three-dimensional flexible manipulator with links of general
shape using the Newton-Euler formulation. Scaglioni et al. [81] used the Newton-
Euler method to obtain a closed-form control-oriented model of the highly flexible
manipulators.

• Advantages

(a) Simple formulation because the equations of motion will always have the
same form independently of the geometry, inertia, or constraints of motion
of a rigid body [82].

(b) Inverse dynamics is in real-time because the equations are evaluated in a
numeric and recursive way.

(c) It may be considered better than the Lagrangian method for the imple-
mentation of model-based control schemes because the equations can be
implemented by numerical programming methods.

• Disadvantages

(a) Workless constraint forces or torques must be determined, which is difficult
when the system is composed of many bodies [82].
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A.2.2.2 Lagrange formulation

The Lagrange method eliminates interaction forces between adjacent links and
provides a systematic method for developing the equations of motion of the entire
system. In this formalism, the symbolic closed-form equations are obtained directly.
Ahmad et al. [41], Moh. Khairudin [42], Abe [16], Celentano and Coppola [43],
Ouyang et al. [47], Ouyang et al. [47], Reddy and Jacob [48], Meng et al. [49], Sun
et al. [83], Badfar and Abdollahi [46], Lochan et al. [84], Qiu et al. [52], Qiu and
Zhang [85], Saeed et al. [45], Pradhan and Subudhi [86], and Boucetta et al. [87]
used the Lagrange formulation for obtaining the mathematical model of the FLMs
with AMM.

Other recent studies using the Lagrange method for deriving equations of motion
of the FLMs includes, but are not limited to, Singh and Rajendran [88], Si et al. [89],
Dong et al. [90], Mehria and Foruzantabarb [91], Singla and Singh [60], and Agrawal
et al. [92].

• Advantages

(a) Eliminates workless constraint forces to obtain constraint-free differential
equations [82].

(b) It may be considered better than the Newton-Euler method for the study
of dynamic properties and analysis of control schemes because the closed-
form symbolic equations are obtained directly.

• Disadvantages

(a) Complicated derivatives of Lagrangians (energy functions), which often
results in complex formulation [71].

(b) Lengthy equations.

(c) Computationally inefficient [93].

A.2.2.3 Kane’s method

Concepts of generalized speeds, angular velocities, and partial velocities are the
key elements of Kane’s method [94]. The equations of motion derived from Kane’s
method are superior (simpler form and requires a minimum of labor to derive) to
Lagrange’s equations for the formulation of equations governing modal coordinates
[71].

Buffinton [95] used AMM and an alternative form of Kane’s method to formulate
the equations of motion of a two-degree-of-freedom manipulator (like Stanford Arm)
with a translational flexible beam. Amirouche and Xie [56] derived equations of
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motion of a two-link robot manipulator with a rigid link and a flexible link based
on Kane’s equation and the general matrix representation of the partial velocities
and partial angular velocities. They used a recursive formulation based on FEM.
Meghdari and Fahimi [96] used Kane’s method in conjunction with improved assumed
modes technique to obtain first-order decoupled equations of motion of the two-link
flexible manipulator in conjunction with choosing a proper congruency transformation
between derivatives of generalized coordinates and generalized speeds. Zhang and
Zhou [97] used Kane’s method to derive the equations of motion of the flexible
robots and showed the effects of flexibility on the dynamics of the robot with two
flexible links and one rigid link connected by three flexible joints. They used AMM
to describe the deformation of the flexible links.

Recently, Ren et al. [98] used Kane’s method to establish the dynamic equations
of motion of a two-link manipulator with two flexible joints/flexible links. Jia et al.
[99] used Kane’s method to derive the coupled dynamics of the multi-link flexible
system(with two flexible links and two rigid links) and a singular perturbation
approach to decouple the dynamics of the whole system into a fast subsystem and
a slow subsystem. Additionally, other relevant studies using Kane’s method for
modeling FLMs includes Malvezzi et al. [82], Bian et al. [100], and Bian and Gao
[101].

• Advantages

(a) Kane’s method leads to simpler equations of motion [40].

(b) Differentiation scalar energy function is not required [71].

(c) Computationally efficient [40].

(d) Eliminates constraints forces that ultimately do not contribute to the
equations of motion to obtain constraint-free differential equations [40, 82].

(e) It can be used for solving the dynamics of robots containing closed-chains
without cutting the closed-chain open [102].

(f) It allows the use of motion variables (generalized speeds) that permit the
selection of these variables as not only individual time-derivatives of the
generalized coordinates but any convenient linear combinations of them
[40].

• Disadvantages

(a) It is necessary to calculate the acceleration of the center of mass of each
body (in the Lagrangian formulation, it is only necessary to calculate only
the velocities of the center of mass of each body).
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A.2.3 Modeling FLMs undergoing small, moderate, and large

deflections

Link flexibility in FLMs can be modeled assuming either small, moderate, or large
deflections. Most of the standard dynamic modeling approaches for FLM assume
small deflections in general. This can be a reasonable assumption for most of the
robotic applications but can be violated in some applications which require high
accelerations, velocities, tip forces, and torques. Some studies consider moderate and
large deformations to overcome the limitations of assuming small deflection. Luca
and Siciliano [38] used the Lagrangian approach with AMM to derive the closed-form
equations of motion for multi-link planar FLM under small deflection assumption
where the links are modeled as Euler-Bernoulli beams with proper clamped-mass
boundary conditions. Boyer and Glandais [79] proposed the dynamic model of
FLMs derived using the Newton-Euler method premised on an exact nonlinear Euler-
Bernoulli field that can model moderate deformations or some second-order effects
which appears in some limit cases as high velocities, accelerations, or tip forces and
torques. Abe [16], Heidari et al. [59], Celentano [103], Giorgio and Del Vescovo [24],
Esfandiar et al. [104], and Scaglioni et al. [81] developed the dynamic model of FLMs
under the hypothesis of large link deformations.

A.2.4 Partial differential equation (PDE) vs. ordinary differ-

ential equation (ODE) models

The majority of the works done in FLMs rely on ODE models, which are derived by
either LPM, AMM, or FEM. The finite dimensional ODE approximation of the PDE
dynamic model is not precise enough to describe the distributed states of the FLMs,
specifically because the FLMs are linear PDE models inherently [105]. Conventional
control techniques can be used with finite dimensional ODE models [106]. Although
the ODE models are simple for control design and analysis, they may cause problems
such as spillover instability, a high order of controllers, and difficulty in engineering
implementation [107].

To avoid the problems associated with ODE models, the PDE dynamic models
are studied, which are derived without any truncation of vibration modes and are
precise enough to describe the distributed states. Commonly, Hamilton’s principle is
used to derive governing equations of the FLMs modeled using PDE.

The resulting PDE models are infinite dimensional avoiding spillover errors and
the errors caused due to mode shape truncation and simplification of the boundary
conditions [106]. In the case of the rigid-flexible manipulator, coupled ODEs-PDEs
can be used to obtain the dynamic model of the system [108].

58



Paper A. Review on Modeling and Control of Flexible Link Manipulators

However, the control design using PDE models is more challenging compared to
ODE models [109, 110], and accurate simulation of a nonlinear PDE is itself a very
complex problem [73].

Zhang et al. [106] compared typical PDE and ODE models for the two-link flexible
manipulators. Although, the PDE modeling and control strategies require design
insights for simplifications and are theoretically involving, it is claimed that the
PDE models are much more attractive from the stability and robust control design
perspectives with guaranteed stability properties [106]. Zhang et al. [109] derived a
PDE model for a two-link flexible manipulator, and experimental hardware setup
was used to validate the analytical PDE model. Recently, Dogan and Morgül [73],
Zhang and Liu [111], Zhang and Liu [107], Zhang and Liu [112], Zhang and Liu [113],
Yang et al. [105], Jiang et al. [114], Liu et al. [110], Liu et al. [115], Yang et al. [74],
Yang and Tan [75], Zhang et al. [116], Cao and Liu [117], Yang et al. [76], Li et al.
[118], Cao and Liu [5], and Meng and He [77] used PDE models for relevant studies
of FLMs.

A.3 Control of FLMs

Although the FLMs have many advantages for their use in a wide range of applic-
ations, the problem of control for damping out oscillations quickly and effectively
is challenging. The control complexities associated with FLMs include, but are not
limited to, non-minimum phase in the system, non-collocation, and under-actuation
[9]. Moreover, some of the complexities like controller/observer spillover arise because
of the choice of the dynamic model of the FLMs. If a finite dimensional representation
of a distributed parameter system (i.e., FLMs) is used (based on LPM, AMM, or
FEM) to design the control system, some of the unmodeled dynamics present in
the dynamic model of the system cause control and observation spillover. This
may lead to an unstable closed-loop system. Thus, it is necessary to consider the
complexities associated with the control of the FLMs while carrying out mathematical
modeling of the system. Nevertheless, a model-free robust controller can be used
to avoid controller/observer spillover problem caused due to model truncation [14].
In addition to vibrations due to link flexibility, there are other problems such as
friction, backlash, and gear non-linearities that should be addressed by the control
algorithm designed for FLMs.

One of the critical steps in the controller design is the tuning of the control
parameters. Global controller tuning for the whole workspace and for different
loads is challenging in both model-based and model-free controllers. Moreover,
model parameters may need tuning, even if model identification has been made.
Different methods for tuning FLM controller gains include the Ziegler-Nichols method
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[92, 119], LMI approach [119], dynamic particle swarm optimization method [92],
self-tuning method using the artificial neural network [120], self-tuning method
based on nonlinear autoregressive moving average with exogenous-input (NARMAX)
model of the FLM [86], soft computing based tuning method [121], and self-tuning
method based on generalized minimum variance [52]. Compared to the standard
Ziegler-Nichols tuning method, the recent self-tuning methods have shown superior
performance in the control of FLMs [92].

Main control problems that are studied in the literature for FLMs are categorized
as follows [9]:

(a) Tip position control [88, 122]

(b) Joint position control [86]

(c) Tip trajectory tracking control [51]

(d) Joint trajectory tracking control [53, 89, 123]

(e) Vibration control [48]

(f) Motion control [57, 124, 125]

(g) Force control [126, 127]

(h) Hybrid control (position and force [128, 129], position and vibration [121],
trajectory tracking and vibration [63], and other combinations).

There are various control schemes reported in the literature, depending on the
control problems. Jing et al. [3] presented a state-of-the-art review on kinematic
analysis and dynamic stable control of space flexible manipulators and pointed out
existing problems and suggestions on dynamic stable control. Lochan et al. [9]
surveyed different control schemes for joint position control, tip position control,
joint trajectory tracking control, and tip trajectory tracking control problems for
the two-link flexible manipulators. The control schemes reported are categorized
into classical control, robust control, intelligent control, and hybrid control tech-
niques. Alandoli et al. [11] presented different control methods for regulating the
motion and suppressing the vibration of single-link, two-link, and multi-link flex-
ible manipulators. The review showed the effectiveness of model predictive control
with/without piezoelectric actuators, a combination of the robust nonlinear and
fuzzy compensator, linear quadratic regulator, and fuzzy logic controllers for the
control and vibration suppression of FLMs. Sayahkarajy et al. [10] reviewed different
control techniques for FLMs, including classical linear control, optimum control,
inversion-based control, command shaping techniques, trajectory optimization, force
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Figure A.1: Control schemes

control, intelligent control techniques (using fuzzy logic, neural networks, and genetic
algorithm), and robust control. Kiang et al. [1] summarized the advantages and
disadvantages associated with different control techniques used for FLMs, which
are represented diagrammatically in figure A.1. Closed-loop control of the flexible
manipulator system requires some forms of feedback signals to apply any suitable
control strategies. The feedback control signals for the flexible manipulator system
could include, but are not limited to, tip’s acceleration, tip displacement, and strain
along the link. Different sensors used in the control of flexible manipulators are
reviewed in [1], which include strain gauges, accelerometer, vision systems (cam-
eras), position-sensitive devices, piezoelectric materials, ultrasonic sensor, and range
sensors. Hussein [12] reviewed different approaches of flexible robot control using
visual servoing along with their advantages, disadvantages, and comparisons. Rahimi
and Nazemizadeh [13] reported a review of different intelligent control techniques
of flexible manipulators by categorizing them into fuzzy logic, neural network, and
genetic algorithm approaches and pointed out that intelligent control strategies,
which do not need a priori knowledge of system dynamics, may provide a better
way to approach control of FLMs. Benosman and Le Vey [15] presented a survey
study of different control methods used for FLMs including PD control, input-output
linearization via static state feedback-the computed torque, adaptive control, neural
network based control, lead-lag control, output redefinition, singular perturbations,
sliding mode control, stable inversion in the frequency domain, stable inversion in

61



Modeling and Control of Flexible Link Manipulators

the time domain, algebraic control, poles placement, optimal trajectory planning,
optimal control, robust control, mechanical wave approach, input shaping, boundary
control, and exact linearization via dynamical state feedback.

The purpose of this section is to present the review of different control schemes
for the control of FLMs that are published recently (mostly from 2016 to 2019). The
control techniques are divided into two main categories: model-based control and
model-free control.

A.3.1 Model-based control techniques

In model-based control, we use the system’s dynamic model explicitly to aid in the
controller design. The mathematical model is applied to calculate the controller
response required to obtain the explicitly specified desired output response. Model-
based control techniques (see figure A.1) include input/command shaping control,
feed-forward control, optimal control, optimal trajectory planning, boundary control,
linear quadratic gaussian/regulator, predictive control, and (state) observer-based
control [1].

Since the controller is derived using the dynamic model of the system, the
parameters of the model should closely match the real system to achieve good
control performance. The parameters of the FLM model are obtained by best fit to
measurements made during the excitation of the real robot or even a more accurate
model of the robot (for example, the FEM design model). Excitation is usually made
in the same frequency range as it will be used for the control of the FLM. Most of the
model-based controller proposed in the literature use system identification techniques
to determine precise model parameters. Then the identified parameters are used
to design the controller. Krauss [70] used an optimization algorithm to find values
for the FLM system parameters that minimize the error between the experimental
Bode plots and those from symbolic TMM analysis. Mohamed et al. [119] performed
system identification to obtain a set of linear models of a two-link flexible manipulator.
Lou et al. [130] proposed a reduced-order transfer function with relocated zeros and
added a first-order inertia element to the model to precisely identify the system
model. Ripamonti et al. [131] identified model parameters using the Prony method
and a minimization of the error between the numerical and experimental frequency
response function (FRF) in the frequency domain. Cambera and Feliu-Batlle [29]
identified the parameters of the motor subsystem using the velocity-time response of
the motor, and that of the flexible link subsystem using the frequency response of
the system. Comi et al. [4] and Subedi et al. [22] used experimental measurements
to identify lumped parameters of the flexible manipulators. Qiu and Zhang [85]
identified the locally controlled autoregressive moving average (CARMA) model of
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the flexible manipulator through experiments. Pradhan and Subudhi [86] used a
recursive least square (RLS) algorithm to identify the parameters of the nonlinear
autoregressive moving average with exogenous-input (NARMAX) model of the FLM
on-line. It can be noted that the model parameters of the FLM can be identified
online and offline. However, the main limitation of system identification is that some
of the phenomena of the original plant cannot be deduced from the input-output
relationship [132].

Input shaping is one of the traditional and effective vibration control techniques
for flexible mechanical systems with known dynamic characteristics. However, it is an
open-loop strategy. Therefore, the input shaping method is combined with other feed-
back controllers to overcome its problem of open-loop nature. Newman and Vaughan
[133] presented a concurrent design of linear feedback control with input shaping for
the energy-efficient point-to-point motion of a two-link flexible manipulator while
minimizing command-induced vibration. Mehria and Foruzantabarb [91] proposed a
closed-loop input-shaping control technique based on the linear matrix inequality
method to solve the problem of open-loop input shaping control. Tahir et al. [62]
designed output based filter and incorporated it with linear quadratic regulator and
PID controller separately for the position and residual vibration control of single-link
flexible manipulator and highlighted the superior performance of linear quadratic
regulator over PID controller in tracking, vibration suppression, and robustness to
payload variation. Ju et al. [134] combined the state feedback control with the input
shaping technique for vibration control of translational flexible manipulator under
variable load conditions. Giorgio and Del Vescovo [24] studied trajectory tracking
and vibration control of the highly flexible planar multi-link flexible manipulator
using an optimal input pre-shaping approach and feedback from the joint angles to
make the system less sensitive to external disturbances.

Many classical feedback control techniques have been explored for the active
vibration suppression of FLMs. Lou et al. [130] presented experimental identification
and multi-mode vibration suppression of a flexible manipulator with piezoelectric
actuators and strain sensors using optimal multi-poles placement control technique.
Badfar and Abdollahi [46] used a linear matrix inequality approach to address
trajectory tracking control of two-link rigid-flexible manipulator based on linear state-
space model and linear quadratic regulator. Singh and Rajendran [88] proposed an
integral fast output sampling control for FLMs with the LMI approach and compared
the performance of the proposed method with an observer-based discrete-time state
feedback strategy.

Ghasemi [135] proposed a filtered feedback linearization controller for the simul-
taneous positioning and vibration suppression of a single-link flexible manipulator
that requires limited model information, specifically, knowledge of the vector re-
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lative degree, and knowledge of the dynamic-inversion matrix. Additionally, the
filtered feedback linearization controller was combined with a high-gain adaptive
law for robust control and addressed the problem of model uncertainty. Cambera
and Feliu-Batlle [29] and Cambera and Feliu-Batlle [31] studied the input state
feedback linearization controller for the tip positioning and vibration suppression of
a single-link flexible link arm with and without gravity compensation, respectively.
They implemented the controller into a double loop cascade control scheme, in which
the inner loop is for joint position control in the presence of friction disturbances, and
the outer loop is for trajectory tracking and vibration suppression of the end-effector.

Njeri et al. [132] proposed a filtered inverse controller for the suppression of link
vibration in a multi-link flexible manipulator. Saeed et al. [45] presented model-based
nonlinear control of the planar two-link rigid-flexible manipulator based on the
full state model of the system. Abe [16] proposed an optimal trajectory planning
technique based on particle swarm optimization algorithm for suppressing residual
vibrations in two-link rigid-flexible manipulators. Zhang and Liu [112] proposed the
optimal trajectory boundary control of the two-link flexible manipulator based on the
PDE model. Cao and Liu [136] studied the optimal trajectory control problem for the
trajectory tracking and vibration suppression of a two-link rigid-flexible manipulator
based on the ODE-PDE model of the system.

Some control strategies, like input-output control, need all of the states’ feedback.
But, in FLMs, measuring all the flexural states is practically impossible. To overcome
this problem, Mosayebi et al. [137] proposed input-output control of FLM based on a
nonlinear high gain observer to estimate the elastic degrees of freedom and their time
derivatives. Reddy and Jacob [48] proposed the Kalman filter based state-dependent
Riccati equation controller for accurate positioning and vibration suppression of the
FLM. Ripamonti et al. [131] presented model-based sliding mode control for vibration
suppression of a three-link flexible manipulator using the linear and nonlinear sliding
surface. They used a nonlinear state-space observer from the identified modal model
of the FLM for sliding mode control.

Zhang and Liu [107] proposed observer-based boundary control for end-effector
regulation, vibration suppression, and trajectory tracking of a two-link flexible
manipulator in task space. The proposed method relies on the accurate dynamic
model of the FLM. Liu and He [138] presented boundary control for the one-link
flexible manipulator using singular perturbation techniques that includes a position
controller and a direct feedback controller to suppress the vibration. Cao and Liu
[117] proposed a controller with input quantization based on the PDE model of a
two-link rigid-flexible manipulator for joint angle control and vibration suppression.

