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ABSTRACT
The main objective of this work is to present a process to compute the Markov

renewal matrix R(t) for Markov renewal processes with countable infinite spaces,
which semi-Markov matrixes Q(t) are immigration and death type and assume a
tridiagonal form. These processes occur often in practical applications. And the
difficulty in obtaining friendly results for R(t)is a great obstacle to its application in
practical cases modelling. It is considered the application to the M|M|co queue
particular case.
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1. INTRODUCTION

It is presented in the next section a process to compute the Markov renewal matrix
R(t) for Markov renewal processes, see (2), with countable infinite spaces, occurring
often in practical applications, which semi-Markov matrixes Q (t) are immigration and
death type and assume a tridiagonal form.

Then, in the following section, this computation process is applied to a particular
Markov renewal process that rules the M|M|co queue, being its parameters designed in
accordance.

The great motivation for this work is to get stochastic processes that approximate
quite well infinite servers queues in order to obtain the exact values, or at least good
approximations, for some interesting parameters difficult to obtain through other study
methodologies, see for instance (3,4) and (7,8,9).

Despite the interesting and even fascinating calculations methods, the results
obtained are quite disappointing. Actually they are only for the R(t) entries Laplace
transforms, assuming a very complicate form very hard, even impossible in many cases,
to invert.



2. SEMI- MARKOVIAN TRIDIOGONAL TYPE MATRIX

In Markov renewal processes practical applications, occur often Markov renewal
processes with a countable infinite states space which semi-Markov matrix is
immigration and death type. That is

0 To(t) 0
o1 (t) 0 7,(¢)
QW)= 0 a,(t) O =20 (21)

where o;(t) and 7;(t) are any known functions of t and i , and from the system
parameters, that fulfill the following conditions:

e 0<o,()<1i=12,..
e 0<T,()<1,i=12,..
L4 O'i(t) + Ti(t) <1li= 1,2,

and make the process regular.

The Markov renewal matrix R(t) is defined as

RO =) Q"0 22
n=0

and it is computed through its Laplace-Stieltjes transform, R(s), given by
R =) Q") @3)
n=0

where Q(s) is a matrix which entries are the Q(t) entries Laplace-transforms. As
Yo Q™ (s) = (I - G(s))_1 since|l — Q(s)| # 0, the expression (2.3), and so (2.2), is
equivalent to

REOUI-Q))=1 (2.4)

being | the identity matrix. As the Markov renewal process is a regular one, (2.4) has
only one solution and it is equivalent to the equations system:

2[1 C5u(s) = T ()]F(s) = 1,i = 0,1, ;s = 0 (2.5)

k=0

where it is settled that ,(0) = 0. And, for each i, there is an infinite equations system
_fj—1(5)77i,j—1(5) + 771']'(5) - 5j+1(s)fi,j+1 =06, =01,..;5s>0 (2.6)

where § is the Kronecker delta and it is settled that 7_,(s) = 0.



That is: to obtain the 7;(s) it is necessary to solve the second order difference
equations system (2.6) subject to the conditions (2.5), see (4). The possibility of
obtaining explicit exact solutions depends on the 7;(s) and 6;(s) functional forms. For
instance, if

B = @)
and
5 =—— @8
J+p+t+as
with
p=Aa (2.9)

that correspond to the Markov renewal processes that rules the M|M |co queue, through
the variable transformation, for a given i

aty;(s)

m,] =0,1,.. (2.10)

t_ij(s) =

and using generator functions it is possible to solve the infinite equations system (2.6),
turning its solution in a non-constant coefficients first order differential equation, which
solution is given in terms of the hypergeometric confluent series, as it will be seen in the
next section.

3. THE M|M| QUEUE

Consider the matrix Q(t) with 7;(t) and g;(t) such that 7;(s) and g;(s) are given
by (2.7) and (2.8), respectively. Then (2.6) assumes the form

k+1

p _ _
e pras k-1(8) F T (8) — e

Tltpras Torer1(S)=0ik,
k=01,..;7_,(s)=0,s =0 (3.1).
Performing the variable change defined in (2.10), (2.1) becomes
—ptip-1(s) + (k + p + as)ty(s) — (k + 1)t; x41(s) = 6, k = 0,1,...(3.2).

