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Abstract

We prove an upper bound for angular-momentum and charge in
terms of the mass for electro-vacuum asymptotically flat axisymmetric
initial data sets with simply connected orbit space. This completes
the work started in [7] where this charged Dain inequality was first
presented but where the proof of the main result, based on the methods
of [5], was only sketched. Here we present a complete proof while
simplifying the methods suggested by [7].

1 Introduction

Gravitational collapse involving suitable! matter is expected [11,17,18] to
generically result in the formation of an event horizon whose exterior solu-
tion approaches a Kerr-Newman metric asymptotically with time, here we
are assuming that the exterior region becomes electro-vacuum. Then, the
characteristic inequality

| oo ?

"What constitutes suitable matter is part of the challenge posed by the cosmic cen-
sorship conjectures, but some restrictions are clear, most notably, one should restrict to
matter models which do not develop singularities in the absence of gravity. For a detailed
discussion see [18].



relating the mass, angular momentum and the Maxwell charges of such black-
holes should also be valid asymptotically with time. Now, mass is non-
increasing while the Maxwell charges are conserved quantities. If one further
assumes axisymmetry we are able to define the angular momentum using a
Komar integral which is also conserved, see, e.g., [7]. So, letting m, j, Qr
and ) g denote the Poncaré and Maxwell charges of axisymmetric initial data
for such a collapse we see that

2 2
m> e > \/'jj;' FQh \/%+Q%+Q%- (12)
Besides their own intrinsic interest, results establishing such inequalities pro-
vide evidences in favor of this “current standard picture of gravitational
collapse” [11], which is based upon weak cosmic censorship and a version of
black hole uniqueness considerably stronger than the ones available [6, 8, 10].

Dain [12,13], besides providing the previous Penrose-like heuristic argu-
ment, proved an upper bound for angular-momentum in terms of the mass
for a class of maximal, vacuum, axisymmetric initial data sets. The analysis
of [12] has been extended in [5] to include vacuum axisymmetric initial data,
with simply connected orbit space, and manifolds which are asymptotically
flat in the standard sense, allowing moreover several asymptotic ends. Re-
cently a generalized Dain’s inequality including electric and magnetic charges
was obtained in [7]; there the proof of the main result, based on the methods
of [5], was only sketched. The aim of this work is to provide a complete
proof of this charged Dain inequality while simplifying the methods of [5]. A
few comments concerning the refereed simplifications are in order: Here, we
have been able to follow the strategy developed in [5] by relaying solely on
the estimates arising from asymptotic flatness and the inversion procedure
(to be described briefly, see (2.20)). By doing so, we have eliminated the
necessity of introducing an extra family of auxiliary maps (denoted by Uu
in [5]) and we were also able to proceed without relaying on the weighted
Poincaré inequality provided by Proposition 2.4 of [5]. It should be noted
that while the introduction of charge leads to a more complicated mass func-
tional (2.13), dealing with an arbitrary finite number of asymptotically flat
ends, as dealt with in [5], leads to other difficulties, most notably the fact that
an explicit form for the comparison map, here the map defined by extreme
Kerr-Newman, is longer available in general. Nonetheless, the simplifica-
tions presented here may easily be implemented in [5] without weakening the
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results established there.
We will prove the following (we refer to Section 2 for the necessary inter-
mediary definitions and to [9, 10] for a more detailed exposition):

THEOREM 1.1 Let (M, g, K, E,B) be a three dimensional, electro-vacuum,
smooth data set invariant under an action of U(1), where M is the union of
a compact set and of two asymptotically flat regions My and My, in the sense
of (2.2) and (2.3), with k > 6. Let m, J, Qp and Qg denote respectively the
ADM mass, the ADM angular momentum and the total electric and magnetic
charges of My. If M/U(1) is simply connected, then

J

REMARK 1.2 We expect the equality to be attained only for the magneti-
cally and electrically charged extreme Kerr-Newman space-times, which do
not satisfy the hypotheses of Theorem 1.1. Indeed, any spacelike manifold
in an extreme Kerr-Newman space-time is either incomplete, or contains a
boundary, or a singularity, or an asymptotically cylindrical end.