Li et al. [118] studied unknown control direction problem of the FLMs based on the
PDE model and proposed boundary control for angle tracing and vibration elimination
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of the single-link flexible manipulator and adopted the Nussbaum technique in the
controller design to circumvent the problem of uncertain control directions. To deal
with the parametric uncertainties, varying payloads, and disturbances, adaptive
and robust boundary control techniques are proposed [139, 140]. Jiang et al. [141]
proposed a boundary controller for the FLM based on the PDE robust observer
to achieve the stability control, regulate the joint position, and suppress elastic
vibration. He et al. [142] designed the boundary controller with input backlash
and the output feedback controller based on the PDE model to drive the FLM to
the desired position, suppress its vibrations, eliminate the effects of the backlash
nonlinearity and the time-varying disturbance. They further illustrated that the
FLM system was better stable under the controller with output feedback. Cao and
Liu [108] designed a boundary controller for a two-link rigid-flexible manipulator
with full state constraints via Barrier Lyapunov Function.

The combination of input shaping and feedback control was used to formulate a
new control approach called wave-based control, where the launch wave being a simple,
shaped input, and the absorb part the feedback contribution [143]. Yanan et al. [19]
proposed the wave-based control method to solve the problem of residual vibration in
the point-to-point movement of a two-link flexible space manipulator. They claimed
that the wave-based control has many advantages, such as not dependent on an
accurate physical model, simple and easy to implement, and strong robustness. Comi
et al. [4] combined the wave-based control technique to the P/PI scheme (a cascade
joint controller with an inner loop on the motor velocity and an outer loop on
the load position) for vibration suppression of flexible manipulator and highlighted
the superior performance of the velocity-based implementation of the wave-based
controller with respect to the position-based one. Bian and Gao [101] and Bian et al.
[100] proposed vibration control of FLMs based on internal resonance.

• Advantages

(a) Using robot dynamic models, better motion control (faster settling time
and better trajectory following) can be achieved.

(b) In some cases (using feed-forward control), model-based control eliminates
the need for the feedback sensors (e.g., force sensor), thereby reducing
cost and simplifying system design.

(c) Robot paths are optimized using dynamic modeling.

(d) Enhanced robot behavior and drive performance are achieved because the
paths are highly optimized by calculating the torque required to reach
different positions using model-based algorithms.

65



Modeling and Control of Flexible Link Manipulators

(e) The mathematical model of the FLMs may be used for the model-based
safety systems, for example, fast collision detection. Hence, the use of
the model in more than control applications makes it advantageous from
a product point of view to use model-based control methods instead of
completely model-free methods.

• Disadvantages

(a) They rely on the accurate model of the FLM system to be controlled, which
is difficult and challenging to obtain. However, the model of the FLM
system may be needed for design, identification, and collision detection.

(b) The control input (designed for open-loop model-based control) does not
account for changes in the system, like varying payload. However, it could
be possible to change parameters accurately, for example, payload and
load inertia to obtain a seamless motion after gripping an object. The
payload parameters are known or can be identified by the robot. This
functionality is implemented in industrial robots for several years.

(c) Open-loop model-based control is not robust to parameter uncertainties
and disturbances. However, it could be handled by online servos and
model parameter control, which is used for industrial robots today.

(d) They require the solution of a numerical optimization problem, which can
be a daunting task, especially when nonlinear models are needed that lead
to non-convex problems. However, this problem is less significant if the
calculations can be performed offline [144].

A.3.2 Model-free control techniques

Model-free control is a technique to control complex systems by using a simplified
representation of the system and subsequent algebraic estimation techniques to design
a simple, but effective, controller [145]. The controller does not rely on the precise
mathematical model of the system but solely based on the measurements obtained
from the system. Recently, there is a trend of using the combination of different
control techniques to achieve better control performances than using individual
control methods. Model-free control techniques (see figure A.1) include, but are
not limited to, robust control, adaptive control, sliding mode control, intelligent
control methods, composite control (inner/outer loop control, two-time scale control),
PID control, singular perturbations technique, integral resonant control, generalized
proportional integrator control, fractional order control, direct strain feedback control,
repetitive control, passivity-based control, positive/negative position feedback control,
end-point acceleration feedback control, and linear velocity feedback control [1].
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Mohamed et al. [119] proposed a robust PD controller based on linear matrix
inequality for joint position control of the two-link flexible manipulator under various
payload conditions. They claimed that the proposed control provided better robust-
ness and system performance compared to Ziegler-Nichols tuned PD controller. Cao
and Liu [146] studied the actuator fault problem for a two-link rigid-flexible manipu-
lator system and designed a novel controller that included a PD feedback structure, a
disturbance observer, and a fault-tolerant algorithm for joint position regulation and
vibration suppression in the presence of disturbance and actuator fault. Abd Latip
et al. [147] designed an adaptive PID controller for the joint position and tracking
control of a single-link flexible manipulator, which may automatically online tune the
control gains to accommodate the actuator fault. Boucetta et al. [87] compared PD,
fuzzy PD, and fractional order fuzzy PD controllers in terms of trajectory tracking,
vibration suppression, robustness against disturbances, and energy consumption to
control the rigid-flexible two-link manipulator. They highlighted that the fractional
order fuzzy PD controller performed better than other controllers. Agrawal et al.
[92] compared a modified optimal PIDD2 (proportional, integral, derivative, and
second-order derivative) controller with the PID controller for controlling the position
and trajectory of the single-link flexible manipulator with minimum tip oscillation.
They reported the superior performance of the PIDD2 controller through simulation.
Singh and Ohri [121] presented a comparative study of different nature-inspired soft
computing based PID control tuning strategies, including genetic algorithm, ant
colony optimization, and particle swarm optimization for the position and vibration
control of a single-link flexible manipulator. Pradhan and Subudhi [86] proposed a
nonlinear self-tuning PID controller to control the joint position and link deflection
of the FLM subjected to varying payloads.

Fareh et al. [148] presented robust active disturbance rejection control for FLM
to solve joint trajectories tracking control problem and minimize the link’s vibrations.
Xu et al. [149] proposed a second order non-singular terminal sliding mode optimal
control technique for a two-link flexible manipulator with uncertain model parameters.
Lochan et al. [27] and Lochan and Roy [51] used the sliding mode control technique
with the PID sliding surface and the second-order sliding surface respectively, to
control a two-link flexible manipulator. Yang and Tan [75] designed a sliding
mode control for joint position control and vibration suppression of a single-link
flexible manipulator by using an adaptive neural approximator to compensate for
the modeling uncertainties and external disturbances. Si et al. [89] proposed a fast
non-singular terminal sliding mode control for trajectory tracking of the two-link
flexible manipulators with payload and external disturbances. Backstepping control
based on a continuous-time extended state observer and a sampled-data extended
state observer was proposed by Sahu and Patra [61] and Sahu et al. [150], respectively,
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to solve tip tracking control problem of two-link flexible manipulator. Wang et al.
[151] proposed an adaptive fault-tolerant controller using the backstepping technique
for a flexible manipulator with bounded disturbance, actuator partial failure, and
output constraints.

Huan and Xian [123] presented a backstepping control method for trajectory
tracking of the two-link flexible manipulator based on extended state observer, which
estimates the uncertainties as well as the system state vector. Zhao et al. [152]
studied the disturbance observer-based boundary control to achieve the vibration
control, disturbance attenuation, and desired angular positioning of the FLM. Liu
and Liu [153] proposed boundary control of the FLM with input disturbances and
output constraints using disturbance observer to regulate the angular position and
suppress elastic vibration simultaneously. Liu et al. [110] proposed disturbance
observer-based boundary control for trajectory tracking and vibration suppression
of a single-link flexible manipulator with the input saturation and external input
disturbances. They used smooth hyperbolic function for handling input saturation.
Liu et al. [115] proposed boundary control with disturbance observers to solve the
trajectory tracking and the vibration suppression control problems of the FLMs in
3D space. Yang et al. [74] proposed infinite dimensional disturbance observer-based
control to solve the problems of distributed disturbances and output constraints
while achieving the joint position regulation and vibration suppression.

He et al. [154] studied the problems of input and output constraints and designed
a robust adaptive boundary controller with the disturbance observer for the control
of single-link flexible manipulator with unknown system parameters and time-varying
disturbances. Cao and Liu [5] studied joint angle control and vibration suppression
control of a two-link rigid-flexible manipulator in 3D space under input saturation
using the hyperbolic tangent function.

Neural network models can be used to approximate the underlying dynamics of
the FLMs to overcome the difficulty of obtaining the accurate dynamic formulation
of the manipulator[125]. Gao et al. [44] investigated full-state and output feedback
neural network controllers for a two-link flexible manipulator based on a radial basis
function neural network to achieve trajectory tracking and vibration suppression.
They claimed that the proposed adaptive neural network controller had better
performance than the PD controller. Ouyang et al. [47] proposed a reinforcement
learning control to suppress the vibration of a single-link flexible manipulator by
using two radial basis function neural networks: actor neural network to design
proper control input and critic neural network to approximate the cost function of
the system. Sun et al. [28] used adaptive neural networks for control design using full-
state feedback and output feedback separately to suppress the vibration of single-link
flexible manipulator and highlighted better control performance than the PD control
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strategy. However, input nonlinearities were not considered in the control design.
Sun et al. [83] investigated fuzzy neural network control for trajectory tracking and
vibration suppression of single-link flexible manipulator and compared the control
performance of the proposed technique with the PD control. He et al. [30] designed
the adaptive full state feedback neural network controller and the adaptive output
feedback neural network controller to suppress the vibration of a single-link flexible
manipulator with input deadzone. Radial basis function neural networks are used to
approximate the effect of input deadzone and unknown dynamics of the FLM. Qiu
and Zhang [85] proposed a diagonal recurrent neural network control technique for the
vibration control of the single-link flexible manipulator using non-contact vibration
measurement based on structure light sensor. They also proposed a trajectory
optimization technique to obtain optimal vibration suppression trajectory using the
particle swarm optimization algorithm. Qiu et al. [52] presented experimental studies
on active vibration control of a two-link flexible manipulator by employing three
control algorithms: generalized minimum variance self-tuning control, Takagi-Sugeno
model-based fuzzy neural network control, and PD control. Furthermore, they
evaluated the effectiveness of the first two controllers as compared to that of the PD
control in terms of vibration suppression. Zhang et al. [116] designed a weighted
multiple neural network boundary controller for joint position tracking and vibration
suppression of a single-link flexible manipulator with uncertain parameters. Njeri
et al. [120] presented a self-tuning strain feedback gain controller for high-speed
vibration control of a 3D two-link flexible manipulator using the artificial neural
network and highlighted that the tuned gains achieved better performance than that
achieved by using fixed gain in terms of link strain and joint trajectories.

Cao and Liu [155] proposed an adaptive boundary iterative learning control
scheme with a PD feedback structure for the joint trajectory tracking and vibration
suppression of a two-link rigid-flexible manipulator with parametric uncertainties and
external disturbances. Liu and Liu [156] investigated the adaptive iterative learning
control scheme for joint position tracking and vibration suppression of a single-link
flexible manipulator in the presence of external disturbance and output constraints.
Dong et al. [90] proposed iterative learning control combined with an open-closed-
loop PD scheme for trajectory tracking of a single-link flexible manipulator even
in the presence of disturbances and uncertainties. In the proposed method, an
angular correction term was introduced to achieve self-adjustment of the iterative
learning control law by using angular relationships of the system output vectors.
Yang et al. [76] proposed adaptive distributed iterative learning control by combining
a PD feedback structure and an iterative term for simultaneous trajectory tracking
and vibration suppression of a single-link flexible manipulator subjected to system
parameters uncertainties and spatio-temporal distributed disturbances. Chen et al.
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[157] presented iterative learning control for simultaneous trajectory tracking and
vibration suppression of a single-link flexible manipulator with uncertain parameters
and unknown repetitive disturbances. Meng and He [77] addressed the problem of
the trajectory tracking control of rigid hub and vibration suppression of the flexible
link simultaneously for a single-link flexible manipulator by using iterative learning
control law.

Meng et al. [49] designed a fast, stable control technique based on system energy
for a planar single-link flexible manipulator for joint position control and vibration
suppression. Moreover, they proposed an online optimization method based on
fuzzy-genetic algorithm to optimize the controller design parameter and improve the
performance of the system. Zhang et al. [50] designed a nonlinear controller based
on energy analysis for joint position control and vibration suppression control of the
single-link flexible manipulator.

Yang et al. [158] studied the problems of tip position regulation and vibration
suppression of FLM using model-free composite control based on adaptive dynamic
programming. Jia et al. [99] proposed a composite control strategy for a flexible
space manipulator as a combination of an adaptive sliding mode controller for the
slow subsystem and an adaptive controller for the fast subsystem. Lochan et al.
[84] designed a composite controller using contraction theory, which consists of two
separate controllers designed for the slow-subsystem and fast subsystem for fast
trajectory tracking and quick vibration suppression of a two-link flexible manipulator.
Xu [159] investigated the singular perturbation theory based composite learning
control of FLM using neural networks and disturbance observer. Sliding mode control
was used for the fast dynamics and intelligent control based on neural network, and
disturbance observer was used for the slow dynamics.

• Advantages

(a) An accurate mathematical model of the system is not required, which is
complex and difficult to obtain.

(b) Simpler and easier to implement than model-based approaches.

(c) Adaptive controllers deal with the correct adjustment of the control
parameters online in order to incorporate the effect of disturbances and
model uncertainties [140].

(d) Active disturbance rejection control technique has an excellent disturbance
rejection capability [148].

• Disadvantages

(a) There is a problem of input delay in the feedback loop because the
estimations of the system states are calculated based on the sensor reading.
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(b) Pure sensor-based approaches will not be able to act in advance, which
is potentially possible with a model-based approach and feed-forward
control.

A.4 Conclusion

This paper presented a survey of different modeling and control techniques for flexible
manipulators. In recent years, the PDE models have gained increasing popularity
because of the underlying advantages of infinite dimensional models that avoid
spillover and model truncation errors. The review of the recent literature shows that
limited research has been carried out in the modeling and control of FLMs undergoing
large deflection. Because of the difficulty in obtaining the accurate dynamic model
of the FLMs, model-free control methods are used more often than the model-based
controllers. Moreover, model-free controllers are popular because of their robustness
to parameter uncertainty and disturbances in FLMs. On the contrary, only a few
model-free methods (for example, PID control and iterative learning control) are
used to control industrial robots. Other model-free methods may need additional
attention to solve the problem of low dynamic accuracy and/or unstable control
because of the non-collocated system.

In order to solve the problem of individual controllers, there is a trend of combining
two or more control techniques to achieve better control performance than using
individual control techniques. A recent boost in computing power and the emergence
of machine learning algorithms has enabled scientists to apply intelligent control
techniques or combine learning-based control approaches with other methods to
control FLMs. It is visible that a lot of recent control techniques proposed in the
literature are based on neural networks and other learning-based algorithms. This
literature review on the state-of-the-art modeling and control techniques of FLMs
reveals that most of the studies are limited to planar single-link and two-link flexible
manipulators. More research studies are required for the modeling and control of
multi-link flexible manipulators undergoing general 3D motion. Benchmarking and
understanding the merits and limitations of the recent modeling and control methods
is required to use them in the FLM (product) development. This is challenging
without the development of suitable benchmark tests.

In spite of the fact that significant advancements have been made in many aspects
of FLMs over the last few decades, there are many issues yet to be resolved, and simple,
robust, reliable, and effective controls of FLMs still remain a challenge. Undoubtedly,
further research efforts in this area would contribute significantly to the development
of lightweight flexible manipulators for space research and long reach manipulators
for offshore industries to perform different robotic operations safely. The mooring
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operation could be executed autonomously by mounting long-reach arm/s on a
floating vessel/ship. Cleaning, repair, and maintenance operations in offshore wind
farms and sea farms could be carried out autonomously or semi-autonomously with
the reduction of oscillations in the long-reach arm. Furthermore, the construction
industry can utilize the long-reach manipulator for material handling and assembly
tasks. Application-oriented studies on FLMs could be one of the possible future
directions of research.
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Abstract The modeling, identification and analysis of a flexible beam
is presented. The lumped parameter method is used to model a flexible
beam. The use of camera measurements to identify lumped paramet-
ers, namely spring stiffness and damping coefficient, is described. The
measurements of the tip oscillations using a high-speed camera and high-
precision laser tracker are compared. The static and dynamic behavior
of the flexible beam model is compared to the experimental results to
show the validity of the model.

B.1 Introduction

Development of flexible manipulators is of on-going interest for researchers world-
wide. The use of light flexible manipulators has many advantages over conventional
industrial robots such as low cost, reduced energy consumption, high payload-to-
robot-weight ratio, high operational speed, better transportability, safe operation due
to reduced inertia and so on [1]. However, link flexibility causes unwanted oscillations
and problems in the precise position control of the end-effector which may even
lead to an unstable system. For achieving minimum oscillations and good position
accuracy, the industrial robots are designed with highly stiff materials (like heavy
steel with bulky design) which consequently require expensive high-power drives.

The vibration of end-effector at high speed and high load is still present due to
industrial robot elasticity. In this context, lightweight flexible manipulators are better
alternatives if the control architecture is designed to reduce the vibration of the
end-effector to an acceptable range. The non-linear dynamics of the system with an
infinite number of degrees of freedom make the control of flexible manipulator more
complicated than the rigid robots. In order to develop efficient control algorithm for
the flexible manipulator, it is necessary to construct a mathematical model of the
system incorporating flexibility of the links. Due to impracticability to model the
flexible link with infinite degree of freedom for dynamic analysis and simulations, it
is necessary to describe the system with finite degree of freedom and still being able
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to represent all the dynamically relevant flexibility effects. A dynamically accurate
and computationally affordable simulation model is required to represent the actual
system behavior to design suitable control algorithm.

The goal of flexible beam modeling is to achieve an accurate model of a flexible
manipulator system formed by the combination of multiple flexible links connected
together by revolute joints represented by a spring and damper system. This paper
represents a part of the work done for modeling a long reach 3R planar manipulator
constructed using flexible links.

Different models of flexible bodies are available in the literature depending upon
the assumptions and required complexity. Accuracy of the models depends on
the assumptions made to simplify the complexity of the flexible link manipulator
system. There are three main approaches that are used traditionally in the literature:
lumped parameter method, assumed mode method and finite element method [2].
In assumed mode method, it is difficult to calculate modes of the link with varying
cross-sections [3]. Finite element method is computationally very expensive. Recently,
researchers have used lumped parameter method to model flexible arms of multi-link
manipulators [4], boom of a mobile concrete pump [5], and other flexible mechanical
structures [6].

Lumped parameter method is explored further in this paper because it is a good
compromise between the complexity of continuous non-linear dynamical system
and the simplicity of neglecting the elasticity with a rigid body model [7]. The
computational cost and the accuracy of lumped parameter method can be controlled
by changing the number of lumped elements.

Different modeling techniques, control approaches and sensor systems for flexible
manipulator are explored in literature [1, 2]. However, there is very limited work
done in the experimental identification of model parameters of flexible manipulator.
This paper describes a simple approach of identification of lumped parameters of a
flexible link using a camera sensor.

In this paper, the lumped parameter method is used to model a flexible beam.
High-speed RGB-camera is used to measure the tip oscillations and the high-precision
laser tracker to validate the results. The parameters of the flexible beam are identified
using camera measurements. The results obtained from the simulation model are
compared to the experimental data.

The paper is organized into five sections as follows. The modeling of flexible
cantilever beam is described in section B.2. The simulation model is verified with
experiments in section B.3. The results obtained from the simulation model are
compared to the experimental values in section B.4. Conclusions and discussions
follow in section B.5.
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B.2 Modeling

The flexible beam is modeled as a set of mass, rotational spring and damper system [2,
7, 8]. The reasons behind using this method for modeling flexibility are simplicity
of the method and possibility of extending the model for varying cross-section of
the links. Lumped parameter models of a flexible beam with one and two flexible
elements are shown in Fig. B.1 and Fig. B.2 respectively. In Fig. B.1, the center of
mass is located at the origin of coordinate frame S1, and k, c, F , M , δv, δθ represent
stiffness, damping coefficient, end load, moment, vertical deflection and angular
deflection respectively. In Fig. B.2, two flexible elements are connected in such a
way that the spring and damper are in series between two segments. The modeling
parameters k and c depend on the dimension and material used in the beam and
can be identified/approximated via experiments. The bending of the flexible beam is
modeled about one axis, i.e. rotational degree of freedom about the Z-axis.