Defining the generating functions y;(x), convergent for |x| < 1, as

Yi(X) = Gi(x;5) = T TS vk — g0 F()xK (3.3),

k+p+as



the expression (2.5) assumes the form

1
yi(1) =G;(1;8) = 3 (3.4)

and multiplying in (3.2) the equation k by x**1, k = 0,1, ..., summing all together
member by member and using the generating functions defined in (3.3) the system
resolution is converted in the resolution of the first order differential equation

(1- x)% —[p(1 —x) + as] y;(x) + ax' = 0,i = 0,1,... (3.5),
being (3.4) the initial condition.
Using the integrating factor
IF(x) = e P*(1—x)®"1 (3.6),

see for instance (5), equations (3.5) become exact differential equations. Then the
solution is

: N\ (1 —x)* as + 1
y;(x) = ae P10 Y (=1)k l — <as +k, +k+1; p(1- x)),
kZ; (k) a

as + k

i=01,.. (3.7),

obtained in terms of the hypergeometric confluent series: ¢ (-, ; -).

Through formula (3.3),
n

an! - (s) = d™y;(x)
ntptas ™ T\ Taxm o
am dw
k . ;
I (W o(1,sa+k+1; W))) ( ) . Ll

=Y (e
B k/as+ k dx
=12, ..

k=0
=01,..;n

w=-p

(3.8)

where w = —p(1 — x). Finally, using Leibnitz’s formula and the results for
hypergeometric confluent series derivation, see (1),

min(s,k)

o= Gore) e (s () i) w0

—j+Lsa+k+n—j+1;,—p),i,n=01,..;5=0 (3.9).




CONCLUSIONS

Along this work, was evidenced that the Laplace transforms of the matrix R (t)
entries, 7(s), are connected in a system of second order linear difference equations. For
the particular case of exponentially, it was possible to find an explicit analytic solution
to that system in terms of the hypergeometric confluent series. And there is no notice of
any other situation for which this happens.

REFERENCES

1.

2.

A. Erdélyi et al, Higher Transcendental Functions, vol. 1, New York, Toronto,
London: McGraw-Hill Book Company, Inc., 1953.

E. Cinlar, Markov renewal theory, Advances in Applied Probability, 1(1969),
123-187.

M. A. M. Ferreira, Some considerations about the M|G|co queue
approximation by a Markov renewal process, Information Sciences and
Computing, Volume 2013, Number 1, Article ID ISC040713, 12 pages.
http://www.infoscicomp.com/yahoo_site_admin/assets/docs/4_ISC-4-
V2013N1.243115305.pdf

M.A .M. Ferreira. Remarks on the approximation of a M|G|eo queue system by
a Markov renewal process. Journal of Mathematics and Technology 2014;
5(1), 5-9. DOI: dx.doi.org/10.7813/jmt.2014/5-1/1

M. A. M. Ferreira, R. Menezes, Equagdes com Diferencas, Lisboa: Edi¢des
Silabo, 1992.

M. A. M. Ferreira, I. Amaral, MATEMATICA-Integrais Multiplos, Equacdes
Diferenciais (4% Edicdo), Lisboa: Edi¢des Silabo, 1994.

M. A. M. Ferreira, M. Andrade, An infinite servers queue systems with
Poisson and non Poisson arrival busy period simulation, Emerging Issues in
the Natural and Applied Sciences 2013; 3(1), 38-58. DOI: 10.
7813/einas.2013/3-1/4.

M. F. Ramalhoto, D. H. Girmes, Markov renewal approach to counter theory
in: J.P. Barra et al (Eds), Recent Developments in Statistics, North Holland,
581-590, 1977.

M. F. Ramalhoto, Breves consideracdes sobre aproximacdes e limites em
sistemas do tipo GI|G|oo, IST, CEAUL, Lisboa, 1985.



http://www.infoscicomp.com/yahoo_site_admin/assets/docs/4_ISC-4-V2013N1.243115305.pdf
http://www.infoscicomp.com/yahoo_site_admin/assets/docs/4_ISC-4-V2013N1.243115305.pdf
http://dx.doi.org/10.7813/jmt.2014/5-1/1