2 A lower bound for the ADM mass of electro-
vacuum and axisymmetric initial data

An electro-vacuum initial data set is a quintuplet (M, g, K, E, B), with (M, g)
a Riemannian manifold, K a symmetric two-tensor on M, and £, B € TM
divergence free, satisfying the Einstein-Maxwell scalar constraint equation,
which, for mazimal initial data (tr,/ = 0), reads

R = 167y + |K|§+2(|E|§+ |B\§). (2.1)

In the previous equation, R is the scalar curvature of g, the function p > 0
represents the non-electromagnetic energy density and |- |, denotes the norm
with respect to the metric g.

Recall also that an asymptotically flat end is a region My C M diffeo-
morphic to R*\ B(R), where B(R) is a coordinate ball of radius R, such that



in coordinates on My obtained from R? \ B(R) we have, for some k > 1,
_ _ )
gij = 0ij + ox (7 1/2) , Okgij € LZ(Mext) ;K= O (r ﬁ) , B> 9 (2:2)

It will be necessary to request that, in the previous asymptotically flat coor-
dinates,?

E'=0,,(r 7Y, B =001, v>3/4. (2.3)

We will be dealing with azisymmetric initial data, i.e., data which is
invariant under an action of U(1). By further assuming that M/U(1) is
simply connected we are able to rely on [3]* for the existence of a coordinate
system, with controlled asymptotic behavior, in which the metric takes the
form

g=e 2P (dp* + d2*) + p*e Y (do + p Wpdp + W.dz)” | (2.4)

where

n:=0,,
is the axial Killing vector; such coordinates are global in M7, with M, being
represented by the “puncture” {p =z = 0}.

To obtain our inequality we start by bounding the ADM mass from below
by a mass functional depending on U, the unknown in (2.4) determining the
norm of the axial Killing vector, and on global (electromagnetic) potentials
X, ¥ and v whose definition we will now recall: The electric and magnetic
fields F and B are the orthogonal projections to T'M of their space-time
analogues

EF =F*,n"  Bf=xF'n", (2.5)

where F' is the Maxwell two-form, and where n is a unit normal to M, when
embedded in an electro-vacuum space-time.> Then, relaying on Maxwell’s

2We write f = o5 (r~®) if the limits lim, .o, 770, ... Ok, f vanish for all 0 < £ < k,
and f = Og(r—®) if there exists a constant C' such that [r®+‘9y, ... 0, f| < C for all
0<i<k.

3The need to impose this unusual ranges for 3 and ~ will became apparent in the
proof of the main result, see, e.g., (2.24). Also, an identical decay rate for the second
fundamental form was already needed in vacuum [5].

4To invoke [3] we also need to assume asymptotic flatness with k > 6.

5The existence of an electro-vacuum and axisymmetric evolution of the data follows
from its smoothness by [2] and [4]. This will, in particular, allow us to use the (space-time)
computations in [19].



equations, axisymmetry and simple-connectedness of M/U(1), we are able
to find x, v, v : M — R satisfying

aaX = F;wcT/M 5 8oc¢ - *F/wznu s (26)
and )
dv = 5/\ — xdy +dy (2.7)
where A ‘
A= 2€iij]g77k77ngZ ) (2.8)

The desired lower bound on mass was established in [7], based on the
results of [3] (compare [1,12,15]), and reads

au 2U

m = o [ [P0+ (Dot xDw = 0D+ ((D? + (D0)) |,
(2.9)

where, from now on, we use the symbol Df to denote the gradient of a

function f with respect to the flat metric 6 = dp* + dz? + p?dp?, and we

will use both (v)? and |v|? in alternative to |v|3, the squared norm of v with

respect to 9.

REMARK 2.1 As discussed in [9], see also [11], for stationary data with

vanishing non-electromagnetic energy density (1 = 0) equality is attained
in (2.9).

We have the following, from which Theorem 1.1 immediately follows:

THEOREM 2.2 Let (M, g, K,v,x,%) be a three dimensional smooth data set
invariant under an action of U(1), where M is the union of a compact set
and of two asymptotically flat regions My and My, in the sense of (2.2), with
k > 6, and where v,¢ and x are global potentials as in (2.6) and (2.7),
satisfying (2.3). Let m and J denote the ADM mass and ADM angular
momentum of My, and let Qg and Qp be the global electric and magnetic
charges of My. If (2.9) holds and M/U(1) is simply connected, then

IR
m > W""QE_"QB'



REMARK 2.3 We stress the fact that, in the previous result, no constraints
are assumed. Nonetheless the parallelism with Einstein-Maxwell is clear and
the use of the electromagnetic terminology seems appropriate.