Considering L, F , E, I as the length of the beam, load attached to the end of the
beam,Young’s modulus, and area moment of inertia, the vertical tip deflection (δuvA)

Figure B.1: Lumped parameter model of an end-loaded cantilever flexible beam with
one flexible element

Figure B.2: Lumped parameter model of a flexible beam with two flexible elements
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and the angular deflection (δuθA) of the beam under a uniform load (q = aρg) is given
by (B.1) and (B.2) respectively, where a, ρ, and g are cross-section area, density, and
gravity respectively and indices A and u represent analytical solution and uniform
load condition respectively [9]. The vertical tip deflection (δevA) of the beam due to
end load (F ) shown in Fig. B.1 is given by (B.3), where index e represents end load
condition. The angular tip deflection (δeθA) of the cantilever beam due to end load
is given by (B.4). The total vertical tip deflection (δvA) and angular tip deflection
(δθA) of the beam are given by a sum of deflection under uniform load and deflection
due to end load as given by (B.5).

δuvA =
qL4

8EI
(B.1)

δuθA =
qL3

6EI
(B.2)

δevA =
FL3

3EI
(B.3)

δeθA =
FL2

2EI
(B.4)

δθA = δuθA + δeθA; δvA = δuvA + δevA (B.5)

The equivalent stiffness of the beam under end-loaded condition is given by (B.6).
The equivalent stiffness of the beam is used in the lumped parameter model. Both
angular and vertical deflections of the beam in lumped parameter model can be
approximated using (B.7) and (B.8) respectively, where index L represents lumped
parameter approximation.

kA =
FL

δeθA
=

2EI

L
(B.6)

δeθL =
FL

kA
=
FL2

2EI
(B.7)

δevL = LδeθL =
FL3

2EI
(B.8)

The angular deflection obtained analytically in (B.4) and using the lumped
parameter model in (B.7) are equal. However, the vertical deflection obtained
analytically in (B.3) and using the lumped parameter model in (B.8) are not equal.

To improve the approximation in lumped parameter model, the total length of
the beam is divided into ns smaller segments, each segment has a length Ls = L/ns,
and the lumped segments are connected together to form the model of the beam.
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The stiffness of a single beam segment is given by (B.9). The equivalent stiffness k′

of two springs, each of stiffness k, connected in series between two beam segments
is given by (B.10). Similarly, the equivalent damping coefficient c′ of two dampers
c connected in series between two beam segments is given by (B.11) and shown in
Fig. B.2.

k =
2EI

Ls
(B.9)

k′ =
k2

2k
(B.10)

c′ =
c2

2c
(B.11)

Considering uniform beam cross-section, the total equivalent stiffness (ktE) of the
beam can be approximated experimentally, where index E represents experimentally
identified value. Using known tip load (FE), the deflection (δvE) can be measured
to calculate the equivalent stiffness by using (B.12). Thus obtained total equivalent
stiffness of the beam is multiplied by the number of beam segments to obtain
individual segment stiffness kE as given in (B.13).

ktE =
FEL

δeθE
=

2FEL
2

3δevE
(B.12)

kE = nsktE (B.13)

Equations of motion

The model of a flexible beam in Fig. B.3 consists of ns rigid elements with mass mi

connected together by rotational joints Pi, rotational spring stiffness ki and damper
with damping coefficient ci, where i = 1, 2, . . . , ns. The first segment spring stiffness
is k1 = k and damping coefficient is c1 = c. All other segment stiffnesses and dampers
are ki = k′ and ci = c′ respectively. The rotation of each element is described by
angle ϕi. A Newtonian frame OI is located at the first rotational joint P1 of the
cantilever beam. Body fixed frame Si of each element is located at the center of
gravity.

Equations of motion are derived using Newton-Euler formulation. Considering
JTi as Jacobian matrix for translational motion, JRi as Jacobian matrix for rotational
motion, pi as linear momentum, li as angular momentum, Fi as applied forces, Mi

as applied moments for body i, the principles of linear and angular momentum are
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applied to get (B.14).

ns∑
i=1

[JTT i(ṗi − Fi) + JTRi(l̇i −Mi)] = 0 (B.14)

Considering rsi as the position vector from Newtonian frame OI to body fixed
frame Si, rpi as the position vector from Newtonian frame OI to joint Pi, Ri as the
rotation matrix representing rotation of frame Si with respect to frame OI about the
Z axis, Ii as the inertia tensor, vsi as the linear velocity, ωi as the angular velocity,
and calculating the translational parts in frame OI and rotational parts in body
reference frame Si, (B.14) can be written to (B.16) using (B.15) where the cross
product ω × r is replaced by matrix operation ω̃r. The mass of tip load is added to
mns for the last segment.

ṗi = mir̈si ; l̇i = Iiω̇i + ω̃iIiωi (B.15)

ns∑
i=1

JTT i[mir̈si − Fi] + JTRi[Iiω̇i + ω̃iIiωi −Mi] = 0 (B.16)

Kinematics of the bodies in generalized coordinates q = (ϕ1, ϕ2, · · · , ϕns)
T is given

by (B.17).

Ri =

cosϕi −sinϕi 0

sinϕi cosϕi 0

0 0 1


rpi = rpi−1

+Ri−1[Ls; 0; 0], rp1 = [0; 0; 0]

rsi = rpi +Ri[Ls/2; 0; 0]

JT i =
∂rsi
∂q

vsi = JT iq̇

ωi = [0; 0; ϕ̇i]

JRi =
∂ωi
∂q̇

r̈si = JT iq̈ +
∂vsi
∂q

q̇

ω̇i = JRiq̈ +
∂ωi
∂q

q̇



(B.17)

Using the kinematic equations, (B.16) can be rearranged to (B.18). The applied
forces are given by the weight of the beam segments and the applied moments by
the rotational springs and dampers. In addition, the applied force and moment by
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the end-load is considered for the last segment of the beam.

ns∑
i=1

{
−JTT i[mi

∂vi
∂q

q̇ − Fi]− JTRi[Ii
∂ωi
∂q

q̇ + ω̃iIiωi −Mi]

}
−

−
ns∑
i=1

{
miJ

T
T iJT i + JTRiIiJRi

}
q̈ = 0 (B.18)

Figure B.3: Model of a flexible beam with ns dofs

B.3 Simulations and Experiments

A hollow rectangular aluminium beam of length L = 2.32 m, width W = 0.04 m,
height H = 0.04 m, thickness T = 2 × 10−3 m, density ρ = 2700 kg/m3, Young’s
modulus E = 69× 109 Pa is used in the simulation and experimental studies. The
area moment of inertia I of the hollow rectangular beam is calculated using (B.19).

I =
1

12
WH3 − 1

12
(W − 2T )(H − 2T )3 (B.19)

A load of ml = 4.5 kg is applied at the tip of the beam and the corresponding
deflection at the tip is recorded in the simulation and compared to the experimental
data. The analytical vertical tip deflection obtained from (B.3) is δevA = 0.0363 m.
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B.3.1 Simulation of analytical lumped parameter model

The stiffness of each flexible element/segment of the beam is calculated using (B.9)
and (B.10). The deflection of the tip of the beam due to uniform load (δuvL), end-load
(δevL) and total deflection (δvL) for different values of ns is shown in table B.1 (using
MATLAB ode23 for time integration with fixed step size of 0.01 s).

Dynamic response

To show the dynamic response of the tip of the beam, tip load of 4.5 kg is dropped
after ensuring that the tip is stationary before dropping. To reduce the frequency
of vibration a body (md = 2.5 kg) is mounted at the tip. Moreover, the weight of
the camera mounted at the tip is also considered in the simulation. The damping
coefficient c = βk is used in the simulation, where β = 2.2× 10−4 is the tuning factor.
To simulate the oscillation produced only due to the drop, the initial tuning factor is
increased 5 times to ensure quick damping (before dropping). The position of the tip
of the beam is shown in Fig. B.4. The frequency of vibration of the model (ns = 10)
is f = 3.42 Hz.

B.3.2 Experimental identification of stiffness and damping

ratio

A 7 × 9 checkerboard is mounted on the wall in such a way that it is completely
visible from the camera when the beam is oscillating. The camera is calibrated
intrinsically before mounting on the beam. The position of the checkerboard with

Table B.1: Tip deflection taking different number of flexible elements using analytic-
ally obtained lumped parameters

ns δuvL(m) (ml = 0kg) δvL(m) (ml = 4.5kg) δevL = δvL - δuvL(m)
1 0.0115 0.0387 0.0272
2 0.0072 0.0480 0.0408
3 0.0064 0.0447 0.0383
4 0.0060 0.0435 0.0375
5 0.0060 0.0430 0.0370
6 0.0059 0.0427 0.0368
7 0.0059 0.0425 0.0366
8 0.0059 0.0424 0.0365
9 0.0058 0.0424 0.0366
10 0.0058 0.0423 0.0365
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Figure B.4: Tip oscillations using analytical parameters

respect to a camera is determined using OpenCV.

In Fig. B.5, an experimental setup consisting of flexible beam (2) mounted on
the wall (1) is shown. A spherically mounted retroreflector (3) is mounted at the tip
of the beam to track the position of the tip using Leica AT960 laser tracker. Basler
ace (acA2040-180kc) color camera (4) is mounted at the tip of the wall mounted
cantilever beam and is connected to the computer via a connector (7). Object (6)
to be dropped is hanging in the rope (8) at the tip of the beam. Additional object
(5) is mounted at the tip to reduce the frequency of oscillation. The initial tip
position of the beam is recorded before applying any load at the tip. Then a load of
ml = 4.5 kg is applied to the tip of the beam and the corresponding deflection of the
tip is recorded. The difference gives the deflection (δevE) caused due to the load at
the tip. Using (B.12), the total equivalent stiffness ktE of the beam is determined.
From (B.10) and (B.13), the stiffnesses (k1E and k2E) of each flexible element of the
beam are approximated for ns segments. Experimentally approximated parameters
are δevE = 0.0403 m and ktE = 3.8991× 103 Nm/rad.
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Figure B.5: Experimental setup (1. Wall mount, 2. Flexible beam, 3. Leica
spherically mounted retroreflector ball probe, 4. Camera, 5. Tip load, 6. Tip load to
be dropped, 7. Camera connector,8. Rope)

Dynamic response

The position of the tip of the beam recorded experimentally using camera is shown in
Fig. B.6. The frequency of vibration (eigen frequency) of the beam is fE = 3.24 Hz.
The damping ratio ζ is approximated by calculating logarithmic decrement δ using
(B.20) and (B.21) where A1 and An are two successive amplitudes n periods apart [10].

δ =
1

n
ln
A1

An
(B.20)

ζ =
1√

1 + (2π/δ)2
(B.21)

The damping coefficient cte is approximated using (B.22) where ωd = 2πfE is the
frequency of vibration.

ctE = 2ζωd (B.22)

For simulation purposes, the damping coefficient cE for each flexible element of the
flexible beam is approximated using (B.23) where β is the tuning parameter to match
simulation model with the experiment. Experimentally approximated parameters
are ctE = 0.08 Nms/rad, β = 12.

cE = βnsctE (B.23)
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Figure B.6: Tip oscillations recorded using camera

B.3.3 Simulation of experimentally identified lumped para-

meter model

The stiffness of each flexible elements/segments of the beam approximated experi-
mentally is used in the lumped model of the beam and the corresponding deflection
of the tip due to uniform load (δuvL), end-load (δevL) and total deflection (δvL) for
different values of ns is shown in table B.2 (using MATLAB ode23 for time integration
with fixed step size of 0.01 s).

Dynamic response

The position of the tip of the beam using experimentally identified parameters in
the model(ns = 10) is shown in Fig. B.7. To ensure quick damping in the beginning
(before dropping), the tuning parameter β is increased by 5 times. The frequency of
vibration of the beam is fEm = 3.24 Hz.
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Table B.2: Tip deflection taking different number of flexible elements using experi-
mentally identified lumped parameters

ns δuvL(m) (ml = 0kg) δvL(m) (ml = 4.5kg) δevL = δvL - δuvL(m)
1 0.0129 0.0434 0.0305
2 0.0081 0.0537 0.0456
3 0.0072 0.0500 0.0428
4 0.0068 0.0487 0.0419
5 0.0067 0.0481 0.0414
6 0.0066 0.0478 0.0412
7 0.0066 0.0477 0411
8 0.0065 0.0475 0.0410
9 0.0065 0.0475 0.0410
10 0.0065 0.0474 0.0409
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Figure B.7: Tip oscillations using experimentally identified parameters
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B.4 Results

The position of the tip of the beam recorded by a camera and laser tracker is shown
in Fig. B.8. The possibility of using camera for detecting the oscillations in a flexible
structure seems promising. The static deflection due to 6.5 kg load at the end
obtained from the experiments using a camera and static deflection approximated
from the model (ns = 10) are 0.0583 m and 0.0590 m respectively. Analytically
computed static deflection due to 6.5 kg end load from (B.3) is 0.0524 m which is
less accurate than the one approximated from the simulation model. It can be seen
that the simulation model, where experimentally identified parameters are used, is
accurate enough to approximate the static deflection of the real system.
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Figure B.8: Tip oscillations using camera and laser tracker

To show the validity of the model, damping load md = 4.5 kg is mounted at the
end including the mass of the camera and the end load ofml = 4.5 kg is dropped. The
corresponding oscillations of the tip recorded by a camera are shown in Fig. B.9. The
frequency of the beam vibration obtained from the experimental data collected by a
camera is fEv = 2.42 Hz. The oscillations of the tip obtained from the simulation
model (ns = 10) are shown in Fig. B.10. The frequency of vibration of the beam
obtained from the simulation model is fmv = 2.51 Hz. The error in frequency
of oscillation in the model is approximately 5 %.The tuning parameter β used in
simulations is 12.

105



Modeling and Control of Flexible Link Manipulators

0 10 20 30 40 50 60

Time(s)

0.06

0.07

0.08

0.09

0.1

0.11

0.12

0.13

0.14

0.15

0.16
T

ip
 P

os
iti

on
(m

)

Figure B.9: Tip oscillations recorded using camera for validation
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Figure B.10: Tip oscillations using experimentally identified parameters for validation
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B.5 Conclusions and Discussions

The accuracy of the static deflection and computational cost increase with the increase
in the number of flexible segments. A simulation model of flexible cantilever beam
is developed using lumped parameter method. The static and dynamic behavior
of the model are compared with the experimental results. The use of camera to
identify the lumped parameters of a flexible structure experimentally is presented.
The proposed method can be used to model a beam of composite/custom material
whose modulus of elasticity is unknown. Although the experimental identification
of the lumped parameters gives better approximation of the actual system, the
analytically determined parameters could be used with reduced accuracy whenever
the experiments are not feasible.

In the next step of the project, the work will be extended to the modeling of
flexible beam with varying cross-section and to the development of simulation model
for multi-link flexible manipulator. Furthermore, development of a procedure to tune
β and ways of reducing error in the oscillation frequency will be explored.
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Abstract A closed-form dynamic model of the planar multi-link flex-
ible manipulator is presented. The assumed modes method is used with
the Lagrangian formulation to obtain the dynamic equations of motion.
Explicit equations of motion are derived for a three-link case assuming
two modes of vibration for each link. The eigenvalue problem associated
with the mass boundary conditions, which changes with the robot con-
figuration and payload, is discussed. The time-domain simulation results
and frequency-domain analysis of the dynamic model are presented to
show the validity of the theoretical derivation.

C.1 Introduction

The use of lightweight materials and the long or slender design of manipulators
introduce link flexibility. Neglecting this during the modeling and control design of
flexible link manipulators (FLMs) causes static steady-state and dynamic tracking
and vibration errors. Lightweight flexible arms have many advantages over rigid body
robots such as high payload-to-weight ratio, smaller actuators, and safer operation
(due to reduced inertia) because of which they can be used in many engineering
applications such as construction automation, robotic surgery, aerospace industry,
and space research [1]. Some applications require the design of long and slender
mechanical structures which possess some degrees of in-built flexibility because of the
material used and the length of the link. Moreover, the use of lighter arms and cheaper
gears by robot manufacturers is justifiable in order to compete with lower prices of
the manipulators in recent years. However, the link flexibility causes deflection of
the links and unwanted oscillations leading to problems in precise position control of
the end-effector. To fully use the lightweight flexible manipulators, the problem of
oscillations must be properly addressed by designing a suitable control algorithm
to reduce the vibration of the end-effector to an acceptable range depending on the
application.

The highly nonlinear dynamics of the FLMs with an infinite number of degrees of
freedom (DoFs) make their control more complicated compared to the conventional
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industrial robot. An accurate model of the system aids in the development of
efficient and optimal model-based control algorithms for the FLMs. In this context,
it is desirable to build a mathematical model of the system incorporating flexible
link dynamics in an accurate and computationally affordable way. The complexity
associated with the modeling of link flexibility in FLMs with infinite DoFs must be
addressed by describing the system with finite DoFs and still being able to represent
all the dynamically relevant properties of the actual system such as flexibility effects,
dynamic interactions, and coupling effects. There are different models of the flexible
bodies available in the literature depending upon the assumptions, model complexity,
and accuracy. The accuracy of the models depends on the assumptions made to
simplify the complexity of the FLM system. The major approaches of modeling
flexible bodies include lumped parameter method (LPM), finite element method
(FEM), transfer matrix method (TMM), and assumed modes method (AMM). Apart
from these methods, there are many other methods that are used for obtaining the
dynamic model of the FLMs which include, but are not limited to, perturbation
method, pseudo-rigid body method, global mode method, and modal integration
method [1].

In LPM, the link flexibility is modeled by a set of mass, spring, and damper
connected in series. Although LPM is simple and easy to implement, there is difficulty
in determining the spring constant accurately. In FEM, the flexible link is modeled
as a combination of a finite number of elements interconnected at nodes, and the
displacement at any point of the continuous element is expressed in terms of the
finite number of displacements at the nodal points multiplied by the polynomial
interpolation functions [2]. The FEM is applicable for complex structures and can
handle nonlinear and mixed boundary conditions, but it is computationally expensive
because of a large number of state-space equations. In TMM, each element of the
system is represented by a transfer matrix that transfers a state vector from one
end of the element to the other, and the individual element matrices are multiplied
together to obtain the system transfer matrix [3]. The TMM is a frequency-domain
technique but it is difficult to include the interaction between the gross motion and
the flexible dynamics of the manipulator [4].

Among different modeling methods, AMM is more widely used in the literature.
AMM has been used by many researchers to develop a dynamic model of flexible
mechanical systems and verified experimentally [5–8]. In this method, the link
flexibility is represented by a combination of spatial mode shapes and time-varying
generalized coordinates. The modal series is truncated to a finite dimension based on
the fact that the dynamics and overall motion of the links are dominantly governed
by the first few low-frequency modes [4]. The choice of proper boundary conditions
is important while using AMM for modeling FLMs. It is also equally important

114



Paper C. Dynamic Modeling of Planar Multi-Link Flexible Manipulators

to select compatible joint variables, deflection variables, and their corresponding
mode shapes functions [9, 10]. Four applicable boundary conditions according to the
general beam vibration theories, pinned-pinned, clamped-pinned, clamped-free, and
clamped-clamped, are detailed in [11, 12].

The finite element discretization of the flexible bodies introduces a large number of
DoFs which causes the simulation of the multibody system computationally expensive.
Therefore, model reduction is a necessary procedure for reducing the elastic DoFs
to allow an efficient simulation of the multibody system while keeping an accurate
description of the predominant dynamic behavior. Model reduction involves a trade-
off between the model order and the accuracy of representing the real plant dynamics
by the model. In other words, the order of the dynamic model should such that it is
suitable to be used for real-time control and at the same time should not lead to a spill-
over effect (the problem of un-modeled residual modes) that destabilizes the system.
Various model reduction techniques have been developed in the literature which can
be divided into three main categories: 1. Static condensation, substructuring, and
modal truncation (Guyan reduction, dynamic reduction, component mode synthesis,
improved reduction system method, and system equivalent expansion reduction
process), 2. Padé and Padé-type approximations (Krylov subspace method), and
3. Balancing-related truncation techniques [13, 14]. The Craig-Bampton method
(component mode synthesis technique) is one of the most often applied methods for
the reduction of mechanical systems [15]. The quality of the reduced models depends
on the selection of the right modes in complex systems, which needs an experienced
user.