For future reference we take the chance to provide formulas for the Maxwell
2-form and the global charges in terms of the axial potentials: in an orthonor-
mal basis {n,e;}, with e; € TM, ez proportional to 1, and n normal to M,
when embedded in a space-time not necessarily satisfying Einstein equations,
the Maxwell 2-form is given by

0 O -0 —0ix

i -y 0 0 —0oX
w= o 00 0
ox Ox 0 0

Since 1), x and v are constant on each connected component 27 of the “axis”,
we set

Vi =V, V=Y, Xj=Xe, §=1,2, (2.10)
where @ = {p =0} N{z < 0} and <% = {p = 0} N {z > 0}. Then, using
equations (2.6) we see that (compare [19])

1 -2
Qp = ——— sF =" ipx I
47T Seo 47'(' SOO/U(l)

1 _
— _/ dip = Y2~ : (2.11)

2 Jsuopur) 2

with a similar computation yielding
1 X1 — X2

=— === 2.12
Qp = . 5 (2.12)

PROOF: If the mass is infinite there is nothing to prove, otherwise by (2.9)
we need to find a lower bound on
— , e
I := / [(DU) T (Dv + xDp — ¢ Dx)” + v ((Dx)? + (Dy)?) }d% .
R3
- (2.13)
Let (U, 0, X,%) be the map associated with the extreme Kerr-Newman

with angular momentum along the z—axis equal to (vy — v1)/8 and electric
charge (19 — 11)/2. We wish to show that the action I := I(U,v,x,?)
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is larger than or equal to that of (U,T),)Z,@E), which shall be denoted by
I. As we shall see I differs form an harmonic map action H (2.33) by a
boundary term; the idea is then to use a result of [16], that the action H
is minimized by the solution of the Dirichlet problem which is expected to
be (U , U, )2,1;); however, that result does not apply directly because of the
singularity of the equations at the axis p = 0; moreover, we are working
in an unbounded domain. We will overcome such problems by constructing
a controlled sequence of integrals over compact domains which avoid the
singular set and saturate R3. Such strategy was developed in [5]; here we
generalize it to the electro-vacuum setting.

So, let ¢ > 0, r = \/p2+ 22 and let f, € C°(R?) be any family of

functions satisfying

® 0pfo =0

e 0< f, < 1;

e f, =0ontheset {r <o/2}U{r>2/c};

e fop=1ontheset {r>c}n{r<1/c};

e |[Df,| <C/oforo/2<r<o;and

e |[Df,| <Coforljo<r<2/c.

Let 6 = U, v, x, v and write

O,:=f0+(1—f)0=1(0—6)+86.

We claim that 17 := I(U,, vy, X, ¥s) satisfies
LEMMA 2.4 lim,_oI° = 1.

PrROOF: Indeed, for

Ao 1= Dv, + XaD% - ¢0DXU ) (214>



we have

Lormer = [ e Spe
RrR3 P {0<o/2} P ) {c/2<r<o} P )

N N

1 11
oAU e4Us
wf e | BOWE
J{o<r<1/o} P ) {1/o<r<2/c} P )
111 I‘Yf/
AU
+ / — A7
J{2/o<ry P |
v

Since the maps under consideration have finite energy, the integrals I and V

converge to zero, by the dominated convergence theorem. [1[ converges to

the integral over R? of %\AF by, e.g., the monotone convergence theorem.
We will now show that

AUy
I = / (Duy + Yo Dty — s DXo)* =40 0. (2.15)
{

o/2<r<o} 1Y
The key identity is®
Ao = fod+ (L= fo)A+ Dfo(v —10) + Dfo(Xt) — hx) (2.16)
+£,(0= f) { @ = DD - %) - (x - VD@ - D)} |

which will allow to establish (2.15) by a step-by-step estimation of the in-
tegrals obtained by replacing A, by each of its five summands. We will
exemplify this by dealing with the most delicate case.
The existence of multiple ends manifests itself in the asymptotic behavior
U=2logr+0(), r—0, (2.17)
established in [3, Theorem 2.9, p. 2580]. Then, using the decay rates of the
extreme Kerr-Newman map, compiled in Table 1 of Appendix A, we get”
s _ e4fUUe4(1—fa)U
< Tsfor4(1_fa)