In the AMM, the reduced-order dynamic model is obtained by omitting the higher
frequency system dynamics from the model. It is based on the assumptions that
the modes of higher frequency, omitted from the reduced-order model, have little
effect on the performance of the manipulator system, as they contain little energy
compared with the retained modes [8]. In this way, it is reasonable to reduce the
number of vibration modes to a small finite number for obtaining the reduced-order
model suitable for real-time control. Other justifications for retaining fewer modes in
the model are based on the low amplitudes of high-frequency terms that are dropped
and the fact that the actuators and sensors cannot operate in the high-frequency
range. However, the higher modes should be included in the model if it is likely that
these modes may excite the servo-loop frequencies [2]. Although FEM with more
DoFs yields more precise results than AMM, AMM is preferred to FEM for real-time
control purposes [16].

Accurate dynamic modeling of FLMs is of ongoing interest for researchers world-
wide. The Equivalent Rigid-Link System (ERLS) approach for 3-D FLM has been de-
veloped in [17] through FEM and component mode synthesis techniques. Hamilton’s

115



Modeling and Control of Flexible Link Manipulators

principle is applied in [16] to obtain the dynamic model of a single-link flexible
manipulator stiffened with cables. In [18], AMM is used in conjunction with recursive
Gibbs-Appell formulation to obtain the dynamic model of flexible cooperative mobile
manipulators that are kinematically and dynamically constrained. Explicit dynamic
models of the one-link flexible arm [19–27] and the two-link flexible arm [6, 28–33]
have been derived and methods to obtain the mathematical model of a general n-link
flexible arm [6] have been formulated based on AMM.

The research in the field of FLMs is more concentrated with the one-link, and two-
link flexible manipulators than with the FLMs with more than two links. Although
various formulations have been proposed for general dynamic modeling of multi-link
flexible manipulators, an explicit model of manipulators with more than two links
has not been well-studied in the literature. The issue about the mode shapes and
eigenfrequencies variation with the robot configuration becomes more prominent for
the arm with more than one link. In most of the studies that are based on the AMM,
the effects of robot configurations on the mode shapes and eigenfrequencies have
been ignored.

The aim of this work is to derive a dynamic model of the planar multi-link
flexible manipulator using the AMM and discuss the eigenvalue problem associated
with the mass boundary conditions, which changes with the robot configuration and
payload. The Lagrangian method is used to derive the equations of motion, where
the links are modeled as Euler-Bernoulli beams satisfying clamped-mass boundary
conditions. The authors in [6] have discussed the problem of time-varying mass
boundary conditions for the first link in the two-link arm. This paper further explores
this problem for a three-link case. The effects of robot configurations on the mode
shapes and frequencies are discussed in detail. The time-domain simulation results
and frequency-domain analysis of the dynamic model of the planar three-link flexible
manipulator are presented. The benefits of including passive structural damping in
the simulation model are discussed.

The paper is organized into five sections as follows. Section C.2 describes the
kinematic relationships and the dynamic model for a multi-link planar manipulator
using the AMM and Lagrangian formulation. Section C.3 presents a dynamic model
of a three-link planar flexible manipulator assuming two mode shapes for each link.
The simulation results are reported in Section C.4. Conclusions and discussions
follow in Section C.5.
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C.2 Modeling

C.2.1 Kinematics

Consider a planar n-link flexible serial manipulator with n revolute joints. The
following assumptions are made for the development of the dynamic model of the
manipulator.

1. Each link of the manipulator can undergo bending deformations (transversal
deflection) in the plane of motion.

2. The torsional effects and shear deformations are neglected.

3. All joints are rigid and revolute. This assumption is considered because of
higher joint stiffness compared to link stiffness.

4. Link deflections are small.

Figure C.1 shows a model of a planar three-link flexible manipulator. The direct
kinematic model of the planar manipulator can be formulated in terms of displacement
vectors and rotation matrices. The coordinate frames for the manipulator are assigned
following a methodology similar to the Denavit-Hartenberg convention: the inertial
frame (X̂0, Ŷ0), the rigid body moving frame associated to link i (Xi, Yi) located at
joint i, and the flexible body moving frame associated to link i (X̂i, Ŷi) located at
the tip of link i. The rigid motion of link i is represented by the joint i position
qri, and the deflection at any point xi along the link i is described by wi(xi), where
0 ≤ xi ≤ `i, and `i is the length of the link i.

The position of a point along the link i and its endpoint referred to frame
(Xi, Yi) are given by Equations (C.1) and (C.2) respectively. Here, iri+1 also denotes
the position of the origin of frame (Xi+1, Yi+1) with respect to frame (Xi, Yi). The
absolute positions of the aforementioned points referred to frame (X̂0, Ŷ0) are given by
Equations (C.3) and (C.4) respectively, where Wi is the cumulative transformation
from inertial frame (X̂0, Ŷ0) to frame (Xi, Yi). Wi can be calculated recursively
using Equations (C.5)–(C.7), where Ai represents the joint rotation matrix, and
Ei−1 represents the influence of the elastic deformation of the previous link i− 1 in
the orientation of link i. The orientations of frames (Xi, Yi) and (X̂i−1, Ŷi−1) with
respect to frame (X̂0, Ŷ0) are given by Equations (C.8) and (C.9) respectively.

ipi =
[
xi wi(xi)

]T
(C.1)

iri+1 = ipi
∣∣
xi=`i

=
[
`i wie

]T
(C.2)
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Figure C.1: Planar three-link flexible manipulator.

pi = ri +W i
i pi (C.3)

ri+1 = ri +W i
i ri+1 (C.4)

Wi = Wi−1Ei−1Ai = Ŵi−1Ai, W0 = Ŵ0 = I (C.5)

Ai =

[
cos(qi) −sin(qi)

sin(qi) cos(qi)

]
(C.6)

Ei =

[
1 −w′ie
w′ie 1

]
, w′ie =

∂wi(xi)

∂xi

∣∣∣∣
xi=`i

, E0 = I (C.7)

αi =
i∑

j=1

qrj +
i−1∑
k=1

w′ke, i ≤ n (C.8)

α̂i =
i−1∑
j=1

qrj +
i−1∑
k=1

w′ke, i ≤ n+ 1 (C.9)

The differential kinematics can be obtained using the time derivatives of the
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displacement and rotation as shown in Equations (C.10)–(C.19).

iṗi =
[
0 ẇi

]T
(C.10)

iṙi+1 = iṗi
∣∣
xi=`i

=
[
0 ẇie

]T
(C.11)

ṗi = ṙi + Ẇ i
i pi +W i

i ṗi (C.12)

ṙi+1 = ṙi + Ẇ i
i ri+1 +W i

i ṙi+1 (C.13)

α̇i =
i∑

j=1

q̇j +
i−1∑
k=1

ẇ′ke (C.14)

˙̂αi =
i−1∑
j=1

q̇j +
i−1∑
k=1

ẇ′ke (C.15)

Ȧi = SAiq̇i, S =

[
0 −1

1 0

]
(C.16)

Ėi = Sẇ′ie (C.17)

Ẇi =
˙̂
W i−1Ai + Ŵi−1Ȧi (C.18)

˙̂
W i−1 = Ẇi−1Ei−1 +Wi−1Ėi−1 (C.19)

C.2.2 Assumed Modes Method

Flexible Links of the manipulator are modeled as Euler-Bernoulli beams of uniform
density (mass per unit length) ρi and constant flexural rigidity (EI)i. The elastic
deformation wi(xi, t) of Euler-Bernoulli beam at time t satisfies the partial differential
equation given by Equation (C.20), where ci =

√
EI
ρi

[6].

c2i
∂4wi(xi, t)

∂x4i
+
∂2wi(xi, t)

∂t2
= 0, i = 1, · · · , n (C.20)

Equation (C.20) can be solved by imposing proper boundary conditions at the
base and the end of each link. Clamped boundary condition at the base of each
link (assuming that the closed feedback control loop around the joint enforces the
clamped assumptions [6]) is given by Equations (C.21) and (C.22).

wi(xi, t)|xi=0 = 0, i = 1, · · · , n (C.21)

∂wi(xi, t)

∂xi

∣∣∣∣
xi=0

= 0, i = 1, · · · , n (C.22)

Assuming that the tip of each link is free of the dynamic constraints, the mass
boundary conditions presented in [6, 28] are used in this paper which are given by
Equations (C.23) and (C.24), where JDi is the moment of inertia at the end of the
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link i, mDi is the actual mass at the end of the link i, and MDi accounts for the
contributions of the masses of the distal links, hubs, and payloads non-collocated at
the end of the link i, weighted by the relative distance from the axis Yi (shearing
axis at the end of link i) [6]. The contribution of MDi is not included in the mode
shape analysis in [6, 28]. In this paper, the contribution of MDi is considered along
with the effect of robot configurations while calculating JDi. The values of MDi and
JDi are evaluated in correspondence to the unreformed configuration.

(EI)i
∂2wi(xi, t)

∂x2i

∣∣∣∣
xi=`i

= −JDi
d2

dt2

(
∂wi(xi, t)

∂xi

∣∣∣∣
xi=`i

)
−MDi

d2

dt2
(
wi(xi, t)|xi=`i

)
,

i = 1, · · · , n (C.23)

(EI)i
∂3wi(xi, t)

∂x3i

∣∣∣∣
xi=`i

= mDi
d2

dt2
(
wi(xi, t)|xi=`i

)
+MDi

d2

dt2

(
∂wi(xi, t)

∂xi

∣∣∣∣
xi=`i

)
,

i = 1, · · · , n (C.24)

Using AMM, the link deflection is expressed using a finite-dimensional model
of order nf as shown in Equation (C.25), where qfij(t) is the time-varying variable
related to the spatial assumed mode shape φij(xi) of link i and mode of vibration j
[6].

wi(xi, t) =

nf∑
j=1

φij(xi)qfij(t) (C.25)

Using separation of variables, shown in Equation (C.25), the solution of Equation
(C.20) can be written as Equation (C.26), where aij = ω2

ij is a positive constant, and
ωij is the jth natural angular frequency of link i.

c2i
φij(xi)

d4φij(xi)

dx4i
= − 1

qfij(t)

d2qfij(t)

dt2
= aij = ω2

ij (C.26)

From Equation (C.26), the time harmonic function qfij(t) and the spatial assumed
mode shapes φij(xi) are given by Equations (C.27) and (C.28) respectively, where
βij is given by Equation (C.29).

qfij(t) = e
√
−1ω2

ijt (C.27)

φij(xi) = c1ijsin(βijxi) + c2ijcos(βijxi) + c3ijsinh(βijxi) + c4ijcosh(βijxi) (C.28)

β4
ij =

ω2
ij

c2i
=
ρiω

2
ij

EI
(C.29)
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Additionally, Equation (C.26) is rearranged to obtain Equation (C.30).

q̈fij(t)

qfij(t)
= −

β4
ij(EI)i

ρi
(C.30)

The values of c1ij, c2ij, c3ij, c4ij, and the natural frequencies ωij are calculated
from the boundary conditions. The boundary conditions given by Equations (C.21)
and (C.22) are modified according to the AMM as

qfij(t)φij(xi)|xi=0 = 0 =⇒ φij(xi)|xi=0 = 0, (C.31)

qfij(t)
∂φij(xi)

∂xi

∣∣∣∣
xi=0

= 0 =⇒ φ′ij(xi)
∣∣
xi=0

= 0. (C.32)

Similarly, the boundary conditions given by Equations (C.23) and (C.24) are
modified according to the AMM as

(EI)i φ
′′
ij(xi)

∣∣
xi=`i

qfij(t) = −JDi φ′ij(xi)
∣∣
xi=`i

q̈fij(t)−MDi φij(xi)|xi=`i q̈fij(t),
(C.33)

(EI)i φ
′′′
ij(xi)

∣∣
xi=`i

qfij(t) = mDi φij(xi)|xi=`i q̈fij(t) +MDi φ
′
ij(xi)

∣∣
xi=`i

q̈fij(t).

(C.34)

Substituting Equation (C.30) in Equations (C.33) and (C.34), we get

φ′′ij(xi)
∣∣
xi=`i

−
β4
ij

ρi

[
JDi φ

′
ij(xi)

∣∣
xi=`i

+MDi φij(xi)|xi=`i
]

= 0, (C.35)

φ′′′ij(xi)
∣∣
xi=`i

+
β4
ij

ρi

[
mDi φij(xi)|xi=`i +MDi φ

′
ij(xi)

∣∣
xi=`i

]
= 0. (C.36)

Substituting Equation (C.28) in Equations (C.31) and (C.32), we get

c3ij = −c1ij, and c4ij = −c2ij. (C.37)

Similarly, substituting Equation (C.28) in Equations (C.35) and (C.36), we get a
homogeneous system of equations of the form

F (βij)

[
c1ij

c2ij

]
= 0, F (βij) =

[
F11 F12

F21 F22

]
, (C.38)

F11 = ρi[sin(βij`i) + sinh(βij`i)] + β2
ij[MDi(sin(βij`i)− sinh(βij`i))+

+ JDiβij(cos(βij`i)− cosh(βij`i))],

F12 = ρi[cos(βij`i) + cosh(βij`i)] + β2
ij[MDi(cos(βij`i)− cosh(βij`i))−
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− JDiβij(sin(βij`i) + sinh(βij`i))],

F21 = ρi[cos(βij`i) + cosh(βij`i)]− βij[mDi(sin(βij`i)− sinh(βij`i))+

+MDiβij(cos(βij`i)− cosh(βij`i))],

F22 = − βij[mDi[cos(βij`i)− cosh(βij`i)]−MDiβij[sin(βij`i) + sinh(βij`i)]]−

− ρi[sin(βij`i)− sinh(βij`i)],

where βij for each link i and mode of vibration j is obtained from the nontrivial solu-
tion of Equation (C.38), i.e. det(F (βij)) = 0, which results into the transcendental
equation given by Equation (C.39). The solutions (nf positive roots) of Equation
(C.39) (βij ∈ [βi1 · · · βinf

]) are obtained numerically and the natural frequencies ωij
are obtained using Equation (C.29). It can be noted that the values of βij depends
explicitly on mDi, JDi, and MDi.

ρ2i + ρ2i cos(βij`i) cosh(βij`i) + JDiβ
4
ijmDi +M2

Diβ
4
ij cos(βij`i) cosh(βij`i)+

+ βijmDiρi cos(βij`i) sinh(βij`i) = M2
Diβ

4
ij + βijmDiρi cosh(βij`i) sin(βij`i)+

+ JDiβ
4
ijmDi cos(βij`i) cosh(βij`i) + JDiβ

3
ijρi cos(βij`i) sinh(βij`i)+

+ JDiβ
3
ijρi cosh(βij`i) sin(βij`i) + 2MDiβ

2
ijρi sin(βij`i) sinh(βij`i) (C.39)

The constants c1ij and c2ij are calculated by substituting the corresponding values
of βij in Equation (C.38) and scaled using the orthonormalization condition of the
modes of vibration represented by Equation (C.40), where δjk is the Kronecker delta
symbol, and m`i is the mass of link i.

∫ `i

0

{
ρiφij (xi)φik (xi) dxi +mDiφij (`i)φik (`i) +MDiφij (`i)φ

′
ik (`i) +

+JDiφ
′
ij (`i)φ

′
ik (`i) +MDiφ

′
ij (`i)φik (`i)

}
= m`iδjk

(C.40)

C.2.3 Equations of Motion

Consider mhi is the mass of hub i, mp is the mass of payload, J`i is the inertia of
link i about the axis at its center of mass, Jhi is the inertia of hub i about the joint
i axis, Jp is the inertia of the payload about the axis at its center of mass, d`ij is
the distance of the center of mass of link i from joint j axis, dhij is the distance of
the center of mass of hub i from joint j axis, and dpj is the distance of the center of
mass of the payload from the joint j axis.

The equations of motion of a planar n-link manipulator can be derived using the
Lagrangian method. The total kinetic energy of the manipulator system (T ) is given
by the sum of the kinetic energy of links (Tl), hubs (Th), and the payload (Tp) as
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shown in Equation (C.41).

T =
n∑
i=1

Thi +
n∑
i=1

T`i + Tp (C.41)

Thi =
1

2
mhiṙ

T
i ṙi +

1

2
Jhiα̇

2
i (C.42)

T`i =
1

2
ρi

∫ `i

0

ṗTi (xi) ṗi (xi) dxi (C.43)

Tp =
1

2
mpṙ

T
n+1ṙn+1 +

1

2
Jp ˙̂α

2

n+1 (C.44)

The potential energy of the robot is due to gravity and link flexibility (elasticity).
The total potential energy of the robot is given by the sum of elastic energy stored in
n-links (Ue`), gravitational potential energy stored in n-links (Ug`), n-hubs (Ugh), and
the payload (Ugp), as shown in Equation (C.45), where gv is the gravity acceleration
vector.

U =
n∑
i=1

Ue`i +
n∑
i=1

Ughi +
n∑
i=1

Ug`i + Ugp (C.45)

Ue`i =
1

2
(EI)i

∫ `i

0

(
∂2wi (xi, t)

∂x2i

)2

dxi (C.46)

Ughi = −mhig
T
v ri (C.47)

Ug`i = −gTv ρi
∫ `i

0

pi(xi)dxi (C.48)

Ugp = −mpg
T
v rn+1 (C.49)

The spatial dependence present in the energy terms (Equations (C.41)–(C.45))
can be resolved and simplified by introducing the following constant parameters [6]:

vij =

∫ `i

0

ρiφij(xi)dxi (C.50)

wij =

∫ `i

0

ρiφij(xi)xidxi (C.51)

zijk =

∫ `i

0

ρiφij(x)φik(x)dx (C.52)

kijk =

∫ `i

0

(EI)iφ
′′
ij(x)φ′′ik(x)dx = m`iω

2
ijδjk (C.53)
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Here, vij and wij are deformation moments of order zero and one of mode j of
link i; zijk is the cross moment of modes j and k of link i; and kijk is the cross
elasticity coefficient of modes j and k of link i.

The Lagrangian in terms of N = n+
∑n

i=1 nf generalized coordinates is given by
Equation (C.54).

L = T − U (C.54)

The Euler-Lagrange equation can be written as Equation (C.55), where qi(t) are
the generalized coordinates, τi are the generalized forces acting on qi, qr are the
generalized coordinates associated with rigid dynamics, and qf are the generalized
coordinates associated with flexible dynamics.

d

dt

(
∂L

∂q̇i

)
− ∂L

∂qi
= τi, i = 1, . . . , N, (C.55)

where

q =
[
q1 q2 · · · qN

]T
=
[
qr qf

]T
, (C.56)

qr =
[
qr1 qr2 · · · qrn

]T
, (C.57)

qf =
[
qf11 qf12 · · · qf1nf

· · · qfn1 qfn2 · · · qfnnf

]T
. (C.58)

Equation (C.55) can be written in a standard form

M(q)q̈ + c(q, q̇) + g(q) +Kq = τ , (C.59)

where M(q) is the inertia matrix, c(q, q̇) is the vector of Coriolis and centripetal
effects, g(q) is the gravity term, and K is the rigidity modal matrix. Joint viscous
friction and link structural damping can be included by adding a damping matrix D
as

M (q)q̈ + c(q, q̇) + g(q) +Kq +Dq̇ = τ . (C.60)

Equation (C.60) is transformed to obtain the direct dynamic model of the robot
as

q̈ = M (q)−1(τ − c(q, q̇)− g(q)−Kq −Dq̇). (C.61)

The components of vector c(q, q̇) can be evaluated through the Christoffel symbols
as shown in Equation (C.62).

ci =
N∑
j=1

N∑
k=1

(
δMij

δqk
− 1

2

δMjk

δqi

)
q̇j q̇k, i = 1 · · ·N (C.62)
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The components of vector g(q) can be determined using Equation (C.63), where
Ug =

∑n
i=1 Ughi +

∑n
i=1 Ug`i + Ugp is the total gravitational potential energy of the

system.

gi =
δUg
δqi

, i = 1 · · ·N (C.63)

The components of matrix K can be determined using Equation (C.64), where
Ue` =

∑n
i=1 U`i is the total elastic potential energy of the system.

Kq =
δUe`
δq

(C.64)

Because of the orthonormalization of mode shapes, it can be noted that the
stiffness matrix K reduces to a diagonal matrix as in Equation (C.65), where ki is
the stiffness coefficient given by Equation (C.66). In Equation (C.66), ki = 0 for
1 ≤ i ≤ n is based on the assumption that all joints are considered rigid. If joint
flexibility is to be taken into account, then ki 6= 0 for 1 ≤ i ≤ n.

K =


k1

. . .

kN

 (C.65)

ki =

0 if 1 ≤ i ≤ n,

m`uω
2
uv if n+ (u− 1)nf < i ≤ n+ unf ; u = 1, · · · , n; v = 1 · · ·nf .

(C.66)

The damping matrixD is calculated using Equation (C.67), where di is the damp-
ing coefficient given by Equation (C.68), ζuv represents damping ratio corresponding
to mode v of link u, and bi represents viscus damping constant corresponding to
joint i [7, 34].

D =


d1

. . .

dN

 , (C.67)

di =

bi if 1 ≤ i ≤ n,

2ζuv
√
ki/m`u if n+ (u− 1)nf < i ≤ n+ unf ;u = 1, · · · , n; v = 1 · · ·nf .

(C.68)
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C.3 Explicit Dynamic Model of a Three-Link Flex-

ible Manipulator

Consider a planar manipulator with three links (n = 3) with two assumed mode
shapes for each link (nf = 2). The vector of generalized coordinates becomes

q =
[
qr1 qr2 qr3 qf11 qf12 qf21 qf22 qf31 qf32

]T
. The values of mDi, JDi, and

MDi are calculated considering the undeformed configuration of the manipulator as
follows:

Link 1:

JD1 = Jh2 + J`2 +m`2d
2
l22 + Jh3 +mh3d

2
h32 + J`3 +m`3d

2
`32 + Jp +mpd

2
p2,

mD1 = mh2 +m`2 +mh3 +m`3 +mp,

MD1 = m`2d`22 cos q2 +mh3dh32 cos q2 +m`3 [dh32 cos q2 + d`33 cos (q2 + q3)] +

+mp [dh32 cos q2 + dp3 cos (q2 + q3)] ,


(C.69)

where

d`22 = `2
2
,

dh32 = `2,

d`32 = `2 + `3
2

cos q3,

dp2 = `2 + `3 cos q3,

d`33 = `3
2
,

dp3 = `3.


(C.70)

Link 2:

JD2 = Jh3 + J`3 +m`3d
2
`33 + Jp +mpd

2
p3,

mD2 = mh3 +m`3 +mp,

MD2 = m`3d`33 cos q3 +mpdp3 cos q3,

 (C.71)

where

d`33 = `3
2
,

dp3 = `3.

}
(C.72)

Link 3:
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JD3 = Jp,

mD3 = mp,

MD3 = 0.

 (C.73)

From Equations (C.69)–(C.71), it is evident that JD1, MD1, and MD2 depend on
the manipulator configuration. In particular, MD1 depends on the position of both
joint 2 (qr2) and joint 3 (qr3), whereas JD1 and MD2 depend only on the position
of joint 3 (qr3). Therefore, for the mode shapes computations, JD1, MD1, and MD2

should be updated as functions of the manipulator configurations. However, this
increases the computational complexity of the model.

To solve this problem, a lookup table is created after offline calculation of JD1,
MD1, and MD2 and the corresponding mode shapes for different robot configurations
that are divided uniformly within the joint limits of the manipulator. If the robot
configuration is different than the one available in the lookup table, the offline
calculated values are interpolated. In this way, the online computation complexity
is reduced for updating different parameters (such as φije = φij(xi)|xi=`i , φ

′
ie =

δφij(xi)

δxi

∣∣∣∣
xi=`i

, ωij, vij, wij, and zijk), which are dependent on JD1, MD1, and MD2,

as a function of manipulator configurations.

For each flexible link i, the transcendental equation (Equation (C.39)) is solved
numerically to obtain its first nf = 2 positive roots βij ∈

[
βi1 βi2

]
for i = 1, 2, 3 and

j = 1, 2. Using the corresponding values of βij in Equation (C.38), the constants c1ij
and c2ij are determined and scaled using Equation (C.40). Thus, obtained values
of βij, c1ij, c2ij, c3ij and c4ij (c3ij and c4ij are calculated from Equation (C.37)) are
used to obtain the spatial assumed mode shapes φij(x) using Equation (C.28).

The inertia matrix M(q), vector of Coriolis and centripetal effects c(q, q̇) and
gravity term g(q) in Equation (C.60) for the three-link planar robot are obtained
symbolically using Maple (Because of limited space, the expressions are not included
in this paper but can be obtained from authors). The stiffness matrix K and the
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damping matrix D are given by Equations (C.74) and (C.75) respectively,

K =



k1 0 0 0 0 0 0 0 0

0 k2 0 0 0 0 0 0 0

0 0 k3 0 0 0 0 0 0

0 0 0 k4 0 0 0 0 0

0 0 0 0 k5 0 0 0 0

0 0 0 0 0 k6 0 0 0

0 0 0 0 0 0 k7 0 0

0 0 0 0 0 0 0 k8 0

0 0 0 0 0 0 0 0 k9


(C.74)

D =



d1 0 0 0 0 0 0 0 0

0 d2 0 0 0 0 0 0 0

0 0 d3 0 0 0 0 0 0

0 0 0 d4 0 0 0 0 0

0 0 0 0 d5 0 0 0 0

0 0 0 0 0 d6 0 0 0

0 0 0 0 0 0 d7 0 0

0 0 0 0 0 0 0 d8 0

0 0 0 0 0 0 0 0 d9


(C.75)

where k1 = k2 = k3 = 0, k4 = m`1ω
2
11, k5 = m`1ω

2
12, k6 = m`2ω

2
21, k7 = m`2ω

2
22,

k8 = m`3ω
2
31, k9 = m`3ω

2
32, d1 = b1, d2 = b2, d3 = b3, d4 = 2ζ11

√
k4/m`1 , d5 =

2ζ12
√
k5/m`1 , d6 = 2ζ21

√
k6/m`2 , d7 = 2ζ22

√
k7/m`2 , d8 = 2ζ31

√
k8/m`3 , and d9 =

2ζ32
√
k9/m`3 .

C.4 Simulation Results

The planar flexible manipulator used in this study has three links of dimensions as
shown in Table C.1, where each link is a hollow rectangular aluminium beam. The
parameters of the manipulator used in the simulation studies are listed in Table C.2.

Table C.1: Link dimensions.

Length (m) Width (m) Height (m) Thickness (m)

Link 1 1.5 50× 10−3 50× 10−3 4× 10−3

Link 2 1.5 40× 10−3 40× 10−3 3× 10−3

Link 3 1.5 30× 10−3 30× 10−3 2.5× 10−3
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Table C.2: Simulation Parameters.

Parameters Values

`1 1.5 m
`2 1.5 m
`3 1.5 m
ρ1 1.9872 kgm−1
ρ2 1.1988 kgm−1
ρ3 0.7425 kgm−1
m`1 2.9808 kg
m`2 1.7982 kg
m`3 1.1138 kg

(EI)1 1.8045 × 104 Nm2

(EI)2 7.0361 × 103 Nm2

(EI)3 2.4114 × 103 Nm2

J`1 0.5589 kgm2

J`2 0.3372 kgm2

J`3 0.2088 kgm2

Jh1 0.0022 kgm2

Jh2 6.631 × 10−4 kgm2

Jh3 7.0100 × 10−5 kgm2

Jp 3.2 × 10−4 kgm2

gv
[
0 −9.81

]
T ms−2

C.4.1 Effect of Payload on Mode Shapes and Eigenfrequen-

cies

The effect of payload on the mode shapes and eigenfrequencies is studied with fixed
robot configuration (qr2 = 0◦ and qr3 = 0◦). The mode shapes are calculated with
the step of 0.01 m. The mode shapes under no payload (mp = 0 kg) and nominal
payload (mp = 2 kg) conditions are shown in Figure C.2a,b respectively. The effect
of payload on the mode shapes of link 3 is more evident compared to its effect on
the other two links. The eigenfrequencies for links 1, 2, and 3 under no payload and
nominal payload conditions are tabulated in Table C.3. The results show that the
eigenfrequencies decrease with the increase in payload.

Table C.3: Effect of payload on eigenfrequencies.

Eigenfrequencies (Hz) fi =
[
fi1 fi2

]
mp = 0 kg mp = 2 kg

Link 1
[
2.56 17.38

] [
2.02 15.03

]
Link 2

[
4.34 28.74

] [
2.67 18.82

]
Link 3

[
14.17 88.82

] [
4.90 63.97

]
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Figure C.2: (a) Mode shapes for link 1, 2, and 3 with no payload (mp = 0 kg),
qr2 = 0◦, and qr3 = 0◦, (b) Mode shapes for link 1, 2, and 3 with nominal payload
(mp = 2 kg), qr2 = 0◦, and qr3 = 0◦.

C.4.2 Effect of Arm Configuration on Mode Shapes and Ei-

genfrequencies

The effect of arm configuration on mode shapes and eigenfrequencies is studied by
dividing the arm configuration (qr1, qr1, and qr1) uniformly from −180◦ to 180◦

with a step of 30◦. It can be noticed (see Equations (C.69) and (C.71)) that the
changes in the manipulator configuration, change the boundary values JD1, MD1,
and MD2, which are shown in Figure C.3. This in turn modifies the mode shapes and
eigenfrequencies of link 1 and link 2. To study the effect of change in manipulator
configuration, the mode shapes and eigenfrequencies are calculated with nominal
payload (mp = 2 kg) for different arm positions.

The change in qr1 does not alter the mode shapes (and eigenfrequencies) of any
of the links. The variation in mode shapes of link 1 with the change in qr2 keeping
qr3 (= 0) constant is shown in Figure C.4a. Similarly, Figure C.4b shows the change
in mode shapes of link 1 with the change in qr3 keeping qr2(= 0◦) constant. For link
2, the change in qr1 and qr2 does not affect its mode shapes (and eigenfrequencies).
The change in mode shapes of link 2 occurs with the change in qr3 which is shown in
Figure C.4c. The mode shapes (and eigenfrequencies) of link 3 remain unaffected
with any changes in manipulator configuration. The constant mode shapes of link 3

for all manipulator configurations with nominal payload are given in Figure C.2b.
The overall effect of arm configuration on mode shapes is visualized in Figure C.5,

where only a few manipulator configurations are shown along with the corresponding
mode shapes of each link. The links are represented by thick dashed lines (link 1: red,
link 2: green, and link 3: blue), and the mode shapes are represented by thinner lines
with a color corresponding to the links. The thinner solid lines represent mode shapes
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Figure C.3: (a) JD1 with nominal payload, (b) MD1 with nominal payload, (c) MD2

with nominal payload.

corresponding to the first modes and the thinner dashed lines represent the mode
shapes corresponding to the second modes of the links. The joint coordinate frame
(Xi, Yi) of link i is represented by black arrowed lines, where the new positions of the
frames are marked with [I], [II] and [III] for 0◦, 90◦, and 180◦ rotations respectively.

In Figure C.5a, link 3 is rotated about joint 3 (i.e., qr3 is varied) by 0◦ (I), 90◦

(II), and 180◦ (III) keeping qr1 = 0◦ and qr2 = 0◦ constant. It is observable that the
mode shapes of both links 1 and 2 changed with the change in qr3. In Figure C.5b,
link 2 is rotated about joint 2 (i.e., qr2 is varied) by 0◦ (I), 90◦ (II), and 180◦ (III)
keeping qr1 = 0◦ and qr3 = 0◦ constant. It can be noticed that the mode shapes of
link 1 alter with the change in qr3 but that of links 2 and 3 remain unaltered.

The effect of qr3 on the eigenfrequencies of link 1 and link 2 is shown in Figure
C.6a,c,e, with the constant qr2 at 0◦, 90◦, and 180◦ respectively. Similarly, the effect
of qr2 on the eigenfrequencies of link 1 and link 2 is shown in Figure C.6b,d,f, with
the constant qr3 at 0◦, 90◦, and 180◦ respectively. The eigenfrequencies of link 2

remains unchanged with the change in qr1 and qr2. The eigenfrequencies of link 3
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Figure C.4: (a) Mode shapes for link 1 with nominal payload and qr3 = 0◦, (b) Mode
shapes for link 1 with nominal payload and qr2 = 0◦, (c) Mode shapes for link 2 with
nominal payload.

remain unaffected by any change in qr1, qr2, and qr3. The constant eigenfrequencies
of link 3 for all manipulator configurations with nominal payload are given in Table
C.3. Similarly, the eigenfrequencies of link 1, link 2, and link 3 are not altered by
any variation in qr1.

The overall effect of arm configuration on the eigenfrequencies of link 1 and link
2 is shown in Figure C.7.

C.4.3 Time-Domain Simulation

A set of numerical simulations have been performed to validate the theoretical model.
The equations of motion are integrated using a fourth-order Runge-Kutta method
with a fixed step size of 1 ms. The free and forced vibration responses of the dynamic
model have been simulated. The nominal payload (mp = 2 kg) condition is used for
all time-domain simulations.

Firstly, free vibration response of the system is simulated without structural (and
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viscus) damping under gravity starting with initial deformation in link 3 (qr1(0) =

qr2(0) = qr3(0) = 0◦, qf11(0) = qf12(0) = qf21(0) = qf22(0) = 0 m, qf31(0) = 0.1 m,
and qf32(0) = 0.002 m). The associated joint positions, link deflections, and tip
motion are shown in Figure C.8. Then, the passive structural damping (ζ11 = ζ12

= ζ21 = ζ22 = ζ31 = ζ32 = 0.005, b1 = b2 = b3 = 0) is added into the system. The
free vibration response of the system with passive structural damping under gravity
starting with initial deformation (qf31(0) = 0.1 m and qf32(0) = 0.002 m) is shown
in Figure C.9. The benefits of adding passive structural damping are evident from
Figures C.8 and C.9. The overall manipulator motion is improved because of the
addition of the passive damping in the arm structure.

For empirical validation of the model, energies of the system under free vibration
are considered. The elastic potential energy (Uel) of the system without damping is
shown in Figure C.10a. Similarly, the potential energy due to gravity (Ug), kinetic
energy (T) and the total mechanical energy of the system without damping are
shown in Figure C.10b. The corresponding energies of the system when the damping
is introduced into the system are shown in Figure C.11. In Figure C.11a, the elastic
energy is high in the beginning (because of the initial deformation (qf31(0) = 0.1 m
and qf32(0) = 0.002 m) introduced into the system) and it gradually decreases due
to structural damping. It is evident from Figure C.11a,b that the total energy of the
system is decreasing due to damping.

The forced vibration response of the system is studied by applying a symmetric
bang-bang input torque with an amplitude of 50 Nm and acceleration (and decelera-
tion) period of 0.1 s at joint 3 starting from qr1(0) = qr2(0) = qr3(0) = 0◦, and qf11(0)

= qf12(0) = qf21(0) = qf22(0) = qf31(0) = qf32(0) = 0 m (undeformed configuration).
The effect of gravity is ignored in this study (i.e., gv =

[
0 0

]
T ms−2) to show the

coupled vibrations induced only due to bang-bang input torque. The forced vibration
of all links at the joints and the tip level without damping are shown in Figure C.12.
The forced vibration response of the system after the passive structural damping (ζ11
= ζ12 = ζ21 = ζ22 = ζ31 = ζ32 = 0.005, b1 = b2 = b3 = 0) is introduced into the system
without gravity starting with undeformed configuration is shown in Figure C.13. The
slow relative drifting phenomenon is observable in the joint trajectories shown in
Figure C.12a,b [6]. The coupled vibrations induced in all links are smoothed down
with the introduction of damping. The potential energy due to gravity (Ug = 0),
elastic potential energy (Uel), kinetic energy (T) and the total mechanical energy of
the system without damping are shown in Figure C.12f and corresponding energies
with damping are shown in Figure C.13f.
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C.4.4 Frequency-Domain Analysis

The deflection of the tip of each link wie = wi|xi=`i of the manipulator with damping
under gravity starting with initial deformation in link 3 (qr1(0) = qr2(0) = qr3(0) = 0◦,
qf11(0) = qf12(0) = qf21(0) = qf22(0) = 0 m, qf31(0) = 0.1 m, and qf32(0) = 0.002 m)
is considered for the frequency-domain analysis. The nominal payload is used and
the deflection values are recorded for 2 s with a fixed step size of 1 ms for this study.

A fast Fourier transform algorithm is used to compute the Fourier transform of the
deflection signal which contains Ns = 2000 number of samples. The power spectrum
of the discrete Fourier transform Wie(f) of the deflection wie of link i is computed
for all links using the uniformly sampled (at 1 ms) time-domain deflection signal
of the tip of each link. The deflection of the tip of each link and its corresponding
frequency response (power spectrum) is shown in Figure C.14a–f, where |Wie(f)| is
the amplitude of the discrete Fourier transform of wie corresponding to link i and f
is the frequency of the signal in Hz. From Figure C.14a–f, the frequency components
of the deflection signal of each link are revealed by the spikes in the power as follows:
Link 1: 0.4883 Hz, 1.465 Hz; Link 2: 0.883 Hz, 42.48 Hz; and Link 3: 0.9766 Hz,
42.48 Hz.
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Figure C.5: (a) Mode shapes for link 1 (red), 2 (green), and 3 (blue) with nominal
payload, qr1 = 0◦, qr2 = 0◦, and qr3 = 0◦ (I), 90◦ (II), 180◦ (III) (b) Mode shapes for
link 1 (red), 2 (green), and 3 (blue) with nominal payload, qr1 = 0◦, qr3 = 0◦, and
qr2 = 0◦ (I), 90◦ (II), 180◦ (III).
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Figure C.6: (a) Eigenfrequencies for link 1 and 2 with nominal payload and qr2 = 0◦,
(b) Eigenfrequencies for link 1 and 2 with nominal payload and qr3 = 0◦, (c) Eigenfre-
quencies for link 1 and 2 with nominal payload and qr2 = 90◦, (d) Eigenfrequencies
for link 1 and 2 with nominal payload and qr3 = 90◦, (e) Eigenfrequencies for link 1
and 2 with nominal payload and qr2 = 180◦, (f) Eigenfrequencies for link 1 and 2
with nominal payload and qr3 = 180◦.
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Figure C.7: (a) Eigenfrequency f11 for link 1 with nominal payload, (b) Eigenfre-
quency f12 for link 1 with nominal payload, (c) Eigenfrequency f21 for link 2 with
nominal payload, (d) Eigenfrequencies f22 for link 2 with nominal payload.
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Figure C.8: Free vibration response without damping under gravity starting with
initial deformation (qf31(0) = 0.1 m and qf32(0) = 0.002 m): (a) Joint Position, (b)
Deflections of link 1, (c) Deflections of link 2, (d) Deflections of link 3, (e) Manipulator
tip position.
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Figure C.9: Free vibration response with damping under gravity starting with
initial deformation (qf31(0) = 0.1 m and qf32(0) = 0.002 m): (a) Joint Position, (b)
Deflections of link 1, (c) Deflections of link 2, (d) Deflections of link 3, (e) Manipulator
tip position.
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Figure C.10: Energy of the manipulator system under free vibration without damping
under gravity starting with initial deformation (qf31(0) = 0.1 m and qf32(0) = 0.002 m):
(a) Elastic energy, (b) Potential energy due to gravity, kinetic and total energy.
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Figure C.11: Energy of the manipulator system under free vibration with damping
under gravity starting with initial deformation (qf31(0) = 0.1 m and qf32(0) =
0.002 m): (a) Elastic energy, (b) Potential energy due to gravity, kinetic and
total energy.
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Figure C.12: Forced vibration response without damping without gravity starting
with undeformed configuration: (a) Joint Position, (b) Deflections of link 1, (c)
Deflections of link 2, (d) Deflections of link 3, (e) Manipulator tip position, (f)
Energy of the manipulator system.
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Figure C.13: Forced vibration response with damping without gravity starting with
undeformed configuration: (a) Joint Position, (b) Deflections of link 1, (c) Deflections
of link 2, (d) Deflections of link 3, (e) Manipulator tip position, (f) Energy of the
manipulator system.
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(c) (d)
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Figure C.14: Time-domain and frequency-domain representation of tip deflection of
the links with damping under gravity starting with initial deformation (qf31(0) =
0.1 m and qf32(0) = 0.002 m): (a) Tip deflection of link 1, (b) Frequency response
of the tip deflection of link 1, (c) Tip deflection of link 2, (d) Frequency response of
the tip deflection of link 2, (e) Tip deflection of link 3, (f) Frequency response of the
tip deflection of link 3.
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C.5 Conclusions and Discussions

The closed-form dynamic model of the planar multi-link flexible manipulator is
derived and the results of the time-domain and frequency-domain simulation of a
three-link manipulator are reported. The effect of robot configuration and payload
on the mode shapes and eigenfrequencies of the flexible links are discussed.