— 7»4(f0+1) S 704 , r — 0 (218)

5The computations leading to this identity are presented in Appendix B.
"We will write f < g if and only if f = O(g).
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From (2.8) and asymptotic flatness (compare [3, Theorem 2.7, p. 2580])
we see that
s = p?O(r™P), r — +o0 . (2.19)

To control the behavior for small » we proceed as follows: Recall that near r =
0 the coordinates (p, z) can be obtained from the usual cylindrical coordinates
in the other asymptotically flat region, which we denote by (p, 2), by an
inversion (p, 2) = (%&, %) (see the proof of [3, Theorem 2.9]). This leads to
estimates for small r, equivalently for large 7, such as

1 1 1 p?
M= 5 £ 570 S gl =0 e 0, 220)
r2r
where 6 = dp? + d2% + p2de>.
The same procedure yields
‘DX|57 |D¢|5 = pO(T7—3) , r—=0, (221>
and we see that, for small 7,
|Duls < |5 + XDy — ¢ Dxls S p*r”=0 + pr*=t. (2.22)

From this and the known asymptotic behaviour of extreme Kerr-Newman
one obtains, when § > 2y + 1,

v—10=0(r""?), (2.23)

and we are now able to see that the contribution of the term Df,(v — ?) in
the region p > z, where r is comparable to p, is estimated by

o 4
//2 # (7’27_2)2 r2dr < o7 —,_o 0 provided that v > 3/4. (2.24)

This explains our ranges of 3 and ~ in (2.2) and (2.3)8.
Since v and v have the same axis data, Taylor expanding on p along the
axis yields

(v =2)(p,2) = (v = 0)(0,2) +9p(v = )(c(p), 2)p , [clp)| < |pl . (2:25)
—————

=0

8For 3 < 2v + 1 the dominating behaviour in (2.22) is governed by ), which leads to
v — 9 = O(r??) and the necessity to impose 8 > 5/2, as in vacuum [5, p. 2602].
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Also, again for § > 2v + 1,
8pv = pO(T27_4) ’

with the same estimate holding for the p-derivative of the difference. Then,

in{p <z},
{p <z} e
v—0=p 00", r—0. (2.26)

We see that, in this region, the integral under consideration is estimated by

o 4
/ / —Z 5 (p2r27’4)2 r?sinfdrd) <o —, 00,
{6:p<2} Jo/2 P°T

and (2.15) follows.
The proof that
1% —o—0 0 y

follows along the lines of the proof of (2.15) with the necessary estimates for
the terms appearing in equation (2.16) following directly from asymptotic
flatness. The remaining terms in /9 can be controlled in a similar, although
considerably more direct and simpler, fashion. For instance, when controlling
the | DU, |* term one of the steps requires to estimate the integral

| pup o= [ @-0)Df+ £DU (- f)DOP
{o/2<r<co} {o/2<r<o}
s [ (w-0prr s |pup+ pOP) |
{o/2<r<0}

where in fact the second and third term go to zero by the Lebesgue domi-
nated convergence theorem while the vanishing of the first follows by direct

estimation using (2.17) and the decay rates presented in Table 1.
OJ

We now show that:

LEMMA 2.5 17 > I for all ¢ small enough.

PRroOF: This time consider, for 0 < e < 1,

0, p < €;
N log 2 .
fe: log£7 Egpg\/ga

1, p>/e.
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Set, for 6 = U, v, x, v,
boc = Jbs + (1= [0,
and let /7€ denote the action of (Usc, Vo.e, Xo.es Yo.e) and
Aoe = DU e + X6, DVse — Vo eDXoe -
We claim that

y , el p €2 2 2\ | 3
(o<va) |:<DUO',6) +7 (Aa,e) + p2 ((DXO',G) + (D¢a,e) ) :|d T —e-0 0.
(2.27)
Equivalently,
17 — o I° . (2.28)

In order to see this, note that the integral over the set {0 < p < €}, where
0y = é, approaches zero as € tends to zero by the Lebesgue dominated
convergence theorem; the same happens away from the set {0/2 < r < 2/0}.
So it remains to consider the integral over