The mathematical model of the planar three-link flexible manipulator developed
in this work will be experimentally validated in the future. The dynamic model de-
veloped in this work will be used for developing and testing (model-based) controllers
and for simulation-based trajectory optimization.
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Abstract The static deflection compensation method of a planar multi-
link flexible manipulator is proposed using the feedback from inertial
sensors mounted at the tip of each link. The proposed compensation
technique is validated experimentally using a high-precision laser tracker.
The proposed strategy is experimentally verified using a three-link flex-
ible manipulator. A strategy to compensate for the centripetal and tan-
gential acceleration induced on the accelerometer mounted on the rotat-
ing link is proposed for correct inclination estimation. The improvement
in the inclination estimation using the proposed compensation technique
is verified both in simulation and experimental studies.

D.1 Introduction

The interest in using long-reach manipulators for different applications has increased
significantly in recent years [1]. Because of the use of elastic material and slender
design of the arm, link flexibility is introduced in the manipulator system. This causes
static (due to gravity) and dynamic (oscillations) deflections of the end-effector.

The end-effector control of the flexible link manipulator (FLM) is more difficult
than the rigid link manipulator because of the presence of unwanted deflections and
vibrations in the FLM. The rigid body kinematics and joint position feedback are
not enough for the precise position and orientation control of the FLMs. Additional
sensors (e.g. inertial sensors and vision sensors) are therefore required to be integrated
into the FLM control architecture to sense deflections and oscillations. For correct
end-effector positioning in the FLM, the deflection should be estimated by using a
suitable sensor system and should be compensated using a feedback control strategy
of adjusting joint variables.

There are many methods to estimate flexible deformation, including strain gauges,
inertial measurement units (IMUs), optical/vision systems, position sensitive devices,
piezoelectric materials, ultrasonic sensors, and range sensors [2]. Each of these sensor
systems has associated merits and limitations. A vision system that can capture the
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deformed shape of the flexible link may take a long processing time which makes
it unsuitable for real-time applications [3]. Additionally, the optical sensor systems
are obstructed when an object comes in between the camera and the FLM [4]. The
strain gauges are versatile and accurate but are difficult to install properly as they
must be perfectly bonded to the material across the entire face to strain with the
link. Moreover, the electronics necessary to amplify the signal and acquire the data
are costly. Strain gauges are susceptible to temperature drift and have a drawback of
excess wiring when many of them are used. The IMU (accelerometer and gyroscope)
allows the system to know the true course of motion and can be used to obtain
the position, velocity, and acceleration estimations (considering the joint encoder
readings are available).

The static deformation-compensation method based on inclination-sensor feedback
is presented in [5]. The accelerometers are used for the estimation of flexural states
of a macro-micro manipulator in [3]. Although the inertial sensors, placed typically
at the tip of the flexible link, are used for measuring oscillations; they have not been
used for measuring static deflections [4]. Several optical sensing systems have been
used for measuring the link deflections [6–10]. The strain gauges that are strategically
placed along a link are the sensor systems used to estimate the deflections indirectly
[4, 11, 12].

The use of an IMU mounted at the tip of each flexible link is highlighted in
this paper for measuring the deflection of the flexible link. The static deflection
compensation using the tip-mounted inertial sensor is validated using a high-precision
laser tracker. The proposed strategy is experimentally verified in a planar three-link
flexible manipulator.

Inclination estimation using an accelerometer uses the gravity vector and its
projection on the axes of the accelerometer to determine the tilt angle [13]. Rotating
an accelerometer through gravity changes the projection of gravity on the axes
of interest due to centripetal acceleration induced on the accelerometer. This
results in the incorrect calculation of the inclination. A strategy is proposed in
this paper to compensate for the centripetal and tangential acceleration induced on
the accelerometer mounted on the rotating link for correct inclination estimation.
Furthermore, the improvement in the inclination estimation using the proposed
compensation technique is verified both in simulation and experimental studies.

The paper is organized into five sections as follows. The kinematic model of
the three-link flexible manipulator is described in section D.2. The independent
joint control of FLM with static deflection compensation using link-mounted IMU is
elaborated in section D.3. The results obtained from the simulation and experimental
studies are presented in section D.4. Conclusions and discussions follow in section D.5.
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Table D.1: DH PARAMETERS.

Axis TranZ RotZ TranX RotX
1 0.0 q1 `1 0.0
2 0.0 q2 `2 0.0
3 0.0 q3 `3 0.0

D.2 Kinematic Modeling

Fig. D.1 shows a planar three-link flexible manipulator with coordinate frames
assigned as in [14] and Fig. D.2 shows its rigid body schematic with Denavit-
Hartenberg (DH) parameters given in Table D.1. The kinematic model of the planar
multi-link flexible manipulator is presented in [14].

X̂0

Ŷ0

X1

Y1

Y2

Ŷ1

Y3

Ŷ3

X̂1
X2

X3

X̂2

X̂3

Ô0
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Ô1

Ô2

Ô3

q2

q3

(x1)

w2(x2)

x3)

∆q2

w′

2e

w′

1e

Figure D.1: Planar three-link flexible manipulator.

The rigid motion of link i is represented by the joint i position qi, and the
deflection at any point xi along the link i is described by wi(xi), where 0 ≤ xi ≤ `i,
and `i is the length of the link i. The slope of the deflection curve at any point xi
along the link i and at its endpoint is given by (D.1) and (D.2) respectively. The
angular deflection estimated (by an inertial sensor) at the tip of link i corresponds to
arctan(w′ie) ≈ w′ie considering small link deflection. Moreover, when `i is not large
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Figure D.2: Equivalent rigid body kinematics.

and deformation is small then w′ie ≈ ∆qi, where ∆qi is the static compensation angle
[5].

w′i =
∂wi(xi)

∂xi
(D.1)

w′ie =
∂wi(xi)

∂xi

∣∣∣∣
xi=`i

(D.2)

From Fig. D.1, it is visible that there is some error introduced when using
w′ie ≈ ∆qi for static deflection compensation, as w′ie > ∆qi in reality. It results
in the overcompensation of the static deflection. However, this method is a good
trade-off between accuracy and cost. Moreover, it is a good compromise between
the complexity (and cost) of determining accurate deflection and the simplicity of
neglecting the static deflection.

D.3 Control

D.3.1 Trajectory Generation

Apart from knowing the initial and final joint configuration of the robot, it is
desirable for the motion of each joint to be smooth from the initial to the final
configuration. Jerky and rough motions cause unwanted vibrations and may excite
resonances in the manipulator. There are many methods of generating smooth joint
trajectories as discussed in [15]. One of the methods is by defining the function that
is continuous and has continuous first and higher-order derivatives. In this paper, a
quintic polynomial qid(t) is used to generate the desired trajectory of joint i from the
initial joint position qi0 to final joint position qif as given in (D.3). Here, q̇i0 , q̇if , q̈i0 ,
and q̈if are the initial (t = t0 = 0) and final (t = tf ) joint velocities and accelerations.
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Figure D.3: A general architecture for independent joint control with deflection
compensation.

For generating a trajectory for rest to rest motion, zero velocity and acceleration
boundary conditions are used, i.e., q̇i0 = q̇if = q̈i0 = q̈if = 0.

qid(t) = a0 + a1t+ a2t
2 + a3t

3 + a4t
4 + a5t

5, (D.3)

where,

a0 = qi0 , a1 = q̇0, a2 =
q̈0
2
,

a3 =
20(qif − qi0)− (8q̇if + 12q̇i0)tf − (3q̈i0 − q̈if )t2f

2t3f
,

a4 =

30(qi0 − qif ) + (14q̇if + 16q̇i0)tf
+ (3q̈i0 − 2q̈if )t2f

2t4f
, and

a5 =
12(qif − qi0)− (6q̇if + 6q̇i0)tf − (q̈i0 − q̈if )t2f

2t5f
.

D.3.2 Independent Joint Control

An independent joint control strategy based on a cascaded architecture is presented
in [16] for rigid link manipulators and in [17] for flexible link manipulators. However,
the joint position feedback used in the current paper is augmented by compensating
for the slow varying static deflection caused by gravity as shown in Fig. D.3. The
innermost loop is a proportional-integral (PI) current controller. The next cascade
level is a PI velocity control loop and the outermost cascade level is a proportional
(P) position controller. The static deflection compensation action enters into the
position cascade level.

The design guidelines for selecting suitable gains for the cascaded joint control
topology are described in [16] and [17] for the rigid link and flexible link manip-
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Figure D.4: Dual-axis inclination sensing.

ulators respectively using root locus analysis. Although the design requirements
imposing large values of feedback gains may not be verified in practice because of
the links’ flexibilities, the smaller gain in the position feedback loop will be enough
for compensating for the slow varying static deflection.

D.3.3 Deflection Compensation

The deflection angle must be estimated first for compensating it. The IMU mounted
at the tip of each link is used for sensing the deflection.

Considering θi as the inclination angle estimated using IMU i, then the angular
deflection w′ie ≈ ∆qi of link i at the tip (or at the place where IMU is mounted on
the link) is given by (D.4).

∆qi = θi − (qi + θi−1), θ0 = 0 (D.4)

The inclination angle θia = arctan2(aiy, aiz) estimated using the accelerometer
in the range (−π, π] is given by (D.5), where aiy and aiz represent accelerations
measured by the accelerometer on link i along its Y-axis and Z-axis respectively.
Here, the gravity vector (g) and its projection on the axes of the accelerometer are
used to determine the inclination angle (see Fig. D.4). The accelerometers suffer from
external accelerations (joint motion) that add to gravity and make the inclination
estimation inaccurate. The data from the accelerometer is in general noisy and
susceptible to external acceleration interference but is stable and without drift in
the long term.
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Figure D.5: Complementary filter.

θia =



2 arctan

(
aiy√

a2iz+a
2
iy+aiz

)
if aiz > 0,

2 arctan

(√
a2iz+a

2
iy−aiz

aiy

)
if aiz ≤ 0 and aiy 6= 0,

π if aiz < 0 and aiy = 0,

undefined if aiz = 0 and aiy = 0.

(D.5)

Another method to estimate the inclination angle is to integrate the output of a
gyroscope. Although the gyroscope data is not susceptible to external acceleration
interference like accelerometer, it drifts because of the angular velocity data bias
accumulation over time. This causes an apparent rotation even when the device is
stationary as the integration period is increased. So, to use the advantages of both
accelerometer and gyroscope, IMU data fusion is essential for reliable and real-time
inclination sensing.

The Kalman filter and the complementary filter are the most widely used IMU
data fusion techniques and the latter is used in this paper. The complementary
filter can be represented diagrammatically by Fig. D.5 and mathematically by (D.6),
where θi is the inclination angle, αi is the filter coefficient in the range [0, 1], ωig is
the angular velocity obtained from the gyroscope, Ts is the sample period, and θia is
the inclination angle obtained from the accelerometer data [18]. Here, α = τ/(τ +Ts)

can be calculated using the desired time constant τ and sample period.

θi = αi(θi + ωigTs) + (1− αi)θia (D.6)

Centripetal and Tangential Acceleration

The inclination estimation from accelerometer data can be improved by removing the
external acceleration (other than gravity acceleration) measured by the accelerometer.
The external acceleration induced in the accelerometer mounted on the link is mainly
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Figure D.6: Joint i, link i, IMU i, and related definitions.

due to the rotational joint motion. Considering the planar motion of the arm, there
are two main components of the externally induced linear acceleration measured
by the accelerometer mounted on the link, namely tangential acceleration (directed
perpendicular to the length of the link) and centripetal acceleration (directed parallel
to the length of the link).

With reference to the generic link i, shown in Fig. D.6, zi−1 represents the unit
vector along the axis of joint i, ri−1,i = Oi −Oi−1, ri,ia = Oia −Oi, where Oi and
Oia are respectively the origin of the i-th reference frame, and reference frame of
the accelerometer mounted on link i. Considering i−1Ri be the rotation of frame i
(represented by subscript) with respect to frame i− 1 (represented by superscript),
the forward recursions on the angular velocity (iωi), angular acceleration (iω̇i), and
linear acceleration (iai) of the frame origin of each link i are given by (D.7)–(D.9)
respectively [19]. Note that the superscript represents the reference frame with
respect to which the quantities (vectors and rotations) are expressed. The linear
acceleration of the frame origin of the accelerometer reference frame expressed with
respect to i-th reference frame and accelerometer reference frame of link i are given
by (D.10) and (D.11) respectively.

iωi = i−1RT
i [i−1ωi−1 + q̇izi−1] (D.7)

iω̇i = i−1RT
i [i−1ω̇i−1 + q̈izi−1 + i−1ωi−1 × q̇izi−1] (D.8)

iai = i−1RT
i
i−1ai−1 + iω̇i × iri−1,i + iωi × (iωi × iri−1,i) (D.9)

iaia = iai + iω̇i × iri,ia + iωi × (iωi × iri,ia) (D.10)
iaaia = iaRi

iaia (D.11)

where,

i = 1, 2, 3
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zi−1 =
[
0 0 1

]T
iri−1,i =

[
`i 0 0

]T
iaRi =

0 0 1

1 0 0

0 1 0


0a0 =

[
0 9.81 0

]T
0ω0 = 0ω̇0 = 0

Ideally, the accelerometer readings should be equal to iaaia assuming that the link
on which it is mounted is rigid. To compensate for the centripetal and tangential
acceleration induced in the accelerometer due to joint motion, we calculate iaaia

from (D.7)–(D.11) assuming zero gravity (i.e., 0a0 =
[
0 0 0

]T
) and subtract this

value from the actual accelerometer readings before using them for computing the
inclination. In this way, the inclination estimations from the accelerometer measure-
ment and inclination obtained from the complementary filter after compensating for
the joint-induced accelerations are more accurate compared to the estimations done
without the compensation.

D.4 Experimental Setup and Results

The experimental setup used in this study is shown in Fig. D.7. It consists of a
planar three-link flexible manipulator with three revolute joints. Each link of the
flexible arm is made of a hollow aluminium profile of length `1 = `2 = `3 = 1.5 m.
Each joint consists of a hub, motor, and planetary gearbox. The STIM300 IMU

sensor is mounted closer to the tip of each link (1r1,1a =
[
−0.185 0.035 0.0198

]T
m, 2r2,2a =

[
−0.160 0.030 0.0198

]T
m, 3r3,3a =

[
−0.063 0.025 0.0198

]T
m) and

the Leica spherical reflector is mounted closer to the tip of the last link (3r3,3L =[
−0.175 0.0430 0

]T
m) so that Leica AT960 laser tracker can track the precise

position of the reflector. The Leica tracker is used for validating the deflection
compensation method proposed in this paper. The Leica tracker is calibrated with
respect to the inertial frame (X̂0, Ŷ0) so that the reflector position with respect to
the inertial frame could be measured using the tracker.

To validate the inclination estimation using the accelerometer mounted on each
link, all three links are considered rigid. The joint position, velocity, and acceleration
trajectories used in the simulation are shown in Figs. D.8, D.9, D.10 respectively.
The joint trajectories are obtained using (D.3), where the joints are moved from rest
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Figure D.7: Experimental setup (1. Robot base, 2. Joint 1, 3. Link 1, 4. IMU 1, 5.
Joint 2, 6. Link 2, 7. IMU 2, 8. Joint 3, 9. Link 3, 10. Leica spherical reflector, 11.
IMU 3, 12. Payload, 13. Leica AT960 laser tracker, 14. Laser beam): (a) actual, (b)
the schematic.
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Figure D.8: Joint position trajectory used for evaluating the performance of inclina-
tion angle estimation with joint-induced acceleration compensation in simulation.

to rest (q̇0 = q̇f =
[
0 0 0

]T
deg/s, q̈0 = q̈f =

[
0 0 0

]T
deg/s2) from initial joint

positions q0 =
[
90 −90 −45

]T
deg to final joint positions qf =

[
80 −45 −90

]T
deg in tf = 1 s.

The linear acceleration of the origin of the accelerometer reference frame with
respect to the same frame is calculated using (D.7)–(D.11), which is shown in
Figs. D.11–D.13. Then the inclination angle of each link is calculated using (D.5).

For compensating for the acceleration induced due to joint motion, the linear
acceleration of the origin of the accelerometer reference frame with respect to the
same frame is calculated again using (D.7)–(D.11) by assuming zero gravity to obtain
the acceleration caused due to joint motion alone, which is shown in Figs. D.14–
D.16. Thus obtained acceleration is subtracted from the total acceleration (along
with gravity) to compensate for the acceleration induced due to joint motion. This
compensated acceleration is used to obtain the inclination angle more accurately
compared to the inclination calculated without compensation.

The inclination estimation using the proposed centripetal and tangential acceler-
ation compensation method, as shown in Fig. D.18, is validated with the inclination
estimated using the joint position values as shown in Fig. D.19. The inclination angle
calculated without compensation as shown in Fig. D.17 is inaccurate (see Fig. D.19
as reference inclination for comparison) due to external acceleration interference
(caused by joint motion).

In the experimental studies of static deflection compensation, the joints are

moved from rest to rest (q̇0 = q̇f =
[
0 0 0

]T
deg/s, q̈0 = q̈f =

[
0 0 0

]T
deg/s2) from initial joint positions q0 =

[
90 −90 −45

]T
deg to final joint positions
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Figure D.9: Joint velocity trajectory used for evaluating the performance of inclination
angle estimation with joint-induced acceleration compensation in simulation.
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Figure D.10: Joint acceleration trajectory used for evaluating the performance
of inclination angle estimation with joint-induced acceleration compensation in
simulation.
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Figure D.11: Link 1 accelerometer readings calculated with gravity in simulation.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

5

10

15

Figure D.12: Link 2 accelerometer readings calculated with gravity in simulation.
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Figure D.13: Link 3 accelerometer readings calculated with gravity in simulation.
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Figure D.14: Link 1 accelerometer readings calculated assuming zero gravity in
simulation.
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Figure D.15: Link 2 accelerometer readings calculated assuming zero gravity in
simulation.
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Figure D.16: Link 3 accelerometer readings calculated assuming zero gravity in
simulation.
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Figure D.17: Uncompensated inclination angle from the accelerometer in simulation.
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Figure D.18: Compensated inclination angle from the accelerometer in simulation.
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Figure D.19: Inclination angle calculated using joint position in simulation.

qf =
[
80 −45 −90

]T
deg in tf = 5 s, as shown in Fig. D.20.

The static deflection estimated after joint-induced acceleration compensation is
shown in Fig. D.21. A first-order low pass filter is used with a cut-off frequency
at 0.1 Hz in the estimated static deflection to obtain a smooth signal that is then
used for compensation. To validate the effect of static deflection compensation, the
reflector position is measured using the Leica AT960 laser tracker. The reflector
positions measured using Leica tracker with respect to the robot reference frame
(X̂0, Ŷ0) with and without static deflection compensation are shown in Figs. D.22 and
D.23. Moreover, the reference reflector position calculated using forward kinematics
with reference joint position is also shown to verify the effectiveness of the static
compensation. Figs. D.24 and D.25 show the error in x and y position of the
reflector with and without static deflection compensation obtained by calculating the
difference between the reference position and the actual position of the reflector. The
error in Fig. D.25 is the result of overcompensation of the static deflection by using
w′ie ≈ ∆qi for static deflection compensation, as w′ie > ∆qi in reality (see Fig. D.1).
Since the error in Fig. D.25 is marginal, the proposed method is proved to be a good
compromise between the complexity (and cost) of determining accurate deflection
and the simplicity of neglecting the static deflection.

The joint-induced acceleration compensation in the link mounted accelerometer
readings is verified experimentally by moving joints 3 from −90 deg to 0 deg in
2 s and keeping the other two joints stationary as shown in Fig. D.26. Fig. D.27
shows the linear acceleration measured by the accelerometer mounted on link 3
and the acceleration computed using (D.7)–(D.11). The measured and calculated
acceleration values at the origin of the accelerometer, shown in Fig. D.27, are almost
overlapping apart from the error introduced due to the rigid link assumption while
calculating the acceleration.
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Figure D.20: Joint position trajectory used for evaluating the performance of static
deflection compensation.
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Figure D.21: Link deflections.
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Figure D.22: Reflector x-position measured using laser tracker with and without
static deflection compensation.
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Figure D.23: Reflector y-position measured using laser tracker with and without
static deflection compensation.
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Figure D.24: Reflector position error without static deflection compensation.
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Figure D.25: Reflector position error with static deflection compensation.
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Figure D.26: Joint position trajectory used for evaluating the performance of deflec-
tion estimation with joint-induced acceleration compensation.
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Figure D.27: Link 3 accelerometer readings calculated vs measured.

The linear acceleration of the origin of the accelerometer reference frame with
respect to the same frame induced due to joint 3 motion only (assuming no gravity
acceleration) is shown in Fig. D.28. The joint-induced acceleration calculated
assuming no gravity is compensated (subtracted) from the IMU readings to estimate
the link deflection. Figs. D.29 and D.30 show the deflection of link 3 calculated
without and with joint-induced acceleration compensation. A first-order low pass
filter is used with a cut-off frequency at 0.1 Hz in the estimated static deflection to
obtain a smooth deflection signal. The negative influence of joint motion in static
deflection estimation without the joint-induced acceleration compensation is clearly
visible in Fig. D.29. The static deflection estimation is improved by compensating
for the joint-induced acceleration as shown in Fig. D.30.
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Figure D.28: Link 3 accelerometer readings calculated assuming zero gravity.
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Figure D.29: Link 3 deflection estimated without joint-induced acceleration com-
pensation.
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Figure D.30: Link 3 deflection estimated with joint-induced acceleration compensa-
tion.
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D.5 Conclusions and Discussions

The static deflection compensation technique of planar multi-link flexible manipulat-
ors under gravity is proposed and experimentally validated. The performance of the
IMU-based deflection estimation is validated using the high-precision laser tracker.

The cut-off frequency of the low pass filter used in smoothing the deflection
signal should be smaller than the smallest resonance frequency of the arm while
manipulating the maximum payload. This is done to avoid resonance that may occur
during the compensation. It should be noted that the resonance frequencies depend
on the robot configuration and the payload [14].

In the next step, the work will be extended to the implementation of oscillation
damping control using the deflection signal from the IMU mounted on each link of the
multi-link manipulator. Moreover, the use of the redundant degree of freedom of the
planar three-link flexible arm will be explored for suppressing the elastic vibrations.
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Dipendra Subedi, Ilya Tyapin and Geir Hovland
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4879 Grimstad, Norway

Abstract This paper deals with the online control of a redundant flex-
ible link manipulator to achieve minimum oscillations using the redund-
ancy resolution technique. Different redundancy resolution techniques
proposed and used for rigid link manipulators are tested for their use in
the case of flexible link manipulators. The simulation model of a planar
three-link flexible manipulator is used in this study. The redundancy res-
olution using kinetic energy minimization techniques is compared with
the local joint acceleration minimization method to show the advantage
of achieving minimum vibrations.

E.1 Introduction

In most robotic applications the tasks are specified in the Cartesian space. However,
the robot commands are executed in the joint space. Therefore, it is necessary to
solve the inverse kinematics problem to find the corresponding joint positions for
achieving the desired end-effector position and orientation. A redundant manipulator
has more degrees of freedom (DoFs) than required to achieve the desired end-
effector position and orientation. The redundant DoFs can be exploited to achieve
different criteria for improving the performance of the redundant manipulator without
affecting the primary goal of reaching task space configurations (i.e., end-effector
position and orientation). Different redundancy resolution methods are available
in the literature for rigid link manipulators. Manipulator redundancy has been
exploited in the literature to achieve different criteria like joint limits avoidance [1, 2],
minimization of kinetic energy [3], obstacles avoidance [4], singularity avoidance [5, 6],
and minimization of joint torques [7]. However, their application in redundant flexible
link manipulators (FLMs) has not been explored. This work’s aim is to explore
different redundancy resolution methods and utilize them to control redundant FLMs
for achieving minimum vibrations.

Different optimal planning methods have been studied in the literature for the
rest-to-rest motion of the FLM to achieve minimum end-effector vibration when
approaching a desired final position in the desired traveling time [8, 9]. Particle
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swarm optimization algorithms and genetic algorithms have been applied to traject-
ory planning of flexible redundant manipulators to minimize vibration in [10] and
[11] respectively. Although these optimization methods are offline, they require a
dynamic model of the FLM which is computationally expensive. Therefore, it is
time-consuming and impractical to run the optimization procedure whenever there is
a change in the initial position, goal position, or traveling time. The configurations
of the FLMs affect the end-effector vibration as highlighted in [12] and [13]. However,
there has been little reported work on online control of the FLMs exploiting the
redundant configuration of the manipulators for reducing vibrations.

The redundancy resolution methods based on minimum kinetic energy are used
in this work for the online control of the FLMs for achieving minimum vibration and
compared to the minimum norm joint acceleration solution.

The paper is organized into six sections as follows. Section E.2 describes the
kinematics of manipulators. The dynamic model of the planar FLM is presented in
section E.3. Different redundancy resolution methods are presented in section E.4.
The results obtained from three different redundancy resolution methods when
applied to control FLMs are presented in section E.5. Conclusions and discussions
follow in section E.6.

E.2 Rigid Body Kinematics

The forward kinematics of a manipulator describing the pose of the end-effector as a
function of the joint angles is given by (E.1), where x ∈ Rm is the vector representing
the pose of the end-effector, and qr ∈ Rn is the vector of joint positions.

x = f(qr) (E.1)

For the planar three-link manipulator, n = 3 represents three joints and m = 2

represents the 2D position of the end-effector. Differentiating (E.1) with respect
to time, the relation between joint velocity and end-effector velocity is obtained as
shown in (E.2), which is called differential kinematics of the manipulator, where
J(qr) ∈ Rm×n is the m× n Jacobian matrix.

ẋ = J(qr)q̇r (E.2)

Similarly, the relation between the joint acceleration and end-effector acceleration
is obtained by differentiating (E.2) with respect to time as shown in (E.3).

ẍ = J(qr)q̈r + J̇(qr, q̇r)q̇r (E.3)
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Hereafter, J and J̇ are used instead of J(qr) and J̇(qr, q̇r) respectively.

E.3 Manipulator Dynamics

The dynamic model of the planar multi-link flexible manipulator derived using the as-

sumed modes method is given by (E.4), where q =
[
qr qf

]T
, qr =

[
qr1 qr2 · · · qrn

]T
,

qf =
[
qf11 qf12 · · · qf1nf

· · · qfn1 qfn2 · · · qfnnf

]T
, qri represents the ith joint

position, qfij represents the time-varying variable related to the spatial assumed
mode shape of link i and mode of vibration j, nf represents the total number of
assumed modes of vibration, M(q) is the inertia matrix, c(q, q̇) is the vector of
Coriolis and centripetal effects, g(q) is the gravity term, and K is the rigidity modal
matrix [13].

M(q)q̈ + c(q, q̇) + g(q) +Kq = τ (E.4)

Joint viscous friction and link structural damping can be included by adding a
damping matrix D as

M (q)q̈ + c(q, q̇) + g(q) +Kq +Dq̇ = τ . (E.5)

The dynamic equation can be written in another form separating rigid and flexible
parts as in (E.6)–(E.8).[

Mrr Mrf

MT
rf Mff

][
q̈r

q̈f

]
+

[
cr

cf

]
+

[
gr

gf

]
+

[
0 0

0 Kff

][
qr

qf

]

+

[
Drr 0

0 Dff

][
q̇r

q̇f

]
=

[
τr

0

] (E.6)

Mrrq̈r +Mrf q̈f + cr + gr +Drrq̇r = τr (E.7)

MT
rf q̈r +Mff q̈f + cf + gf +Kffqf +Dff q̇f = 0 (E.8)

E.4 Redundancy Resolution

A redundant manipulator has more DoFs than required to achieve the desired end-
effector position and orientation. That is, the number of DoFs n of a redundant
manipulator is greater than the number of controlled end-effector DoFs m. There is
an infinite number of robot configurations possible to achieve any given pose of the
end-effector.

For redundant manipulators i.e., n > m, the general solutions for (E.2) and (E.3)
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are given by (E.9) and (E.10) respectively, where J+ represents the pseudoinverse of
J , (I − J+J) is a projector of arbitrary vectors z1 ∈ Rn and z2 ∈ Rn onto the null
space of J .

q̇r = J+ẋ+ (I − J+J)z1 (E.9)

q̈r = J+(ẍ− J̇ q̇r) + (I − J+J)z2 (E.10)

By considering z1 = 0 and z2 = 0 in (E.9) and (E.10), the pseudoinverse solutions
(exact solution) at the velocity and acceleration levels are obtained, which result in
the minimum norm joint velocity and minimum norm joint acceleration solutions
respectively.

The joint velocity and acceleration solutions given by (E.9) and (E.10) are the
solutions of the constrained linear-quadratic optimization problems given by (E.11)
and (E.12) respectively.

minimize
q̇r

H(q̇r) =
1

2
(q̇r − z1)T (q̇r − z1)

subject to Jq̇r − ẋ = 0

(E.11)

minimize
q̈r

H(q̈r) =
1

2
(q̈r − z2)T (q̈r − z2)

subject to Jq̈r + J̇ q̇r − ẍ = 0

(E.12)

The tasks defined by z1 and z2 have no effect on the end-effector motion. There-
fore, by choosing suitable vectors z1 and z2, the redundant DoFs could be exploited
to optimize certain performance measures (secondary task) without altering the task
space configurations (primary goal). Other methods to achieve desired performance
characteristics include task augmentation [14] and weighted pseudoinverse technique
[3, 7, 15–18].

The general redundancy resolution at velocity and acceleration levels for finding
the local optimal motions can be formulated as the constrained linear-quadratic
optimization problems given by (E.13) and (E.14) respectively, where W ∈ Rn×n is
an arbitrary positive-definite symmetric weight matrix.

minimize
q̇r

H(q̇r) =
1

2
(q̇r − z1)TW (q̇r − z1)

subject to Jq̇r − ẋ = 0

(E.13)

minimize
q̈r

H(q̈r) =
1

2
(q̈r − z2)TW (q̈r − z2)

subject to Jq̈r + J̇ q̇r − ẍ = 0

(E.14)
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The solutions of (E.13) and (E.14), which can be derived using Lagrange mul-
tipliers, are given by (E.15) and (E.16) respectively, where J+

W is the weighted
pseudoinverse of J given by (E.17).

q̇r = J+
W ẋ+ (I − J+

WJ)z1 (E.15)

q̈r = J+
W (ẍ− J̇ q̇r) + (I − J+

WJ)z2 (E.16)

J+
W = W−1JT (JW−1JT )−1 (E.17)

In (E.17), the J+
W becomes ill-conditioned when J is not full (row) rank or when

the manipulator reaches a singularity. The singularity problem can be solved by using
the Damped-Least-Squares approach which can be formulated as an unconstrained
minimization problem of the forms given by (E.18) (at velocity level) and (E.19) (at
acceleration level), where a scalar damping or singularity robustness factor λ is used
to specify the relative importance of the norms of joint rates/accelerations and the
tracking accuracy.

minimize
q̇r

H(q̇r) =
λ2

2
(q̇r − z1)TW (q̇r − z1)

+ (Jq̇r − ẋ)T (Jq̇r − ẋ)

(E.18)

minimize
q̈r

H(q̈r) =
λ2

2
(q̈r − z2)TW (q̈r − z2)

+ (Jq̈r + J̇ q̇r − ẍ)T (Jq̈r + J̇ q̇r − ẍ)

(E.19)

The solutions of (E.18) and (E.19), which can be derived using Lagrange mul-
tipliers, are given by (E.20) and (E.21) respectively, where J+

W,DLS is the damped
weighted pseudoinverse of J given by (E.22).

q̇r = J+
W,DLSẋ+ (I − J+

W,DLSJ)z1 (E.20)

q̈r = J+
W,DLS(ẍ− J̇ q̇r) + (I − J+

W,DLSJ)z2 (E.21)

J+
W,DLS = W−1JT (JW−1JT + λ2I)−1 (E.22)

It can only be presumed that the sum of squares of joint velocities minimized by the
generalized pseudoinverse ((using (E.9) ) approximately minimizes the kinetic energy.
The inertia-weighted pseudoinverse can be used to realize the true minimization of
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kinetic energy [3, 7, 19]. The kinetic energy T of the system is given by (E.23).

T =
1

2
q̇TrMrrq̇r (E.23)

The joint acceleration solution of the constrained linear-quadratic optimization
problem given by (E.24) that minimizes the manipulator’s instantaneous kinetic
energy is given by (E.25), where the inertia-weighted pseudoinverse J+

M used to
realize local minimization of kinetic energy is given by (E.26). The inertia-weighted
pseudoinverse J+

M in (E.26) is same as the weighted pseudoinverse in (E.17) with the
weighting matrix W = Mrr.

minimize
q̈r

H(q̈r) =
1

2
q̇TrMrrq̇r

subject to Jq̈r + J̇ q̇r − ẍ = 0

(E.24)

q̈r = J+
M(ẍ− J̇ q̇r) (E.25)

J+
M = M−1

rr J
T (JM−1

rr J
T )−1 (E.26)

Similarly, the sum of squares of joint accelerations minimized by the generalized
pseudoinverse (using (E.10)) is presumed to approximately minimize the joint torques.
Since the manipulators are actually controlled by specifying joint torques to achieve
the desired accelerations, it is desirable to optimize joint torques rather than joint
velocities or accelerations. Torque minimization methods for redundancy resolution
have been thoroughly studied in the literature [3, 6, 7, 16, 18, 20].

In [3], it is shown that the local optimization of the inertia inverse weighted
dynamic torque given by (E.27) corresponds to the global kinetic energy minimization
problem.

minimize
q̈r

H(q̈r) =
1

2
τ Tr M

−1
rr τr

subject to Jq̈r + J̇ q̇r − ẍ = 0

(E.27)

The joint acceleration solution of the constrained linear-quadratic minimization
problem given by (E.27) derived using Lagrange multipliers is given by (E.28).

q̈r = J+
M(ẍ− J̇ q̇r)− (I − J+

MJ)M−1
rr cr (E.28)

In (E.28), the gravity-related terms are neglected in order to only consider
the dynamic effects and to prevent the manipulator configuration from drooping
as it attempts to reduce the gravitational potential energy of the system [3, 18].
Moreover, (E.28) is equivalent to (E.16) with the weighting matrix W = Mrr and
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z2 = −M−1
rr cr.

The joint acceleration solutions using (E.28) leave the joint velocities in the null-
space untouched causing the joints that do not contribute to the end-effector motion
to move freely. This can make the system unstable. The null space damping method
can be used to ensure stability by appending a damping term to the redundant task
as given by (E.29), where β is a positive scalar [18, 20].

q̈r = J+
M(ẍ− J̇ q̇r)− (I − J+

MJ)(M−1
rr cr + βq̇r) (E.29)

The open-loop solutions of joint variables obtained by numerical integration lead
to solutions drift and then to task space errors. The Closed-Loop Inverse Kinematics
(CLIK) algorithm can be used to overcome the joint drift problem which is based
on the task space error between the desired and the actual end-effector positions or
the task space velocity error [1]. The CLIK algorithm with redundancy resolution
at the acceleration level is shown in Fig. E.1, where Kp and Kv are symmetric
positive definite matrices and their choices guarantee that the task-space position
error (ep = xd − x) and velocity error (ev = ẋd − Jq̇r) uniformly converge to zero.
The joint trajectories generated using the redundancy resolution techniques are used
for the online control of the FLM as shown in Fig. E.1.
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q̈ q̇ q
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Flexible Manipulator
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Trajectory
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−

+

+
+

+
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ẋ

Figure E.1: CLIK algorithm with redundancy resolution at the acceleration level.

E.5 Simulation Results

A planar three-link flexible manipulator with three revolute joints (n = 3) is used
in the simulation for the end-effector position control in the 2D Cartesian space
(m = 2). Each link of the flexible arm is made of a hollow aluminium profile of length
`1 = `2 = `3 = 1.5 m. Each joint consists of a hub, motor, and planetary gearbox.
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The simulation parameters of the FLM are detailed in [13].
Fig. E.2 shows the equivalent rigid body schematic of a three-link manipulator

with Denavit-Hartenberg (DH) parameters given in Table E.1.
The quintic trajectory generator is used to generate a smooth Cartesian trajectory

to move the end-effector from the initial position (x0 =
[
3 1.5

]T
) to goal position

(xf =
[
2 2

]T
) in 0.5 s. The end-effector position, velocity, and acceleration traject-

ories used in this paper are shown in Fig. E.3. Since the flexible dynamics of the
FLM is simulated for 2 s (to study about the residual oscillations) the trajectories are
shown for the whole simulation time. The method proposed in [12] is used to estimate
the optimal initial configuration of the redundant arm representing weak-vibration
configuration.

The flexible dynamics of the FLM is simulated for 2 s using (E.8), where the
joint trajectories are generated using different redundancy resolution techniques (see
Fig. E.1). MATLAB ode45 is used for time integration of dynamic equation given by
(E.8). The joint trajectories generated using the redundancy resolution techniques
are fed to the simulation model of the FLM to study the effects in the flexible
dynamics of the FLM as shown in Fig. E.1. Following three cases of redundancy
resolution methods are compared for their use in FLMs:

1. Case A: Local minimization of the joint acceleration (LMJA).

q̈r = J+((ẍd +Kp(xd − x) +Kv(ẋd − Jq̇))

− J̇ q̇r) + (I − J+J)(−βq̇r)
(E.30)

Here, Kp and Kv are symmetric positive definite matrices and their choices
guarantee that the task-space position and velocity errors uniformly converge
to zero.

X1

Y1

X2

Y2 Y3 Ye

X3 Xe

O1 O2 O3 Oe

Xw

Yw

ℓ1 ℓ2 ℓ3

Figure E.2: Equivalent rigid body kinematics.
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Figure E.3: End-effector trajectories (a) position, (b) velocity, and (c) acceleration.