Yoo ={e<p<Vetn{o/2<r<2/o}.
The computations leading to (2.16) now give
Ao = fdo+ (1= f)X+ Dfe(vy = 0) + Dfe(Xts — xo) (2:29)
1= £ {8 = 9)D(xo = ) = (o = D (W0 — )} .
Since 1?9 — I, we see that % must be finite, at least for all small enough
o. Fix such a ¢ > 0. As before the first two terms in the right-hand side

of (2.29) constitute no problem. To control the others note that, for all e
such that /e < o /2, we have, in the (p, 2, ¢) coordinates,

Woe C 6, Vel x ([20(0), 21(0)] U [22(0), 23(0)]) x [0, 27] , (2.30)

for a good choice of z;’s satisfying z;(0) # 0; e.g., the z—coordinate value, in
increasing order, of the points in the intersection of p = e with both r = ¢ /2
and r = 2/0. We then see that

64Ug,€ N 2 Z2z+1 \[ 4Uo € ~
[, G (Phtw ) ae < oy [ T ()
Wo,e Y Z9

1=0,1

200 Veo(e) 1
< 2%2/ / 3 (vy —

i=0,1 z2i(0 1Og 6)

11
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Since z;(0) # 0 we see that v, and ¥ are smooth on the set {p < /e, z €
Uil22i, 22i41]}. Then, Taylor expanding on p along the axis, while noting
that v, and © have the same axis data and that f, is, by construction,
axisymmetric, yields (compare (2.25))

Vg — 0 = O(p2) , p— 0, 1n {,0 < \/E, A Ui[ZQiyzQi-i-l]} , (231)

hence

2@ VEC(o) 1 Clo) (V1
2T / / v—0)"dpdz < / —ptdp
zo:l i) Je P pP(loge)? =9 (loge)® Jo  p°
C(o)

(loge)?

S

loge —¢ 00 .

The remaining terms are controlled in an analogous way, with the (DU, ,)?
term behaving exactly as in vacuum [5]. This ends the proof of (2.27).

Using the rescaling U = u + In p we have

[Q(U7U7X7 1/}) = HQ<U7U7X7w) +BQ(U) ) (232>

where

Hq = /Q [(Du)2 + e (Dv + XD — wDx)* + ¢ ((Dx)* + (DY)?) }dgm

(2.33)
is the energy, over  CC R?\ &7, of the harmonic map
(b:(UJUJX’Q/}) :R3\’Q{—>H2 ) (234>
which differs from I by the boundary term
0l
Bq(U) = “P2(9U — np)dsS (2.35)

where N is the outward pointing unit normal to 0€2. Consequently for both I
and H the associated variational equations are the harmonic map equations,
with target space the two-dimensional complex hyperbolic space. Hence the
target manifold satisfies the convexity conditions of [16] (see Remark (i), p. 5
there). For compact © away from the axis we can thus conclude from [16]
that action minimisers of Hg with Dirichlet boundary conditions exist, are
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smooth, and satisfy the variational equations. It is also well known (see [5]
and references therein) that solutions of the Dirichlet boundary value problem
are unique when the target manifold has negative sectional curvature, which
is the case here. All this implies that (U, %, )Z,zﬁ), with its own boundary
data, minimizes the action integral H , and consequently of I, over the sets

Core ={p>etnN{o/2<r<2/c}.

In particular, since the maps (6,.) and (#) coincide on 9%, . but are mani-
festly distinct, we conclude that

I%J,E (Ua,ea Un,es Xm,e %,e) > [%”U,e (Ua 67 >~(7 12) .

In fact the maps under consideration coincide on the closure of the comple-
ment of €, . and therefore

17> 1. (2.36)