2. Case B: Local minimization of the kinetic energy (LMKE).

q̈r = J+
M((ẍd +Kp(xd − x) +Kv(ẋd − Jq̇))

− J̇ q̇r) + (I − J+J)(−βq̇r)
(E.31)

3. Case C: Local minimization of the inertia inverse weighted dynamic driving
force or global minimization of the kinetic energy (GMKE).

q̈r = J+
M((ẍd +Kp(xd − x) +Kv(ẋd − Jq̇))

− J̇ q̇r)− (I − J+
MJ)(M−1

rr cr + βq̇r)
(E.32)

Table E.1: DH PARAMETERS

Axis TranZ RotZ TranX RotX
1 0.0 qr1 `1 0.0
2 0.0 qr2 `2 0.0
3 0.0 qr3 `3 0.0

187



Modeling and Control of Flexible Link Manipulators

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

t (s)

0.3

0.35

0.4

0.45

0.5

0.55

0.6

0.65

0.7

Jo
in

t 1
 P

os
iti

on
s 

(r
ad

)

LMJA
LMKE
GMKE

(a)

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

t (s)

1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

1.9

Jo
in

t 2
 P

os
iti

on
s 

(r
ad

)

LMJA
LMKE
GMKE

(b)

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

t (s)

-2.25

-2.2

-2.15

-2.1

-2.05

-2

-1.95

-1.9

-1.85

-1.8

-1.75

Jo
in

t 3
 P

os
iti

on
s 

(r
ad

)

LMJA
LMKE
GMKE

(c)

Figure E.4: Joint trajectories when using different redundancy resolution methods
(a) joint 1 position, (b) joint 2 position, and (c) joint 3 position.

All the above cases have been implemented with β = 5, Kp =

[
1 0

0 1

]
, and

Kv =

[
1 0

0 1

]
. The forward Euler method is used with a step size of 1×10−4 s to

integrate the joint accelerations to obtain joint velocities and positions. The joint
position trajectories obtained by integrating joint acceleration solutions given by
(E.30)–(E.32) are shown in Fig. E.4. Although the manipulator starts with the same
initial configuration in all three cases, the final joint configurations are different. The
final joint configuration has an effect on the residual vibration of the end-effector
[12, 13].

The link deflections and end-effector position, shown in Fig. E.5, are estimated
using the assumed modes method as presented in [13]. The simulation model of the
FLM (given by (E.7) and (E.8)) is used only to show the flexible dynamics of the
FLM when applying different redundancy resolution techniques. The online control
method with redundancy resolution used in this paper is not based on the dynamic
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Figure E.5: Link deflections and end-effector y-position when using different redund-
ancy resolution methods (a) Link 1 deflection, (b) Link 2 deflection, (c) Link 3
deflection, and (d) End-effector y-position.

model of the FLM. However, the inertia matrix (Mrr) and the vector of Coriolis and
centripetal effects (cr) equivalent to the rigid model of the FLM are used in case of
kinetic energy minimization approaches of redundancy resolution.

Fig. E.5 shows that the link-tip deflections with respect to its base and the end-
effector vibration when using the kinetic energy minimization methods of redundancy
resolution are lower compared to the minimum joint acceleration method. Moreover,
there is not much difference visible (see Fig. E.5) in the vibration minimization when
using the global kinetic energy minimization method compared to the local kinetic
energy minimization method.

E.6 Conclusion

Different methods to control redundant manipulators using redundancy resolution
techniques are presented. The redundancy resolution by minimizing kinetic energy
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is compared to the solution obtained from local minimization of joint acceleration
concerning elastic vibration in the FLM. The results proved that the kinetic energy
minimization approaches reduce the elastic vibrations compared to the local joint
acceleration minimization method. Although, the kinetic energy minimization
approaches of redundancy resolution use the inertia matrix (Mrr) and the vector of
Coriolis and centripetal effects (cr) equivalent to the rigid model of the FLM, these
methods can still be used for the online control of the FLM. This is because only the
rigid parts of the inertia matrix M and the vector of Coriolis and centripetal effects
c are used in the online control of the FLM.

In the next step, it is worth testing the redundancy resolution methods, aimed at
reducing elastic vibrations, in the actual experimental setup of the FLM.
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Abstract The use of camera and LiDAR sensors to sense the envir-
onment has gained increasing popularity in robotics. Individual sensors,
such as cameras and LiDARs, fail to meet the growing challenges in com-
plex autonomous systems. One such scenario is autonomous mooring,
where the ship has to be tied to a fixed rigid structure (bollard) to keep
it stationary safely. The detection and pose estimation of the bollard
based on data fusion from the camera and LiDAR are presented here.
Firstly, a single shot extrinsic calibration of LiDAR with the camera is
presented. Secondly, the camera-LiDAR data fusion method using cam-
era intrinsic parameters and camera to LiDAR extrinsic parameters is
proposed. Finally, the use of an image-based segmentation method to
segment the corresponding point cloud from the fused camera-LiDAR
data is developed and tailored for its application in autonomous mooring
operation.

F.1 Introduction

When thinking of autonomous shipping operations, it is also necessary to consider the
autonomous mooring system. One possible solution to this problem is to incorporate a
long-reach robot on the ship/vessel (shown in Fig. F.1), which requires feedback from
different sensors. To undertake the mooring operations without human intervention
using the robotic arm would require the arm to take the mooring rope with a loop and
wrap around the bollard on the dock. Autonomous operations rely on an accurate
perception of the environment with several complementary sensory modalities.

With the rapid development of range sensor technology and the advancement of
machine learning algorithms using data from a camera, the use of camera-LiDAR
combination for perception has gained popularity in recent years. The rich and
complementary information provided by a camera and LiDAR can be used to sense the
environment for autonomous operations. The camera offers better information about
the color and features of the surroundings, and LiDAR provides range information.
Machine learning algorithms for object detection, identification, and segmentation
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Figure F.1: Autonomous mooring operation (with permission from MacGregor
Norway AS)1

using the camera data are matured in the literature. In contrary to the stereo
camera-based vision system, the LiDAR range measurements have high accuracy for
long-range depth measurements [1]. Therefore, the object pose estimation using the
LiDAR range measurements is a better alternative to image-based pose estimation.

In order to utilize the information obtained from both the sensors, data from
them have to be fused together so that the correspondences between image data
and LiDAR point cloud could be made. The environment can be sensed better by
using the fused image and point cloud data than by using individual data from each
sensor. For fusing camera and LiDAR data, it is necessary to know the relative pose
of sensors with respect to each other.

In recent years, the problem of determining the relative pose of the camera and
LiDAR has been addressed by many researchers [1–7]. When calibrating LiDAR-
LiDAR pair or LiDAR-stereo camera pair, both generating point clouds, the target-
based calibration method is widely used for finding corresponding features in both
point clouds and using Iterative Closest Point (ICP) to find the transform between
two sensors [1]. However, in [2], a markerless online calibration method is proposed
for real-time estimation of the camera to LiDAR pose. Another technique to calibrate
LiDAR and camera without a need for a specific target is detailed in [5], which is
based on finding maximum mutual information between the sensor-measured surface
intensities in the LiDAR and the camera data. In [3], ArUco tags are used on
the calibration target, and 3D − 3D point correspondences are used to determine

1https://youtu.be/Co211gU_J5w
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the transformation between camera and LiDAR. Calibration of RGB camera with
Velodyne LiDAR using a 3D marker is presented in [4]. Another method of calibrating
multiple RGB cameras with a LiDAR using a spherical object is proposed in [6].

In this work, a single shot calibration method to determine the relative pose of
LiDAR with respect to a camera is presented. The proposed calibration method is
relatively fast compared to the existing methods.

In order to carry out the mooring operation autonomously, it is necessary to
detect the bollard and estimate the pose of the bollard with respect to the robot
coordinate frame. With the rapid development in machine learning methods, deep
learning methods, and the boost in computing power, learning-based approaches
for object classification, detection, and segmentation have attracted much research
attention in recent years. In [8], deep learning-based object detection frameworks are
reviewed. In this work, Mask R-CNN is used for bollard detection and segmentation
because of its simplicity with promising instance segmentation and object detection
results [9].

The presented work in this paper deals with the fusion of camera-LiDAR data in
order to use an image-based segmentation method to segment the object of interest
(bollard) and corresponding point cloud for pose estimation.

The paper is organized into five sections as follows. Section F.2 describes the
intrinsic and extrinsic calibration of the camera and LiDAR. The camera-LiDAR
data fusion method is elaborated in section F.3. The results obtained from the data
fusion method are presented in section F.4. Conclusions and discussions follow in
section F.5.

F.2 Camera and LiDAR Calibration

In computer vision, a generic camera model provides a mapping between the 3D

world and 2D image given by eq. (F.1), where x = (U, V,W )T is 2D image point
in the homogeneous form (3 × 1), X = (Xw, Yw, Zw, 1)T is 3D world point in the
homogeneous form (4 × 1), and P is the camera matrix (3 × 4). Considering the
pinhole camera model, the camera matrix P can be written as in eq. (F.2), where K
is the intrinsic camera matrix given by eq. (F.3) , R is the 3D rotation of camera
frame {C} with respect to world frame {W}, t is the 3D translation of camera frame
{C} with respect to world frame {W}, (cx, cy) is the optical center (the principal
point) in pixels, and (fx, fy) is the focal length in pixels. Assuming that the camera
and world share the same coordinate system (i.e., R = I3×3 and t = (0, 0, 0)T ), the
camera matrix can be written as in eq. (F.4). The pixel position x′ = (u, v)T can be
obtained from the homogeneous representation of image point x using eq. (F.5). The
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Figure F.2: Camera to LiDAR transformation

intrinsic camera matrix K is obtained from the intrinsic calibration of the camera.

x = PX (F.1)

P = K[R|t] (F.2)

K =

fx 0 cx

0 fy cy

0 0 1

 (F.3)

P =

fx 0 cx 0

0 fy cy 0

0 0 1 0

 (F.4)

x′ =

(
u

v

)
=

1

W

(
U

V

)
(F.5)

To estimate the rigid body transformation (CTL) of LiDAR coordinate frame {L}
with respect to camera coordinate frame {C}, as shown in Fig. F.2, a calibration
target with known dimensions, as shown in Fig. F.3, is used.
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Figure F.3: Calibration target with the target coordinate frame {B}

F.2.1 Camera Pose Estimation

To estimate the position of the camera with respect to the calibration target, it is
necessary to locate the exact position of the four circular blobs on the calibration
target by using the information from the camera only. The Circle Hough Transform
(CHT) is used to detect blobs on the calibration target. In order to avoid inaccurate
circle detection using CHT, the calibration target should be placed parallel to the
camera. The centers of the detected blobs are sorted anticlockwise, starting from
the lower left center. The pose of the calibration target with respect to the camera
is found using 3D − 2D point correspondences (OpenCV SolvePnP algorithm) [10].

F.2.2 LiDAR Pose Estimation

The point cloud obtained from the LiDAR is processed to find the calibration target
plane using PCL RANSAC parallel plane model [11]. The edges of the planar
cloud are detected based on the discontinuities in the range data of the points [2].
From the point cloud containing the planar edges, the circles are detected using the
method proposed in [1]. The centers of the detected blobs are sorted anticlockwise,
starting from the lower left center. The pose of the calibration target with respect
to the LiDAR is found by the least-square rigid motion using the Singular Value
Decomposition (SVD) technique [3, 12, 13].

Considering LP and BP are two sets of corresponding 3D points representing the
blob center in the calibration target with respect to the LiDAR coordinate frame {L}
and target coordinate frame {B}, respectively. The pose of the calibration target
with respect to LiDAR is calculated by finding the optimal/best rotation LRB and
translation LtB between these corresponding points so that they are aligned, which is
shown in eq. (F.6) for point i.

LP i = LRB
BP i + LtB (F.6)

The optimal rigid body transformation of the target coordinate frame with respect
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to the LiDAR coordinate frame is found using the following steps:

1. Calculate the centroid of both datasets. The centroids of the points in the LiDAR
coordinate frame (LP c) and target coordinate frame (BP c) are calculated by
the average of points in each dataset as given by eq. (F.7), where N = 4 is the
total number of points in each coordinate frame.

LP c =
1

N

N∑
i=1

LP i

BP c =
1

N

N∑
i=1

BP i


(F.7)

2. Bring both datasets to the origin and calculate the optimal rotation LRB. Based
on the centroids computed using eq. (F.7) both datasets are re-centered to the
origin, which removes the translation component from the datasets leaving only
the rotational part between the datasets. Covariance matrix H is calculated
using eq. (F.8), where N = 4 is the total number of points in each coordinate
frame. The optimal rotation LRB is calculated using SVD as given by eq. (F.9),
where V ′ = V if the determinant of V UT > 0, otherwise V ′ is obtained by
changing the sign of the third column of V .

H =
[
(BP 1 − BP c) · · · (BP i − BP c) · · · (BPN − BP c)

]
·

·
[
(LP 1 − LP c) · · · (LP i − LP c) · · · (LPN − LP c)

]T
(F.8)

[
U, S, V

]
= SVD(H)

LRB = V ′UT

 (F.9)

3. Calculate the optimal translation LtB. The translation of the target coordinate
frame with respect to the LiDAR coordinate frame is calculated using eq. (F.10).

LtB = LP c − LRB
BP c (F.10)
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F.2.3 Camera to LiDAR Transform Estimation

Once the transforms of the calibration target coordinate frame {B} with respect to
the camera frame {C} (CTB) and with respect to the LiDAR frame {L} (LTB) are
known, the transform of the LiDAR frame with respect to the camera frame (CTL) is
calculated using eq. (F.11).

CTL = CTB(LTB)−1 (F.11)

F.3 Camera-LiDAR Data Fusion

The point cloud in the LiDAR coordinate frame {L} is transformed to the camera
coordinate frame {C} using the transformation CTL obtained after calibration. The
transformed point cloud with the negative Z-coordinate is filtered out; the points
that are only within the field of view of the camera are kept for coloring. Filtering is
needed because the points with the positive and negative Z-coordinate with the same
X and Y coordinates are projected in the same image pixel coordinates resulting in
the false coloring of the point cloud. The transformed point cloud is projected to
the image plane using eq. (F.1). The points that are located outside the image pixel
size of the camera are filtered out. The colored point cloud is obtained using the
RGB values of the image pixel coordinates obtained using eq. (F.5).

F.3.1 Object Detection and Segmentation

Bollard detection and segmentation are done using Mask R-CNN [9]. The use of Mask
R-CNN to detect and segment the bollard is presented in [14]. The bounding box
coordinates obtained from the segmentation are used to segment the corresponding
point cloud belonging to the bounding box. The overall architecture for segmenting
the bollard point cloud using the fused camera and LiDAR data is shown in Fig. F.4.

F.3.2 Object Pose Estimation

Fig. F.5 shows the procedure for bollard pose estimation from the segmented bollard
point cloud obtained using the proposed camera-LiDAR data fusion technique. The
point cloud corresponding to the bollard in the camera coordinate frame {C} is
transformed to the robot/world coordinate frame {W} with the known transformation
WTC obtained after the extrinsic calibration of the camera [15]. In the transformed
bollard point cloud, all the planes perpendicular to the vertical axis (Z-axis pointing
up from the ground) are estimated. To avoid processing of the planar point clouds
with a number of inliers less than a threshold, such planar clouds are filtered out,
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Figure F.4: Block diagram showing the camera-LiDAR data fusion for the object
pose estimation
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Figure F.5: Block diagram showing the bollard pose estimation

leaving only the planar clouds corresponding to the base and top of the bollard.
The planar cloud corresponding to the top of the bollard is selected based on the
Z-coordinate of the planes with the known information that the bollard is always
located in the direction of the positive Z-coordinate with respect to robot frame. The
centroid of thus obtained planar cloud representing bollard’s top surface represents the
position of the bollard with respect to the robot coordinate frame. The estimation of
the orientation of the bollard is not taken into consideration in this work to carry-out
the autonomous mooring operation irrespective of the orientation of the bollard.
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(a) Camera-LiDAR setup (b) Calibration target

Figure F.6: Camera-LiDAR setup and calibration target

F.4 Results

The performance of the proposed camera-LiDAR data fusion approach is evaluated
using 64 channel Ouster OS1-64 LiDAR and 5-megapixel Lucid Triton TRI050S-C
color camera. Both sensors are mounted together in a common rig, as shown in
Fig. F.6(a). Fig. F.6(b) shows the calibration target used for the extrinsic calibration
of LiDAR with respect to the camera. Dimensions of the calibration target are
given in Fig. F.3. The calibration target is placed around 1.4 m away from the
camera-LiDAR setup within the overlapping field of view of the camera and LiDAR.

To estimate the pose of the calibration target frame with respect to the LiDAR
coordinate frame, four blobs in the calibration target are detected in the LiDAR point
cloud. The point cloud corresponding to the calibration target plane is shown in
Fig. F.7(a). The edges detected in the planar cloud based on the range discontinuities
of the points are shown in Fig. F.7(b). The blobs detected in the cloud containing
the edges of the calibration target and their centroids are shown in Fig. F.7(c). The
pose of calibration target with respect to the LiDAR calculated using the least-square
rigid motion estimation is shown in Fig. F.7(d).

The blobs detected in the image and their centroids are shown in Fig. F.8(a). The
pose of the calibration target with respect to the camera calculated using 3D − 2D

point correspondences is shown in Fig. F.8(b).

Eq. (F.11) is used to calculate the pose of the LiDAR with respect to the camera
after determining the pose of the calibration target with respect to the LiDAR and
camera. In order to evaluate the calibration accuracy, the re-projection error is
calculated. First, the 3D circle centers (LP ) detected in the LiDAR coordinate frame
are transformed to the camera coordinate frame using the transformation (CTL)
obtained using the proposed calibration method. Thus transformed points (CP ) are
projected into the image plane using eq. (F.1) to obtain the re-projected circle centers
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(a) Calibration target plane (b) Calibration target edges

(c) Blob detection in the point cloud (d) Calibration target transform

Figure F.7: Calibration target (blobs) detection in the point cloud

(a) Blob detection in the image (b) Calibration target transform

Figure F.8: Calibration target (blobs) detection in the image
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(a) Colored point cloud (b) Colored point cloud overlaid on the image

Figure F.9: Colored point clouds

(pL) in pixel coordinates. Then, the re-projection error is calculated using eq. (F.12),
where pLi is the ith re-projected circle center, pCi is the corresponding circle center
in the image obtained from the CHT-based blob detection explained in section F.2,
and N = 4 is the number of circles [7]. The re-projection error (ereproj) obtained in
the calibration when placing the calibration target at a distance of approximately
1.4 m is 1.87 pixels.

ereproj =

√√√√ 1

N

N∑
i=1

(||pLi − pCi||2−norm)2 (F.12)

Fig. F.9(a) shows the colored cloud obtained after fusing the data from the camera
and LiDAR within the overlapping field of view. The colored point cloud, shown in
Fig. F.9(a), is overlaid on the image and shown in Fig. F.9(b). The bounding box
corresponding to the bollard obtained from Mask R-CNN is shown in Fig.F.10(a).
After fusing the camera and LiDAR data, the segmented colored point cloud overlaid
on the image corresponding to the bounding box in the image is shown in Fig.F.10(b).
To summarize, the segmented colored point cloud belonging to the bollard, shown
in Fig.F.11(b), is extracted from the raw point cloud from the LiDAR, shown in
Fig.F.11(a), using the proposed sensor fusion technique. Hence, the image-based
segmentation method is used to segment the object, and the corresponding segmented
point cloud is extracted using the sensor fusion technique presented in this paper.
Thus obtained point cloud is processed to estimate the object pose.
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(a) Bollard segmentation in the image (b) Segmented point cloud overlaid on the image

Figure F.10: Bollard segmentation

(a) Raw point cloud from the LiDAR

(b) Segmented (colored) bollard point
cloud

Figure F.11: Point cloud segmentation
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F.5 Conclusions and Discussions

The extrinsic calibration of the LiDAR with respect to the camera is presented.
The proposed calibration method is used with the dense LiDAR (64 channel Ouster
OS1-64) in this paper. The calibration method is suitable for the sparse LiDAR
(such as 16 channel Velodyne VLP-16) as well. It is because the circle detection
method used in this paper only requires two LiDAR beams to intersect with each of
the four circles.

The intrinsic camera parameters and camera to LiDAR extrinsic parameters
are used to fuse the data obtained from the camera and LiDAR. The image-based
segmentation method is used to segment the object of interest, and the corresponding
point cloud is obtained from the presented data fusion technique.

The work will be extended to perform the autonomous mooring operation using
the fused data from the camera and LiDAR mounted on a long-reach robotic arm,
as shown in Fig. F.1. In addition, it is worth comparing the performance of the
detection and pose estimation methods proposed in this paper with other state-of-
the-art methods.
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