Recalling (2.28) we obtain
7 =1lim 7€ > lin%f =T. (2.37)
0J

Returning to the proof of Theorem 1.1, Lemmata 2.4 and 2.5 yield

I=1lmI°>1T,

o—0

and the result is a consequence of Remark 2.1 followed by a duality rotation.
O

3 Concluding remarks

The study of Dain inequalities is still in an early stage with important ques-
tions still needing to be settled even for pure vacuum; also, some impressive
generalization can be easily formulated and justified by the heuristic argu-
ment presented in the introduction. We finish this chapter by addressing
some of this issues:
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1. Extreme Kerr-Newman as a minimum of the mass functional.
Our class of data does not include extreme Kerr-Newman and con-
sequently eliminates a priori the possibility of establishing it as the
unique minimum for the mass functional. This difficulty is not present
in Dain’s original work where a class of “Brill” data is considered; how-
ever, this is done at the cost of a considerably longer list of (stronger)
technical assumptions, some of which are derivable properties of asymp-
totic flatness and the existence of multiple ends as was first observed
and established in [3]. To obtain the desired result within the spirit
of the program initiated by Chrusciel one could start by generalizing
the results in [3] for data allowing for both asymptotically flat and
asymptotically cylindrical ends, and then try to adapt the arguments
presented here.

From what as been said, we expected inequality (1.3) to be strict within
the class of data considered in this work.

2. Multiple asymptotically flat ends. Even for vacuum the question
of multiple ends requires further work. Although a Dain inequality was
already established in [5] it depends on a function of the angular mo-
menta for which an explicit expression remains unknown for all N > 2
where N is the number of asymptotically flat ends. This is clearly an
unsatisfactory situation since the Penrose-like argument, presented at
the beginning of this paper, provides evidence that the unknown func-
tion should simply be the square root of the total angular momentum.
In fact, for the two body problem, N = 3, such expectation as been
recently supported by numerical evidences [14].

One also expects the ideas in [5] to generalize to electro-vacuum by
using the methods developed here, but in this case it seems hard to
speculate what the exact expression for the lower bound function, this
time of both angular momenta and Maxwell charges, should be. This
problem is related to the fact that the Majumdar-Papapetrou met-
rics provide the existence of regular and extreme multiple black hole
solutions; analogous difficulties have been found for the Penrose in-
equality [20].

3. Asymptotically electro-vacuum data. The heuristic argument
leading to the Dain inequality presented here works for other data, in-
volving far more general matter models: axisymmetric asymptotically
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electro-vacuum initial data whose domain of outer communications be-
comes electro-vacuum asymptotically with time. Establishing a Dain
inequality in such generality would be quite impressive but, at this
moment, such a goal seems unreachable.
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making him a part of this challenging project. He would also like to thank
José Natario, Paul Tod and Harvey Reall for numerous comments on a pre-
vious version of this work.

A Decay rates for Extreme Kerr-Newman

r—0 r — 400
U= log(r) + O(1) U= -+ O(r=2)
X =p’0(r?)=0(1) X=p007%) =00
b =0(1) b =pO(r=?) =0(r ")
Ipx = pO(r—?) dpx = pO(r=)
0,1 = pO(r~?) O, = pO(r=?)
|DXls = pO(r—?) |DX|s = pO(r~—?)
|Dijls = O(r 1) |Dijls = O(r 1)
5= 0(1) 5= 0(1)
9p0 = pO(r—?) 9,0 = pO(r—?)

Table 1: Decay rates for Extreme Kerr-Newman

B Identity (2.16)

Here we present the computations leading to equation (2.16). Let 6 = v, x, ¥
and write

O, = fa‘9+(1_fa)9~:fa(9_é)+é'
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Then

Ao = Dvy,+ Xo DYy — DXy

= Df,(v—2)+ f,D(v—10)+ Dv
+fo(x = X) + X[Dfo (¥ — ¥) + f,D(vp — ) + DY
—[fo( =) +0|[Dfs(x — X) + f-D(x — X) + D]

= Di+ XDy — DX+ Df,(v—70) + f,D(v — 1)
+fDfr(x = X)W —¥) = foDfo (0 — ) (x — X)
+f2(x = X)D(W — ) — f2(1 =) D(x — X)
+fs(x = X)D¥ — f,(¥ — ) DX
+Df, X — ) — D forh(x = X)
+f XD — ) — fohD(x — X)

= A+ Df,(v—17)+ Dfs(x0 — ¥x)
+72{(x= 0P = ) — (¥ - D)D(x - 1) }
+fo {(x = 0D - (v - ¥)Dx}

+f2{Dw =) + XD — &) = $D(x - D)} -

J/

The last line reads

* = —D@—xDzﬁﬂz?D;HDwE;zD@b—zﬁDx

and the desired identity follows.
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